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Silica particles are used as a filler material in electronic underfills to reduce 

coefficient of thermal expansion of the underfill-epoxy matrix.  In traditional underfills, 

the size of silica particles is in the micrometer range.  Reduction in particle sizes into the 

nanometer range has the potential of attaining higher volume fraction particle loading in 

the underfills and greater control over underfill properties for higher reliability 

applications.  Presently, no-flow underfills have very low or no filler content because 

micron-size filler particles hinder solder joint formation.  Nano-silica underfills have the 

potential of attaining higher filler loading in no-flow underfills without hindering solder 

interconnect formation [1]. 



 vi

In this research, property prediction models based on representative volume 

element (RVE) and modified random spatial adsortion have been developed.  A size 

distribution also applied to the spherical particles to generate random diameter of the 

filler particles.  The models can be used for development of nano-silica underfills with 

desirable thermo-mechanical properties.  Elastic Modulus, coefficient of thermal 

expansion, bulk modulus, Poisson’s ratio and viscoelastic properties have been predicted.  

Temperature dependent thermo-mechanical properties of nano-silica underfills and 

micro-silica underfill have been evaluated and correlated with the model prediction in a 

temperature range of –175°C to +150 °C.  Properties investigated include temperature 

dependent stress-strain, creep and stress relaxation behavior.  The trade-offs between 

using nano-fillers instead of micron-fillers on thermo-mechanical properties and 

reliability has been benchmarked. 
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1 

CHAPTER 1 

INTRODUCTION 

 

1.1 Introduction 

Packaging of electronic chips are performed to provide input/output signal 

connections, power connections, means of heat dissipation, structure to support and 

protect the chip etc.  After manufacturing, the wafer is sliced into small chips.  These 

chips are then packaged into chip carriers, known as first level packaging.  In the second 

level packaging chip carriers are attached to a printed circuit board (PCB) or to a card.  

At last third level packaging is performed by placing the printed circuit board or the card 

on to a motherboard. 

Recent trends in electronic industries are to make smaller, cost effective, reliable 

and better performing devices.  Flip chip, ball grid array (BGA) and chip scale package 

(CSP) are some examples of recent trend in IC packaging.  Flip chip is one of the most 

attracted first level interconnection technology.  In flip chip assembly the semiconductor 

chip is interconnected to a substrate by inverting the die (i.e. flipping the die so that the 

active side or the I/O side is in face down condition) and making electrical contacts and 

mechanical connections between the pads on the die and the pads on the substrate, circuit 

boards, or carriers, by means of conductive bumps.  IBM first introduced flip chip in 

early 1960’s in the form of Controlled Collapse Chip Connection (C4).  A cross-sectional 
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schematic of a flip chip is shown in Figure 1.1.   

The driving forces towards using flip chip are shortest electrical connection, area 

array connections, smallest size and weight, high speed production, lowest cost, etc.  In 

flip chip the die is inverted and the I/O connection pads are directly connected with the 

conductive bump.  This reduces the electrical path and hence increases the electrical 

performance.  Since flip chip allows area array connections instead of only perimeter 

connections, it provides the possibility for more I/O connections per chip.  Flip chip is the 

smallest and lightest packaging possible.  This makes flip chip more suitable for portable 

electronics.  In wire bonding, only one connection can be done at a time.  In flip chip, all 

of the bump connections can be done simultaneously by a reflow process.  Thus, all of 

the chips can be connected simultaneously on a printed circuit board.  Flip chips are 

typically used in most cost-dominated applications. 

A major limitation of flip chip on laminate is it requires an underfill encapsulant 

to achieve acceptable thermal cycling reliability and impact resistance.  In a flip chip 

without underfill, the mismatch in coefficient of thermal expansion (CTE) between the 

silicon chip and the substrate affects the reliability greatly.  The CTE values of the 

materials used in a flip chip on laminate are shown in Table 1.1. 

The printed circuit board (PCB) has much higher CTE than the silicon chip.  

When a flip chip without underfill is heated during thermal cycling or thermal shock, the 

PCB expands more than the silicon chip.  Thus the solder joints between them suffer 

sever shear deformation (Figure 1.2), which leads to early failure of the connections.  

When the flip chip is cooled down, the PCB contracts (Figure 1.3) more than silicon chip  
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Figure 1.1: Cross-Sectional Schematic of a Flip Chip 
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Table 1.1: CTE Values of Flip Chip Packaging Materials 

 

 
Material 

 

 
CTE (10-6 1/°C) 

 
Silicon 

 

 
2.3 

 
Ceramic Substrate 

 

 
4-6 

 
FR4/Glass PCB 

 

 
15-20 

 
Underfill 

 

 
25-30 

 
63/37 Solder 

 

 
21 

 
Copper 

 

 
17 
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At T = T1, Flip Chip Assembly 

 

 

 

 

 

 

 

 

 At T= T2 > T1, Shear Deformation in Solder Joint Due to 
Higher Expansion of PCB  

 

 

 
Figure 1.2: Shear Deformation in Solder Joint Due to Heating of the 

Flip Chip Assembly without Underfill  
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At T = T1, Flip Chip Assembly 

 

 

 

 

 

 

 

 

 

 

 

 

 

 At T= T2 < T1, Shear Deformation in Solder Joint Due to 
Higher Contraction of PCB 

 

 

 

Figure 1.3: Shear Deformation in Solder Joint Due to Cooling of the 
Flip Chip Assembly without Underfill  
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and causes the opposite sign of shear deformation on the solder joints. 

Underfills have been used as a supplemental restraint mechanism to enhance the 

reliability for flip-chip devices and chip-scale packages [1] in a wide variety of 

applications including portable consumer electronics like cellular phones [2], laptops [3], 

under-the-hood electronics [4], microwave applications [5], system in package (SIP) [6], 

high-end workstations [7], and several other high performance applications.  Underfills 

compensate for the mismatch in coefficient of thermal expansion between silicon and the printed 

circuit board and more evenly distribute and minimize the solder joint strains, thus 

improving thermal cycling fatigue life.  Underfill encapsulants are mainly non-

conductive epoxies with silica or alumina particles as fillers.  In the final stage of the flip 

chip assembly, liquid underfills are dispensed along the side of the die.  After dispensing, 

it flows in the gap between the die and the substrate around the solder joints by capillary 

action.  The underfill is then cured according to the recommendations of the 

manufacturer.  After curing, the underfill creates a mechanical bond between the silicon 

die and PCB.  When this flip chip assembly with underfill is heated or cooled, this bond 

reduces the differential deformation between the die and the substrate, and thus reduces 

the shear strain imposed on the solder joints.  In addition, the whole assembly warps 

during temperature change (Figure 1.4 and 1.5). 

Epoxy is a common ingredient in the underfill material used because of its 

desirable characteristics like corrosion resistance, good adhesion, in addition to physical 

and electrical properties.  However, epoxies by themselves possess a high coefficient of 

thermal expansion (above 80 ppm/°C), making them unable to meet the very first



 

 

 
At T = T1, Flip Chip Assembly with Underfill 

 

 

 

 

 

 

 

 

 

 
At T= T2 > T1, Warping Due to Higher Expansion of PCB 

 

 

 

 

Figure 1.4:  Warping During Heating of the Flip Chip Assembly with Underfill  
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At T = T1, Flip Chip Assembly with Underfill 

 

 

 

 

 

 

 

 

 

 
At T = T2 < T1, Warping Due to Higher Contraction of PCB 

 

 

 

 

 
Figure 1.5: Warping During Cooling of the Flip Chip Assembly with Underfill 
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requirement of a good underfill material.  For this reason, the epoxies are filled with filler 

particles that decrease the CTE of the adhesive.  This ensures lower thermal mismatch 

between the materials in the flip chip assembly.  The primary reason of adding fillers are 

to control the thermomechanical, elastic and time dependent properties of underfill.  

Common filler particles include, silica, and ceramics. 

There are several other key requirements for underfill materials [8].  Relatively 

high elastic modulus is also desired for underfill materials.  If the modulus is high, the 

tendency for flip chip assembly deformation is less.  The elastic modulus of most 

underfill materials depends on temperature and rate of deformation.  Good underfills 

should have relatively low cure temperatures.  For example, the cure temperature of an 

underfill should not be more than the solder reflow temperature.  Again a very high cure 

temperature may cause damage to the other components.  Fast curing of underfills is also 

desired to minimize assembly times, while lower viscosity materials will ensure faster 

flow during dispense.  Resistance to moisture absorption is another important 

characteristic of underfill materials.  In addition, a relatively high glass transition 

temperature (Tg) is generally desirable.  At temperatures near or above its glass transition 

temperature, a material looses its mechanical stiffness and strength, and becomes very 

soft.  In addition, the CTE of a material greatly increases.  In order to ensure mechanical 

reliability of flip chip assemblies at elevated temperatures, use of an underfill with a high 

Tg is typically required. 

In traditional underfills, the size of silica particles is in the micrometer range.  

Reduction in particle sizes into the nanometer range has the potential of attaining higher 

volume fraction particle loading in the underfills and greater control over underfill 
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properties for higher reliability applications.  Presently, no-flow underfills have very low 

or no filler content because micron-size filler particles hinder solder joint formation.  

Nano-silica underfills have the potential of attaining higher filler loading in no-flow 

underfills without hindering solder interconnect formation [9, 10] 

Nano-silica imparts the same modulus enhancement and CTE reduction to 

adhesives as micro-sized silica particles.  However, nano-silica does not settle in an 

underfill formulation and does not interfere with the solder interconnection process, 

unlike micron-sized particles.  Low filler-loading in no-flow underfills causes the 

coefficient of thermal expansion to be higher than capillary flow underfills.  The no-flow 

underfills are largely unfilled or have very low filler loading because micron-sized filler 

particles interfere with the solder interconnection process [9, 10].  No-flow underfills are 

an attractive alternative to the use of capillary flow underfills, which typically require a 

post-reflow batch cure operation adding to production cycle time.  In addition, nano-silica 

particles can achieve much higher volume fraction loading than micron-sized particles, 

thus providing greater control over underfill properties.  Underfill formulation including 

volume fraction, size, distribution and material properties of the filler particles, influence 

the elastic modulus, coefficient of thermal expansion, and mechanical deformation 

behavior and determine the thermo-mechanical reliability of flip-chip devices. 

There is need for property-prediction techniques for formulation of the underfills 

with desirable thermo-mechanical characteristics.  In this study methodologies for 

property prediction have been investigated.  Models have been developed for prediction 

of underfill properties.  The models are based on constituent component properties and 

enable the prediction of effective equivalent properties of statistically isotropic 
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composites formed by random distribution of spherical filler particles.  Drugan [11, 12] 

showed that the representative volume element (RVE) is an effective technique for 

prediction of elastic composites.  Segurado [13] also demonstrated the RVE with 

modified random sequential adsorption algorithm (RSA) as a reliable approach to 

estimate the equivalent properties.  In the present study an algorithm similar to random 

sequential adsortion algorithm was developed to generate statistically isotropic cubic unit 

cells of underfill containing up to 38% nano fillers.  Developed unit cell has been 

analyzed and the elastic modulus and coefficient of thermal expansion of the underfill 

were computed by using RVE implementation in implicit-finite elements. 

Reliable, consistent, and comprehensive material property data are needed for 

underfills for the purpose of mechanical design, reliability assessment, and process 

optimization of electronic packages.  For example, it is common to use finite element 

models to simulate the reliability of flip chip on laminate assemblies subjected to thermal 

cycling (e.g. -40 to 125 °C).  Underfill mechanical property data are scarce on vendor 

datasheets, and typically only the room temperature elastic modulus is available.  Given 

the known temperature dependent viscoplastic nature of filled epoxy encapsulants such as 

flip chip underfills, one must naturally doubt the accuracy of a finite element simulation 

based on only room temperature elastic properties. 

In this present work, temperature dependent thermo-mechanical properties of 

nano-underfills were evaluated in a temperature range of – 175°C to +150 °C.  Underfills 

in electronic application are used at small scales typical of the gaps between the flip-chip 

device and the printed circuit assembly.  Material properties in the present effort have 

been validated versus properties measured on micro-mechanical test structures.  The test 
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structures are uniaxial-tension specimen with 75-125 µm (3-5 mil) thickness, typical of 

the gaps between the silicon chip and the printed circuit board.  The details of the 

specimen preparation procedure were presented in prior reference by the author [19].  A 

three parameter hyperbolic tangent empirical relation was used accurately to model the 

temperature dependent nonlinear stress-strain data.  Strain gages were used to measure 

the CTE of cured underfill.  Temperature dependent material behaviors of micro-silica 

underfills were also evaluated. 

