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Abstract

Fractional derivatives can be used to model time delays in a diffusion process. When
the order of the fractional derivative is distributed over the unit interval, it is useful for
modeling a mixture of delay sources. In some special cases distributed order derivative can
be used to model ultra-slow diffusion. In the fist part of the thesis, we extend the results
of Baeumer and Meerschaert [3] in the single order fractional derivative case to distributed
order fractional derivative case. In particular, we develop the strong analytic solutions of
distributed order fractional Cauchy problems.

In this thesis, we also study the asymptotic behavior of the trace of the semigroup of
a killed relativistic a-stable process in any bounded R—smooth boundary open set. More
precisely, we establish two-term estimates of the trace with an error bound of e*"t(2-4/a

When m = 0, our result reduces to the result established by Banuelos and Kulczycki for

stable processes given in [7].
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Chapter 1

Introduction

In this chapter, we give an introduction to Cauchy problems and relativistic a—stable

processes.

1.1 Cauchy problems

Cauchy problems %—”j = Lu model diffusion processes and have appeared as an essential
tool for the study of dynamics of various complex stochastic processes arising in anomalous
diffusion in physics [39, 50|, finance [21], hydrology [11], and cell biology [46]. Complexity
includes phenomena such as the presence of weak or strong correlations, different sub-or
super-diffusive modes, and jump effects. For example, experimental studies of the motion
of macromolecules in a cell membrane show apparent subdiffusive motion with several si-
multaneous diffusive modes (see [46]). When L = A = >7.9%u/0x3, Cauchy problem is a
tradition diffusion equation.

Traditional diffusion represents the long-time limit of a random walk, where finite vari-
ance jumps occur at regularly spaced intervals. Eventually, after each particle makes a series
of random steps, a histogram of particle locations follows a bell-shaped normal density. The
central limit theorem of probability ensures that this same bell-shaped curve will eventually
emerge from any random walk with finite variance jumps, so that this diffusion model can
be considered universal. The random walk limit is a Brownian motion, whose probability
densities solve the diffusion equation.

The fractional Cauchy problem 9°u/0t® = Lu with 0 < 8 < 1 models anomalous
sub-diffusion, in which a cloud of particles spreads slower than the square root of time.

The ”particles” might be pollutants in ground water, stock prices, sound waves, proteins



crossing a cell boundary, or animals invading a new ecosystem. When L = A, the solution
u(t, x) is the density of a time-changed Brownian motion B(E(t)), where the non-Markovian
time change E(t) = inf{r > 0; D(7) > t} is the inverse, or first passage time of a stable
subordinator D(t) with index f.

The process B(E(t)) is the long-time scaling limit of a random walk [31, 32], when the
random waiting times between jumps belong to the g-stable domain of attraction. Roughly
speaking, a power-law distribution of waiting times leads to a fractional time derivative in
the governing equation. Recently, Barlow and Cerny [9] obtained B(E(t)) as the scaling limit
of a random walk in a random environment. More generally, for a uniformly elliptic operator
L on a bounded domain D C R¢, under suitable technical conditions and assuming Dirichlet
boundary conditions, the diffusion equation du/d0t = Lu governs a Markov process Y (t)
killed at the boundary, and the corresponding fractional diffusion equation 9°u/ot® = Lu
governs the time-changed process Y (E(t)) [36].

In some applications, waiting times between particle jumps evolve according to a more
complicated process, which cannot be adequately described by a single power law. A mixture
of power laws leads to a distributed-order fractional derivative in time [16, 28, 29, 30, 34, 41].
An important application of distributed-order diffusions is to model ultraslow diffusion
where a plume of particles spreads at a logarithmic rate [34, 47]. This thesis considers
the distributed-order time-fractional diffusion equations with the generator L of a uniformly
bounded and strongly continuous semigroup in a Banach space. Hahn et al. [22] discussed
the solutions of such equations on R?, and the connections with certain subordinated pro-
cesses. Kochubei [25] proved strong solutions on R? for the case L = A. Luchko [27] proved
the uniqueness and continuous dependence on initial conditions on bounded domains. Meer-
schaert et al. [37] established the strong solutions of distributed order fractional Cauchy

problems in bounded domains with Dirichlet boundary conditions.



When L is the generator of a uniformly bounded and continuous semigroup on a Banach

spaces, Baecumer and Meerschaert [3] showed that the solution of
OPu/ot’ = Lu

is analytic in a sectorial region. A similar problem has been considered in the literature on
a purely analytic level, without a probabilistic interpretation of the subordination represen-
tation: see, for example, Priiss [44, Corollary 4.5] . The case of a single fractional order was
also considered by Bazhlekova [10]. In this thesis, we extend the results of Baeumer and
Meerschaert [3] to distributed order fractional diffusion case. Our proofs work for operators
L that are generators of uniformly bounded and continuous semigroups on Banach spaces.
Our result for this case is given in chapter 3.

In the next few paragraphs we introduce basic facts about relativistic stable processes.

1.2 Relativistic stable processes

In Ryznar [45] Green function estimates of the Schédinger operator with the free Hamil-

tonian of the form

(=A +m¥*)2 —m,

were investigated, where m > 0 and A is the Laplace operator acting on L?(R?). Some
of these estimates (see Lemma 2.13 below) and (essentially the same) proof in Bafiuelos
and Kulczycki (2008) can be used to provide an extension of the asymptotics in [7] to the
relativistic « stable processes for any 0 < a < 2.

An R%valued process with independent, stationary increments having the following

characteristic function

Fei€ X0 Z o tm2/oHieP)e/2-m) ¢ o Rd



is called relativistic a-stable process with mass m. We assume that sample paths of X"
are right continuous and have left-hand limits a.s. If we put m = 0 we obtain the symmetric
rotation invariant a—stable process with the characteristic function e €% ¢ € R?. We refer
to this process as standard a—stable process. The infinitesimal generator of X;"™ is m —

2/e — A)*/2 which is a non-local operator. Note that when m = 1, this infinitesimal

(m
generator reduces to 1 — (1 — A)*/2. Thus the 1—resolvent kernel of the relativistic a—stable
process X' 1 on R? is just the Bessel potential kernel. When a = 1, the infinitesimal
generator reduces to the so-called free relativistic Hamiltonian m—+/—A + m2. The operator
m—+/—A + m? is very important in mathematical physics due to its application to relativistic
quantum mechanics. For the rest of the thesis we keep o, m and d > 2 fixed and drop a,m
in the notation, when it does not lead to confusion. Hence from now on the relativistic a-
stable process is denoted by X, and its standard a— stable counterpart by X, . We keep this
notational convention consistently throughout the paper, e.g., if p;(z — y) is the transition

density of X; then j,(x — y) is the transition density of X;.

Brownian motion has characteristic function
. . _ 2
RO B — ¢7HE" ¢ e RY

Let o = 20. Ryznar showed that X; is subordinated to Brownian motion. Let T(t), ¢t > 0,

denote the strictly S-stable subordinator with the following Laplace transform
EOe ) = = X\ > 0, (1.1)

Let 05(t,u), u > 0, denote the density function of Tj(t). Then the process Bry() is the
standard symmetric a-stable process.
Ryznar [45, Lemma 1] showed that we can obtain X; = Bry,m), where Tp(t,m) is

a positive infinitely divisible process with stationary increments with probability density



function

Os(t,u,m) = e‘m1/5“+mt95(t, w), u>0.

Transition density of T(t, m) is given by 03(t,u — v, m). Hence the transition density

of X, is given by

mt [ 1 —le|®> ., 1/8,,
p(t,z) =e t/o W& e 05(t,u)du (1.2)

Then p(t,z,y) = p(t,z — y). Since the transition density is obtained from the characteristic
function by inverse Fourier transform, it follows that p(t, z) is a radially symmetric decreasing

function and that

< 1 _wawal (d/a)
t < p(t,0) < e™ — 05t u)du = ™Y T 1.3
plt.) <p(00) <™ [ty = e 2 (13
where wy = I?Zfd_d//;) is the surface area of the unit sphere in R?. For A C R? we define the first
exit time from A by 74 =inf{t > 0: X; & A}.
Let D C R? be a domain.
We set
TD(t7x7y) :]Ex[p(t_TD7XTD7y);TD <t] (14)
and
pD(tuxvy) :p(tv'rvy) —TD(t,Jf,y) (15)

for any z,y € R%, t > 0. For a nonnegative Borel function f and ¢t > 0, let

RW@ZWW&%t@ﬂzém%mM@@

be the semigroup of the killed process acting on L?(D), see, Ryznar [45, Theorem 1].
Let D be a bounded domain (or of finite volume). Then the operator PP is a Hilbert-
Schmidt operator mapping L?(D) into L>(D) for every ¢ > 0. This follows from (1.3), (1.4),

and the general theory of heat semigroups as described in [18]. It follows that there exists



an orthonormal basis of eigenfunctions {¢, : n =1, 2, 3,---} for L*(D) and corresponding

eigenvalues {\,: n =1, 2, 3,---} of the generator of the semigroup PP satisfying
M <A< A<
with A, — oo as n — oo. By definition, the pair {p,, A\, } satisfies
PPy, (x) = e Mo, (x), €D, t>0.

Under such assumptions we also have

po(t,z,y) =Y e on(2)pn(y) (1.6)

In this thesis we are interested in the behavior of the trace of this semigroup defined by

ZD(t):/DpD(t,:c,x)dx. (1.7)

Because of (1.6) we can write (5.9) as

oty =3 e /D P(w)ds =3 e (1.8)

n=1

We denote d-dimensional volume of D by |D|. It is shown in [7] that for any open set

D with finite volume, it holds that

wal'(d/ )

)i (1.9)

1 d/a~ — —
ll—l%t ZD(t) Cl‘D|, Cl

This is closely related to the growth of the eigenvalues of PP. Let N()) be the number

of eigenvalues {)\;} of PP which do not exceed )\, it follows from the classical Tauberian



theorem (see for example [20], p.445 Theorem 2) that

D
lim A=) = — P

Ao (1 + dfa) (1.10)

This is the analogue for killed stable processes of the celebrated Weyl’s asymptotic
formula for the eigenvalues of the Laplacian. We will prove later in (2.38) that similar

formula is true for relativistic stable processes.

