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Abstract 

 

In this dissertation, analytical and numerical approaches were used for analysis of the 

solidification process of nanoparticle-based colloidal suspensions, with a special emphasis to 

those used as nanostructured-enhanced phase change materials (NePCM). A one-dimensional 

freezing model based on an extended version of the Rubinstein Problem will be used to analyze 

the solidification process of cyclohexane-copper suspensions. The chosen diameters for the 

nanoparticles are 7, 5 and 2 nm. The value of the initial volume fraction of the nanoparticles was 

varied. The rejection rate of the particles was controlled through the value of the segregation 

coefficient value (1 corresponding to no rejection of particles, 0.1, 0.01, and 0.001). With no 

particle rejection, the expedited movement of the solid-liquid interface with respect to the pure 

cyclohexane as the volume fraction of the particles increases is not always guaranteed for the 

same cold side surface temperature. However, with particle rejection, for most cases tested the 

solid-liquid interface is decelerated with respect to pure cyclohexane as the volume fraction of 

the nanoparticles is increased, and this deceleration is more pronounced as the particle size 

decreases. This deceleration is attributed to solidification when the rejection of the particles is 

switched from thermal- to solutal-controlled solidification and due to the development of a 

constitutionally supercooled liquid on the liquid side of the interface. The maximum attained 

value of the concentration at the solid-liquid interface is decreasing as the initial concentration of 

the particles is increased; however, the value of the interface temperature is decreased as the 
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concentration of the particles is increased. The transition segregation coefficient that is 

the non-dimensional parameter that controls the transition from thermal- to solutal-controlled 

solidification is increased with the increase of the particle's volume fraction and with the 

decrease of the particle size. 

A two-dimensional model, which includes the effect of the fluid flow, will be 

implemented to simulate the freezing of water-copper suspension frozen from the bottom side of 

a square cavity. The diameter of the particles is 5 and 2 nm, and the particles' mass fraction is 

10%. The model is based on the combination of a one-fluid-mixture approach with the single-

domain enthalpy porosity model for phase change and assuming a linear dependence of the 

liquidus and solidus temperatures of the mushy zone on the local concentration of the 

nanoparticles subject to a constant value of the segregation coefficient. Thermal-solutal 

convection and the Brownian and thermophoretic effects are taken into account. The solid-liquid 

interface for the colloidal suspension with 5 nm particle size was almost planar throughout the 

solidification process. However, for the suspension with particle size of 2 nm, the solid-liquid 

interface evolved from a stable planar shape to an unstable dendritic structure. This transition 

was attributed to the constitutional supercooling effect, whereby the rejected particles that are 

pushed away from the interface into the liquid zone form regions of high concentration thus 

leading to a lower solidus temperature. 

Using the same two-dimensional model, the suspension of water-copper will be solidified 

unidirectionally from the left vertical side investigating the effect of different parameters on the 

thermal-solutal convection formed during the freezing process. Initially, the flow in the melt 

consisted of two vortices rotating in opposite directions. However, at later times only one counter 

clockwise rotating cell survived. Changing the material of the particle to alumina results in a 
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crystallized phase with a higher concentration of particles if it is compared to that of the solid 

phase resulting from freezing the copper-water colloidal suspension. Decreasing the segregation 

coefficient destabilize the solid-liquid interface and increases the intensity of the convection cell 

with respect to that of no particle rejection. At slow freezing rates, the resulting crystal phase 

consisted of lower particle content if it is compared to that resulted from higher freezing rate. 
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Chapter 1 Introduction 
 

 

In this chapter, the motivation  for the research conducted on phase change of colloidal 

suspensions  a description of the goals of the project, and the methods used will be discussed.  In 

the final section, the structure of the dissertation is outlined.  

1.1 Colloidal Solidification  

Colloidal suspensions are multi-component liquid systems containing fine size particles 

ranging from 10
-9

 to 10
-6

 m, i.e. covering the 1- nanometer to 1- micron range. These multi-

component materials are widely encountered in nature (blood and milk), as well in industrial 

applications such as ceramic suspensions, and nanofluids (colloidal suspensions that exhibit high 

thermal conductivity). 

Colloidal solidification is a process that occurs in nature for example the freezing of 

seawater and saturated soil, and in several industrial applications, such as freeze-casing of 

materials, purification of water, building nanorods, and cryopreservation of blood cells. In all 

these processes, controlling the solidification process is a decisive factor  to achieve the desired 

results in terms of distributions of the particles. However, the mechanics of the colloidal 

solidification process are not understood. What has made colloidal solidification difficult to 

understand is the complex nature of the interaction between the suspended particles with the 

solid-liquid interface.  Consequently, different morphologies can be obtained by changing 

slightly one of the controlling parameters. For instance, the variety of interfaces separating the 
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Distinct layers during freezing of two different colloidal suspensions (kaolinite, that is a 

type of clay, which is a mixture of alumina and oxide silicon particles in water and 

motmorillonite (that is a hydrated sodium calcium aluminum magnesium silicate hydroxide), 

crystallized from the bottom for different weight fractions of particles are shown in Figure 1.1 

(Peppin et al., 2007). Three distinct morphologies of the solid-liquid interface were developed, 

dendritic (as in Fig. 1.1 (a), (d) and (e)), bands (Fig. 1.1 (b) and (c)), and finally hexagonal (Fig. 

1.1 (f)). The variety of morphologies observed in Figure 1.1 suggests how rich and unpredictable 

the crystallization of colloidal suspension is.  A sound theoretical knowledge is needed to 

thoroughly understand the nature of those morphologies and accurately predict their occurrence.  

Based on experimental observations, there are three possibilities for the evolution of the particles 

during their interaction with a solid-liquid interface. These particles might be rejected, engulfed, 

or trapped by the crystallized phase as show in Figure 1.2.   

1.2 Theoretical Modeling of Colloidal Solidification  

Traditionally, there have been two approaches used to simulate the freezing of colloids, i.e.:  

- Single particle interactions with the solid-liquid interface, 

- Considering the colloidal suspension as a binary mixture, and applying the methods that 

have been used to simulate solidification of binary alloys.  

The single particle interaction with the solid-liquid interface was first studied by 

Uhlmann et al. (1964) who concluded that the particle would be rejected by the interface, if the 

velocity of the interface is lower than a critical velocity.  However, the particles will be engulfed 

if the velocity of the interface is higher than the critical velocity.  They found that the critical 

velocity is inversely proportional to the particle size. They showed that for small size particles, 
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the critical velocity depended strongly on the surface energies between the solid-liquid, particle-

liquid, and particle-solid phases. Additional investigations were conducted to refine the 

understanding of the critical velocity and the parameters that affect its value by Kober and Rau 

(1985), Shangguan et al. (1989), and Rample and Worster (1999). However, colloidal 

suspensions consist of a large number of particles and using the one particle model would be 

computationally expensive. Moreover, the interaction between the particles plays a crucial role in 

the diffusion of the particles and such complexity was ignored in the single-particle models. 

The experiments of Peppin et al. (2008) suggest that colloidal suspensions consisting of 

fine particles exhibit similar behaviors as those of binary mixtures upon crystallization.  These 

include creation of dendritic structures due to the constitutional supercooling effect.  Upon 

considering these similarities, Peppin et al. (2008) developed a one-dimensional model of 

solidification based on the classical Stefan problem. Furthermore, by using a stability analysis 

for the modified Stefan problem, they showed that as the particle size decreases, the solid-liquid 

interface becomes destabilized as in Peppin et al. (2007). Finally, according to Elliot and Peppin 

(2011), as particles decrease in size, their potential to be captured by the crystallizing phase 

reduces significantly. 

1.3 Nanostructure-Enhanced Phase Change Materials  

Nanostructure-enhanced phase change materials (NePCM) introduced by Khodadadi and 

Hosseinizadeh (2007) recently attracted the attention of the scientific community due to their 

enhanced thermal conductivity, which helps to shorten the times for charging and discharging of 

stored or liberated thermal energy.  NePCM can be considered as colloidal suspensions with 

nano size structures (e.g. discrete particles, agglomerated particles, rods, wire, carbon nanotubes, 

graphene, etc.). Most current studies regarding the NePCM are concerned with measuring the 
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thermal conductivity of composites, as in Acme et al. (2010), Yavari et al. (2011), and Zheng et 

al. (2011). Few studies in the literature have focused on the performance of the NePCM during 

the freezing and melting cycles.  Among those, Wang et al. (2011) reported a monotonic 

improvement of the solidification time as the volume of the nanoparticles was increased. 

However, the experiments of Sanousi et al. (2011), Cui et al. (2011), and Fan and Khodadadi 

(2012) revealed that as the volume fraction of the nanoparticles increased, the freezing or 

melting times did not increase monotonically. Theoretically, solidification of the NePCM was 

investigated by neglecting the mass transfer of the particles.  This assumption represents an over-

estimation, which goes against most experimental observations of colloidal solidification, and 

thermodynamic rules. 

1.4 Research Objectives and Methodology  

To understand the better utilization of the NePCM in real-life applications, the 

solidification process associated with a multi-component system must be investigated 

thoroughly. This dissertation will be devoted to this purpose through completing the following 

research objectives:  

1- Implementing a 1-D Stefan model that takes into account the mass transfer of the 

particles. To study the effects of rejecting the particles on the growth of the solid-liquid 

interface.  

2- Developing a 2-D solidification model  that takes into account the solutal and thermal 

convection effects and the variation in thermo-physical properties with the concentration 

of the nanoparticles.  



 
 

5 
 

3- Implementing the 2-D solidification model for  water-copper NePCM, to study the effects 

of the particle size, volume fraction of the particles and the cold side temperature, on the 

development of the solid-liquid interface as well as on the variation of the concentration 

of the particles. 

4- Investigating the effect of the rejection of the particles on the thermo-solutal convection.  

1.5 Outline of the Dissertation 

The remainder of the dissertation consists of six chapters.  A broad literature survey of 

the experimental and theoretical developments concerning colloidal solidification will be 

provided, and its connection to the thermal energy storage in Chapter 2. In Chapter 3, a one-

dimensional freezing model based on the Stefan' problem will be developed, and the impact of 

rejecting highly conductive particles on the development of the solid-liquid interface will be 

investigated. A two-dimensional solidification model  that accounts for the convection effects 

that result from the density change due to the thermal and solutal effects will be presented in 

Chapter 4. In Chapter 5, the effect of convection on the colloidal solidification will be 

investigated. Finally, in Chapter 6, concluding remarks will be presented. 
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Figure 1.1 Variety of the solid-liquid interface morphologies for kaolinite and montmorillonite 

colloidal suspensions solidified from the bottom for different identified mass fractions (Peppin et 

al., 2007). 

  



 
 

7 
 

(a) 

 

(b) 

 

(c) 

 

Liquid Phase ,            solid Phase 

Figure 1.2 (a) Particle rejection form a planar interface (b) particle rejection form dendritic 

interface, and (c) particle engulfment by planar interface. 
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Chapter 2  

Literature Survey 

 

 

In this chapter, a literature review of solidification of colloidal suspensions will be 

provided.  The investigations that are reviewed have focused on experimental and theoretical 

studies conducted for solidification of dilute suspensions, experimental work for solidification of 

non-dilute suspensions, phase change materials, and finally theoretical work concerning 

solidification of non-dilute suspensions. However, before proceeding to the literature review, the 

basic concepts of solidification will be outlined. 

2.1 Basic Physical Concepts of Solidification 

2.1.1 Nucleation 

During phase change, molecules of solid come out of the liquid melt through the 

nucleation process. Nucleation is responsible for creating the first atomic clusters of the 

crystalline structure that arise from random fluctuations of the liquid molecules (Dantzig and 

Rappaz, 2009). For the first clusters of atoms to create the first nuclei, an energy barrier ( cnhG ) 

must be overcome.  This free energy accounts for the free energy reduction due to the phase 

change, and the increase of the free energy due to the creation of the solid surface (surface 

effects) (Spannuth, 2010).  There are two distinct nucleation processes: 1. homogeneous 

nucleation, and 2. heterogeneous nucleation.  
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Homogeneous nucleation occurs within a pure substance at a very slow rate. The critical 

radius of the nuclei represents the smallest radius (R) above which the solid cluster can grow.  

According to Dantzig and Rappaz (2009): 
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(2.1) 

where cnhG  is the Gibbs free energy, sl  is the solid-liquid interfacial energy (J/m
2
), L 

stands for the latent heat (J/kg), s  is the density of the solid phase (kg/m
3
), mT  is the melting 

temperature (K) and T  is a temperature below the melting temperature. 

By differentiating equation (2.1) with respect to R, and by setting the result to zero, we 

get the value of the critical radius (Rc): 
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As shown in Figure 2.1, the critical radius Rc decreases as the value of supercooling 

)( TTm   increases, suggesting that nucleation is easier at low temperatures, and it is the main 

reason that we encounter in nature the existence of a supercooled liquid, which is a liquid with a 

temperature below the melting temperature.  Homogenous nucleation can be observed in a highly 

controlled environment as in a laboratory setup as Stan et al. (2009) indicated.   

Most of the freezing processes in nature are controlled by the heterogeneous nucleation, 

which is nucleation that is initiated by the presence of foreign surfaces such as the walls of the 

container that hold the material and any suspended particles (Dash et al., 1995). Heterogeneous 
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nucleation will only occur if the interfacial surface energy between the solid phase and the 

foreign surface is less than sl .  The initiation temperature of heterogeneous nucleation depends 

on the amount of the surfaces that surround the liquid phase of the material, as well as the 

materials of those surfaces (Dash et al., 2006). 

After nucleation, the solid-liquid interface will grow as a planar shape if the amount of 

supercooling is low and will be dependent upon the diffusion of heat. However, if the degree of 

supercooling is high, the progress of the interface will be fast, and it will depend on the kinetics 

of molecular attachment to the solid phase surface. 

In binary alloys and solidification of colloids, the liquid ahead of the solid-liquid 

interface can be supercooled due to its composition.  This supercooling is well known in the 

literature as the “constitutional supercooling.” Constitutional supercooling is the mechanism 

responsible for the wide range of morphologies resulting from the solidification of colloidal 

suspensions, as discussed by Peppin et al. (2008). 

 2.1.2 Equilibrium temperature depression  

The liquid melt can be below its equilibrium temperature (i.e. supercooling) due to the 

effect of the nucleation. However, there are two mechanisms that lower the equilibrium 

temperature (i.e. the temperature at which the liquid phase and solid phase coexist). These 

mechanisms are the Gibbs-Thomson effect, and the colligative effect. A brief description of 

these mechanisms will be given in the following paragraphs. 

The Gibbs-Thomson effect arises due to the contribution of the surface to the overall 

Gibbs free energy of the system. The increase or decrease of the free energy depends  on whether 
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the curvature is concave or convex.  The reduction of the equilibrium temperature due to the 

curvature effects is given by the following relation: 

L

T
TT

s

mRsl

mmR





                                                                                                     (2.3) 

The depression of the equilibrium temperature due to the Gibbs-Thomson effect is 

particularly influential for freezing of liquids inside extremely narrow pores, or in the case of 

solidification of liquid droplets, or melting of solid particles. 

The second mechanism responsible for the depression of the freezing temperature is the 

colligative effect that is a result of adding solute molecules to the solvent. The depression of the 

equilibrium temperature is not related to the surface effect, but due to the reduction of the free 

energy of the suspension because of the increase of the entropy of the suspension as a result of 

the adding solute (Dash et al., 1995). For example, the freezing temperature of the water can be 

reduced to -2 
o
C if a certain amount of salt is added. 

2.1.3 Interfacial melting 

Interfacial melting is a liquid layer resulting from the melting of a solid phase caused by 

contact with a foreign particle, due to the repulsive intermolecular interactions between the solid 

and the particle (Dash et al., 1995). The thickness of the liquid film resulting from the melting 

(Dash et al., 2006) is given by the following relation: 
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where HA  is the Hamaker constant (J). The thickness of the layer is reduced as the 

temperature decreases. Interfacial melting is one of the mechanisms responsible for particle 

rejection and engulfment during the solidification, as shown by Rample and Worster (1999). 

Having provided a brief overview of the physical concepts of solidification, a review of 

the relevant literature devoted to solidification of colloidal suspensions follows. 

2.2 Experiments and Modeling for Dilute Colloidal Suspensions 

Corte (1962) conducted freezing experiments using particle with different materials, 

shapes and sizes suspended in water. The samples were frozen in a direction opposite to  gravity 

(i.e., up from the bottom). The suspensions were frozen in cylindrical containers.  The lighter 

particles used were made from glass while the heavier particles were made from rutile (a mineral 

primarily consisting of titanium oxide, i.e. TiO2). Corte (1962) observed that the lighter particles 

migrated greater distances from the solid-liquid interface when compared to the distances 

travelled by the heavier particles. The author also reported that the smaller particles migrated far 

from the solid-liquid interface for all the freezing rates adopted in the investigation. However, 

this was not the case for the bigger particles that managed to diffuse away from interface only for 

the low freezing rates, whereas for the high freezing rates, the particles were engulfed by the 

solid-liquid interface.  Corte (1962) attributed this behavior to the fact that for the particle to 

migrate, a layer of water must exist between the particle and the crystallized phase. For small 

particles, the thickness of the required water layer is small while for bigger particles, a greater 

water flow is required to maintain the thin water layer, which is only achieved at low freezing 

rates. The same investigator continued the experiments (Corte, 1963) to investigate the effect of 

freezing and thawing cycles on the particle distribution. He observed that the particles were 
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sorted into vertical and horizontal layers with respect to that of the freezing front. He concluded 

that the distribution of the particles is dependent on the rate of freezing and thawing, as well as 

on the orientation of the freezing side and on the size of the particles, and how well dispersed in 

the water they are. 