 

1.2 Research Objective 

 

• Use micro tension/torsion testing machine to evaluate temperature dependent 

stress-strain, creep and relaxation behavior of nano-silica and micro-silica 

underfills 

• Provide the basic underfill mechanical property data for future finite element 

analysis of flip chip 

• Apply strain gage method to measure the coefficient of thermal expansion of 

nano-silica underfills 

• Develop testing chamber for cryogenic temperature (-180 to 0 °C) 

thermomechanical testing 

• Develop finite element models to evaluate effect of aspect ratio on the uniaxial 

tensile specimen 

• Develop finite element models to predict temperature dependent nonlinear stress-

strain curves of underfills 
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• Develop algorithm to generate random coordinates of nano filler particles to form 

statistically isotropic unit cell of nano-underfill 

• Perform finite element analysis to predict effective elastic modulus, poisson’s 

ratio, shear modulus, bulk modulus, etc. of nano underfill 

• Perform finite element analysis to predict effective creep and relaxation behavior 

of nano underfill 
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CHAPTER 2 

LITERATURE REVIEW 

 

2.1  Literature Review on Underfill Materials 

 

Recent trends of electronic industries towards making smaller, cost effective, 

reliable and better performing devices increases the necessity of using flip chip, ball grid 

array, chip scale packages etc. in various consumer electronics.  Pascariu [3] 

demonstrated that in recent years the use of flip chip technology is increasing very 

rapidly.  The author explained that the main reason behind the increased use of flip chip 

technology is the noticeable expansion of the demand for the internet, cellular phones, 

PDA’s, desktop computers, laptops, digital camcorder, digital cameras etc.  A range of 

products including thousands ball grid array products uses flip chip technology.  Use of 

wide range of organic substrates enabled development of various different applications of 

flip chip technology.   

Bedinger [5] described that the use of flip chip and ball grid array technology are 

very important in microwave power amplifier.  The author also demonstrated that due to 

small size and mass for a flip chip thermal cycling is the primary mood of failure and 

vibration, mechanical shock etc. are not typically the mood of failure.  Mismatch in the 

coefficient of thermal expansion is the main reason behind the thermal cycle failure.  In 

the present work it was also explained that underfill can improve the solder joint fatigue
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life significantly.  This increase in life some can be practically achievable in the order of 

8 to 9.  Also adding of underfill does not change or degrade the performance of the 

device considerably for several flip chip technology.   

Liji [1] demonstrated that underfill provides a supplemental restraint mechanism 

to enhance the reliability of flip chip, CSP etc.  The author found that use of underfill 

increases the life of solder joint interconnects in some PBGA samples in the order of 5 to 

6.  Author also discussed that although use of underfill increases the reliability, new 

failure moods are also introduced.  For example, delamination at the underfill to die 

interface, PCB cracking etc.  The author performed finite element study to see the stress 

situation in the underfilled PBGA packages.  Obtained result showed that use of underfill 

reduces the maximum value of the solder joint stresses.  

Sillanpaa [2] analyzed the reliability of the flip chip assemblies.  The author tested 

the assemblies for potential damage to the flip chips and solder interconnects due to the 

application of thermal cycling and mechanical shock by dropping.  The failure analysis 

was also performed.  The author performed finite element analysis to simulate the drop 

test.  During the drop tests it was also found that the system is sensitive to the quality of 

underfill in drop tests.   

Ray [7] and coauthors developed a multilayer ceramic substrate to package a 335 

mm2 silicon chip which has about 15 millions transistors.  The authors discussed the chip 

and package attributes in their paper.  In their study a highly conductive thermal paste 

was developed by the author to provide efficient thermal path from the flip chip to the 

aluminum cap.  The author achieved excellent reliability by column grid array connection 

to the second level organic card. 
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Liu and coauthors [9] introduced a series of single pass reflow encapsulants that 

requires no post curing after solder bump reflow.  These materials first serve as a flux to 

activate soldering and then being cured during the reflow process and establish a 

mechanical connection between the die and the substrate.  Their study employed DSC, 

DMA, TMA and shear test technique to investigate the properties of the material.  The 

author concluded that the developed materials can reduce the assembly line throughput 

and cost as it eliminates the underfilling and post curing process.   

Shi and coworkers [10] investigated the filler interference mechanism of no flow 

underfill.  The author demonstrated that the no-flow underfills are largely unfilled or have 

very low filler loading because micron-sized filler particles interfere with the solder 

interconnection process.  Nano-silica underfills have the potential of attaining higher 

filler loading in no-flow underfills without hindering solder interconnect formation.   

Nano-silica underfill is a very new concept in underfill family.  In these underfills 

nano-silica particles are dispersed in an epoxy matrix.  Adding nano-silica particle 

instead of micro-silica particle will help to achieve better control of the underfill material 

property.  These underfills have the potential of achieving higher volume fraction also.  

Very few studies have been performed recently on nano-silica underfills.  In recent days 

development and application of nano-silica underfills are very important to achieve the 

success in electronic packaging and manufacturing industries.  Knowledge of constitutive 

behavior of nano-silica underfill is very critical too.  No study has been performed yet to 

characterize the thermomechanical properties of nano-silica underfill.  The tradeoffs for 

moving towards nano-silica underfill instead of using the micro-silica underfill is not well 

understood too.   
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There is need for property-prediction techniques for formulation of the underfills 

with desirable thermo-mechanical characteristics.  Finite element and analytical 

techniques need to be developed to predict properties of nano-silica underfills.  

Thermomechanical, elastic, viscoelastic, viscoplastic properties of nano-silica underfills 

need to be studied.  Property prediction technique will provide the vendors an early idea 

about the thermomechanical behavior of new underfills before actually making it and 

testing it in the laboratory.  This will also provide vendors an early idea about the 

reliability status of the electronic packages with any new underfill before actually making 

the underfill.  This technique will also suggest necessary changes in the constituent 

component to obtain the desired underfill to optimize the reliability of electronic 

packages.  Drugan [11, 12] showed that the representative volume element (RVE) is an 

effective technique for prediction of elastic composites.  Segurado [13] also demonstrated 

the RVE with modified random sequential adsorption algorithm (RSA) as a reliable 

approach to estimate the equivalent properties.  Segurado [13] also demonstrated that 

using a RVE with few dozen of fillers is a very good approach to estimate the equivalent 

properties of a particle reinforced composite.  In the above study the author used 

modified random sequential adsorption algorithm to calculate the random position of 

spheres. 

 

 

 



CHAPTER 3 

CHARACTERIZATION OF UNDERFILL MATERIAL PROPERTIES 

 

3.1  Characterization of Nano Silica Underfill 

 

3.1.1 Micro Tension/Torsion Testing Machine 

A MT-200 tension/torsion thermo-mechanical test system from Wisdom 

Technology, Inc., as shown in Figure 3.1, has been used to test the samples in this study.  

The system provides an axial displacement resolution of 0.1 micron and a rotation 

resolution of 0.001o.  Testing can be performed in tension, shear, torsion, bending, and in 

combinations of these loadings, on small specimens such as thin films, solder joints, gold 

wire, fibers, etc.  Cyclic (fatigue) testing can also be performed at frequencies up to 5 Hz.  

In addition, a universal 6-axis load cell is utilized to simultaneously monitor three forces 

and three moments/torques during sample mounting and testing.  An environmental 

chamber provides a temperature range capability of approximately –180 to +300 oC.  For 

uniaxial testing with the MT-200, forces and displacements are measured.  The axial 

stress and axial strain are calculated from the applied force and measured cross-head 

displacement using 

  LL
L

A
F δ

=
∆

=ε=σ          (3.1) 
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Figure 3.1: MT-200 Testing System with Environmental Chamber 
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where  is the uniaxial stress, σ ε  is the uniaxial strain, F is the measured uniaxial force, A 

is the original cross-sectional area, δ  is the measured cross-head displacement, and L is 

the specimen gage length (initial length between the grips).   

 

3.1.2: Uniaxial Testing of Nano Underfill 1 (NUF1) 

Uniaxial testing specimens of the nano-underfill were developed.  The specimen 

preparation procedure is presented elsewhere [19].  With the developed test specimen; 

tensile, creep and relaxation tests have been performed in a wide temperature range.  The 

nano-underfill material for detailed material testing is NUF1, and has a cure time of 30 

min at 150°C.  The underfill has a volume fraction in the neighborhood of γ = 0.22.  The 

glass transition temperature of this material is 155.86°C (DMA Method).  The thickness 

of the cured uniaxial specimen was 75-125 µm (3-5 mil).  The typical length and width of 

a specimen are 90 mm and 3 mm respectively.  In all uniaxial tests, the effective test 

length of the uniaxial specimen was 60 mm. 

 

Stress-Strain Data 

Figure 3.2 shows typical stress-strains curves for underfill NUF1 at 50 °C, and a 

strain rate of  = 0.001 secε& -1.  The observed variation in the data between different tests 

is typical for cured polymeric materials.  The elastic modulus E is the slope of the initial 

linear portion of the stress-strain curves.  At 50°C and ε&  = 0.001 sec-1, the value for this 

underfill was measured to be E = 3.74 GPa.  This value was found by averaging the 

results from 5 tests.  An empirical three-parameter hyperbolic tangent model has been 

used to model the observed nonlinear underfill stress-strain data.  Such a model has been 
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used historically to model the stress-strain curves of Cellulosic materials [17,33].  The 

general representation of the hyperbolic tangent empirical relation is 

ε+ε=εσ 321 C)Ctanh(C)(          (3.2) 

 

where C1, C2, and C3 are material constants.  Differentiation of equation (3.2) gives an 

expression for the initial (zero strain) elastic modulus, 

 

   321 CCCE +=           (3.3) 

 

Likewise, constant C3 represents the limiting slope of the stress-strain curve at 

high strains.  For a given set of experimental data, constants C1, C2 and C3 are determined 

by performing a nonlinear regression analysis of equation (3.2) through experimental data 

points.  Based on the results from reference [33], the data from all of the stress-strain 

curves in a set should be fit simultaneously in order to obtain the best set of hyperbolic 

tangent model material constants. 

The stress-strain data shown in Figure 3.2 were fit with the hyperbolic tangent 

model using a nonlinear regression analysis.  Results from this calculation were C1 = 

53.60 MPa, C2 = 68.67, and C3 = 10.68 MPa.  The data from Figure 3.2 and the best fit of 

the empirical model are shown together in and Figure 3.3.  Excellent correlation is 

observed.  Such results were typical for all of temperatures at which testing was 

performed. 
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Figure 3.2: Typical Stress-Strain Curves of Underfill NUF1. (T = 50 °C,  = 0.001 secε& -1) 
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Figure 3.3: Hyperbolic Tangent Model Fit to Typical Underfill Stress-Strain Data (T = 50 
°C, ε&  = 0.001 sec-1) 
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Typical variation of the stress-strain curves of the tested underfill with 

temperature is shown in Figure 3.4.  The strain rate for these tests was  = 0.001 secε& -1.  

The total test time (to failure) of a typical tensile test is less than 5 seconds for room 

temperature experiments.  Tests were performed at T = 25, 50, 75, 100, 125 and 150°C.  

The curves shown in Figure 3.4 are the hyperbolic tangent empirical fits to the multiple 

curves measured at each temperature, and therefore represent an average measured stress-

strain curve at each temperature.  The stress-strain curves in Figure 3.4 illustrate 

considerable softening and viscoplastic type behavior as the temperature is increased. 

Elastic modulus decreases approximately linearly with the increase of temperature 

from 25 to 125 °C.  Figure 3.5 shows temperature dependent elastic modulus of underfill 

NUF1. The value of elastic modulus at 25°C is in the neighborhood of 4.65 GPa.  This 

correlates well with the predicted value of 4.4 GPa from the unit cell model in chapter 6.  

For temperature, T = 125 °C elastic modulus decreases dramatically and at T = 150 °C 

elastic modulus is almost near to zero.  This is typical as underfill approaches near to its 

glass transition temperature.  Figure 3.6 shows a comparison of elastic modulus of the 

nano-underfill NUF1 versus micron-filler underfill UF1.  UF1 is has micro size particles 

as fillers.  The volume fraction of filler particle in UF1 is almost double than NUF1.  

Figure 3.6 shows that due to higher filler concentration UF1 has higher elastic modulus 

than NUF1.  Glass transition temperature of UF1 is 150 °C and its modulus drops greatly 

after 100 °C but NUF1 has glass transition temperature as 155.86 °C and its modulus 

drops greatly after 125 °C. 

Measurements of accurate mechanical properties at extreme low temperatures are 

very important for various applications including the solar system exploration missions 
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Figure 3.4: Temperature Dependent Average Stress-Strain Curves of Underfill NUF1 ( ε&  
= 0.001 sec-1) 
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Figure 3.5: Temperature Dependent Elastic Modulus of NUF1 (  = 0.001 secε& -1) 
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Figure 3.6: Elastic Modulus of a Nano-Filler Underfill and a Micro Filler Underfill ( ε&  = 
0.001 sec-1) 
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by NASA.  In this present study tests has been performed at very extreme low 

temperatures down to -175 °C.  A newly developed environmental chamber is used with 

the MT-200 testing system in this purpose.  The environmental chamber shown in Figure 

3.7 is used for the cryogenic tests and it generates the cooling effect by re-circulating cold 

nitrogen gas from a liquid nitrogen source.  Figure 3.8 shows stress strain curves at -50, -

100 and -175 °C.  The measured data have been plotted together with the room 

temperature and higher stress-strain curves shown earlier in Figure 3.4.  The test data 

shows that underfill NUF1 became more linear elastic as the temperature decreases to 

cryogenic temperature.  Figure 3.9 shows the elastic modulus of underfill NUF1 at 

extreme low temperatures.  The elastic modulus also increases linearly with decrease in 

temperature from the room temperature to negative temperatures.  At -175 °C elastic 

modulus of NUF1 became almost double than the room temperature value. 

 

Preliminary Creep Data 

Preliminary creep curves for the underfill NUF1 are shown in Figure 3.10.  All 

the tests were performed at a constant stress level of 10 MPa.  Figure 3.10 illustrates the 

strong influence of temperature upon the deformation under constant load.  At high 

temperatures (near the Tg) the creep compliance is greatly increased. 

