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Abstract

In this thesis, we prove one-sided bounds on the coarsening rates for two models of
non-conserved curvature driven dynamics by following a strategy developed by Kohn and
Otto in [20].

In the first part, we analyze the Allen-Cahn equation in one and two dimensions, with
different choices of length scales. The analysis follows the framework of Kohn and Yan in
[24]. In the one-dimensional domain, by choosing an H~!-type length scale, our analysis
supports the assertion that the coarsening occurs at the rate ¢'/3. In the two-dimensional
domain, we consider two types of length scales. First, we obtain the coarsening rate of ¢'/3
using an H ~!-type length scale, and then, using another L?-type length scale yields that the
energy decays no faster than the rate t~/¢. In all the cases, among the main ingredients, the
interpolation inequality requires the most delicate analysis, and the dissipation inequalities
are based on basic calculations using Holder’s inequality. An ODE argument is adapted to
combine these two components in each case. The well-posedness of the Allen-Cahn equation
obtained using fixed point method is presented in the appendix.

For the Swift-Hohenberg equation, we again consider an L?-type length scale in a two-
dimensional domain. The coarsening rate of t'/3 rate is established using an interpolation
inequality which extends Kohn and Otto’s method. This rate is consistent with numerical

results as an upper bound on coarsening rates.

i



Acknowledgments

My special thanks to all the people who helped me, encouraged me and made my time
during my PhD so enjoyable at Auburn University. First of All, I would like to thank my
advisor Professor Dmitry Glotov for all the support and guidance required to make my work
possible and efficient. I have learned from Dr. Glotov not only how to do good mathematical
research but also how to organize and write good mathematical papers. Dr. Glotov always
gave me the freedom to make my own personal judgement on the path and direction of this
thesis.

I am also grateful for the help and direction of members of committee, Professor Wenxian
Shen and Professor Yanzhao Cao. Besides the interesting and inspiring courses that I took
from them, they also gave me some ideas of how to make my work more integrated. My
special thanks go to Professor Konrad Patkowski for his careful and hard work, who read
my dissertation many times, and provided a lot of valuable suggestions.

I also want to thank the Department of Mathematics and Statistics for providing such
a friendly environment to work in. Particularly thanks to my friends in our department. It
has been helpful to study and have discussions with my friends.

Finally, I appreciate the emotional support and encouragements from my parents and

friends.

il



Contents

Abstract . . . . . . e ii
Acknowledgments . . . . . . .. iii
1 Introduction . . . . . . ... 1
1.1 Allen-Cahn Equation . . . . . . . . . ... ... .. ... ... ... ... 2

1.2 Swift-Hohenberg Equation . . . . . . .. ... ... ... ... .. ... 4

1.3 Previous Results . . . . . . . .. ... 6
1.3.1 Cahn-Hillard Equations . . . . . . . . .. .. ... .. ... ..... 7

1.3.2  Phase-Field Model . . . . .. .. .. ... 8

1.3.3 Epitaxial Growth Model . . . . . . . ... ... ... ... ...... 10

1.3.4 Discrete, Ill-posed Diffusion Equations . . . . .. ... ... ... .. 11

1.4 Outline of This Thesis . . . . . . .. .. .. . ... ... 14

2 Allen-Cahn Equation in One-Dimensional Space . . . . . . ... .. ... ... 17
2.1 Introduction to the Main Result . . . . . . .. ... ... ... ... .. ... 17
2.2 Preliminary Results . . . . . . . . . .. oo 19
2.2.1 Boundedness of Solutions of Allen-Cahn Equations . . . ... .. .. 19

2.2.2  Boundedness of Solutions of Elliptic Allen-Cahn Equations . . . . . . 22

2.3 The Interpolation Inequality . . . . . . .. ... ... .. 24
2.4 The Dissipation Inequality . . . . . . . .. .. .. oL 35
2.5 Upper Bound on The Coarsening Rate . . . . . . .. .. ... ... ..... 37

3 Allen-Cahn Equation in Two-Dimensional Space . . . . . . . . ... .. ... .. 44
3.1 Energy Decays No Faster than ¢t=%/2 . . . . . . . . ... .. ... .. ..... 44
3.1.1 Introduction to the Main Result . . . . . .. .. .. ... ... .. .. 45

3.1.2  The Interpolation Inequality . . . . . . ... ... ... ... .. ... 46

v



3.1.3 The Dissipation Inequality . . . . . . .. .. .. ... ... .. 53

3.1.4 Upper Bound on the Coarsening Rate . . . . . . .. ... ... .... 55

3.2 Energy Decays No Faster than ¢t=%/¢ . . . . . . .. ... .. .. ... ..., 56
3.2.1 Introduction to the Main Result . . . . . . . ... ... ... .. ... 56

3.2.2 Interpolation Inequality . . . . . . ... .. ... ... ... .. o7

3.2.3 Dissipation Inequality . . . . .. .. ... ... . 0L 60

3.2.4 Upper Bound on the Coarsening Rate . . . . . . .. .. ... .. ... 61

4 Swift-Hohenberg Equation . . . . . . . . . . ... 0oL 66
4.1 Interpolation Inequality . . . . . . . . . ... ... L. 68
4.2 Dissipation Inequality and Upper Bounds on the Coarsening Rates . . . . . . 73

5 Discussion . . . . . . .. 75
A Well-posedness of Allen-Cahn Equation . . . . . . . ... ... ... ... ... .. 78
A.1 Preliminary Results . . . . . . . . . . . ... 79
A.2 Existence and Uniqueness of Weak Solution . . . . ... .. ... ... ... 84
A.3 Existence and Uniqueness of Strong Solutions . . . . . . .. ... ... ... 91

B Well-posedness of Swift-Hohenberg Equation . . . . . . ... ... ... ... .. 94
B.1 Preliminary Results . . . . . . . . . . .. . 94
B.2 Existence of Strong Solutions . . . . . . .. ... oL 96
Bibliography . . . . . . . . 99



Chapter 1

Introduction

In various physical processes, domains that form in multi-stable systems slowly change
in time, with the overall pattern becoming coarser. From the physical perspective, our
particular point is to model the kinetic behavior for the systems whose spatial structure
develops a pattern of domains or clusters that coarsen as time increases. The growth of
single-crystal grains in polycrystalline materials, phase separation in alloys, and anti-phase
boundary motion in antiferromagnetic materials are some important examples, [32]. For
example, as in [5], it is a system in equilibrium, which is quenched from the symmetric
(high temperature) phase into the symmetry breaking (low temperature) phase through
some phase transition. Once the system sets into the ordered phase, it locally selects one,
among all the possible, equilibrium configurations. Different states are chosen at different
locations and topological defects in the form of domain walls are created. In the course of
time, the patches of ordered regions tend to grow while the density of topological defects
diminishes.

It is widely observed that for some coarsening processes described by different equations,
some typical length scale that characterizes the distance between the topological defects
increases and the length scale behaves as a temporal power law. And the questions will
be whether we can find the universal rates for the coarsening. It is difficult to expect all
solutions coarsen at the same rate, because in the infinite-time limit the system should
typically approach a stable equilibrium and stop coarsening. However, Kohn and Otto’s
method in [20] provides a effective way to find an upper bound on the coarsening rates. Here

in this dissertation, we mainly study the coarsening described by the Allen-Cahn equation



and the Swift-Hohenberg equation. So first we introduce these two equations before we go

into the details.

1.1 Allen-Cahn Equation

We know that for the scalar ODE

Ou = —f(u),

with f: R — Rand f € C', every solution ¢t — u(t) is monotonic and every bounded solution
converges as t — 0o. For the coarsening processes, one of the simplest mathematical models

of this behavior arises as a modification of the model
Ou(r,t) = —f(u(z,t)), in [0,1] x [0, 00),

which is a spatial variation of the above scalar ODE. For any bounded solution, u.(x) =
limy o0 u(x, t) exists for every x, with f(us(x)) = 0 for all . If f has multiple stable zeros,
the limiting state u., is typically non-constant, and the domains will form as time proceeds,
corresponding to different limiting values of uq.(x).

The Allen-Cahn equation was originally studied by Allen and Cahn in [1]. Our focus is

on the parabolic Allen-Cahn equation on domain 2 x [0, 00)

%_Au—Qu(l—UQ):(), in Q x [0, 00)

u(z,t) =0, on I x [0,00) (1.1)

u(z,0) = up, in

where  is an interval I in R or a square ) in R2. This PDE corresponds to the gradient

flow of the energy

1
E(u) = 5]2 IVl + (1 — u?)2dz,



where f denotes the spatial average.

We focus on the homogeneous Dirichlet boundary conditions. In the literature, this
equation is also considered together with either periodic or homogeneous Neumann boundary
conditions. Moreover, for unbounded domains, heteroclinic conditions at infinity are usually
imposed. The latter condition ensures that there is at least one transition between phases
and it guarantees that the energy has a lower bound. We note that, for the epitaxial growth
model, the requirement of periodic boundary condition also ensures a lower bound on the
energy. For our model, we could have chosen the Dirichlet boundary conditions u(0,¢) = —1
and u(l,t) = 1 to mimic the heteroclinic condition at infinity, but we note the homogeneous
Dirichlet boundary condition yields the same effect of creating interfaces at the boundaries
of the bounded domains and it extends naturally to dimension two or higher.

We scale the system and prove a corresponding result in the unit interval I; = [0, 1].

1
With the length of I denoted by o= [, we define

r t
us(z,t) = u (E’ 5_2) :

Then u, solves the equation

2
e — Ou. — g_zuf(l —u?) =0, in I x [0,00)

T

(1.2)
us(0,t) = u(1,¢) =0, t>0

1
Let W(u) = 5(1 —u?)? so that W'(u) = —2u(1 — u?). We observe that W (u) is a double
well energy density with equal minima at u = +£1. As € — 0 the solutions u. will converge
almost everywhere to 1 or —1, [38], [37], [35]. For every ¢ and same initial condition for each

£ > 0, the interval I; will be partitioned as I, = I+ U I; ' U I'**, where

IY = {z € Iiju.(x,t) = 6 as € — 0},



and 7" has measure 0. The interface between these two sets corresponds to the grain
boundaries.

The only stable states of this system are patternless constant solutions u = %1, [9].
The asymptotic behavior of solutions of (1.2) as ¢t — oo has been well studied. As stated in
[32], for any solution u(x,t), we expect that us(x) = lim;_ u(z,t) exists and satisfies the
equation of equilibrium:

e20%u, — W' (u.) = 0.

Hence, u., is a stationary solution and for large t, typical solutions will be approximately
piece-wise constant in space. In a variety of physical processes, domains that form in multi-
stable systems change in time slowly. Similarly the solution to (1.2) changes extremely slowly
after reaching a pattern of transition layers developed in a relatively short time. The solution
will either grow up to 1 or bring down to —1, decreasing the part of the energy corresponding

to the double-well potential.

1.2 Swift-Hohenberg Equation

The equation considered in this section is proposed as a prototypical example of pattern
forming systems [10]. It was first derived by Swift and Hohenberg in [36] as a model for
pattern-formation equation for a fluid which is thermally convecting. These authors used
weakly nonlinear analysis of the Boussinesq equations describing Bénard convection with
random thermal fluctuations, as a simple model for the Rayleigh-Bénard instability of roll
waves. When spatially periodic patterns emerge in isotropic pattern-formation systems,
random initial conditions will lead to patches of patterns with different orientation that
are separated by sharp interfaces. The slow dynamics of those interfaces often govern the

long-time behavior of systems far from equilibrium.



Here we consider the Swift-Hohenberg equation in the two-dimensional space

u = —(1+V*)u+ pu —u®, in Q x [0,T]

u= Ou =0, ondQ@ x[0,T] (1.3)
ov

u(x,0) =ug, in Q,

where ) € R%2. The Swift-Hohenberg equation describes the nonlinear interaction of plane
waves. Most of the pattern forming systems described by the Swift-Hohenberg equation
exhibit stationary stripe or roll patters, see for example [19].

We consider u as representing a grayscale image of the temperature at each point, that

is, each coordinate has a temperature measurement u associated with that point. Hence, as

in Figure 1.1, the image of u represents a set of convection rolls.
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Figure 1.1: Evolution of patterns in time, taken from [21].

We notice that the Swift-Hohenberg equation relates the temporal evolution of the
pattern to the spatial structure of the pattern. pu plays the role of a temperature knob,
measuring how far the temperature is above the minimum temperature difference required
for convection. Therefore, for © < 0, the heating at the bottom of the fluid is too small to
cause convection, while for p > 0, convection occurs. The term involving the gradient acts

to smooth out sharp edges in the pattern.



In Figure 1.1, (a)-(d) are the images obtained from experiments involving the free surface
of granular layers at ¢t = 2,10, 200, 1000, where the bright parts correspond to the crests of
the free surface and the dark parts corresponds to the troughs of the free surface. As time
progressed, they locally align in parallel and create an increasingly ordered pattern and after
a long time, a fully ordered striped pattern finally appears. Subfigures (e)-(h) are images
obtained from the simulation of the two-dimensional Swift-Hohenberg equation in time for
1= 0.2. We can see that the coarsening dynamics of the striped pattern shows very similar
spatiotemporal morphology in both the experiment and numerical calculation.

During the formation of stripes [18], the width of the structure will decay in two stages.
When ¢ is small, the linear term in equation (1.3) dominates the system because of the small
amplitude of the order parameter u. At this stage, the width decays rapidly. However, in
the late-time region, nonlinear term effects emerge and the width decays slowly. Moreover,
when the correlation function of the local orientation order parameter is computed in the
late-time region in real space, the characteristic length grows algebraically as L(t) ~ t?,
while the density E(t) of topological defects decays algebraically as E(t) ~ t~%, as in [21],
7], etc.

1.3 Previous Results

The quantitative estimation of the coarsening rates was pioneered by Kohn and Otto
in [20]. Their method, originally developed for the Cahn-Hilliard equations, involves the
introduction of an auxiliary length scale and establishing and exploiting relations between
this length scale and the energy. This method has subsequently been carried out for, among
many models, an epitaxial growth model by Kohn and Yan in [24], for a discrete, ill-posed
diffusion equation by Esedoglu and Slepcev in [13], for a demixing model by Brenier, Otto
and Seis in [4], for a phase field model with arbitrarily complicated patterns of phases by
Dai and Pego in [12]. We outline the method first as it was implemented originally for the

Cahn-Hilliard equation in [20] and then for the epitaxial growth models in [24, 13, 4, 12].