Uhlmann et al. (1964) were the first to propose  the concept of the critical velocity that 

formed a theoretical basis to understand when the foreign particles in a liquid will be engulfed or 

rejected by the liquid-solid interface. They conducted experiments with different 

organic/inorganic solvents (such as water, but other solvents were not specified) and particles 

(graphite, magnesium oxide, silt, silicon, tin, diamond, nickel, zinc, iron oxide, and silver iodide) 

ranging from one to several microns in diameter. They observed that at low interface velocities, 

in most systems the particles were pushed (rejected) by the interface even if the particle is 

Brownian or non-Brownian in size. However, as the velocity of the interface was increased, they 

observed that the particles were trapped (engulfed) in the solid phase. They found that the critical 

velocity depends on the particle type, and the solvents, and varies inversely with the radius of the 

particle. They showed that for the small size particles, the critical velocity depended strongly on 

the surface energies between the solid/liquid, particle/liquid and particle/solid phases. However, 

as the particle size increased, they found that the effect of the viscous drag force became more 

marked. 

 

Cisse and Bolling (1971a) conducted freezing experiments on water suspensions with 

copper, silicon oxide particles, hollow carbon spheres, and tungsten with the size of the particles 

ranging between 3 to 60 μm. The authors intended to investigate the effect of the size of the 
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particles, the thermal conductivity, and roughness of the particle surface on the critical velocity. 

The suspensions that were contained in a double-walled tubing were frozen from the bottom (i.e. 

opposite to the direction of gravity). The interaction of the particles and the solid-liquid interface 

was monitored by using a light microscope. They observed one of the following three situations: 

(i) steady-state pushing occurred when the particles were carried hundreds of micrometers, (ii) 

particles could be pushed for a few micrometers before being trapped by the solid phase, or (iii) 

the particles were trapped by the solid phase without being pushed. They mentioned that the 

particles settled into an odd-shaped cone formed from the junctions of three- grain boundary 

grooves as the interface was pushed much farther than those that settled on the grain-boundary 

surface. They observed that the particles that are near the solid-liquid interface helped the 

nucleation of gas bubbles at the interface, which helped to trap the particles at higher interface 

velocities. The authors reported that the critical velocity was increased as the particle size was 

reduced, and the roughness of the surface of the particle is increased. They found that, as the 

thermal conductivity of the particles increases, their critical velocity is reduced. The authors also 

observed that in some cases, the solid phase that surrounds the particle is re-melted, but they 

could not provide any explanation of the phenomena they observed. 

Korber et al. (1985) investigated the interaction of the particles with the solid-liquid 

interface, because it plays a significant role in the cryopreservation of blood cells since most 

blood cells are damaged when they are exposed to a high concentration of salt in front of the 

solid-liquid interface. It is highly important to define the conditions that the cells will be 

engulfed by the crystalline phase. The authors decided to study the effect of the thermal gradient 

and the presence of the solute on the critical velocity of engulfment. They selected latex spheres 

of 5.7 and 11.9 μm in diameter that were suspended in water and water-NaMnO4 (sodium 
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permanganate) aqueous solutions. The solution was frozen in between two glass surfaces of 20 

μm in thickness, and the interface was observed through a cryomicroscope. The authors did not 

maintain the velocity of the interface constant, in order to better simulate real-life scenario.  The 

authors reported that the critical velocity is increased as the particle size is decreased. They 

verified their experimental results with a theoretical model similar to those of Uhlmann et al. 

(1964). They found that for the case of water-NaMnO4 aqueous solution, the interface was 

changed from a flat interface to a dendritic morphology due to the rejection of NaMnO4 (sodium 

permanganate) solute. However, the authors found that the critical velocity of the particles is 

nearly the same for the pure water and water-NaMnO4 aqueous solution for the same thermal 

gradient. The critical velocity was found to increase as the temperature gradient increased. 

Shangguan et al. (1989) investigated the interaction of the solid-liquid interface with the particle 

by using a steady-state model in which a balance of the repulsive and attractive forces was 

employed to calculate the critical velocity. Their findings were similar to that of Uhlmann et al. 

(1964). Rample and Worster (1999) developed a mathematical expression for the critical velocity 

by balancing the intermolecular and viscous forces that act on the particle.  The premelted region 

around a single particle is shown in Figure 2.2 as represented by the premelted thickness d.  They 

showed that a premelted liquid film will be developed around the particle and concluded that the 

critical velocity is inversely dependent on the size of the particle, and less sensitive to the 

temperature gradient applied. However, as the size of the particle decreases, the influence of the 

curvature of the equilibrium temperature significantly affects the shape of the liquid-solid 

interface. They developed the following relation for the critical velocity (Vc):  
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Where pR represents the radius of the particle. To illustrate the effect of increasing the 

particle size as well as increasing the temperature gradient on the critical velocity, the data for 

the water-gold suspension will be used. The following values are given for the different 

parameters of Eq. (2.6), HA = 1.573x10
-21

 J, L  3.35x10
5
 J/kg,   8.9x10

-4
 Pa.s, s 920 

kg/m
3
. Figure 2.3 shows that as the particle size decreases, the critical velocity increases for a 

constant temperature gradient.  The critical velocity increases as the temperature gradient 

increase for a constant particle size as shown in Figure 2.4. As shown from the two previous 

figures, the critical velocity is more sensitive to the change in the particle size, than the 

temperature gradient.  

 However, as the particle diameter is reduced below 10
-4

 m, curvature effect on the 

melting temperature is significant.  The same authors (Rample and Worster, 2001) extended their 

previous work to smaller size particles <10
-4

 m. They showed that the critical velocity is 

inversely proportional to the radius of the particle. However, they interestingly found that the 

critical velocity is not dependent on the temperature gradient imposed because the curvature 

effects cause a greater shift to the melting temperature than that caused by the imposed 

undercooling.  

Recently, dynamic models have been introduced to investigate the interaction of a single 

particle with the solid-liquid interface. In these models, the position of the particle and velocity 

relative to the interface are calculated based on the imbalance between the attractive drag force 
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and repulsive interfacial force, as in Azouni and Casses (1998), Catalina et al. (2000), and Garrin 

and Udaykumar (2005).  Garvin and Udaykumar (2003a) and Garvin and Udaykumar (2003b) 

presented a dynamic model to investigate the engulfment or rejection of a particle approached by 

a solid-liquid interface. The interface and the particle were tracked using a sharp interface 

method. The model takes into account the difference in the thermal properties between the 

particle and the solvent, which helps to understand more accurately the phenomena occurring  

between the solid-liquid interface and the particle.  No convection effects were included in the 

models of Garvin and Udaykumar (2003a) and Garvin and Udaykumar (2003b), however, the 

authors compared their results to the available experimental and analytical data from the 

literature. 

All the previous studies dealt with a single particle in the suspension. However, colloidal 

suspensions consist of many particles, and the interaction of the particles with each other may 

play a role in the solidification process. 

2.3 Experimental Investigations for Solidification of non-Dilute Colloidal 

Suspensions 

In the previous section, a brief literature review was presented for the solidification 

process of highly dilute colloidal suspensions. Those studies were primarily concerned with the 

physics of the interaction of a single particle with the solid-liquid interface. In this section, an 

overview of the experimental work concerning the solidification of concentrated colloidal 

suspensions (defined as suspensions with the volume fraction of the particles higher than 1%) 

will be presented.  

Halde (1980) studied the effect of freezing on purifying water. He argued that due to the 

highly ordered crystalline structure of solidified water, accommodation of any foreign atom or 
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particle will not be possible, and thus most  impurities will be rejected out of the solid phase. To 

demonstrate his argument, water with different impurities such as graphite, NaCl, and CaCO3 

was frozen inside a cylindrical tube immersed in a temperature-controlled water bath while the 

suspension was stirred constantly. The velocity of the interface was controlled through the rate at 

which the container was immersed in the water bath. It was observed that increasing the stirring 

rate results in more purified ice than one resulting from lower stirring rates. Surprisingly, it was 

observed that the ice resulting from suspensions with larger particle sizes contained smaller 

amounts of impurities than those resulting from suspensions prepared from smaller sized 

particles. This contradicts the theoretical models discussed in the previous section, which 

explicitly showed that the small size particles would be rejected easier than the larger ones; 

however, the author did not give any explanation for the observation. Finally, the purification 

process becomes difficult as the concentration of the impurities is increased, since it causes a 

significant depression in freezing temperature.  

Another application of solidification of colloid suspensions is in investigating the 

interaction of the red blood cells with the ice crystal that is essential for developing appropriate 

protocols for cell survival. Ishiguro and Boris (1994) conducted freezing experiments with blood 

cells in different solutions. They used mixtures of blood cells in physiological saline, 

physiological saline with glycerol, and physiological saline with glycerol plus antifreeze. All the 

samples were frozen unidirectionally subject to different cooling rates.  They observed that for 

the same crystallization rate, the solid-liquid interface featured different morphologies for the 

three different solutions: cellular, for the solution with saline, dendritic for a solution with saline 

with glycerol, and needle-like morphology for saline with glycerol plus antifreeze solution. The 

blood cells are usually trapped between the branches of the unstable interface and then engulfed 
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by the solid phase, or pushed by the solid-liquid interface. The mechanical interactions that are 

responsible for reshaping the cell are found to be strong for the case of saline solution, since 

most for the cells are damaged after the freezing. However, those interactions are inhibited by 

the presence of glycerol, while adding the antifreeze alters the mechanical interaction and 

significantly affects the morphology of the blood cell. The authors also conducted thawing 

experiments to test the condition of the blood cells. They reported that for the solution that 

contained only saline, all the cells were damaged while for the solutions that contained glycerol 

and antifreeze, the blood cells survived. Chang et al. (2007) conducted experimental and 

numerical investigations of the interaction of a single blood cell with the solid-liquid interface. 

They used the level-set method to follow the interface explicitly. They only solved for the 

concentration field and velocity in the crystalline and liquid phases since they assumed that the 

temperature is not affected during the solidification process because the thermal diffusivity value 

is much higher than the solute diffusivity in both molten and solid phases. Their model 

accounted for the volume change of the cell due to the expressing of water (i.e. transport of water 

out of the cell through the membrane) to achieve osmotic equilibrium. The long-range forces van 

der Waals forces on the cell were computed based on the instantaneous pair-wise summation of 

the dispersion forces. The drag force was calculated using the lubrication approximation. The 

authors used  an adaptive grid that  allowed them to refine the mesh in the space between the 

particle and the solid-liquid interface. They found that the rejection or the engulfment of the cells 

depends on their size. For the case of a flat interface, they observed that the cell had a higher 

chance of being engulfed if it is exposed for a shorter time to the high concentration of 

electrolytes near the interface. Under this condition, water loss was avoided and the volume of 

the cell did not decrease significantly. However, for the case of a dendritic interface, they found 
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that the cell was engulfed in the inter-dendritic space where the concentration of the electrolyte is 

higher. 

 

Freezing of food is another area in which understanding solidification of colloid 

suspensions is vital since it is the governing mechanism that helps to maintain desirable 

properties such as flavor, texture, appurtenance and mouth feel.  Mashl et al. (1996) investigated 

the unidirectional freezing of 2% (by weight) of starch–water mixture. The suspension was 

contained in an optical cell, which was placed between a cold and hot side, and the interface was 

monitored with a light microscope. The freezing rate of the interface was controlled by the rate at 

which the cells moved from the hot to the cold side and the interface velocities that were 

achieved were in the range of 0.5 to 10 μm/sec.  The authors observed the formation of bands of 

high and low concentration of starch parallel to the solid-liquid interface. They reported that the 

morphology of the bands is altered with the change in the interface velocity. For example, at low 

velocities such as 0.5 and 2.0 μm/sec, the bands tend to be more diffuse, and can easily be 

spotted in the microstructure.  However, as the velocity of the solid-liquid interface increases to 

7.5 μm/sec, the segregation of ice is weak and the formation of the band is much more difficult 

to visualize. The banding phenomenon is a consequence of the change in the velocity of the 

solid-liquid interface and a similar microstructure was observed in binary alloy as in Elmer et al. 

(1994). The authors attributed the change in the interface velocity to the interaction with the 

particles. The starch will accumulate in front of the interface, which will result in a significant 

reduction of its velocity, and a decrease in the interface temperature. As the temperature of the 

interface decreases, the driving force for the solidification will increase, and thus the interface 

velocity will increase resulting in the engulfment of starch in front of the crystallizing phase. 
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However, as the liquid-solid interface advances, its temperature increases, and the velocity of the 

interface is reduced again, and starch is rejected out of the ice. This cycle of increasing and 

decreasing of the interface velocity is repeated throughout the freezing process and explains the 

bands observed in the frozen samples. 

 

Rejection of the particles helps to create a variety of microstructures such as cellular, 

dendritic, and ice lenses. The diversity of the structures created helps to develop materials of 

different pore sizes. The pore size depends on the microstructure that evolves from the 

solidification process (Deville et al., 2009a). Watanabe et al. (2001, 2002) investigated the 

formation of an ice lens, which can be defined as zones from which all the particles are expelled, 

that was formed in a perpendicular direction to the temperature gradient. The authors used a 

suspension of water with glass micro particles with 2 µm in size. The suspension is directionally 

solidified in a specially equipped cell, capable of accommodating different cell transverse 

velocities. The growth of the ice is monitored with a light microscope. They observed that the 

formation of the ice lens grew faster as the transverse velocity of the cell increases. However, ice 

grew without any lens if the velocity increased beyond 2 µm/sec. The ice was growing at a 

slower rate for the water glass suspension if it is compared with that of pure water. Waschkics et 

al. (2009 and 2011) investigated the effect of interface velocity, particle loading and size on the 

interface morphology. They used a water-alumina suspension that was solidified directionally 

from the bottom. They observed that the interface was planar for low interface velocity, with the 

accumulation of the particles in front of the interface. As the velocity of the interface increased, 

the interface took the shape of lamellars (parallel layers of a solid phase (solvent) interleaved 

with layers of the other phase (segregated particles)) and the particles accumulated in the space 
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between the lamellars. The lamellar interface is attributed to the constitutional supercooling that 

resulted from the particle pile in front of the interface. The lamellae spacing  varied inversely 

with the interface velocity, and the spacing increases as the particle size increases. Nakagawa et 

al. (2010) investigated the pore size resulting from the freeze drying of a suspension of water and 

carbon nanotubes. The authors used carbon nanotubes with diameter size of 13-16 nm, and 

length of about 1-10 µm. Two freezing methods were used to freeze the suspension: one is by 

contact freezing to a heat exchanger, and the second one is by immersing the freezing cell in a 

cryo-bath. The authors also numerically simulated the temperature history by using a one-

dimensional heat conduction model. They found that the numerical results are in a good 

agreement with their experimental tests. They found that the pore size is related to the cooling 

rate and the faster the cooling rate, the smaller the pore size that developed. Furthermore, they 

reported that there is a pore distribution along the freezing direction, where the pores with the 

small size are accumulated at the bottom, while the larger pores are concentrated far from  the 

bottom. The microstructure of the frozen sample depended on the freezing method that was used. 

Deville et al. (2007) investigated experimentally the two-dimensional structures that 

result from the freeze-drying of water-alumina suspensions that were solidified unidirectionally. 

The particle sizes used were 400 nm and 100 nm. The freezing cell used is surrounded with 

Teflon, and its shape is a cylinder of 18 mm diameter and length of 30 mm. The sample was 

frozen from the bottom using a cold finger. When the cold temperature at the bottom of the cell 

is kept constant, Scanning Electron Microscopy (SEM) images of the surface show that 

microstructures are lamellae and channels, but their orientation over the cross-section is entirely 

random. However, if the cold temperature is changed at a constant rate, which produces a higher 

solidification rate than in the previous case, the microstructure consists of lamellae pore 
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architecture, and there is a homogeneity and order in both perpendicular and parallel directions 

to the liquid-solid interface. Furthermore, some lamellae surfaces consisted of dendrite-like 

structures. They found that with a faster cooling rate, finer microstructure resulted. The space 

between the lamellars is longer for suspensions with particle sizes of 100 nm, rather than that of 

400 nm. The authors clearly describe the morphologies of the evolution of the solid-liquid 

interface along the freezing length. They identified the following morphologies from the bottom 

to the top: planar where most of the particles are engulfed, columnar, columnar to lamellar, and 

lamellar to dendritic. For the non planar cases, the particles are rejected to the spaces between the 

ice crystals as shown in Figure 2.5. However, understanding the behavior of solidification of 

colloid suspensions through the structures resulting from the freeze-drying process may prove to 

be limited. Because, for example, the binder material, which has been used to keep the particles 

together during the sublimation process affects the viscosity of the suspension, the diffusion of 

the particles and the freezing temperature, and thus the final crystal structure. In-situ 

solidification experiments combined with X-ray radiography and tomography allows exploring 

in more detail the evolution of the process of solidification of colloid suspensions. X-ray can be 

used to monitor the solidification process of the opaque colloidal suspensions since the X-ray 

method depends on the absorption coefficient of the material, and thus the area of the material 

with significant particle concentration will appear darker than the area with less particle 

concentration. Another benefit of using X-rays is the high spatial resolution that will resolve the 

individual particles. Tomography will help to create a 3-D structure of the frozen sample 

showing the crystalline structure and the particle redistribution. Deville et al. (2009a, 2009b, 

2009c) investigated the solidification of water-alumina suspension by using an in-situ setup with 

X-ray imaging and tomography. They identified that the solidification can be characterized by 
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two zones: an initial zone (where the interface velocity changes with time) and steady ones 

(where the interface velocity attains a constant value). The crystalline structure consists of 

lamellar crystals in the freezing direction, as well in the transverse directions.  

Lasalle et al. (2012) investigated the particle redistribution and structure formation 

resulting from the freezing of alumina colloids by using the same experimental setup as Deville 

et al. (2009a). They tried to identify the conditions under which the ice lenses are formed as 

shown in Figure 2.6. Ice lenses are ice crystals that form perpendicular to the direction of the 

heat gradient direction. They can be considered as structural defects that reduce the mechanical 

strength of the resulting freeze cast material. They found that the solid-liquid interface velocity is 

reduced as the thickness of the accumulated particles is increased. The authors found that the 

nucleation of the ice lenses starts as depleted zones from particles that are created above the 

interface. They reported that as the particle size decreases, the interface becomes unstable. Based 

on experiments, Peppin et al. (2008) showed that for low values of the interface velocity, the 

particles will be rejected away from the growing solid phase for the case of bentonite colloids, 

creating a denser layer of particles neighboring the solid-liquid interface. However, as the 

interface velocity increased, dendritic structures and cellular interface morphology developed 

due to the constitutional supercooling. 

