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Abstract

This dissertation is devoted to the study of semilinear dispersal evolution equations of
the form

w(t, ) = (Au)(t, x) + u(t,x) f(t, z,u(t,x)), x€H,

where H = RY or Z", A is a random dispersal operator or nonlocal dispersal operator in
the case H = R¥Y and is a discrete dispersal operator in the case H = Z", and f is periodic
in ¢, asymptotically periodic in = (i.e. f(t,z,u) — fo(t,z,u) converges to 0 as ||z| — oo for
some time and space periodic function fy(t, z,u)), and is of KPP type in w.

These type of equations are called as Monostable or KPP type equations, which arise
in modeling the population dynamics of many species which exhibit local, nonlocal and
discrete internal interactions and live in locally spatially inhomogeneous media with temporal
periodicity. The following main results are proved in the dissertation.

Firstly, it is proved that Liouville type property holds for such equations, that is, time
periodic strictly positive solutions are unique. It is proved that if time periodic strictly
positive solutions (if exists) are globally stable with respect to strictly positive perturbations.
Moreover, it is proved that if the trivial solution u = 0 of the limit equation of such an
equation is linearly unstable, then the equation has a time periodic strictly positive solution.

Secondly, spatial spreading speeds of such equations is investigated. It is also proved
that if w = 0 is a linearly unstable solution to the time and space periodic limit equation of
such an equation, then the original equation has a spatial spreading speed in every direction.
Moreover, it is proved that the localized spatial inhomogeneity neither slows down nor speeds
up the spatial spreading speeds. In addition, in the time dependent case, various spreading

features of the spreading speeds are obtained.
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Finally, the effects of temporal and spatial variations on the uniform persistence and
spatial spreading speeds of such equations are considered. As in the periodic media case, it
is shown that temporal and spatial variations favor the population’s persistence and do not

reduce the spatial spreading speeds.
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Chapter 1

Introduction

In this dissertation, we investigate the Liouville type property and spatial spreading dy-
namics of monostable evolution equations in locally spatially inhomogeneous periodic media,
in particular, we consider the existence, uniqueness, and stability of time periodic positive
solutions and spatial spreading speeds of monostable type dispersal evolution equations in
periodic media with localized spatial inhomogeneity. We also study the influence of the
inhomogeneity of the underlying media on the spatial spreading speeds of the monostable
equations.

Our model equations are of the form,
w(t,x) = Au+ufo(t,z,u), =€ H, (1.1)
where H = R”Y or Z"; in the case H = RV,
Au = Au

or

(Au)(t.0) = [ sty = D)ult)dy — ut.0)

RN
(k(+) is a smooth non-negative convolution kernel supported on a ball centered at the origin

and [oy k(2)dz = 1), and in the case H = Z",

(Au)(t,j) =Y ar(ult,j + k) = ult, j))

keK



(ap > 0and K = {k € H|||k| = 1}); and fo(t + T,x,u) = fo(t,x + piei,u) = folt,x,u)
(T € R and p; € H are given constants), and 0, fo(t,z,u) < 0 for u > 0, fo(t,z,u) < 0 for
u > 1.

Among others, equation (1.1) is used to model the evolution of population density of
a species. The case that H = RY and Au = Awu indicates that the environment of the
underlying model problem is not patchy and the internal interaction of the organisms is
random and local (i.e. the organisms move randomly between the adjacent spatial locations,
such A is referred to as a random dispersal operator) (see [1], [2], [9], [21], [23], [24], [45],
[56], [77], [79], [81], [82], [86], etc., for the application in this case). If the environment of
the underlying model problem is not patchy and the internal interaction of the organisms
is nonlocal, (Au)(t,x) = [pn £y — x)u(t,y)dy — u(t, z) is often adopted (such A is referred
to as a nonlocal dispersal operator) (see [3], [10], [16], [22], [26], [41], etc.). The case that
H =27 and (Au)(t,j) = > pex au(u(t,j + k) —u(t, j)) (which is referred to as a discrete
dispersal operator) arises when modeling the population dynamics of species living in patchy
environments (see [21], [55], [56], [77], [78], [81], [82], [83], etc.). The periodicity of fy(t, z,u)
in ¢ and x reflects the periodicity of the environment. In literature, equation (1.1) is called of
Fisher or KPP type due to the pioneering works of Fisher [24] and Kolmogorov, Petrowsky,

Piscunov [45] on the following special case of (1.1),

U = Upe +u(l —u), z€R. (1.2)

Central problems about (1.1) include the existence, uniqueness, and stability of time
and space periodic positive solutions and spatial spreading speeds. Such problems have
been extensively studied (see [1]-[8], [11]-[13], [18], [20], [19], [25], [27]-[30], [35], [39], [40],
[44], [49]-[52], [54], [57]-[62], [65]-[76], [80]-[82], [84], etc.). It is known that time and space
periodic positive solutions of (1.1) (if exist) are unique, which is referred to as the Liouwville

type property for (1.1). If uw = 0 is linearly unstable with respect to spatially periodic



perturbations, then (1.1) has a unique stable time and space periodic positive solution ug (¢, x)
and for any ¢ € RN with [|£]| = 1, (1.1) has a spreading speed c;(£) in the direction of £ (see
section 2.4 for detail).

In reality, the underlying media of many biological problems is non-periodically inho-
mogeneous. It is therefore of great importance to investigate the dynamics of monostable
evolution equations in various types of non-periodically inhomogeneous media, for example,
in almost periodic media, in periodic media with locally spatial perturbations, etc.. There are
many works on various extensions of the spatial spreading dynamics of monostable evolution
equations in periodic media, see, for example, [4], [31], [37], [59], [68]-[72], etc..

The aim of the current dissertation is to investigate the dynamics of KPP type equations
in periodic media with spatially localized inhomogeneity, in particular, to deal with the
extensions of the above results for (1.1) to KPP type equations in periodic media with

spatially localized inhomogeneity. We hence consider

w = Au+uf(t,z,u), xeH, (1.3)

where A and H are as in (1.1), 0, f(t,z,u) < 0 for u > 0, f(t,z,u) < 0 for u > 1,
ft+T,z,u) = f(t,x,u), and |f(t,z,u) — fo(t,x,u)] — 0 as ||z|| — oo uniformly in (¢,u)
on bounded sets (fo(t,z,u) is as in (1.1)) (See (H1) in Chapter 2 for detail). We show
that localized inhomogeneity does not destroy the existence and uniqueness of time periodic
positive solutions and it neither slow down nor speed up the spatial spreading speeds. We
also show that temporal and spatial inhomogeneity does not slow down the spatial spreading

speeds. More precisely, we prove

e (Liouville type property or uniqueness of time periodic strictly positive solutions) Time

periodic strictly positive solutions of (1.3) (if exist) are unique (see Theorem 2.1(1)).

e (Stability of time periodic strictly positive solutions) If (1.3) has a time periodic strictly

positive solution u*(t,x), then it is asymptotically stable (see Theorem 2.1(2)).



e (Existence of time periodic strictly positive solutions) If u = 0 is a linearly unstable solution
of (1.1) with respect to periodic perturbations, then (1.3) has a time periodic strictly positive

solution u*(t,x) (see Theorem 2.1(3)).

e (Tail property of time periodic strictly positive solutions) If u = 0 is a linearly unstable
solution of (1.1) with respect to periodic perturbations, then u*(t,x) —ug(t,z) — 0 as ||z| —

oo uniformly in t (see Theorem 2.1(4)).

e (Spatial spreading speeds) If u = 0 is a linearly unstable solution of (1.1) with respect to
periodic perturbations, then for each & € RN with ||€|| = 1, ¢}(€) is the spreading speed of
(1.3) in the direction of & (see Theorem 2.2).

e (Effect of temporal variation) If u = 0 is a linearly unstable solution of
w(t,x) = Au+ufo(z,u), =eH, (1.4)

where H and A is as in (1.1) and fy is the time average of fo(t,z,u) (see (2.19)), then (1.3)
has a time periodic strictly positive solution u*(t,x) and for each & € RN with ||£|| = 1, ¢5(€)

is the spreading speed of (1.3) in the direction of £. Moreover,

(&) = &(8),

where ¢§(§) is the spatial spreading speed of (1.4) in the direction of & (see Theorem 2.4 (1)).

e (Effect of spatial variation) If u = 0 is a linearly unstable solution of
w(t,z) = Au+ufo(u), zeH, (1.5)

where H and A is as in (1.1) and fo(u) is the spatial average of fo(z,u) (see (2.21)), then

(1.3) has a time periodic strictly positive solution u*(t,x) and for each & € RN with ||€]| =1,



c5(€) is the spreading speed of (1.3) in the direction of £&. Moreover,

ch(&) > a(€) > ¢

vV
>
O ¥
—~
7Y
~—

where & (€) is the spatial spreading speed of (1.5) in the direction of & (see Theorem 2.4 (2)).

We remark that, in the case that H = RY and A = A, Liouvile type property of (1.3) is
discussed in [8] and the methods used in [8] quite rely on the special properties of parabolic
equations. The current thesis recovers the results obtained in [8] by different methods, which
apply to all three different type dispersal operators.

The rest of the dissertation is organized as follows. In chapter 2, we introduce the
standing notions, hypotheses, and definitions, and state the main results of the dissertation.
In chapter 3, we present some preliminary materials to be used in the proofs of the main
results. We study the existence, uniqueness, and stability of time periodic positive solutions
of (1.3) in chapter 4. In chapter 5, we explore the spreading speeds of (1.3). We give another
elegant method working on time independent case in chapter 6. In chapter 7, we consider
the temporal and spatial variations on the spatial spreading dynamics of monostable stable

equations. In chapter 8, We will address some remarks and open problems.



Chapter 2

Notations, Hypotheses, Definitions, and Main Results

In this chapter, we first introduce some standing notations, hypotheses, and definitions.

We then state the main results of the paper.

2.1 Notions, hypotheses and definitions

In this section, we introduce standing notions, hypotheses, and definitions. Throughout

this subsection,

H=R" or Z" and p; € H with p; >0 (i=1,2,--- ,N) (2.1)

Let

X =C" +(H,R) := {u € C(H,R) | u is uniformly continuous and bounded on H} (2.2)

with norm [Jul] = sup, ey [u()],

Xt ={ue X|u(xr) >0 VoreH} (2.3)

and
Xt ={ue Xt| 1272 u(x) > 0}. (2.4)

Let
Xp ={u e X|u(- + pie;) = u(-)}, (2.5)
X =X"nX, (2.6)



and

Xt =X"nXx,

For given u,v € X, we define

u<v(u>v) fv—ueX" (u—veX™)

and

u<<v (u>v) fv—ue X (u—ve X,

Let H; and A; : D(A;)) C X — X (i = 1,2,3) be defined by

Hi =R, (Aw)(z) = Au(z) Y uc D(A),

where D(Ay) = {u € X |9,,u(),02 , u(-) € X, 1 <j,k <N},

) TX T

Hy =RY, (Ayu)(z) = / k(y — 2)u(y)dy —u(z) Y ue D(A) =X,

RN

and

My =7, (Asu)(j) =D ar(u(j + k) —u(j)) Vu € D(As)

keK

Let

X,={ue CRxH,R)|u(t+ T,z + pie;) = u(t,x)}

(2.8)

(2.10)

(2.11)

(2.12)

(2.13)



with norm ||u|| = maxer zew [u(t, z)|. For given £ € S¥~! and p € R, let Ag,, : D(Ae,) C

X, — &, be defined by

Au(t,z) —2pé - Vu(t, z) + pPu(t,z) if H=H,, A=A

(Aeuu)(t, ) = Jen €70k (y — 2)u(t, y)dy — u(t,x) if H =Hs, A=Ay (2.14)

ZkEK a’k(e_ukfu(t’j + k) - U(t,j)) if H = H37 A = A3

for u € D(Ag,,). Observe that
Acog=A Ve SV

For any given a € X, £ € SV ! and p € R, let 0(—;, + A¢,, +a(-,)Z) be the spectrum

of the operator —0, + A¢, +a(-,-)T : D(=0, + A¢ + a(-,-)I) C &, = A&,
(=0 + Aep + al-, ) D)) (t,2) = —we(t, z) + (Aeuu)(t, ) + alt, z)u(t, z).
Let A¢,(a) be defined by
Aep(a) = sup{ReA | A € o(—=0, + A, +al-,)I)}. (2.15)

We call A¢ ,(a) the principal spectrum point of —0, + A¢,, + a(-,-)Z. It equals the principal
eigenvalue of —0; + A¢ , +a(-,-)Z if it exists (see Definition 3.1 for the definition of principal
eigenvalue).

It is clear that A\¢o(a) is independent of ¢ € S¥~1 and we may put

)\(a) = )\@0(&) .