 

Preliminary Relaxation Data 

Preliminary stress relaxation test curves for the underfill NUF1 are shown in 

Figure 3.11.  All the tests are performed for a constant strain level which is 1% in this 

case.  From test  data  it  is  observed  that  the  stress  relaxation  rate  increases  with  the  



 

 

 

 

 

 

Figure 3.7: Cryogenic Test Chamber for MT 200 Testing System 
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Figure 3.8: Temperature Dependent Stress Strain Curves at Extreme Low Temperatures 
( ε&  = 0.001 sec-1) 
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Figure 3.9: Temperature Dependent Elastic Modulus in Cryogenic Temperatures ( ε&  = 
0.001 sec-1) 
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Figure 3.10: Temperature Dependent Creep Data of NUF1 
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Figure 3.11: Temperature Dependent Stress Relaxation Test Data of Underfill NUF1 
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increase of temperature.  All the tests were stopped after 100 minutes as it almost reaches 

to a very smaller rate of change of stress after this time. 

 

3.1.3:  Uniaxial Testing of Nano Underfill 2 (NUF2) 

Uniaxial testing specimens of the nano-underfill were developed.  The specimen 

preparation procedure is presented elsewhere [19].  With the developed test specimen; 

tensile and creep tests have been performed in a wide temperature range.  The nano-

underfill material for detailed material testing is NUF2, and has a cure time of 30 min at 

150°C.  The underfill has a volume fraction in the neighborhood of γ = 0.11.  The glass 

transition temperature of this material is 98.24 °C (DMA Method).  The thickness of the 

cured uniaxial specimen was 75-125 µm (3-5 mil).  The typical length and width of a 

specimen are 90 mm and 3 mm respectively.  In all uniaxial tests, the effective test length 

of the uniaxial specimen was 60 mm. 

 

Stress-Strain Data 

Typical variation of the stress-strain curves of the tested underfill with 

temperature is shown in Figure 3.12.  The strain rate for these tests was  = 0.001 secε& -1.  

The total test time (to failure) of a typical tensile test is less than 5 seconds for room 

temperature experiments.  Tests were performed at T = 25, 50, 75, 100, 125 and 150°C.  

The stress-strain curves in Figure 3.12 illustrate considerable softening and viscoplastic 

type behavior as the temperature is increased. 

Elastic modulus decreases approximately linearly with the increase of temperature 

from 25 to 90 °C.  Figure 3.13 shows temperature dependent elastic modulus of underfill  
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Figure 3.12: Temperature Dependent Stress Strain Curves ( ε  = 0.001 sec& -1) 
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Figure 3.13: Temperature Dependent Elastic Modulus ( ε&  = 0.001 sec-1) 
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NUF2. The value of elastic modulus at 25°C is in the neighborhood of 2.9 GPa.  This 

correlates well with the predicted value of 3.25 GPa from the unit cell model [21].  At 

temperature, T = 125 °C elastic modulus is almost near to zero.  This is typical as 

underfill temperature exceeds its glass transition temperature. 

Figure 3.14 shows a comparison of elastic modulus of the nano-underfill NUF1, 

NUF2 versus micron-filler underfill UF1.  UF1 is has micro size particles as fillers.  The 

volume fraction of filler particle in UF1 is almost double than NUF1 and almost four 

times than NUF2.  Figure 3.14 shows that due to higher filler concentration UF1 has 

higher elastic modulus than NUF1 and NUF2.  Glass transition temperature of UF1 is 

150 °C and its modulus drops greatly after 100 °C but NUF1 has glass transition 

temperature as 155.86 °C and its modulus drops greatly after 125 °C.  As glass transition 

temperature of NUF2 is 98.24 °C its property degrades a lot after 90 °C. 

 

Preliminary Creep Data 

Preliminary creep curves for the underfill NUF2 are shown in Figure 3.15.  All the tests 

were performed at a constant stress level of 10 MPa.  Figure 3.15 illustrates the strong 

influence of temperature upon the deformation under constant load.  At high temperatures 

(near the Tg) the creep compliance is greatly increased 

 

3.1.4: CTE Measurement 

Coefficient of thermal expansion of underfill is the most critical thermo-

mechanical property of underfill.  Accurate measurement of CTE of the cured underfill is 

challenging.  In this present work strain gage method was applied to measure the CTE of  
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Figure 3.14: Elastic Modulus of Nano-Filler Underfills and a Micro Filler Underfill ( ε&  = 
0.001 sec-1) 
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Figure 3.15: Temperature Dependent Creep Data of NUF2 
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cured underfill.  Strain gage technique is a very accurate method for CTE measurement 

[29].  Hence the specimen for this method should be very stiff, in this case much thicker 

underfill specimens than uniaxial test specimens were developed.  A 25 mm x 15 mm x 1 

mm specimen was cast and cured at 150°C for 30 minutes.  A strain gage was placed on 

the cured specimen.  A special type of CTE measurement strain gage was chosen for this 

purpose.  A similar strain gage was placed on a reference material.  The reference 

material was a Titanium-Silicate Bar (TSB) bar specially made for using in CTE 

measurement.  Figure 3.16 shows the photograph of the underfill specimen with strain 

gage.  Figure 3.17 shows strain gage on reference material.  The underfill specimen and 

the TSB bar were heated in an oven from room temperature to the 120 °C of the underfill, 

NUF1.  Figure 3.18 and Figure 3.19 shows the strain gage readings at different 

temperatures for the gages placed on the reference material and underfill specimen 

respectively.  Figure 3.20 shows the thermal strain developed in the underfill specimen at 

different temperatures. 

 

The CTE was calculated by using the following equation [29], 

T
EE RS

RS ∆
−

=α−α        (3.4) 

 

where and are CTE of the test specimen and reference material respectively.  ESα Rα S 

and ER are strain gage output of the gages on the test specimen and the reference material 

respectively and ∆T is temperature difference.  The calculated value of CTE of the 

underfill NUF1 is 39 ppm/°C.  The value correlates reasonably with the predicted CTE 

value of 45 ppm/°C from the unit cell model presented later in chapter 6. 
 41



 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 3.16: Underfill Specimen with Strain Gage 
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Figure 3.17: Strain Gage on Reference Material. (Titanium-Silicate Bar,TSB) 
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Figure 3.18: Strain Gage Reading from the Gage on the Reference Material. 
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Figure 3.19: Strain Gage Reading from the Gage on the Test Specimen 
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Figure 3.20: Thermal Strain on Underfill Specimen at Different Temperature 
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3.2  Characterization of Macro Silica Underfill 

Reliable, consistent, and comprehensive material property data are needed for underfills 

for the purpose of mechanical design, reliability assessment, and process optimization of 

electronic packages.  For example, it is common to use finite element models to simulate 

the reliability of flip chip on laminate assemblies subjected to thermal cycling (e.g. -40 to 

125 ˚C).  In this section material characterization of several macro underfills are 

performed via thermomechanical testing.  The six-axis micro tension/torsion machine has 

been used to perform tensile, creep tests. 

 

3.2.1: Effect of Extreme Low Temperatures 

Accurate evaluation of the stress-strain behavior of underfill materials at extreme 

of low temperatures is very important for applications in space environments such as 

planned for several upcoming NASA solar system exploration missions.  There have 

been very few studies on the low temperature behavior of microelectronic encapsulants.  

In the present section, the stress-strain testing has been extended down to -185 °C by 

using the newly developed extreme cold temperature test chamber shown in Figure 3.7.  

With the developed system shown in Figure 3.7, stress-strain and creep tests have been 

performed on several underfill materials down to cryogenic temperatures.  For example, 

stress-strain curves of underfill encapsulant UF1 (curing condition and basic properties 

listed in Table 3.1) are shown in Figure 3.21 for the temperature range of -175 to +150 

oC.  For these experiments, the strain rate was ε&  = 0.001 sec-1.  The measured elastic 

moduli of the same underfill encapsulant are plotted over the same temperature range in 

Figure 3.22.  As can be seen from the data, the stress-strain curves become linear elastic 
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Table 3.1: Basic Underfill Properties as Provided by Vendor 

 

Underfill 
Material 

gT α (1/oC) 
(Below Tg) 

Filler Particle 
Diameter 

Filler 
Content 

Recommended 
Cure Conditions

UF1 150 oC 25 x 10-6 1-10 µm 50% 150 oC / 30 min 
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Figure 3.21 - Underfill Stress-Strain Curves for Material UF2 (T = -175 to 150 oC, ε&  = 
0.001 sec-1) 
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Figure 3.22 - Elastic Modulus vs. Temperature for Material UF2 (T = -175 to 150 oC, ε&  = 
0.001 sec-1) 
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 51

with much higher stiffness as the temperature decreases.  With constant load tests, we 

have verified that creep is negligible for temperatures at or below T = -50 oC.  The 

material is highly viscoplastic at room temperature and above.  At the cryogenic 

temperature T = -175 oC, the value of the elastic modulus is almost double that of the 

room temperature value.  For temperatures from -175 to +100 oC, the elastic modulus 

decreases linearly with a constant slope.  Above T = +100 oC, the elastic modulus 

decreases at a faster rate as the material enters the glass transition region.  The vendor 

reported the Tg of this material is +150 oC (DMA method). 

 

3.2.2: Temperature Dependent Creep Curves 

Complete characterization of the uniaxial constitutive behavior of underfills 

requires the measurements of time dependent creep or stress relaxation curves.  

Temperature dependent preliminary creep curves of UF2 for the underfill under 

consideration are shown in Figures 3.23.  All the tests were done at 20 MPa.  Figure 25 

illustrates the strong influence of temperature.  At high temperatures (near the Tg) the 

creep compliance is greatly increased. 
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Figure 3.23: Temperature Dependent Underfill Creep Data (Stress Level 20 MPa) 
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 53

CHAPTER 4 

FINITE ELEMENT SIMULATION OF UNIAXIAL TEST SPECIMEN 

 

In this chapter detail Finite Element Analysis (FEA) simulation of uniaxial tensile 

tests has been performed by using a general purpose software ANSYS.  Figure 4.1 shows 

a general description of the model geometry, boundary conditions and loading.  Due to 

the symmetry, half of the uniaxial specimen has been modeled.  The specimen chosen for 

this study has length to width aspect ratio 40, length 120 mm and width 3 mm.  For the 

FEA study half of the specimen has been modeled with length 60 mm and width 3 mm.  

The actual tests are displacement controlled and one end of the specimen is attached with 

the stationary stage of the tester and the other end of the specimen is attached with the 

moving stage.  In Figure 4.1 the left end of the specimen represents the stationary stage of 

the tester and fixed boundary condition is applied at the left end of the geometry.  The 

right end represents the middle of the specimen and prescribed displacement is applied 

here.  Figure 4.2 shows the details of the FEA mesh used in the model.  In this FEA study 

the measured temperature dependent stress-strain curves from the real tensile tests have 

been used as input material property. 

 

4.1: Effect of Length to Width Aspect Ratio 

For uniaxial tests, stress uniformity throughout the specimen is a critical factor. 

Earlier it was stated that desired value for length to width aspect ratio is 10 - 20 to yield a 
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Figure 4.1: FEA Model of Symmetric Half of the Tensile Specimen. W
Aspect Ratio = 40. 
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Figure 4.2: FEA Mesh of the Model 
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 56

reasonably pure uniaxial stress state in the specimen.  Finite element analysis has been 

performed with the aspect ratios 2, 6, 20 and 40. The analysis temperature was 25 ˚C for 

this part of the study.  Figure 4.3, 4.4, 4.5, 4.6 represents the results for the aspect ratio 2.  

The FEA mesh of the model for aspect ratio 2 is shown in Figure 4.3.  The element size 

was chosen as 0.5 mm X 0.5 mm square and kept same for all the models with different 

aspect ratios.  Figure 4.4 shows the axial stress distribution along the length of the 

specimen.  Stress in this case is not uniform at all throughout the whole specimen.  This 

large nonuniformity in the axial stress value demonstrates that the length to width aspect 

ratio 2 is a worst choice for uniaxial test specimen.  At this case value of stress at the 

rightmost vertical path of the model is not also constant, Figure 4.5. As symmetric half of 

the specimen was modeled this rightmost vertical path represents the middle of the 

specimen where stress must have a constant value in a good acceptable uniaxial tensile 

test.  Figure 4.6 shows a comparison between the input experimental stress-strain curve 

and the stress-strain curve generated by the FEA output.  The generated stress-strain 

curve from FEA output is much different than the input experimental stress-strain curve. 

This also supports the idea that a very small length to width aspect ratio like 2 is a very 

poor choice for the uniaxial tensile specimen. 