2.4 Nanostructured-Enhanced Phase Change Materials 

Recently, solidification of nano-scale colloid suspensions was identified as a potential 

new development in the thermal energy storage due to the introduction of the nanostructured-

enhanced phase change materials (NePCM) by Khodadadi and Hosseinizadeh (2007). In the 

following paragraphs, a brief description of the current research on NePCM will be given, 

whereas a comprehensive review is also available (Khodadadi et al., 2013). Cui et al. (2011) 
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explored the feasibility of adding highly conductive nanostructures such as carbon nanotubes and 

carbon nanofibers to paraffin wax and soy wax (mass fractions ranging from 0 to 10 wt%). They 

found that the thermal conductivity at room temperature for the solid phase of the mixture was 

increased for both types of solvents as the mass fraction of the additive increased. They also 

conducted a melting experiment and found that by increasing the nanofiber content, the thermal 

response of the materials during extraction of thermal energy improved. However, this was not 

the case for the carbon nanotubes since they found that the thermal response improves up to a 

certain mass fraction after which it begins deteriorating. Wang et al. (2011) investigated the 

thermal performance of paraffin-micron size graphite flakes composites experimentally. They 

measured the thermal conductivity in the solid and liquid phases of the composite by using the 

hot disk method and found that thermal conductivity increased as the content of graphite 

increased. Furthermore, they observed that the values of the melting temperature and specific 

heat decreased as the concentration of the additive increased. In addition, they performed a 

solidification test with a maximum graphite flakes content of 5% by weight but they did not give 

any details about how the investigation was conducted. Their results indicated that the 

solidification time was reduced by adding graphite flakes. 

Sanusi et al. (2011) investigated the solidification behavior of n-tricosane (C13H28) 

paraffin-carbon nanofiber composites.  The diameter and length of the nanofibers were 2-100 nm 

and 100 µm, respectively. The mass fraction of the composite was 10 wt%. The solidification 

experiments were conducted for three rectangular cells with an aspect ratio of 0.5, 1 and 2, and 

for two heating power values of 500 and 1000 W applied on the bottom surface while the top 

surface of the cell was kept at a constant temperature of 5 
o
C. The authors reported a reduction of 

the solidification time with different percentages compared with pure PCM for the two aspect 
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ratio cases of 0.5 and 2.   However, the authors reported an increase in the solidification time for 

the rectangular geometry of aspect ratio of 1 that was attributed to the change of the aspect-ratio 

of the geometry.  However, they did not give any explanation for how a higher conductive 

material can solidify slower than the less conductive material.  Acme et al. (2010) measured the 

thermal conductivity of a graphite-KNO3/NaO3 eutectic salt, which is primarily  used for high-

temperature thermal energy storage applications. They used the transient hot plate method to 

measure thermal conductivity. They found that by adding graphite to the salt, the thermal 

conductivity of the composite increased substantially compared to the pure salt. For example, 

they reported that for graphite mass fraction of 20 wt%, the thermal conductivity of the 

composite is about 20 Wm
-1

K
-1

. Yavari et al. (2011) measured the thermal conductivity of a 1-

octadecanol-graphene composite by using a steady-state one-dimensional heat conductivity 

measurement method. They found that by adding 4 wt% of graphene, the thermal conductivity of 

the composite increased by 140% and the latent heat of the composite decreased by 15%. 

Furthermore, they observed that by adding more graphene to the PCM, the crystallization 

temperature of the composite was lowered. Wu et al. (2009) conducted simple freezing 

experiments on water-Al2O3 nanofluids with mass fraction of the nanoparticles ranging from 

0.05 to 0.2 wt%. The samples were placed in glass tubes and then positioned in a water bath with 

its temperature kept constant at -15 
o
C. The temperature was monitored using an infrared camera. 

They found that by increasing the mass fraction, the freezing time reduced. Ho et al. (2009) 

measured the thermal conductivity, viscosity and density of an n-octadecane-Al2O3 suspension 

for different mass fractions of Al2O3 nanoparticles experimentally. They found that the density 

decreases linearly with the increase in the mass fraction of the nanoparticles. However, for 

thermal conductivity and viscosity, the dependence on mass fraction was nonlinear. Shin and 
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Banerjee (2011a, 2011b) reported enhancement of the heat capacity of molten salt eutectics-

silica nanofluids. They attributed the enhancement of the specific heat of the colloid to one of the 

following mechanisms. The first mechanism is due to the increased specific heat of the 

nanoparticle compared to that of the bulk material, While the second mechanism is due to the 

layering of liquid molecules on the surface of the nanoparticle to form a semi-liquid layer. 

2.5 Theoretical Modeling of non-Dilute Colloidal Suspensions 

In this section, a description of the analytical and non-analytical methods concerned with 

the modeling of solidification of non-dilute colloidal suspensions is provided.  Peppin et al. 

(2006) developed a continuum-based model for analyzing the solidification process of hard-

sphere colloidal suspensions. They showed that a Fick’s law-type transport equation is suitable to 

simulate the mass transport of the colloidal particles. They obtained relations for the melting 

temperature and the diffusion coefficient of the suspension that were nonlinear functions of the 

particle volume fraction. They solved a modified Stefan problem for the one-dimensional case of 

freezing from the bottom, assuming constant properties in the solid and liquid phases, except that 

for the case of the diffusion coefficient varied with the volume fraction of the particles. They did 

not take into account any convection or gravitational effects. Assuming that the system was 

under equilibrium conditions due to the slow freezing rates and all the particles were being 

rejected from the solid phase, the value of the segregation coefficient was set to zero.  For small 

Lewis numbers, which  represent small particles, the Brownian diffusion is strong and the 

particles diffuse away from the solid-liquid interface since their propagation velocity is much 

higher than that of the interface. As the undercooling (difference between the temperature of the 

cold side and the melting temperature of the solvent) increases, the concentration gradient 

increases at the interface and is steep enough that the gradient of the freezing temperature is 

greater than that of the temperature gradient. This causes  the temperature ahead of the interface 
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to be  colder than that of the melting temperature. This promotes the initiation of the 

constitutional supercooling phenomenon and the destabilization of the interface. This 

phenomenon is similar to what has been observed for the solidification of binary alloys.  

According to Peppin et al. (2006), as the Lewis number increases which represents the case of 

larger particles, the Brownian diffusion is weak and the particles accumulate ahead of the solid-

liquid interface creating a porous layer. Peppin et al. (2007) extended their previous study to 

include a linear stability analysis  to investigate the parameters that affect the deformation of the 

solid-liquid interface. They found that increasing the volume fraction of the particles and 

decreasing the particle radius destabilize the interface. They concluded that the mechanism 

responsible for the instability was the constitutional supercooling. However, the primary 

drawback of their model was that it did not take into account the dependence of the 

thermophysical and transport properties with the volume fraction and the variation of the 

segregation coefficient with the velocity of the interface. Elliott and Peppin (2011) recently 

developed a mathematical formulation for the variation of the segregation coefficient for the case 

of non-equilibrium solidification of colloidal suspensions. They showed that the segregation 

coefficient depends on the velocity of the solid-liquid interface, critical velocity and the 

molecular velocity of the particle. For the critical velocity, the authors used an empirical relation 

obtained from the literature for the case alumina-water colloidal suspensions. The segregation 

coefficient value was equal to zero (full rejection) at low velocities of the interface but then 

increased smoothly to 1 (full engulfment) as the velocity of the interface was increased.  As for 

the effect of the size of the particle, the transition to a nonzero segregation coefficient was 

delayed at higher velocities as the particle diameter was lowered.  They also derived a relation 

for the interface temperature, as well as for the non-equilibrium phase diagram. The variation of 
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the segregation coefficient with the velocity of the interface helped to clarify the banding 

phenomena that occurred during the experiments of Deville et al. (2009c).  In these experiments, 

they observed zones of high and low particle concentrations in the frozen samples that indicate 

that the velocity of the interface is not constant but fluctuates and that the segregation coefficient 

does not have a constant value but changes between zero and one. 

2.6 Summary 

A brief review of the literature for the solidification process of colloidal suspensions was 

presented, as well as a short overview of the literature concerning the nanostructured phase 

change materials (NePCM). The literature review revealed that the freezing of colloids is a 

complicated process and that involves different phenomena. Most investigations are concentrated 

on the experimental side of the problem. Especially, the morphology of the structures evolved, 

particle concentration profiles, and the effect of the operation conditions. 

The solidification of colloidal suspensions is important in many aspects of life, such as 

building materials with controlled properties, and structures, food industry, self-assembly 

processes, and health sciences. The theoretical analysis is limited to a single particle approaching 

the solid-liquid interface, or to solving a one-dimensional Stefan type problem for limited cases. 

To elucidate the experimental observations, multi-dimensional models must be developed that  

ccount for fluid flow. 

A new venue for the colloidal freezing is in the assessment of the NePCM performance 

as phase change material. As shown from the brief literature review presented, there is a lack of 

understanding of the performance of the NePCM during the charging phase (solidification), and 

discharging phase (melting)  due to the lack of a theory that  accounts for  particle rejection and 

diffusion through the solid-liquid interface, a process that it is existed in the real-life 
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performance of the NePCM. Implementing models similar to those of colloidal freezing will help 

to determine the operational conditions where the NePCM can be used. 

 

 

 Figure 2. 1 Variation of the critical nucleation radius with the degree of supercooling for water. 
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Figure 2. 2 Single particle suspended in a liquid being approached by the rising solid-liquid 

interface.  
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Figure 2. 3Variation of the critical velocity with the radius of the particle for the water-gold 

suspension for G = 1000 K/m.  
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Figure 2. 4 Variation of the critical velocity with the temperature gradient for the water-gold 

suspension for R = 10
-6

 m. 
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Figure 2. 5 SEM micrograph of the final microstructure and evolution of the ice front 

morphology for water-alumina suspensions (Deville, 2007b). 
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Figure 2. 6 3D view of the final microstructure of frozen water-alumina suspension, showing the 

formation of the ice lens (Lasalle et al., 2012).  
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Chapter 3 

One-Dimensional Stefan Problem Formulation for Solidification of Colloidal Suspensions 

with Emphasis on Nanostructure-enhanced Phase Change Materials (NePCM) 

 

During the solidification of colloidal suspensions, a significant number of particles will 

be rejected from the growing solid phase. In this chapter, the effects of rejecting nanoparticles 

with different rates on the development of the solid-liquid interface, temperature and 

concentration profiles will be explored. An extended version of the Rubinstein problem will be 

used in the current investigation, which admits a closed-form analytical solution. The non-

dimensional interface position, temperature, and concentration will be presented for the case of 

cyclohexane-copper suspensions with different particle sizes.  It will be shown that the 

solidification process switches from thermally controlled to solutal controlled as the amount of 

the particles rejected out of the crystalline phase is increased.  

3.1 Mathematical Model 

A thorough analysis of solidification of NePCM colloidal suspensions should account for 

mass transfer of the particles. Peppin et al. (2006) showed that during solidification, colloidal 

suspensions behave similar to a binary alloy when the particle size is a small. Another aspect of 

the process is the constitutional supercooling that develops due to the rejection of the 

nanoparticles ahead of the solid-liquid interface. The only case for which the Stefan problem 
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exhibits an analytical solution for the case of binary alloy solidification is that for the case of a 

semi-infinite domain cooled from one side.  This is well-known as the Rubinstein problem 

(Crank, 1987).  Voller (2008) extended the Rubinstein problem to include the  an undercooled 

melt (i.e. the liquid phase is initially below its melting temperature). 

In the present work, a semi-infinite domain ( 0x ) filled with a NePCM that is cooled 

from one side is considered.  Initially at (t = 0), the homogeneous NePCM is at a temperature 0T  

and concentration 0 .  The basic model and its solution method were adopted from Voller 

(2008), however, modifications of the thermophysical/transport properties for the NePCM are 

new extensions. The non-dimensional parameters used in the current study are as follows: 
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 (3.1) 

The superscript * represents any quantity that has no dimensions, whereas superscript + is 

utilized only for the dimensionless concentration.  Subscripts n, L and S  identify colloidal 

mixture properties, liquid and solid phases, respectively.  Here T is temperature, mT is the 

melting temperature of the pure PCM or solvent, l  is an appropriate length scale, L is the latent 

heat, pC  is the specific heat,   is the volume fraction, 0  is the initial volume concentration, s  

is the location of the solid-liquid interface, t  is time,   is the thermal diffusivity, D  is the mass 
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diffusivity of the nanoparticles,  is the segregation coefficient and *

equT  is the non-dimensional 

liquidus temperature.  Quantities mL and mS represent liquidus and solidus slopes, respectively. 

The temperature at 0=x  (i.e. surfT ) was lowered below the initial liquidus temperature, which is 

sufficient to initiate the solidification process and for the solid-liquid interface to move away 

from the cold surface. 

The governing equations in the non-dimensional form for the present “two-region” formulation 

follow:   

Energy equation in the solid region: 
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Energy equation in the liquid melt region: 
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Nanoparticle diffusion in the solid region: 
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Nanoparticle diffusion in the liquid melt region: 

)(,
1

= ***

2*

2

*
tsx

xLet

LL 






  
 (3.5) 

The initial non-dimensional conditions of the NePCM are the following: 
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The boundary conditions imposed on the boundaries of the domain are: 
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Since the Stefan problem is classified as a moving boundary problem, boundary 

conditions must be imposed at the solid-liquid interface. The temperature of the interface is: 

)(1=* i

L

i StT    (3.8) 

Where superscript i refers to the interface value and 
i

L

  represents the nanoparticle 

concentration on the liquid side of the interface. Neglecting the density change across the 

interface, the heat balance across the solid-liquid interface is: 
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Nanoparticles are rejected from the crystalline structure due to the thermodynamics 

constraints and a difference of nanoparticles concentration was created between the solid and 

liquid sides of the interface. The concentration of the nanoparticles on the solid side of the 

interface is related to that of the liquid side by the following relation: 

i

L

i

S

  =  (3.10) 

Considering mass balance at the solid-liquid interface, the following relation must hold: 
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Utilizing subscript p to denote particle properties, density, specific heat, thermal 

conductivity, thermal diffusivity, heat of fusion, viscosity, and mass diffusivity (Brownian) 

diffusivity for the NePCM suspensions are calculated from the following relations: 
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where kB, and dp are the Boltzmann constant and the diameter of the suspended particles, 

respectively.  Utilization of a comma subscript means that either solid or liquid properties are 

being computed.  Note that the thermophysical and transport properties are based on the initial 

value of the concentration field.  



 
 

33 
 

The liquidus slope is calculated from the following relation: 

Lv

Tk
m

Lp

mB

L


2

=  (3.19) 

The solutions of the temperature and concentration fields along with the instantaneous 

position of the interface depend on ratio of mass diffusivities ( *D ), ratio of specific heats ( *

pC ), 

segregation coefficient ( ), the Lewis number ( Le ), the Stefan number ( St ), ratio of thermal 

diffusivities ( * ), non-dimensional surface temperature ( *

surfT ) and non-dimensional initial 

temperature (
*

0T ).  Upon specifying the properties of the solvent for two phases, the surface and 

initial temperatures, the properties of the nanoparticles, their diameter (dp), the initial volume 

fraction (


0 ) and the segregation coefficient, this problem can be solved. 

3.1.1 Similarity solution 

The location of the moving interface can be calculated from the following relation: 

** 2= ts   (3.20) 

Equations (3.2) to (3.5) in combination with the initial and boundary conditions (3.6) to 

(3.11) admit a set of analytical solutions that are given in the following set of relations: 
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The values of the concentration on the liquid side of the interface
i

L

 , temperature of the 

interface iT *  and   are calculated subject to satisfying the condition of the linear variation of 

the liquidus concentration equation (3.8) and the modified interface balance equations (3.9) and 

(3.11).  By substituting relation (3.20) into the interface conditions (3.9) and (3.11), one obtains: 

0=
)(erfc

)(

)(erf

)( 2
*

0

*

*

2

**

**

*











 







 e

TTeTT
C

i
surf

i

p
 (3.25) 

0=1)()(erfc)(1
2

  i

L

Lei

L LeeLe    (3.26) 

Equations (3.8), (3.25) and (3.26) are solved numerically using the Newton’s method 

root-finding function provided by the Mathematica software (2007).  

The above model has the following advantages: 

- It is robust, easy-to-use and computationally not expensive, 

- It accounts for the property variations of the solid and liquid phases, 

- The model can incorporate the constitutional supercooling effect that is a fundamental 

mechanism during the solidification of colloidal suspensions. 

Simultaneously, the adopted model has the following disadvantages:   
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- It is one-dimensional and takes into account only conduction of heat and mass transfer of 

nanoparticles, however it is incapable of recovering convection effects, 

- It does not account for the mushy zone where the liquid and solid phases can coexist, 

- Temperature and concentration values at the solid-liquid interface are constant during the 

solidification process, 

- The variation of the thermophysical properties with the nanoparticle content is evaluated at the 

initial instant before the solidification process begins. This can be justified by the low volume 

fractions that have been used in this study that correspond to the dilute limit, 

- The suspended particles are assumed to be mono size and agglomeration of the particles 

subsequent to initiation of freezing is ignored. 

The solidification process of NePCM is characterized by two mechanisms, namely 

thermally-driven solidification and solute-driven solidification. In the limit of thermally-driven 

crystallization, the advancement of the solid phase is governed by diffusion of heat.  However, 

for solute-driven crystallization, the growth of the solid phase is dependent on particle diffusion 

away from the interface.  It is necessary to establish a criterion that can be used to identify which 

of the two mechanisms will prevail.  Chiareli et al. (1994) determined that for binary alloys, a 

segregation coefficient defined as: 
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can be used as a measure of the importance of each mechanism.  In this paper, we will 

name t  as the transitional segregation coefficient. According to Chiareli et al. (1994), for  < 

t diffusion of the solute will govern the process of solidification.  Otherwise, thermal diffusion 
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will control the evolution of the solid phase.  To realize thermally-driven solidification, Eq. 

(3.27) suggests that bigger particle size and greater supercooling is needed.  The transitional 

segregation coefficient is an influential parameter that affects the performance of NePCM as 

shown later. 