Here we list some previous work with upper bounds on coarsening rates of different
models and the outlines of their work. They all follow the method developed by Kohn and
Otto in [20], but with specific tools and techniques. All these models have conservation law

structures, while the equations that we study have non-conserved curvature driven dynamics.

1.3.1 Cahn-Hillard Equations

For Cahn-Hilliard equations,

E—FV‘J:O,

with the associated energy
1
E :][5 (IVm|* + (1 = m?)") d,
where, in the constant mobility case, v = 2 and

J = —Va—m

and, in the degenerate mobility case, v = 1 and

J:=—(1- mQ)Va—.

m

1
Here,  denotes the spatial average, and m € (—1,1) with ¢ = 5(1 +m) € (0,1) standing for

the relative concentration of the first species. The focus in [20] is on the case of a “critical

][mdx:().

mixture”, i.e,



A physical scale L appropriate for this model is defined as

L ::][ |V~'m|dz := sup {][ m(dz|¢ is periodic with sup |V(] < 1} .

The mathematical interpretation of L is that it is the (W*°)* norm of m. The typical length
scale is expected to behave as L(t) ~ t'/3 in the constant-mobility Cahn-Hilliard equation
and it should behave as L(t) ~ t'/* in the degenerate-mobility case The basic procedure is:

1. In the regime F < 1, establish an interpolation inequality FL = 1. We use the
notation 2 and > throughout the paper as follows: a 2 8 means o > Cf for some constant

a
C > 0, and a > 8 means B is sufficiently large. Thus, this assertion says there exists a

constant C' > 0 such that EL > C'in the regime where £ < é This is the one-sided version
of EL ~ 1, since E is the interfacial area density which scales as “1/ length scale L”.

2. Find a dissipation inequality between E and L for each of the constant and degenerate
mobility cases.

3. Obtain an upper bound on the coarsening rate by an ODE argument based on the
previous two results. The lower bound on energy corresponds to the upper bound on the
length scale. To this end, we consider L as an absolutely continuous function of E and

rewrite in the dissipation inequality L = @E Then an appropriate change of variables

yields the desired lower bound on the rate of energy decay.

1.3.2 Phase-Field Model

In 2004, Dai and Pego extended the method of Kohn and Otto and established an
upper bound on the coarsening rate for a phase-field model in [12]. The model is given by

two equations in a non-dimensional form:

EUy + £¢t = KAUt,
2 (1.4)

06, = Do — g(6) + 2u



where g(¢) = G'(¢) = ¢(¢* — 1), and [, K, o are non-dimensional parameters that represent
latent heat, thermal diffusivity and a relaxation time, respectively, and ¢ measures the
thickness of the transition layers between two phases {¢ ~ +1} the solid phase and {¢ ~ —1}
the liquid phase, where € is small and € < aK. This model describes the solid-liquid phase
transition of a pure material in terms of the temperature v and an order parameter ¢. The
special domain is a large cubic cell @ = [0,a]™ C R™ with periodic boundary conditions.

The associated energy is given by
€ 1 2e
B0 = f (5ver+ e+ ).
Q g

l
and the length scale is defined as the H~'— norm of eu + §gz$, ie.,

L(t) = (ﬁ rw)m,

where v is a periodic function that satisfies
[
Av =cu+ 5({).

Following the method of Kohn and Otto, there are three key steps. The first is to find

a dissipation relation |L|* < T(_E)’ and this can be done by direct calculations. The
second key step is to obtain the interpolation inequality. This is done by defining periodic

functions w and 1 that satisfy
Aw:u—ﬁ, Aw:(b_év

_ l
where @ = f v and ¢ = f ¢, hence, Vo = eVw + §Vw. It is shown that,



where

L(t) = (]é |vw|2)1/2

B0 = £ (51968 + 2600)).

Subsequently, Kohn and Otto’s technique can be applied to prove E;(t)L;(t) > C. The ob-

and

servation that F(t) < 0, together with the assumption that egM and gya®>M? are sufficiently
small yields E(t)L(t) 2 1 whenever 0 < ¢ < g9 and £(0) < M . The third step is the original
ODE argument. The dissipation inequality and the interpolation inequality together with

the ODE lemma lead directly to the main result, a time-averaged version of the estimate

E(t) > t71/3,

1.3.3 Epitaxial Growth Model

This method found another application in the epitaxial growth model considered by
Kohn and Yan in [24] in a two dimensional domain with periodic boundary conditions,
with the square domain @@ C R? as the period cell. The PDE that describes this model is

fourth-order and it takes the form
ug + A*u+ V- (2(1 — [Vu))Vu) =0
with the associated energy per unit area ) C R?
o %]é Auf? + (1 — |Vul2)2.

The length scale is taken to be the L?—norm of u:
%
L= (][ u2> .
Q

10



Here u represents the deviation of the height of the film surface from its mean 0, hence L is
the standard deviation. Numerical simulations and heuristic arguments show that L grows as
t'/3 and E decays like t='/3. The results in [24] are a weak version of the statement that the
system coarsens at the rate of t~1/3. The constant in this inequality is independent of domain
size. The particular interest is the case when () is large with side length é, where ¢ > 0.
The most technically delicate point in this paper is the pointwise interpolation inequality.
For the continuous function v(z) = cu (g) with period 1 in each independent variable, the

assertion is, with )1 denoting the unit square,

(][ S A e (1 — Vv|2)2) (][ qﬂ)% >

for some constant C.

1.3.4 Discrete, Ill-posed Diffusion Equations

For the coarsening phenomena in discrete, ill-posed diffusion equations, upper bounds on
the coarsening rate can also be found using a similar framework. Discrete, ill-posed diffusion
equations arise in the methods of granular flow, image processing, population dynamics, and
many other applications. The specific equation studied by Esedoglu and Slepcev in [13] is
as follows

ve = AR(v) = R'(v)Av + R"(v)| Vo],

where R(§) : R — R with R/'(§) < 0 for all || large enough. The unknown function v is
defined on the unit-space lattice L = {1,2,..., N}%, where d is the dimension. The I? scalar

product takes the form

vow = E VgWy.

qelL
Denote by £ = {v : L — R} all real-valued lattice configurations, and by P = {v : L —

[0,00)} only the nonnegative configurations.

11



On the set Z = {v € £: v =0}, where v is the average value of v defined as

. = 1
= Su- g S
g€l qell

the discrete H~! norm is introduced in the following way: given s € Z there exists a unique,

up to a constant, solution p of the discrete Poisson equation
—Ap =s.
Define the H~! inner product by

(s1,52) = > (V'p1)g- (VFp2)y,

q€eL
where V7 is the forward finite difference, Vv = (9;v,...,9;v) for (0] v), = vgye, — vy
Integration by parts gives (s1, So) = 81 -pa = p1-So. Then for s € Z, the H~! norm is defined
by

sl = sup s (1.5)

&s£const quL |V+§q ‘ 2

We next outline the proof of the interpolation and dissipation inequalities following [13].

The energy is defined as

E(v) =) f(vy),

g€l
for v € P and f' = R, and the associated length scale is defined as

1 _
L= H'U—UH,

VLI

Then, by (1.5),

L= sup ZfL<Uq — )&,

EF#const qu]L | v+€q |2 .

12



The dissipation inequality (L)2 < —E can be easily obtained as follows:

dL? .2
— —2LL= (b0

so that

i _to—n) _ V-5
LZ Il

combining the Cauchy-Schwarz inequality

(0,0 —0)* < [0 *[lv — 9],

with
(0,0) = —(=AR(v),0) = =R(v) -0 = —f'(v) -0 = =VE(v) - 0,
we have
-, i@@:_i N oo B
2 € g 00) =~ VEQ) -0 = ~E.

where we used the chain rule in the last equality.

To prove the interpolation inequality, for p > 0 and « € [0, 1), define

0 ifo<z<p

ifz>p

The assumptions f > pF, for some p > 0 and v > p are made to to avoid zero energy

satisfies

— F
density. Suppose the associated energy E = |]LT

= _ Mo—p
B < —mna

13



Then by choosing an appropriate &, it can be proved that, when d = 1,

ELlfa > iﬂ(@ . p) 3(12—a)+11773(12—a)

Y

and, when d > 2,

EL2(1—01) > iud—(l—a)(v . p)3—2a@—(1—o¢)'

Hence, in general, the interpolation inequality can be written as EL? > 6 for some explicitly

defined 8 > 0 and 6 > 0.

1.4 Outline of This Thesis

Our analysis follows the work of Kohn and Yan, and the work of Kohn and Otto.
Specifically, we prove that the energy averaged in time decays no faster than a power law.

The energy that corresponds to the Allen-Cahn equation is
1
o ][ S(VuP + (1 w)?)do. (1.6)

This energy plays an important role in physics and has been well studied in [3]. In addition to
the energy, we introduce an auxiliary length scale. Our main result is that the energy in the

1/3 1/6

parabolic Allen-Cahn equation decays no faster than ¢t~/ or ¢t7/° with constant coefficients
depending on the size of the domain in various ways.
The energy that corresponds to Swift-Hohenberg equation is

1 1 1 1
E(t) =4 |1+ V)ul* + v — —pu® + —pPdr.
()= f 30+ Tl = i+ e

Our main result is that the energy in the Swift-Hohenberg equation decays no faster than

t=1/3,

14



We expect that the energy E(t) is concentrated mostly on the interfaces and has the
same dimension as the H!-type physical length scale L(t) so that E(t) ~ 1/L(t). The
interpolation inequality is a one-sided version of this relation and it takes the form of EL > C
for some positive constant C'. And for the L?-type length scale, we establish a similar version
of this relation E?(t) ~ 1/L(t). The interfacial area decreases, that is, £ < 0, because
the motion is surface-energy-driven. However, we need a more accurate energy-dissipating
structure of the dynamics. This refined structure is obtained in the form of the dissipation
inequality. Finally, the interpolation and the dissipation inequalities are employed in the
proof of an ODE lemma from which an upper bound on the time-averaged coarsening rate
follows.

Here is the basic strategy :

1. We assemble the well-posedness of the Allen-Cahn and Swift-Hohenberg equations
from various sources in the appendix. Specifically, for the Allen-Cahn equation, preliminaries
include establishing various bounds for solution u, which can be done by standard parabolic
estimates using the maximum principle.

2. The most important part is to obtain the dissipation inequality as well as the inter-
polation inequality. The dissipation inequality can be obtained by an elementary method.
We use two different strategies to prove the interpolation inequality according to different
length scales:

(a) First, obtain a uniform lower bound of the energy and then refine this lower bound
to relate it to the length scale, as in section 2.3 and section 3.1.2;

(b) An alternative way to relate E to L is to separate the L? norm of u into two parts:

one for E and the other for L, since we have

1 —][u2dzn :][(1 —u?)dx < (][(1 —u?)?dx)/? < B2,

15



for the Allen-Cahn equation, and
p e = fu s < (f (u - 2P S BV

for the Swift-Hohenberg equation. The right-hand-sides of both inequalities decay to zero
as I/ < 1. This technique is implemented in section 3.2.3 and section 4.1.
3. Various versions of the ODE lemma from Kohn and Otto’s paper are given. Two

distinct versions appear in section 2.5 and section 3.2.4.

16



Chapter 2

Allen-Cahn Equation in One-Dimensional Space

In this chapter, we look at the upper bound on the coarsening rates for the Allen-Cahn

equation in the one-dimensional space.

2.1 Introduction to the Main Result

We consider the solutions of the parabolic Allen-Cahn equation in the domain I x [0, 00)

O — O%u — 2u(l —u®) =0, in I x [0,00)
w(0,t) = u(l,t) =0, t>0 (2.1)

u(z,0) = ug(x), in [

where I = [0,{] C R and ug is bounded. Because we focus on the upper bounds on the
coarsening rates of Allen-Cahn equation, we will give the well-posedness results in Appendix
A.

First, let us look at the process of domain wall formation that occurs for this system
and how coarsening by domain wall motion and annihilation can be described. We expect
that starting with a bounded initial condition, u rapidly approaches 1 where v > 0, and
—1 where u < 0 at the initial stage of coarsening. Domain walls or transition layers form
between these domains at positions corresponding roughly to zeros in the initial data. Fusco
and Hale [17] developed a rigorous geometric theory of domain wall dynamics. Their idea
for a geometric description of these slow dynamics is to describe solutions containing N
domain walls in terms of an N —dimensional manifold of “metastable” states in X. Using a

restricted gradient flow approach, given N domain walls initially located at given positions
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hy < hy < -+ < hy in (0,1), the positions will evolve in time according to equations

well-approximated by exponentially small nearest neighbor interactions:

hii1—h; hi—h;_
Oth; = 12¢ <e_ e e 1),
where hy = —hy and hyy; — 1 =1 — hy are obtained by reflection through boundaries.

Equation (1.2) corresponds to the gradient flow of the energy
1 2 212
E(u) = 5 |0 ul® + (1 — u®)*dx, (2.2)
I

where { denotes averaging over the interval.

To construct the length scale, we let

and define

L- (]{ vz(aj)dm>§ _ (ﬁ /I u(z)dz)é, (2.3)

where |I| stands for the length of interval I. In our proof we will employ that u. € Hg(I;)
for each fixed time, according to the well-posedness in Appendix A.
We now present our main results. We state a special case as Theorem 2.1 and then the

general case as Theorem 2.2.

Theorem 2.1. Suppose the initial energy is Ey and the initial length scale is Ly. Then we

have

T T
][ E%dt z][ (t73)2dt  for T > L}>1> E.
0 0

Here, we use f to denote averaging over the time interval [0,T]. This theorem states
that £ > t71/3 in a L? time-averaged sense and it also holds for some time average of the

other norms of E, as well as E replaced by E/L~(1-9),
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Theorem 2.2. Suppose the initial energy is Ey and the initial length scale is Ly. For any

0 <0 <1, suppose r satisfies r < 3,0r > 1 and (1 — 0)r < 2. Then we have
T T
][ Er-(=0rqy Z][ (t73)dt for T>> L3> 1> E,.
0 0

Both of the two inequalities above in Theorem 2.1 and Theorem 2.2, respectively, depend
on the size of the domain I, and the specific dependence will be given in the ODE Lemma
2.13 later.

Notice that when # = 1, it permits 1 < r < 3, and the minimum possible # permitted
is é The conclusion of the theorem is strongest when # and r are smallest, i.e., for values
close to the curve 6r = 1. Indeed, if the estimate holds for a given ry < 3 then it holds for
all » between rg and 3 by an application of Jensen’s inequality, and if the estimate holds for
a given #y < 1, then it holds for all # > 6, by an application of the interpolation inequality,
20].