Definition 1.1. The boundary, 9D, of an open set D in R¢ is said to be R—smooth if for
each point g € 0D there are two open balls B; and B, with radii R such that By C D, By, C
R\ (D UAD) and 9By N 9By = .

The asymptotic for the trace of the heat kernel when oo = 2 (the case of the Laplacian
with Dirichlet boundary condition in a domain of R?), have been extensively studied by
many authors. The van den Berg [49] result states that under the R— smoothness condition

when o = 2,

vt

1-d/2
Zo(t) — (4mt) (rD\ - 7|6Dr)‘ < GalDI

>0, (1.11)

For domains with C'' boundaries the result

Zp(t) = (4mt)~%? <|Dy — @WD\ +o(t1/2)) (1.12)

was proved by Brossard and Carmona [13]. The asymptotic behavior for the trace of killed
symmetric a—stable processes, a € (0, 2), for an open bounded set with R—smooth boundary

was given in [7]

_ . CiD| | CylD|tte

Cs|D|t*
ZD <t> td/a td/a

— R2td/c

(1.13)




where Cy,Cy, and C3 are some constants depending on d, «, X. In [8], the authors proved

that, for any bounded Lipschitz domain D, Zp(t) satisfies

tY*Zp(t) = C1|D| — CoHHAD) Y™ 4 o(tH/*) (1.14)

where C}, Cy are some constants depending on d, « and H?1(0D) denote the (d —1) dimen-
sional Hausdorff measure of 0D.

In the second part of the thesis we obtained the second term in the asymptotics of Zp ()
for bounded open set with R—smooth boundary. Our result is inspired by result for Trace

estimates for stable processes by Banuelos and Kulczycki [7].

1.3 Outline of Dissertation

This dissertation is divided into two more or less independent parts. The first part is
dedicated to finding strong analytic solution of distributed order fractional Cauchy prob-
lems. Whereas the second part is more concerned with finding two-term trace estimate of
relativistic a—stable processes on bounded R—smooth open set.

Chapter 2 consists of preliminary mathematical material, which serves the purpose of
setting up the vocabulary and the framework for the rest of the dissertation. In Section
2.1 we discuss the basic facts of traditional diffusion model and shows that the solution
of a diffusion equation is a density of a Brownian motion. Section 2.2 and Section 2.2.2
discusses fractional calculus. We give a generator form, Caputo, and Riemann-Liouville
form of fractional derivative with some simple examples. In Section 2.4 we state a defining
property of a semigroup. There we give all of the results on a semigroup we shall use in
the proof our main results in chapter 3. Finally in Section 2.5 we present the basic facts
about relativistic a-stable process. There we give all of the results on a relativistic stable

process we shall use in the proof of our main result for such process in chapter 4. We also



give our first result in proposition 2.9, which is the analogue for relativistic stable process of
the celebrated Weyl’s asymptotic formula for the eigenvalues of the Laplacian.

In chapter 3 we state and prove our two main results about distributed order time
fractional Cauchy problems. Our proofs work for operators L that are generators of uni-
formly bounded and continuous semigroups on Banach spaces. This chapter describes work
contained in paper [40].

Chapter 4 discusses a trace estimates for relativistic stable process on open bounded
domain with R—smooth boundary. There we state and proof our main result. Similar result
is obtained for stable process in [7].

Chapter 5 is the last chapter and discusses a basic facts about sum of two independent
stable processes. So far we are only able to find the first term asymptotic expansion of trace
of such process. I am still looking in finding the best estimate for the trace on R—smooth

boundary domains and then extend to Lipschitz domains if possible.



Chapter 2

Preliminaries

In this chapter, we summarize some results from fractional calculus and relativistic
a—stable processes. We mainly focus on trandional diffusion model, fractional diffusion
models and relativistic a—stable processes. Results in the following sections are mainly

adapted from [33], [42] and [43].

2.1 Diffusion Model

The traditional model for diffusion combines elements of probability, differential equa-
tions, and physics. A random walk provides the basic physical model of particle motion.
The central limit theorem gives convergence to a Brownian motion, whose probability den-
sities solves the diffusion equation. We start with a sequence of independent and identically
distributed (iid) random variables Y1, Y, - - - that represent the jumps of a randomly selected
particle. The random walk

gives the location of that particle after n jumps. Next we recall the well-known central limit
theorem, which shows that the probability distribution of .S,, converges to a normal limit.
Here we sketch the argument in the simplest case, using Fourier transforms. For complete
proof of the central theorem and to see the same normal limit governs a somewhat broader

class of random walk (see [33], Theorem 3.5 and 4.5).

10



Let F(z) = P[Y < z] denote the cumulative distribution function (cdf) of the jumps,

and assume that the probability density function (pdf) f(x) = F'(z) exists. Then we have

P[aﬁYﬁb]:/bf(x)dm

for any real numbers a < b. The moments of this distribution are given by

1 :/_OO o' f () do

The Fourier transform (FT) of the pdf is

f) =Bl = [ e o) o

o0

The FT is closely related to the characteristic function E[e™] = f(—k). If the first two

. . . n
moments exist, a Taylor series expansion ¢* = > | 25 leads to

f(k) = /_OO (1 —ikx + %(—z’k’x)z + - ) flz)de =1—ikp, — %k%g +o(k?)  (2.1)

since [ f(x)dx = 1. Here o(k?) denotes a function that tends to zero faster than k% as k — 0.
For a formal proof of (2.1) (see [33], p.7).
Suppose p; = 0 and puy = 2, i.e., the jumps have mean zero and variance 2. Then we

have

fk) =1—k*+o(k?)

ask —0. Thesum S, =Y, +Yo+---4+Y, has FT

Efe~#5"] = E [e—ik(Yl+Y2+-~+Yn)]
- E [e—ilﬂﬁ} E [e—ikYg] ...E [e_ik;yn]

) [e—isz]” _ f(k‘)n

11



and so the normalized sum n~'/2S, has FT

E[efum—lﬁsn} _ fA(nfl/Qk,)n

n

_ (1 _k + O(n_1>>n — e (2.2)

since the general fact that (14 (r/n) +o(n™'))" — ¢" as n — oo for any r € R (see [33],

p. 7). The limit
6—k:2 —F [e—sz} — e—zkx

—e
oo VA

using the standard formula from FT tables [48, p. 524]. The continuity theorem for FT [33,

—x2/4 dr

p. 8] yields the traditional central limit theorem (CLT):

Y+ - +Y,
pl2g, =t T (2.3)
NG

where = indicates convergence in distribution. The limit Z in (2.3) is normal with mean
zero and variance 2.

An easy extension of this argument gives convergence of the rescaled random walk:
Siet) =Y1 + Yo+ -+ Yy

gives the particle location at time ¢ > 0 at any time scale ¢ > 0. Increasing the time scale
¢ makes time to go faster. The long-time limit of the rescaled random walk is a Brownian
motion: As ¢ — oo we have

let]

E [e—’?“‘wslcﬂ} - (1 _E 0(0_1)) Y [(1 _E, o(c_l)>c ] e (24

C C

where the limit

12



is the F'T of a normal density

1
p(x’ t) = \/ﬁe—gﬂ/%

with mean zero and variance 2t. Then the continuity theorem for FT implies that
671/25[@] = 7,
where the Brownian motion Z; is normal with mean zero and variance 2t.

Clearly the FT p(k,t) = e~ solves a differential equation

b
o = kD= (k)D.

(2.5)

If " exists and if f, f’ are integrable, then the FT of f(z) is (ik)f(k) [33, p. 8]. Using this

fact, we can invert the F'T on both sides of (2.5) to get

op _p
ot Ox?

(2.6)

This shows that the pdf of Z; solves the diffusion equation (2.6). The diffusion equation

models the spreading of a cloud of particles. The random walk S,, gives the location of a

randomly selected particle, and the long-time limit density p(z,t) gives the relative concen-

tration of particles at location x at time ¢ > 0.

More generally, suppose that y; = E[Y,] = 0 and us = E[Y,?] = 0 > 0. Then

n

~

Flk) =1 %(7%2 +o(k?)

leads to

13



and

s 0'2k2 [ct] 1
E [e—zkc S[Ct]] — (1 . 5 + O(C_l)) - exp(—EtO‘Qk‘z) — ﬁ(k’,t) (27)

This FT inverts to a normal density

1
6712/(20%)

p(z,t) = W rr

with mean zero and variance o%t. The FT solves

dp o’ . 0t
P AR
which inverts to
dp 020%p
' s 2.8
dt 2 0x? (28)

This form of the diffusion equation shows the relation between the dispersivity D = o*/2
and the particle jump variance. Apply the continuity theorem for F'T to (2.7) to get random
walk convergence:

071/25774 = Zt

where Z, is a Brownian motion, normal with mean zero and variance o?t.

In many applications, it is useful to add a drift: vt + Z; has FT
. 1
E [e”k(””“zt)} = exp(—ikvt — 51502]{2) = p(k, 1),

which solves
2

db
== (—ikv + %(z’k)Q) p
Invert the FT to obtain the diffusion equation with drift:

o __op P

o= Vs T 202 (2.9)

14



This represents the long-time limit of a random walk whose jumps have a non-zero mean

v = [33, p. 9].

2.2 Fractional Derivatives

The concept of differentiation operator D = d/dx is familiar to all who have stud-
ied elementary calculus. And for suitable function f, the nth derivative of f, denoted by
D" f(x) = d"f(x)/dx™ is well defined-provided n is a positive integer. In 1695, L’ Hopital
inquired of Leibniz what meaning could be ascribed to D™ f(z) is n were a fraction. Since
that time the fractional calculus has drawn the attention of many famous mathematicians,
such as Euler, Laplace, Fourier, Abel, Liouville, and Laurent. But it was not until 1884 that
the theory of generalized operators achieved a level in its development suitable as a point of
departure for the modern mathematician. By then the theory had been extended to include
operators D", where v could be rational or irrational, positive or negative, real or complex.
In the past few years fractional calculus appeared as an important tool to deal with anoma-
lous diffusion processes. An anomalous diffusion process can be visualized as an ant in a
labyrinth where the average square of the distance covered by the ant is (22(t)) oc t** where
(3 is a phenomenological constant; for § = 1/2 we have the ordinary diffusion processes. A
more physical approach of anomalous diffusion processes has several applications in many

field such as diffusion in porous media or long range correlation of DNA sequence.