Figure 4.7 to 4.10 shows the simulation results for the aspect ratio 6.  Axial stress 

distribution in Figure 4.8 shows that stress is not uniform through a large portion of the 

specimen.  Non uniformity of the stress spreads towards approximately 40% of the total 

length of the specimen.  The non uniformity of the stress starts at the edge of the 

specimen where fixed boundary condition is applied and spreads towards the center of 

the specimen.  At the edge, the application of the fixed boundary condition prevents the 



 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 4.3: FEA Mesh of the Model.  Specimen Length, L = 6 mm, Width, W = 3 mm 
and Length to Width Aspect Ratio = 2 
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Figure 4.4: Axial Stress Distribution (σx).  Length to Width Aspect Ratio = 2 
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Figure 4.5: Axial Stress (σx) Value along the Right Most Vertical Path.  Length to Width 
Aspect Ratio = 2 
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Figure 4.6: Comparison of FEA Output with the Input Experimental Data, Length to 
Width Aspect Ratio = 2 
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Figure 4.7: FEA Mesh of the Model.  Specimen Length, L = 18 mm, Width, W = 3 mm 
and Length to Width Aspect Ratio = 6 
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Figure 4.8: Axial Stress Distribution (σx). Length to Width Aspect Ratio = 6 
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Figure 4.9: Axial Stress (σx) Value along the Right Most Vertical Path.  Length to Width 
Aspect Ratio = 6 
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Figure 4.10: Comparison of FEA Output with the Input Experimental Data.  Length to 
Width Aspect Ratio = 6 
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 65

expected contraction due to the poisons ratio effect in the lateral direction and aids in the 

generation of the stress non uniformity.  During the real experiment the edge of the 

specimen also can not deform laterally due to the grip, hence Figure 4.8 represents the 

stress distribution of a real tensile test.  Uniaxial specimen with length to width aspect 

ratio 6 will be also not acceptable as a good test specimen.  The value of stress at the 

rightmost vertical path is almost constant, Figure 4.9.  Figure 4.10 shows that generated 

stress-strain curve by FEA output is almost same as the experimental stress-strain curve. 

The results for the aspect ratio 20 and 40 are summarized in Figure 4.11 to 4.14 

and Figure 4.15 to 4.18 respectively.  Both of these cases have very little non uniformity 

in axial stress distribution.  Non uniformity of the stress spreads towards approximately 

5% of the total length of the specimen in both cases.  In both cases stress at the rightmost 

vertical edge have constant value and stress-strain curves from experimental input data 

and FEA output are exactly same in both cases.  Figure 4.19 shows a plot demonstrating 

the change in elastic modulus value with the change in aspect ratio.  The elastic modulus 

values in this plot are the initial slopes of the stress-strain curves generated by the FEA 

output data.  The stress-strain curves were measured at the rightmost end of the model 

geometry which represents the center of the uniaxial specimen.  The input material 

properties were same in all cases.  This plot shows that at first the elastic modulus 

decreases with the increase of length to width aspect ratio of a thin uniaxial tensile 

specimen and then remains almost constant for any length to width aspect ratio which is 

20 or more.  Figure 4.20 shows the change in percent difference in modulus value with 

the increase in aspect ratio. Here the modulus value for the specimen with length to width 

aspect ratio 40 was taken as the base value.  These results demonstrate that uniaxial 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 4.11: FEA Mesh of the Model.  Specimen Length, L = 60 mm, Width, W = 3 mm 
and Length to Width Aspect Ratio = 20 
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Figure 4.12: Axial Stress Distribution (σx).  Length to Width Aspect Ratio = 20 
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Figure 4.13: Axial Stress (σx) Value Along the Right Most Vertical Path.  Length to 
Width Aspect Ratio = 20 
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Figure 4.14: Comparison of FEA Output with the Input Experimental Data.  Length to 
Width Aspect Ratio = 20 
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Figure 4.15: FEA Mesh of the Model.  Specimen Length, L = 120 mm, Width, W = 3 mm 
and Length to Width Aspect Ratio = 40 
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Figure 4.16: Axial Stress Distribution (σx).  Length to Width Aspect Ratio = 40 
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Figure 4.17: Axial Stress (σx) Value along the Right Most Vertical Path.  Length to 
Width Aspect Ratio = 40 
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Figure 4.18: Comparison of FEA Output with the Input Experimental Data.  Length to 
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Figure 4.19: Effect of Length to Width Aspect Ratio on Elastic Modulus.   
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Figure 4.20: Percent Difference in Elastic Modulus Values from the Elastic Modulus 
Obtained for Length to Width Aspect Ratio 40  
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 76

specimen with a large length to width aspect ratio like 20 or more is a very good choice 

for the uniaxial tensile tests.  Again for thin film testing too long specimen may produce 

erroneous results due to the bending effect by self weight while a horizontal test setup 

like the thermo-mechanical test system of this present study is been used.  Considering all 

of this, length to width aspect ratio 20 will be the best choice for a uniaxial tensile 

specimen. 

 

Checking for Stress Uniformity 

The axial stress value along some longitudinal paths of the model has been plotted 

to check the stress uniformity through out the specimen.  This study has been done with 

the model of length to width aspect ratio 40.  Figure 4.21 to 4.23 shows that stress is 

constant along the longitudinal paths (horizontal paths in the figures) of the specimen. 

 

4.2: Nonlinear Simulation of Temperature Dependent Stress Strain Curves 

In this part detailed comparison of temperature dependent stress-strain curves 

generated by FEA and experimental data has been performed.  FEA model with length to 

width aspect ratio 40 has been chosen for this purpose.  The simulations are performed at 

temperature 125 ˚C.  Figure 4.24 shows that experimental stress-strain curves at all 

temperatures are exactly same as the stress-strain curves generated by FEA output.  Due 

to this nice similarity between the experimental and FEA stress-strain curves it will be 

possible to make FEA prediction of the stress-strain curves at some temperature where no 

test has been done. Figure 4.25 shows such a prediction at 110 ˚C. 
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Figure 4.21: Axial Stress along Top Horizontal Path.  Length to Width Aspect Ratio = 40 
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Figure 4.22: Axial Stress along Mid Horizontal Path.  Length to Width Aspect Ratio = 40 
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Figure 4.23: Axial Stress along Bottom Horizontal Path.  Length to Width Aspect 
Ratio=40 
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Figure 4.24: Comparison of Stress-Strain Curves Generated by FEA with Input 
Experimental Data.  Length to Width Aspect Ratio = 40 
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Figure 4.25: FEA Prediction of Stress-Strain Curves at 110 ˚C.  Length to Width Aspect 
Ratio = 40 
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4.3: Error Estimation by Multi-mesh Extrapolation 

Error in axial stress value due to mesh refinement is evaluated by Multimesh 

extrapolation [14].  Figure 4.26 to 4.28 shows mesh refinement.  In each refinement, 

nodes and interelement boundaries of the coarser mesh are preserved, while new nodes, 

elements, and interelement boundaries are added.  A plot of axial stress vs. hq is shown in 

Figure 4.29.  Here q = 1 and h is defined by eq. (4.1). 

 

 82

)( ElementofNumber
1h =       (4.1) 

 

Calculations are done for the mid node at the rightmost vertical path.  Value of h 

and Axial Stress for Different Number of Element are given in Table 4.1.  Calculated 

error in axial stress value for the model with 720 elements is found as 0.169%. This small 

error ensures that mesh picked for the models discussed before are refine enough. 
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Figure 4.26: Original Mesh Before Refinement.  Total Number of Element = 720.  
Length to Width Aspect Ratio = 40 
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Figure 4.27: Mesh Refinement.  Total Number of Element = 2880.  Length to Width 
Aspect Ratio = 40 
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Figure 4.28: More Mesh Refinement.  Total Number of Element = 11520.  Length to 
Width Aspect Ratio = 40 
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Figure 4.29: Axial Stress vs. h Plot.  Calculations are done for the Mid Node of the 
Rightmost Vertical Edge 
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Table 4.1: Value of h and Axial Stress for Different Number of Element 
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CHAPTER 5 

PREDICTION OF MATERIAL PROPERTIES MACRO-SILICA UNDERFILLS 

 

5.1: Underfill Constituent Properties of Macro-Silica Underfills 

Macro silica underfills are formed by dispersing micron sized fillers in epoxy 

matrix.  In this chapter Finite Element Models have been generated to predict coefficient 

of thermal expansion and elastic modulus of macro silica underfills.  The property 

prediction has been performed based on the constituent properties of underfill.  Underfill 

constituent properties are given in Table 5.1.  The underfill material chosen for the 

prediction study has 49% filler particles by volume.   

 

5.2: Prediction of Material Properties of Macro Silica Underfills 

 

5.2.1: Unit Cell Generation 

Unit cells are generated to predict the underfill material properties by symmetric 

distribution of constant sized spherical fillers in epoxy matrix.  In real underfill randomly 

sized fillers particles are distributed randomly in an epoxy matrix.  Unit cells with 

symmetrically distributed and constant sized spherical filler particles are considered to 

avoid complexity of the finite element models.  Unit cells with random sized and 

randomly distributed filler particles will be discussed in chapter six.  Two types of unit 

cells are developed.  First type of unit cell has one filler at the center of an epoxy cube.
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Table 5.1 Material Properties for Epoxy Matrix and Micro-Silica Particle 

 

  
Elastic Modulus 

(GPa) 
 

 
Poisson 
Ratio 

 
CTE 

(ppm/°C) 

 
Filler 

 

 
77.8 

 
0.19 

 
0.5 

 
Epoxy 

 

 
2.5 

 
0.40 

 
62.46 

 

 

 

 

 

 

 

 

 

 



The length of the epoxy cube is 4.6 µm and the diameter of the filler particle is 4.5 µm.  

The volume of the cube is 97.34 µm3 and the volume of the filler particle is 47.71 

µm3.The volume fraction of the filler is 49% and was calculated by equation (5.1).  The  

 

  
CubetheofVolume
FillertheofVolumeFractionVolume =γ,     (5.1) 

 

other unit cell has total eight fillers distributed symmetrically.  The length of the cube is 

9.2 µm and the diameter of the particle is 4.5 µm.  The volume fraction of the filler was 

49% and also calculated by equation (5.1).  Figure 5.1 and 5.2 shows the filler 

distribution in the one filler and eight filler unit cell respectively.   

 

5.2.2: Prediction of Coefficient of Thermal Expansion by 1 Filler Model 

 

Finite element model was developed by the generated unit cells to predict the 

coefficient of thermal expansion.  Figure 5.3 shows the finite element model of one filler 

cell.  The origin is at the center of the unit cell.  Symmetric boundary condition was 

applied as shown in Figure 5.4.  The reference temperature was 25 ˚C and the maximum 

temperature was applied as 125 ˚C.  Figure 5.5 shows the thermal expansion in x 

direction due to rise in the temperature from 25 ˚C to 125 ˚C.  Figure 5.6 shows the 

surface plot of the displacement values of the nodes on the rightmost surface.  Since the 

filler particle is more rigid than the epoxy, the nodes at the center have less displacement 

and the nodes away from the center have more displacement. This results a cone shape
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Epoxy Cube 
Side Length = 4.6 µm 

CTE = 62.46 X 10-6 /°C 
Volume = 97.336 m3 

 

 

 Filler Particle 
Diameter = 4.5 µm 

CTE = 0.5 X 10-6 /°C 
Volume = 47.713 m3   

 

 

 

 

 

Figure 5.1: One Filler Unit Cell 
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Epoxy Cube 
Side Length = 9.2 µm 
CTE = 0.5 X 10-6 /°C 

Volume = 778.688 µm3 

Filler Particle 
Diameter = 4.5 µm 

CTE = 62.46 X 10-6 /°C 
Volume = 8 X 47.713 µm3 

 

 

 

 

 

 

 

 

 

 

Figure 5.2: Eight Filler Unit Cell 
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Figure 5.3: Finite Element Model of One Filler Unit Cell 
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Figure 5.4: Applied Boundary Condition in One Filler Unit Cell 
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Figure 5.5: Thermal Expansion in x Direction 
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Figure 5.6: Ux Displacement of the Deformed Surface at X = 2.3 µm from Center [Right 
Most Surface] 
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surface after deflection.  The displacements are symmetric about the center axes as the 

cube is symmetric about that axes.  The distance of the Cg of the deflected surface from 

the neutral surface is 0.0068 µm.  Based on the Cg the deflected surface the coefficient of 

thermal expansion of the underfill is UF1 is 29.53 ppm.  The published value of the Cg by 

the vendor is 25 ppm, which well correlates with the prediction. 

 

5.2.3: Prediction of Coefficient of Thermal Expansion by 8 Filler Model 

Figure 5.7 shows the finite element model of one filler cell.  The origin is at the 

center of the unit cell.  Symmetric boundary condition was applied as shown in Figure 

5.8.  The reference temperature was 25 ˚C and the maximum temperature was applied as 

125 ˚C.  Figure 5.9 shows the thermal expansion in x direction due to rise in the 

temperature from 25 ˚C to 125 ˚C.  Figure 5.10 shows the surface plot of the 

displacement values of the nodes on the rightmost surface.  Since the filler particle is 

more rigid than the epoxy, the nodes near the filler particles have less displacement and 

the nodes away from the filler particles have more displacement.  This results the shape 

of the deflected surface shown in Figure 5.10.  The displacements are symmetric about 

the center axes as the cube is symmetric about that axes.  The maximum deflection occurs 

at the center of the right most surface as there are no filler at the center of the eight filler 

unit cell.  The distance of the Cg of the deflected surface from the neutral surface is 0.013 

µm.  Based on the Cg the deflected surface the coefficient of thermal expansion of the 

underfill is UF1 is 28.81 ppm.  The published value of the Cg by the vendor is 25 ppm, 

which well correlates with the prediction. 