Observe that o(—0;+A¢ ,+a(-,-)Z) is the spectrum of the following eigenvalue problem,

—Ou+ Agu+al-,)Iu= du, u€ X, (2.16)

When a(t, z) = a(z) is independent of ¢, (2.16) reduces to

Aeyu+a()Zu = du, ueX,. (2.17)

In the following, to indicate the dependence of X, X, &, on the media, we may put

X; =X =Cb(Hi,R) in the case H =H,,

Xip=X,={ue X;|u(-+pei) =u(-)} inthecase H=H,,

etc..

Consider (1.3). We introduce the following standing hypotheses.

(HO) f(t+ T,xz,u) = f(t,z,u) for (t,x,u) € Rx H xR (T >0 is a given positive num-
ber); f(t,x,u) is Ct in t,u and f(t,z,u), fi(t,x,u), fu(t,x,u) are uniformly continuous in
(t,z,u) € R x H x E (E is any bounded subset of R); f(t,z,u) <0 for allt € R, x € H,

and uw > My (Mo > 0 is some given constant); and infieg yepy fu(t, z,u) <0 for all u > 0.

(HY) fo(t,z,u) satisfies (HO), fo(t,x + pies,u) = fo(t,z,u) for (t,x,u) € R x H xR, and

|lf(t,z,u) — fo(t,x,u)| = 0 as ||z|| = oo uniformly in (t,u) on bounded sets.
(H1) fo(u) satisfies (HO), f(t,z,u) = f(x,u), and f(z,u) — fo(u) — 0 as ||z]| — oo.

(H2) A(fo(--0)) > 0.

Observe that f(t,z,u) = 1 —u is a typical example which satisfies (HO) and (HO) is
referred to as Fisher or KPP type condition. Throughout this section, we assume (H0). By

general semigroup theory (see [32], [64]), for any uy € X, (1.3) has a unique (local) solution



u(t, -;up) with w(0, -;up) = ug(+). Furthermore, if f(¢,x + pies,u) = f(t,z,u) and ug € X,
then u(t, -;up) € X,. To indicate the dependence of u(t, z;ug) on f, we may write u(t, x; ug)
as u(t, x; ug, f).

Observe also that assumption (H1) reflects the localized spatial inhomogeneity of the
media. (H1) is a special case of (H1). Assumption (H2) is the linear instability condition
of the trivial solution of (1.3) in the case f(t,z,u) = fo(t,z,u). If fo(t,x,u) = fo(u), then
(H2) becomes fo(0) > 0.

Let f(z,u), folz,u), f(u), and fo(u) be defined as follows.

. 1 [T
flz,u) = T/o f(t, z,u)dt, (2.18)
. 1 [T
fo(z,u) = T/o fo(t, x,u)dt, (2.19)
and
A ) 1 A
flu) = g%m o f(z,u)dx, (2.20)
A ) 1 A
fO(U) = }%E)I;o m BOR) f(](x, U)dl’, (221)
where

B(0,R)={r € H||z;| <R, i=1,2,--- N}

and |B(0, R)| is the Lebesgue measure of B(0, R) in the case H = R and |B(0, R) is the
cardinality of B(0, R) in the case H = Z".

Observe that if f(¢,z,u) satisfies (H0), then so are f(x,u) and f(u) If f(t,x,u) and
fo(t, z, u) satisfy (HO) and (H1), then so are f(z,u) and f(u) If f(z,u) and fo(x,u) satisfy
(HO) and (H1), then so are f(u) and fg(u).

Let

SN ={e e RY||l¢) =1} (2.22)

10



For given £ € SN¥~! and u € X+, we define

liminf u(z) = liminf  inf  w(x).
z-E——00 r——o0 zeH,x-{<r

For given u : [0,00) x H — R and ¢ > 0, we define

liminf w(t,z) =liminf inf  w(t, z),
z-£<ct,t—00 t—oo xzeH,x-E<ct

limsup wu(t,x) =limsup sup wu(t,z).
z-£>ct,t—00 t—oo x€EH,x-E>ct
The notions limsup wu(t,z), limsup wu(t,z), limsup wu(t,z), and limsup wu(t,x) are

|z-&|<ct,t—00 |z-&|>ct,t—00 |z||<ctt—o00 ||z||>ctt—o00

defined similarly. We define X (&) by

XH(¢) ={ue X| liminf u(x) >0, wulzx)=0forz &> 1}. (2.23)

T-£E——00

Definition 2.1 (Time periodic strictly positive solution). A solution u(t,z) of (1.3) ont € R
is called a time periodic strictly positive solution if u(t + T, z) = u(t,x) for (t,z) € R x H

and inf ¢ zyerxpy u(t, ) > 0.

Definition 2.2 (Spatial spreading speed). For given £ € SN~ a real number c*(£) is called

the spatial spreading speed of (1.3) in the direction of £ if for any ug € X+(€),

liminf wu(t,z;up) >0 Ve < c*(€)

z-£<ct,t—00

and

limsup u(t,z;up) =0 Ve > " (§).

z-£>ct,t—00
2.2 Main Results

In this section, we state the main results of this dissertation.

The first theorem is about time periodic strictly positive solutions.

11



Theorem 2.1 (Time periodic strictly positive solutions). Consider (1.3) and assume (HO).

(1) (Liouville type property or uniqueness) If (1.3) has a time periodic strictly positive

solution, then it is unique.

(2) (Stability) Assume that u*(t,x) is a time periodic strictly positive solution of (1.3).

Then it is stable and for any ug € X, limy oo [Ju(t, 5 ug, f(-+7,+,°))—u*(t+7, )| x, =

0 uniformly in 7 € R.

(3) (Existence) Assume also (H1) and (H2). Then (1.3) has a unique time periodic strictly

positive solution u*(t,x).

(4) (Tail property) Assume also (H1) and (H2). Then u*(t,z) — ui(t,z) — 0 as ||z|]| — oo
uniformly in t € R, where u*(t,z) is as in (3) and u(t, x) is the unique time and space
periodic positive solution of (1.1) (see Proposition 3.8 for the existence and uniqueness

of ug(t, x)).

Remark 2.1. (1) Theorem 2.1 indicates that localized spatial inhomogeneity does not de-
stroy the Liouville type property of (1.3), in particular, it does not destroy the ezistence
of time periodic positive solution. Moreover, it shows that localized spatial inhomogene-
ity does not affect the behavior of the time periodic positive solution as the space variable

goes to oo.

(2) Assume (HO) and (H1)". Then ui(t, ) is a positive constant, denoted by u°, such that

fou®) =0.

(8) Biologically, Theorem 2.1 implies that if u = 0 is a linearly unstable solution of the

limit equation of (1.3), then the population will persist and is eventually time periodic.

The second theorem is about spatial spreading speeds.

12



Theorem 2.2 (Existence of spreading speeds). Consider (1.3) and assume (H0)-(H2). Then
for any given & € SN~ (1.3) has a spreading speed c*(§) in the direction of &. Moreover,

for any uy € X (§),

limsup |u(t, z;up) —u*(t,z)| =0 Ve < c*(§). (2.24)

z-£<ct,t—00

and

(&) = ()

where c§(§) is the spatial spreading speeds of (1.1) in the direction of & (see Proposition 3.9

for the existence and characterization of c§(€)).

Remark 2.2. (1) Theorem 2.2 shows that localized spatial inhomogeneity does not affect
the existence of spatial spreading speeds of monostable equations. Moreover, it shows
that localized spatial inhomogeneity neither slows down nor speeds up the spatial spread-

g speeds.

(2) Assume (HO), (H1)', and (H2). Then we have the following explicit expression for
(&),

2
c5(€) = inf M =2v/fo(0) in the case H =H;, A=A,
wu>0 ol
—pzg _
cy(€) = inf Jax €70 (2)dz = 1+ fo(0)
>0 1

in the case H =Hy, A= Ay

and

Gi(€) = g oker Wl 1) 4 ol0)

in the case H = Hs, A= As.
u>0 M

For time independent case, we have the following additional result regarding the spread-

ing speeds.

13



Theorem 2.3 (Spreading features of spreading speeds). Assume (H2) and (H1)" and f,(0) >

0. Then for any given & € SN=1, the following hold.

(1) For each ug € X satisfying that ug(x) = 0 for x € H with |z - &| > 1,

limsup u(t,z;up) =0 Ve > max{c;(€),cp(—&)}-

|x-&|>ct,t—00

(2) Foreacho >0,r >0, anduy € X7 satisfying that ug(x) > o for x € H with |x-&| <,

limsup |u(t, z;up) —u* ()| =0 V0 < ¢ < min{c;(§),c5(—=€)}.

|z-&|<ct,t—00

(8) For each ug € X satisfying that ug(x) = 0 for x € H; with ||z| > 1,

limsup u(t,z;up) =0 Ve> sup c5(€).
[|z]|>ct,t—o00 gesN-1

(4) For each o >0, r >0, and ug € X satisfying that ug(x) > o for ||z] < r,

limsup |ug(t, z;up) —u* ()] =0 VO <c< inf c(&).
||| <ct,t—o0 gesN-1

The last theorem is about the effect of temporal and spatial variations on the time

periodic positive solutions and spatial spreading speeds.
Theorem 2.4. Assume that (HO) and H(1) are satisfied.

(1) [f)\(fg(-, 0)) > 0, then (1.3) has a unique time periodic strictly positive solution u*(t, x)

and has a spreading speed c*(&) in the direction of £. Moreover, for any ug € X (&),

limsup |u(t, z;up) —u(t,z)| =0 Ve < (§). (2.25)

z-£<ct,t—00

and



where (&) is as in Theorem 2.2 and ¢5(€) is the spatial spreading speeds of (1.1) with

flt,z,u) = fo(:v,u) in the direction of €.
(2) If M(fo(0)) > 0, then (1.3) has a unique time periodic strictly positive solution u*(t,z)

and has a spreading speed c*(&) in the direction of £. Moreover, for any ug € X (&),

limsup |u(t, z;up) —u*(t,z)| =0 Ve < c*(§). (2.26)

z-£<ct,t—00

and

(&) = (&) = e(6) = ¢

vV
>
O %
—
7Y
~

where ¢(€) and &) are as in (1) and E(€) is is the spatial spreading speeds of (1.1)

with f(t,z,u) = fo(u) in the direction of €.

Remark 2.3. Theorem 2.4 shows that temporal and spatial variations favor the persistence
of population and do not reduce the spatial spreading speeds of monostable evolution equations

i periodic media with localized spatial inhomogeneity.
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Chapter 3

Preliminary

In this chapter, we present some preliminary materials to be used in later chapters,
including a comparison principle for solutions of (1.3); convergence of solutions of (1.3) on
compact sets and strip type sets; monotonicity of part metric between two positive solutions
of (1.3); the principal eigenvalues theory for time periodic dispersal operators; and the
existence, uniqueness, and stability of time and space periodic positive solutions of (1.1) and

spatial spreading speeds of (1.1).

3.1 Comparison principle and global existence

In this section, we consider comparison principle and global existence of solutions of
(1.3). Throughout this subsection, we assume (HO).
Let 2 C H be a convex region of H. A given continuous and bounded function w :

[0,7) x RY — R, is called a super-solution (sub-solution) of (1.3) on [0,7) x € if

w(t,z) > (L) (Au)(t, o) +ult, 2) f(t, z,u(t,z)) Y(t,z) € (0,7) x Q. (3.1)

Proposition 3.1 (Comparison principle). (1) Suppose that u'(t,z) and u*(t,z) are sub-
and super-solutions of (1.3) on [0,7)xQ with u'(t,z) < u*(t,z) forx € H\Q, t € [0,7)
and u*(0,7) < u?(0,z) for x € Q. Then u'(t,z) < u*(t,x) for v € Q and t € [0,7).
Moreover, if u*(0,x) # u?(0,x) for x € Q, then u'(t,z) < u*(t,x) for t € (0,7) and

x € .
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(2) If ugr,upe € X and upy < wugg, then u(t,;up1) < u(t,-;upe) for t > 0 at which both
u(t, s up1) and u(t,-;upe) exist. Moreover, if ug # uga, then u(t,x;up1) < u(t, x; ugs)

for all x € H and t > 0 at which both u(t,-;ue1) and u(t, -; ugs) exist.

(3) If upr,upe € X and up < uga, then u(t, ;up) < u(t,;upe) for t > 0 at which both

u(t, ;up1) and u(t, -; ugg) exist.

Proof. (1) The case that H = Hi(= RY) and A = Hi(= A) follows from comparison
principle for parabolic equations. We prove the case that H = Hy(= RY) and A = A,. The
case that H = Hz(= Z") and A = A3 can be proved similarly.

Observe that for any ¢t € [0, 7),

4Nﬂy—@Mway=/. k(y —a)u' (ty)dy + | wly —2)u' (¢, y)dy

RN\

Ky —x)u' (t,y)dy. (3.2)

S— 55—

< k(y — 2)u*(t, y)dy +
> /N\ (y ) (t y) Y
Let v(t, ) = u*(t,x) — u'(t, ). By (3.2),

v(t, ) > [ Ky —2)v(t,y)dy — v(t,z) +u*(t, z) f(t, z,u?(t, x)) —u'(t,2) f(t, z,u'(t, 7))

S— 55—

k(y — z)v(t,y)dy — v(t, ) +a(t,x)v(t,z), x€Q, te(0,7),
where
a(t,r) = f(t,z,u*(t,z)) + ul(t,x)/o Ouf (t,z, su(t,x) + (1 — s)u'(t, x))ds.