2.2.1 Generator Form

The generator form of the fractional derivative for 0 < g < 1 is given by

Bl o0
T = [T - il (2.10)

(33, see p. 30], where T'(8) = / e "zl dx is a gamma function.
0

15



For continuously differentiable and bounded function integrate by parts with u = f(z)—

f(xz —y) to get the caputo form

d° f(z) _ 1 > d .
a7 T T-5 /fx— 5dy—m/o %f(x—y)yﬁdy (2.11)

Take the derivative outside the integral to get the Riemann-Liouville form

B (o]
() 70 =t | = (212)

For 1 < 8 < 2 we can write the generator form

B T o o)
ddj;ia - ?Eg_ ;? /0 [f(2) = f(x —y) +yf (x)y™" " dy. (2.13)

Integrate by parts twice to get the Caputo form for 1 < < 2:

d’f () 1 © .
di? T(2—p) /0 @ =Yy 7 dy (2.14)

Move the derivative outside to get the Riemann-Liouville form for 1 < g < 2:

(%YW o7 T2 j) da? / flz =gy dy (2.15)

In general, Caputo’s definition can be written as

AP f(x 1 © qdn
o) _ g | aefE P me1<B<n. (210
and the Riemann-Liouville form as
d B
(%) f(z) = dm”/ f(z y" 1 Pdy  (n—1<pB<n). (2.17)

16



Example 2.1. Let f(z) = e for some A > 0, so that f'(x) = Ae*. Using the Caputo
form for 0 < 8 < 1, a substitution u = Ay, and the definition of gamma function I'(5) =

J e P d, we get

dP
ﬁ[e)\x] — )\,Be)\af

which agrees with the integer order case. Using the Riemann-Liouville form we get

d B
<E) [e)m] — )\Bekw

which agrees with the Caputo. In this case, both forms lead to the same result.

2.2.2 Distributed Order Fractional Derivatives

In this section, we give an equivalent form of Caputo and Riemann-Liouville form for a
function defined on a nonnegative real line.

For a function u(t, z), the Caputo fractional derivative [15] for ¢t > 0, is defined as

OPu(t, ) 1 ou(r,x) dr
= - for 0 1. 2.18
BT r(1—5)/0 o (t_rp rUshs (2:18)
For 0 < < 1, its Laplace transform is given by
/ 6_‘%M ds = sPu(s, x) — s° 7 u(0, x) (2.19)
0 otB

where u(s,z) = fooo e *tu(t,x)dt. For 1 < 8 < 2, % has Laplace transform s°iu(s, x) —

sP71u(0, z) — %U(O, x) and incorporates the initial condition in the usual way as the regular

derivative. The distributed order fractional derivative is

1 ’gu X
Dyt ) = /0 %;;’)u(dﬁ), (2.20)

where p is a finite Borel measure with x(0,1) > 0.
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For a function u(t,z) continuous in ¢ > 0, the Riemann-Liouville fractional derivative

of order 0 < 8 < 1 is defined by

d\" 1 o " u(r,z)
— =—— [ — 2. 2.21
((%) uho) = F—p 8t/0 =P (2.21)
Its Laplace transform

/OOO e (%) Bu(t, ) ds = s°u(s, ). (2.22)

The main advantage of Caputo’s approach is that the initial conditions for fractional
differential equations with Caputo derivates take on the same form as for integer-order
differential equations, i.e. contain the limit values of integer-order derivatives of unknown

functions at the lower terminal ¢ = 0.

Example 2.2. Let f(t) = 1fort > 0 and f(t) =0 for t < 0. Then f'(t) = 0 for t # 0, so the
Caputo fractional derivative is zero. In fact, the Caputo fractional derivative of a constant
function is always zero, just like the integer order derivative. But the Riemann-Liouville

derivative is not. For ¢ > 0 and 0 < 8 < 1, use (2.21) to get
d B
— t) =
() 7 /

B F(l—ﬂ) 70

de

If u(-,z) is absolutely continuous on bounded intervals (e.g., if the derivative exists

everywhere and is integrable) then the Riemann-Liouville and Caputo derivatives are related
by

OPult, z) a\" t=Pu(0, x)

The Riemann-Liouville fractional derivative is more general, as it does not require the first

derivative to exist. It is also possible to adopt the right-hand side of (2.23) as the definition of
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the Caputo derivative, see for example Kochubei [25]. Hence we adopt this as our definition

of Caputo derivative in this paper. Then the (extended) distributed order derivative is

W(t, x) = 1
Dfult)= | 17

A _5u T
(%) u(t,z) w] u(ds) (2.21)

which exists for u(t,z) continuous, and agrees with the usual definition (2.20) when (¢, x)

is absolutely continuous.

2.3 Time-fractional Diffusion

In this section we will outline the stochastic model for time-fractional diffusion. For
additional details and precise mathematical proofs see [33, chapter 4].

Distributed order fractional derivatives are connected with random walk limits. For
each ¢ > 0, take a sequence of i.i.d. waiting times (J¢) and i.i.d. jumps (Y,5). Let X¢(n) =
Y{ 4 -+ + Y. be the particle location after n jumps, and T°(n) = J¢ + --- + J¢ the time
of the nth jump. Suppose that X¢(ct) = A(t) and T°(ct) = Dy(t) as ¢ — oo, where the
limits A(t) and D, (t) are independent Lévy processes. The number of jumps by time ¢ > 0
is Nf = max{n > 0:T°n) < t}, and [35, Theorem 2.1] shows that the continuous time

random walk (CTRW) X¢(Ny) = A(Ey(t)), where
Ey(t) = inf{r : Dy(7) > t}. (2.25)

A specific mixture model from [34] gives rise to distributed order fractional derivatives:
Let (B;), 0 < B; < 1, be i.i.d. random variables such that P{J¢ > u|B; = 8} = ¢ 'u=", for

u > c¢~Y/8. Then T¢(ct) = D,(t), a subordinator with E[e™*P»®)] = ¢ where

v(s) = [ (e = Dotda), (2.26)
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Then the associated Lévy measure is

o(t,00) = /01 t=Pu(dp), (2.27)

where v is the distribution of B;. An easy computation gives

v(e) = [ = pwtas) = [ utas) (2.28)

Here we define p(df) = I'(1 — B)v(dB3). Then, Theorem 3.10 in [34] shows that ¢ ' Nf =
E,(t), where E,(t) is given by (2.25). The Lévy process A(t) defines a strongly continuous
convolution semigroup with generator L, and A(Ey(t)) is the stochastic solution to the

distributed order-fractional diffusion equation
D u(t, ) = Lu(t, z), (2.29)

where Dﬁ“) is given by (2.24) with u(dg) = I'(1 — B)v(dp). The condition

/0 1i5y(d5) < o0 (2.30)

is imposed to ensure that p(0,1) < oo. Since ¢(0,00) = oo in (2.26), Theorem 3.1 in [35]

implies that E(t) has a Lebesgue density

9,0 (x) = /0 P(t —y,00) Pp,, () (dy). (2.31)

Note that Ey(t) is almost surely continuous and nondecreasing.

The CTRW model provides a physical explanation for fractional diffusion. A power law
jump distribution with P[Y,¢ > z] = Cz~“ leads to a fractional derivative in space 0*/0x"
of the same order. A power law waiting time distribution P[J¢ > t] = Bt# leads to a

fractional time derivative 0°/9t° of the same order. Long power-law jumps reflect a heavy
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tailed velocity distribution, which allows particles to make occasional long jumps, leading to
anomalous super-diffusion. Long waiting times model particle sticking and trapping, leading

to anomalous sub-diffusion:

B(Ey4) ~ B(°E,) ~ ¢*?B(E}).

where B is a Brownian motion. Since 8 < 1, the density of this process spreads slower that

a Brownian motion. For detailed discussion see for example [33].

2.4 Semigroup

This section will serve as a basic introduction to semigroups of linear operators. In
general, semigroups can be used to solve a large class of problems commonly known as
evolution equations. These types of equations appear in many disciplines including physics,
chemistry, biology, engineering, and economics. A semigroup is a family of linear operator
on a Banach space. A Banach space X is a complete normed vector space. That is, if f, € X
is a Cauchy sequence in this vector space, such that || f, — fiu|| = 0 as m,n — oo, then there

exists some f € X such that ||f,, — f|| = 0 as n — oo in the Banach space norm.

Definition 2.3. Let X be a Banach space. A family of linear operators {T; : t > 0} from
X into X is called a semigroup if
(i) T(0) = I, ({ is the identity operator on X).

(il) T(t+s) =T(t)T(s) for all ¢, s > 0 (the semigroup property).

We say that T'(t) is uniformly bounded if ||T(t) f|| < M||f]| for all f € X and all ¢ > 0.
If T(t,)f — T(t)f in X for all f € X whenever t, — t then the operator T is strongly
continuous. It is easy to check that {T'(t);t > 0} is strongly continuous if T'(¢)f — f in
X forall f € X ast — 0. A strongly continuous, bounded semigroup is also called a C

semigroup.
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For any strongly continuous semigroup {7'(t);t > 0} on a Banach space X we define

the infinitesimal generator as

Lf = lim%

t—0+

in X (2.32)

meaning that ||t~ (T(¢)f — f) — Lf|| — 0 in the Banach space norm. The domain D(L) of
this linear operator is the set of all f € X for which the limit in (2.32) exists. The domain
D(L) is dense in X, and L is closed, meaning that if f, — f and Lf, — ¢ in X then
fe€D(L)and Lf = g (see, for example Corollary 1.2.5 in [42]).