Theorems 2.1 and 2.2 are valid in the two-dimensional domain with the energy and
length scale defined in (3.2) and (3.3). The two-dimensional analogs of these two results will

be proved in chapter 3.

2.2 Preliminary Results

In this section, we show the boundedness of solutions of the elliptic and parabolic Allen-
Cahn equations, which will be used in the following proof for interpolation and dissipation

inequalities.

2.2.1 Boundedness of Solutions of Allen-Cahn Equations

In this section, first we prove that the solution of the parabolic Allen-Cahn equation
(A.1) is uniformly bounded in domain ), where we suppose the domain is ¢ = [0,[]" and

Q1 = [0,1]™ with n = 1 or 2. We prove this by pointwise parabolic estimates. We will use
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the boundedness to prove dissipation inequality for a L? length scale for the two-dimensional

Space case.

The technique for the proof of the following lemma appears in [3] in the context of the

Ginzburg-Landau equation.

Lemma 2.3. Let u be a solution of (A.1) with a bounded initial condition, then for t > &2

and x € Q1 = [0, 1],
[ul, t)] < V2.

Proof. By the dilation scaling as above, the space domain is @ = [0,1/e]". Set o(z,t) :=

lu(x,t)|?> — 1 and multiply equation (A.1) by u, to get

da_

o Ao +2|Vul* + 4o(0 + 1) = 0.

Now consider the ODE

y' () +4y(t)(y(t) +1) = 0
which is the space independent version of (2.4). We verify directly that

674t

Tl

?Jo(t)

is a solution for equation (2.5) for ¢ > 0. Let o(z,t) = yo(t), then

o
d—‘;—A5+45(&+1)=0.

Subtracting (2.4) from (2.6) gives us

d
dt

20
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(2.5)
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Since 1 + 0 + & = |u|? + & > 0, then, by the maximum principle in [14]
o(x,t) —o(x,t) >0 forallt>0and x € Q.

Therefore,

o(z,t) <yo(t), forallt>0andx e Q,

so that

1
lu(z,t)|* = o(x,t) +1<2, forallt> 1 and z € Q.

Remark 2.4. We can also notice that

Indeed, |u(z,t)| < V2 fort > %, we have

lu(l —u?)| < V2 fort>

N

Let p > 2 be fized. It follows from the standard reqularity theory for the linear heat equation

that for each compact set F C Q X [3,00) we have

du
H%HLT’(}') < C(-F) and HAUHLp(]:) < C(F)

In particular, by Sobolev embedding and the L> bound for u we have

ulleoa(rxt ooy < C,
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1 1
where a = —(1 — =). Moreover,
20 p

[lu(1 — uQ)HC'Oﬂa(IX[%,oo)) <C
By the C%* reqularity theory, we have
[[wf|coe(rx1,00)) < C.

Hence,

fort>e? and x € Q.

2.2.2 Boundedness of Solutions of Elliptic Allen-Cahn Equations

In this section we will establish uniform bound on the solution to the elliptic Allen-Cahn
equation and its derivative. This will be used to prove that, in the one-dimensional case, the
energy is uniformly bounded from below. The boundedness of energy will be used to prove
the interpolation inequality.

We consider the solution of equation

—Au, —
(2.8)

and define
1
E.(u.) = / e|Vu > + = (1 — u?)?
Q 19

If u. € H}(Q) is a minimizer of E.(u), then u. is a solution to (2.8). Indeed,

i(1) = Ec(u+70) = /Qe(Vu +7Vv)? + é(l — (u+ 1))
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Then

i'(T) = /Q 2e(Vu + 7Vv)Vo — g(l — (u+1)*)(u + V)V,

Integration by parts and evaluation at 7 = 0 yields
-/ 2 2 2 2
i'(0) = =2¢ [ (Au+ Zu(l —u”))v = —2e(Au + gu(l —u”),v)e,
Q £

so that the critical points of the energy satisfy equation (2.8).
The next lemma shows us that the solution of the equation (2.8) and the gradient of

the solution are bounded from above.
: C
Lemma 2.5. Let u. be a solution of (2.8). Then |u.| <1 and |Vu.| < ~ on Q.

Proof. First, we observe that equation (2.8) has the weak form
2 2
Vue - Vo — —(1 = [ue|*)ucvdz = 0, (2.9)
Q 9

for all v € H}(Q). Note that the boundary conditions are incorporated into (2.9).
Now, denote Q* = {|u.| > 1} and let v = (sgnu.)(|uc| — 1);, where z; = max(z,0).

Then v € H}(Q), i.e., v is a test function for (2.9). We first compute
Vo = (sgnu.)V|u|
in @F. Substituting v into (2.9), we have
2, 2 2
V" + Z (Jue]” = Dluel(Jue| = 1)dz =0,
Q* <

that is,

2
/Q+ |Vu€|2+€—2(]u5] —1)2\u8\(|u5|+1)d$20, (2.10)
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since the integrand of (2.10) is non-negative, we must have meas @ = 0, and therefore,
|ue| < 1 almost everywhere in Q).
Second, let

Ve = Us — W,

where v, is the solution of the equation

1
—Av, = ?us(l —|u*) on @

v.=0 on 0Q,

and w is the solution to the equation

—Aw=0 on

w=0 on 0Q.

Then, it follows from the elliptic estimates as appearing in [2] and the fact that |u.| < 1that

190z < Sllellie < llullz +llwlls) < <
O
2.3 The Interpolation Inequality
In this section, we prove that
EL>1 when E<1, (2.11)

where F and L are defined in (2.2) and (2.3), and the constants implicit in (2.11) are

independent of the size of I.
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With the scaling as in the previous section

T t
UE<LE,t) =Uu <g7 5_2> )

u. solves the equation

2
3tu€ - 82U5

U — 5—2u5(1 —u?) =0, in [ x [0,00)

(2.12)
ue(0,t) =u(1,t) =0, t>0.

Let
ve(x) = /Ox us(z)dz = ev (E) : (2.13)

Then E and L may be rewritten as,

1
E = 5][ 0, uc? + (1 — u?)?dz,
I

and )
()
L=- vodx |,
9 I
respectively. Correspondingly, and (2.11) becomes

1

1 2
<][ elopuc)® + = (1 — ug)zdx) (][ vfd:v) >1
Il € ]1

when

][ £2|0puc|® + (1 — u?)?dr < 1.

I

The last statement is a consequence of the following theorem.
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Theorem 2.6 (Interpolation). There is a constant ¢, > 0 with the property that for any

function u. € H}(I,) and any € > 0,

1
1 3
(][ eldpuc? + —(1 — ug)Q) <][ vf) +][ e20puc)® + (1 —u?)? > c,.
I € I I

In the next few lemmas, we establish various lower bounds on the energy E. that lay
the groundwork for proving Theorem 2.6. In the first lemma, we show that E. is uniformly

bounded below.

Lemma 2.7. Define
1
E.(u.) = / |0 ue|? + g(l —u?)?

I
where Iy is the unit interval in R. There exist constants ag > 0 and 9 > 0 such that for any

e < &g and any u. € Hy(I1), we have
E.(u:) > ag.

Proof. We first prove this lemma for solutions. We claim specifically that, when u? is a

solution to equation (2.8), there exist u > 0 and gy > 0 such that if

1
5/1 (1= |02 < i, with ¢ < 2, (2.14)
1

then

Vo € Il-

N | —

ju(2)] >

This is a contradiction with the regularity and the homogeneous Dirichlet boundary condi-
tions.

Next, we prove this claim. By Lemma 2.5, we have

Q
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where C' does not depend on e. Therefore,
0 0 c
’UE(I)—UE<y)|Sg|$—y|, v':C7yEI1'
- 0 1
Assume, by contradiction, that |ul(zg)| < 5 for some xy € I;. Then,
C
[ul(2) — ug(zo)| < g|l’ — Zol,

and

1 C
@) < 5+ —p in L0 (w),

where J, is an interval of length 2p with p < 1.

1
We choose p in such a way that —p = —, ie., p= i, so that
€ 4 4C

1= |ul(@)| = 7 in QN Jy(wo),

=] =

and, consequently,
1

(Ju2(x)? = 1)* > 6 11N (o).
Also,
meas(l;y N J,) > h VYa € l; and Vh < 1.
Hence,
5
R B et
/11 I1ﬂJp(m0)( ) 64C
Therefore,

1 1
- 1— 02 2>_.

1
Let n < 61C and g9 = 4C so that we arrive at a contradiction with (2.14). Hence, there

exists ap > 0 such that F.(u?) > ag. In particular, this lower bound is valid for the minimizers

of the energy E..
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Finally, suppose u. is any function. Let u? be a minimizer of E. and, therefore, also a

solution of (2.8). Then

O

The next lemma is based on a result from Modica [29]. It guarantees compactness in

L? of a sequence u.; with uniformly bounded energy by taking advantage of the polynomial

structure of the nonlinear part of the energy W(u) = (1 — u?)%.

Lemma 2.8. Suppose {c;} is a sequence such that e; — 0 and {u.,} is a sequence for
which E,(u.;) is uniformly bounded. Then there exists a subsequence of {g;}, without loss
of generality also denoted by {e;}, such that {u.,} converges to a function uo in L*(I;) as

J — o0.

Proof. Recall that I; = [0, 1] and fix £ > 0.
Define

¢(t):/0 1= 2ds and w.(z) = éu(z)).

Since there exist tyg > 1,¢; > 0 and ¢y > 0 such that
et < (1 —12)? < cytt,  for t >y,
we see that
6(t) < /to 11— s2lds + /tt Jaastds < /Oto 1= s2lds + ?t?
0 0

Then, for some c3 > 0 and ¢4 > 0, we have

B(t) < ez 4 cu(1 —t2)?,  for t > to.
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Therefore,

/ wedr = [ ¢(ue)dr < cg + 04/ (1 —u2)*dx < c3 + ceeE-(u.),
I I

I

and we conclude that {w.} is bounded in L!(I;). On the other hand,

azws (x) - (b/(us (x»axuea

and

/|0xw5|d:1::/ 11— u?||0pu.|dx
11 Il

1 1
< —/ eloyus* + = (1 — u?)?dx
2/ €

1
= §E€(u€>

S Cs,

for some ¢5 > 0, so the compactness yields that there is a sequence {ep,} of positive numbers
converging to 0 such that {w.} converges in L'(I;) to a function wy.

Now, let 1) be the inverse function of ¢ and define uy(z) = 1»(wo(z)). We have ¢/(t) =
|1—2| > \/et] for every t > to. Hence ¢ is Lipschitz continuous on [¢(t), c0) and uniformly
continuous on the entire real line. It follows that u.; = 1 ow,, converges in measure on I to

Uug as j — 0o. Since

1 ,
/ ul de < th + —/ 11— u? (z)]Pde < 13 + 8—]EE].(qu),
n 1 Jp ! 1
that is, {u.} is bounded in L*(I;), hence, {u.} converges to ug in L?*(Iy).
0

In the next lemma, we refine the result in Lemma 2.7 and claim that the bound may be

1
taken to be any constant ¢ with ¢ < 3 as long as the length scale is sufficiently small.
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Lemma 2.9. Let E.(u.) be as in Lemma 2.7 and v. be defined as in equation (2.13). For

any ¢ < 3, there exists v > 0 such that for all e <1, if Ji, 02 <, then E.(u.) > c.

Proof. We prove this lemma by contradiction. Suppose, for some ¢ < %, there exist sequences

{ve,} and {e;} such that

1
/ v2 <= but E.(v,)<c (2.15)
n )
If liminf;e; = 0, by the compactness result in Lemma 2.8, we know that {u.,} is

relatively compact in L*(I;). If liminf;e; > 0, we choose a subsequence, without loss of
generality, also denoted as {e;}, such that infe; > 0, so that {[; [d,uc,[*} is bounded,
hence, {u.,} is pre-compact in L3(I;). In both cases, for a further subsequence, U, — Uso
in L?(I;) for some uy, in L*(I;).

On the other hand, (2.15) implies lim;_, V., = v = 0, therefore 0, = o = 0. But
by compactness of {u,,} and Fatou’s lemma,

1
1= / (1—u2)? gliminf/ (1 —u2)? <liminfee; < -
I - Jn ! ' 2

J J
This contradiction shows that the lemma is true. O

In the proof of the conclusion of Theorem 2.6, namely,
(energy density ) - ( length scale ) > 1,

we note that the most difficult case is when ¢ — 0. Before proving Theorem 2.6, we need
to establish the following proposition first. It states that when the length scale is bounded
above by some constant depending on the length of the interval, the energy has a lower
bound.

This will be used to prove Theorem 2.6 by contradiction by employing the following
technique. Mainly, we assume the length scale is small, and we divide the domain into a

mesh of subintervals. On most of the subintervals, the length scale in relatively small. At
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the same time, by Lemma 2.9, the energy is large on those subintervals where the length

scale is small. The proposition below gives a rigorous basis for this argument.

Proposition 2.10. For any cy < %, there exists a constant ¢, > 0 with the following property.

Consider any interval I C R with length | and any u. € Hg(I) satisfying

/vfda: < a3,
I

where v, s defined as in (2.13).

Then we have

1
Case A : /&t|(9mu€|2 +-(1—ud)?>co if 1>,
I £

1 [
Case B': /5\8zu5|2 + =1 —u?)* > o if 1<e,
I £ £

Proof. For Case A, we define u;(x) = u.(lx). Then, with

u(z) = /O " w(2)dz = /0 " un(12)dz = %Ug(l:(:),

1
(2.16) is equivalent to proving that for any ¢y < 5 there exists ¢; such that if

~| ™

<1, / v < ¢y,
I
€ l
/I (7) 1D |? + (g) (1—u2)? > o

1

then

Since % < 1, this is exactly the result of Lemma 2.9.
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We prove case B by contradiction. Suppose for some ¢y < —, there exist sequences

N | —

ks Ik, U, ue, satistying

4
Ek

- >1
I, =7

1
3 I 0 219

\flk er|Optie, |* + (1 —uZ, )* < coly.

1
Using the same scaling as in case A, ug(z) = u., (lxx) and vi(z) = l—vgk(l:c), (2.18) becomes
k

2
/ vi — 0, / <€—k) |0k |* + (1 — ui)? < co.
I n \lk

. £ . .
Since - > 1, we can use the same argument as in the proof of Lemma 2.9 to arrive at a
k

contradiction. ]
Now we can prove the main theorem based on the previous results.