The rest of the proof follows from the arguments of [43, Proposition 2.4].

(2) Tt follows from (1) with u!(t, z) = u(t, z;;ue), v(t,) = u(t, z; upe), and Q = H.

(3) We provide a proof for the case that H = H, and A = Ay. Other cases can
be proved similarly. Take any 7 > 0 such that both u(t,-;ue1) and w(t,;upe) exist on

[0,7]. It suffices to prove that u(t,-;up2) > u(t,;up) for t € [0,7]. To this end, let

17



w(t, z) = u(t, z;up2) — u(t, z;up). Then w(t, z) satisfies the following equation,
wit.) = [ nly = oywlt.)dy - wit.x) + alt, o, o),
RN
where
1
a(t,x) = f(z,ult, z;up2)) + u(t, z; upr) / Ouf(x, su(t, x;upe) + (1 — s)u(t, z; upr))ds.
0

Let M > 0 be such that M > sup,cpn sepo.(1 — a(t,x)) and w(t,z) = eM*w(t, ). Then

w(t, z) satisfies
ut.) = [ sy = @)ty + (M~ 1+ alt.0)ife o).
RN
Let K : X — X be defined by
(Ku)(x) = / k(y — z)u(y)dy for we X. (3.3)
RN
Then K generates an analytic semigroup on X and
t
w(t,-) = e (ugy — uor) +/ (M — 1+ a(r, -))d(r, - )dr.
0

Observe that eXuy > 0 for any vy € X and t > 0 and e uy > 0 for any uy € X+
and ¢ > 0. Observe also that ugy — ug1 € Xy 7. By (2), w(7,-) > 0 and hence (M — 1 +
a(t,))w(r,-) > 0 for 7 € [0,T]. Tt then follows that w(t, ) > 0 and then w(t, ) > 0 (i.e.

u(t, s uge) > u(t,;up)) for ¢ € [0, 7]. O

Proposition 3.2 (Global existence). For any given ug € X, u(t,;ug) exists for all t > 0.

18



Proof. Let ug € X* be given. There is M > 1 such that 0 < ug(z) < M and f(t,z, M) <0

for all x € H. Then by Proposition 3.1,

0 <ult,;uy) <M

for any ¢ > 0 at which wu(t, -;ug) exists. It is then not difficult to prove that for any 7 > 0
such that u(t,-;ug) exists on (0, 7), limy_,, u(t, ; ug) exists in X. This implies that u(¢, -; uo)

exists and u(t, -;up) > 0 for all ¢ > 0. O

3.2 Convergence on compact subsets and strip type subsets

In this section, we explore the convergence property of solutions of (1.3) on compact
subsets and strip type subsets. As mentioned before, to indicate the dependence of solutions

of (1.3) on the nonlinearity, we may write u(t, ;ug) as u(t, -; ug, f).

Proposition 3.3. Suppose that ug,, ug € X+ (n=1,2,---) with {||uo,||} being bounded, and
frs gn (n=1,2---) satisfy (HO) with f,(t,z,u), gn(t,z,u), and Oy fn(t, z,u) being bounded

uniformly in x € H and (t,u) on bounded subsets.

(1) (Convergence on compact subsets) If uo,(x) — uo(z) as n — oo uniformly in x on
bounded sets and f,(t,z,u) — gn(t,z,u) as n — oo uniformly in (t,x,u) on bounded
sets, then for each t > 0, u(t, x; uon, fn) — u(t, x;ug, gn) — 0 as n — oo uniformly in

on bounded sets.

(2) (Convergence on strip type subsets) If ug,(z) — uo(z) as n — oo uniformly in x on
any set E with {x -£|x € E} being a bounded set of R and f,(t, z,u) — g,(t,z,u) — 0
as n — oo uniformly in (t,x,u) on any set E with {(t,z- & u)|(t,x,u) € E} being a
bounded set of R3, then for each t > 0, u(t, x;uon, f) — u(t, ;u0,9,) — 0 as n — oo

uniformly in x on any set E with {x - & |x € E} being a bounded set of R.

Proof. (1) We prove the case that H = Hs and Ay. Other cases can be proved similarly.
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Let v"(t, x) = u(t, x; uon, frn) — u(t, x;ug, g). Then v™(t, ) satisfies
U?(t .’L’) = / ’%(y - ZE)’Un(t, y)dy - Un(t7 x) + an(t7 w)’l}n(t, I‘) + bn<t7 SU),
RN
where

an(t,x) =fn(t, z,u(t, z; uon, fn))

1
+ U,(t, ;5 U, fn) ’ / aufn(t>$a Su(ta L35 Uon, fn) + (1 - S)u(t>$; uO?Qn))dS
0
and
bn<t7x) = u(tax;umgn) : (fn<t7$7u(taxau059n)) - gn(taxau(tax;u():gn)))-

Observe that {a,(t,z)} is uniformly bounded and continuous in ¢ and x and b, (¢, x) — 0 as
n — oo uniformly in (¢,2) on bounded sets of [0, 00) x R,

Take a p > 0. Let
X(p) = {ue CRY,R) [u(-)e ' € X}

with norm |jul|, = |lu(-)e~?I'l||. Note that K : X(p) — X(p) also generates an analytic

semigroup, where K is as in (3.3), and there are M > 0 and w > 0 such that
%D xq < Met Vi >0,
where Z is the identity map on X (p). Hence

t
vn(t, ) :e(KI)tvn(Oy‘)Jr/ eK=DE=) (r V(7, Vdr
0

¢
+/ "D (7, )dr
0
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and then

t
[0t Mxy < Me!|[v™(0,)llx( + M sup |an(T7l‘)|/0 D (7, ) | x gy dr

T€[0,t],z€RN

t
+M/ by (7, )| x () dT
0

t
< Me*'[[0™(0,)|x( + M sup Ian(T,ﬂff)I/0 D (7, ) || x oy dr

T€[0,t],z€RN

M w
+ — sup ||bn(7—7')”X(P)e '
w TE[O7t]

By Gronwall’s inequality,

M
n w+M su an (T, n
o7t < e I (M0, g + 2 5 1 i)
T7€|0,

Note that

[0™(0, ) lx () = O

and

sup ||bn(7,)||x() =0 as n— oo.
T7€[0,]

It then follows that

0" (t, )l x() — 0 as n— o0

and then

U(t,[[; Uon, fn) - U(t,l’; ul)?gn) as n — o0

uniformly in z on bounded sets.
(2) It can be proved by similar arguments as in (1) with X (p) being replaced by X¢(p),

where

Xe(p) = {u € C(H,R) Jug, € X},

with norm [|ul|x,(») = llue,llx, where ue ,(z) = e~ ¢hu(z). O
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3.3 Part metric

In this section, we investigate the decreasing property of the so called part metric
between two positive solutions of (1.3). Throughout this subsection, we also assume (HO).

First, we introduce the notion of part metric. For given u,v € X, define
_ 1
plu,v) =inf{lna|—u<v < oau, a>1}.
«
Observe that p(u,v) is well defined and there is o > 1 such that p(u,v) = Ina. Moreover,

p(u,v) = plv, )
and
p(u,v) =0 iffu=wv.
In literature, p(u,v) is called the part metric between u and v.

Proposition 3.4 (Strict decreasing of part metric). For any ¢ > 0, ¢ > 0, M > 0, and
7 >0 withe < M and o0 < In %, there is 6 > 0 such that for any ug,vy € X1 with

e <ug(x) <M, e <wvy(x) <M forx € H and p(ug,vy) > o, there holds
p(u(T, 5 up), u(T, 5 v0)) < p(ug, vo) — 6.

Proof. We give a proof for the case that H = H; and A = A;. Other cases can be proved
similarly.

Let ¢ > 0,0 >0, M >0, and 7 > 0 be given and ¢ < M, 0 < ln%. First, note
that by Proposition 3.1, there are ¢; > 0 and M; > 0 such that for any ug € X1 with

€ <wup(x) < M for x € RV, there holds

e <ult,mug) < My Yitelo,7], x € RY. (3.4)
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Let

61 = €2e’(1 —¢€7) sup fult,z,u).

te(0,7],zeRN u€ler, M1 M /¢

Then ¢; > 0 and there is 0 < 7y < 7 such that

01
—_— 7 < 6061

2

and
o1 01

61 51
21 o1 B PN
Qthu(t,x,w)‘Jr)Qtf(t,x,v 215) <3

for any t € [0, 7], * € RN, v,w € [0, M, M /).

Let

o171

09 = :

7 oM,

Then52<e"and0<%<1. Let

626
0=—In(1—-—).
a(1-22)

Then § > 0. We prove that § defined in (3.9) satisfies the property in the proposition.

(3.5)

(3.8)

(3.9)

For any wug,vg € X+ with € < ug(z) < M and € < vg(x) < M for x € R and

p(ug,v9) > o, there is a* > 1 such that

P1 (UO, ’U[)) =In Oé*

and

1
—ug < vy < a’uyg.
a*

Note that 7 < o* < % We first show that p(u(t, -;ug), u(t, -;vg)) is non-increasing in ¢ > 0.

By Proposition 3.1,

u(t, svo) < ult,;aug) for t>0.
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Let

v(t,z) = ™ u(t, x;up).

We then have

v(t,z) = Av(t,z) +o(t, z) f(t, z,ult, 5 up))
= Av(t,z) +v(t,x) f(t, z,v(t,z)) + v(t,x) f(t, z, u(t, z;up))

—v(t,x) f(t,z,v(t, x))

> Av(t,z) +v(t,x) f(t, z,v(t,z)) Vt> 0.

By Proposition 3.1 again,

and hence

for t > 0. It then follows that

P(U(ta B UO>,U(t, R UO)) < p(u(bv()) Vit>0

and then

p(u(ta, s uo), ults, - v0)) < plulty, s uo), ults, 5v0)) V0 <ty <to.
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Next, we prove that

p(u(T, 5 uo), u(T, s v0)) < plug, vo) — 0.

Note that 7 < a* < % and

v (t, x) = Av(t, ) + o(t, z) f(t, z, u(t, z;up))
= Av(t,z) +v(t,x) f(t, z,v(t,z)) + v(t,x) f(t, 2, u(t,z;up))
—v(t,x) f(t,z,v(t, x))

> Av(t,z) +o(t,x) f(t, z,v(t,z) + 0, YO<t <.

This together with (3.6), (3.7) implies that

(v(t,x) — %t)t > A(v(t, z) — %t) + (v(t,z) - %t)f(taxwv(tal“) - %t)

for 0 <t < 7. Then by Proposition 3.1 again,
u(t, - a*ug) < a*ul(t, ;ug) — 525 for 0<t<m.
By (3.8),
u(T1, 5 v0) < (@ — da)u(Ti, -5 up).
Similarly, it can be proved that

1
u
@*—52

(71, u0) < u(m, 5 v0).
It then follows that
. . 02
p(u(r, 5 up), u(m, 5 v9)) < In(a* —d2) =Ina* + In(1 — 5) < p(ug, vg) — 0.
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and hence

p(“(T7 R U()),u(T, ';UO)) < p(u(Tla S u0)> u<7—1> ) UO)) < :0<u07 UU) — 0.

3.4 Principal eigenvalue theory

In this section, we recall some principal eigenvalue theory for time periodic dispersal
operators to be used in this thesis. We first recall some properties for general time and space
periodic dispersal operators and then recall some special properties for time independent

and space periodic dispersal operators.

3.4.1 Principal eigenvalues of time periodic dispersal operators

In this subsection, we recall some principal eigenvalue theory for both time and space
periodic dispersal operators.
Let X, and A¢, be as in (2.13) and (2.14), respectively (£ € SV and p € R). For

given a € X, and £ € SV € R, let A¢,(a) be as in (2.15).

Definition 3.1. A real number X\ is said to be the principal eigenvalue of —0,+A¢ ,+a(-,-)Z
if Ao is an isolated eigenvalue of —0,+ A¢ ,,+al(-, )T with a positive eigenfunction ¢(-,-) (i.e.
o(t,x) > 0 for (t,x) € RxH and ¢(-,-) € X,) and for any X\ € o(—=0, + Ae, + a(-,-)I),
Rep < Xp.

We remark that A¢ ,(a) € 0(—=0, + A, + a(-,-)Z) and if —0; + A¢, + a(-, )T admits a
principal eigenvalue Ao, then A\g = A¢ ,(a). We also remark that in the case that # = H; and
A = A; with ¢ = 1 or 3, principal eigenvalue of —0, + A¢ , + a(-,-)Z always exists. But in
the case that H = H, and A = Ay, —0; + A¢, + a(-, -)Z may not have a principal eigenvalue

(see [17] and [74] for examples).
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For given a € X, let

a(z) = % /0 alt, z)dt.