 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 5.7: Finite Element Model of Eight Filler Unit Cell 
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Figure 5.8: Applied Boundary Condition in Eight Filler Unit Cell 
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Figure 5.9: Thermal Expansion in x Direction 
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Figure 5.10: Ux Displacement of the Deformed Surface at x = 4.6 µm from Center [Right 
Most Surface] 
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5.2.4: Prediction of Elastic Modulus by 1 Filler Model 

Finite element models have also developed to predict the elastic modulus of the 

micro-silica underfill.  Figure 5.11 shows the applied boundary conditions in the model.  

The origin is at the center of the cube.  The x displacement is zero at x equal to zero, the z 

displacement is zero at z equal to zero and the y displacement is zero at y equal to 

negative 2.3 µm.  The fixed boundary condition is applied at the center node of the 

bottom surface.  The displacement is coupled in the y direction at the top surface at y 

equal to 2.3 µm.  A compressive pressure load is applied on the nodes at the top surface 

at y equal to 2.3 µm.  The load was applied in a ramped manner.  Figure 5.12 shows the y 

deflection contour in the unit cell.  The stress strain curve was calculated at the top 

surface of the unit cell and shown in Figure 5.13.  Only linear elastic properties for both 

epoxy and filler particles were entered as input material models.  This causes the 

calculated stress strain curve to be linear elastic all the way.  The predicted elastic 

modulus was 13.64 GPa, which correlates well with the measured value of the elastic 

modulus 10.43 GPa.   

 

5.2.5: Prediction of Elastic Modulus by 8 Filler Model 

Elastic modulus was also predicted by finite element analysis of the eight filler 

unit cell.  Figure 5.14 shows the applied boundary condition.  The origin is at the center 

of the cube.  The x displacement is zero at x equal to zero, the z displacement is zero at z 

equal to zero and the y displacement is zero at y equal to negative 4.6 µm.  Fixed 

boundary condition was applied at the center node of the bottom surface.  The 

displacement is coupled in the y direction at the top surface at y equal to 4.6 µm.



 

xz

y

xz

y 

 

 

 
Ux = 0 @ x = 0 

 

Uz = 0 @ z = 0 
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Figure 5.11: Applied Boundary Condition 
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Figure 5.12: Displacement in y Direction 
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Figure 5.13: Stress Strain Curve at the Top Surface of the Unit Cell 
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Figure 5.14: Applied Boundary Condition in Eight Filler Model 

 

 

 

 

 106



 107

A compressive pressure load is applied on the nodes at the top surface at y equal to 2.3 

µm.  The load was ramped from zero to its maximum value.  Figure 5.15 shows the y 

deflection contour in the unit cell.  The stress strain curve was calculated at the top 

surface of the unit cell and shown in Figure 5.16.  Only linear elastic properties for both 

epoxy and filler particles were entered as input material models.  This causes the 

calculated stress strain curve to be linear elastic all the way.  The predicted elastic 

modulus was 11.33 GPa, which correlates well with the measured value of the elastic 

modulus 10.43 GPa.  The predicted elastic modulus value from the eight cell model is 

more close to the measured value of the elastic modulus. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 5.15: Displacement in y Direction 
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Figure 5.16: Stress Strain Curve Calculated at the top Surface of the Unit Cell 
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CHAPTER 6 

PREDICTION OF MATERIAL PROPERTIES OF NANO-SILICA  

UNDERFILLS BY CONSTANT SIZE FILLER MODELS 

 

6.1  Underfill Constituent Properties of Nano-Silica Underfills 

Nano-silica underfills are particle reinforced composite materials in which nano 

silica fillers are distributed randomly in an epoxy matrix.  In this present chapter 

methodologies for property prediction have been investigated.  Models in this chapter is 

developed based on constituent component properties and able to predict the effective 

equivalent properties of statistically isotropic unit cell of nano-underfill formed by 

random distribution of spherical nano filler particles.  The properties of constituent 

components are given in table 6.1.  Since elastic modulus, shear modulus, bulks modulus, 

Poisson’s ratio, etc. are determined from the slope of initial linear portion of the 

corresponding curves, both epoxy and silica fillers are assumed to be linear elastic during 

predicting the above properties of the nano underfill. The epoxy was assumed 

viscoelastic and the silica fillers are assumed as linear elastic to develop the models to 

predict creep and relaxation behavior.  In the present study an algorithm similar to 

random sequential adsortion algorithm was developed to generate statistically isotropic 

cubic unit cells of underfill containing up to 38% nano fillers.  The models can be used 

for development of nano-silica underfills with desirable thermo-mechanical properties. 
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Table 6.1 Material Properties for Epoxy Matrix and Nano-Silica Particle 

 

 

  
Elastic Modulus 

(GPa) 
 

 
Poisson 
Ratio 

 
CTE 

(ppm/°C) 

 
Filler 

 

 
77.8 

 
0.19 

 
0.5 

 
Epoxy 

 

 
2.5 

 
0.40 

 
62.46 

 

 

 

 

 

 

 

 

 

 



6.2 Prediction of Material Properties of Nano Silica Underfills 

 

6.2.1 Unit Cell Generation 

The modulus of elasticity and the coefficient of thermal expansion of nano 

underfills were predicted by the implicit finite-element models of three-dimensional 

cubic unit cells.  The unit cell was generated by randomly distributing spherical fillers in 

an epoxy matrix.  The volume of the cube is L3, N is the total number of particles and r is 

the radius of the spherical particle.  Volume fraction (γ) of the filler was determined as 

the ratio of total volume of the sphere to the volume of the cube,  

 

3

3

3
4

L

rN ⎟
⎠
⎞

⎜
⎝
⎛

=

π

γ       (6.1) 

 

Volume fraction of the cube was controlled by varying the total sphere number N 

as required by the value of L.  The radius of the sphere r is kept same for the analysis of 

all volume fractions.  The fillers should be distributed in such way that the unit cell 

should be isotropic i.e. equivalent in all direction and it should be quite suitable for 

generating good finite element mesh.  An algorithm based on modified random sequential 

adsortion (RSA) has been developed to generate the random center coordinates of the 

nano-silica particles in the underfill [13].  According to this algorithm all the accepted 

random coordinates of the particles (for γ = 0 to 0.25) pass the following conditions. (a) If 

the particle surface touches the surface of the cube, or if they are very close, it may not be 

possible to mesh or the generated finite element mesh will be
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distorted or some time meshing may not be possible at all.  To avoid these, the particles 

were kept inside of the cube at some minimum distance d2 from the surface of the cube.  

 

     r1.0rd2 +=      (6.2) 

 

To fulfill the above condition, center coordinates of the ith particle must pass the 

following check 

 

    
3,2,1jdLx

3,2,1jdx

2
i
j

2
i
j

=≥−

=≥

    (6.3) 

 

(b) If two adjacent particles overlap each other they will violate the rigid sphere 

condition. In addition, two adjacent particles can not touch each other.  To fulfill this 

condition center coordinates of the ith particle must pass the following check  

 

    r07.2d1 ∗=       (6.4) 

    
( ) )1i(.....,,1kdxx 1

ki −=≥− vv
  (6.5) 

 

The modified RSA method has been used to achieve volume fraction higher than 

γ = 0.25.  In this study, the unit cells with volume fraction, γ , such that 0 < γ < 0.25, all 

the particle centers were kept inside the cube, no particle overlaps the outer surfaces of 

the cube.  For unit cell volume fractions more than 0.25, the particles were allowed to 
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overlap the surface boundary of the cube.  If any particle overlapped the surface, the 

portion of the particle outside the cube was carefully cut into several sections and copied 

at a suitable position on the opposite surface of the cube.  First, a cubic cell with volume 

fraction less than 0.25 was generated by fulfilling the above two conditions and then the 

cell was compressed in to a smaller size while keeping the size of the spherical particle 

same. The size of the sphere and total number of the sphere does not change during the 

operation, but the cell is compressed, giving a higher volume fraction of filler content.  

Length of the cubic cell is compressed first, by multiplying it by a user defined shrinking 

factor cf (< 1).  The new length of the cube is given by 

 

    LcL fn ∗=       (6.6) 

 

The old position of the center of ith particle is given by ixr then new position of the 

particle will be given by 
i
nxr

 

    f
ii

n cxx ∗=
rr

     (6.7) 

 

Once the particles have moved, they will be allowed to overlap the surface of the 

cube but no particle center will be outside of the cube.  If the new coordinates of the ith 

particle  falls outside of the cube then it moved back in the cube at a random position 

between the surface and at a inward distance (r-α).  Where α is a user defined constant 

and α > 0.1r.   

i
nxr
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If the particle center sits at a distance r from the surface of the cube then the 

particle surface will touch the cube surface and meshing will not be possible.  If the new 

coordinates of the ith particle 
i
nxr  falls inside of the cube and at a distance r from the 

surface then it will be moved at a random position between the surface and at a inward 

distance (r-α).  Where α is a user defined constant and α > 0.1r 

If the particle overlaps any other previously accepted position then it will be 

moved to a new random position in a random direction.  The new position will be given 

by  

 

  β±= i
n

i
n xx rr

        (6.8) 

 

where β is a small random number.  Smaller β ensures faster convergence. 

The new position of the particle will be accepted only if all above conditions are 

fulfilled.  Since the algorithm involves random movement and random positioning each 

of the iterations may not produce an acceptable distribution.  The algorithm also counts 

the number of iterations and stops the program if number of iteration exceeds a certain 

number. 

 

6.2.2 Isotropy of the Unit Cell 

Once a valid distribution of the filler particles has been created, the algorithm also 

calculates the centroid and moment of inertia of the distributed particles.  These 

quantities are calculated to check the isotropy of the distribution.  The distribution with 

centroids at a position in the neighborhood of 0.5L are accepted, where L is the length of 

 115



the side of the cube.  An isotropic distribution will have identical moment-of-inertia for 

the nano-particles about three orthogonal axes.  Figure 6.1 shows a plot of the coordinates 

of the centroids of the accepted distribution for different volume fractions.  Table 6.2 

shows the values of moment of inertia for the accepted distributions for several volume 

fractions.  In almost all cases, moments of inertia about all three axes have very close 

values. This indicates that the generated unit cell is isotropic in all directions.  The unit 

cell for volume fraction 0.38 has a smaller moment of inertia due to the compression of 

the cell Size. 

 

6.2.3 Randomness of Filler Distribution 

Randomness of filler distribution also has been checked to ensure that no 

periodicity exists in the filler distribution.  A radial distribution function of filler 

centroids, g(R), is used for this purpose [48, 49].  The function is given as 

 

    dR
)R(dK

NR4
V)R(g 2π

=
    (6.9) 

 

where V is the volume considered, N is the total number of filler particles in the 

considered volume, K(R) is the average number of filler centroids within a radius R from 

an arbitrary filler.  Figure 6.2 shows a plot of g(R) for a distribution of filler volume 

fraction 0.20.  The distributions are not periodic as very little presence of spikes of 

maxima and minima are seen. 
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Figure 6.1: Centroids for Acceptable Nano-Particle Distribution 
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Table 6.2: Moment of Inertia of Acceptable Nano-Particle Distributions.   

 

 
Volume 
Fraction 

 
Moment of 

Inertia About Axis 1 

 
Moment of 

Inertia About Axis 2 

 
Moment of Inertia 

About Axis 3 
 

 
0.10 

 

 
100105 

 
85312 

 
86065 

 
0.20 

 

 
208298 

 
195363 

 
210952 

 
0.25 

 

 
278356 

 
259267 

 
254355 

 
0.38 

 

 
168768 

 
179811 

 
186471 
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Figure 6.2: Plot of Radial Distribution Function 
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6.2.4 Finite Element Model of Unit Cell 

Finite element models of the cubic unit cells have been created to predict the CTE 

and elastic modulus of the nano underfill.  In these models, spherical silica fillers were 

generated in an epoxy cube.  The length of the epoxy cube is equal to the length of the 

unit cell considered in the unit cell algorithm.  The filler particles were generated by 

using the center coordinates and radius.  For the models having volume fraction of filler 

more than 0.25, fillers overlapping the cube surface were carefully cut into pieces and 

copied at a suitable place onto the other side of the cube.  The model geometry was 

meshed by 8 node tetrahedral brick element. Figure 6.3 to Figure 6.5 shows 

representative models of the unit cell and filler distribution.  More filler distribution 

Figure 6.6 shows example of the mesh generated in the FEA models.  Figure 6.7 shows 

the isotropic distribution of particles with volume fraction, γ = 0.38. 

 

6.2.5 Prediction of Coefficient of Thermal Expansion (CTE) 

The developed finite element model was used to predict the coefficient of thermal 

expansion of the nano-underfill for different volume fraction of filler particles.  

Symmetric boundary conditions were used at the cube faces at x, y, and z equal to zero.  

The degrees of freedom were coupled at the faces at x, y, z equal to L.  The temperature 

of the model was raised to a user defined uniform temperature.  This ensures that the 

cube faces will not be distorted after deformation.  Calculated CTE values are presented 

in Figure 6.8 and Figure 6.9.  In Figure 6.8, CTE in the direction of x-axis has been 

plotted for different volume fraction of the filler particles.  Figure 6.8 shows that CTE of 

the underfill decreases linearly with the increase of volume fraction of the filler particles.   