Theorem 2.4. Let T'(t) be a Cy semigroup. There exists a constant a > 0 and M > 1 such
that

IT(#)]| < Me™  for 0<t< .
Proof. See, for example, Pazy [42, Theorem 1.2.2]. ]

Corollary 2.5. If T(t) is a Cy semigroup then for every f € X, t — T(t)f is a continuous

function from RT (the nonnegative real line) into X.
Proof. See, for example, Pazy [42, Theorem 1.2.3]. ]

Theorem 2.6. Let T'(t) be a Cy semigroup and let L be its infinitesimal generator. Then
(i) For f € X, [, T(s)fds € D(L) and

L(f t T(s)fds) =T(0 - f
(ii) For f € D(L), T(t)f € D(L) and
d
L1y = Lrwys =1L

Proof. See, for example, Pazy [42, Theorem 1.2.4]. H
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2.5 Basic Facts of Relativistic Stable Process

In this section we assemble the basic notation and facts of relativistic stable process that
will be used in the sequel. We also give a proof to some simple lemmas and propositions.

Next we introduce some notations. For x € RY, let dp(z) denote the Euclidean distance
between z and dD and the ball in R? center at = and radius r,{y : |y — z| < r} will be

denoted by B(x,r). Define
Y(0) = / e P V20 4+ v/2)P "V 2dw, 0 > 0,
0

where p = (d+a)/2. We put R(a, d) = A(—a, d) /1(0), where A(v, d) = (T'((d—v)/2))/(x¥?2°|T'(v/2)]).
Let v(x),(x) be the densities of the Lévy measures of the relativistic a—stable process and

the standard a—stable process, respectively. These densities, are given by

o) = T Pyt (2.33)
(z) = % (2.34)

We need the following estimate of the transition probabilities of the process X; which
is given in ([26], Lemma 2.2): For any z,y € R? and ¢ > 0 there exist constants ¢; > 0 and
co > 0,

t
p(t,z,y) < c;e™ min {We_”'r_y', t_d/o‘} (2.35)
T —y|ere

We will use the fact([14], Lemma 6) that if D C R? is an open bounded set satisfying a

uniform outer cone condition, then P*(X(rp) € dD) = 0 for all z € D. For the open

bounded set D we will be denoted by Gp(z,y) the Green function for the set D equal to

Gp(z,y) =/ po(t,z,y)dt,z,y € R?
0
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and for any such D the expectation of the exit time of the processes X; from D is given by

the integral of the Green function over the domain. That is,

E*(rp) = /D Gl y)dy.

Now we state a simple lemma about the upper bound of rp(¢, x, y), which is an analogue

of [7, Lemma 2.1.] for stable processes.

Lemma 2.7. Let D C R? be an open set. For any x,y € D we have

t
rp(t,x,y) < cre™ ee200 (@) A t_d/“)
ot29) S (s

Proof. Using (1.4) and (2.35) we have

ro(t,x,y) = EY(p(t —7p, X(7p),2); 70 < 1)

t
mt —c2lz—X(mp)| —d/a
cie Ey<|x—X(TD)|d+a€ 2 DAL )

t
mt —c20p () —d/a
c1ée ( e Nt

55 () )

IN

IN

]

We need the following result for to get analogue to the celebrated Weyl’s asymptotic

formula for the eigenvalues of the Laplacian.

Lemma 2.8.

lim p(t, 0)e ™1t = C| (2.36)
t—0

where

Cy = (4m)%? /000 u=205(1,u)du = %
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Proof. By (1.2) we have

SO Y
p(t,x,z) =p(t,0) = emt/o We 105 (¢, ) du

Now using the scaling of stable subordinator fs(t,u) = t=%/564(1,ut~'/#) and a change

of variables we get

mt

_ > —d/2 —m1/Btl/B
p(t,0) = —(47r)d/2td/°‘/0 2z Y% 05(1, z)dz

then by dominated convergence theorem we obtain

1 o
: —mit d/a —d/2
111%p<t,0)6 Y = 1 )d/2/0 z 05(1, z)dz

and this last integral is equal to the density of a-stable process at time 1 and x = 0 which

was calculated in [7] to be
wal'(d/ )
(2m)da

O

Now we state a proposition which gives the Weyl’s asymtotic for the eigenvalues of the

relativistic Laplacian.

Proposition 2.9.
lim t¥/*e=™ Z(t) = Cy|D| (2.37)

t—0

wql'(d/a)
(2m)da -

where C =

Let N(A) be the number of eigenvalues {\;} which do not exceed A, it follows from
(2.37) and the classical Tauberian theorem (see for example [20], p.445 Theorem 2) where
L(t) = C1|D|e™* is our slowly varying function at infinity that

D
tim A~Y/ee ANy = — P

m T+ d/a) (2.38)
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This is the analogue for relativistic stable process of the celebrated Weyl’s asymptotic
formula for the eigenvalues of the Laplacian.

We next give the proof of Proposition 2.9.

Proof of Porposition 2.9. By (1.4) we see that

pD(taxvx) _ p(tao) o TD(taxvx) (2 39)
C’lemtt—d/a Clemtt—d/a C’lemtt—d/a ’ ’

Since the limit of the first term tend to 1 as ¢ — 0 by (2.36), in order to prove (2.37), we

must show that
td/a

Clemt

/ rp(t,x,x)dr — 0, ast — 0. (2.40)
D

For 0 < t < 1, consider the subdomains D, = {z € D : §p(x) > t'/2*} and its complement
D¢ ={x € D: §p(z) < t'/?*}. By Lebesgue dominated convergence Theorem and recalling

that |D| < oo we get |[DE] — 0 as t — 0. Since pp(t,z,x) < p(t,x,z), by (1.3) we see that

TD(ta x, l‘)

—— 2 L]
Olemtt—d/a -
for all z € D. It follows that
td/a
Crom /Dtc rp(t,z,z)dr — 0, ast— 0. (2.41)

On the other hand, by Lemma 2.2 in [26] we obtain

T'D(t,l’,ﬂ?) _ ]E’x[p(t_TDyXTDVI);tZTD]
C’lemtt—d/a - C’lemtt—d/a
t1+d/oz o X (p)|
< (FYmi —e2lz=X(7p)| 1
- { [z = X(mp)[7=" | }
‘ tl-i—d/oa " eadp ()
S cmin {We 20D y 1} (242)
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For 2 € D; and 0 < t < 1, the right hand side of (2.42) is bounded above by ct¥/29+1/2 and

hence
e / rp(t, x, x)dr < 12| D) (2.43)
Clemt Dy -
and this last quantity goes to 0 as t — 0. O]

For an open set D C R? and x € R?, the distribution P*(1p < oo, X (7p) € -) will be
called the relativistic a—harmonic measure for D. The following ITkeda-Watanabe formula

recovers the relativistic a—harmonic measure for the set D from the Green function.

Proposition 2.10 ([26]). Assume that D is an open, nonempty, bounded subset of R%, and
A is a Borel set such that dist(D, A) > 0. Then

P*(X(1p) € A,1p < o0) = /

Gp(x,y) / v(y — 2)dzdy,z € D (2.44)
D A

Here we need the following generalization already stated and used in [7].

Proposition 2.11. [26, Proposition 2.5] Assume that D is an open, nonempty, bounded
subset of R, and A is a Borel set such that A C DN\OD and 0 < t; <ty < oo,z € D. Then

we have

t2
P*(X(mp) € Ajth <7p < t2) :/ / pD(Sw”E,Z/)dS/ v(y — z)dzdy.
D Jty A

Now we need the following proposition that holds for a large class of Lévy processes.
The result is about the difference pr(t,x,y) — pp(t,z,y) where D and F are open sets and
D C F. The proof given in [7], given for stable processes, mainly uses the strong Markov

property it works for all strong Markov processes with transition densities.

Proposition 2.12. [7, Proposition 2.3] Let D and F be open sets in R? such that D C F.

Then for any x,y € R? we have

pr(t,z,y) —pp(t,z,y) = E°(tp < t,X(7p) € F\D;pr(t — 70, X (D), ¥))
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Lemma 2.13. [}5, Lemma 5] Let D C R? be an open set. For any x,y € D and t > 0 the

following estimates hold;

po(t,x,y) < e™pp(t,z,y)
(2.45)

D (t> z, y) < 62mt7:D(t7 T, y)
We need the following lemma given by Van den Berg in [49].

Lemma 2.14. [49, Lemma 5] Let D be an open bounded set in R* with R-smooth boundary
0D and define for 0 < ¢ < R

D,={z € D:ip(zx)>q}

and denote the area of its boundary 0D, by |0D,|. Then

R—q d—1 R d—1
_— < < | — < . .
( - ) |8D|_|6Dq|_(R_q) 0D,0 < q <R (2.46)

Corollary 2.15. ([7], Corollary 2.14) Let D be an open bounded set in R with R-smooth

boundary. For any 0 < ¢ < R we have

(i)
27"10D| < |0D,| < 210D,
(it)
27|D|
D| <
D] < ==,
(iii)

24dq|OD)| < 224dq|D)|
R - R?

‘\8Dq| — |8D|‘ <

Now we will introduce the following notation. Since D has R-smooth boundary, for any
point y € 9D there are two open balls B; and B, both of radius R such that B; C D, By C

RN (D UID),dB; N 9By = y. For any © € Dpg/s there exist a unique point z, € dD such
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that dp(x) = |z — z.|. Let By = B(z1, R), Bs = B(z9, R) be the balls for the point z,. Let
H(x) be the half-space containing B; such that 0H (z) contains z, and is perpendicular to
the segment z1 2.

We will need the following very important proposition in the proof of our main result.

Such a proposition has been proved for the stable process in [7, Proposition 3.1].