The following proposition is established in [65] regarding principal eigenvalues of time

periodic nonlocal dispersal operators.

Proposition 3.5. (1) Ifa(:) is CN and there is xg € RY such that a(x) = max,cpn a(zo)
and the partial derivatives of a(x) up to order N — 1 at xy are zero, then for any

£ € SN and p € R, A u(a) is the principal eigenvalue of —0; + A¢ , + al-,-)T.
(2) Let a(-,-) € X, be given. For any € > 0, there is a*(-,-) € X, such that \¢ ,(a*) are
principal eigenvalues of —0; + Ag,, + a* (-, )T,
a (t,z) <a(t,r) <at(x,) V(t,z) e RxH,
and
)‘ﬁ,u(aJr) — €< Agula) < Agpu(a™) +e

Proof. We only need to prove the case that H = Hy and A = As.
(1) It follows from [65, Theorem B(1)].

(2) It follows from [65, Proposition 3.10, Lemma 4.1]. ]

The following proposition shows that the temporal variation does not reduce the prin-

cipal spectrum point of dispersal operators.

Proposition 3.6. For any given £ € SV, n € R, and a € X,

Aé,u(a) > )‘E,u(a)-

Proof. 1t follows from Theorem 6.5 in [73] (see also [42] for the case that H = H; and A = A,
and see [43] for the case that H = Hy and A = A, O
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3.4.2 Principal eigenvalues of spatially periodic dispersal operators

In this subsection, we present some special principal eigenvalue theories for time in-
dependent but spatially periodic dispersal operators with random, nonlocal, and discrete
dispersals.

Recall that, if a(t,z) = a(x), the eigenvalue problem (2.16) reduces to the eigenvalue

problem (2.17). To be more precise, when H = H; and A = A;, (2.16) reduces to

Au(z) — 2ué - Vu(z) + (a(z) + p?)u(z) = Mu(z), xRN

(3.10)

u(r + pie;) = u(z), xRV,

When H = Hy and A = Aj, (2.16) reduces to
Jen €08k (y — 2)u(y)dy — u(z) + a(z)u(z) = Mu(z), zeRN A1)
3.11

u(r + pies) = u(z), xRN,

When H = H3 and A = Aj3, (2.16) reduces to

D exc ar(e M u(j + k) —u(h)) + a(f)u(j) = Mu(j), jezZ¥ (31

u(j + pies) = u(j), jezV.

Observe that when p = 0, (3.10), (3.11), and (3.12) are independent of £. Observe also

that if u(t, z) = e_“(x'é_%t)qb(x) is a solution of
w(t,x) = Au(t, z) + a(z)u(t,z), xcRY (3.13)
with ¢(-) € Xy, \ {0}, or a solution of

w(t, z) = /RN k(y — 2)u(t,y)dy — u(t,z) + a(x)u(t,r), xRV (3.14)
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with ¢(-) € Xa, \ {0}, or a solution of

Z ap(u(t,z +7) — u(t, §)) + a(j)u(t,5), 7€z (3.15)

keK

with ¢(-) € X3, \ {0}, then X is an eigenvalue of (3.10) or (3.11) or (3.12) with ¢(-) being
a corresponding eigenfunction. If a(x) = f(x,0), then (3.13) (resp. (3.14), (3.15)) is the
linearized equation of (1.3) with f(¢t,z,u) = f(z,u) and H = H; and A; (resp. H = H,
and A = Ay, H =Hs and A = A3) at u = 0.

For given a;(-) € X, let a; be the space average of a;(-) (i = 1,2,3), that is,

a; = | L fDi a;(x)dx for i=1,2

Di|
(3.16)
|03 = D7 2jen, 43(7)s
where
-Di - [O)pl] X [07p2] X X [OupN] mHlu 1= 17273 (317)
and
)
|Di| = p1 X p2 X -+ x py fori=1,2
(3.18)

# D3 = the cardinality of Ds.
\
The following proposition shows a relation between X, ¢(a;) and \,.¢(a;) for a; € X;,.

Proposition 3.7 (Influence of spatial variation). For given 1 <1 <3, p e R, £ € SN,

and a; € X;,, there holds

/\uf(ai) > g (az)

Proof. The case i = 1 is well known. The cases i = 2 and 3 follow from [35, Theorem

2.1]. 0
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We remark that A#,g(éi) (a; € Xip, 1 = 1,2,3) have the following explicit expressions,

>
F
"
S
Q>

2) = Jan € Ck(2)dz — 1 + (s (3.19)

k)\lhf(a?)) = Zke[{ ak(eiuk'é - ].) + é3.

3.5 Positive solutions and spreading speeds of KPP equations

In this section, we recall some existing results on the existence, uniqueness, and stability

of time and space periodic positive solutions and spatial spreading speeds of (1.1).

3.5.1 Time periodic positive solutions and spreading speeds of KPP equations

in periodic media

A solution u(t, z) of (1.1) is called time and space periodic solution if it is a solution on
teRand u(t+T,z) =u(t,x + pe;) = u(t,x) fort e R, x € H,and i =1,2,--- | N. It is

called a positive solution if u(t,x) > 0 for all ¢ in the existence interval and = € H.

Proposition 3.8. Consider (1.1) and assume that fy satisfies (HO) and fo(t, z + p;ei, u) =
folt,z,u) (i=1,2,--- /N).

(1) (Uniqueness of periodic positive solutions) If (1.1) has a time and space periodic pos-

itive solution, then it is unique.

(2) (Stability of periodic positive solutions) If (1.1) has a time and space periodic positive
solution u*(t,x), then it is globally asymptotically stable with respect to perturbations

in X7\ {0}.
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(8) (Ezistence of periodic positive solutions) If A(fo(+,+,0)) > 0, then (1.1) has a time and

space periodic positive solution.

Proof. The case that H = H; and A = A; follows from the results in [57]. The case that
H = Hs and A = A, follows from the results in [65]. The case that H = Hz and A = A;

can be proved by the similar arguments as in [65]. O

Corollary 3.1. (1) If A(fo(-,0)) > 0, then (1.1) has a time and space periodic positive

solution.
(2) If )\(fo(O)) > 0, then (1.1) has a time and space periodic positive solution.

Proof. (1) follows from Propositions 3.6 and 3.8.

(2) follows from Propositions 3.6, 3.7 and 3.8. O

Proposition 3.9. Consider (1.1). Assume that fy satisfies (HO), fo(t,x+p;ei,u) = fo(t, z,u)
(i =1,2,--- ,N), and M\(fo(-,-,0)) > 0. Then for any given §¢ € SN=1, (1.1) has a spatial

spreading speed ci(&) in the direction of . Moreover,

(€)= f 2t fol=0) (3.20)

and for any ¢ < c§(§) and ug € X*(§),

limsup |u(t, z;ug, fo(-,-+y,-)) —ust,z+y)| =0

z-£<ct,t—00
uniformly in y € H.

Proof. The cases that H = H; and A = A; for i = 1,3 follow from the results in [82] (see
also [51], [61], [62]). The case that H = Hs and A = A, follows from the results in [66]. [

To indicate the dependence of ¢f(€) on fy, we may denote (&) by ¢5(&, fo)-
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Corollary 3.2. Consider (1.1). Assume that fq satisfies (HO), fo(t,x+ piei,u) = fo(t, z,u)
(i=1,2,---,N), and )\(fo(O)) > 0. Then for any given & € SN~ (1.1) has a spatial

spreading speed ci(§) in the direction of § and

(&, fo) > c(fo) > ci(fo).

Proof. First, by Propositions 3.6, 3.7, and 3.9, ¢}(&, fo, ¢§(&, fo), and (¢, fo) exist. More-

over, by Propositions 3.6 and 3.7 again, and by (3.20),

(&, fo) > c5(fo) > & (fo).

3.5.2 KPP equations in spatially periodic media

In this subsection, we recall some additional spatial spreading dynamics of KPP equa-
tions in spatially periodic media.

Consider (1.1). Throughout this subsection, we assume that fo(¢, x,u) = fo(z,u).
Proposition 3.10 (Spreading speeds). Consider (1.1). Assume that fo(t,x,u) = fo(z,u)
satisfies (HO), fo(x + pies,u) = fo(z,u) (i =1,2,--- ,N), and \(fo(-,0)) > 0. Then for any
given & € SN (1.1) has a spatial spreading speed (&) in the direction of £&. Moreover,

c5(€) is of the following spreading features.

(1) For each ug € X satisfying that ug(x) = 0 for x € H with |z - &| > 1,

limsup u(t, x;ug, fo(-,-)) =0 Ve > max{c;(&),c(—¢)}-

|z-&|>ct,t—00

(2) Foreacho >0,r >0, anduy € X7 satisfying that ug(x) > o for x € H with |x-&| <,

limsup |u(t, z;uo, fo(-, ) — us(x; fo(-,))| =0

|z-€|<ct,t—00
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for all 0 < ¢ < min{c}(&), (=€)}

(8) For each ug € X satisfying that ug(x) =0 for x € H with ||z| > 1,

limsup u(t, x;ug, fo(-,)) =0 Ve> sup c5(€).

||z||>ct,t—o00 gesh-1

(4) For each o >0, r >0, and ug € Xt satisfying that ug(x) > o for x € H with ||z|| <,

limsup |u(t, z;ug, fo(, ) —ug(z)| =0 V0 <c< inf ¢;(&).
geSN-1

el <ct,t—o0

Proof. The cases H = H; and A = A; with i = 1,3 follow from [51, Theorems 3.1-3.4 and
Corollary 3.1] (see also [82, Theorems 1.2-2.3]) and the case H = Hy and A = A, follows
from [75, Theorems D and E]. O
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Chapter 4

Existence, Uniqueness, and Stability of Time Periodic Strictly Positive Solutions

In this chapter, we explore the existence, uniqueness, and stability of time periodic

strictly positive solutions of (1.3) and prove Theorem 2.1.

4.1 Uniqueness and stability

In this subsection, we prove the uniqueness and stability of time periodic strictly positive

solutions of (1.3) (if exist), i.e. prove Theorem 2.1(1) and (2).

Proof of Theorem 2.1 (1). Suppose that there are two time periodic strictly positive solu-

tions u'(t,z) and u?(t,x). Then

p(ul(t + T, ')’ u2(t + T, )) = p(ul(t, ')7 uz(ta ))

for any ¢ € R. By Proposition 3.4, we must have

ut(t,r) = u*(t, ).

Thus time periodic positive solutions are unique. O

Proof of Theorem 2.1 (2). First of all, for any ug € X+, by Proposition 3.4,

p(u(t, s up),u(t,-)) < p(ug,u(0,-)) Vt>0. (4.1)

This implies that u*(¢, x) is stable with respect to perturbations in X .
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Next, for any given ug € X+, we show
||U(t,';U0,f('+T7',‘)) _u*(t+7—7)H — 0 (42)

as t — oo uniformly in 7 € R. Thanks to the periodicity of f(¢,x,u) and u*(¢t,z) in t, we
only need to show that the limit in (4.2) exists and is uniformly in 7 € [0,7]. Moreover,

note that
U(t,l’;Umf("’_T,',')) :U(t—T—f—T,LU;U(T—T,';Uo,f(‘+T,'7')>,f)
for any ¢t > T — 7. By Proposition 3.1,

inf T — y L, ; : PR > 0.
e ey T T f AT )

It then suffices to prove that the limit in(4.2) exists for 7 = 0.

Let ap > 1 be such that p(ug, u*(0,-)) = Inay and

1
a—u*(O, z) <wup(zr) < qu*(0,z) VxeH.
0

By Proposition 3.4, there is a, > 1 such that

lim p(U(t, g UO)7U*(t’ )) = In .

t—o00

Moreover, by (4.1),
,O(U/(t, g U’O)a U‘*(ta )) < p(u07 U*(()? )) =In Qo
and hence

1
—u*(t,x) < wup(t,x;ug) < apu*(t,x) Vit>0, x€H. (4.3)
Qo
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If aso = 1, then for any € > 0, there is 7 > 0 such that for ¢t > 7,

p(u(t, ;up),u(t,-)) <In(l+e).

This implies that

T u(t,z) <wul(t,z;ug) < (1+eu*(t,z) Vi>71, o e€H.
€

Hence

lu(t, z;up) — u*(t,x)| < eu(t,x) Vt>r1, ve€H.
It then follows that

lim [Ju(t, ;up) —u*(t, )| = 0.

t—o00

Assume ay > 1. By (4.3), there are € > 0, M > 0, and ¢ > 0 such that

e <u(t,r;ug) < M, e<u*(t,x) <M Vt>0, x€H

and

p(U(t, ';u0)7U*(t7 )) >0 Vt=>0.

By Proposition 3.4 again, there is § > 0 such that for any n > 1,

p(u(nT, - uo), u™(nT,-)) < p(u((n = DT, u),u((n = 1)T,)) =0

and hence

p(u(nT, - ug),u"(nT,-)) < p(ug,u*(0,:)) —nd VY n>1.