3.2 Results and Discussion 

Variations of the non-dimensional location of the solid-liquid interface, concentration, 

and temperature will be presented for cyclohexane-based NePCM. Al2O3, CuO and Cu 

nanoparticles with diameters of 7, 5, 3 and 2 nm that are suspended in cyclohexane (Tm equal to 

6.5 
o
C) are considered. The thermophysical properties for the solvent and the nanoparticles are 

given in Tables 3.1 and 3.2, respectively.  The values of the initial volume fractions considered 

were equal to or less than 0.01, however, higher loadings on the order of 0.05 were also studied. 

Variations of the Le  and St numbers with the initial concentration of nanoparticles 

and nanoparticle size are shown in Figure 3.1.  These quantities are only related to the 

thermophysical properties.  The Le  number increases linearly with the initial concentration due 

to the dependence of the thermal diffusivity on the thermal conductivity that rises with 

concentration.  However, the Le  numbers decrease significantly as the nanoparticle size is 

lowered since the mass diffusivity depends inversely on the particle diameter.  The slope of the 

St number’s dependence on the initial concentration is small for the pd  = 7 and 5 nm cases. 

However, as the particle size decreases, the St number increases sharply against the initial 

concentration due to the dependence of the liquidus slope on the particle size. 

Throughout the simulations, the initial temperature of the colloid was maintained at 7.5 

o
C that is always above the melting temperature of the colloid, whereas the surface temperature 

was varied from 0.5 to 6 
o
C.  Variations of the difference between the initial and surface 
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temperatures ( ||= **

0

*

surfTTT  ) with the initial volume fraction of the nanoparticles, as well as 

their size, and with surfT =4.5 
o
C are shown in Figure 3.2.  For higher nanoparticle size, *T  is 

nearly constant as the value of the initial volume fraction increases. However, for smaller 

nanoparticle size, the values of *T  is reduced as the initial volume fraction increases. 

 

3.2.1 Development of the solid-liquid interface 

The dependence of the non-dimensional location of the solid-liquid interface on the non-

dimensional time for different cases will be presented here.  First, for no nanoparticle rejection 

(suspension remains homogeneous for 0t ) will be considered that corresponds to  = 1 for 

the cyclohexane-copper suspension with pd  = 7 nm, 5 nm and 2 nm, an initial temperature of 7.5 

o
C and cold side temperature of 4.5 

o
C.  Note that since no particle is being rejected at the 

interface, according to equation (3.26), the non-dimensional concentration (
 ) will be equal to 

unity everywhere.  Moreover, according to equation (3.8), the interface temperature ( iT * ) is 

zero.  The movement of the interface is consistently accelerated as the initial nanoparticle 

loading is increased as shown in Figures 3.3 and 3.4 for the cases of pd  = 7 nm and 5 nm, 

respectively.  Due to the tightness of the curves, upward- and downward-pointing arrows are 

utilized in the legends of these figures to identify speedup and slowdown, respectively, compared 

to the previous loading value.  These observations of expedited freezing are similar to the 

findings of Fan and Khodadadi (2008) who only considered a thermal conduction without 

including the particle size effect on the melting temperature.  However, for the case of pd  =2 

nm, the trend associated with the monotonic speedup of the interface with particle loading is 

completely reversed (Figure 3.5).  For this small diameter of particles, as the initial nanoparticle 
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volume fraction increases, there is a clear slowdown of the liquid-solid interface when compared 

with the lower values of the initial volume fraction.  The movement of the interface is controlled 

by equation (3.20) that depends on the non-dimensional parameter   and non-dimensional time.  

Parameter    for the case of no particle rejection ( = 1) depends only on the solution of 

equation (3.25), that in turn varies with the values of * , *

pC  and *T .  However, neither *  nor 

*

pC  depend on the size of the nanoparticles.  Only *T  (difference of the dimensionless initial 

and surface temperatures) is a size-dependent quantity due to the dependence of the liquidus 

slope on the size of the nanoparticles as shown in equation (3.19) and plotted in Figure 3.2.  

Quantity *T  was observed to decrease as the size of the nanoparticle decreased due to the rise 

of the liquidus slope.  Reducing the intensity of *T  that is viewed as the driving force for 

solidification is responsible for the slowdown that is observed in Figure 3.5.  Comparing the 

development of the solid-liquid interface for three copper nanoparticle sizes with 0 = 0.01 

(Figure 3.6), one can conclude that the solid-liquid interface for the pd  = 7 nm and 5 nm 

nanoparticles moves nearly with the same velocity, whereas for the case of pd  = 2 nm, the 

interface moves with a lower velocity. 

To investigate the effect of *T on the movement of the solid-liquid interface for the case 

without rejection of nanoparticles ( =1), cyclohexane-copper suspensions with pd  = 2 nm and 

surfT = 2.5 
o
C and 0.5 

o
C were investigated.  It is observed that for the case of surfT = 2.5 

o
C (Figure 

3.7), the interface is accelerated with an increase of the initial volume fraction if it is compared 

to that of pure cyclohexene.  However, for the case of 0 = 0.05, the development of the solid-

liquid interface is significantly slower when compared to that of all  the pervious volume 
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fractions and the pure cyclohexane ( 0 =0) as well.  For the case of surfT = 0.5 
o
C (Figure 3.8), the 

interface is accelerated for all the initial volume fractions of the nanoparticles studied.  The 

variations of *T  for the cases corresponding to Figures 3.5, 3.7 and 3.8 are shown in Figure 3.9.  

Among these curves, that for  surfT = 0.5 
o
C had the highest *T  value for the spectrum of the 

nanoparticles loadings used if it is compared to the cases of surfT  = 4.5 
o
C and 2.5 

o
C.  

Examination of Figure 3.9 suggests that to accelerate freezing by adding highly conductive 

nanoparticles, a suitable non-dimensional *T must be selected.  With no particle rejection at the 

solid-liquid interface, the particle diameter and temperature of the cold surface determine the 

movement of the interface when compared to a particle-free case. 

 

Having discussed cases with no particle rejection, we now focus on cases for which mass 

transfer is present.  The interplay of thermal- versus solutal-driven solidification is governed by 

the transition segregation coefficient.  Figure 3.10 shows the variation of t with the surface 

temperature for the cyclohexane-copper NePCM suspension for different particle sizes and initial 

concentrations. The value of the t  is reduced sharply as the value of the surface temperature is 

lowered until it attains a slower-decaying slope. The values of the t  increase as the initial 

concentration of the nanoparticles is raised or as the particle size is reduced.  As discussed above, 

according to Chiareli et al. (1994) thermally-controlled solidification will dominate when the 

segregation coefficient is greater than the transition segregation coefficient.  Thus, according to 

Figure 3.10, to operate an NePCM-based system for its enhanced thermal conductivity attribute 

(thus expedited solidification), the transition segregation coefficient should be kept small.  In 

effect, the NePCM should be operated at low surface temperatures and/or low concentration of 
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particles. 

 

The transient development of the solid-liquid interface for the case of copper 

nanoparticles ( pd = 7 nm) corresponding to three values of the segregation coefficient and for 

different values of the initial volume fraction of the particles are shown in Figure 3.11a-c.  For 

the case of   = 0.1 (Fig. 3.11a), increasing the initial volume fraction of the particles results in 

the acceleration of the liquid-solid interface when compared to the pure cyclohexane.   However, 

as the value of   decreases to a value of 0.01 and 0.001 and more particles are rejected to the 

liquid side, the motion of the interface is decelerated as the initial volume fraction of the 

nanoparticles increases (Figures 3.11b and 3.11c).  The interface movement for the case of 0 = 

0.01 is slower than that of pure cyclohexane even though the thermal diffusivity of the former is 

higher than the later.  The maximum value of t for the cases considered in Figure 3.11 is 

0.0046. For the case of Figure 3.11a, solidification is driven by thermal diffusion since  > t

which explains the expedited behavior observed by increasing the initial concentration of 

particles and thus the thermal diffusivity, Fan and Khodadadi (2012). However, for the case of 

Figure 3.11b, the expedited behavior of the solid-liquid interface is not observed even though the 

 > t condition still prevails (solidification should be governed by thermal diffusion). This 

occurs because the liquidus and solidus temperatures are reduced with the addition of the 

particles, and the effect of the constitutional supercooling is increased as it will be shown in the 

next section. In Figure 3.11c, with  < t , solidification is driven by the slow diffusion of the 

particles.  The observed declaration can be attributed to two factors.  First, solidification is driven 

and controlled by mass diffusion of the nanoparticles that is orders of magnitude slower than the 
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diffusion of heat for the present cases of 1Le .  Second, this is due to the extended zone 

affected by constitutional supercooling ahead of the moving interface, as it will be shown in the 

next section.  For the case of pd  = 2 nm copper particles (Figure 3.12), the interface movement 

is more sensitive to the value of   when compared to that of pd  = 7 nm (Figure 3.11), where by 

increasing the initial volume fraction of the nanoparticles, the movement of the interface is 

significantly slower if it is compared to that of 0  = 0.  The maximum value of t for the cases 

of Figure 3.12 is 0.2029, and thus in all cases the solidification will be driven by the solutal 

diffusion. The significant slowdown of the interface can be attributed to the extended zone of the 

constitutional supercooling in front of the interface, plus that the solidification is driven entirely 

by the particle's diffusion.  We had identified two mechanisms that are responsible for the 

slowdown of the interface and those are solute-driven solidification and constitutional 

supercooling. However, we could not identify which mechanism had the most significant effect 

because we could not separate each one from the other in the cases considered in this study. 

Increasing the thermal diffusivities in both the solid and liquid phases does not always 

guarantee a faster crystallization rate for smaller particle sizes as predicted by single-component 

solidification models.  To explain this, it is argued that by reducing the particle size, the 

solidification will be more controlled by the solute diffusion.  Experimental, observations of the 

interface slowdown with the addition of nanoparticles have been reported by [Sanusi et al. 

(2011), Fan and Khodadadi (2012), Lasalle et al. (2012), Watanabe (2002)].  Comparison of the 

cases without particle rejection (i.e.  = 1) and those with particle rejection of different rates for 

the cases of pd  = 7 nm and pd  = 2 nm are shown in Figure 3.13.  These results suggest that the 

rejection of the copper nanoparticles away from the solid layer into the liquid phase had a 
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negative effect on the movement of the interface, especially for small size particles (Fig. 3.13b). 

3.2.2 Temperature distributions in both phases 

Temperature distributions for both phases will be presented for the case of copper-

cyclohexane colloids with initial and surface temperatures of 7.5 
o
C and 6.0 

o
C, respectively, 

with the solid-liquid interface located at s
* 

= 0.002.  The effect of decreasing the value of the 

segregation coefficient (i.e. increasing the particle rejection at the interface) on the temperature 

distributions in the solid and liquid phases for the case of pd  = 7 nm is shown in Figure 3.14.  

For the case of   = 0.1, the temperature profiles for the initial volume fraction of particles 

studied are similar as it is shown in Figure 3.14a.  The temperature distributions exhibit a 

piecewise continuous variation at the interface due to the Stefan thermal condition there 

(Equation 3.9) and little deviations among the temperature distributions for different initial 

concentrations of the suspensions is observed.  As the value of   decreased to 0.01, increasing 

the initial volume fraction of the particles reduces the temperature distributions of both solid and 

liquid phases on the liquid side of the interface as it is shown in Figure 3.14b.  A supercooled 

layer of liquid next to the interface position (s
* 

= 0.002) extending to x
*
 = 0.003 is clearly 

observed in Figure 3.14b for an initial volume fraction of 0.01. Reducing the value of   further 

(Fig. 3.14c), the temperature distributions are lowered further in the solid and liquid phases for 

the case of 0  = 0.01.  The reduction in temperature is attributed primarily to the reduction of the 

interface temperature as the value of   is reduced and the value of 0  is increased. 

For the suspension with particle size of 2 nm, the temperature distribution especially on 

the liquid side of the interface are reduced significantly for the higher initial volume fraction 

values used in this study ( 0 = 0.001 and 0.01), as shown in Figure 3.15.  The extent of 
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supercooling in the layer adjacent to the interface is clearly observed in this figure.  The effect of 

particle rejection on the temperature distributions for an initial volume fraction of 0.01 is 

discussed next.  The temperature distributions corresponding to   = 1 (i.e. no particle rejection) 

are always higher than those corresponding to lower   values for both cases of pd  = 7 nm and 

pd = 2 nm shown in Figure 3.16.  The temperature in the solid and liquid phase are much lower 

for   = 0.001 than   = 1.0 for pd  = 2 nm, as shown in Figure 3.16b.  Furthermore, from 

Figures 16a and 16b, the temperature profiles for  = 0.01 and   = 0.001 are nearly identical 

especially for the pd  = 2 nm case, which shows that further reduction in the value of   may not 

have a significant effect on the temperature distribution.  The dimensionless interface 

temperature decreases until it reaches an asymptotic value, as the values of   and pd  are 

reduced (Figure 3.17).  This reduction is attributed to the fact that the freezing temperature for 

the colloid mixture changes with the concentration of the particles. 

To investigate the existence of the constitutional supercooling during solidification of 

colloidal suspensions, the variations of the temperature on the liquid side of the interface and the 

equilibrium temperature are discussed next.  For illustration purposes, the instant when the 

interface is located at s
*
 = 0.002 is considered.  For the case of pd  = 7 nm and no particle 

rejection (i.e.  = 1.0), 
*

LT is always higher than the local equilibrium temperature as shown in 

Figure 3.18a.  This condition will prevail at any location of the interface since the interface 

temperature for this case is always equal to the initial equilibrium temperature.  This behavior is 

well known to exist for most solidification cases of single-component materials.  As the value of 

  decreased to 0.1, an extremely narrow region of supercooled liquid next to the accelerated 

solid-liquid interface (Fig. 3.11a) was created, as observed in Figure 3.18b.  As the value of   
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was reduced further to 0.01 and 0.001, the region occupied by the supercooled liquid expanded 

further from the interface as shown in Figures 3.18c and 3.18d, which corresponded to 

decelerated interface conditions.  Figure 3.18a-d shows the region of constitutional supercooled 

liquid grows with the reduction of the value of  . 

As for the conditions with pd = 2 nm, all the cases with particle rejection ( 1 ) exhibit 

marked growing zones of constitutional supercooled liquid as shown in Figures 3.19b-d that 

accompanied decelerated interface movement (Fig. 3.12a-c).  In comparing the cases of pd  = 7 

nm and 2 nm, for the latter case the constitutional supercooled zones have developed much 

farther away from the interface and the supercooled liquid temperature is lower. The 

constitutional supercooled area is characterized by the development of dendrite-like structures 

that have been observed experimentally for colloidal solidification. Furthermore, the zone of the 

supercooled liquid is one of the factors responsible for the slowdown of the movement of the 

interface since in all cases where the supercooled zone was developed, a clear slowdown of the 

interface compared to the pure cyclohexene was observed. 

3.2.3 Concentration distributions in both phases  

Concentration distributions corresponding to copper-cyclohexane with initial and surface 

temperatures of 7.5 
o
C and 6.0 

o
C, respectively, and with the solid-liquid interface located at s

*
= 

0.002 are discussed.  The effect of   on the concentration variations for copper nanoparticles (

pd = 7 nm) is shown in Figure 3.20.  Except for the case of no particle rejection ( 1  

corresponding to 1 ), the concentration profiles follow similar trends.  The concentration is 

constant in the solid phase (
i

L

i

S

    for **0 sx  ), whereas it achieves a maximum value on 

the liquid side of the interface, and finally the value of the concentration decays until it reaches 
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its initial value.  The concentration of the particles at the solid-liquid interface is conserved 

through Eq. (3.11).  It should also be noted that the predicted particle concentration on the liquid 

side of the interface are many time greater than the initial value.  This suggests that the 

evaluation of the thermophysical properties solely based on the initial values is not a good 

assumption. 

For the case of  = 0.1, the concentration profiles corresponding to different initial 

volume fractions are similar for all the cases considered, as shown in Figure 3.20a.  However, for 

the cases of   = 0.01 and   = 0.001 (Figures 3.20b and 3.20c), the maximum value of the 

liquid concentration at the interface reduces as the initial volume fraction increases.  Lower 

values of the maximum liquid concentrations correspond to slower solidification rates because 

the particles had enough time to diffuse away from the interface.  It was shown in Figures 3.11b 

and 3.11c that correspond to the case of pd  = 7 nm that the interface slowed down as the initial 

concentration was increased, which clearly explains the reduction of the peak value of the 

concentrations of Figures 3.20b and 3.20c.  The concentration profiles for the case of pd = 2 nm 

are shown in Figure 3.21 and the general behavior is similar to that of pd  = 7 nm.  The value of 

the maximum concentration on the liquid side of the interface is reduced as the initial 

concentration is increased.  However, for the case of 0 = 0.01, the maximum value of the 

interface liquid concentration is significantly lower than that of the other initial volume fractions 

considered.  This is due to the extremely slow progression of the solid-liquid interface for this 

case as it was discussed earlier.  This can be attributed to the fact that the value of κ is less than κt 

thus promoting control of the solidification process through solutal diffusion, as well as to the 

constitutional supercooling. 
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The effect of the value of   on the development of the concentration profiles for the case 

of 0  = 0.01 is shown in Figures 3.22a-b.  As the value of   decreased, the maximum value of 

the interface liquid concentration increased, due to the increase of the particles rejected to the 

liquid side of the interface.  For the case of pd 2 nm (Fig. 3.22b), particles diffused away from 

the interface with a less steep slope when compared to the case pd  = 7 nm (Fig. 3.22a) and also 

the maximum value of concentration for the latter case is higher than that of the former case.  

This can be explained by the higher value of the diffusion coefficient for the case of  pd  = 2 nm 

than that of pd  = 7 nm, which allows the particles to spread much further from the interface, and 

thus fewer particles are found ahead of the interface. 