Proposition 2.16. Let D C R% d > 2, be an open bounded set with R-smooth boundary

0D. Then for any v € D\Dpg/y and t > 0 such that t/* < R/2 we have

Cethtl/a tl/a d+a/271
|T’D(t7l’,l') - TH(x)(tu l‘7l’>| < Rtd/o 5D(x) N1 (247)

Proof. Exactly as in [7], let x, € 9D be a unique point such that |z — x| = dist(z, 0D) and
By and B, be balls with radius R such that B, C D, By C RN\(DUAD),0B; N dBy = ..
Let us also assume that x, = 0 and choose an orthonormal coordinate system (z1, zs, ..., Zq)
so that the positive axis Oz; is in the direction of @ where p is the center of the ball Bj.
Note that z lies on the interval Op so x = (|z], 0,0, ...,0). Note also that B; C D C (By)®
and By C H(z) C (By)®. For any open sets A;, Ay such that A, C Ay we have 74, (¢, z,y) >
ra,(t,x,y) so

rp(t,x, ) — 1 (t e, 2)] <rp,(t,z,x) — r(Bj)C(t, x,x).

So in order to prove the proposition it suffices to show that

ce2mitpl/a o\ dra/2-1
rey(t 2, 2) =Tt 2, 7) < —p ((513(:6)) M)

for any x = (|z|,0,...,0), |z| € (0, R/2]. Such an estimate was proved for the case m = 0 in

[7]. In order to complete the proof it is enough to prove that

rp, (L@, ) — rgy)e(t, z,z) < ce®™ {7:31 (t,x,2) — gy (L, x,:c)} :
But this follows from Propositions 2.11, 2.12 and 2.13.
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Given the ball By, we set U = (B,)¢. Now using the generalized Ikeda-Watanabe formula,

Proposition (2.12) and Lemma 2.4 in [26] we have

re, (t,x,x) —ry(t,z, )

= E"[t>71p,X(1B,) € U\By;pu(t — 18,, X(78B,), T)]

t
= / / pBl(Saxay)dS/ v(y—z)pU(t—s,z,x)dzdy
B; JO U\B1
t
S eth/ / ﬁB1(87 xz, y)dS/ 6<y - z)ﬁU(t -5, %, [L’)dZdy
B; JO U\B;
< Ce2mtEa: |:t > 7~-317)’5(7:31) € U\BlsﬁU(t - 7-B17X(7~—Bl>>x)]

= ce® (7, (t,z,7) — Fy(t,z, 1))

Cethtl/a tl/a d+a/2—-1
< A1l
S (e D

The last inequality follows by Proposition 3.1 in [7].
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Chapter 3

Strong Analytic Solution to Distributed Order Time Fractional Cauchy problems

In this chapter we give strong analytic solution to distributed order time fractional
Cauchy problems. Our proofs work for operators L that are generators of uniformly bounded
and continuous semigroups on Banach spaces. In our first main result the Lévy subordinator
is written as the sum of n independent stable subordinators of index 0 < 1 < o < -+ <
Bn < 1 and Theorem 3.4 provides an extension with subordinator D,(t) as the weighted
average of an arbitrary number of independent stable subordinators.

Let Dy(t) be a strictly increasing Lévy process (subordinator) with E[e=*P»(®)] = e=t(s),

where the Laplace exponent
W(s) = bs + /0 " (e — 1)g(da), (3.1)
b >0, and ¢ is the Lévy measure of D,. Then we must have either
¢(0,00) = o0, (3:2)
or b > 0, or both, see [35]. Let
Ey(t) =inf{r > 0: Dy(r) >t} (3.3)

be the inverse subordinator.

Let T be a uniformly bounded, strongly continuous semigroup on a Banach space. Let

St/ = / ST g ()l (3.4)
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where gp,1)(1) is a Lebesgue density of Ey(t).

Using (2.31), it is easy to show that

> 1
| e om0t = Sulse .
0

Using Fubini’s Theorem, we get

/ N Y(s)e ™ ET() fdl = s / N e 'S (t) fdt. (3.5)

We define a sectorial region of the complex plane C(a) = {re®® € C: r > 0,]0] < a}.
Note that C(7/2) = C; = {Re(Z) > 0}. We call a family of linear operators on a Banach
space X strongly analytic in a sectorial region if for some o > 0 the mapping ¢t — T(¢) f has
an analytic extension to the sectorial region C(«) for all f € X (see, for example, section
3.12 in [23]).

Next we state two theorem that is very important in proving our main results. The first

theorem is about Bochner intergal and the next gives analytic representation of an operators.

Theorem 3.1. (Bochner). A function f: 1 — X is Bochner integrable if and only if f is

measurable and |f| is integrable. If f is Bochner integrable, then

\ / f(t)dtH < [l

Proof. See, for example, [1, Theorem 1.1.4]. ]

Theorem 3.2. (Analytic Representation). Let 0 < a < T,w € R and ¢ : (w,00) — X.

The following are equivalent:

i) There exists a holomorphic function f : C(a) = X such that sup.ccs)|le” % f(2)]] < oo
for all0 < f < a and q(\) = f()\) for all A > w.
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it) The function q has a holomorphic extension q¢ : w + C(a + 7/2) — X such that

SUPAcw+Crv+m/2)||(A — w)G(A)|] < 00 for all 0 <y < o

Proof. See, for example, [1, Theorem 2.6.1]. ]

Now we give our main result for distributed order fractional Cauchy problems. Our
solution works for operators L that are generators of uniformly bounded and continuous
semigroups on Banach spaces.

Let 0 < 81 < By < ---< [, <1. In the next theorem we consider the case where
P(s) = 187 + o8 + -+ + 57
In this case the Lévy subordinator can be written as
Dy(t) = (e) /DU (t) + (e2) V2D () + - + (c) /" D"(2)

where D'(t), D*(t),---, D™(t) are independent stable subordinators of index 0 < ; < 5 <

o< By < L

Theorem 3.3. Let (X,||.||) be a Banach space and L be the generator of a uniformly
bounded, strongly continuous semigroup {T'(t) : t > 0}. Then the family {S(t) : t > 0} of
linear operators from X into X given by (3.4) is uniformly bounded and strongly analytic in
a sectorial region. Furthermore, {S(t) : t > 0} is strongly continuous and h(z,t) = S(t)f(x)

s a solution of
;ci% = Li(z,1); h(z,0) = f(z).
for By < Py <--- < p,€(0,1)
Proof. We adapt the methods of Baeumer and Meerschaert [3, Theorem 3.1] with some
very crucial changes in the following. For the purpose of completeness of the arguments we

included some parts verbatim from Baeumer and Meerschaert [3].
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Since {T'(t) : t > 0} is uniformly bounded we have ||T'(¢t)f|| < M]||f]| for all f € X.
Theorem 3.1 implies that a function F : R — X is integrable if and only if F'(s) is measurable

and ||F(s)|| is integrable, in which case

| [roa < [iroja

For fixed f € X and applying Bochner’s Theorem with F'(I) = (T'(I) f)gE, ) (l) we have that

‘ /OOO(TW )ng(t)(l)le
/0°° (T gm,mDlldl
B /OO T (1) fllgz, @ (1)dl

0
< M| fllge,w(1)dl = M]|f]]

0

1S 1]

IN

since gg,(1)(l) is the Lebesgue density for y(t). This shows that {S(t) : t > 0} is well
defined and uniformly bounded family of linear operators on X.

The definition of T'(¢) and dominated convergence theorem implies

1SOF - £l = \

| @ws - naswoa H

/0 1T f — Fllge, o (Dd
ST — £l =0

IN

as t — 0. This shows lim S(t)f = f. Now if t,h > 0 then we have
t—0

1S+ h)f — S)f]| < / ) F 11192, () — g, ldl — 0

as h — 07 since Ey(t +h) = Ey(t) as h — 0.
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This shows that {S(¢) : ¢t > 0} is strongly continuous.

Let q(s) = [, e *'T(t) fdt and r(s) = [;° e *S(t)fdt for any s > 0, so that we can write

(3.5) in the form
P(s)q(y(s)) = sr(s) (3.6)

for any s > 0. Now we want to show that this relation holds for certain complex numbers.
Fix s € C; = {2 € C: R(z) > 0}, and let F(t) = e 5'T(t)f. Since F is continuous, it
is measurable, and we have ||F(t)|| < |e*|M||f|| = e ™R M||f|| since ||T(t)f|| < M||f]|,
so that the function ||F(t)|| is integrable. Then Bochner’s Theorem implies that ¢(s) =

Jo© F(t)dt exists for all s € C,., with

M|

o * © YT
/ F(t)dtHs [ @< [T emonmia =S L )

lo(s)l = 0 e

Since q(s) is the Laplace transform of the bounded continuous function ¢ + T'(t) f, Theorem

1.5.1 of [1] shows that ¢(s) is an analytic function on s € C.

Now we carry out the details of the proof for only in the case n = 2. We want to show that
r(s) is the Laplace transform of an analytic function defined on a sectorial region. Theorem
3.2 implies that if for some real x and some « € (0,7/2] the function r(s) has an analytic
extension to the region z + C(a+ 7/2) and if sup{||(s —x)r(s)|| : s € x+ C(/ + 7/2)} < 0
for all 0 < o < «, then there exists an analytic function 7(f) on ¢ € C(«) such that
r(s) is the Laplace transform of 7(¢t). We will apply the theorem with z = 0. It follows
from (3.6) that r(s) = t¢(s)q(¢(s)) for all s > 0, but the right hand side here is well
defined and analytic on the set of complex s that are not on the branch cut and are such
that R(1(s)) = R(c1s™ + c5™) > 0, since B, < o, it suffices to consider R(s%) > 0,
so if 1/2 < py < 1, then r(s) has a unique analytic extension to the sectorial region

C(n/262) = {s € C: Re(s™) > 0} (e.g., [23, 3.11.5] ), and note that 7/28, = 7/2 + «
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for some o > 0. If B < 1/2 then r(s) has an analytic extension to the sectorial region
s € C(r/2+a) for any o < /2 and R(s*) > 0 for all such s. Now for any complex s = re?

such that s € C(7/2 + /) for any 0 < o/ < «, we have in view of (3.6) and (3.7) that

lsr()Il = [[¥(s)a(eb(s))]

= Je15” 4 25%2|||q(c157 + 5™
crrPre? 4 cyrP2eif2?

c1181 cos(610) + carP2 cos(fa0)

x||R(c15” + c25"*)q(c18™ + c5)||

S M)
c1rPr cos(510) + corP2 cos(Pa0)
corB2etP20
bl orte Ml
c1rP1 cos(B10) + carP? cos(P0)
1 1
M .