Proof of Theorem 2.6. : We prove this theorem by contradiction. Assume that there exist

sequences €g, e, such that

([t L) (] 2)
I €k I (2.19)

—l—][ xlOpue, [P+ (1 —uZ,)* — 0.
I

Case 1: Suppose liminfy e, > 0, then in the second term of (2.19), we have

€k
11 Il

|0pue, |* — 0 and ][ u? — 1. (2.20)
But, by the Poincaré inequality,

]{ uZ < CHF [Opue,|* — 0.
1

I
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This is a contradiction with (2.20).
Case 2: Suppose liminf, e, = 0 but [ L vfk is bounded away from 0. Without loss of

generality, suppose ¢, — 0. The convergence of the first term in (2.19) to 0 gives us

1
][ el P+ (1 -2 )? 0,
I Ek

is in a contradiction with Lemma 2.7.
Case 3: Suppose lime, = 0 and lim fh v?k = 0. We use Proposition 2.10 to obtain

a contradiction. Fix ¢g and drop the subscript k& to simplify the notation, and we write

()

1
For any integer N > 1, we partition the unit interval I; into NV subintervals of length w = N

Ue = Ug, , Ve = Vg, Define

The value of N will be determined later. If

2 3
/ v, < cw”,
L,

by applying Proposition 2.10 to [, we have

1
/ £|0yuc]® + E(l —ud)? >y if w>e,
1,

or

1
/ e|l0puc]® + =(1 —u?)? > O w<e.
I € £

The choice of N depends on the relation between ¢ and 9.
Alternative 1: Suppose € > §. Then we choose N such that w ~ v/de, that is, e > w >

0. For any N line segment I, of length w, we say I, € A if flw v > cjw? and let | A| be the
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number of line segments in 4. Since

|Aleiw® < Z/ V2 §/ v =02,
1, I

I,eA

we have
2

1
3<<—:N.
aw w

2 3
/ v, < qw
L,

holds on most intervals. Since ¢ > w, for I, ¢ A, i.e., when

2 3
/ v < w”,
1,

|A] <

Therefore, the relation

Proposition 2.10 gives

/ 2102+ (1 — u2)? > cow.
Iy

Summing over all of these line segments, we have

/ El0pu* + (1 —u2)* > > / elopuc® + (1—u2)* > co Y w1
Iy

IgA 7 e I,¢A

This is a contradiction with (2.19).
1
Alternative 2: Suppose § 2 €. In this case, we choose N and w = N such that w = M,
where M is a constant to be chosen later. We notice that w 2 § 2 €. Again, considering N

line segments I,,, and we say I, € Aif [, v? > cw®. Since

|Aleiw® < Z v? < / v? =42,
I

I,eA’ 1w

then we have
52 1 N
|A| < = ,
cwd  egM?w ¢ M?

| =
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11

Now, we choose M such that M?c; > 2. This choice guarantees that |A| < 2=
w

least half of the line segments I, are not in A.

Recalling that we have w 2 €, Proposition 2.10 yields

1
/&ﬁM%F+gU—u®22%,
I,

for each I, ¢ A. Summing over all of these line segments gives us

€|l

D, + 1— Oyl + =(1—u?)? > 2 >
R S [ R e
I.gA

(f cop 2o -ap) (£ 2) 2

This contradiction with (2.19) completes the proof of the theorem.

Therefore,

[SIen
€l

> 1.

2.4 The Dissipation Inequality

—, so at

The dissipation inequality proved in this section provides the second ingredient for the

ODE lemma in Section 2.5. It relates the rates of change with respect to the time of the

energy and of the length scale. There are two critical points in the dissipation inequality.

First, we notice that £ < 0, that is, the energy is decreasing because the motion of the

interfaces or transition layers is surface energy driven. Second, a refinement of this inequality

involves L which is controlled by E because coarsening requires motion which dissipates

energy.

Lemma 2.11 (Dissipation). Suppose u is a solution of (2.1) and again let E and L be

defined as in (2.2) and (2.3), respectively. Then

(L) < —|IPE
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Proof. We first derive an expression for the time derivative of the energy:

E= %][ 20,u - 0,0,u + 2(1 — u®)(—2u - Oyu)dx

I

= —][ O2u - Oyu — 2u(1 — u?)Oyudz
I

= ][ —(0?u + 2u(1 — u?))Oudx

_ —I]{ (Ou)2dz.

Next, we turn to the time derivative of the length scale. Considering its square

L? :][vzdx,
I

we obtain

. dL2 2 2
2LL = — = O vodx = 24 vOvdr < 2 vidx
dt I I I

On the other hand,

=
N

<]{(8tv)2dx) : (2.21)

O(x) = /OI Oyu(z)dz,

]{ (O)2dz — ’—11” I ( /0 ' 8tu(z)dz)2d:v. (2.22)

so that,

and (2.22) becomes

]{ (O)2dz = /I /0 " (Ouu(z))2dzdz < \]|2]{(8tu(x))2dx
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Hence, (2.21) gives us
1

2LL < 2|I|L (][(ﬁtu)Qda:> = 2|I|L(—E)z,
I

ie.,

(L < |TP(~E)

2.5 Upper Bound on The Coarsening Rate

The next lemma is an ODE argument of Kohn and Otto [20]. Our proof carefully traces
the dependence of the coarsening rate on the size of the domain, and makes precise change
of the variables required for the specific dissipation inequality listed in the hypothesis of the
lemma.

Before proceeding with the ODE lemma, we first prove that L is absolutely continuous

when viewed as a function of E. This fact will be invoked in the proof of the ODE Lemma

2.13.

Proposition 2.12. Suppose E and L are continuously differentiable on [0,T] and
(L*<E, onl0,T). (2.23)

Then
LoE':E(0,T]) - R

15 absolutely continuous, i.e.,
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for any € > 0, there exists 0 > 0 such that, if 0 < s; <t; <--- < s, <t, <T satisfy

Z |E(ty) — E(sg)| < 6, then

Z |L tk Sk | < €.
(2.24)
Proof. Claim: there exists hy > 0 such that for any ¢t € [0,7] and any h € [0, ho] with

t+hel0,T],
(L(t+h) — L(t))* < 4(E(t + h) — E(t))h.

Proof of claim: Assume that there exist {t,} C [0,7] and hy — 0 with ¢, + hy € [0, 7] such

that

(Lt + hi) = L(ty))* > 4(E(ty + h) — E(ty)) s,

or, equivalently,

(L(t +h) — L(t)>2 _ AE(E+h) - B()
hk hk 7

without loss of generality, ¢, — t € [0,7]. Taking the limit and using the continuity of E
and L, we get
(L(£)* > 2E(t),

a contradiction with (2.23).
2

To prove (2.24), let € > 0 and take § = <

AT Suppose 0 < s1 <t1 < -+ <8, <t,<T

satisfy

Z‘E tk Sk)|<5
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by — Sk

|

For each k such that t;,—sj, > ho, let s, ; = sg+jho, j =0,1,...,ny—1, where ng = |

ho
so that s, = sp0 < Sg1 <+ < Sgp—1 < Skn, = tg. LThen, by claim
n n o ng
D L) = L(si)| <> 1L(sky) — Liskj-1)l
k=1 k=1 j—=1
n ng
1/2
<23 N ((B(sky) = Eskj-1))(skj — sk-1))"
k=1 j=1
I 12 /o 1/2
<2(33 - mon) (33w )
k=1 j=1 k=1 j=1

I
DO
M
S5
—~
~
B
N—
|
&
—~
W
Ed
N—
SN—
—
~
[N}
—~
t/ﬂ
~
e
W
Bl
N~—
N~—
—
~~
[N}

k=1 k=1

Next, we prove the ODE lemma.

Lemma 2.13 (ODE). For any 0 < 6 <1 and |I| 2 1, suppose r satisfies: v < 3, Or > 1

and (1 —0)r < 2. Then EL > 1 and (L)? < |I|*(—E) imply

T
][ E"L=0=0rqt > KT75 for T>> Ly > 1> F, (2.25)
0

2r
3

1\
where K = (—)
1]

Proof. E is a monotone function of time due to the differential inequality (L)? < |I]>(—E).
2

Indeed, since F < _W < 0, FE is decreasing. Moreover, by Proposition 2.12, L is an

absolutely continuous function of E, and we can write the dissipation inequality as

(fl—L) (B < |78, (2.26)
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Here, the lower case e is used as an independent variable corresponding to the energy in

order to distinguish it from E = E(t).

(2L)2\E| < |1)?. (2.27)

e

From (2.26), we have

When E = 0, (2.27) is still true trivially. Multiplying (2.27) by any function f(E(t)) and

integrating in time on the interval [0, 7] gives

CrE@)d > L/E(O) f(e) (%)2@.

0 1* e

Taking f = e/ L=(1=9" and writing Ey = E(0), Er = E(T), we then have

T 1 [Eo dL\?
/O E"”(t)L*(“a)T(t)dtZW / e’ L(e)" 40" <%> de (2.28)

Er

for all T > 0.

Now we estimate the right hand side of (2.28). Consider the change of variables

1 1—6r r 1 1_(179)'r
1_ Hre and L = WL 2.

>
I

The hypotheses

Or>1, (1-0)r<2

imply
0> — (2.29)

which will be used later. Since

2 -\ 2 2 R
CA CANEANTIN
de -\ de dL de
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and
de _or dL a5

= e —_ = 2

%=

the integral in the right hand side of (2.28) can be written as:

/EO de\ [(di\~ /dL\> /E AN
— RN —_— de: N de
By \dE dL de B de

The last integral is bounded below by the minimum over all functions ﬁ(é) with the boundary

conditions

A A 1 _a=o)r A 1 _(1=0)r
L(Ey) = ——q=5; (L(0))' =, L(Er) = —=5; (L(T))'" = .

1_2 2

To simplify the notations we denote these end conditions by Lo and Ly, respectively. By

the Dirichlet principle, the extremal L is linear in é, so we have

T T T \2
1 (Lyr— L
/ EO L 0-0r gy > —QQ (2.30)
0 |* Ey— Er

When T is chosen so that

L(T) = 2L(0),

the right side of (2.30) can be controlled since
[:T - Z\—JO 2 iT and Eo - ET S _ET'

Therefore,

/TEerL—(1—9)rdt> 1 L3 1 72-(=0)r por—1
0 NP —pp HPTT T

Rewriting the right hand side as

e s
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we conclude, using FL 2 1 and (2.29), that

1

Vg [BSLy 02 (2.31)

T
/ E@rLf(lfe)rdt >
0
provided that L(T") > 2L(0). Introducing

T
WT) := / Efr (=0t
0

we can write (2.31) as h 2 (W)=, so we have:

~ P

B (TYR(T) > (ﬁ) (2.32)

provided L(T") > 2L(0). Here we used r < 3.

The previous method does not work when L(7T) < 2L(0), but, for such T', we have
E(T) 2 L(T) 2 Ly,
which implies
EXT)L™NT) = (E(T)L(T))’L™Y(T) Z Ly "

Thus
W(T)Z Ly" if L(T) < 2Ly. (2.33)

Combining (2.32) and (2.33), using r < 3, we have:

d ) -
2 (h o LyT) e ~ (() + L) 7 1 (1)

LV
7~ N\
=~
N—

|
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for all ¢ > 0. Indeed, when L(7T") > 2L(0), by (2.32),

S LT o () + TR 2 ()T R(T) 2 ( 1 )

and, when L(T") < 2L(0), by (2.33),

T 1 3—r
GO LI ~ i)+ L0 2 L0 212 ()

for |1] 2 1.
Integration in time gives
2r

3—r > Ly~® 3=r
WMT)+ L3 > i T3

for all T" > 0.

Restricting attention to T > Ly", this becomes

2r

r I\?® 5.
/ Er == g — p(T) > (m) T for T> L}
0

which is precisely (2.25) as we need.
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Chapter 3

Allen-Cahn Equation in Two-Dimensional Space

In this chapter, we consider the solutions of the parabolic Allen-Cahn equation on the

domain @ x [0, 00)

%—Au—Qu(l—lﬂ):O, in @ x [0,00)

u(z,t) =0, on dQ x [0,00) (3.1)

u(z,0) = up(x), in@Q

where @ is a square in R? and here we suppose g is uniformly bounded.

This PDE corresponds to the gradient flow of the energy

E(u) = %]{2 |Vul® + (1 — u?)?dz. (3.2)

3.1 Energy Decays No Faster than ¢t~'/3

Here again we want to obtain a rigorous and time-averaged upper bound on coarsening
rates for the Allen-Cahn equation in two-dimensional space. In this section, we establish an
upper bound on the coarsening rate t'/?. The volume-averaged free energy F is a decreasing
function of time and it scales as the reciprocal to the length scale L which is dual to E.
Our result indicates the one-sided L ~ t/3 coarsening rate, that is, in a time-averaged
sense, it is impossible for solutions to coarsen at a rate faster than the expected power
law. The interfacial area decreases, that is, £ < 0, however, we need a more accurate
energy-dissipating structure of the dynamics. This refined structure is obtained in the form

of a dissipation inequality. Finally, the interpolation and the dissipation inequalities are

44



combined in the proof of an ODE Lemma 3.7 which is similar to Lemma 2.13 in Section 2.5,

from which an upper bound on the time-averaged coarsening rate follows.

3.1.1 Introduction to the Main Result

We generalize the length scale introduced in the one-dimensional case and define

ullz-1(q)

We define H~! norm as in [31] or [11], namely for each u € H}(Q), there exits unique

solution p of the Poisson equation

—Ap=wu, inQ

p=0, ondQ

such that p € H}(Q). We define the H~'-inner product of u; and uy as the L?-inner product

of the gradients of the corresponding solutions of the Poisson equations:

<U1;U2>H*1 = <VP17 Vp2>L2>

so that

[ullz-1@) = [IVDPllL2(g)-

The main results have the statements that are the same as those in the one-dimensional
case and we obtain the same upper bound on the coarsening rate. As above, a special case
is stated the same as Theorem 2.1 and the general case is stated the same as Theorem
2.2, but with the energy and length scale defined by (3.2) and (3.3), respectively, also with
the two-dimensional domain and different dependence on the size of the domains. And the

dependence on the size of the domain () will be provided in Lemma 3.7.
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3.1.2 The Interpolation Inequality

In this section, we prove that
EL>1 when FE <1, (3.4)

where E and L are defined in (3.2) and (3.3), The constants implicit in (3.4) are independent
of the size of Q.
We scale the system and prove the corresponding result for the unit square ;. With

1
the side length of ) denoted by —, we define
€

then for u.(z) = —Ap.(z) and u(z) = —Ap(x), we have

z t
Uz, t) =ul|l—,—= .
w0 =u(%5)

Hence, u. solves the equation

Ou, 2 :
e Au. — Su (1 —u) =0, in Q% [0,00)

us(z,t) =0, on dQ; x [0,00)

The quantities ¥ and L may be rewritten as,

1
E = —][ 2| Vue|? + (1 — u?)?dw,
2 Q1
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and

1

- ( / |Vp<oc>|dac)é

1 1 2
s ([, #1707

1
= gHUsHH—I(Ql)

respectively, and (3.4) becomes

1
(f, v+ 20 o) uella-son 2 1

1

when

][ 2 Vu? + (1 —u?)de < 1
Q1
The last statement is a consequence of the following theorem.