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 6.3: Isotropic View of Filler Distribution,  γ = 0.20 
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Figure 6.4: Front View of Filler Distribution,  γ = 0.20 
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Figure 6.5: RHS View of Filler Distribution,  γ = 0.20 
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Figure 6.6: FEA Mesh,  γ = 0.20 
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Figure 6.7: Isotropic View of Filler Distribution,  γ = 0.38 
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Figure 6.8: Prediction of x-CTE by finite-element analysis of Unit Cell 
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Figure 6.9: Prediction of x, y, z-CTE by finite-element analysis of Unit Cell 
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In Figure 6.9 calculated CTE values in x, y, z directions were plotted together on the 

same graph.  This graph shows that CTE in all directions is almost identical which once 

again proves that the generated unit cells are isotropic. 

 

6.2.6 Repeatability of Unit Cell 

All the results that presented in this chapter calculated from the analysis of one 

unit cell in each case.  Due to the excellent repeatability of the results between different 

unit cells calculating results from one unit cell gives enough accuracy.  In this section 

repeatability of calculated quantities from different unit cells have been checked.  Five 

different unit cells with same volume fraction of fillers have been chosen.  CTE has been 

calculated by the Finite Element Analysis of these five unit cells while same thermal load 

and boundary conditions have been applied.  In each case obtained coefficient of thermal 

expansion value is almost exactly same.  Results have been summarized in Table 6.3. 

 

6.2.7 Prediction of Elastic Modulus 

The elastic modulus of nano underfill was also predicted for different volume 

fractions.  For this analysis, different boundary conditions than the Coefficient of 

Thermal Expansion (CTE) models have been used.  Displacement in the x-direction is 

zero at the cube surface at x equal to zero.  Fixed boundary condition is applied at one of 

the point at the mid position of the surface at x equal to zero.  Tensile load was applied at 

the surface at x equal to L in the form of uniform pressure.  A suitable small value of the 

pressure load will give better results because the modulus is defined as the initial slope of 

the linear part of stress-strain curves.  Figure 6.10 shows the elastic modulus vs. volume
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Table 6.3: CTE Value from Several Different Unit Cell Model 

 

  
CTE 

(ppm/˚C) 
 

 
Average CTE 

(ppm/˚C) 

 
% Difference from 

Average CTE 
 

 
Unit Cell #1 
 

 
47.1 

 
0.1 

 
Unit Cell #2 
 

 
47.0 

 
0.2 

 
Unit Cell #3 
 

 
46.8 

 
0.6 

 
Unit Cell #4 
 

 
46.6 

 
1.0 

 
Unit Cell #5 
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Figure 6.10: Prediction of Elastic Modulus by FEA Analysis of Unit Cell 
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fraction of filler particle.  Elastic modulus increases exponentially with the increase of 

volume fraction of the fillers particles. 
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CHAPTER 7 

PREDICTION OF MATERIAL PROPERTIES OF NANO-SILICA  

UNDERFILLS BY RANDOM SIZE FILLER MODELS 

 

7.1 Unit Cell Generation 

In this chapter, random sequential adsorption has been used to develop finite-

element models for nano-underfill unit cells.  Widom [43] showed that a random 

configuration could be produced by random sequential addition of spheres volume 

subject to condition of no overlap.  The addition may be achieved by random addition of 

particles or through perturbing a regular array of particles through random movements.  

[13, 44, 45, 46, 47]. 

Application of technique for analysis of time-dependent properties of nano-

underfills investigated in this paper is new.  Previously authors have investigated the 

application of RSA to prediction of elastic properties of nano-underfills [21].  In this 

chapter, volume fractions between 10 to 40 percent have been investigated, well short of 

the jamming limit of the particles.  The unit cell of 10 percent filler volume fraction had 

24 particles, 20 percent filler volume fraction had 48 particles, 25 percent filler volume 

fraction had 60 particles and 38 percent filler volume fraction had 48 particles. 

In real underfill materials all the filler particles do not have same diameter.  In this 

study, particles sizes in unit cell have been randomly distributed in both size and location.  

Ability of using Random sequential adsorption for time-dependent property



prediction in distribution of particle diameters has been investigated.  The size 

distribution of the particles has been specified by a mean and standard deviation.  

Previous studies have focused on elastic property prediction with identical size particles 

[13, 21].  Bulk modulus, shear modulus and viscoelastic properties of nano underfills 

have been predicted by the implicit finite-element models of three-dimensional cubic unit 

cells. 

The unit cell was generated by distributing spherical fillers in an epoxy matrix.  In 

real underfill all the spherical fillers do not have same diameter instead they follow a size 

distribution function.  To simulate the real behavior of a nano-underfill, size distribution 

of filler particles is introduced. 

A new algorithm is developed which generates the random location of the filler 

center as well as a random diameter for the filler particles.  The size randomization was 

performed by assuming a Gaussian distribution with σ3± .  The median diameter was 50 

nm and the minimum and maximum diameters were 34 and 66 respectively.  The length 

of the new unit cell is 10 times than the median diameter of the filler particle.  The 

volume of the cube is L3, N is the total number of particles and  is the random radius of 

the spherical particle where 

lr

...3,2,1=l etc.  The random radius  was generated by using 

a built-in MATLAB function in such way that it follows the following conditions. 

lr

 

max

min

rr
andrr

l

l

≤
≥

         (7.1) 

 

After creating each successful sphere with random size and location the volume
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)fraction ( Nγ  of the filler concentration was determined by the ratio of total volume of 

the sphere to the volume of the cube,  

 

3
1

3

4
L

r
N

l
l

N

∑
=

⎟
⎠
⎞

⎜
⎝
⎛

=

π

γ          (7.2) 

 

The program stops executing when the volume fraction ( )Nγ  becomes equal or 

slightly greater than the user defined volume fraction value γ i.e. the program stops when 

the following condition is passed. 

 

γγ ≥N           (7.3) 

 

The fillers should be distributed in such way that the unit cell should be isotropic i.e. 

equivalent in all direction and it should be quite suitable for generating good finite 

element mesh.  An algorithm based on modified random sequential adsortion (RSA) [13] 

has been used to generate the random center coordinates of the nano-silica particles 

which have random diameters too.  According to this algorithm all the accepted random 

coordinates of the particles (for γ = 0 to 0.25) pass the following conditions. (a) If the 

particle surface touches the surface of the cube, or if they are very close, it may not be 

possible to mesh or the generated finite element mesh will be distorted or some time 

meshing may not be possible at all.  To avoid these, the center of the ith particle with 

radius  was kept inside of the cube at some minimum distance lr
ld2



from the surface of the cube.  

 

             (7.4) ll
l rrd 1.02 +=

 

To fulfill the above condition, center coordinates of the ith particle with radius  

must pass the following check 

lr

 

    
3,2,1

3,2,1

2

2

=≥−

=≥

jdLx

jdx
li

j

li
j         (7.5) 

 

(b) If two adjacent particles overlap each other they will violate the rigid sphere 

condition.  In addition, two adjacent particles can not touch each other.  To fulfill this 

condition center coordinates of the ith particle which has radius  must pass the following 

check  

lr

 

( ) )1(.....,,107.11 −=+= ikrrd kl
l        (7.6) 

    ( ) )1(.....,,11 −=≥− ikdxx lki vv        (7.7) 

 

The modified RSA method has been used to achieve volume fraction higher than 

γ = 0.25.  In this study, the unit cells with volume fraction, γ , such that 0 < γ < 0.25, all 

the particle centers were kept inside the cube, no particle overlaps the outer surfaces of 

the cube.  For unit cell volume fractions more than 0.25, the particles were allowed to
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overlap the surface boundary of the cube.  If any particle overlapped the surface, the 

portion of the particle outside the cube was carefully cut into several sections and copied 

at a suitable position on the opposite surface of the cube.  First, a cubic cell with volume 

fraction less than 0.25 was generated by fulfilling the above two conditions and then the 

cell was compressed in to a smaller size while keeping the size of the spherical particle 

same. The size of the sphere and total number of the sphere does not change during the 

operation, but the cell is compressed, giving a higher volume fraction of filler content.  

Length of the cubic cell is compressed first, by multiplying it by a user defined shrinking 

factor cf (< 1).  The new length of the cube is given by 

 

    LcL fn ∗=           (7.8) 

 

The old position of the center of ith particle which has radius  is given by lr
ixr then 

new position of the particle will be given by i
nxr

 

    f
ii

n cxx ∗=
rr           (7.9) 

 

Once the particles have moved, they will be allowed to overlap the surface of the 

cube but no particle center will be outside of the cube.  If the new coordinates of the ith 

particle  falls outside of the cube then it moved back in the cube at a random position 

between the surface and at an inward distance 

i
nxr

( )α−lr , where α is a user defined 

constant. 
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If the particle center sits at a distance  from the surface of the cube then the 

particle surface will touch the cube surface and meshing will not be possible.  If the new 

coordinates of the i

lr

th particle i
nxr  falls inside of the cube and at a distance  from the 

surface then it will be moved at a random position between the surface and at an inward 

distance (

lr

)α−lr , where α is a user defined constant. 

If the particle with radius overlaps any other previously accepted particle then it 

will be moved to a new random position in a random direction.  The new position will be 

given by  

lr

β±= i
n

i
n xx rr        (7.10) 

 

where β is a small random number.  Smaller β ensures faster convergence. 

The new position of the particle will be accepted only if all above conditions are 

fulfilled.  Above algorithm involves generation of random size of sphere, random 

movement and random positioning, hence each of the iterations may not produce an 

acceptable distribution.  The algorithm also counts the number of iterations and stops the 

execution if the following condition is not full filled, here i is number of iteration and δ is 

a user defined constant.  Generally δ is a very big number. 

δ≤i         (7.11) 

 

7.2 Finite Element Model of Unit Cell 

Finite element models of the cubic unit cells have been created to predict the bulk 

modulus, Poisson’s ratio and and viscoelastic properties of the nano underfill.  In these
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models, spherical random sized silica fillers were generated in an epoxy cube.  The length 

of the epoxy cube is equal to the length of the unit cell considered in the unit cell 

algorithm.  The filler particles were generated by using the center coordinates and radius.  

The model geometry was meshed by 8 node tetrahedral brick element. Figure 7.1 to 

Figure 7.3 shows representative models of the unit cell and filler distribution for γ = 0.20.  

Figure 7.4 shows the isotropic distribution of particles with volume fraction, γ = 0.39.  

Figure 7.5 shows example of the mesh generated in the FEA models. 

 

7.3 Prediction of Coefficient of Thermal Expansion (CTE) 

The developed finite element model with random diameter filler particles was 

used to predict the coefficient of thermal expansion of the nano-underfill for different 

volume fraction of filler particles.  Symmetric boundary conditions were used at the cube 

faces at x, y, and z equal to zero.  The degrees of freedom were coupled at the faces at x, 

y, z equal to L.  This ensures that the cube faces will not be distorted after deformation.  

The temperature of the model was raised to a user defined uniform temperature.  

Calculated CTE values are presented in Figure 7.6.  In Figure 7.6, CTE in the direction of 

x-axis has been plotted for different volume fraction of the filler particles.  Figure 7.6 

shows that CTE of the underfill decreases linearly with the increase of volume fraction of 

the filler particles, and that the same results as Figure 6.8 were obtained. 

 

7.4 Prediction of Elastic Modulus 

The elastic modulus of nano underfill was also predicted for different volume 

fractions by performing finite element analysis of the models with random fillers.  For 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 7.1:  Isometric View of the Size and Position Distribution of the Filler Particles, 
 γ = 0.20 
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Figure 7.2:  Front View of the Size and Position Distribution of the Filler Particles,  
γ = 0.20 
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Figure 7.3: Right Side View of the Size and Position Distribution of the Filler Particles, 
γ = 0.20 
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Figure 7.4: Right Side View of the Size and Position Distribution of the Filler Particles, 
γ = 0.39 
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Figure 7.5: FEA Mesh of Unit Cell (Isometric View) 
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Figure 7.6: Prediction of CTE by finite-element analysis of Unit Cell 
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this analysis, different boundary conditions than the CTE models have been used.  

Displacement in the x-direction is zero at the cube surface at x equal to zero.  Fixed 

boundary condition is applied at couple of nodes at the mid position of the surface at x 

equal to zero.  Tensile load was applied at the surface at x equal to L in the form of 

uniform pressure.  A suitable small value of the pressure load will give better results 

because the modulus is defined as the initial slope of the linear part of stress-strain 

curves.  Figure 7.7 shows the elastic modulus vs. volume fraction of filler particle.  

Elastic modulus increases exponentially with the increase of volume fraction of the fillers 

particles, and very similar results to Figure 6.10 were obtained. 

 

7.5 Prediction of Bulk Modulus 

The bulk modulus of the nano-underfill was calculated by finite element analysis 

of the above unit cell.  A fixed boundary condition is applied on the node at the origin.  

The origin is located at one corner of the unit cell.  The x, y and z deflections are kept 

zero on the surfaces located at x = 0, y = 0 and z = 0 respectively.  A uniform tensile 

loading in the form of hydrostatic pressure is applied on the surfaces located at x = L, y = 

L and z = L respectively.  The degrees of freedom were coupled in the corresponding 

directions at x = L, y = L and z = L respectively.  The loading causes an increase in the 

volume of the cube without changing the shape at all.  As the unit cells were isotropic it 

generated a uniform change in length in all directions. Bulk modulus values were 

calculated by using the following formula 

V
Vk

∆
=

σ
       (7.12)
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Figure 7.7: Prediction of Elastic Modulus by FEA Analysis of Unit Cell 
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Where, k = bulk modulus, σ = value of applied hydrostatic stress, V = original volume, 

∆V = change in volume.  The analysis was performed for unit cells with γ = 0, 0.1, 0.2, 

and 0.25.  Figure 7.8 shows the predicted bulk modulus as a function of volume fraction 

of the filler particle. Here the bulk modulus of the epoxy is 4.16 GPa and it increases 

exponentially with increases of volume fraction of the filler particles. 