(3 * o) 11 39

which is finite since |510] < |B20| < 7/2. Hence Theorem 2.6.1 of [1] implies there exists an
analytic function 7(t) on t € C(«) with Laplace transform r(s). Using the uniqueness of the
Laplace transform (e.g., [1, Thm. 1.7.3]), if follows that ¢ — S(¢) f has an analytic extension
(namely t — 7(t)) to the sectorial region t € C(«r). Next we wish to apply Theorem 2.6.1 of

[1] again to show that for any 0 < 51 < > < 1 the function

it — )P
tl—>/0 %S(u)fdu i=1,2 (3.9)

has an analytic extension to the same sectorial region ¢ € C(«). It is easy to show that

00 =B .
b sty — Pl 3.10
[ (3.10)

for any 0 < 8; < 1 and any s > 0. Since r(s) is the Laplace transform of ¢t — S(t)f,
it follows from the convolution property of the Laplace transform (e.g. property 1.6.4 [1])

that the function (3.9) has Laplace transform s%~!r(s) for all s > 0. Since 7(s) has an
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analytic extension to the sectorial region s € C(7/2 + «), so does s%~!r(s). For any z > 0,
if s = 2+ re? for some r > 0 and |f] < /2 + o for any 0 < o’ < a then in view of (3.8)

we have

I(s = 2)s* T r(s)| = [I(s — 2)s*2sr(s)|

Bi— 1 1
< 2 (g + o) MV

where ||s|| is bounded away from zero, ||s|| < r+z and 3;—2 < —1, so that ||(s—z)s”~1r(s)||

is bounded on the region x + C(a/ + 7/2) for all 0 < o/ < a. Then it follows as before that

the function (3.9) has an analytic extension to the sectorial region t € C(«).

Since {T'(t) : t > 0} is a strongly continuous semigroup with generator L, Theorem 2.6

implies that fo s)fds is in the domain of the operator L and

T(t)f=L /0 T(s)fds + f.

Since the Laplace transform ¢(s) of t — T'(t)f exists, Corollary 1.6.5 of [1] show that the
Laplace transform of ¢ — fo s)fds exists and equals s~'q(s). Corollary 1.2.5 [42] shows
that L is closed. Fix s and let g = ¢(s fo e *'T(t) fdt and let g, be a finite Riemann
sum approximating this integral, so that g, — ¢ in X. Let h,, = s~ g, and h = s~'g. Then
Jn, g are in the domain of L,g, — ¢ and h,, — h. Since h,, is a finite sum we also have
L(hy) = s7'L(g,) — s 'L(g). Since L is closed, this implies that h is in the domain of L
and that L(h) = s 'L(g). In other words, the Laplace transform of ¢ — L fo s)fds exists

and equals s7'Lq(s). Then we have by taking the Laplace transform of each term

/Oo e () fdt = s7'L /OO e ') fdl + s~ f
0 0
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for all s > 0. Multiply through by s to obtain
s / e T () fdl = L / e ') fdl + f
0 0
and substitute ¢;5% + co5% for s to get

(e18™ + cos™) [ em(crs?ies™I()) fdl = L [ e~(cs” e (]) fdl + f

for all s > 0. Now use (3.5) twice to get

~ —sl — I S /OO —sl
S/o e S fdi <—01551+02552 i e S fdl) + f

and multiplying both sides by ¢;5772 4 ¢,5%72 we get

(e8P + cys™ ) / e *IS() fdl = Ls™! / et S(I) fdl 4 18772 f 4 cps™72f. (3.11)
0 0

where we have again used the fact that L is closed. The term on the left hand side of (3.11)
is c18%71r(s) + cp5™71r(s) which was already shown to be the Laplace transform of the

function ¢ fo (; 1“) < S(u) fdu+cy f, 5 ! (t “) 62 S(u) fdu, which is analytic in a sectorial region.

t1—Pi

re-p-

term c15% 72 f + 257272 f to the other side and invert the Laplace transforms. Using the fact

Equation (3.10) also shows that s%~2 is the Laplace transform of ¢ — Now take the

that {S(¢) : t > 0} is uniformly bounded, we can apply the Phragmen-Mikusinski Inversion

formula for the Laplace transform (see [2, Corollary 1.4]) to obtain

u 1- —u)~ B 1
o ( g—%( LR S () fdu — s ) + en ( fy Gt S () fou — 21 )

. et [0
= lim L;am /0 e~ S(1) fdl

an
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where the constants N, a, ;, and c,; are given by the inversion formula and the limit is

uniform on compact sets. Using again the fact that L is closed we get

=L / tS(l) fdl (3.12)

and since the function (3.9) is analytic in a sectorial region, the left hand side of (3.12) is

differentiable for ¢t > 0 Corollary 1.6.6 of [1] shows that

d [ (t—wu)P
at Jy T— gy 1)

has Laplace transform s%r(s) and hence (3.13) equals dﬁ;f#. Now take the derivative with

respect to ¢ on both sides of (3.12) to obtain

dA =5 P2 B2
o (07 = =gyt +o (07 - =gy ?) = Est0

for all £ > 0, where we use the fact that L is closed to justify taking the derivative inside.
Using the relation (2.23) between the Rieman-Liuoville and Caputo fractional derivatives we

proved the theorem O

The next theorem provides an extension with subordinator D,,(t) as the weighted average
of an arbitrary number of independent stable subordinators. Let E, (t) be the inverse of the

subordinator D, (t) with Laplace exponent ¢ (s) = fol sPdu(B) where supp p C (0, 1).
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Theorem 3.4. Let (X,|| - ||) be a Banach space and p be a positive finite measure with
suppp C (0,1). Then the family {S(t) : t > 0} of linear operators from X into X given
by S(t)f = / B, (1)dl, is uniformly bounded and strongly analytic in a sectorial
region. Furthermore, {S( ) ot > 0} is strongly continuous and h(x,t) = S(t)f(x) is a
solution of

D bz, t) = / 1 O h(x, )u(dB) = Lh(x,t); hz,0) = f(x). (3.14)

0
Proof. Since supp 1 C (0, 1), the density gg, ) (l),] > 0, exists and since ||T'() f|| < M]| f|],
then S(t)f exists and ||S(¢)f]| < M||f||.- Also, S(t)f is strongly continuous as in Theorem
3.3.
Let q(s) =[5~ e T(t)fdt and r(s) = [ e *"S(t)fdt for any s > 0, then by (3.5) we
have

V(s)a0(s) = sr(s) where 0(s) = [ p(ap (3.15)

for any s > 0. Now we want to show that this relation holds for certain complex numbers s. In

M|f]|

Theorem 3.3, we have shown that ¢(s) is an analytic function on s € C, and ||g(s)|| < TOR

Now we want to show that r(s) is the Laplace transform of an analytic function defined

on a sectorial region. It follows from equation (3.15) that

r(s) = < /O 1 sﬁ—wdﬂ)) q ( /0 1 smdm)

for all s > 0, but the right hand side here is well defined and analytic on the set of complex s
such that R (fol sﬂt(dﬁ)) > 0. Let 8; = sup{supp p} and fix € > 0 small such that ”/2 <>

m/2. Soif 1/2 < 1 < 1, then r(s) has a unique analytic extension to the sectorial region

C(%) C{seC: R(fol sP1u(dB)) > 0} and note that W/z < =1m/2+ « for some a > 0. If
0 < 81 < 1/2 then r(s) has an analytic extension to the sectorial region s € C(7/2 + ) for

any o < /2, and R(fol s?u(dB)) > 0 for all such s. Now for any complex s = re? such that
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s € C(r/2+a') for any 0 < o' < a we have that

lsr(s)l = \ (/ 1 sutan))a | 1 Sutds)) H

/ s p(dp)
2 M| f1]

< 1
R ( /0 sﬁu(dﬁ)
_ Jo 77 cos(B0)p(dB) + i f, 17 sin(B6)u(dB) ‘ M| f]]
fol rf cos(B0)u(dp)
/ r? sin(80)p(dp)
< |1yl M| 1]
/0 1P cos(80)u(dp)
/ v (dp)
< s 0 vl

cos(m/2 — e)/O P u(dB)

= (14 g ) M1 <

Hence Theorem 2.6.1 of [1] implies that there exists an analytic function 7(t) on t € C(«)
with Laplace transform r(s). Using the uniqueness of the Laplace transform it follows that

t — S(t)f has an analytic extension 7(¢) to the sectorial region ¢t € C(«).

As in Theorem 3.3 for any 8 € supp i the function

tl—>/ t_“ (u) fdu (3.16)

has analytic extension to the sectorial region t € C(«).

Next we wish to apply Theorem 2.6.1 of [1] again to show that for any 0 < 5 < 1 the

t>—>/ </ (t—u) fu(dﬁ))S(u)fdu (3.17)
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has analytic extension to the sectorial region t € C(«).