Theorem 3.1 (Interpolation). There is a constant ¢, > 0 with the following property: For

any u. € H}(Q1) and any € > 0,

1
(][ e|Vuc|® + E(l - uz)2dx) ||ue|| 100y +][ 2 Vue|? + (1 — u?)dr > c,.
1 Q1

As in Section 2.3, we start by establishing a uniform lower bound on energy E.. The
proof is the same as that of Lemma 2.7, therefore we state the following lemma without

proof.
Lemma 3.2. Define

1
E.(u.) = / | Vu|? + g(l —u?)?

1
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where Q1 is the unit square in R%. There exit constants ag > 0 and g9 > 0 such that for any

e < &g and any u. € H}(Q1), we have

EE(UE) Z agp.

The next lemma claiming compactness in L?*(Q) of the set of admissible functions with
uniformly bounded energy is the same as Lemma 2.8 of one-dimensional case as well, and

we omit its proof.

Lemma 3.3. Suppose E.(u.) is uniformly bounded and {¢;} is a sequence such that ¢; — 0,
then there exist a subsequence {€;} of positive numbers such that {u.,} converges to a function

ug 1 L*(Q) as j — oo.

The following lemma and proposition share the techniques of their proofs with Lemma
2.9 and Proposition 2.10, respectively, but the use of a different length scale warrants separate

proofs.

Lemma 3.4. Let E.(u.) be as in Lemma 3.2. For any ¢ < %, there exists v > 0 such that

for all e <1, if ||ucl|g-1(Q,) < 7, then E.(u.) > c.

Proof. We prove this lemma by contradiction. Suppose, for some ¢ < %, there exist sequences

{ue,} and {¢;} such that

1
||U€j||H—1(Q1) S ; but EE]'(U/EJ') <c. (36)
If liminf;e; = 0, by the compactness theorem in Lemma 3.3, we know that {u.,}

is relatively compact in L?. If liminf;e; > 0, we choose a subsequence, without loss of
generality, also denoted as {¢,}, such that infe; > 0, so that { le |Vue,|?} is bounded,
hence, {u.,} is pre-compact in L. In both cases, for a further subsequence, u., — ug in L?

for some ug in L2
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On the other hand, (3.6) implies lim;_,. u.; = uo = 0, since ||Vp,,||z> = 0 as j — oo,
ie., limj o Vp., = Vpy =0, and uy = —Apy = 0. But by compactness of {uaj} and Fatou’s

lemma,

AN
M'I =

1= / (1—ud)?* < liminf/ (1—uZ)? <cg

1 J 1
This contradiction shows that the lemma is true. O
Proposition 3.5. For any cy < %, there exists a constant c; > 0 with the following property.

Consider any square Q C R? with side length | and any u. € H}(Q) satisfying

ucllm-10) < a1l@).

Then we have

1
Case A - / AV 11— > wlQ! i QM > < (3.7)
Q
1
Case B: / e|Vu|* + g(l —u?)? > %@ if 1Q|Y? <e, (3.8)
Q

x
Proof. For Case A, we define u(x) = u.(lx), or, equivalently, u.(z) = u <7>, and suppose
without loss of generality that @) is centered at the origin. Then (3.7) is equivalent to proving
1
that for any ¢y < 2 there exists ¢; such that if

£
Q[ <1 ullg-g £ a,

then,

/
I, () wut (=) - 20
Q1

Since < 1, this is exactly the result of Lemma 3.4.

£
QI
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We prove Case B by contradiction. Suppose for some ¢y < %, there exists sequences

€y Qrs Ik, Ue,, satisfying

/

Ek
Qi = b
1
orlallan =0 (3.9)
ka x| Ve, > + (1 - ng)Q < ¢o| Q|-
\

Using the same scaling as above, ug(x) = u, (lxz), (3.9) becomes

2

€k

||uk||H_1(Q1) — 0, /Q <—|Qk|1/2) ’ka|2 + (1 — uz)2 < .
1

Since > 1, then we can use the same argument as in the proof of Lemma 3.4 to arrive

€k
|Qr[*/?
at a contradiction. OJ

We have all the necessary tools to prove the main result for the two-dimensional case.

Proof of Theorem 3.1. We prove this theorem by contradiction. We suppose there exists a

sequence ., , € such that

1
(][ [V [+ (1 u)) (.
Q1 Ek

(3.10)
+][ en|Vue, > + (1 —uZ )* — 0.
Case 1: Suppose liminfy g, > 0, then, in the second term of (3.10), we have
][ Vu., |* =0 and ][ u? — 1. (3.11)
1 1

By the Poincaré inequality

][ uz < C’][ Vu, | — 0.
Q1 1
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This is a contradiction with (3.11).
Case 2: Suppose liminfy e, = 0 but ||ue, ||z-1(g,) is bounded away from 0. Without loss

of generality, suppose £, — 0. The convergence of the first term in (3.10) to 0 gives us

][ Ve P+ (1 — a2 )? 0,

1

in a contradiction with Lemma 3.2.

Case 3: Suppose liminfy e, = 0 and liminfy, ||ue, ||z-1(g,) = 0. We use Proposition 3.5
to obtain a contradiction. Fix ¢y and, dropping the subscript k& to simplify the notation, we
write u., = u.. Define

0 = ||uc||m-1(qQy)-

1
For any integer N > 1, we partition the unit square @; into N? squares of side length w = N

The value of N will be determined later. If

el 10y < a1w?,
by applying Proposition 3.5 to @),,, we have

1
/ e|Vu > + g(1 —u?)? > c|QulY? if |QuVP=w>c¢

w

or

CO‘QW‘

3

1
/ eV + - (1 —ug)* 2 if |Qu"?=w<e

The choice of N depends on the relation between ¢ and 4.
Alternative 1: Suppose € > . Then we choose N such that w ~ v/ed and therefore

£>> w > 4. For the N? squares Q,,, we say Q. € A if [|u.||g-10,) > ¢1|Qu| = c1w? and let

o1



1
|A| be the number of squares in A. Since § € w = N < 1 and

(Al < Y el B g < el 31y = 0%
QueA

we have
2

1
’A‘< <<—2:N.
w

cwt
Therefore, the inequality

el -1(0,) < aw?

holds on most, in particular on at least half, of the squares. Since € > w, for Q,, ¢ A, i.e,
when

el | -1(g.) < c1w?,

Proposition 3.5 gives

| 1w+ - dp = al.

Summing over all these squares, we have

RS D L SR SR

QuiA QuA

This is a contradiction with (3.10).

Alternative 2: Suppose d 2 €. Then we choose N and w = % such that w = M4, where

M is a constant to be chosen later. Again, consider the N? squares @, we say @, € A if

||UsHH—1(Qw) > c;w?. Since

[Alete! < 3 lluel[fqu) < Iluellfisa =9
QueA

we have
62

47
lw

Al < 5—

52



1
and 6 = % < e Then we estimate
1 1
A < —=—
A M?2c3 w?
) . 11 N
Now, we choose M such that M?ci > 2. This guarantees that |A| < 52 = 5 80 at least

half of the squares @), are not in A.

Considering that we have w 2 0 2 ¢, by proposition 3.5, for each Q, ¢ A,

1
|+ 20— =l

Summing over all these squares gives us

1 1/2 L
/6\VU8|2 (1 —u?) Z/ e|Vu > + ( —u?)? ZC(J’QQTJ

E |

Qu¢A
Therefore,
F eVl 4 20— o) i) 2 S 21
1 5 - el |lH-1(Q1) ~ o~ .
This contradiction with (3.10) completes the proof. ]

3.1.3 The Dissipation Inequality

Lemma 3.6 (Dissipation). Suppose u is a solution of (3.1) and again let E and L be defined
as in (3.2) and (3.3), respectively. Then

(L)? S —IQIE
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Proof. As in Lemma 2.11, by replacing u, by Vu, we again have that integration by parts

yields

. 1
E = 5][ 2Vu - Vg 4+ 2(1 — ) (—2u - uy)da

(3.12)
= —][ uide,
where the boundary integrals are all vanishing due to the boundary conditions.
Next, we compute
2= = 2 iy < ol ol
= — = —(U, U1 S —||U -1 Uu -1 .
de QI T = Q@
Therefore,
N | ] e
L*< ——=. (3.13)
Q|
Let ¢ be the solution to equation
—Ag=1, inQ
qg=0, on Q.
Then
e T R
(3.14)

<llgllz2@ll|r2(q)

€. 12 2.2
§§HQHL2(Q) + EHUHL%Q)'

By the Poincaré inequality,

lallr2@) < 1QIY?(IVallr2@)-
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Thus (3.14) becomes
€ 2.
HVQH%Q(Q) NI HVQH%,?(Q) + EHUH%%Q)-

Choosing ¢ = in the inequality above, we have

1
Q|
il g-1@) = [Vl 2@ S 1QIM 24| r20)- (3.15)

Combining (3.12), (3.13) and (3.15), we get

L? S ]2y = —|QIE,
so that
(L) < —IQIE,
where the dependence on the system size included in the right hand side. O

3.1.4 Upper Bound on the Coarsening Rate

Now we can start to prove the ODE lemma by interpolation inequality and dissipation

inequality as before.

Lemma 3.7 (ODE). For any 0 < 0 <1 and |Q| = 1, suppose r satisfies : r < 3, Or > 1

and (1 — 0)r < 2. Then EL > 1 and (L)? < |Q|(—E) imply

T
1\% .
][ EQTL(l‘G)Tdtz<@> T3 for T>> L3> 1> E,. (3.16)
0

This ODE lemma is similar to Lemma 2.13 and hence we just give the statement without
a detailed proof. The only difference is the power of the domain size. In this lemma, we have
|Q| and in Lemma 2.13 we have |I|?, so we only need to adjust the corresponding power in

the statement of this lemma.
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3.2 Energy Decays No Faster than t—/6

In this section, we will use another length scale which will improve our result in the sense
that it allows us to see that the energy is dissipated at a slower rate. By choosing the new

length scale, our interpolation inequality transforms into E?L > 1, so that L ~ E~2, and

1/6

when the energy decays as t~1/6, the coarsening rate for length scale is t'/3. The one-sided

version of this statement that we prove here is that the energy decays no faster than ¢=/6.

3.2.1 Introduction to the Main Result

The auxiliary length scale that is employed in our analysis takes the form

L :]2 W (w)|dz, (3.17)

where we define

W(u) :/ 1 — $2ds.
0

Here, we use { to denote averaging over the spatial domain.

Now we state the main result which follows immediately from Lemma 3.12.

Theorem 3.8. For the initial energy Ey and initial length scale Ly satisfying T > L3 >

T T L
][ E3dtz][ (t~1)2dt.
0 0

As in the one-dimensional case, this theorem follows from a more general and stronger

1> FEy, it holds that

statement that appears in the next theorem.

4 8
Theorem 3.9. For any 0 < 6 < 1, suppose r satisfies r < 4, Or > 3 and (1 —0)r < 3

Then we have

T T
][ B2 500 gy z][ t75dt for T > Li>1> E.
0 0
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3.2.2 Interpolation Inequality

For the interpolation inequality, here we only use the definition of E and L in the

interfacial regime E < 1, without considering the Allen-Cahn dynamics.

Lemma 3.10 (Interpolation). If E and L are defined as in (3.2) and (3.17), respectively,

then
E*L>k for E<1,

1
where the constant number in the inequality k = —.

:/ 11— 2dt,
0

Proof. Define

so that

Then, by Cauchy’s inequality,

][|V( ))|dx —][ |Vu|—dx < ][|Vu|2 + (%—Z/fdx =

This inequality was introduced by Modica and Mortola in [28].

E.

We next introduce a smooth mollifier ¢ that is radially symmetric, non-negative, and

supported in the unit ball with fRQ @ = 1. Let the subscript ¢ denote the convolution with

the kernel
1 T
po(2) = 50 (%),

3

that is,

Ue = U * Qe

The L? norm of u may be split up as follows

][u2dx < ][(u — u.)?dw —i-][ufdx.

o7
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This inequality holds for any ¢ > 0 and the precise value of € will be selected later in the
proof.

The first term in (3.18) is estimated in terms of the energy:

(u — u.)?dx < sup + (u(x) — u(x + h))*dx
/ /

|h|<e

gamfﬁm W(u(z + h))|dz (3.19)

|h|<e

V(W (u))|d.

For the second term in (3.18), we note that for any € > 0, since

e \—\/w— i
-3 w(fﬂu(y)dy
[ et -yt~ pluty)ldy
< ([oto ) " ([ oda = mtutray "
([ oda = miutray) "

IN

A

Hence,

Frtwie < f [ oo = luto)Payas
— [ [ eto = luta)Pasy
— 5 [lu)P (][w(_y) dy)2dx
Sé/M@W%

o8



Thus,

][ wlde < Z;[[ [ul*de (3.20)
<

The last inequality holds since |u|*> < W (u) for any u without considering the Allen-Cahn
dynamics.

Combining (3.18), (3.19) and (3.20), we have

][u2dx < o |V(W(w)|dz + |Q|][W

\QI

£

L
We now select € = (%) , with £ < 1, to obtain

cE + L%’L _ |Q|1/3L1/3E2/3 + |Q|1/3L1/3E2/3 — 2|Q|1/3L1/3E2/3.

Hence

][U2 5 ’Q|1/3E2/3L1/3.

We also have

1 —][u2d:v = ][(1 —u?)dx < (][(1 — u2)2dg;) " < EY2,

Therefore,

1< |Q|1/3E2/3L1/3 Iy

which gives us Lemma 3.10 for £ < 1. O]
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3.2.3 Dissipation Inequality

The next lemma concerns with the rate at which L can change in relation to £ and the

rate of change of F.