Let n — oo, we have

n—o0
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This is a contradiction.

Therefore, we must have a,, = 1 and

lim [Ju(t, - ug) — u*(t,-)|| = 0.

t—o00

4.2 Existence

In this subsection, we show the existence of time periodic strictly positive solutions of
(1.3), i.e., show Theorem 2.1(3). To this end, we first prove some lemmas.

Throughout this subsection, we assume the conditions in Theorem 2.1(3). Then by
Proposition 3.8, (1.1) has a unique time and space periodic positive solution wu(t,z). Let
0o > 0 be such that

0<dp< iInf “(t, x).
0 (t,z)lngHUO(’x)

Let 1) : R — R™ be a non-increasing smooth function such that
0 <o(:) <o, liminfay(r) >0, o(r)=0 Vr>1. (4.4)
r——00

Lemma 4.1. For give £ € SN71 let up(z) = oz - &) and u,¢(x) = up(z +né) (n € N).

There are K > 0 and n* > 0 such that
(KT, 5 une g, f) 2 e g (4).
Proof. Let € > 0 be such that

0y < inf o(t, ) — €.
0< of | uoltT)—e
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Fix 0 < ¢ < ¢(€). By the spreading properties of (1.1), there is K € N such that,

for - & < ¢ KT and y € H. Without loss of generality, we may assume that

u(z) =0 for x-&>c¢KT.

Observe that

f(t,:l:—nf,u)—fo(t,:lr—nf,u) —0

as n — oo uniformly in (¢,x,u) for (t,u) in bounded sets and x in sets with z - £ being

bounded. Then by Proposition 3.3, there exists n* € N such that

U<KT7$;u07f<'7'_n€7')) 2u<KT7$;u07f0<'>'_n'5a')_6/2? nzn* (46)

for ¢ KT —1 < x-& < ¢ KT. This together with (4.5) implies that

uw(KT,x;ug, f(-,- —n&, ) > us(KT,x —né) —¢, n>n* (4.7)

forz-¢£€[c KT —1,c KT].

Note that

U(KT,[L’ + n{;uo,f(', T n£7 )) = U(KT7$;UO(' + ng)a f)

We then have
W KT, z;up(- +n*E), f) > uj (KT, x) — € (4.8)

forz-& €[ KT —1—n*c KT —n*.
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By comparison principle and (4.7),

w(KT, z;up(- +17€), f) = w(KT, z + (n" + 1)§uo(- =€), f(-,- — (0" + 1), )
> U(KT,JI + (n* + 1)&“07 f(7 T (n* + 1)57 )

> uy (KT, z) — ¢
forz-& €[ KT — (n* +2),¢ KT — (n* + 1)]. This together with (4.8) implies that
W KT, zyuo(- +n*E), f) = ug(KT,x) — €

forz-& €[ KT — (n*+2),¢ KT —n*].

By induction, we have
u(KT, z;u0(- +n7E), f) 2 ug (KT, x) — €
for - £ € (—oo,¢ KT —n*]. The lemma then follows from the fact that

*€) <y < inf (t,x) —
up(z +n*E) < do (tix)lgRXHuo(,x) €

for all # € H and ug(x +n*¢) =0for x-& > ¢ KT — n*. O

Lemma 4.2. Let ug(-), K, and n* be as in Lemma 4.1. For any M > 1, there exists 5 > 0

such that u(t, 5wy ¢) > o fort > KT and - & < M.

Proof. By Proposition 3.1 and Lemma 4.1,

WmKT, upsg, f) > Up (1) Vm > 1. (4.9)
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Moreover, by the arguments of Lemma 4.1,
u(mKT, z;up ¢, f) > 00 Vm>1 z-&< —n".
It then suffices to prove that for any M > 1,
te[KT,(KJrl)T}i,BéH,x-{e[fn*,M] ult, @it g, f) > 0. (4.10)

Suppose that (4.10) does not hold. Then there are ¢, € [KT, (K + 1)T] and x,, € H

with x,, - £ € [-n*, M], ||x,|| — oo such that
W(tn, Tp;Un=g, f) =0 as n — oo. (4.11)

Without loss of generality, we may assume that t,, — t* as n — oo for some t* € [KT, (K +

1)T]. We then have
lu(tn, 5 tn g, f) —u(t®, sup¢, f)|| >0 as n— o0

and hence

Wty Ty Unsg, [) — W(t™, Tps Upr g, f) = 0 as n — oo.

Observe that
U,(t*, Tn; Un= g, f) = U(t*, O;Un*,f(' + $n)7 f<7 -+ Tn, )) Vn Z 1

and

f(t,x+xn,u)—f0(t,x—|—xn,u) — 0
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as n — oo uniformly in (¢, z,u) on bounded sets. Observe also that there is n** > n* such

that

Upr (- + Tp) > Uper () V> 1

By Propositions 3.1 and 3.3, we have

u(t*7 0; un*é(' + l"n), f(? C T, )) > u(t*v O;UH**f(')a f(’ C Tt Ty, ))

and

u(t*7 0; un**é(')? f(? “t T, )) - u(t*a O; un**{(')? fO('= C Tt T, )) — 0

(4.12)

as n — oo. Without loss of generality, we may also assume that there is £ € H such that

folt,x + zp,u) = folt,z+Z,u) as n — oo

uniformly in (¢, z,u) on bounded sets. Then by Proposition 3.3 again,

w(t™, 05 ups=e(+), folo, -+ Tn, ) = w(t™, 05 upss e (+), fol-,- +Z,7)) as n — oo.

By Proposition 3.1,

U(t*, O;un**vﬁ(')a fO('a -+ '%7 )) > 0.

It then follows from (4.12), (4.13), and (4.14) that

lim inf w(t,,, Tn; Un=g, f) > 0,

n—o0

which contradicts to (4.11). Therefore, (4.10) holds and the lemma thus follows.

(4.13)

(4.14)

Observe that for any M > My, u(t,x) = M is a supersolution of (1.3) on H. Hence

uw(T,z; M, f) < M
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and then by Proposition 3.1, w(nT, z; M, f) decreases at n increases. Define

ut(z) == lim, oou(nT, x; M, f). (4.15)

Then u*(z) is a Lebesgue measurable and upper semi-continuous function. In the following,

we fix an M > max{ My, do}.
Lemma 4.3. There exists 6 > 0 such that u*(z) > § for x € RY.

Proof. Let 1)(+) be as in (4.4) and

ugi(x) = o(£x - €;), i=1,2,--- N.

By Proposition 3.1,

U’(t? 7M7 f) > U(t, ';uiiaf>

fort >0andi=1,2,---,N. By Lemma 4.2, there is 6 and 7 > 0 such that

It then follows that

This implies that

and then

The lemma thus follows. O

Now we prove the existence of time periodic positive solutions
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Proof of Theorem 2.1(3). We first claim that

p(u(nT,;0/2),u(nT,; M)) — 0 (4.16)
as n — 0o. Assume this is not true. Let

pn = p(u(nT,6/2),u(nT,; M))

and
Poo = lim p,
n—oo

(the existence of this limit follows from Proposition 3.4). Then p > 0,

1 -
< —U(’RT, g M) < U(TZT, 75/2) < epou(nTa " M) <eM

ero epro

forn=0,1,2,--- and
p(u(nT, ) 5/2)7 u(nTa B M)) 2 Poo

forn =1,2,---. By Proposition 3.4, there is § > 0 such that

This implies that p,, = —00, a contradiction. Therefore, (4.16) holds.

By (4.16), there is Ky > 1 such that
§/2 <u(K\T,-,5/2)
and then

§/2 <u(nkK\T,6/2) <ulnK T, M)<M Vn=1,2---
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It then follows that

u(nK T, x; M) > ut(z) > u(nK\T,2;6/2) YoreH, n=12--.

Therefore

0 <u(nK,T,z; M) —ut(2) <unkK,\T,x; M) — u(nkK,T,x;5/2)

1
< u(nKi\T,x; M)(1 — 7)
6 n
1
< M(1- 67).

This implies that

lim u(nK,\T,x; M) = u"(z)

n—oo

uniformly in z € H and u*(-) € X*+. Moreover, by
u(nK T, s M) > u(kT,; M) > u((n+ 1)Ky, M) VnK; <k<(n+1)K,

we have

lim w(kT,x; M) = u™ ()
k—ro0

uniformly in x € H and then

uw(T, s u) =ut(:).

This implies that u*(¢,2) = u(t, z; u™) is a time periodic strictly positive solutions of (1.3).

]

4.3 Tail property

In this section, we prove the tail property of time periodic strictly positive solutions of

(1.3). Throughout this subsection, we assume the conditions in Theorem 2.1 (4).
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Proof of Theorem 2.1 (4). Suppose that u*(¢,z) is a time periodic strictly positive solution
of (1.3). Observe that u*(t,z) = u(t, x;u™), where u™ is as in the proof of Theorem 2.1(3).
We claim

lim  sup |u*(t,x) — uy(t,x)| = 0. (4.17)

"0 zeH, ||z >r

To prove (4.17), we first show that

lim  sup |u(z) —ud(z)] =0. (4.18)

T peH, ||z >r

Recall
ut(z) == lim,_oou(nT,z; M, f)

and

ug (z) = lim,_oou(nT, x; M, fo).

Assume (4.18) is not true. Then there exists ¢y > 0 and {z, } € R with ||xx|| = oo such

that
u* (2) — g (@)] > €0
for k> 1.
Since both
w(nT,z; M, f) — u' (x)
and

w(nT,z; M, fo) = ug (x)

uniformly on z € H, there is N such that for n > N,

|ut(nT,x; M, f) —ut(nT,x; M, fo)| > € YV k>1. (4.19)
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Note that there is Tg € H such that

folt,x + xp,u) = folt,z + To,u)

as k — oo uniformly in (¢,z,u) on bounded sets. Note also that

ft, x4+ xp,u) — folt,x + zp,u) = 0

as k — oo uniformly in (¢, 2z, u) on bounded sets. Hence

flt,x+ xp,u) = folt,z + To,u)

as k — oo uniformly in (¢, z,u) on bounded sets. Then by Proposition 3.3,

[u(NT, z; M, f) = w(NT, x5 M, fo)]

= [u(NT,0; M, f (-, -+ 2p;+)) = u(NT,0; M, fol-, - + 25 -))|
< Ju(NT,0; M, f (- + 25 +) — u(NT,0; M, fol, - =+ Zo; )|
+ [u(NT, 0; M, fo(-, - + Zo;-)) = w(NT, 0; M, fo(-, - + x5 )]

— 0

as k — 0o. This contradicts to (4.19). Therefore, (4.18) holds.

Now we prove (4.17). Recall that

u'(t,x) = ult, z;u’, f)

and

ug(t, z) = ult, z3ug, fo).
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Suppose that (4.17) does not hold for some ¢ > 0. Then there are z;, € H with ||zx|| — oo

and €g > 0 such that

|u(t,$k;u+,f)—U(t,xk;ua“,foﬂ ZEO sz 1.

Hence

ult, zr;u®, f) —ult, g, £l = fult, 050" (- + o), [+ 20)) = ult, 05 ug (- + o), fol- + )]

>€0

for all £ > 1. By (H1), (4.18), Proposition 3.3, and the arguments in the proof of (4.18),
lim [u(t,0;u™ (- + ), f(- +xp) — ult, 0;ud (- + 1), fo(- +zx))] = 0.

k—oo

This is a contradicts again. Therefore, (4.17) holds. O
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Chapter 5

Spatial Spreading Speeds

In this chapter, we investigate the spatial spreading speeds of (1.3) and prove Theorem
2.2. We first prove a Lemma.
Throughout this section, we assume the conditions in Theorem 2.2. Let u(t, z) be the

unique time and space periodic positive solution of (1.1). Let §y > 0 be such that

0<dy < inf “(t. x).
o<, b uolt o)

Lemma 5.1. Let £ € SV, ¢ > 0 and ug € X+ be given. If

liminf w(t, z;ug, f) > 0,

z-£<ct,t—00

then for any 0 < ¢ < c,

limsup |u(t, z;uo, f) — u™(t,x)| = 0.

x-fgc/t,tﬁoo

Proof. 1t can be proved by the similar arguments as in [46, Lemma 5.1 (1)]. For completeness,
we provide a proof in the following.