Since /O h ( /O 1 F(f—_ﬁﬁ)u(dﬁ)) e St = /0 1 s u(dp)

for any 0 < f < 1 and any s > 0 and r(s) is the Laplace transform of ¢ — S(t)f it
follows from convolution property of the Laplace transform that the function (3.17) has
Laplace transform s~'¢(s)r(s) for all s > 0. Since r(s) has an analytic extension to the
sectorial region s € C(m/2 + ), so does s~14(s)r(s). For any z > 0, if s = 2+ re® for some

r>0and |0 <7/2+a for any 0 < o' < a then we have

= ([ ) 0| -

< r

50 [ srton (dﬁ)H

/ u@s)| o

e /2 E =M

([ s 2|md5>< W/Q ) Ml
([ ma) (14 =) M
= 3 ([ ) (14 g )2

Since p positive finite measure and x > 0, so that ||(s — x)s™*(s)r(s)|| is bounded on the

IN

IA

region = 4+ C(a 4 m/2) for all 0 < o' < a. Then it follows as before that the function (3.17)
has an analytic extension to the sectorial region C(a).
Since {T'(t) : t > 0} is a strongly continuous semigroup with generator L, Theorem 1.2.4

(b) in [42] implies that fo l)fdl is in the domain of the operator L and

T(t)f = L/OtT(l)fdl+f.
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Then by taking Laplace transform of both sides we have

/OO e ST(t) fdt = s 'L /OO e 'T(t) fdt + s~ f
0 0

for all s > 0. Multiply both sides by s to obtain

s /0 ST ft = L /0 ST () ft + f

and substitute 1(s) = fol s?p(dp) for s to obtain

B(s) /OOO YO (1) fdt = / VO (1) fdt + f

for all s > 0. Now use (3.15) twice to get

>~ —st _ i = —st
S/o e S<t)fdt_Lw(s)/o e S(t)fdt+ f

and multiplying through by s~2%(s) to get

s M(s) /OO e *S(t) fdt = Ls™* /OO e St S(t) fdt +p(s)s 2 f
0 0

since L is closed. Invert the Laplace transform to get

/ t ( /O % (dﬂ)) S(upfdu— | 1 Fél—__ﬁﬁ)fu(dﬁ)

cn.t

e OO —Cijt
nh—EEOLZa"J /0 e S(t)fdt

nj

(3.18)

where the constant N, a,, j, and ¢, are given by the inversion formula.
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Next using Fubini’s theorem we show that fo ! (t(+) (u) fdup(dB) have same Laplace

transform s~'¢(s)r(s). This is true because

// /Ot—u>ﬁ fH dudtp(dp)
<M!|f!|// / 1_ dudtu(d,ﬂ)

s [ [ ﬂttlﬂdm(dﬁ)

< Mf| / -2u(df) < .

(3.19)

Since p is positive finite measure and S(¢) f is uniformly bounded then using Fubini’s theorem
and the uniqueness of the Laplace transform for functions in L}, (R?) (Theorem 1.7.3 in [1])

we have

(3.20)

Using again the fact that L is closed we get

/01 [/;%S(U)fdu— F(g—_ﬁﬂ)f] wu(dp) = L/Ot S(u) fdu

and now take the derivative with respect to t on both sides to obtain

1 ] _8
/0 (%S(W - ﬁf) u(dB) = LS(t)f

for all t > 0, where we use the fact that L is closed to justify taking the derivative inside. [J

Corollary 3.5. Let 0 < v < 2. Let —(—A)"? be fractional Laplacian on L'(RY) correspond-

ing to the semigroup T(t) on L*(RY). Let Y (t) be the corresponding symmetric stable process
(i.e. T(t)f(x) =E,(f(Y(t))) ). Then the family {S(t) : t > 0} of linear operators from X
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into X given by S(t)f = / (T(D) f)ge,D)dl =E(f(Y(EL(t)))), is uniformly bounded and
0
strongly analytic in a sectorial region. Furthermore, {S(t) : t > 0} is strongly continuous

and h(z,t) = S(t) f(x) is a solution of

/0 OF bz, )pu(dB) = —(~AYh(x,1); h(x,0) = f(x). (3.21)
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Chapter 4

Two-term trace estimates

In this chapter we state and proof our main result about trace of relativistic stable

processes for R—smooth boundary domains. The asymptotic behavior for the trace of killed

symmetric a—stable processes, o € (0, 2), for an open bounded set with R—smooth boundary

was given in [7]. When m = 0 our result reduces to the result for a—stable processes as

given in [7].

Theorem 4.1. Let D C R, d > 2, be an open bounded set with R — smooth boundary. Let

|D| denote the volume (d—dimensional Lebesgue measure) of D and 0D denote its surface

area ((d — 1)—dimensional Lebesque measure) of its boundary. Suppose o € (0,2). Then

Ci(t)e™ (D) Cye?mt| D)2/
‘ZD(t) — T + Cg(t)|aD| < W, t> 0,
where
1 - —d/2 _—(mt)t/Fz wdr(d/a)
Cl<t> = (47T)d/2 /O z / e (mt) 9/3(1,2)d2’ - = W ast — 0,
0o C 2mttl/a
CQ(t) :/ TH(ta ($1a07"' ,0),(1‘1,0,"‘,0))6[{[)1 S 4177 t>0

0

04:/ /FH(]-’(-/I/‘1707... 70)7([E170’--~70))dl'1
0

Cy = Cs(d, ), H = (z1,---,249) €ER?: 2y >0 and ry is given by (1.4)

(4.1)

When m = 0, 0 < a < 2 our result becomes for bounded domains with R—smooth

boundary
_ Gs|D| | C4|oD|t - Cy|D|t*

ZD <t> td/a td/a — R2td/c
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“’ggfs), Cy as in Theorem 4.1. This was established by Banuelos and Kulczycki

where c5 =

[7] for stable processes.

Proof of Theorem 4.1. For the case t'/* > R/2 the theorem holds trivially. This is true

because for such 's we have by Equation (1.3)

mt mi 2/a
ce™|D| _ eem| Dt
ZD(t) < /Dp(ta%x)dx < td/a < R2td/a

By Corollary 2.15 and Lemma 2.13 we also have

0462”“\8D\t1/0‘ _ 2d04e2mt’D|t1/a _ 2d+104€2mt|D’t2/0‘

CQ(t)|aD| S td/o‘ — th/a — RQtd/a

Cy(t)e™|D| _ Crem| DI
td/a - R2td/c

Therefore for t'/¢ > R/2 (4.1) holds. Here and in sequel we consider the case t'/* < R/2.

From (1.5) and the fact that p(¢,z,z) = Cl(t)em, we have that

td/a

mt
ZD(t)—% = /DpD(t,x,x)da:—/p(t,a:,x)dx

D

= —/DrD(t,x,x)dx, (4.3)

where C(t) is as stated in the theorem. Therefore we must estimate (4.3). We break our
domain into two pieces, Dg/o and its complement. We will first consider the contribution of

DR/Q.

Claim 1:

662mt|D|t2/a
rp(t, x, x)dr < ——F5——— (4.4)
/DR/2 RQtd/

for t'/* < R/2.
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Proof of Claim 1: By Lemma 2.13 we have

/ rp(t,z, z)dr < eth/ 7p(t, z, x)dr, (4.5)
Dgry2

Dgry2

and by scaling of the stable density the right hand side of (4.5) equals

62mt ~ T T
W /[')R/2 TD/t1/a(1, m, m)dl’ (46)

For 2 € Dgjy we have 6p /0 (x/t/*) > R/(2t/*) > 1. By [7, Lemma 2.1], we get

_ (1 xr x ) < c < c < ct?/
T'p/gl/a ’ o) Q| = - o = o = .
e\ e ) = S iy S 8 i) S R

Using the above inequality, we get

2mt 2/a 2mt 2/
e ct ce™|D|t

rp(t,z, z)dr < —a/ dx < —,
/DR/2 td/ Diys R2 RQtd/

which proves (4.4).
Now using proposition 2.16 we estimate the contribution from D\Dg/, to the integral

of rp(t,z, x) in (4.3).

Claim 2:

ce?mt|D|t2/a

< R2¢d/e

/ rp(t,z, z)dr — / () (t T, x)de
D\Dpg/2 D\Dg/2

for t'/* < R/2.

Proof of Claim 2: By Proposition 2.16 the left hand side of (4.7) is bounded above by

Cethtl/a R/2 tl/a d4oa/2—-1
)| ‘aDq‘(<T) “)dq'
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By Corollary 2.15, (i), the last quantity is smaller than or equal to

C€2mt(emttl/a|aD| R/2 1/e d+a/2—-1
), ((F) 0 ~)e

The integral in last quantity is bounded above by ct'/®. To see this observe that since

/e < R/2 the above integral is equal to

C€2mtt1/a|aD‘ |:/t1/a ((tl/a)d+cx/2—1 ) R/2 tl/a d4a/2—1
e (G e P (GO R T
Rtd/e 0 q /e q

Ce?mttl/a|aD‘ tl/e R/2 /41/a d+a/2-1
= — 1d —_— d
Rtd/e [/o q+/tl/a ( q ) q}

Ce2mtt2/a‘aD‘
< 1
— th/a

Using this and Corollary (2.15), (ii), we get (4.7).

Recall that H = {(x1,- -+ ,24) € R?: 2; > 0}. For abbreviation let us denote

fH(t7Q):TH(t7(Q707 70>7(q707”' 70)>7 t7q>0

Of course we have rg (¢, z,2) = fu(t,6g(x)). In the next step we will show that

Ce2mt|D|t2/a

< R2¢d/e

R/2
[ rmttaaae—jonl [ futt.ad
D\Dg» 0

We have

R/2
/ Fiteoy (1 2)dr = / 0D, fu(t, q)dq
D\Dp s 0

Hence the left hand side of (4.8) is bounded above by

R/2
| oD = D] futt,a)da
0
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By Corollary 2.15, (iii), this is smaller than

IA

C|D| R/2
R? J,

C|D|€2mt /R/2 B

— afu(t,q)dq
R? 0

C|D|€2mt
R2

C|D|€2mt R/2tY/ 2/ 7

W/o qt”* fu(1,q)dq

C|D|€2mtt2/a

W/o C](q_d_a/\l) dg <

qfu(t,q)dq

R/2 .
/ gt~ fr (1, qt=*)dg
0

This shows (4.8). Finally, we have

IN
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IA

C|D|62mtt2/a

R2td/a

R/2 o)
‘|8D|/0 Fur(t, q)dq — |aD|/0 fH(t,q)dq‘

R/2
c|D| [ ..
—_— fu(t,q)dg by Corollary 2.15, (ii)
R Jry
c|D|e*™ [ - .
—_— 1,qt7/*)d
th/a R/ng( 4 ) q
C‘D|€2mtt1/a /oo N
—— e fu(1,q)dq

Since R/2tY* > 1, so for ¢ > R/2tY/* > 1 we have fy(1,q) < cg~%* < ¢q~2. Therefore,

Hence,

< - > dg _ ctt/?
R/2t1/ R/2t/« 4 R

R/2 oo
]|aD| [ st —jooi | fH<t,q>dq' <

20

C‘D|€2mtt2/a

R2¢d/c

(4.9)



Note that the constant Cy(t) which appears in the formulation of Theorem (4.1) satisfies
Ca(t) = [y fu(t, q)dq. Now equations (4.3), (4.4), (4.7), (4.8), (4.9) give (4.1). O
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Chapter 5

Mixed Stable Processes

In this chapter we explore the basic general properties of the sum of two independent
stable processes and give a first term asymptotic expansion of the trace. I'm still working on
finding a better trace estimate for such processes for a domain with R—smooth boundary.
Most of the notations and results of this chapter are adapted from [17].