Lemma 3.11 (Dissipation). Suppose u is a solution of (3.1) and again let E and L be
defined as in (3.2) and (3.17), respectively. Then

Proof. As in Lemma 2.11, by replacing u, with Vu, we again have

. 1
E = 5][ 2V - Vg + 2(1 — u?)(—2u - uy)dx

= —][ uldz.

Since
L :][W(u)dx,
d
%L :][U,tu — U2|d$,
so that
2= f 1= sl
1/2 1/2
< <][ u?dm) (][(1 - u2)2dx>
< |E|1/2|E|1/2.
Hence, we have Lemma 3.11. O
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3.2.4 Upper Bound on the Coarsening Rate

A variant of the following lemma appears in [20]. The version that we prove here employs

the interpolation inequality proved in Lemma 3.10.

4
Lemma 3.12 (ODE). For any 0 < 0 <1 and |Q| = 1, suppose r satisfies: v < 4, Or > 3

and (1 —0)r < 2 Then E*L > k and (L)? < E(—F) imply

T - T — T
][ B3 L1000 > TR fr T L 1> B, (3.21)
0

1
where the constant number in the inequality k = @
Proof. The energy E is a monotone function of time due to the differential inequality (L)? <
2
E(—F). Indeed, since F < ol < 0, E is decreasing. Moreover, using a technique similar to
the one used in the proof of Proposition 2.12, we can see that L is an absolutely continuous
function of E, and we can write the dissipation inequality as

(2—5)2 (E)* < E|E|. (3.22)

Here, the lower case e is used for the energy as an independent variable to distinguish it

from E = E(t). From (3.22), we have

1 /dL\? .
E(%) E| < 1. (3.23)

When E = 0, (3.23) is still true trivially. Multiplying (3.23) by any function f(E(t)) and

integrating in time on the interval [0, 7] gives

/ oz [ ]j()) s (‘;—L)d



Taking f = e2?"L=10-97 and writing Ey = E(0), Eyx = E(T), we then have

T Eqo
| Erericorgaz |

0 Er

2
e%@rflL*%(lfe)r (2—5) de (324>

forall T > 0.

Now we estimate the right hand side of (3.24). Consider the change of variables

1 2—30r 7
5 §0r€ 2 and L = —1 0o
2 8

1 3(1-0)r
L

The hypotheses

4
97">§, (1-60)r <=

imply
0> — (3.25)

which will be used later. Since
2 2\ 2 2 R
Y g () (1) (4 5
de -\ de dl de

de 1_3¢ dL _3(1=0)r
—_— = 2 T L
de ~ © 0 dL ’

and

we can write the right hand side of (3.24) as:

N 2 A N 2
Bo rde\ (dL dL\? Eo faL '\~ .
— _ _ de = — de
gy \d€ dL de B de

which is bounded below by the minimum over all functions L(é) with boundary conditions

A A 1 _3(1-0)r A A 1 _3(1=0)r
L(Eo) = W(L(O))l T, L(Br) = —— (L)' 5.
8 8
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To simplify the notations we denote these boundary conditions by Lo and ﬁT, respectively.

The extremal L is a linear function of €, so we have:

T
/ Ea0r [ —50-0)r 3y > M' (3.26)
0 Ey — Er
When T is such that
L(T) > 2L(0),
the right side of (3.26) can be controlled since
Lr—Ly2 Ly and FEy— Er < —Er,
SO
T T2
/ pir-t0-0rg > LT p2eiacor paor2
0 — Lo
Rewriting the right hand side as
_3(1_g)r 3
L2T 3(1-9) E%e -2 [E2 Ly -30- 9)]r 4[E2L ]39—1’
we conclude, using E2L > k and (3.25), that
/ E297"L—— (1— Ordt > [Ez L 4(1 9]7‘ 4k39 1 (327)
0

provided L(T") > 2L(0). Introducing
T 3
h(T) ;—/ E20 L0 gy
0
we can write (3.27) as

Bz ()T RO,
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so we have:

r(36—1)

W (DT 2 K85

provided L(T') > 2L(0). Here we used r < 4.

(3.28)

The previous method does not work when L(T") < 2L(0), but, for such 7', we have

ENT) 2 L(T)™' 2 Ly,

~

which implies

Thus

_3
qr

W(T) > ki Lyt if L(T) < 2Ly,
Combining (3.28) and (3.29), using r < 4, we have:

d 3(4-r) 4 3(4—r) . , r(40—2)
i Lo T T~ (B0 + Lo T )TN Z kS

for all ¢ > 0. Indeed, for L(7") > 2L(0), using (3.28), we have

3(4—r) 4 3(4—1)

dt

and for L(T) < 2L(0), by (3.29),

d 3(44—r) 4 3(44—r) .,
Gt Lo * )T~ (h(t) + Ly * )FH()

vV
h
op‘i”
=
3
vV
oy

4
By assumptions, 6r > 3 and |@Q| 2 1, we have

r(30—1) 30r
k™o < k1.
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Integration in time gives

3(4—r) (301 _r
WD)+ Ly * >k T
forall T > 0.

Restricting attention to T > LA™ this becomes
0

T
/ EULO-0 gt = i(T) > k™77 for To> L2
0

which is precisely (3.21) as we need. O

As stated above, we establish the upper bounds on coarsening rates. Therefore obtaining
the slower rates of the decay of the energy corresponds to an improvement. This improvement
needs to be considered in conjunction with the dependence on the size of the domain in the
coeflicient appearing with the power of ¢ in each case. For the length scale L = ||u||g-1(¢),

it is |Q|7"/® and, for the length scale L = f W (u)dx, it is |Q|~"30~1/4,
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Chapter 4

Swift-Hohenberg Equation

We study the coarsening of two-dimensional oblique stripe patterns of the Swift-Hohenberg
equation. We expect the models to exhibit isotropic coarsening with a single characteristic
length scale with the growth in time governed by a power law. Coarsening in the Swift-
Hohenberg equation has been studied numerically, in [7]. Several numerical methods have
been used to describe the pattern dynamics of the Swift-Hohenberg equation. Cross and
Newell [8] proposed that higher order gradient terms in the phase equation would control
the dynamics and suggested a growth rate ¢'/3 in [8]. Then Cross and Hohenberg [6] sug-
gested t1/* as an alternative. Elder, Vifials and Grant obtained numerical results in [15]
showing the length scale increasing with time as ¢t/ when the equation has a noise term
(corresponding to a finite temperature thermodynamic system), and they observed a slower
growth rate consistent with t'/° without the noise term.

In this section, we establish a one-sided version of this result, that is, an upper bound
on the coarsening rate of the Swift-Hohenberg equation, and prove the system will coarsen
no faster than a power law. As in the previous sections, we apply Kohn and Otto’s method
in [20] to a properly chosen length scale and energy. Again, to focus on the coarsening rates,
we provide the well-posedness of Swift-Hohenberg equation in Appendix B.

We consider the Swift-Hohenberg equation

uy = —(1+ V) ?u + pu — u®, (4.1)
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with a variational formulation in terms of the energy functional

1

1 1 1
[ (L1 22 L4 Lo Lo _ 4.
E(t) = Q<2|( + V7)u| —|—4u S —|—4,u)dx (4.2)

Here the potential function F), is given by

since by (4.2),

B(t) :]é (%|(1 + V)l + }L(zﬂ _ M)?) dx »
4.3

_ 1 2 12 2 1 2 2 1 2
_]{2 (Z\V ul? = [VuP + L = )+ o) do.

1
Note that F), is normalized so that F),(0) = Zp?. The constant p is viewed as an eigenvalue
parameter. and if y > 0, the potential function is a double well potential with the minima

located at u = +./p .

We also notice that the Swift-Hohenberg equation defines a gradient flow so that

_oE
ou’

U =

As long as the minima of (4.2) are isolated, u(z,t) — U(z) as t — oo. Using this variational
formulation, it would be possible to predict that stationary solutions are stable by showing
that they are minima of (4.2).

We define a correlation length scale by
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We will use the idea of Kohn and Otto’s method in [20] to obtain interpolation inequality
EL > 1 and dissipation inequality L? < —E, and then, by the ODE lemma, to find an upper
bound on the coarsening rate. Now we state the main result which follows immediately from

Lemma 4.5.

Theorem 4.1. For initial energy Eq and initial length scale Lo satisfying T > L3 > 1> E,

T T L
][ Ethz][ (t~3)2dt.
0 0

A more general and stronger statement appears in the next theorem.

it holds that

Theorem 4.2. For any 0 < 0 < 1, suppose r satisfiesT < 3, 0r > 1 and (1 —6)r < 2. Then

we have

T T
][ EO'I’L(l—@)’I‘dt z][ t_gdt for T > Lg >1> EO-
0 0

4.1 Interpolation Inequality

Lemma 4.3 (Interpolation). For E and L defined in (4.2) and (4.4) respectively, provided

there exists cg > 0 such that p > co, then
EL 21 when FE <1,

where the constant number implied in the inequality depends on the system size |Q)|.

Proof. The proof is similar to that of Lemma 1 in [20], however, we need a somewhat different
treatment since we have different energy and length scale. For completeness and also for the
purpose of tracking the constants, we here reproduce the details.

Writing g = (1 — u?) + u?, we first focus on the first term in the right hand side and

estimate by the first equation in (4.3)

][(u —u?)dx < (][(u - u2)2dx) v < 2E'2. (4.5)
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Next, we need to estimate f u?dz in terms of L and E.

We define
Wi = [ e,
0
so that
==
ou H '

By Young’s inequality

oW € 1 |OW
— Z < - 2, |12
][|V(W (u))|dx ][|Vu| 5 _][2|Vu| + 5 ‘ 5

2

dx,

for any € > 0. By the Poincaré inequality and using the boundary condition, we have

][|Vu|2dx :][Au - udz
1
< 2—5]1 | Aul*dx + g][ u?dx

1 [ 6C| Q| {
< — A 2d PR V 2d

choosing § = ——,
e
][|vu\2dx < C|Q\][ Auf?dz.
Furthermore,
2C1Q)| ][ 11 ][
27 _ L 27 2
][\Vu\ dr = T—20[Q] ( ZC’\QHVU’ dx \Vu|“dx
2C1Q)| Lo, 2 ][ 2
< (2 Auf?de —
S 1-200 (][2] ul“dx |Vu|“dx
1
= C’*][ §]Au|2 — |Vul*dz,
where C* = % is close to 1 when |Q)] is large.
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Then (4.6) becomes

c* 1
][]V u))|dz <][ 62 < | Au|? — \VU\Q) + Z(UQ — p)?dx,

by choosing ¢ = ——, we have

\/@

][|V u))|dx < \/_][—|Au|2 IVul? + (u — p)*dx
< \/_][ |Aul? — |Vul? + (u —p)? + %uzdas
= VC*E.
We will use a smooth mollifier  which is radically symmetric, non-negative and sup-

ported in the unit ball with fRQ n = 1. Let the subscript  denote the convolution with the

kernel
) = (5):

The parameter ¢ will be determined later. Now we split the L?—norm f u?dz into two

][u2dx < 2][(u — us)?dx + 2][ uzdz. (4.8)

lur — ugl? < 8|W (uy) — W(uy)|

parts:
Note that

for all u; and wus, therefore we obtain the following estimate

][(u — ug)*dr < sup ][(u(x) —u(z + h))*dz

Ih|<s

< 8511'125][ W (u W(u(x + h))|dz

< 85][ V(W (u))|dz
< 8V20+6E.
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For the second term of (4.8), we separately deal with |us| being either small or large:

][u§ = ][ uj — min{uj, u?}dw —|—][min{u§, p?}daw. (4.9)

Since F(u) = u? — min{u?, 4} is a convex function in u, by a version of Jensen’s inequality

and the fact that [n(z)dx =1, we have

Flus(x)) = F ( [t~ n)ay) < [ wt)Fute - n)ay

The first term of (4.9) becomes

f i - minfu i < [ n@Plate - 6p)dyds

- [ 1) ][ (0 = By) — min{u (s — 8y), 1} dudy
:][UQ(x) — min{u?(z), p*}dz

(1 —u*)*dzx

IN
SIS

IA

For the second term of (4.9), we have
][min{ug,,uz}dx < u][ lus|dz.
By duality,

][\u(;]dx = sup{][ us(z)é(x)dx : € is Q—periodic and |{(z)| <1 a.e.}.

Consider ¢ that is Q—periodic with |{(z)| < 1 a.e., and write

& () I/%n (a:;y) E(y)dy.
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Hence,

and thus

1
sup V5| < 5 suple] <

bl

| =

where k = [ |Vn|dz. Therefore,

} Vi@t = | Vu)gs(a)ds

—u(x)VE&s(z)dz

1/2 1/2
][qux> ( ]V£5\2>

L.

IN

IN

I
ST i

Therefore, taking the superemum over all &, we get

Flusde < i@ (Vusldz < ClQP5L.
Combining all the above estimates, we have

][u%lx < 16V2C*0E + 2F + 2MC|Q|1/2§L.

ClQI"*uxL
8v2C°E

1/2
Taking ¢ = < ) to minimize the right hand side over 9, we get
][uzda: < C(EL)'? + 2E,

where C' = 8(2C|Q|"/?ur+/2C*)'/?. Combining with estimate (4.5), we obtain

n < C(EL)Y? +2E +2EY?,
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which yields Lemma 4.3 for F < 1. O

4.2 Dissipation Inequality and Upper Bounds on the Coarsening Rates

Next lemma relates the rate at which L can change when energy is dissipated to the
rate of change of the energy. We find a dissipation relation that bounds the growth rate in

terms of a suitable measure of length scale.

Lemma 4.4 (Dissipation). Suppose u is a solution of (1.8) and again let E and L be defined
as in (4.2) and (4.4), respectively. Then

(L) < —E.
Proof. From (4.3), we have

E:i%Yﬁu-V%%—QVu-VW%—W2—ﬂ+ﬂ)w-mﬁm
= ][ Vi - uy + 2V - uy + u(u? — g+ Dugde

:][ (Viu+2VPu +u(u® — p+ 1)) wda

= —][ urda.

Since
L? :][ |u|?d,
then
2LL = ][uutdx
1/2 1/2
<2 ( |u|2dx> <][ |ut|2dx)
= 2L(—E)Y?
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so that

|L?< —FE
O

Hence, we have Lemma 4.5. Since the proof of this lemma will be very similar with the

proof of Lemma 2.13, we omit the details.