3.2.4   Effects of particle properties 

In order to study the effect of the properties of nanoparticles on the solidification 

behavior of the NePCM, nanoparticles of three different materials were chosen.  The 

thermophysical properties of these materials are listed in Table 3.1.  For the three suspensions of 

these particles in cyclohexane, the diameter of the nanoparticles was 2 nm.  The cold side and 

initial temperatures were 4.5 
o
C and 7.5 

o
C, respectively and 0  = 0.05.  Figure 3.23 shows the 

evolution of the solid-liquid interface for three materials. The movement of the interface is 

identical for the case of   = 1 for the three suspensions as it is shown in Figure 3.23a.  

Extreme, assuming that the rejection rates for the three types of the particles are identical, 

the value of the segregation coefficient was set to a value of   = 0.001 to represent a high 

rejection rate.  The development of the interface for the case of   = 0.001 for the three materials 

is shown in Figure 3.23b.  The interface development is the same for the three suspensions, 

indicating that for the particles chosen in the current study, the difference in their thermophysical 
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properties did not play a significant role in the solidification process.  However, the current 

model did not take into account the effect of the thermophysical properties on the constitutional 

supercooling phenomena and   the effects of convection were   neglected.  The variation of the 

thermophysical properties could play a significant role in these phenomena and influence the 

solidification process. 

3.2.5 Effects of the surface temperature 

The previous sections showed that the constitutional supercooling becomes more 

pronounced as the rate of rejection of the nanoparticles is increased, which is responsible for the 

slowdown of the solid-liquid interface.  A simple approach to overcome this slowdown is to 

increase the value of *T  by decreasing the surface temperature.  In this section, the effect of 

*T  on the constitutional supercooling will be investigated.  A copper-cyclohexene suspension 

was selected for this purpose.  The effects of reducing the surface temperature on the movement 

of the solid-liquid interface and the temperature distribution are presented in Figure 3.24 and 

Figure 3.25, respectively, for pd  = 2 nm and 
0

  = 0.01.  For the range of values of  , the case 

of surfT  = 2.5 
o
C exhibits the fastest interface development due to the higher value of *T .  As 

shown in Figure 3.25, the liquid zone influenced by the constitutional supercooling is extended 

away from the solid-liquid interface for the case surfT = 2.5 
o
C if it is compared with the other 

surface temperature.  

Two mechanisms compete with each other, supercooling, which helps to speed up 

solidification, and the constitutional supercooling, which decreases its development.  Table 3.3 

lists the interface locations at *t  = 1000 and 0 = 0.01.  The interface is decelerated with a lower 

rate for the case of surfT = 2.5 
o
C if it is compared with cases corresponding to surfT  = 6.0 

o
C and 
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surfT = 4.5 
o
C.   

3.2.6 Transition segregation coefficient 

To illustrate the transition from thermally-controlled solidification to solute-controlled 

solidification further, consider a specific colloid of cyclohexane and 2 nm diameter copper with 

Tsurf = 2.5 
o
C, T0 = 7.5 

o
C and 0 = 0.01.  Based on the thermophysical properties of Tables 1 and 

2, the Lewis number is Le= 468.  Consider the same colloid except that the solvent is assigned 

artificially-inflated thermal conductivities in both phases (kS = 2 W/m K and kL = 1 W/m K) that 

gives rise to a higher Lewis number of Le = 3688.  For both colloids, the transitional segregation 

coefficient remains unchanged at t = 0.02536.  After an elapsed time period, the expediting 

solidification parameter of the “enhanced” colloid compared to the actual colloid, as given by 
'  

and defined as:  
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                                                                 (3.28)  

can be plotted versus the segregation coefficient (Figure 3.26).  For values of particle 

rejection greater than 0.1, the “enhanced” colloid solidified nearly four times faster than the 

actual colloid as crystallization is fully controlled by the heat conduction.  However, as the value 

of the segregation coefficient is reduced to 0.01, the expediting factor was lowered markedly, 

even though the “enhanced” colloid still solidifies faster than the actual colloid.  In this regime, 

the value of the segregation coefficient is generally higher than t = 0.02536 and solidification is 

primarily controlled by diffusion of heat.  In effect, due to the inflated thermal conductivity of 

both phases, the “enhanced” colloid crystallized faster than actual colloid.  However, as the value 
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of the segregation coefficient was reduced below the value of the transitional segregation 

coefficient, 
'  attained an asymptotic value of nearly 1.25, which indicates that the two colloids 

freeze nearly at the same rate.  In this regime, solidification is controlled by the diffusion of the 

solute and the artificial improvement of thermal conductivity has no significant influence on the 

crystallization process.  One can conclude from Figure 3.26 that the main influential parameter 

for harnessing the desired expedited freezing of NePCM is the transitional segregation 

coefficient rather the effective thermal conductivity.  This quantity is the governing parameter 

that dictates if the benefits of the high effective thermal conductivity reported in [Yavari et al. 

(2011), and Zheng et al. (2011)] can be utilized in colloid-based thermal energy storage 

applications that involve latent heat.   

3.3 Comparison with the Experimental Results 

The predicted freezing times for the interface to travel a certain distance obtained for the 

one-dimensional model were compared with the experimental data of Fan and Khodadadi (2011) 

for case of cyclohexene-copper oxide suspensions, as shown in Figure 3.27. The cold surface 

temperature is maintained at -15 oC. The diameter of the particles is chosen to be 7 nm, which is 

very close to the value reported by Fan and Khodadadi (2011) of 8 nm. The results are obtained 

for different initial volume fractions, and three different values of the segregation coefficient. 

Knowing the exact value of the segregation coefficient for each case is impossible since there is 

no theoretical formulation for the segregation as a function of the operational parameters.  

Experimental observations indicate that as the volume fraction of the particles increases, the 

amount of the particles rejected out of the crystalized phase is increased, and thus we anticipate 

that the predicted results of the lower segregation coefficients will match those of high-volume 

fractions. As shown from Figure 3.27, the freezing times obtained from the analytical solution 
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and the experiments are close for the pure cyclohexene case. The results also show that as the 

volume fraction increases, the experimental and analytical results are closer as the value of the 

segregation coefficient is decreased. 

 

3.4. Summary 

By using the closed-form analytical solution of an extended Rubinstein problem, an 

analysis of the effect of the rejection of the particles on the solidification process of a NePCM 

was conducted, and the following conclusions are drawn:  

1- For the case of no particle rejection, it should not be assumed that through addition of 

more nanoparticles to increase the thermal conductivity, expedited freezing compared to 

the pure PCM will occur.  This is due to the behavior of the dimensionless temperature 

difference of the initial field and the cold surface  which exhibits inverse dependence on 

both particle size and concentration. 

2- When particles were rejected from the crystalline phase, two mechanisms are controlling 

the solidification process. One was thermal diffusion, and the other was the diffusion of 

the solute. The transition segregation was the controlling parameter that dictates the 

importance of each mechanism during the process. 

3- For the cases of   < 1.0 (i.e. particle rejection) when κ > κt expedited freezing with 

respect to the pure PCM occurs. Otherwise, the interface will decelerate because the 

solutal mechanism would overtake the thermal mechanism. 

4- For the cases when   < t the interface was decelerated with respect to the pure PCM as 

the volume of the particles was increased, and this deceleration is more pronounced as 

the particle size was reduced. 
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5- As the value of the segregation coefficient was reduced the maximum concentration at 

the solid-liquid interface is reduced as the concentration of the particles is increased, and 

as the particle size was reduced. 

6- As the value of the segregation coefficient was reduced a zone of constitutional 

supercooling wasformed in front of the solid-liquid interface, and this zone  grew as the 

particle size was reduced. 

7-  The transition segregation coefficient was decreased as the surface temperature was 

reduced, and it also increased as the volume fraction of the particles is increased, and the 

particle size was educed. 
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Table 3.1: Thermophysical properties of cyclohexane 

 Liquid Solid 

Specific Heat (J/kg K) 1762.8 1800 

Density (kg/m
3
) 779 856 

Thermal Conductivity (W/m K) 0.127 0.1359 

Dynamic Viscosity (Pa s) 0.974x10
-3

 - 

Latent Heat (J/kg) 32,557  

Melting Temperature (K)               279.5 
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1Table 3.2: Thermophysical properties of the nanoparticles 

 Al2O3
 

CuO Cu 

Density (kg/m
3
) 3880 6510 8954 

Specific Heat (J/kg K) 729 540 383 

Thermal Conductivity (W/m K) 42.34 18 400 
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Table 3.3: Solid-liquid interface locations for *t = 1000, 
0 = 0.01 and different values of   
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Tsurf = 6.0
o
C 0.0016 0.0007 56.25 %  

Tsurf = 4.5
o
C 0.0039 0.0019 51.25 %  

Tsurf = 2.5
o
C 0.0057 0.0028 50.87 %  
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Figure 3.1  The Le  and St  numbers with 0  and pd  for cyclohexane-based colloids of (a, b) 

CuO, (c, d) Al2O3 and (e, f) Cu. 

(a) (b) 

  

(c) (d) 

 
 

(e) (f) 
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(a) 

 
(b) 

 
(c) 

 

Figure 3.2 Variation of *T  with 
0

  and pd  for cyclohexane-based colloids of (a) CuO, (b) 

Al2O3 and (c) Cu 
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Figure 3.3 Variation of the solid-liquid interface location with time for the case of copper 

nanoparticles ( pd = 7 nm) for various values of 0  (no particle rejection at the interface)  
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Figure 3.4 Variation of the solid-liquid interface location with time for the case of copper 

nanaoparticles ( pd = 5 nm) for various values of 0  (no particle rejection at the interface)  
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Figure 3.5 Variation of the solid-liquid interface location with time for the case of copper 

nanoparticles ( pd = 2 nm) for various values of 0  (no particle rejection at the interface)  
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Figure 3.6 Comparison among the variations of the solid-liquid interface with time for different 

copper nanoparticle sizes and 0  = 0.01 (no particle rejection at the interface) 
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Figure 3.7 Variation of the solid-liquid interface location with time for the case of copper 

nanoparticles ( pd = 2 nm) and various values of 0  for 0T = 7.5
o
C and surfT  = 2.5

o
C (no particle 

rejection at the interface) 
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Figure 3.8 Variation of the solid-liquid interface location with time for the case of copper 

nanoparticles ( pd = 2 nm) and various values of 0  for 0T = 7.5
o
C and surfT  = 0.5

o
C (no particle 

rejection at the interface) 
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Figure 3.9 Variation of the nondimensional supercooling with the 0  for different values of surfT  

and pd  = 2 nm 
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Figure 3.10 Variation of   with surfT for different values of 0  and pd   
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Figure 3.11 Variation of the solid-liquid interface location with time for the case of copper 

nanoparticles ( pd = 7 nm) and various values of 0  (a)  = 0.1, (b)  = 0.01 and (c)  = 0.001 

(a) 

 
(b) 

 
(c) 
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Figure 3.12 Variation of the solid-liquid interface location with time for the case of copper 

nanoparticles ( pd = 2 nm) and various values of 0  (a)  = 0.1, (b)  = 0.01 and (c)  = 0.001  
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(a) 

 

(b) 

 

 
 
 
 

Figure 3.13 Variation of the solid-liquid interface location with time for the case of copper 

nanoparticles with 0  = 0.01 and different rejection rates for (a) pd = 7 nm and (b) pd = 2 nm 
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Figure 3.14 Variation of temperature with *x  for the case of copper nanoparticles ( pd = 7 nm) 

with *s = 0.002 and various values of 0  for (a)  = 0.1, (b)  = 0.01 and (c)  = 0.001 

 

 (a) 

 
(b) 

 
(c) 
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Figure 3.15 Variation of temperature with *x  for the case of copper nanoparticles ( pd = 2 nm) 

with *s = 0.002 and various values of 0  for (a)  = 0.1, (b)  = 0.01 and (c)  = 0.001 
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(a) 

 
(b) 

 
 

   

Figure 3.16 Variation of temperature with *x when *s  = 0.002 for different   values with 0  = 

0.01 for (a) pd  = 7 nm and (b) pd  = 2 nm 
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Figure 3.17 Variation of the interface temperature iT *
 with   for different values of pd  
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(a) (b) 

 

 

(c) (d) 

 

 

 

 

 

 

 

 

Figure 3.18 Variation of 
*

LT  and *

equT  with *x  for the case of pd  = 7 nm when *s = 0.002 and 0  

= 0.01 for (a)  = 1.0, (b)  = 0.1, (c)  = 0.01 and (d)  = 0.001. 
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(a) (b) 

 
 

(c) (d) 

 

 

 

 

Figure 3.19 Variation of 
*

LT  and *

equT  with *x  for the case of pd  = 2 nm when *s = 0.002, 0 = 

0.01 for (a)  = 1.0, (b)  = 0.1, (c)  = 0.01 and (d)  = 0.001. 
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Figure 3.20 Variation of concentration with *x  for copper nanoparticles ( pd  = 7 nm) with *s = 

0.002 and various values of 0  for (a)  = 0.1, (b)  = 0.01 and (c)  = 0.001. 
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Figure 3.21 Variation of concentration with *x  for copper nanoparticles ( pd  = 2 nm) with *s = 

0.002 and various values of 0  for (a)  = 0.1, (b)  = 0.01 and (c)  = 0.001. 
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(a) 
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Figure 3.22 Variation of concentration with *x  with *s  = 0.002 for different   values for the 

case of 0  = 0.01: (a) pd  = 7 nm and (b) pd  = 2 nm 
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(a) 

 

(b) 

 

Figure 3.23 Variation of the solid-liquid interface location with time for three materials for the 

case of 0  = 0.05 and pd  = 2 nm: (a)  = 1.0 and (b)  = 0.001. 
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Figure 3.24 Variation of the solid-liquid interface location with time for the case of 0  = 0.01, 

pd  = 2 nm and for various 
*

surfT  values: (a)  = 1.0, (b)  = 0.1, (c)  = 0.01 and (d)  = 0.001. 
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(a) (b) 

  
(c) (d) 

  
 

 

 

 

 

Figure 3.25 Variation of temperature with *x  for *s  = 0.002 for the case of 0  = 0.01, pd  = 2 

nm and for various *

surfT  values: (a)  = 1.0, (b)  = 0.1, (c)  = 0.01 and (d)  = 0.001. 
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Figure 3.26  Variation of the expedited freezing parameter epsilon(γ) with the segregation 

coefficient (κ).  
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Figure 3.27 Comparison between the predicted freezing times based on the 1-D model and 

experimental data of Fan and Khodadadi (2011). 
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Chapter 4 

 

Two-Dimensional Model for Colloidal Solidification 

In this chapter, the one-dimensional Rubinstein problem for solidification of colloid 

suspensions has been extended to two dimensions, in effect leading to fluid flow. For this 

purpose, a two-dimensional one-fluid mixture model combined with the enthalpy-porosity model 

has been used.  The model takes into account both the Brownian diffusion and thermophoretic 

effects.  Using a water-copper NePCM as the working colloid, and with the diameter of copper 

nanoparticles having two distinct values of 5 nm and 2 nm, the NePCM will be solidified from 

the bottom side of a cavity unidirectionally. Results of the development of the liquid fraction, 

concentration and the liquidus and solidus temperatures will be presented and discussed. 

4.1 Mathematical Modeling 

Since colloidal suspensions can be considered as binary mixtures, their solidification 

processes are accompanied by formation of a mushy zone.  A mushy zone can be defined as a 

region where both liquid and solid phases coexist and the phase change process occurs within its 

boundary. The model that will be used for this study is based  on the one-fluid mixture model 

that has been used for modeling the binary alloy solidification, by Bennon and Incropera (1987), 

Beckermann and Viskanta (1988), and Voller and Prakash (1987). 

4.1.1 Governing equations 

The volume-averaged equations are obtained through integration of the transport 

equations over a very small control volume. The volume-averaged transport equations are valid 
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in the liquid and solid phases as well as in the mushy region.  The following assumptions have 

been used for deriving the volume-averaged transport equations: 

1. Two-dimensional Cartesian coordinate system, 

2. The base material in the liquid and solid phases is homogenous/isotropic and their 

properties are identical, 

3. The solid and liquid in the mushy zone are in local equilibrium, 

4. The solid phase is stationary, 

5. The Boussinesq approximation is used to account for buoyancy-driven thermal-solutal 

convection effects due to the variation of the density with temperature and concentration; 

however, due to the thermally-stable nature of the stratified system studied, only solutal 

convection will be considered. 

6. The thermophysical and transport properties of the dilute ( 1 ) colloid suspension 

are not constant and change with the concentration of the nanoparticles, 

7. Velocities due to density change upon phase change are neglected. 

8. The suspended particles are assumed to be mono size and agglomeration of the 

particles subsequent to initiation of freezing is ignored. 

The pertinent volume-averaged dimensional transport equations are: 

Continuity: 

,0U 


 (4.1) 
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with the local values of the particle weight fraction ( w ) and colloid liquid fraction ( ) 

related through the following relation: 

.)1( wswlw          (4.5) 

The momentum equation contains the Darcy Law damping terms and the associated 

porosity constant (Cm) was set to 10
5
 kg/m

3
s.  Moreover, the contribution of nanoparticle 

diffusion to the heat flux vector in the thermal energy equation is neglected (Buongiorno, 2006). 

The governing equations are non-dimensionalized using the following non-dimensional groups: 
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The non-dimensional volume- averaged equations are listed below:   

Continuity: 
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4.1.2 Initial/Boundary conditions 

The geometry of the physical model considered in the current investigation is shown in 

Figure 4.1 with the origin of the adopted Cartesian coordinates at the lower left corner. The 

motionless colloid is contained in a square cavity (side H) with an initial temperature higher than 

that of the liquidus temperature corresponding to an initial concentration. Thus: 

 .0tfor1.0,K274T,0U wininin  


     (4.11) 

For 0t  , the dimensional boundary conditions for the current problem are: 
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 (4.12)  

Thus, solidification of the colloid began by lowering the temperature of the bottom wall 

below that of the liquidus temperature and the liquid/solid interface advanced into the liquid 

colloid. 