Suppose that liminf, <t tso00 w(t, T;ug, f) > 0. Then there are § and T* > 0 such that
u(t,m;ug, f) >0 V(t,x) eRT xH, - &<ct, t >T".
Assume that the conclusion of (1) is not true. Then there are 0 < ¢ < ¢, ¢ > 0, z, € H,

and t, € Rt with z,, - € < c't, and t,, — oo such that
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|u(tn, Tn; uo, ) — u(tn, xn)] > € Vn > 1. (5.1)

Note that there are k, € Z* and 7, € [0,T] such that ¢, = k,T + 7,,. Without loss of

generality, we may assume that

T, — 75 and =z, — z*

as n — oo in the case that {||x,||} is bounded (this implies that f(t + t,, 2 + z,,u) —

f(t+ 7,2 + 2*,u) uniformly in (¢, 2,u) in bounded sets) and

ft+tn,z+xn,u) — folt+ 752+ x,,u) =0

as n — oo uniformly in (¢, z,u) on bounded sets in the case that {||z,||} is unbounded.
Let ug € X+,
Uo(z) =90 VeeH.
Let

M = sup up(z).
TE€H

By Theorem 2.1, there is 7' > 0 such that

u(t, o3 M, f) — u*(t,2)| < %0 Vt>T, x e, (5.2)
(T, 2 tg, f(- +7,- +a%,) —u (T + 1,0+ 2%)| < %O, VeeH, TeR (5.3)

and
(T, 230, fol- +7,-,-)) — (T +7,2)] < %0 Vz e, reR. (5.4)

Without loss of generality, we may assume that ¢, — 7 > T* for n > 1. Let g, € X+

be such that
c/—l—c ~
t, —1T),
(b T)

Uop(x) =0 for z-&<
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5 < <
and
Ggn(z) =0 for z-&>c(t, —T).
Then
u(tn - T) *; Uo, f) 2 aOn()
and hence

U(tn, Tn; U, f) = U(T, Tn; U(tn - Ta *; Uo, f)7 f( + tn - T7 K ))
= w(T,0;ult, — T, + @n;ug, ), f( At — T, + 20,))

Observe that

Uon (T + x,) — Uo(x)

as n — oo uniformly in z on bounded sets. In the case that
fltn+t,x+xp,u) — folt+ 752+ xp,u) =0
as n — 00, by Proposition 3.3,
w(T, 05 80n (- + x0), f(- 4+ tn =T, +0,-) — (T, 0000, fo- + 7" =T, + @, -)) = 0
as n — oco. Then by (5.4) and (5.5),
U(tn, Tn;ug, f) > ug(7", 2,) — €/2 for n > 1. (5.6)

By Theorem 2.1(4),
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ug (7, ) > Ut (T, x,) — €/2 for n>> 1.

By Proposition 3.1 and (5.2),

U(tn,%;uo,f) < u(tnaxn; M, f) < u*<tmxn) +e Vn>1

(5.6), (5.7), and the continuity of u*(¢, ) imply,

|u(tn, Tn;uo, ) — u(tn, )| < € for n>1.

This contradicts to (5.1).

In the case that x, — z*, by Proposition 3.3 again,
w(T, 05 ton(- 4 20), f- +tn =T, + 2, -)) = w(T, 056, f(- +7° =T, + 2%, )
as n — oco. By (5.3) and (5.5),
W(tn, Tn;ug, f) > u*(77,2%) — /2 for n> 1.
By the continuity of u*(-, "),
w (T, x") > ut (T, ) — €/2 for n> 1.
By Proposition 3.1 and (5.2),
W(tn, Tnj v, f) < u(tp, xn; M, f) <u(tn, )+ € Vn>1
This together with (5.8), and (5.9) implies that

|u(tn, Tn;uo, ) — u(tn, )| < €0 for n> 1.
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This contradicts to (5.1) again.

Hence

hmsup |U(t,$, U, f) - U*(t7$)| =0
x-ggclt,t—mo

forall0 < ¢ <ec. OJ

Observe that for any given & € SN¥=1 there is u*(£) > 0 such that

co(&)

and

)‘§7M(f0('7 B O))

. >cp(§) VO <p<p(f).

We now prove Theorem 2.2.

Proof of Theorem 2.2. We first show that for any ¢ > ¢(),

limsup wu(t, x;up, f) = 0. (5.10)

z-£>ct,t—00

Let 0 < p < p*(§) be such that
_ )‘fvu(fO(" 70))

C —

I

By Proposition 3.5, for any € > 0, there are § > 0 and a(-,-) € &, such that

a(t7$) Z fO(t7I70) + 57

)< Ae ) - Aeulfo(+-,0))

co(§ i M

<ec,

and A¢,(a) is the principal eigenvalue of —0, + A¢,, + a(-,-)Z with a positive principal

eigenfunction ¢(-,-) € &,. Let



It is not difficult to verify that wys (¢, x) is a solution of
u = Au+a(t,z)u, zeH. (5.11)
Observe that
folt,z,u) < fo(t,z,0) <a(t,x)—6 VteR, x€H, u>0.
This together with (H1) implies that there is M > 0 such that
flt,z,u) < flt,x,0) <a(t,z) YteR, z-£>M, u>0. (5.12)
Let M > ||up|| be such that
ft,z,up(t,2)) <alt,z) Yt>0, z-&<M. (5.13)

It then follows from (5.11), (5.12), and (5.13) that up (¢, ) is a super-solution of (1.3). By

Proposition 3.1,

Afvl" (a) t)
m

u(t, mug, f) <upy(t,x) = Me M@e= o(t,x) Vt>0, ze€H.

This implies that (5.10) holds.

Next, we prove that for any ¢ < ¢§(€),

limsup |u(t, z;ug, f) — u*(t,x)| = 0. (5.14)

z-£<ct,t—00

First of all, by Proposition 3.5, there is € > 0 such that

¢ < inf Aeu(fo(,-,0) —€)

>0 %

< ¢o(8)-
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By (H1), there is M > 0 such that
flt,x,u) > folt,z,u) —e VEER, - &> M, 0<u<l1. (5.15)
By Lemma 4.2, there are 6 >0 and T > 0 such that
u(t,xug, f) =6 VYt>T, x-&< M. (5.16)
Consider equation
ur = (Au)(t,x) + [fo(t,z,u) — e — K*ulu(z), ze€H (5.17)

By Proposition 3.8, (5.17) has a unique time and space periodic solution ug - (t,7,). Let

K* > 1 be such that

U()J(*(T, $) S S
Let g € X7 (€) be such that

7:60(%) < min{uS,K* (Ta l’), U(Ta x5 U, f)}

By Proposition 3.1,

U(t—f-T,LC,UO,f) Zu(t7x7ﬁ07f0(+T77)) VtZ()? IéZM,

where fo(t,a:, u) = fo(t,z,u) —e— K*u. By Proposition 3.9, for any ¢ < ¢ < inf g W,
lim sup |U(t, x; o, .fO( + 5 )) - UB,K* (t + T? $)| = 0. (518>

x-ﬁgc/t,t%oo
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By (5.16) and (5.18),

liminf w(t, x; ug, f) > 0.

m-égc/t,t%oo

This together with Lemma 5.1 implies that (5.14) holds.
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Chapter 6

Another Method to Show the Time Independent Case

In this chapter, we consider time independent monostable equations and provide some

other method to prove Theorems 2.1 and 2.2. We also show Theorem 2.3.

6.1 Another method to prove Theorem 2.1

In this section, we investigate the existence of positive stationary solutions of (1.3) in
the special case that f(¢t,z,u) = f(z,u) and fo(x,u) = fo(u) and give another proof of
Theorem 2.1.

Throughout this section, we assume f(t,xz,u) = f(z,u), fo(x,u) = fo(u) and (HO),
(H1)" and (H2). We first prove some lemmas.

For convenience, we denote f(z,u) and fo(u) by fi(z,u) and f2(u), respectively, in the

case H = H; and A = A; for i = 1,2,3. We may write u(t, x; uo, fi) as u;(t, x, up).

Lemma 6.1. For any 1 < i < 3 and € > 0, there are p = (p1,p2,--+ ,py) € N¥ and

h; € Xip NCN(H;, R) such that

fi(x,0) > hy(x) for x € H,;,

o>

i > f7(0) —¢ (hence A(hi() > f(0) —¢),

]

and for the cases that i = 1 and 2, the partial derivatives of h;(z) up to order N —1 are zero
at some xg € H; with hi(xo) = maxgey, (z), where h; is the average of hi(-) (see (3.16) for

the definition).
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Proof. Fix 1 <i < 3. By (H1)', there are 0 < ¢g < 1 and Ly > 0 such that

fi(z,0) > f2(0) — ey for =€ H;, ||z|| > Lo.

Let
My= inf  fi(z,0).

weH;,1<i<3
Let hg : R — [0, 1] be a smooth function such that

(

1 for |s]<1

0 for |s|>2.

For any p = (p1,p2, -+ ,pn) € NV with p; > 4L, let h; € X;, NCY(H;,R) (i = 1,2,3) be

such that

2

x
() = 1200) — co — ho (L) (£2(0) — e — 2y
0
P1 M P2 P2 PN DN
for ze([—;,;]x[—2,2]x ><[—2,2]>ﬂ7-[1.

Then

fi(x,0) > hi(x) VeeH;, 1<i<3.

It is clear that for i = 1 or 2, the partial derivatives of h;(x) up to order N — 1 are zero at
some zo € H; with h;(zo) = max,ey, hi(z)(= f2(0) — €). For given € > 0, choosing p; > 1,
we have

h > f2(0) — €.

By Proposition 3.7, A(h;(-)) > A(h;) = h; and hence
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The lemma is thus proved. O

Lemma 6.2. Suppose that w5 : RN — [0, My is Lebesque measurable, where o and My are
2

two positive constants. If
/N Ky — 2)i5(y)dy — Gy() + @5(2) folw, G3(2)) =0 Vo € RY,
R

where fo(z,u) = fo(x,u) or fO(u) for all z € RN and u € R, then }(-) € X5+

Proof. We prove the case that fy(x,u) = fo(x,u). The case that fo(x,u) = f(u) can be
proved similarly.

Let

h*(x) = /RN k(y — x)us(y)dy for x € RY.

Then h*(-) is C' and has bounded first order partial derivatives. Let
F(x,a) = h*(z) —a+afy(r,a) Ve eRY acR.

Then F : RY xR — R is C!' and F(z,a5(x)) = 0 for each z € RY. If o* > 0 is such that

F(z,a*) =0, then
h*(x)

a*

—1+ fo(z,a) = — <0

and hence

OuF(z,0") = =1+ fo(z,a”) + a0y fo(z, ™) < 0.

By Implicit Function Theorem, u3(z) is C* in x. Moreover,

On* (x)
ous(x) oz, N :
= = - — - VreRY, 1<j<N.
Or; =14 flz,05(x)) + Oufolz, u5(x))us(x)

Therefore, @} has bounded first order partial derivatives. It then follows that @}(x) is uni-

formly continuous in z € RY and then @} € X, . O
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Lemma 6.3. Suppose that u}(-) € X;"" and u = u}(-) is a stationary solution of (1.3) with

H=H;, A=A;, and f(t,x,u) = fi(x,u). Then

ul(z) — u? as ||z|| = oo,

0

where uf is a positive constant such that f2(u) = 0.

Proof. We first prove that

ui(z) — u(l) as ||lz|| — oo.

Assume that ui(z) 4 u? as ||| — oo. Then there are ¢y > 0 and z,, € RY such that

[[n ][ = o0

and

lut(x,) —ul| > e for n=1,2---.

By the uniform continuity of uj(z) in z € RY, without loss of generality, we may assume

that there is a continuous function @} : RY — [oq, M) for some oy, My > 0 such that

uy(z + x,) — aj(x)

as n — oo uniformly in x on bounded sets. Moreover, by a priori estimates for parabolic

equations, u} is C*T* for some a > 0 and we may also assume that

Auy(z + x,) — Auj(z)

as n — oo uniformly in z on bounded sets. This together with fi(x + x,,u) — f{(u) as

n — oo uniformly in  on bounded sets and in u € R implies that

AW+ alfP(a) =0, xcRY.
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By Proposition 3.8, we must have
ay(z) = ui(zs () =u
and hence

wi(x,) = ul as n— oo.

This is a contradiction. Therefore
ui(z) = ud as |z — oo.
Next, we prove that
uy(xr) = uy as ||z|| — oo.

Similarly, assume that uj(x) 4 u3 as ||z|| — oo. Then there are ¢y > 0 and z,, € RY such
that ||z,| — oo and

|u;(xn)—ug| 260 for TL:].,2,"' :

By the uniform continuity of uj(z) in z € RY, without loss of generality, we may assume

that there is a continuous function @} : RN — [0, My| for some a4, My > 0 such that
us(z + x,) — uy(x)

as n — oo uniformly in x on bounded sets. By the Lebesgue Dominated Convergence

Theorem, we have

/RN Ky — )ay(y)dy — @3(x) + a3(x) f(@5(2) =0 Vo € RV

By Lemma 6.2, @5 € X, ©. By Proposition 3.8 again, we have @3(z) = u$ and then u}(x,) —

ud as n — oo. This is a contradiction. Therefore uj(x) — ud as ||z|| — oo.
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Finally, it can be proved by the similar arguments as in the case ¢ = 2 that
uz(j) = vy as ]l = oo.