Lemma 4.5 (ODE). For any 0 < 0 <1, suppose r satisfies: v < 3, Or > 1 and (1—0)r < 2.
Then EL > 1 and (L)? < (—E) imply

T
][ ELA=0rat > 75 for T>> L3> 1> Ey, (4.10)
0

where the constant number implied in the above inequality depends on the system size |Q)|.

This lemma has a proof similar to that of Lemma 2.13 but with different dependence
on the size of the domain. We apply this lemma with the interpolation inequality depending
on the size of the domain instead of the dissipation inequality. By calculations similar to

~ 20r(3—0)

Lemma 2.13, we have K = C'~ 5, where C' = 8(2C|Q|"/?uxv/2C*)"/? in Lemma 4.3,
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Chapter 5

Discussion

Our accomplishment is the time-averaged lower bounds for energy E which corresponds
to the time-averaged upper bounds on the coarsening rates for the Allen-Cahn equation and
the Swift-Hohenberg equations. The lower bounds on the coarsening rates would depend on
the geometry of the domain and cannot be established using the technique that we employed.
It will be nice to find pointwise-in-time bounds for both the energy F and the length scale
L, but it will require some new ideas.

We can see that the equations to which Kohn and Otto’s method has been applied pre-
viously, including the Cahn-Hilliard equations, epitaxial growth model, phase-field model,
discrete ill-posed diffusion equations, and many other models we did not list in this disserta-
tion, all have conservation law structures in the equations. On the other hand, both of the
equations that we have studied, namely, the Allen-Cahn equation and the Swift-Hohenberg
equation, are non-conserving. In general, the equations with a conservation law structure
can be written as

du
—=-V-J
dt v

This structure provides certain advantages. For example, when proving the dissipation

inequality for the Cahn-Hilliard equation, this property can be used for integration by parts

to have

to to to
| Spedsde= [ f a5casde < [ f1idnat, where ¢ is periodic and sup V| < 1.
t t1 t

1
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This seems to be an important step in the proof. The same technique is also used in the

proof of the dissipation inequality for discrete, ill-posed diffusion equations,

<%%@H1=~%—ARWL@H1:—RWM8=—VEWV&

On the other hand, if the equation has a conservation law structure, then the mean value u =
0 can be naturally maintained. This property is used in the proofs of interpolation inequality
for both epitaxial growth model and phase-field model. However, since the equations that
we are looking at have no natural conservation law structure, we have to find some other
methods to approach the results that we need. In the proof of the interpolation inequality
of the Allen-Cahn equation, we followed the frameworks of Kohn and Yan’s method, but the
details have been proved by different methods. For example, to obtain the lower bound on
the energy density, we used the idea that the solution to an elliptic the Allen-Cahn equation
will give the minimum value of energy density which has a lower bound by regularity. We
also adjust the interpolation inequality to be E2L > 1 for the two-dimensional Allen-Cahn

equation with a length scale

L:fwwm,

with

W(u):/ |1 — s%|ds.
0

This different interpolation inequality, combined with the dissipation inequality, improves
the coarsening rates and the upper bound for the energy decay. But we will be very interested
in looking for some universal and geometry-independent upper bounds on coarsening rates
for non-conserving equations. This may require some new techniques.

In this thesis, only two equations which are non-conserving were selected to study the
upper bounds on coarsening rates, but there are many energy-driven dynamic systems that

describe coarsening models in material science. For example, a natural extension would be
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to look at a more general equation modeling epitaxial thin film growth in [22],

u + A*u— V- (f(Vu)) =g, inQx(0,T)

ou  O0Au
%—8—71—0, on@Qx(O,T)

uw(z,0) = ug, inQ
where n denotes the outward pointing unit normal to the boundary 02 of the domain €.
While the energy associated with this equation appears in the introduction, a different
choice of length scale alternative to the L?-norm of u employed in [24] may have the potential
to yield more precise upper bounds on the coarsening rate. For example, the Hessian may
be a candidate for such a choice of length scale. While the general framework of Kohn and

Otto [20] may be followed, the implementation would require different techniques from what

we have used.
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Appendix A

Well-posedness of Allen-Cahn Equation

Here we prove the existence and uniqueness of the weak and strong solutions of the
Allen-Cahn equation in a bounded domain 2 € R", where n = 1,2. The proofs appear
in [34] and cover the case of a more general non-linear term. For the completeness of the
presentation, we adapt the theorems from [34] to apply specifically to our models.

We consider the parabolic Allen-Cahn equation on domain @ x [0, 00)

%—Au—m(l—zﬂ) =0, inQ x[0,00)
u(z,t) =0, on dQ x [0,00) (A1)

u(z,0) = up(x), inQ

where Q is the square in R? with side length .
1
Define W(u) = =(1 — u?)?, and let

2
Notice that w(s) is a C' function which satisfies the bounds
—1—2Js[* <w(s)s <1—|s]* (A.2)

and

w'(s) <2, (A.3)

both for all s € R. Indeed, —1 — 2s* < w(s)s = 25 — 2s* < 1 — s and w/(s) =2 — 652 < 2.
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We proceed to define the sense in which equation (A.1) holds. We say u € L?(0,T; H} (Q))
d
with d_QtL € LY3(0,T; H'(Q)) is a weak solution of (A.1) if for any v € L*(0,T; HL(Q)), we

have
du

<E,v> + a(u,v) = (w(u),v) (A.4)

for almost every t € [0, 7], where the bilinear form of a(-,-) is defined as

m

a(u,v) = (Au,v) = Z(Dju, D;v),

J=1

where (-, ) stands for the inner product in L*(Q) and we use (v*,u) to denote the pairing
between an element v* € H~!(Q) and an element u € HJ(Q), that is, there is an element

v € H}(Q) such that

<U*7 u> = (U, u)Hé(Q)
A.1 Preliminary Results

In what follows, we write L? for L*(Q), H} for H}(Q), H™' for H71(Q), etc. To prove
the existence of solutions, the technique is essentially to construct a sequence that is weakly
convergent and show that the limit is a solution. We will need some strong convergence of
u,, and a weak version of the dominated convergence theorem [34].

Before proving the compactness theorem, we will need the following lemma, which is a

special case of Ehrling’s lemma.

Lemma A.1. For each ¢ > 0 there exists a constant c. such that

lJul|r2 < €Hu||H3 + cl|ul|g-1, for all u € Hy.
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Proof. We prove this by contradiction, so suppose there exists € > 0 such that for each

n € Z* there is a u,, with

|||z = €ffunllmg + nllunlla-1-

Unp

————— then

Let =
O Tl

llonllzz > € + nllvg||g-1- (A.5)

Since Hj CC L? and v,, is bounded in H} with norm 1, v, is also bounded in L?. By (A.5),
it follows that ||v,||g-1 — 0 as n — oco. However, H} cC L? and v, — v in L? imply that

v = 0 which contradicts (A.5). O
We can now prove the compactness theorem.

Theorem A.2. Suppose u,, is a sequence that is uniformly bounded in L*(0,T; H}), and

duy, ‘ . :
% is uniformly bounded in L*3(0,T; H™'). Then there is a subsequence that converges

strongly in L*(0,T; L?).
Proof. Since H} is reflexive, so is L*(0,T; H}). Since u, is bounded in L?(0,T; Hy), using
Alaoglu compactness theorem, there is a subsequence u,, such that
u, —=u in L*0,T;Hy).
Next, we show that
Uy =u, —u—0 in L*0,T;L%.
To this end, we first establish that v, — 0 in L*(0,7; H~') which is sufficient to guarantee
that v, — 0 in L*(0,T; L?).
Indeed, Lemma A.1 shows that for each € > 0 there exists a ¢, such that

||Un|’2L2(o,T;L2) < €||Un||%2(O,T;H&) + CEHUNH%Q(O,T;H—l)a
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and since v, is bounded in L*(0,T; H}),

||UTL||%2(O,T;L2) <eC+ CeH”nH%%o,T;Hﬂ)-
If v, — 0in L?(0,T; H'), then

lim sup ||Un||%2(O,T;L2) <eC
n—oo

for any € > 0. Hence

i g = O

To prove that v, — 0 in L?(0,T; H'), we observe that for v, € H*(0,T; H'), we have

v, € C([0,T]; H~') by Theorem 5.9.2 in [14], and

max ||vp||g-1 < Cllvn||aromm-1)

ost=T (A.6)

dvy,
< C|lvall 20,1503y + ||E||L2(0,T;H*1)) <M.

d
Denoting v = —v, we integrate equation

dt

with respect to w from t to t + s to get

on(t) = % ( /t () — /t o /t " i)n(T)dew>

where
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Now take & > 0 and estimate

dvy,
Byl s/ L

3/4
< o (/ )
t

< 54 D
LA/3(0,T;H—1)-

We choose s such that

DN |y

[ Ballr-1 < (A7)

For this value of s, notice that
t+s
/ vp(w)dw — 0 in  Hg. (A.8)
t

Indeed, if x is the indicator function of [t,¢ + s] and ¢ € H~!, then x¢ is an element of
L*(0,T; H') and

T t+s t+s
/0 (0a(t), xS}t = / <vn<t>,¢>dt=</t va(t)dt, 6).

Since v, — 0in L*(0,T; H}), then (A.8) follows. Hence A, — 0in Hj, then A, — 0in H'.

Therefore, for n large enough we have

1 Anlla— <

DO |y

which together with (A.7) gives

|[on|[m-1 < €.

Since v,(t) — 0 in H~! and v,(¢) is bounded in H~! for almost every ¢t € [0,T] by (A.6).
Lebesgue’s dominated convergence theorem gives v, — 0in L?(0,T; H~') and thus completes

the proof. O
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Next we will prove a weak version of the dominated convergence theorem stating that
if a sequence {u;} is bounded in LP and converges pointwise, then u; — ¢ in LP. Although
this lemma will be used to prove the existence of solutions to the Allen-Cahn equation with

the case p = 3 we prove a more general version for any p > 1.

Lemma A.3. Let ) be a bounded open set in R™ and let u; be a sequence of functions in
LP(§2) with

il < C forall jeZ™.
If u e LP(Q) and u; — u almost everywhere then u; — u in LP(Q2).

Proof. Let

E, = {z]z € Q, |u;(z) — u(z)| < 1 for all j > n}.

These sets E,, increase with n and the measure of E,, increases to the measure of 2 as n — oo
since u; — u almost everywhere.

Let @, be the set of functions in L?(2), where ¢ is the Hélder conjugate of p, with
support in E,. Let ® = J 2, ®,. We can see that ® is dense in E,. For ¢ € LI(1), take
¢n = X[En)¢, where x[E] is the characteristic function of E. Then, since ¢, — ¢ almost
everywhere and |¢,(x)| < |¢(z)], Lebesgue’s dominated convergence theorem gives ¢, — ¢
in L1(Q).

If we take ¢ € ®, then ¢ € ®,,, for some ny and, for 5 > ny, we have

|0(2) (uy(2) — ()] < |o(z)],

Lebesgue’s dominated convergence theorem yields

/(b(uj—u)dq:—>0 as j — oc.
Q
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By the density of ® in L9(Q2), for v € L), given § > 0, choose ¢ € & such that

4]

— q < _
l[v— ¢||La) 1c

and N such that
)
/ d(u; —u)dr < 2 forall j > N.
Q

Then

) )
/Q(uj —u)(v—0+ ¢)dx < QC(E) + 3= J,

which shows that u; — u in LP(Q). O

A.2 Existence and Uniqueness of Weak Solution

We will obtain a solution by using the basis {w;} of eigenfunctions of the Laplacian to
approximate the equation by systems of ODEs. We prove the existence and uniqueness of
the approximations of (A.1) using the corresponding results for ODEs. Then the Alaoglu
compactness theorem will guarantee the existence of a weak limit. Finally, the limit is shown

to satisfy (A.1).

Theorem A.4. FEquation (A.1) has a unique weak solution given by (A.4): for any T > 0

given u(0) = vy € L*(Q) there exists a solution u with
u € L*(0,T; Hy(Q)) N LY@ % (0,7)), u € C°([0,T]; L*(Q)),

and uy — u(t) is continuous on L*(Q). Equation (A.1) holds as an equality in the space

LY*0,T H'(Q)).

Proof. Let the functions wy, = wi(z), k = 1,2,--- be eigenfunctions of —A . It is known

that {wy}72, are smooth and form an orthogonal basis of H}(Q). For a fixed n > 0, define
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P, as the orthogonal projection in L? onto the span of {wy,}7_;:

n

Pu= Z(u,wj)wj.

=1

We will look for the n—dimensional approximation
un(t) =)t (D),
j=1
of the solution w, with the coefficients u,;(t) (0 <t <T,1 < j <n) that satisfy

Unj(0) = (un(0), w;) = (uo, ;)

and
du,,
(5 ) + (=Bt ) = (o) ), G =1, om
that is,
duy,
2 Ny = (w(u) )

We could also write this in a vector form as

du,,

e Au, = Pyaw(uy,),  u,(0) = P,ug. (A.9)

Since the nonlinearity in (A.9) is locally Lipschitz, then the finite-dimensional system has a
unique solution on some finite time interval.

Multiplying (A.9) by w, and integrating over (), we get

1d
5%”“””%%@) + (_Aunvun) = (in(un); un)- (AlO)

Since

(= A, un) = [[Vn|[72),
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and Huanqé(Q) is equivalent to |[Vuy[[7s), we have

(Putw(ttn), ) = (w(ttn), Pyttn) = (w(1tn), 1) < /Q 1 Juy|*dz,

then (A.10) becomes

1d

2 2 4
sl + Il + | lwal'ds < 1@

Integrating both sides in time from 0 to 7" gives

1 1
§||Un(T)H2L2(Q) + ||un||iQ(0,T;H6(Q)) + ||un||i4(Q><(0,T)) < §||U0||%2(Q) +T11QI.
With the time interval being finite, the domain being bounded, and uy € L?(Q), we see that

u, is uniformly bounded in L>(0,T; L*(Q));
u, is uniformly bounded in L*(0,T; Hy(Q)); (A.11)

uy, is uniformly bounded in L*(Q x (0,T)).
Since |w(s)| < B(L+[s),

4/3

T
e M A
T
§64/3/ </(1+ |un|3)4/3> dt
0 Q
T
s/ c(/ |un|4—|—1dx) it
0 Q

We have w(u,) is uniformly bounded in L*3(Q x (0,T)).

Next, note also that, by the Sobolev embedding theorem,
H'(Q) € LY(Q),
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that is, v € H}(Q) implies that v € L*(Q). Then, it follows that, if u € L*/3(Q), the dual of

LYQ), then v € H7'(Q), the dual of H}(Q), so that

LY3(Q) c H(Q).