 

7.6  Prediction of Poisson’s Ratio 

Finite element analysis of the unit cell was also performed to predict the Poisson’s 

ratio of the nano-underfill.  As like the bulk modulus, new unit cells in which size 

distribution of the filler particles were applied have chosen for this purpose.  

Displacement in the x-direction is zero at the cube surface at x equal to zero.  Fixed 

boundary condition is applied at one of the point at the mid position of the surface at x 

equal to zero.  Tensile load was applied on the surface at x equal to L in the form of 

uniform pressure.  Nodal degrees of freedom on surfaces at y = 0 and L, z = 0 and L are 

coupled at corresponding directions.  Loading causes extension in x direction while 

contraction in y and z direction.  Poison’s ratio was calculated by using the extension and 

contraction values.  Figure 7.9 shows that Poisson’s ratio decreases nonlinearly with 

increase of filler volume fraction. 

 

7.7 Theoretical Background of Viscoelastic Model 

Prediction of time dependent properties for the underfill materials is very 

important.  Commercial underfills show creep behavior, relaxation behavior and strain 

rate dependence.  Silica particles used in underfills as fillers show linear elastic behavior.
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Figure 7.8: Prediction of Bulk Modulus by FEA Analysis of Unit Cell 
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Figure 7.9: Prediction of Poisson’s Ratio by FEA Analysis of Unit Cell 
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Viscoelastic property of the epoxy matrix is responsible for the time dependent behavior 

of underfill.  A material will be viscoelastic if it has both elastic and viscous behavior.  

These materials exhibit instantaneous elasticity during loading which follows a slow and 

continuous increase of strain at a decreasing rate.  During unloading a continuously 

decreasing strain is observed which follows an instantaneous elastic recovery.  

Viscoelastic materials also have the stress and strain rate dependence i.e. the longer the 

time to reach the final value of stress at a constant rate stressing, the larger is the 

corresponding strain.  On the other hand the longer the time to reach the final value of 

strain at a constant rate straining, the smaller is the corresponding stress.  For the time 

dependent analysis, a generalized Maxwell material model is assumed to represent the 

material behavior of the viscoelastic epoxy matrix in underfill.  The Maxwell model 

consists by connecting a linear spring element to a linear viscous dashpot element in 

series [15].  Figure 7.10 and 7.11 shows the configuration and stress relaxation behavior 

under constant strain situation of a Maxwell element.   

The behavior of generalized Maxwell model formed by connecting several 

Maxwell elements in series becomes identical to the behavior of a single Maxwell 

element as described in Figure 7.12.  On the other hand the generalized Maxwell model 

formed by connecting several Maxwell elements in parallel represents instantaneous 

elasticity, delayed elasticity with various retardation times, stress relaxation with various 

relaxation times and also viscous flow, Figure 7.13.  The generalized Maxwell model 

formed by parallel elements is more convenient than generalized Kelvin model formed by 

parallel elements, which will be discussed later, to predict the stress associated with a 

prescribed strain variation since the same prescribed
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Figure 7.10: Maxwell Model 
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Figure 7.11: Stress Relaxation of Maxwell Element under Constant Strain 
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Figure 7.12: Generalized Maxwell Model by Connecting Elements in Series 
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Figure 7.13: Generalized Maxwell Model by Connecting Elements in Parallel 
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strain is applied to each individual element, and also the resulting stress is the sum of the 

individual contributions.  Kelvin model is formed by connecting a spring element parallel 

to a dashpot element as shown in Figure 7.14.  Generalized Kelvin model formed by 

connecting several Kelvin elements in parallel produces behavior as an equivalent Kelvin 

model, as shown in Figure 7.15.  The generalized Kelvin model in series, Figure 7.16, is 

more convenient for viscoelastic analysis in cases where the stress history prescribed 

since same prescribed stress is applied to each individual element, and the resulting strain 

is the sum of the individual strain in each element.  Again generalized Maxwell model in 

parallel is more convenient in cases where the strain history is prescribed since same 

prescribed strain is applied to each individual element, and also resulting stress is the sum 

of the individual contribution. 

 

7.8 ANSYS Input Constants for Viscoelastic Material 

The finite element analysis software ANSYS was used to compute the predicted 

time dependent behavior of the developed unit cell model.  In ANSYS a viscoelastic 

material can be defined by two methods [16].  The first method requires defining total of 

95 constants.  The list of the constants and their explanations are available in ANSYS 

documentation.  Although the available automatic curve fitting procedure in ANSYS can 

produce some of the above 95 constants but defining total 95 constant is a very 

complicated method.  The other available method requires defining fewer numbers of 

constants.  In this method the required constants are Williams-Landel-Ferry (WLF) shift 

function constants and prony series constants of volumetric and shear response. 
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Figure 7.14: Kelvin Model 
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Figure 7.15: Generalized Kelvin Model by Connecting the Elements in Parallel 
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Figure 7.16: Generalized Kelvin Model by Connecting the Elements in Series 

 

 

 

 

 

 

 158



WLF shift functions are calculated from the elastic modulus relaxation data and time-

temperature superposition method is used in this purpose [15].  Figure 7.17 shows the 

stress relaxation data that will be used in calculation of the viscoelastic constants.  Figure 

7.18 shows the log-log plot of the temperature dependent relaxation modulus versus time 

data obtained from the data shown in Figure 7.17.  The curve at 25˚C was taken as the 

reference curve and other curves at 75˚C, 100˚C and 125˚C were shifted sideways 

parallel to the time axis to an appropriate distances and the single master stress relaxation 

curve was formed, Figure 7.19.  After sifting by appropriate amount log stress relaxation 

modulus curves shown in Figure 7.18, needed to be extrapolated to get the single 

continuous master curve without any break, Figure 7.19.  The magnitude of the total shift 

is plotted against temperature and given in Figure 7.20.  Williams-Landel-Ferry (WLF) 

constants were calculated by substituting the temperature dependent shift function aT and 

temperature value into equation 7.13 and then performing nonlinear regression of that 

equation.  Equation 7.13 has been originally proposed by Williams, Landel and Ferry and 

it gives the relation between the shift factor and the temperature.  Calculated Williams-

Landel-Ferry constants are C1 = T0 = 25 ˚C, C2 = -42.6, C4 = 517 ˚C 

 

( ) ( )
o

o
T TTC

TTCaLog
−+
−−

=
4

2        (7.13) 

ANSYS constants to represent volumetric response and shear response were 

calculated by using Prony series.  Prony series is derived from the solution of generalized 

Maxwell model in parallel.  Stress-strain relation of spring and dashpot in Figure 7.10 can 

be given as 
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Figure 7.17: Stress Relaxation Data Used for Calculating ANSYS Viscoelastic Constant 
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Figure 7.18: Log-Log Plot of the Relaxation Modulus versus Time Data 
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Figure 7.19: Master Relaxation Modulus at 25 ˚C 
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Figure 7.20: Temperature Dependent Shift Factor 
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2εσ k=          (7.14) 

1

•

= εησ          (7.15) 

Total strain,  

21 εεε +=          (7.16) 

and strain rate 

•••

+= 21 εεε          (7.17) 

Inserting Equation 7.15 and time derivative of Equation 7.14 in Equation 7.17 will give 

η
σσε +=

•
•

k
         (7.18) 

or, 

η
σσε

+=
dt
d

kdt
d 1         (7.19) 

Taking Laplace transform of Equation 7.19 
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σσσεε sss
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Rearranging gives, 
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+
= ε

η

σ         (7.20) 
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Assuming applied strain is a step function and  

( ) ( )tHt 0εε =  

Then, 

( )
s

s 1
0εε =

∧

 

Substituting in Equation 7.20 gives, 

( )
sks

sks 0ε

η

σ
+

=
∧

 

or, 

( )

η

εσ ks

ks
+

=
∧

0         (7.21) 

Taking inverse Laplace transform of Equation 7.21 gives, 

( ) ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−= tkkt
η

εσ exp0  

Assuming 
k
ητ =  gives, 

( ) ⎟
⎠
⎞

⎜
⎝
⎛−=

τ
εσ tkt exp0        (7.22) 

 

For generalized Maxwell model several Maxwell elements are connected in 

parallel as shown in Figure 7.13.  Since a set of parallel Maxwell elements are in parallel 

connection, the stress relaxation response will be obtained by summing the stress 

relaxation response of the individual elements.  For the combination 
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Prony series representation of the elastic modulus can be obtained by dividing the 

stress response equation by applied constant strain.  Derived prony series will have the 

following form 
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=
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i i
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tktE
1
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τ

      (7.24) 

 

Now, a generalized parallel Maxwell model with a free spring in parallel of 

modulus , Figure 7.21, will give the modulus relaxation response to a constant strain ∞k

0ε  as shown in Equation 7.25, 

 

( ) ∑
=
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      (7.25) 

Denoting k’s by E’s will give 
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      (7.26) 

 

ANSYS allows maximum ten Maxwell elements to approximate the relaxation 

function.  Equation 7.27 and 7.28 are used to approximate the relaxation of shear 

modulus and bulk modulus. 
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Figure 7.21: Generalized Parallel Maxwell Model with a Free Spring in Parallel 
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Where, 

ComponentProny Each for  Time Relaxation   and 

Relaxationk   eApproximat  toElements Maxwell ofNumber   n
RelaxationG   eApproximat  toElements Maxwell ofNumber   n

(GPa) ModulusBulk  Final k
(GPa) ModulusShear  Final G

k
i

G
i

k

G

=

=
=
=
=

∞

∞

ττ

 

 

For the present study, total 5 Maxwell elements are considered.  Shear modulus 

and bulk modulus relaxation data were calculated from Elastic modulus relaxation data 

by using Equations 7.29 and 7.30.  Temperature dependent prony constants were 

calculated by the nonlinear regression of equation 7.27 and 7.28.  Calculated prony series 

constants are given in Table 7.1 and 7.2. 
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Table 7.1: Prony Viscoelastic Shear Response 

 

  

25 ˚C 

 

75 ˚C 

 

100 ˚C 

 

125 ˚C 

G1 0.0059 0.0208 0.1269 0.0215 

G
1τ  9.39 17.55 0.9385 2.92 

G2 0.0196 0.0278 0.0256 0.1146 

G
2τ  10.91 35.43 13.91 0.3227 

G3 0.0646 0.0887 0.0374 0.0396 

G
3τ  1.09 1.60 12.85 23.02 

G4 0.0195 0.0294 0.0376 0.0212 

G
4τ  12.12 32.07 12.85 2.94 

G5 0.018 0.0298 0.0093 0.0188 

G
5τ  32.23 34.81 66.02 2.73 
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Table 7.2: Prony Viscoelastic Volumetric Response 

 

 25 ˚C 75 ˚C 100 ˚C 125 ˚C 

k1 0.0972 0.0922 0.1148 0.07078 

k
1τ  16.09 31.15 13.24 2.84 

k2 0.0543 0.0804 0.4311 0.1345 

k
2τ  16.12 31.15 0.9412 23.06 

k3 0.2078 0.0922 0.1146 0.0709 

k
3τ  1.24 31.15 13.24 2.84 

k4 0.021 0.0919 0.1132 0.0679 

k
4τ  1.27 31.15 13.21 2.93 

k5 0.0429 0.3049 0.0288 0.3894 

k
5τ  16.03 1.71 58.52 0.3223 
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ANSYS provides some automatic curve fitting method to calculate the WLF, 

shear and bulk relaxation constant.  In this method only the raw relaxation data need to be 

entered in the program and all the constants are calculated automatically by curve fitting 

procedure.  This is a very easy and convenient way of calculating some of the input 

viscoelastic constants, however during calculating the WLF constants this method sets 

the reference temperature automatically by its own.  Since the selection of reference 

temperature is not in user’s control, the defined reference temperature may not be useful 

for the user.  For this reason this automatic curve fitting procedure was not used to 

calculate the required viscoelastic constants for ANSYS. 