]

Lemma 6.4. There is u; € X;"* such that for any & > 0 sufficiently small, u(t,z;du;)
is increasing in t > 0 and u=*° € Xt where u=*(x) = limy_o u(t, z;0u; ), and hence
u = u=*(:) is a stationary solution of (1.3) in X;* in the case H = Hi, A = A;, and

ft,z,u) = fi(x,u) (i=1,2,3).

Proof. Fix 1 <14 < 3. Let M* > 0 be such that f;(z, M*) < 0. Let € > 0 be such that

f(0) —e>0.

7

By Lemma 6.1, there are p € N¥ and h,(+) € X;, N CY(H;,R) such that
fi(z,0) > hi(z), and h; > f2(0) — e(> 0).

Moreover, for i = 1 or 2, the partial derivatives of h;(x) up to order N — 1 are zero at some
xo € H; with h;(z9) = max,en, hi(z). Let u; be the positive principal eigenfunction of
A; + hi(-)Z with |Ju; || =1 (the existence of u; is well known in the case that i = 1 or 3 and
follows from Proposition 3.5 in the case that ¢ = 2). It is not difficult to verify that v = du,
is a sub-solution of (1.3) for any ¢ > 0 sufficiently small. It then follows that for any § > 0

sufficiently small,

6“’1_() S U(th 75”1_) S Ui<t2, ,(5Ul_) Y0 < 1 < tQ.
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0

This implies that there is a Lebesgue measurable function u; ™ : H; — [o¢, Mo] for some

09, My > 0 such that
lim u(t, z;0u;) = u; " (z) Vo e H,.

t—o00

Moreover, by regularity and a priori estimates for parabolic equations, ul_’*’(S € X/ It is
clear that u;™° € X, By Lemma 6.2, u; ™ € X;*. Therefore for 1 <i < 3, u; ™ € X}

and u = u; ™ (-) is a stationary solution of (1.3) in X;"* (i = 1,2,3). O

Lemma 6.5. Let M > 1 be such that fi(x,M) < 0 for v € H; (i = 1,2,3). Then

: , M
limy o0 u(t, 2;uq) exists for every v € H;, where ug(x) = M. Moreover, u; ™" (-) € X;,
+7*’M

i

(1.3) in X;"* in the case H =H; and A= A; (i =1,2,3).

+,%,M

where u () := lmyyoo ui(t, x;up), and hence u = w; " (+) is a stationary solution of

Proof. Fix 1 < i < 3. For any M > 1 with f;(x,M) < 0 for all z € H;, u = M is a

super-solution of (1.3). Hence
U(tg,,M)Su(tl,,M)SM V0§t1<t2.

It then follows that lim;_,., u(t, x; M) exists for all z € RY. Let

+x,M
i

(x) = lim wu(t,x; M).
t—o0

We have

w M () > w70 (x) for 0< < 1.

K3 K3

By the similar arguments as in Lemma 6.4, u*" € X+ and v = ;" () is a stationary
Yy g ) i

) )

solution of (1.3) in X' (i =1,2,3). O

Proof of Theorem 2.1. We first prove (3). Let 1 < ¢ < 3 be given. By Lemmas 6.4 and 6.5,

(1.3) has stationary solutions in X;'*. We denote it by u}(-).
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We next prove (1). We claim that stationary solution of (1.3) in X" is unique. In
fact, suppose that u,”* and u>* are two stationary solutions of (1.3) in X;**. Assume that

uy™ # u2*. Then there is o* > 1 such that

pi(ul® ul*) =Ina* > 0.

Note that
1
—u, <uPt < oful”
a*
By Lemma 6.3,
lim u,”*(z) = u?
lzl|l =00
and
lim ul*(z) = ul.

l[]| =00

This implies that there is € > 0 such that

() < (of —eu) (x) for ||z|| > 1.

i

By Proposition 3.1 and the arguments in Proposition 3.4,

1
—*ull*(x) <ul*(z) < a’u*(z) VreRY,
a

It then follows that for 0 < e < 1,

1, 2%

* u?*) < In(a* — ), this is a contradiction. Therefore u,™ = u>* and (1.3)

and then p;(u

has a unique stationary solution u} in X;".
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We now prove (2). Fix 1 < i < 3. For any ug € X;'", there is 6 > 0 sufficiently small
and M > 0 sufficiently large such that ou; < ug < M and u = du; is a sub-solution of (1.3)

(u; is as in Lemma 6.4) and u = M is a super-solution of (1.3). Then
du; < u(t, - ou; ) < wlt,5up) <u(t,; M) <M Vt>0.
By (1), Lemmas 6.4 and 6.5, and Dini’s Theorem,
wi(t, z;0u; ) < ul(x) <wu(t,z; M) VE>0, x€H,;

and

tliglo ui(t, x;0u; ) = tllglo wi(t,z; M) = ul(x)

uniformly in x on bounded sets. It then follows that
lim u;(t, z;u0) = u}(x)
t—o0

uniformly in x on bounded sets.
We claim that ||u;(t,;ug) — uf(+)|]] = 0 as t — co. Assume the claim is not true. Then

there are ¢y > 0, t,, — 00, and x,, with ||z, || — oo such that
|wi(tn, Tn;uo) — ui (zn)| > €0 Vn € N.

Then by Lemma 6.3,

i (L, T ug) — ul| > %0 Vn > 1.

Let & > 0 and M > 0 be such that

6 <ui(t,ug) < M Yt >0.
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For any € > 0, let 7" > 0 be such that

[ui(T, 50, /() =ufl < e, (T, M, fP()) —uf] <e. (6.1)

Observe that

0 < wulty — T, xn + x5u0) < M

and

for n > 1. Then

wi(T, 50, fi(- + 20)) < wiltn, o+ u0) < wi(T, s M, fi(- + zn, ). (6.2)
Observe also that
file + xn,u) = fP(u)
as n — oo uniformly in (z,u) on bounded sets. Then by Proposition 3.3,

wi(T,;0, fi(- + 2, ) = wi(T, 256, f2())

and

ui<T7x; Ma fz( + Ty, )) - ui(Tax; M7 fzo())

as n — oo uniformly in z on bounded sets. This together with (6.1) implies that

i (T,0;0, fi(- + &, ) —ul| < 2, |wi(T,0; M, fi(- + 2,,-)) —u¥] <2 for n>1
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and then by (6.2),

[wi(t, Tn;up) — ul| < 2¢ for n>> 1.

Hence

. . _ 0
Hm w;(tn, 205 u0) = u;,
n—0o0

which is a contradiction. Therefore

[[ua(t, -5 uo) = wi ()| = 0

as t — oo.

Finally, note that (4) follows from Lemma 6.3. O

6.2 Spatial Spreading Speeds and Proofs of Theorems 2.2 and 2.3

In this section, we explore the spreading speeds of (1.3) in the special case that f(t,z,u) =
f(z,u) and fo(z,u) = fo(u). We provide another proof of Theorem 2.2 and give a proof of
Theorem 2.3.

Throughout this section, we assume f(t,z,u) = f(z,u) and fo(z,u) = fo(u), and
assume (HO), (H1)" and (H2).

For convenience again, we denote f(z,u) and fo(u) by fi(z,u) and f?(u), respectively,
in the case H = H; and A = A; for i = 1,2,3. We may write u(t, z; ug, f;) as w;(t, z,ug) or
u(t, @5 uo, f), write ¢5(&, f7) as ¢(€), and A, (f7(0)) as Ai(€, 1, f7(0)).

We first prove two lemmas.

Lemma 6.6. Let £ € SV, ¢>0,1<i<3, and uy € X;" be given.

(1) If iminf, . e<qr oo ui(t, x5u0) > 0, then for any 0 < ¢ <e,

limsup |u;(t, x;u0) — uj(x)| = 0.
:(:{gc/t,tﬁoo
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(2) If Uminf|,.ej<ct 100 wit, 5 u0) > 0, then for any 0 < ¢ <ec,

limsup |u;(t, ;u9) — u;(x)| = 0.
|z-£|<c't,t—o0

(3) If Uiminf |z <ct oo wi(t, 25 u9) > 0, then for any 0 < ¢ <e,

limsup |u;(t, x; ug) — u;(z)| = 0.
l|lz]| <"t t—o00

Proof. (1) Suppose that iminf, <. o0 wi(f, 2;u9) > 0. Then there are § and 7' > 0 such
that

ui(t,z3ug) >0 V(t, o) ERY xHy, z-E<ct, t >T.

Assume that the conclusion of (1) is not true. Then there are 0 < ¢ < ¢, ¢g > 0, 2, € H;,

and ¢, € Rt with z,, - € < ¢'t,, and t,, — oo such that
|wi(tn, Tnyug) — uf (zn)| > €0 Vn > 1. (6.3)
Without loss of generality, we may assume that
Ty — X"

as n — oo in the case that {||x,||} is bounded (this implies that f;(x 4+ z,,u) — fi(x+2*, u)

uniformly in (z,u) in bounded sets) and

as n — oo uniformly in (z,u) on bounded sets in the case that {||z,||} is unbounded.
Let ug € X;'_,

110(.1') =0 Vxe 7‘[1
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By Theorem 2.1, there is T > 0 such that

w (T, z;u0) — ul(z) < € Vo € M, (6.4)
T o, fi(- +27,)) —uj(w +2%)| < (6.5)

and
w0, f7) = uf] < . (6.6)

Without loss of generality, we may assume that t, — T > T for n > 1. Let G, € X" be

such that

Uop(x) =0 for x-&< C/;C(tn — T)

0 < dign(z) <6 for <2e(t, —T)<z-&<c(t,— 1)

gn(z) =0 for z-&>c(t, —1T).

\
Then
uz<tn T, 7“0) 2 aOn( )

and hence

> ul(T, 0; Uon (- + xp), fil- + Tp,y ). (6.7)

Observe that

ﬂ0n<$€ + SCn) — ’INLO
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as n — oo uniformly in  on bounded sets. In the case that

fi(x + ap,u) = f(u),

by Proposition 3.3,

ul(T7 0; fLOTL(' + ‘rn)? fl( Tt Tn, )) - uz(T7 0; o, fzo())

as n — o0o. By (6.6) and (6.7),

Wi(tn, Tn; o) > Uy — €9/2 for n>> 1.

By Lemma 6.3,

uf > ui(r,) —€/2 for n>> 1.

By (6.4), (6.8), and (6.9),

|wi(tn, Tn;up) — ul(x,)] < € for n>1.

This contradicts to (6.3).
In the case that

Ty — X5,

by Proposition 3.3 again,

uz(Ta O; aOn( + xn)a fz( + T, )) — uz(Ta 0; &07 fz( + .’L'*, ))

as n — 0o. By (6.5) and (6.7),

Wi(tn, Tnyug) > u (%) —€9/2 for n> 1.
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By the continuity of u(-),

)

ui(z*) > ui(z,) —€/2 for n>1. (6.11)

By (6.4), (6.10), and (6.11),

|wi(tn, Tn;up) — uf(x,)] < € for n>1.

This contradicts to (6.3) again.
Hence

lim  |w(t, z5up) —ui(x)] =0
x-{ﬁc/t,t—mo

forall 0 < ¢ <ec.
(2) It can be proved by the similar arguments as in (1).

(3) It can also be proved by the similar arguments as in (1). O

Lemma 6.7. Let M > 0 be such that fi(z,u) <0 for x € H;, u € [0, M], and i = 1,2,3.
Then for any € > 0, there are p € NY and g; : Hi x R — R such that for any u € R,
gi(+,u) € Xip, gi(+,-) satisfies (HO) and (H2), and

fAIL‘,U) Z gZ(IL‘,U) Va € Hi7 UAS [07M]7

where §;(+) is as in (2.20) (i =1,2,3).

Proof. By Lemma 6.1, for any € > 0, there are p € NV and h;(-) € X;, N CN(H;,R) such
that

fi(z,0) > h;(x) Vo € H,;
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and

fort=1,2,3. Fix 1 <i < 3 and choose M; > 0 such that
filz,u) > gi(x,u) == hi(x) — Mu for z€H;, 0<u<M.

It is not difficult to see that g;(-,-) (1 < i < 3) satisfy the lemma. O

Recall that for given £ € SV~ 1,

&) = g TOTE o [r00).

n>0 il
y e HEE dz — 1 9(0
cg(f) _inf f]R € K(z)dz + f5( )’
u>0 12
and
—HkE 900
Cg(f) —inf ZkeKak(e )+f3( )
u>0 K

Observe that \;(u, &, f2(0)) (i = 1,2, 3) exist,
M€ £1(0) = £(0) + 1%,

Aa(j1,€, £2(0)) = / R (2)dz — 1+ f2(0),

]RN
and

As(1s, €, f5(0)) =)~ ar(e ™€ — 1) + f5(0).

keK
If no confusion occurs, we may denote \;(u, &, f2(0)) by Xi(i,€) (i = 1,2,3). Observe also
that

A1 (p,8)
vi(t,x) = e MR,

A2 (p,6)
vp(t, ) = e MR,
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and

: Az (1,8)
p(g-§—=520t)

US(taj) =e
are solutions of
vi(t, ) = Av(t, ) + f2(0)(t,z), =€RY, (6.12)
v(t,x) = / k(y — 2)o(t,y)dy — v(t,z) + f2(0)v(t,z), x€RY, (6.13)
RN
and
w(t,j) =Y ax(v(t,j+k) —v(t, 7)) + f5(0)o(t,5), jezV, (6.14)
keK
respectively.