Let X be a Lévy process that is the independent sum of an a-stable process Y and a
B-stable process W in bounded open subset of R?. The infinitesimal generator of the Lévy
process X is A2+ AP/2. Let pb(t, z,y) and G} (7, y) denote the transition density function
and the Green function of the subprocess Xp of X killed upon exiting an open set D C R%.
Let pp(t,x,y) and Gp(z,y) denote the transition density function and Green function of the
subprocess Yp of Y killed upon exiting D. Intuitively, one expects the following Duhamel’s

formulas (or Trotter-Kato formula) hold:

t
pb(t,x,y)zpp(t,x,y)+/ /pb(s,x,Z)Af/ZpD(t—s,z,y)dz (5.1)
0 D
G (a,y) = Go(r,y) + / G (2, ) A2 (2, y) dz (5.2)
D

The Lévy process X runs on two different scales: on the small spatial scale, the a component
dominates, while on the large spatial scale the 5 component takes over. Both components
play essential roles, and so in general this process can not be regarded as a perturbation of
the a—stable process or of the f—stable process.

Let us first recall some basic facts about the independent sum of stable processes and
state our main result. Throughout the remainder of this paper, we assume that d > 1 and

0 < 8 < a < 2. The Euclidean distance between = and y will be denoted as |z — y|.
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Suppose X is a symmetric a—stable process and Y is a symmetric S—stable process on
R? and that X and Y are independent. For any a > 0, we define X* by X? := X; + aY;.
We will call the process X the independent sum of the symmetric a—stable process X
and the symmetric f—stable process Y with weight a. The infinitesimal generator of X¢
is A2 + aPAP/2. Let p*(t,z,y) denote the transition density of X (or equivalently the
heat kernel of A2 + a®AP/?) with respect to the Lebesgue measure on R%. We will use
p(t,z,y) = p°(t,z,y) to denote the transition density of X = X°. Recently it is proven in
[17] that

t N alt
|z —y|dte o — y|dtP

pH(t,z,y) =< (t_d/o‘ /\t_d/ﬁ) A ( ) on (0,00) x RYx R (5.3)

Here and in the sequel, for a,b € R,a A b := min{a, b} and a V b := max{a, b}; for any two
positive functions f and g, f < g means that there is a positive constant ¢ > 1 so that
¢ tg < f < cg on their common domain of definition.

For every open subset D C R? we denote by X®? the subprocess of X killed upon
leaving D. The infinitesimal generator of X®P is A%/2 4 a®A®/?|p, the sum of two fractional
Laplacians in D with zero exterior condition. It is known [17] that X*” has a Holder
continuous transition density p%, (¢, x,y) with respect to the Lebesgue measure.

Unlike the case of the symmetric a—stable process X = X% X% does not have the
stable scaling for a > 0. Instead, the following approximate scaling property is true and will
be used several times in the rest of this paper: If {X*? ¢ > 0} is the subprocess of X killed
upon t leaving D, then {A\"' X% ¢t > 0} is the subprocess of {XaAP7 > 0} killed upon

leaving A™1D := {\7!y : y € D}. Consequently, for any A > 0, we have

p‘}\ﬁ(laD_B)/ﬁ(t,x,y) = \ps (At Az, \y) for t>0and z,y € \7'D (5.4)
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In particular, letting a = 1, A = a®/(®=#) and D = R%, we get

Pt x,y) = a®/ @Byt (BBt qfl@=Byg qfl@=By)y for t > 0and z,y € RL. (5.5)

So we deduce from (5.3) that there exists a constants C' > 1 depending only on d,a and /3

such that for every a > 0 and (¢,2,y) € (0,00) x R? x R4

Clf(t x,y) < pi(t x,y) < Cf(ta,y), (5.6)

where

fotzy) = (YA (@) P) A < t n a’t ) |

[z =yl o =yl
For a domain D C R¢, we define the first exit time from D by 78 = inf{t > 0: X® ¢ D}.
We set

rp(t,z,y) =Ep"(t — 7p, Xia, y); 7p < 1] (5.7)

and

p%(taﬂ%y) :pa(taxay) —T%(t,aﬁ,y) (58)

for any x,y € R4, ¢t > 0.

We are interested in the behavior of the trace of this semigroup defined by

Z%(t):/[)p%(t,x,a:)da:. (5.9)

Lemma 5.1. Let D C R? be an open set. For any x,y € D we have

ro (+. @ el (7Y A (aPt)~Y5B ‘ o
pltn) = (G He )A((6%9:))””(5%(@)“5))

o4



Proof.

ry(t,x,y) = EY[rp <t;p*(t —1p, X(1p), )]

< BV [(td/a A (@) =) A (|x = Xat<TD>|d+a "= Xa?:)(x)WH

< o n e (G + o))

]

Proposition 5.2 gives the asymptotic of Z%(t) near t = 0. So far we are only able find

the first term asymptotic expansion of Z%(t).

Proposition 5.2.
: d/a rza —
%g%t ZH(t) = C1| D] (5.10)

wal'(d/a)

where C7 = G

Proof. By the definition of r{, we see that

td/o‘Z%(t):/td/ap%(t,x,x)da::/td/apa(t,a:)da:—/td/o‘r%(t,x,x) (5.11)
D D D

Let us first consider the first term on the right hand side of (5.11), by scaling property, we

have

/td/o‘p“(t,x)dx:/p“t<am/aﬁ(l,x)dm = |D|pat(a7m/a£(1,0)
D D

— p(1,0)|D| = C|D|ast — 0.
In order to prove the proposition (5.2), we must show that

/ tYora(t o x)dr — 0, as t—0 (5.12)
D
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By Lemma (5.1) we have t¥%r%(t, 2, z) < ¢ and consider the sub-domains D; = {z € D :
6% (x) > t'/?*} and its complement Df = {x € D : §%(x) < t'/2*}. Since the indicator
function of the set Dy tends to zero pointwise, the Lebesgue dominated convergence theorem

implies, assuming |D| < oo, that |Df| — 0 as t — 0. It follows that
/ tYora (t,z, x)dr — 0, as t— 0.
Dy

On the other hand, by Lemma (??) we have

t alt
tHera (b x, <ctd/a( + ) 5.13
p(txx) < AT\ 5 e T (@) (5:13)

For x € D; and 0 < t < 1, the right hand side of (5.13) is bounded by

t abt
d/a
ct ((t1/2a>d+a + (t1/2a>d+ﬂ>

and therefore

/ tera (t, 2, 2)dx < ¢|D| (td/%‘“/2 + aﬂtd/m“”ﬁ/za) (5.14)
Dy

and this last quantity goes to 0 as t — 0 since 0 < 8 < a < 2. This proves the proposition

(5.2). O

Let N(A) be the number of eigenvalues {\;} which do not exceed A, it follows from

(5.10) and the classical Tauberian theorem (see for example [20], p.445 Theorem 2) that

D
lim AN (y) = — D

m T+ d/a) (5.15)

This is the analogue for the sum of two independent stable process of the celebrated Weyl’s

asymptotic formula for the eigenvalues of the Laplacian.
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Chapter 6

Open Problems and Future Work

In this chapter we discuss some open problems and my future work. The first paragraph
talks about extending our result for time-fraction Cauchy problems to more general time
operator. I'm also trying to extend our result for relativistic stable process to more general
processes like sum of two independent stable processes.

The table below contains different time operator for sub diffusion, ultraslow diffusion,
and intermediate between sub-diffusion and diffusion. Our result in this thesis gives ultraslow
diffusion in special case when p € RVy(f — 1) for some 6 > 0 [34, Theorem 3.9]. Currently,
I'm working on finding strong analytic solution for Tempered fractional Cauchy problems

and then extending all this time fractional result to more general time operator.

Laplace symbol: 1(s) | inverse subordinator time operator
Jo (L= e)v(dy) Ey(t) ¥(0r) — 0(0)v(t, 00)
sP E(t) dP, Caputo
Jo °T(1 = B)u(dB) Eu(t) Jo O'T(1 = B)p(dB)
(s+ )P =\ Ei(t) 87 in (6.1)

07 g(t) = ¥x(9)g(t) — g(0)pa(t, o0)

VI berg(s)ds
=t T | (6.1)
90 [T a1y,

o) e

Subdiffusion: 0 < 8 < 1, E,(W(E(t)))? = E(E(t)) ~ t°.
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Ultraslow diffusion: For special u € RVy(6 — 1) for some 6 > 0: E,(W(E,(t)))?* =
E(E,(t)) ~ (logt)? [34, Theorem 3.9].

Intermediate between subdiffusion and diffusion: Tempered fractional diffusion

B
E.(W(E\(t)))* ~ t"/TA+B), t<<1

t/5, t>>1.

W (E\(t)) occupies an intermediate place between subdiffusion and diffusion (Stanislavsky
et al., 2008)

[ am also working on estimating the trace of general processes like sum of two inde-
pendent stable process over a bounded domains with R—smooth boundary and Lipschitz
domains. So far [ am able find the first term asymptotic for the trace of such processes over

a bounded domains with R—smooth boundary.
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