Therefore, L?(0,T; H~1(Q)) and L*3(0,T; L*/3(Q)) are continuously embedded in the space
LA3(0,T; H1(Q)). Tt follows by (A.9) that we have

% is uniformly bounded in L*3(0,T; H~(Q)). (A.12)

By Banach-Alaoglu weak-* compactness theorem, we can extract a convergent subse-

quence {u,} converging weakly in the following spaces

up — uin L*(0, T Hy(Q));
U, — uin LY(Q x (0,7)): (A.13)

w(u,) = x in L4/3(Q x (0,T)),

for some x € L*3(Q x (0,T)).

Furthermore, since w, is uniformly bounded in L?(0,T; H3(Q)) by (A.11), and % is
uniformly bounded in L*/3(0,T; H~'(Q)) by (A.12), and the following chain of embeddings
holds H}(Q) cC L*(Q) € H™Y(Q) with H}(Q) being reflexive, by Theorem A.2, we can

extract a further subsequence such that

u, — u in L*(0,T; L*(Q)).
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Actually, we need P,w(u,) — x in L*3(Q x (0,T)). Therefore we write

/ (Pow(uy,) — x)pdxdt
Qx(0,T)

:/ (w(uy,) — x)pdrdt — / Qnw(uy,)pdxdt,
Rx(0,7) Qx(0,T)

for all ¢ € L*(Q x (0,T)), where Q,, = I — P,. The first terms tends to zero by (A.13). For

the second term, let
= a;(t)e;
j=1

with a; € L*(0,T) and ¢; € C°(Q). Such functions ¢ are dense in L*(Q x (0,7)) and the

following identity holds for them

/QX(O,T) Qnw(uy,) <; aj(t)g0j> dxdt = /QX(QT)w(un) (; aj(t)Qngoj> dxdt.

Since P,u — u in L*(Q) for u € L*(Q), we have Q,u — 0 in L*(Q), that is, Qup; — 0
in L*(Q) for each j. Hence we have the convergence P,w(u,) — x in LY3(Q x (0,T)) as
required.

It follows that every term in (A.9) converges in the weak-* topology of the dual space
of V.= L*0,T; H(Q)) N L*(Q x (0,T)) which is V* = L?(0,T; H~*(Q)) + L*3(Q x (0,T)).
Then

Ay =
- SUTX

holds in L2(0,T; H=Y(Q)) + L*3(Q x (0,T)) c L*3(0,T; H').

It remains to show that x = w(u). Since u,, — uwin L*(Qx (0,T)), there is a subsequence
Uy, such that u, (z,t) = u(z,t) for a.e. (z,t) € Q x (0,T). It follows, using the continuity
of w, that w(uy,(z,t)) — w(u(xz,t)) for a.e (z,t) € Q x (0,T). With the uniform bound on
w(u,,) € LY3(Q x (0,T)), we deduce that w(u,,) = w(u) in L*3(Q x (0,T)) by Lemma

A.3. By the uniqueness of the limit, w(u) = x.
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To prove the continuity of u(t) from [0, T] into L*(Q), notice that u € L*(0,T; H}(Q))N
LY(Q x (0,7)) and that

‘f;: = Au+w(u) € L2(0,T: HY(Q)) + L¥3(Q x (0,T)).

By extending u outside [0,7] by zero and setting u,, = (u)1, a mollified version of u with
respect to variable ¢, we can approximate u by a sequence u,, € C'([0,T]; H}(Q)) which

converges to u in the sense that

Uy, — U IN L2(O,T; Hl(Q));

dup,  du
7 amL(OTH Q).

Then for any t,

t
d
||tm(O)[72) = [Jum(to)l[72(0) + 2/ (g tm(s), um(s))ds.
to

Choosing ty such that

1 T
it = 7 [ Oyt

we estimate

(D (5), (] < | 2l

HH )HUM(S)HH(}(Q)a

to obtain,

1 /T du,y,
i@l < 3 [ TNt 2 | 12 sl

Hence,

du,,

sup |fum()[[72(0) < Clllumllr20rmy@) + 1= 20 zm-1@));

t€[0,T]

where the constant C' depends on T
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Ay, . :
Since u,, is a Cauchy sequence in L*(0,7T; H}(Q)) and m i a Cauchy sequence in

dt
the space L*(0,T; H~1(Q)), it follows that w,, is a Cauchy sequence in C°([0, T]; L*(Q)) and

therefore u € C°([0,T7; L*(Q)).
Next we need to show that u(0) = ug. Choose some ¢ € C*([0,T); H}(Q) N LY(Q)) with
©(T) = 0. We note that, in particular, p € L*(0,T; H}(Q)) N L*Y(Q x (0,T)). Integrating by

parts the following equation in the variable ¢, we have

/0 () + (—Au, g)ds = / (w(u(s)), @)ds + (u(0), 9(0)).

Performing the same step in the Galerkin approximation yields

/0 —<un,¢’>+(—Aumw)dS=/o (Paw(un(s)), p)ds + (un(0), 9(0)).

Since u,(0) = Pyug — up, we take limits to have

/0 —<u,w’>+(—Au,w)d8=/0 {w(u(s)), p)ds + (uo, $(0)).

Hence, u(0) = uy.
To prove uniqueness and continuous dependence, let 1y and v be in L?(Q) and consider

h(t) = u(t) — v(t). Then,

% — Ah=w(u) —w(v), h(0)=1ug— v,

and multiplying by h and integrating over () gives

1d
§E||h||2L2(Q) + ||h||§{6(Q) = (w(u) —w(v), h).
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Note that we have w'(s) < 2, for all s € R, so

:/Q (/U(ux()r) w’(s)ds> (u(z) — v(z))dw

S/ 2u(z) — v(z)|Pde
Q
=2[|h|[22(0)-

We therefore obtain

1d
5 Al < 2l )

and by Gronwall’s inequality

u(t) — v()]|20) < €*||uo — vollr2(Q)-

Hence we have uniqueness if uy = vg and continuous dependence on initial conditions other-

wise. =

A.3 Existence and Uniqueness of Strong Solutions

Now, we will show how increasing the regularity of ug results in more regular solutions.
In particular, if ug € Hy N LP, then u(t) is in this space for all ¢ > 0, and the solutions are
continuous into Hi. We call such solutions strong solutions. The uniqueness follows from

the previous theorem, since a strong solution is automatically a weak solution.

Theorem A.5. If ug € H}(Q) N L*(Q), then there exists a unique strong solution
u(t) € CO(0, T]; HL(Q)) 1 L%(0, T TX(Q)) 1 130, T D(A)),
where A = —A and D(A) is the domain of A.
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Proof. We take the inner product of ordinary differential system

d
% + Au, = Pyw(uy),  un(0) = Pyug, (A.14)
with Auw,, to obtain

1d
31Vl + Al = = | Pt B

= —/w(un)Aundx

Q
:/w'(un)|Vun|2dx,
Q

using the boundary condition u, = 0 on 0@ for integration by parts and the fact that
w(0) = 0.

Therefore, we have
1d 2 2 2
§%||vun||L2(Q) + [ Aun|72(0) < 2[|Vun|[72(g)-

Integrating both sides from 0 to T" gives

T

1 T 1
SIVun(T)l[F2q) + / 1At (3)[72(q)ds < / IVunllZ2(gydt + 511 Vtn O)l22(g.
0 0

and so u, is uniformly bounded in L?*(0,7; D(A)) and L>(0,T; H}(Q)), and we already
know from the previous proof that u, € L*(0,T; H}(Q)).

We now multiply (A.14) by % and integrate over (). Simplifying the last term in the
resulting identity as follows

(inv %) = (w,Pn%) = (w7 d_t)’
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yields

1d d
Vo) Z%/QW(un)dx

du, |
dt

where W(s) = [ w(t)dt. Integrating the above equation from 0 to ¢ gives us

L*(Q)

du,, ||? 1
di ds + 5[ Vun(8)] g /Wun
t 12
and using
1= SJst < W(s) <1 S5t
—1—-—1s S — —|s
4" = = 47t
we have
Hl du, ||? 1 1
0 L2(Q)

3
<2|Q|+ = \|Vu0|yL2(Q)+4/ luo|*da.
Q

duy, . . : o .
Hence, % is uniformly bounded in L*(0,T; L*(Q)) and wu, is uniformly bounded in the

space L>(0,T; L*(Q)).

Therefore we can extract the appropriate subsequence such that

u € L®0,T; L*(Q)),u € L*(0,T; D(A)), % c L*(0,T; L*(Q)),

which implies that « € C°([0, T, Hy(Q)).
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Appendix B

Well-posedness of Swift-Hohenberg Equation

In this chapter, we will show the existence of strong solutions to equation (1.3). And we
also show that all the solutions are bounded for uniformly bounded initial conditions. Our

results are revised from [26] and [27], therefore, we omit the detailed proofs for the theorems.

B.1 Preliminary Results

First, we establish some notations that will be used in the following results.

1. Weighted norms. Define the norm

o= ( / o)l v (B.1)

where p : R? — (0,00) is a suitable weight with |Vp(x)| < pop(z) for some py < oo

and py = [p. p(z) < c0.

2. Uniformly local spaces L} (Q). Define the norm

[l pu = SUP{HUHP,Typ NS RQ}v

where T,p = p(z —y) is the translated weight and the translations are continuous with

respect to the norm above. By the definition above,

lulln = ( [ rta- o) v
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3. Space L? (Q) and associated Sobolev spaces W;2P(Q). Define

L,(Q) = {u € L, (@) « |[ullpiu < o0}

WP (Q)={ue LP,(Q): D'uec LP(Q) VYqe NI withq +--+qq < s}
for integers s.

4. Uniformly local Sobolev spaces

Wi (Q) = closure of Cpiy(Q) in Wi (Q),

where Cp9,(Q) is the set of all C* functions which have all derivatives bounded in Q).

This construction ensures the density of W;>7(Q) in W:(Q) for bounded domain.

5. Weighted Hilbert space. Define
2,2 _ 2 ) 2 2
W3 (Q) ={u e L,(Q) : Vu,VZu € L,(Q)},

where

Ly(Q) = {u € Lip(Q) : |lull, < oo}
We start with an elementary result about the lower bound on the H* norms.

Lemma B.1. For any weight p with |Vp(x)| < pop and X > 0, we have
V5l 13, = 2X][VE 1|3, — Apf + N)[IVE2ull3,,

for any k > 2.
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B.2 Existence of Strong Solutions

Here we intend to use the theorem proved by Levermore and Oliver in [25] for the

existence of solutions to the Swift-Hohenberg equation.

Theorem B.2. Let X,Y and Z be Banach spaces with Y C Z C X and let T(t) = ;>0

be a semigroup on X with

IT@ully < ct™ullx,  forallue X,

IT(Wully < ctPllullz, for allue Z,

fort e (0,1].
Moreover, let N .Y — Z be locally Lipschitz with

IN(u) = N(u2)llz < e(llw ][y + [Juali)[lur — wally,  for all uy,up €,

for some o > 0, and without loss of generality we assume N(0) = 0.

Assume the exponents a, 3,0 satisfy

0<8<1,
0<(20+1a<1,

B+20a <1,

(B.2)

(B.3)

then for every M > 0 there exists a time T(M) > 0 such that for every initial condition

ug € X with ||ugl|x < M there exists a unique solution u € C([0,T], X)NC([0,T],Y) to

u(t) = T(t)ug + /0 T(t — )N (u(r))dr.

(B.5)

In addition, the mapping from ug to w is locally Lipschitz continuous from X to C([0,T], X).
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Notice that (B.5) is a fixed point equation in Y norm. First, by contraction map-
ping theorem, we can prove that there exists a unique solution u € E([0,7]) to the fixed
point problem (B.5). Then by the continuous embedding Z C X and the continuity of the
semigroup 7'(t), we can show that u € C([0, 7], X).

In order to use this theorem to the Swift-Hohenberg equation, we need to construct an

analytic semigroup 7T'(t) = e];>¢ for the linear part of the equation. Here, we define
Au=—(1+V?*)’u = —V'u — 2V%u — u. (B.6)

Theorem B.3. Define the operator A : D(A) C L} (Q) — L} (Q) by (B.6) for p € [2,00)
with D(A) = Wit? 0 { boundary conditions }.
Then for all admissible domains Q the resolvent (A — ANI)~' : LV (Q) — D(A) exists

and satisfies the estimate
—1 c P
1A = AD Ul < s—pllullpau,  for allu € L, (@),

where R depends only on pgy as defined in equation (B.1) and C depends only on p.

To prove this theorem, consider the boundary value problem
Viu + 2V + yu = f,
for some v which will be determined later, with the associated weak form
Blu,v] = /prvdx, for all v € C5°(Q),

where

Blu,v] = / pV2uN?v + 2V2uVoVp + vV2uV2p + 200V + pyuvde.
Q
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For any f € L7,(Q) we can use Lax-Milgram theorem in the weighted Hilbert space W>?(Q)
and this yields a unique solution u € W}Q(Q). Finally, Hille-Yosida theorem with operator
Agu = —V*u — 2V2u, that is, f = (v — Ap)u, will complete the proof of this theorem.
Next we can apply Theorem B.2 and Theorem B.3 to prove the existence of the solutions
to the Swift-Hohenberg equation. Theorem B.3 shows that A = —V* — 2V? — 1 is the

infinitesimal generator of an analytic semigroup T'(¢) = e?|;>o.

Theorem B.4. For each admissible domain @@ C R? and boundary conditions, and all initial
conditions ug € LY (Q) there is a unique strong solution u(t) = T'(t)uy.
Furthermore, for fived weight p(x) = e 1, there is a constant C such that for all

admissible domains Q C R? and all initial conditions ug € LY (Q) we have

lim sup ||w(t)|]1.40. < C.
¢

—00

We can construct an absorbing set in W;>*(Q) by the above conclusion. Let By = {u €

szgu’p(Q) |ul|s a0 < 2C}, then

Babs(@) = Ut>0T<t)(BO) C I/Vl?f:d(Q>

is a bounded, invariant set, since the union can also be taken over a finite time interval. The
above estimates imply that every bounded set in L} (@) with p > d is absorbed in finite

time into Bg,s. Moreover, we define

Capbs = sup{||u||1,44u : there exists ) admissible : u € Bys(Q)},

Cs = sup{||u||s : there exists ) admissible : u € Bys(Q)}

to have universal constants to estimate the norms in Byy,.
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