4.1.3 Mixture relations and effective thermophysical/transport properties  

It is assumed that the particles suspended in the colloid are hard spheres and no clustering 

takes places.  The properties of the base fluid are assumed to be identical for the solid and liquid 

phases. The thermophysical and transport properties of the colloid vary with the volume fraction 

( ) of the particles. The colloid density, heat capacities and part of the Boussinesq terms are 

calculated from the mixture relation: 

,)1( pf    (4.13a)
  

,)c()c)(1(c ppfpp    (4.13b)
 

       

.)())(1( pf    (4.13c)
 

   

The mass fraction can be converted to the corresponding volume fraction via the 

following relation: 
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The viscosity of the colloid is obtained from:
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The thermal conductivity of the colloid suspension is evaluated using: 

,21 kkk   (4.16a) 

   

That combines the Maxwell relation: 
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and the enhancement due to thermal dispersion given by: 

.dU)c(Ck ppk2 


  (4.16c)  

The quantity 51.0kC
 stands for an empirical constant obtained from Wakao and Kaguei 

(1982).  To calculate the mass diffusivity (Brownian diffusivity) of the nanoparticles in the 

colloid suspension, the compressibility factor )(z   that accounts for the effect of particle-particle 
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interaction on the osmotic pressure was calculated from the following empirical fitting relation 

obtained from Peppin et al.(2006): 
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The mass diffusivity of the particles that is a function of the volume fraction of the 

nanoparticles is then calculated from: 
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Where 0D  is calculated from the Einstein-Stokes relation: 
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The thermophoretic diffusivity is computed from the following relation:  

,D kT 



  (4.18)

 
 

Where 
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k
kk2

k
26.0


  is a non-dimensional parameter that is a function of the 

thermal conductivities of base liquid and the nanoparticle as it is suggested by Buongiorno 

[2006].  Sensible enthalpy and latent heat of fusion make up the enthalpy of the colloid and the 

latent heat is calculated from the following relation: 

.)L)(1()L( f   (4.19)  
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The liquidus and solidus temperatures of the colloidal system are calculated from 

Equations (4.20a) and (4.20b) that are linear models of the typical temperature vs. concentration 

relation of phase diagram of a binary mixture:
 

,wlmLiq mTT   (4.20a) 
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Where Tm, ml and k0 represent the melting temperature of the pure solvent (in this case 

water taken as 273 K), the liquidus slope and the segregation coefficient, respectively.  The 

segregation coefficient represents the ratio between mass fraction of the particles on the solid and 

liquid sides of the solid-liquid interface. The liquidus slope is given by the following relation that 

was developed specifically for colloidal suspensions as given in Peppin et al. (2006): 
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  (4.21)  

A value of 0.1 was assigned to the segregation coefficient (k0) that was kept constant 

throughout the simulation.  This can be justified due to the small difference between the hot and 

cold wall temperatures that promotes a slow solidification rate.  This, in turn, ensures that 

equilibrium conditions prevail and a linearized model for the phase diagram is valid. 

The colloid liquid fraction ( ) is related to the local liquidus and solidus temperatures 

via the following relations: 
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Similar to Beckermann and Viskanta (1988) and adopting ,H  and (TH – TC) for 

forming dimensionless groupings, the Brownian Lewis (LeB), Thermophoretic Lewis (LeT), 

Darcy (Da), Prandtl (Pr), Rayleigh (Ra) and Stefan (Ste) numbers govern this problem (see 

relations 4.8-4.10).  The mixture model utilized here has been extensively used for simulating 

binary alloy solidification problems [Bennon and Incropera (1987), Beckemann and Viskanta 

(1987)].  In the present study, the applicability and relevance of this model is extended to 

solidification of colloidal suspensions (Peppin et al. (2006)) of nano-scale particles.  Specifically, 

the effects of the diameter of the spherical particles (Equations 4.16c, 4.17c, 4.21) on modifying 

the concentration, liquidus and solidus temperature fields will be assessed.

 

 

4.2 Solution Procedure 

The finite volume method was used to discretize the governing equations. The grid was 

staggered and distributed uniformly in the x and y directions. The SIMPLE algorithm was used to 

handle the coupling of the pressure and the velocity field. The second-order upwind scheme was 

used to handle the coupling of convection and diffusion terms in the momentum, energy and 

species equations. The enthalpy porosity method was used to simulate the solidification process. 

The implemented convergence criterion required that at the end of each time step the residuals of 

the momentum equation be lower than 10
-5

, whereas for energy and species equations this value 
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was 10
-7

.  The variable time step was set to 0.01 s for 1000 time steps, then increased to 0.05 s 

for another 1000 time steps and finally raised to 0.1 s for the remainder of the simulation. The 

computational fluid dynamics software FLUENT 6.3 was used to implement the details of the 

numerical model discussed above.  Special user-defined functions were developed to handle the 

variation of the thermophysical and transport properties with the volume fraction of the 

nanoparticles. A grid independence study was conducted using the grid arrangements of 50 x 50, 

100 x 100 and 150 x150.  The variations of the temperature, liquid fraction ( ) and mass 

concentration of the nanoparticles ( ) at x = 0.5 H at two times (t = 10 and 100 s) for the case 

of dp = 5 nm particles are shown in Figure 4.2.  At each time, the variations of the monitored 

quantities corresponding to different grid systems are banded and the prevailing trends are 

recovered.  However, the 100 x100 grid system was selected due to its accuracy and reduced 

simulation time.  The results of the adopted model were also compared to those of Hannoun et al. 

(2005) for the case of melting of pure tin inside a rectangular cavity heated on the vertical walls. 

Comparing Figures 4.3(a) to 4.3(b) and 4.3(c) to 4.3(d), it is observed that the present model 

adequately captures the presence of a single recirculating cell at time instant t = 100 s and its 

breakdown to a multi-cell structure at t = 200 s.  More important, the tabulated data on the 

positions of the liquid-solid interface at the same time instants Hannoun et al. (2005) matched 

very closely to the current predictions (Figure 4.3e). 

 

4.3 Results and Discussion 

The numerical investigations were carried out for the case of unidirectional solidification 

of water with copper nanoparticles within a H = 10 mm square.  The initial temperature of the 

colloid was 274 K with a 10% nanoparticle mass fraction (1.22 vol%) and the reported 



w
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nanoparticle diameters were 2 and 5 nm.  Other particle diameters in the 2-10 nm range were 

also explored since NePCM freezing tests for such colloids have been reported by Fan and 

Khodadadi (2012).  Adhering to the utilized binary alloy model that considers a colloid as a 

solution is another reason for focusing on nanoparticles with single-digit diameters.  The 

thermophysical properties of the solvent and the nanoparticles are listed in Table 4.1 and the 

corresponding values of the pertinent dimensionless groupings at t = 0 are summarized in Table 

4.2.  Furthermore, the values of the liquidus slope and segregation coefficient are listed in Table 

4.3. 

The instantaneous liquid fraction field ( ) and the transient development of the solid-

liquid interface for the case of dp = 5 nm are shown in Figure 4.4.  Initially, the liquid colloid 

(red zone) completely occupies the domain of computation.  At  early stages of the solidification 

process observed in Figures 4.4(a) and (b), the advancing interface has a planar shape and the 

thickness of the mushy zone is small. At later time instants (Figures 4.4(c) and (d)), the 

advancing liquid-solid interface still maintains its nominal planar shape and the thickness of the 

mushy zone has increased slightly. This indicates that during the solidification process, the 

difference between the solidus and liquidus temperatures was small which, can be justified by 

the low value of the liquidus slope for the current case (Table 4.3).  Moreover, the nanoparticles 

did not redistribute greatly on the liquid side of the interface at early stage of solidification, as 

shown below.  The development of the solid-liquid interface and the instantaneous liquid fraction 

field for the case of smaller nanoparticles (dp = 2 nm) are shown in Figure 4.5.  Early on at t = 10 

s, the interface is planar and is similar to the previous case (Fig. 4.4a). However, as time 

proceeds to t = 100 s, appearance of repeating cell-like pockets at the interface is observed.  

Furthermore, the thickness of the mushy zone increases.  This can be attributed to the rejection of 
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the nanoparticles away from the thickening solid layer into the shrinking liquid layer.  In turn, 

the increased concentration of the particles ahead of the mushy zone leads to regions of different 

liquidus and solidus temperatures within the mushy zone that promotes faster crystallization of 

parts of the suspension. This is because the liquidus slope had a greater value than the previous 

case (0.735 compared to 0.046 K) as dictated by the inverse cubic dependence of Equation (4.15) 

on the particle diameter.  According to Equations (4.14a-b), the liquidus temperature is more 

responsive to the concentration change of the nanoparticles. As time proceeds as in Figures 

4.5(c) and (d), the repeating cellular pockets grow in size to take the shape of a dendritic 

structure of the order of 0.1 H.  Similar shapes have been observed experimentally for the case of 

alumina-water colloidal suspension (Deville et al., 2009).  Simulations of the same problem with 

horizontal cavity lengths of 0.5 H and 1.5 H were also performed so as to rule out any possible 

dependence of the observed structures on artificial computational inaccuracies.  The mechanism 

that gave rise to the above-mentioned dendrite-like structures is generally referred to as 

constitutional supercooling. Constitutional supercooling ensues upon  lowering of the liquidus 

temperature ahead of the interface due to the increased particle concentration in that area due to 

the particle rejection and its redistribution in the liquid phase.  In the following section, the 

evolving mass concentration field, liquidus and solidus temperature distributions are discussed in 

an attempt to explore the mechanisms behind the development of dendritic or non-dendritic 

interfaces during the solidification of colloidal suspensions. 

Colorized contours of the mass concentration field of the nanoparticles ( w ) during the 

solidification process of the water-copper colloid for the case of dp = 5 nm are given in Figure 

4.6.  It is clearly observed from Figures 4.6(a) and (b) that the particles were rejected from the 

growing solid phase and have accumulated on the liquid side of the planar-like interface creating 
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a thin layer of highly concentrated nanoparticles.  As time proceeds as in Figures 4.6(c) and (d), 

the concentrated layer of the nanoparticles created by the rejected particles becomes thicker, 

leading to discrete pockets along the interface where the concentration field achieves its local 

maximum values as much as 4.5 times that of the initial concentration (red zones).  However, the 

rejected and redistributed nanoparticles did not diffuse markedly away from the interface.  

Concurrent to formation of high concentration pockets of particles, regions of low nanoparticle 

concentration with varying volumes are left behind within the solid layer below the interface 

shown as dark blue regions in the figure.  The development of the mass concentration field of the 

nanoparticles for the case of dp = 2 nm is shown in Figure 4.7.  At time t = 10 s, the rejected 

particles form a layer above the thickening solid phase. However, as the time proceeds to t = 100 

s, the layer of the segregated particles becomes thicker if it is compared with the t = 10 s 

snapshot (Fig. 4.7a), as well as at the same time for the case of dp = 5 nm (Fig. 4.6b).  This 

indicates that the Brownian diffusion of nanoparticles is more important than in the previous 

case.  At t = 500 s, the nearly uniform layer of the nanoparticles has transformed into discrete 

cells of high concentrations of nanoparticles, separated by regions of low concentrations. Similar 

observations were reported by Deville et al. (2009) for the case of the experimental solidification 

of colloidal suspensions. At t = 1000 s, cellular patterns of regions of high concentration are 

clearly observed.  What distinguishes Fig 4.7(d) is that nanoparticles diffuse away from the 

interface similar to a rising plume that creates a concentration gradient in the mushy and liquid 

zones.  This concentration gradient is responsible for the genesis of the dendrite structures that 

were discussed above in Figure 4.5. To  provide greater insight into the complex transport of the 

particles in the vicinity of the liquid-solid interface, an isometric view of the mass concentration 

field corresponding to the case of dp = 2 nm at t = 1000 s is shown in Figure 4.8.  At the given 
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time instant, the uniformly distributed nanoparticle concentration field is found at the initial 

value of w  = 0.1 for 5.0/ Hy .  Zones of depleted particle concentration ( 3.0/ Hy ) that 

are left behind the advancing interface along with somehow regularly spaced, nearly identical 

regions ahead of the interface that have been enriched by the rejected particles are clearly 

observed.  Based on the assumptions of the model utilized in this study, there are two 

mechanisms that are responsible for the redistribution of the nanoparticles.  These are the 

Brownian diffusion and convection generated from thermal-solutal effects.  A close-up view of 

the liquid fraction field in the vicinity of the interface that is superimposed with the predicted 

fluid velocity vectors for case of dp = 2 nm at t = 1000 s is shown in Figure 4.9.  In effect, a small 

portion of the interface ( 8.0/3.0  Hx ) from Figure 4.5 has been reproduced.   Only six of 

the dendritic structures are observed in the close-up view and the convection cells do not extend 

beyond the interface zone.  A multitude of recirculating fluid cells (solutal convection) due to the 

density gradient in the vicinity of the interface are observed.  The maximum observed velocities 

for the case of dp = 5 nm and dp = 2 nm were 3.82x10
-5

 and 6.72x10
-5 

m/s, respectively.  

Concurrent to solutal convection, the particle diffusion mechanism that is also responsible for the 

movement of the nanoparticles manifests itself through the Brownian diffusion coefficient that 

depends inversely on the particles size (Equation 4.11c).  For the two cases studied here, the 

Brownian diffusivity was approximately doubled when the size was reduced from 5 nm to 2 nm 

and the corresponding Brownian Lewis numbers were 1,660 and 664, respectively (Table4.2). 

Variations of the liquidus temperature fields during solidification are illustrated in Figure 

4.10 for the case of dp = 5 nm. A layer of low value of the liquidus temperature is created above 

the crystallized portion of the suspension as it is shown in Figures 4.10(a) and (b) due to the high 

concentration of the nanoparticles in that region.  At later times (shown in Figures 4.10(c) and 
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(d)), the maximum and minimum liquidus temperatures at t = 1000 s are 272.979 and 272.998 K, 

respectively. This indicates the liquidus temperature is fairly uniform throughout the suspension 

and almost identical to the freezing temperature of pure water (Tm = 273 K). This was attributed 

to the small value of the liquidus slope (i.e. -0.047 K) that reflects a weak relation between the 

concentration of the nanoparticles and the liquidus temperature.   

Similar trends can be seen for the case of the development of the solidus temperature for 

the case of dp = 5 nm that is shown in Figure 4.11.  A layer of lower solidus temperature is 

observed above the solid-liquid interface.  The maximum and minimum values of solidus 

temperature at t = 1000 s are 272.792 and 272.976 K, respectively.  These values are close to 

each other and are nearly equal to that of the melting temperature of the pure solvent (water for 

the current case).  Since the values of the liquidus and solidus temperatures did not vary 

significantly throughout the suspension, this indicates that the suspension will be solidified 

uniformly at the same temperature, which is one of the reasons that dendritic structures did not 

appear for the dp = 5 nm case. 

 

The instantaneous variations of the liquidus temperature for the case of dp = 2 nm are 

shown in Figure 4.12.  For t = 10 and t = 100 s, a layer of low value of the liquidus temperature 

has emerged above the solid phase due to the high numbers of rejected nanoparticles in this 

region.  At the same time, a layer of high liquidus temperature was created below the interface 

due to the lower nanoparticles content there.  At later time instances, i.e. t = 500 s and t = 1000 s, 

one can observe distinct zones of high and low liquidus temperatures.  For example, the 

maximum and the minimum values of the liquidus temperature for the case of t = 1000 s are 
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272.81 and 272.979 K, respectively.  The difference between these two values is about 0.169 
o
C, 

which is about 9 times greater than the value (0.019 
o
C) discussed above in Figure 4.10(d) for dp 

= 5 nm.  At the early stages of the solidification process, the evolution of the solidus temperature 

was similar to that of the dp = 5 nm. As shown in figure 4.13. However, at later time instants, 

distinct areas of high and low values of the solidus temperature evolved.  The difference between 

the minimum and maximum solidus temperatures at those time instances for the case of dp = 2 

nm is greater than in the previous case (dp = 5 nm).  For example, for the case of t = 1000 s, the 

minimum and maximum solidus temperatures are 271.1 and 272.7 K, respectively.  The 

difference being about 1.6 
o
C is greater that the dp = 5 nm case that was equal to 0.184 

o
C.  This 

noticeable difference in the solidus temperatures is a driving force for parts of the suspension to 

crystallize faster than the other portions, thus leading to creation of dendrites. 

 

In Figure 4.14, the developing profiles of the nanoparticle mass concentration at x = H/2 

are shown for the case of dp = 5 nm at different time instants.  As the interface sweeps through 

the colloid, the particle concentration rises above the initial value of 0.1 ahead of the interface 

due to the rejection of the nanoparticles from the solid phase and the concentration of the 

particles in the solidified layer drops below the initial value.  The particle concentration then 

reaches a maximum value and decreases until it attains the initial concentration value of 0.1.  At 

the monitored position (x = H/2), values of the highest observed concentration increase at later 

time. This is clearly shown by the observed peaks on the graph that indicates that the 

nanoparticles have accumulated ahead of the interface. 
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The instantaneous nanoparticle mass concentration profiles for the case of dp = 2 nm on 

the vertical mid-plane (x = H/2) and both sides of it are shown in Figure 4.15.  Different vertical 

planes are chosen along a growing dendrite as well as on its left and right sides.  The positions of 

these vertical lines are superimposed on the mass concentration field at t = 1000 s (the same as 

Figure 4.7d) at the top of Figure 4.15.  The transient evolution of the nanoparticle mass 

concentration along the left side of a dendrite is shown in Figure 4.15a.  At early times  t = 10 

and t = 100 s, the concentration profiles are similar to that of the dp = 5 nm case, however, the 

values of the maximum concentrations are smaller than those of the dp = 5 nm case (Fig. 4.14).  