We now give another proof of Theorem 2.2.

Proof of Theorem 2.2. Fix £ € S~ and 1 < i < 3. We first prove that for any ¢ > A2(¢)
and ug € X, (€),

limsup u;(t, z;up) = 0. (6.15)

.iE'fZC,tﬂf—)OO

To this end, take a ¢ such that ¢ > ¢ > ¢*(£). Note that there is ¥ > 0 such that

)\i éa ;k
(e = M)
i
and there is p € (0, pf) such that
>\i )
LGRS
i

Take d > M > 0 such that

up(x) < M and wg(z) < de ™™ Vo e H;,

file, M) <0 VzeH,, (6.16)
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and

filz,u) = fP(u) for z-&> —iln %(> 0). (6.17)

Observe that by (6.16) and (H2), for (t,x) € (0,00) x H; with de #®¢=<) > M e, x-& <
—%L In % + ct,

filx, de @&y < 0 < £2(0).

By (6.17), for (t,x) € (0,00) x H; with de #@¢=) < M ie, x-& > —iln% + ct,
i, de M=ty — fO0(genl#é=ct)y < 9(0).

It then follows that u = de #(*¢=¢) which is a solution of (6.12) or (6.13) or (6.14) if i = 1

or 2 or 3, is a super-solution of (1.3) and hence by Proposition 3.1,
wi(t, 3 ug) < de M@ V> 00 € M, (6.18)

This implies that (6.15) holds.

Next, we prove that for any ¢ < ¢(¢) and any uy € X;"(€),
limsup |u;(t, x;ug) — u;(z)| = 0. (6.19)
x{gclt,t%oo
To this end, take a ¢ € R such that
¢ <c< ().

Let M > 0 be such that

up(z) <M and fi(z,M) <0 forall zeH,.

73



Then u = M is a super-solution of (1.3) and

For any € > 0, let ¢;(+,-) be as in Lemma 6.7. By Corollary 3.2, for € > 0 sufficiently small,

By Propositions 3.1 and 3.10,

liminf w;(t, z:ug) > liminf w(t, z: ug, g;) > 0.
z-£<ct,t—00 Z(’ ’ 0>_$'E§Ct,t—>oo Z(’ ’ 0791)

(6.19) then follows from Lemma 6.6.
By (6.15) and (6.19), ¢} (&) exists and ¢ (&) = ?(€) for i = 1,2,3. Moreover, (2.26)
holds =

Finally, prove Theorem 2.3.
Proof of Theorem 2.5. (1) Fix £ € S~ and 1 <i < 3. Let up € X, satisfy that ug(z) = 0
for x € H; with |z - £] > 1. Then there are uj € X (¢) and uy € X;"(—¢) such that
uo(r) < ui(z) Yo € H,

By Proposition 3.1 and Theorem 2.2,

limsup w;(t, z;u) < limsup w;(t,z;uf) =0 Ve > (&)
x-&Zc’t,t—mo $~§Zc't,t—>oo

and

limsup  wit,z;u0) < limsup  w(t,v3u;) =0 Ve > (=€)
a-(=€)>c t,t—o00 @ (—6)2¢ tt—o0
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It then follows that

limsup wu(t, z3u0) =0 Ve > max{c(€),c (=€)}

’
|z-£|>¢" t t—o00

(2) Fix £ € SN ' and 1 < i < 3. For given 0 < ¢ < min{c}(¢), (=€)}, take a ¢ > 0
such that

¢ < e <min{c(€), ¢ (=6}

For given uy € X, satisfying the condition in Theorem 2.1 (2), let M > 0 be such that
up(z) < M and fi(xr,M) <0 forall ze&H,.
Then v = M is a super-solution of (1.3) and
wi(t,x;up) <M Vt>0, v € H,.
For any € > 0, let ¢;(+,-) be as in Lemma 6.7. By Corollary 3.2, for € > 0 sufficiently small,
ci(§9i(,) =i (€, a:()) > c
By Propositions 3.1 and 3.10,
m;QIg%tl?—fm w;(t, x5 ug) > ‘Iéllrgritl?_fm wi(t, z;ug,9;) > 0.

It then follows from Lemma 6.6 that

limsup |u;(t, x5 u0) — uj (x)| = 0.
|z-£|<c't,t—o0

5



(3)Fix e SV tand 1 <i<3. Let

c> sup c;(&).
gestl

Let up € X;" be such that

up(z) =0 for |z| > 1.
Note that for every given £ € SV~ there is uo(+;€) € X, (€) such that
ug(-) < ().
By Proposition 3.1,
0 < wilt, 25 u0) < wilt, 30(5€))

for ¢t > 0 and =z € H,;. It then follows from Theorem 2.2 that

0 < limsup u;(t,z;u9) < limsup w;(t, x;Uo(+;€)) = 0.

z-£>ct,t—00 x-£>ct,t—00

Take any ¢ > c. Consider all x € H; with ||z|| = ¢. By the compactness of 9B(0,¢ ) =
{x € H;|||z|| = '}, there are &1, &, -+, & € SN=1 such that for every x € dB(0,c¢), there
is [ (1 <1< L) such that

x-& > c.

Hence for every x € H; with ||z|| > c't, there is 1 <1 < L such that

By the above arguments,

0< limsup u(t,x;u0) < limsup w;(t, 2;70(+;§)) =0

z-€>ctt—o00 z-€>ctt—o0
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for [ =1,2,--- L. This implies that
limsup wu;(t, x;ug) = 0.
l|lz||>¢"t t—o00
Since ¢ > ¢ and ¢ > supgegn-1 ¢; (§) are arbitrary, we have that for ¢ > supgcgv-1 ¢ (§),
limsup w;(t, z;ug) = 0.

[zl >ctt—o00

(4) Tt can be proved by similar arguments as in (2). To be more precise, for given

0 < ¢ <min{c(&)|€ € SV}, take a ¢ > 0 such that

¢ <c<min{c(€)]€e SN
For given ug € satisfying the condition in Theorem 2.3 (4), let M > 0 be such that

up(z) < M and fi(x,M) <0 forall ze&H,.
Then u = M is a super-solution of (1.3) and
wi(t,z;u) <M Yt >0, v €H,.

For any € > 0, let ¢;(+,-) be as in Lemma 6.7. By Corollary 3.2, for € > 0 sufficiently small,

i (& 9i(-5-) = (&, 9:()) > .
By Propositions 3.1 and 3.10,

| 1||1£11t17{1j wi(t, z;up) > | lulgltltnj u;(t, x;ug, gi) > 0.
z||<ct,t—o00 z||<ct,t—o00

7



It then follows from Lemma 6.6 that

limsup |u;(t, z;u9) — u(z)| = 0.
l|lz|| < t,t—o0
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Chapter 7

Effects of Temporal and Spatial Variations

In this chapter, we prove Theorem 2.4 on the effects of temporal and spatial variations

on the spatial spreading dynamics of monostable equations.

Proof of Theorem 2.4. (1) Suppose that A(fo(-,0)) > 0. By Proposition 3.6,

~

A(f()(', ’0)) > )\(fo(,O)) > 0.

Then by Theorem 2.1, (1.3) has a time periodic strictly positive solution u*(¢,x). By The-
orem 2.2, (1.3) has a spatial spreading speed c*(£) in the direction of ¢ for each ¢ € SNV,

and

Recall that

By Proposition 3.6 again,

Asu(fo0)) = Ae,( ol 0)).

It then follows that

A

(€)= ci(€) > inf 2enlol:0)

>0 il

= (&)
(2) Suppose that A(fo(0)) > 0. By Proposition 3.7, we have

~
~ ~

M fo(+,0)) > A(fo(0)) > 0.
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It then follows from (1) that (1.3) has a time periodic strictly positive solution u*(t,z) and
has a spatial spreading speed ¢*(€) in the direction of ¢ for each ¢ € SN—1.

Recall again that

By Proposition 3.7 again,

~

>‘§,u<f0('a O)) = AE,M(fO(O))-

This together with (1) implies that

for each ¢ € SN, ]
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Chapter 8

Concluding Remarks and Future Plan
8.1 Concluding Remarks

In this dissertation, we studied the semilinear dispersal evolution equations of the form

w(t, ) = (Au)(t, x) + u(t,z) f(t, z,u(t,x)), x€H,

where H = RY or ZV, A is a random dispersal operator or nonlocal dispersal operator in
the case H = RY and is a discrete dispersal operator in the case H = Z", and f is periodic
in ¢, asymptotically periodic in = (i.e. f(t,z,u) — fo(t,z,u) converges to 0 as ||z| — oo for
some time and space periodic function fy(,z,u)), and is of KPP type in u. It is proved
that Liouville type property for such equations holds, that is, time periodic strictly positive
solutions are unique. It is also proved that if u = 0 is a linearly unstable solution to the
time and space periodic limit equation of such an equation, then it has a unique stable
time periodic strictly positive solution and has a spatial spreading speed in every direction.
Moreover, we developed multiple methods to achieve the two results, and considered the
effects of temporal and spatial variations of the media on the uniform persistence and spatial

spreading speeds of monostable equations.

It should be pointed out that the Liouville type property for (1.3) in the case that
H =RN A= Au, and f(t,z,u) = f(z,u) has been proved in [8]. However, many tech-
niques developed in [8] are difficult to apply to (1.3). Several important new techniques
are developed in the current dissertation. Both the results and techniques established in

the current paper can be extended to more general cases (say, cases that 4 is some linear
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combination of random and nonlocal dispersal operators and/or f(¢,z,u) is almost periodic
in ¢ and asymptotically periodic in x).

It should also be pointed out that, if u = 0 is a linearly unstable solution of (1.1) with
respect to periodic perturbations, then (1.1) has traveling wave solutions connecting 0 and
u3(+, ) and propagating in the direction of £ with speed ¢ > ¢5(€) for any £ € SV, But (1.3)
may have no traveling wave solutions connecting 0 and u*(-,-) (see [63]) (hence, localized

spatial inhomogeneity may prevent the existence of traveling wave solutions).

8.2 Future plans

8.2.1 Single-species population model

For the single-species model, we established the existence of strictly positive solution u*
and spreading speeds. Next topic I am interested in is to generalize traveling wave solution,
which is a global-in-time solution, connecting the positive solution u* and trivial solution
u = 0, in the locally inhomogeneous media. Due to the spatial heterogeneity, the global-in-
time wave-like solutions lose some classical features, compared to homogeneous equations,
such as, constant in shape (up to a spatial shift) and the unchanged speed for each profile.
Recently, James Nolen together his collaborates considered (1.3) in temporal independent
setting, and showed that a sufficiently strong localized inhomogeneity may prevent existence
of global-in-time wave-like solutions. They created a time-global bump-like solution, which
blocks any wave-like solution. I am curious to know whether such interesting scenario happen
in more general heterogeneous media (say, a spatially locally perturbed spatial periodic
media). How about the existence of wave-like solutions in nonlocal and discrete dispersal
framework?

As a short term plan, the following problem is listed in my agenda.

e Explore the existence, uniqueness and stability of of global-in-time wave-like solutions

in spatially locally perturbed media.
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8.2.2 Multi-species population model

Comparing with single species model, much less is known about the multi-species system,
especially in the heterogeneous (say, spatially locally inhomogeneous) environments.
For instance, for two species competitive system, main results established in the litera-

ture are related to spatial-temporal independent nonlinearities,

)
%:Au—{—uf(u,v), r e RV,

K%:Av—i—vg(u,v), r e RV,

where f(u,v) <0 and g(u,v) < 0 for u,v > 0 with u* +v? > 1, f,(u,v) <0, f,(u,v) <0,
gu(u,v) <0, and g,(u,v) < 0 for u,v > 0 (see [28], [36], [38], [47], [48], [53], etc.)

Here are three problems being considered.

e Explore the existence of traveling wave solutions to the systems in periodic media with

nonlocal dispersal.

e Extend the concept of spreading speeds for multi-species system in homogeneous and

periodic media to general inhomogeneous media.

e Investigate the existence of spreading speeds to the systems in the locally inhomoge-

neous media.

To attack the above problems, we will first extend the existing results on uniform per-
sistence, coexistence, and extinction of two species competition systems in homogeneous and
periodic media (see [15], [33], [34], etc.) to locally spatially inhomogeneous media.

Regarding the long term research plan, I have following problems in mind.

e Study the monostable equations with more general nonlinearity, that is almost periodic

or random stationary ergodic in time.
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e Investigate the dynamics of other types of equations, such as ignition type equations
and bistable type equations which arise in Ising and combustion models and phase

transition models.
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