At later times, t = 500 and t = 1000 s, the concentration profiles exhibit both global and local 

maxima. This may be attributed to the evolving solutal convection effects.  The particle 

concentration along a dendrite on the vertical mid-plane (x = H/2) is shown in Figure 4.15b.  At t 

= 10 and 100 s instants, the trends of the concentration profiles are similar to that for the dp = 5 

nm, exhibiting rise to a maximum value and then dropping to the initial value of 0.1.  However, 

at the time instants t = 500 and t = 1000 s, the concentration for a significant part of the cavity 

height is below the initial mass concentration (0.1) that indicates a zone of significant particle 

depletion/rejection. The location of the profile of Figure 4.15b was specifically chosen along a 

growing dendrite to illustrate clearly that the dendrite is the site in the growing solid where the 

particle concentration is low compared to the other locations in the suspension.  The other 

intriguing feature is that the nanoparticles do not accumulate in front of the dendrite tip and this 

can be explained from the low values of the maximum concentrations at times t = 500 and 1000 

s.  The concentration profiles on the right side of the dendrite (Figure 4.15c) are similar to those 

of Figure 4.15a.  However, at t = 1000 s, the global and the local maxima are observed more 

clearly, which may be an indication that solutal convection is more active in this region than on 
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the left side of the mid-plane.  Furthermore, comparison of Figures 4 14 and 4.15b suggests that 

the growing solid along the vertical line x=H/2 for the case of dp = 2 nm consists of fewer 

nanoparticles.  This leads one to conclude that the solid phase resulting from a dendritic growth 

will consist of zones of less concentration of nanoparticles compared to one resulting from a 

planar interface at the same operating conditions and even with equal segregation coefficients.  

In relation to conservation of particles over the solution domain, it should be noted that the 

concentration field was integrated at every time instant and the deviations from the initial 

concentration field was determined to be negligible. 

The instantaneous liquid fraction fields at 1000 s for pure water (i.e. w = 0) and those of 

w = 10% colloids with 5 and 2 nm diameter nanoparticles are given in Figure 4.16. The 

thickness of the frozen layers for pure water and w = 10% (dp = 5 nm) colloid were nearly 

identical.  It is reasoned that the expedited freezing accommodated by an increase in the thermal 

conductivity achieved by adding of the nanoparticles (as predicted by a thermal model limited to 

static particles (Fan and Khodadadi, 2012) was balanced by a reduction in the liquidus and 

solidus temperatures.  However, for the case of dp = 2 nm nanoparticles after 1000 s, the frozen 

layer is thinner when compared to that of pure water. This can be attributed to  nanoparticle 

redistribution that is responsible for lowering the solidus temperature as much as 2 
o
C below that 

of pure water. Even though the thermal conductivity was increased in the particle-rich pockets, 

the solidification rate was not expedited. One can conclude that for binary mixtures or colloidal 

solidification, increasing the thermal conductivity does not guarantee faster solidification rates. 
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4.4 Summary 

A numerical investigation of the solidification process of a water/copper nanoparticles 

colloid model that considered the suspension as a binary mixture was conducted and the 

following conclusions were drawn: 

1. While the interface was planar for the 5 nm nanoparticles , as the particle size decreased, the 

interface changed from a planar stable morphology to an unstable dendritic structure.  The 

transition was linked to the widening of the difference between the minimum and maximum 

values of the liquidus or  solidus temperature fields. 

2. Redistribution of the rejected nanoparticles from the liquid-solid interface by the Brownian 

diffusion and solutal convection were observed to be more marked for the smaller particle size of 

2 nm. 

3. For the case of 5 nm nanoparticles, the rejected particles accumulated in front of the interface, 

whereas for the case of 2 nm nanoparticles, dendritic structures were created and the particles 

accumulated between these cells.  This was attributed to more noticeable effect of the 

constitutional supercooling for smaller size nanoparticles whereby the solidus temperature was 

lowered. 

4. The solid structure that evolved from a dendritic growth contained  zones of lower 

nanoparticle concentration than the other parts of the suspension due to size-dependent rejection 

of nanoparticles. 

5.  By decreasing the size of the nanoparticles, the layer of frozen colloid  that formed in a given 

time was thinner suggesting that expedited freezing due to higher thermal conductivity was 

negated by constitutional supercooling. 



 
 

101 
 

 

 

 

 

 

 

4.1  Thermophysical and transport properties for the solvent and the nanoparticles 

 Water Copper nanoparticles 

Density 997.1 kg/m
3
 8954 kg/m

3
 

Viscosity 8.9x10
-4

 Pa s - 

Specific Heat 4179 J/kg K 383 J/kg K 

Thermal Conductivity 0.6 W/m K 400 W/m K 

Thermal Expansion Coefficient  

[What Ref.? 4] 
2.1x10

-4
 K

-1 
1.67x10

-5
 K

-1 

Heat of Fusion 3.35x10
5 
J/kg -
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Table 4.2  Values of the dimensionless groupings at the onset of solidification (t = 0) 

 Brownian 

Lewis 

Number 

BD


 

Thermophoretic 

Lewis Number 

TD


 

Prandtl 

Number 

k

c p
 

Rayleigh Number 



 3)()( HTTg CH 
 

Stefan 

Number 

L

)TT(c CHp 
 

w = 0 - - 6.2 8x10
4
 0.623 

dp =2 nm 664
 

3.75x10
4 

5.6 7.44x10
4
 0.63 

dp =5 nm 1,660 3.75x10
4
 5.6 7.44x10

4
 0.63 
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Table 4.3  Liquidus slopes and segregation coefficient used in the current study 

 dp = 5 nm dp  = 2 nm 

Liquidus slope 0.047 K 0.735 K 

Segregation Coefficient 0.1 0.1 
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Figure 4.1 Geometry of the physical model 
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` Figure 4.2  Grid independence results showing (a) temperature, (b) liquid fraction and (c) mass 

fraction of the nanoparticles at x = 0.5 H for different grids (dp = 5 nm) at two time instants. 
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Figure 4.3 Comparison between the results of the current model and Hannoun et al. (2005): (a) 

stream function at t = 100 s Hannoun et al. (2005), (b) stream function at t = 100 s (current 

model), (c) stream function at t = 200 s Hannoun et al. (2005), (d) stream function for t = 200 s 

(current model) and (e) instantaneous positions of the liquid-solid interfaces 

 

 

(a) (b) 

 

 

(c) (d) 
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(a) (b) 

  
(c) (d) 

  

 

Figure 4.4  Development of the liquid fraction field ( ) at different time instants: (a) 10 s, (b) 

100 s, (c) 500 s and (d) 1,000 s for an initial mass concentration field of 10% and dp = 5 nm. 
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(a) (b) 

  

(c) (d) 

 
 

 

 

Figure 4.5  Development of the liquid fraction field ( ) at different time instants: (a) 10 s, (b) 

100 s, (c) 500 s and (d) 1,000 s for an initial mass concentration field of 10% and dp = 2 nm. 
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(a) (b) 

  
(c) (d) 

  
 

 

Figure 4.6  Development of the nanoparticle concentration field ( w ) at different time instants: 

(a) 10 s, (b) 100 s, (c) 500 s and (d) 1,000 s for an initial mass concentration field of 10% and dp 

= 5 nm. 
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(a) (b) 

  

(c) (d) 

  

 

 

 

Figure 4.7   Development of the nanoparticle concentration field ( w ) at different time instants: 

(a) 10 s, (b) 100 s, (c) 500 s and (d) 1,000 s for an initial mass concentration field of 10% and dp 

= 2 nm 
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Figure 4.8 Isometric view of the nanoparticle concentration field ( w ) at  t =1,000 s for an initial 

mass concentration field of 10% and dp = 2 nm. 
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Figure 4.9  Velocity vectors in the vicinity of the liquid-solid interface ( 8.0/3.0  Hx ) at 

1,000 s for an initial mass concentration field of 10% and dp = 2 nm.  
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Figure 4.10  Development of the liquidus temperature at different time instants: (a) t = 10 s, (b) t 

= 100 s, (c) t = 500 s and (d) t = 1000 s for an initial mass concentration field of 10% and dp = 5 

nm. 
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(a) (b) 

    
(c) (d) 

    
 

 

 

Figure 4.11  Development of solidus temperature at different time instants (a) t = 10 s, (b) t = 

100 s, (c) t = 500 s and (d) t = 1000 s for an initial concentration field of 10% and dp = 5 nm. 
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(a) (b) 

    
(c) (d) 

    
 

 

Figure 4.12   Development of the liquidus temperature at different time instants: (a) t = 10 s (b) t 

= 100 s (c) t = 500 s and (d) t = 1000 s for an initial mass concentration field of 10% and dp = 2 

nm.  
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Figure 4.13 Development of solidus temperature at different time instants (a) t = 10 s, (b) t = 100 

s, (c) t = 500 s and (d) t = 1000 s for an initial concentration field of 10% and dp = 2 nm.   

(a) (b) 

    
(c) (d) 
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Figure 4.14 Transient development of the nanoparticle concentration profiles at x = 0.5 H and 

along the y-axis for dp = 5 nm. 
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Figure 4.15 Transient development of the concentration profiles along the y-axis for dp = 2 nm 

and at (a) x = 0.0043 m (b) x = 0.005 m and (c) x = 0.0055 m. 
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Figure 4.16 Solid-liquid fraction fields at t = 1000 s for: (a) w  = 0, (b) w = 10%, dp = 5 nm and 

(c) w  = 10%, dp = 2 nm. 
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Chapter 5 

 

Thermal-Solutal Convection During Solidification of Colloidal Suspensions 

In this chapter, the model that was developed in Chapter 4 will be used to study thermal-

solutal convection during solidification of colloidal suspensions driven by the density difference 

due to the temperature and concentration variations. The suspensions will be solidified 

unidirectionally away from the left vertical side of a square cavity. Copper and alumina particles 

will be used with two different sizes 5 nm and 2 nm, and two cold side temperatures (271 and 

268 K) will be utilized. The effect of the rejection rate of the particles, as well as the effect of the 

mass fraction of the particles, will be investigated and discussed. 

5.1 Introduction: 

Solidification of multi-component mixtures is accompanied with rejection of the solute, 

which is heavier or lighter than the solvent. This process creates density differences due to the 

concentration and temperature differences across the mixture, which is the driving force for the 

creation of thermo-solutal convection currents. The convection currents are responsible for the 

re-emergence  of the solid phase with a different solute composition than the initial melt.  

Thermo-solutal convection is important in many applications such as metallurgy (Bodeu et al., 

2008), oceanography (Turner, 1974), and enhancement of colloidal transport (Selva et al., 2012). 

An excellent review that explains thoroughly the physics related to the thermo-solutal convection 

as well as its applications was contributed by Turner (1985). In this brief introduction, we will 

only focus on the literature on thermo-solutal convection related to the solidification of the 
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binary mixtures. Beckermann and Viskanta (1988) were the first researchers who predicted 

thermo-solutal transport during a solidification process. They used a hypereutectic solution of 

water and ammonia, in which the lighter water would be rejected out of the crystallizing phase. 

They used the one-fluid mixture model as their numerical approach and conducted experimental 

tests as well. Their results were qualitatively compared with their experiments. They observed 

that a clockwise rotating flow cell developed in the melt due to thermal convection. However, as 

time proceeds, a diffusive interface between the top lighter water-rich melt, and the bottom 

heavier ammonia was developed. A clockwise rotating cell developed as well in the upper layer. 

Moreover, due to the high water content of the upper layer, the freezing temperature was 

significantly lowered, which causes the solidification process to be terminated, and the double-

diffusive interface vanished, and the melt returns to its initial concentration. Jarvis and Huppert 

(1995) studied numerically the process of a binary alloy being solidified unidirectionally away 

from the vertical side. They used two alloys: one that rejects heavier solute than the solvent, and 

another which rejects lighter solute than the solvent. They found that if the compositionally-

heavy solute released from the crystallizing phase, the flow will be driven downward by the 

thermal and solutal buoyancy currents. However, if the compositionally light fluid is released, 

there is a possibility of upward-moving convection to emerge. The authors found that the fluid 

structure that resulted during the solidification process depended on the product of the LeB 

(Lewis number) and the ratio of the thermal and solutal Rayleigh numbers (Γ). For the case of 

Γ*LeB
1/3

>=1, the flow will be thermally-dominated and will exhibit a unidirectional downward 

flow, whereas for Γ*LeB <= 1, the compositional effects overcome thermal effects and 

unidirectional upper flow will occur. Finally, for the case, Le
-1

<= Γ<= LeB
-1/3 

, the boundary layer 

exhibits counterclockwise  flow, with the fluid next to the boundary rising, and the fluid further 
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away sinking. The solidification of a binary mixture from the bottom, or the top has been studied 

extensively experimentally and analytically such in (Wroster, 1986, Kerr et al., 1990, Wettlaufer 

et al., 1997, Peppin et al., 2007, Peppin et al., 2008). 

5.2 Results and Discussion  

Using the model presented in Chapter 4, results will be presented for a square cavity 

similar to that of Figure 4.1 that has four solid walls. The suspension is solidified from the left 

side to the right side of the cavity, and the suspension will consist of water, copper, and alumina 

nanoparticles. The current direction for the cooling is selected to promote thermal and solutal 

convection, and investigate different governing parameters such as segregation coefficient, 

temperature, and particle size on its development.  

The initial conditions that are implemented are the following:  

.0tfor1.0,K274T,0U wininin  


 (5.1) 

The boundary conditions that are imposed are the following: 
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5.2.1 Development of the liquid fraction and concentration profiles: 

The transient development of the liquid fraction and the concentration of the particles for 

the case of copper-water colloidal suspension with a particle size of dp= 2 nm, w = 10 wt%, k0 
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=0.1, and CT = 268 K are presented in Figures 5.1 and 5.2, respectively. To provide an in-depth 

understanding of the simultaneous development of the flow field, superimposed liquid fraction 

field and the instantaneous streamlines at the identified time instants are plotted in Figure 5.1.  At 

the early stage of the solidification process (t=10 s), the solid-liquid interface next to the cold left 

wall is planar in shape as shown in Figure 5.1a. At the same time, the flow consists of two 

counter-rotating cells with nearly equal strengths.  The counterclockwise rotating cell is observed 

next to the solid-liquid interface, while the clockwise cell is next to the hot right wall. As time 

proceeds to t = 100 s (Fig. 5.1b), the appearance of small cell pockets on the interface  in the 

lower part of the interface due to the rejection of the nanoparticles are observed.  Particle 

rejection initiates the constitutional supercooling phenomenon that destabilizes the interface as 

discussed by El Hasadi and Khodadadi (2013). The strength of the counterclockwise rotating cell 

and the area that it occupies increased significantly, while the opposite trend was observed for 

the clock-wise rotating cell with its strength reduced considerably and its coverage area only 

occupying a small area near the upper-right corner of part the cavity.  As time proceeds further as 

in Figure 5.1c and Figure 5.1d, the interface changes its morphology by the clear appearance of 

cells in the lower part of the cavity, and the distinct growth of the mushy zone in the lower part 

of the cavity. At these later times, t= 500 and 1000 s, the liquid melt consists only of a single 

counterclockwise rotating cell. Here, the crystallized phase rejects particles that are 8.5 times 

heavier than that of the liquid.  In effect, no upward flow convection will emerge. The 

observations of the current investigation are identical to those of Jarvis and Huppert (1995). The 

thermo-solutal convection will contribute to the downward flow near the solid-liquid interface, 

and the flow will be dominated mostly by thermal convection. 

The transient development of the concentration field for the same working conditions as 
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Figure 5.1 is shown in Figure 5.2. For t = 10 s (Fig 5.2a), a thin zone of the rejected particles is 

created in front of the solid-liquid interface. However, for t = 100 s (Fig. 5.2b), the zone of the 

rejected particles has increased in thickness.  In addition, some particles have diffused away from 

the interface. Meanwhile, a zone that is depleted from the particles is formed in the upper left 

corner of the cavity. However, for t = 500 s, and 1000 s (Figs. 5.2c and 5.2d), the zone of the 

rejected particles is broken into striations, and the particles are segregated within the channels 

that are formed between the neighboring dendritic cells of the solid-liquid interface. Some of the 

particles moved upwards to the hot side of the cavity, due to convection and diffusion, especially 

because of its high thermal conductivity, which helps the surrounded melt to capture heat, 

increase its temperature, and become lighter than its surroundings. However, it is intriguing that 

in the solid phase there are small sites at the bottom of the cavity with high mass fraction of 

nanoparticles ( w  20 wt%) that indicate that the particles were engulfed by the crystallized 

phase. One might explain this phenomenon to be due to reduced diffusion of the particles in that 

specific area so the particles could not escape the sweeping solid-liquid interface. 

To investigate the effect of the density of the particle on the solidification process of 

colloidal suspensions, the suspension of water-alumina was investigated under the same 

conditions as the copper-water suspensions described in Figures 5.1 and 5.2. Alumina particles 

(ρp = 3880 kg/m
3
) are lighter than copper particles (ρp = 8954 kg/m

3
) by a factor of two and its 

pertinent properties are listed in Table 5.1. Moreover, alumina is widely used in solutions for 

preparing freeze casting materials.  Figure 5.3 shows a comparison between the superimposed 

liquid fraction and streamlines for copper and alumina colloidal suspensions at t= 1000 s. The 

respective solid-liquid interfaces at time t= 1000 s for both cases are almost indistinguishable. 

However, the dendritic cells were clearly observed and developed for the copper-water 
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suspension (Fig. 5.3a) compared to the alumina suspension (Fig. 5.3b). This resulted because in 

the copper-water suspension, the solidus and liquidus temperatures are altered more than in the 

alumina-suspension.  For the copper suspensions, the mass fraction of the particles rejected out 

of the crystalline phase is higher than that for the alumina suspensions. The streamlines for the 

case of copper-water suspension are packed near the vortex center, whereas for alumina 

suspension, they were more concentrated near the solid-liquid interface. Higher amounts of 

particles are accumulated at the lower part of the cavity, at the region between the mushy zone 

and the crystallizing zone for the case of water-copper suspension (Fig. 5.4a) compared to that 

for the water-alumina suspension (Fig. 5.4b). This is because copper nanoparticles are heavy, 

and spread slowly from the regions that are accumulated in front of the solid-liquid interface. 

Furthermore, the solid phase resulting from the freezing of the alumina nanoparticles contains a 

higher amount of particles than that for the case of the copper-water suspension.   

For a better illustration of the effect of the changing of the properties of the nanoparticles 

on the solidification process, the profiles of the vertical velocity (uy) and the mass fraction of the 

nanoparticles will be plotted along the horizontal mid-plane (y= H/2) at t = 1000 s. The vertical 

velocity profiles for alumina and copper suspensions are shown in Fig. 5.5. On the left side of the 

cavity (x/H<0.3), velocity is zero since this part of the cavity is occupied by the crystallized 

phase. However, moving away from the fully solidified region, velocity deviates from zero and 

exhibits small fluctuations while it is a negative value. This region (0.3>x/H>0.4) represents the 

mushy zone where the liquid coexists with the solid. For the case considered in the current 

investigation, the intensity of the convention in the mushy region is limited, and that reflects 

from the small values of the velocity. Away from the mushy area, a sudden increase in the 

negative value of the vertical velocity (downward flow) is observed and this can be clearly seen 
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by the local minima in Figure 5.5. The copper-water suspension exhibits higher velocity values 

in the negative direction than the alumina-water suspensions. This can be due to the higher 

density of copper with respect to that of the alumina, and thus creates a heavier interfacial melt 

because of the particle's rejection from the solid phase, and as a result, flowing faster downward 

under the effects of gravity. After the flow attained a local minimum, the velocity direction is 

shifted from moving downward to moving upwards. This is because the fluid is approaching the 

hot side of the cavity, getting warmer and lighter until it reaches the local maxim next to the hot 

wall.  The alumina water suspension exhibit higher upward velocities than the copper suspension 

because it is lighter. The corresponding concentration profiles are shown in Figure 5.6. The 

concentration is lower than the initial value of 0.1 for most of the crystallized phase for both 

suspensions considered. However, the solid phase resulted from the freezing of the alumina 

suspension consists of higher content of nanoparticles than the one that  resulted from the 

freezing of copper suspension even though both suspensions are simulated with the same 

segregation coefficient. Further investigation is needed in order to elucidate the reasons for this 

behavior. The concentration attains a local maximum value at the border between the mushy 

zone and the liquid melt.  In the melt, the concentration attains its initial value and remains 

constant (0.5<x/H<0.9) until it reaches the region near the hot wall where it increases again due 

to convection and diffusion. 

5.2.2 The effect of changing the segregation coefficient (k0)  

To investigate the effect of the rejection rate of the particles on the solidification process, 

different values of the segregation coefficient were selected ranging from no rejection case (k0 = 

1.0) to a high rejection (k0=0.1). For no rejection, particles that are initially distributed 

homogeneously in the cavity remain static during the freezing process similar to Khodadadi and 

Hosseinizadeh, 2007).  The suspension selected was a copper-water colloid with a particle size of 
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dp= 2 nm, cT = 268 K and w = 10%.  The superimposed contours of the stream function and the 

liquid fraction field are shown in Figure 5.7 for different values of k0 at t = 1000 s. For values 

k0> 0.1 of the segregation coefficient, the interface takes a planar shape, and a thin mushy zone is 

created in front of the solid-liquid interface.  This is due to the low rejection rate of the particles 

which cannot alter the solidus and liquidus temperatures.  In effect, constitutional supercooling is 

not promoted. However, for the value of k0 = 0.1 (Fig. 5.7d), the interface has transformed from 

a planar shape to a dendritic one, especially in the part of the interface that is near the lower part 

of the cavity. In addition, the thickness of the mushy zone is significantly increased due to the 

increased particles rejected into the liquid melt, which helps to strengthen the constitutional 

supercooling that is responsible for creating the dendrites. The flow in the liquid melt is 

characterized by a single counterclockwise rotating cell, which occupies the whole liquid melt. 

For k0 = 1.0, 0.5, and 0.3 (Figs. 5.7 a, b, and c), the center of the vortex is nearly at the center of 

the liquid melt. However, for the k0 = 0.1 case, the center of the vortex has moved upward 

toward the upper-right corner of the cavity. This is due to the increase of the concentration of the 

particles which increases the intensity of the downward flow and the development of the mushy 

zone, which helps to push the vortex upward. 

To further quantify the impact of the segregation coefficient on convection within the 

melt for the cases presented in Figure 5.7 further, the non-dimensional maximum vorticity is 

defined as: 
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Figure 5.8 shows that the strength of the vortex depends non-monotonically on the 

segregation coefficient at time of t = 1000 s. The general observation is that particle rejection 

helps to improve the convection strength if it is compared to the case without particle rejection 

(k0 = 1.0). 

5.2.3 The effect of changing the solidification rate: 

One of the most crucial factors that influence the solidification process of mixtures is the 

freezing rate. In the current study, due to the numerical method selected, the interface velocity 

(i.e. freezing rate) cannot be controlled explicitly. However, increasing the cold side temperature 

can promote a slower crystallization rate. Therefore, to investigate the effect of the freezing rate, 

a comparison between the solidification process of CT = 271 K and 268 K will be made with all 

other conditions kept constant as in section 5.2.1. The superimposed contours of stream functions 

and liquid fraction fields are shown in Figure 5.9.  Clearly the solid content for the case of CT = 

268 K (Fig. 5.9a) is higher than for of CT = 271 K (Fig. 5.9b), because the colloid is solidified 

faster. Furthermore, the mushy zone was extended much further from the solid-liquid interface 

for the case of higher cold side temperature if it compared to that of the lower one. This is 

because the particles had a sufficient time to diffuse away from the interface. An interesting 

feature of the resulting morphology of the solid-liquid interface is that the distance between the 

dendritic structures is decreased as the cold temperature was decreased (Figure 5.10) similar to 

experimental observations for colloidal suspensions (Waschkies et al., 2011). 

5.2.4 The effect of the particle size on the thermo-solutal convection 

In the previous chapter, the effect of the particle size on the morphology of the liquid-

solid interface was demonstrated. In the current section, the effect of the particle size on the 
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development of the thermo-solutal convection will be presented. Results are presented for the 

case of w = 10 wt% water-copper suspension with dp = 5 nm, and 2 nm, and CT = 268 K.  

The contours of the superimposed stream function and liquid fraction for different times 

for the case of dp = 5 nm are shown in Figure 5.11. The solid-liquid interface exhibits a planar 

morphology throughout the freezing process,  the mushy zone becomes significantly thin. This is 

because the liquidus and solidus temperatures are not significantly affected by the concentration 

of the particles, which prevented the phenomena of constitutional supercooling to be initiated as 

shown in Chapter 4. The flow field initially consisted of two counter rotating cells, one rotating 

clockwise near the solid-liquid interface and the other rotating clockwise near the hot wall. 

However, as time proceeds, the two cells are merged together creating one cell, with its center 

located at the center of melt region. A brief comparison with the case of dp = 2 nm indicates that 

the center of the rotating cell is moved upward if it is compared to the case of dp = 5 nm. 

Moreover, in order to illustrate the effect of the particle size on the thermal-solutal convection, 

the ratio between the maximum vorticity for the case of dp = 2 nm to that of dp = 5 nm will be 

plotted at different time instances, and the definition of is given by Eq. (5.4). 
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5max,

2max,
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  (5.4) 

As shown from Figure 5.12, maximum vorticity strength for dp = 5 nm, and 2 nm cases 

are nearly similar at the initial stages of the freezing process. However, as the solidification 

process proceeds in time the strength of the vorticity and thus the flow field is higher for the case 

of dp = 2 nm if it is compared to that of suspension with 5 nm particle size. The stronger 

convection currents for the case of suspensions with particle size of 2 nm can be attributed to 
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their higher mass diffusion coefficients, compared to that of dp = 5 nm. Higher diffusion 

coefficient allowed the particles to diffuse much further from the solid-liquid interface, in shorter 

times and thus helping the mixing of the cold and hot currents of the suspension much more 

effectively. 

The concentration fields for the case of dp = 5 nm is shown in Figure 5.13. A layer of 

rejected particles is formed in front of the solid-liquid interface. As time proceeds (Fig 5.13 b, c, 

and d), a highly concentrated layer of particles is accumulated at the bottom side of the solid-

liquid interface, the crystallized phase resulted consisting of  less mass fraction of particles 

compared to that of the initial state.  However, the particles did not diffuse away from the 

interface as in the case of dp = 2 nm (Figure 5.2) due to their small mass diffusion coefficient. 

5.2.4 The effect of the mass fraction of the particles: 

The mass fraction of the particles plays a significant role in freezing process of colloidal 

suspensions since all the thermophysical properties are dependent on mass fraction. In this brief 

section, the effect of the mass fraction of the particles will be investigated for the case of dp = 2 

nm, CT  = 268 K, and for w = 0.05, and 0.1 on the morphology of the solid-liquid interface and 

thermal-solutal convection. 

The superimposed stream function and liquid fraction for the cases of w = 0.05 and 0.1 

at t = 1000 s are shown in figure 5.14. The solid-liquid interface for the case of w = 0.05 consists 

of fewer numbers of dendritic structures if it is compared to that of w = 0.1. Also, these dendritic 

structures are smaller in size for the case of w = 0.05. It can be reasoned that for lower mass 

fraction of the particles the tendency to change the liquidus, and solidus temperatures are lower, 

and thus forming the dendrites are less likely.  The thickness of the mushy zone for the case of 
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w = 0.1 is thicker. 

The stream function field for case w  = 0.05 consisted of a single cell rotating 

counterclockwise, with the center of the cell nearly at the center of the square cavity. The 

intensity of the convection cell for the case of w = 0.1 is higher than that of the case of w = 

0.05. In order to quantify better the development of the convection for two mass fractions, the 

ratio of the maximum vorticity for the case of w = 0.1 to that of w = 0.05 will be plotted for 

different time instances as shown in Figure 5.15.  The value of 2r  is given as the following:  

 

05.0max,

1.0max,

2






w

w

r








  (5.5) 

The value of 2r is increasing with time until it reaches a local maximum as shown in 

Figure 5.15.  This indicates that thermo-solutal convection for the case of w  = 0.1 is more 

intense than that of w = 0.05 and thus a better mixing of the suspension occurs. The value of 

2r  is nearly equal to 1.5 at t = 500 sec. However, as time proceeds further the value of 2r  is 

decreasing, which shows that the increase in the value of 2r  with time is not a monotonic 

function.  

The concentration contours of w = 0.1 and 0.05 are shown in Figure 5.16. The main 

difference between the two concentration fields is that the particle-depleted zones are more 

developed the case of w = 0.1 than for of 0.05. 
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5.3 Summary:  

The following conclusions can be drawn:  

1- The rejection of the particles from the solidifying phase into the melt led  an increase in  

the strength of the downward flow. 

2- Reducing the value of the segregation coefficient resulted in the increase of thermal-

solutal convection intensity. 

3- The crystallized phase that resulted from the freezing of the alumina suspension consisted 

of a higher concentration of particles than that from the solidification of the copper 

suspension. 

4- The crystallized phase that resulted from the lower rate of freezing consisted  of a lower 

concentration of particles than with a higher rate of freezing. 

5- As the particle size was reduced, the intensity of thermal-solutal convection as indicated 

by the variation of the maximum vorticity was increased.  

6- As the mass fraction of the particles increased, the intensity of the thermal-solutal 

convection increased.  
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Table 5.1  Thermophysical and transport properties for the solvent and the nanoparticles 

 Water Alumina 

nanoparticles 

Density 997.1 kg/m
3
 3880 kg/m

3
 

Viscosity 8.9x10
-4

 Pa s - 

Specific Heat 4179 J/kg K 729 J/kg K 

Thermal Conductivity 0.6 W/m K 42.34 W/m K 

Thermal Expansion Coefficient  2.1x10
-4

 K
-1 

5.4x10
-6

 K
-1 

Heat of Fusion 3.35x10
5 
J/kg -
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Figure 5.1 Development of the flow field (shown by the streamlines) superimposed on the 

contours of the liquid fraction for Ra = 7.44x10
4
, and copper nanoparticles of dp = 2 nm at (a) t = 

10 s, (b) t = 100 s, (c) t = 500 s, and (d) t = 1000 s. 

(a) (b) 

 
 

(c) (d) 
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(a) (b) 

 
 

(c) (d) 

  

 
Figure 5.2 Development of the concentration field for with Ra = 7.44x10

4
, and copper 

nanoparticles of dp = 2 nm at different time instants (a) t = 10 s, (b) t= 100 s, (c) t = 500 s, and 

(d) t = 1000 s. 
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Figure 5.3 Superimposed contours of the velocity streamlines and the liquid fraction at t = 1000 s 

for (a) water-copper (Ra = 7.44x10
4
) and dp = 2 nm and (b) water-alumina suspensions (Ra = 

4.36x10
4
) and dp = 2 nm. 
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Figure 5.4 Concentration field at t = 1000s for (a) water-copper, Ra = 7.44x10
4
, and dp = 2 nm 

and (b) for water-alumina suspensions, Ra = 4.36x10
4
. 
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Figure 2. 7Figure 5.5 Variation of the vertical velocity (uy m/s) profiles at y = 0.5H and along the 

x-axis at  t = 1000 s, and dp = 2 nm. 
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Figure 5.6 Variation of the concentration profiles at y = 0.5H and along the x-axis at t = 1000 s 

and dp = 2 nm for different particle types. 
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(a) (b) 

 
 

(c) (d) 

 
 

 
 

Figure 5.7 Superimposed contours of streamlines and liquid fraction, for Ra = 7.44x10
4
 and dp = 

2 nm at t = 1000 s for (a) k0 = 1.0, (b) k0 = 0.5, (c) k0 = 0.3, and (d) k0 = 0.1. 
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Figure 5.8 Variation of the non-dimensional maximum vorticity strength with k0, at t = 1000 s for 

dp = 2 nm. 
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(a) (b) 

 

 

 

 
 

Figure 5.9 Superimposed contours of streamlines and liquid fraction at t = 1000 s for (a) CT = 

268 K, Ra =7.44x10
4 
and for dp = 2 nm, and (b) CT = 271 K, Ra = 2.91x10

4
. 
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(a) (b) 

  

 

Figure 5.10 Concentration field at t = 1000 s, and dp = 2 nm (a) CT = 268 K, Ra = 7.44x10
4
 and 

(b) CT = 271 K, Ra = 2.91x10
4
. 
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(a) (b) 

  

(c) (d) 

  

 
 

Figure 5.11 Superimposed contours of streamlines and liquid fraction, for dp = 5 nm, Ra = 

7.44x10
4
, and CT  = 268 K for (a) t= 10 s, (b) t = 100 s, (c) t= 500 s, and (d) t= 1000 s. 
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Figure 5.12 Variation of the non-dimensional maximum vorticity strength with time for different 

particle sizes 
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(a) (b) 

  
  

(c) (d) 

  

 
 

Figure 5.13 Contours of the concentration field, for dp = 5 nm, Ra = 7.44x10
4
, and CT  = 268 K 

for (a) t= 10 s, (b) t = 100 s, (c) t= 500 s, and (d) t= 1000 s. 
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(a) (b) 

  

 
 

Figure 5.14 Superimposed contours of streamlines and liquid fraction at t = 1000 s for CT = 268 

K, and dp = 2 nm (a) w  = 0.05, and (b) w  = 0.1, Ra =7.44x10
4
. 
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Figure 5.15 Variation of the non-dimensional maximum vorticity strength with time for different 

mass fractions of the particles. 
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(a) 

 

(b) 

  
 

 

Figure 5.16 Concentration field contours at t = 1000 s for CT = 268 K, and dp = 2 nm (a) w  = 

0.05, and (b) w  = 0.1, Ra =7.44x10
4
. 
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Chapter 6 

Conclusions and Perspectives 

 In this chapter, final remarks will be presented to conclude this dissertation. Future work 

and suggestions will be given for the enhancement of the current prediction methods of the 

solidification of colloidal suspensions. 

6.1 Concluding Remarks: 

Based on the analytical and numerical results discussed in the previous chapters, the following 

concluding remarks can be drawn: 

For the ideal case of no particle rejection out of the solid phase, increasing the thermal diffusivity 

by adding high conductive particles does not ensure the expedited movement of the solid-liquid 

interface compared to that of the pure solvent. Since, the equilibrium freezing temperature is 

reduced as the mass fraction of the particles is increased. 

At equilibrium, solidification of the colloidal suspensions with particle rejection was controlled 

by two mechanisms, i.e. thermal and solutal transport. The parameter that controls which 

mechanism will dominate the other is the transitional segregation coefficient. 

The transitional segregation coefficient increased with mass fraction of the particles and 

decreased with the increase in the supercooling and the decrease of the particle size of the 

suspension. 

Movement of the interface was decelerated as the value of the segregation coefficient was 

increased, and the size of the particles was reduced. 
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Reducing the particle size helped to destabilize the solid-liquid interface. For the particle size of 

5 nm, the interface has a planar morphology, although for particle size of 2 nm, the interface 

switched from planar to dendritic morphology because of the constitutional supercooling 

phenomena for water-copper suspensions. 

For a planar interface, the rejected particles accumulated in front of the solid-liquid interface, and 

their concentration increased with time. However, for an unstable interface, the rejected particles 

accumulated in the space between the dendritic cells, and the dendrite represents the location 

where the concentration of the particles was the lowest. 

The rejection of the particles increases the strength of the thermal-solutal convection due to the 

increase of the downward flow. 

As the mass fraction of the particles increased, and the value of the segregation decreased, the 

strength of the thermal-solutal convection was increased. 

6.2 Suggestions for Future Work:  

The following suggestions will expand the current model: 

I. Use a variable temperature boundary condition at the cold side, to simulate the effect of 

variable interface velocity on the morphology of the solid-liquid interface and the 

resulted microstructure. 

II. Develop a method to characterize the morphology of the solid-liquid interface, and 

identify the important parameters. 
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III. Use the current model to develop adaptable NePCM that can respond to the external 

stimuli by an optimum way. 

IV. Improve the current numerical model to account for the non-equilibrium segregation 

coefficient, which changes with the velocity of the solid-liquid interface. 

V. Implement a phase field model (Provatas and Elder, 2010) to simulate solidification of 

the colloids for the case that the suspension is initially at a supercooling state. In addition, 

the phase field method had the ability to capture the morphology of the interface more 

accurately. 

VI. One of the key elements for a successful simulation of the freezing of colloidal 

suspension is the accurate prediction of the segregation coefficient. However, at this time, 

the segregation coefficient is either estimated or calculated from limited thermodynamic 

relations. However, a promising route for predicting the segregation coefficient is the 

phase field crystal method that now is used for binary alloy solidification (Humadi et al., 

2013). The phase crystal method, which is based on the density functional theory, can 

numerically simulate the freezing process at an atomic scale and diffusive time. 
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