 

7.9 Prediction of Relaxation Behavior 

FEA modeling of the unit cell has developed to predict the relaxation behavior as 

a function of time.  Boundary conditions were applied at the cube surface at y equal to 

zero.  Displacement in the y-direction is zero at the cube surface at y equal to zero.  Fixed 

boundary condition is applied at couple of nodes at the mid position of the surface at y 

equal to zero.  Tensile loading was applied at the surface at y equal to L in the form of 

uniform nodal displacement.  Step displacement loading was chosen instead of ramp 

loading to make sure instantaneous application of strain as shown in Figure 7.11(a).  The 

value of applied instantaneous strain was 1% and it was kept constant throughout the 

solution.  Filler particles were assumed to be linear elastic and only linear elastic material 

properties were applied for the filler material.  Viscoelastic material behavior of the 

parallel Maxwell model shown in Figure 7.21 was applied for the epoxy matrix.  In order 

to define the viscoelastic properties of epoxy WLF constant data, Prony viscoelastic shear
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response data, Prony viscoelastic volumetric response data of epoxy were applied.  In 

ANSYS for any viscoelastic material, linear elastic material properties also need to be 

applied along with the viscoelastic properties.  The elastic modulus value of the epoxy is 

2.5 GPa, which is the initial slope of the stress-strain curve of a tensile test.  The above 

elastic modulus value will not be appropriate for viscoelastic analysis, since the applied 

strain loading is instantaneous.  During actual relax testing the stress-strain value starts 

from zero and ramps up to the applied strain level and then relaxing starts.  Since the 

epoxy matrix is not a linear elastic material, after starting the tests the instantaneous 

modulus or the ratio of instantaneous stress to instantaneous strain continuously 

decreases and at the point where relaxing starts this value becomes much lower than the 

initial elastic modulus.  In this present FEA analysis this initial ramping is ignored and 

instantaneous strain and stress is assumed to be applied at time equal to zero.  During 

calculating the Prony constants the initial ramp in the stress-strain data was also ignored 

and only the usefull relax portion of the data was utilized.  So using of this initial elastic 

modulus value, 2.5 GPa, will considerably over predict the relaxation behavior of the 

underfill.  In this case the actual instantaneous modulus at the time of starting of the 

relaxation should be used.  For example at the point where relaxation starts the ratio of 

the instantaneous stress to the instantaneous strain for the 25 ˚C curve in Figure 7.17 is 

1.84 GPa.  Hence the present FEA modeling is performed to predict the relaxation 

behavior at 25 ˚C this 1.84 GPa was applied as the elastic modulus value of the 

viscoelastic epoxy matrix.  Nonlinear solutions were performed in this case with several 

time steps.  The nodal stress response of the surface at y = L were computed and plotted 

in Figure 7.22.  In Figure 7.22 the prediction for the relaxation behavior of the underfill
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Figure 7.22: Prediction of Elastic Modulus Relaxation 
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which has 20% nano-silica fillers is presented.  In Figure 7.22, the relaxation of 

instantaneous modulus is plotted.  Figure 7.22 shows that the predicted value for 20% 

volume fraction correlates very well with the experimentally measured relaxation 

behavior.  For the 10% filler volume fraction a small deviation is observed between the 

predicted and experimental values.  The reason behind this is the experimental curve at 

10% filler volume fraction was generated with some unqualified specimen since the 

supply of the nano underfill was very limited.  Further testing needed to be done at 10% 

volume fraction level in order to validate the predicted data properly at this volume 

fraction level.  In the same figure the relaxation behavior of the epoxy only data is also 

plotted.  Figure 7.23 and 7.24 shows the prediction of the shear modulus and bulk 

modulus relaxation.  Shear modulus and bulk modulus were calculated from the elastic 

modulus by using equations 7.29 and 7.30.  Like the instantaneous modulus relaxation 

same types of behavior were observed for the shear and bulk modulus relaxation. 
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Figure 7.23: Prediction of Shear Modulus Relaxation 
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Figure 7.24: Prediction of Bulk Modulus Relaxation 
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CHAPTER 8 

CONCLUSIONS 

 

In this present study, a methodology has been developed to create statistically 

isotropic cubic unit cells of underfill materials containing randomly distributed, random 

sized micro and nano spherical fillers.  Finite element models based on random sequential 

addition algorithm have been developed and applied successfully for prediction of linear 

and non-linear material properties of underfill materials.  Model predictions of properties 

have been validated with experimental data.  The multi-filler models with randomly 

oriented, random sized spherical filler particles predict the properties more accurately 

than one or eight filler models with periodic filler distribution. 

Multi-mesh extrapolation has been used to model macro behavior in uniaxial test.  

Finite element results indicate that the length-to-width aspect ratio of thin underfill 

specimen of 20 or more is required for accurate uniaxial testing of nano and micro-

underfills.  Mesh refinement has been shown to reduce uncertainty in predicted stress-

strain behavior in the neighborhood of 0.2%.   

A cold chamber has been developed newly which can be used with mechanical 

testing machine to perform uniaxial tests at very low temperature up to -180°C.  A newly 

developed specimen preparation technique has been implemented to generate very thin (3 

to 5 mil) specimen of nano and micro underfill materials.  Temperature dependent stress-

strain curves showed that both nano and micro underfill become viscoplastic at very high 

temperatures and linear elastic at very low temperatures. 
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APPENDIX A 

FILLER DISTRIBUTION IN DIFFERENT UNIT CELLS 

 

In the property prediction effort several unit cells have been developed to predict 

the properties of nano-silica underfill as a function of filler volume fractions.  Detail view 

of the filler distribution in all unit cells are given in this section. 

 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure A.1: Random Distribution of Constant Size Fillers, γ = 0.10 [Isotropic View] 
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Figure A.2: Random Distribution of Constant Size Fillers, γ = 0.10 [Front View] 
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Figure A.3: Random Distribution of Constant Size Fillers, γ = 0.10 [RHS View] 
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Figure A.4: Random Distribution of Constant Size Fillers, γ = 0.10 [Top View] 
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Figure A.5: Random Distribution of Constant Size Fillers, γ = 0.20 [Isotropic View] 
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Figure A.6: Random Distribution of Constant Size Fillers, γ = 0.20 [Front View] 
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Figure A.7: Random Distribution of Constant Size Fillers, γ = 0.20 [RHS View] 
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Figure A.8: Random Distribution of Constant Size Fillers, γ = 0.20 [Top View] 
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Figure A.9: Random Distribution of Constant Size Fillers, γ = 0.25 [Isometric View] 
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Figure A.10: Random Distribution of Constant Size Fillers, γ = 0.25 [Front View] 
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Figure A.11: Random Distribution of Constant Size Fillers, γ = 0.25 [RHS View] 
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Figure A.12: Random Distribution of Constant Size Fillers, γ = 0.25 [Top View] 
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Figure A.13: Random Distribution of Constant Size Fillers, γ = 0.38 [Isometric View] 
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Figure A.14: Random Distribution of Constant Size Fillers, γ = 0.38 [Front View] 
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Figure A.15: Random Distribution of Constant Size Fillers, γ = 0.38 [RHS View] 
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Figure A.16: Random Distribution of Constant Size Fillers, γ = 0.38 [Top View] 
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Figure A.17: Random Distribution of Random Size Fillers, γ = 0.10 [Isometric View] 
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Figure A.18: Random Distribution of Random Size Fillers, γ = 0.10 [Front View] 
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Figure A.19: Random Distribution of Random Size Fillers, γ = 0.10 [RHS View] 
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Figure A.20: Random Distribution of Random Size Fillers, γ = 0.10 [Top View] 
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Figure A.21: Random Distribution of Random Size Fillers, γ = 0.20 [Isometric View] 
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Figure A.22: Random Distribution of Random Size Fillers, γ = 0.20 [Front View] 
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Figure A.23: Random Distribution of Random Size Fillers, γ = 0.20 [RHS View] 
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Figure A.24: Random Distribution of Random Size Fillers, γ = 0.20 [Top View] 
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Figure A.25: Random Distribution of Random Size Fillers, γ = 0.25 [Isometric View] 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 209



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure A.26: Random Distribution of Random Size Fillers, γ = 0.25 [Front View] 
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Figure A.27: Random Distribution of Random Size Fillers, γ = 0.25 [RHS View] 
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Figure A.28: Random Distribution of Random Size Fillers, γ = 0.25 [Top View] 
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Figure A.29: Random Distribution of Random Size Fillers, γ = 0.39 [Isometric View] 
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Figure A.30: Random Distribution of Random Size Fillers, γ = 0.39 [Front View] 
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Figure A.31: Random Distribution of Random Size Fillers, γ = 0.39 [RHS View] 
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Figure A.32: Random Distribution of Random Size Fillers, γ = 0.39 [Top View] 
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APPENDIX B 

MATLAB PROGRAM FOR RANDOM COORDINATE GENERATION-I 

 

Following MATLAB program was used to generate random center coordinates of 

the constant size filler particles and for volume fraction up to 25 percent. 

 

%********************************************************************** 

%*       Random Coordinate Generation                             * 

%*            x1, x2, x3 are three coordinates of the center of the spherical particles             * 

%********************************************************************** 

 

%***********************   Defining Number of Particles  ********************* 

%                                                   Total Number of Particle = n                                         * 

%********************************************************************** 

diary('random_coordinates_20%_volume_fraction.txt') 

vv=20; 

v=0; 

n=1; 

i=2;  

tvs=0; 

mmix=0; 

mmiy=0; 

mmiz=0;
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x1vs=0; 

x2vs=0; 

x3vs=0; 

h=250; 

x1(1)=0.1; 

x2(1)=0.1; 

x3(1)=0.1; 

r=25;                   

s1=2.07*r; 

s2=r+(0.1*r); 

fprintf('Random Coordinates of Filler Particles\n'); 

 

while v<=vv             % Start of while #1 [n= no of sphere] 

 

    a=rand(1,1);         % Generating Real Number Between 0-1           

    b=rand(1,1); 

    c=rand(1,1); 

    d=randint(1,1,[0,h]);  % Generating Integer Number Between 0-h 

    e=randint(1,1,[0,h]); 

    f=randint(1,1,[0,h]); 

    p1=abs(a+d);       % Generating real number p1, p2 and p3 

    p2=abs(b+e);        

    p3=abs(c+f);        
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%*******************   Checking for Acceptable Position   ****************** 

    if p1>=s2        % Checking that center is enough away from surface 

        m1=1;          % Start of if #1 

    else  

        m1=0; 

        continue          % Go to the top of while loop with i=i 

    end                    % End of if #1     

 

    if p2>=s2             % Start of if #2           

        m1=1; 

    else  

        m1=0; 

        continue           % Go to the top of while loop with i=i 

    end                    % End of if#2         

      

    if p3>=s2            % Start of if #3 

        m1=1; 

    else  

        m1=0; 

        continue           % Go to the top of while loop with i=i 

    end                    % End of if#3         

    if abs(p1-h)>=s2      % Start of if #4 

        m1=1;
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    else  

        m1=0; 

        continue           % Go to the top of while loop with i=i 

    end                    % End of if #4        

    

    if abs(p2-h)>=s2      % Start of if #5 

        m1=1; 

    else  

        m1=0; 

        continue           % Go to the top of while loop with i=i 

    end                    % End of if #5         

     

    if abs(p3-h)>=s2      % Start of if #6 

        m1=1; 

    else  

        m1=0; 

        continue           % Go to the top of while loop with i=i 

    end                    % End of if#6        

        j=1; 

        while j<i        % Start of while #2 

                          % Checking distance from previously accepted particles 

            dist_ij=sqrt(((p1-x1(j))*(p1-x1(j)))+((p2-x2(j))*(p2-x2(j)))+((p3-x3(j))*(p3- 

  x3(j))));
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            if abs(dist_ij)>=s1  % Start of if #7 

                m=1; 

                j=j+1; 

            else 

                m=0; 

                j=i; 

            end                % End of if #7 

        end                    % End of while #2   

 

        if m==1                % Start of if #8 

            x1(i)=p1; 

            x2(i)=p2; 

            x3(i)=p3;   

            

            fprintf('wpave,%f,%f,%f\n',0,0,x3(i)); 

            fprintf('sph4,%f,%f,%f\n',x1(i),x2(i),r); 

                  % Calculation of Volume 

            vs=(4*pi*(r^3)/3); 

            tvs=tvs+vs; 

                  % Calculation of Centroid 

            x1vs=x1vs+(4*pi*(r^3)/3)*x1(i); 

            x2vs=x2vs+(4*pi*(r^3)/3)*x2(i); 

            x3vs=x3vs+(4*pi*(r^3)/3)*x3(i);
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                  % Calculation of Inertia 

            mmix=mmix+(1*(((2/5)*(r*r))+((x1(i)-h/2)*(x1(i)-h/2)))); 

            mmiy=mmiy+(1*(((2/5)*(r*r))+((x2(i)-h/2)*(x2(i)-h/2)))); 

            mmiz=mmiz+(1*(((2/5)*(r*r))+((x3(i)-h/2)*(x3(i)-h/2)))); 

            i=i+1; 

        else 

            i=i; 

        end                    % End of if #8 

vc=h^3; 

v=100*(tvs/vc); 

end                            % end of while#1 

x1bar=x1vs/tvs; 

x2bar=x2vs/tvs; 

x3bar=x3vs/tvs; 

fprintf('Length of One Side of the Cube, h = %d\n',h); 

fprintf('Volume of One Sphere = %f\n',vs); 

fprintf('Total Volume of Sphere = %f\n',tvs); 

fprintf('Volume of cube, vc = %f\n',vc); 

fprintf('Volume Fraction of Filler Particle = %f\n',v); 

fprintf('X Centroid = %f\n',x1bar); 

fprintf('Y Centroid = %f\n',x2bar); 

fprintf('Z Centroid = %f\n',x3bar); 

fprintf('Mass Moment of Inertia wrt x Centroidal Axis= %f\n',mmix);
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fprintf('Mass Moment of Inertia wrt y Centroidal Axis= %f\n',mmiy); 

fprintf('Mass Moment of Inertia wrt z Centroidal Axis= %f\n',mmiz); 

fprintf('\nTotal %d particle is created \n',(i-2)); 

 

ii=2; 

while ii<=(i-1) 

   fprintf('Sphere No,%d,x1,%f,x2,%f,x3,%f\n',ii,x1(ii),x2(ii),x3(ii));  

   ii=ii+1; 

end 

fprintf('\nThanks! for using this program\n') 

 

 

 

 

 

 

 



 224

APPENDIX C 

MATLAB PROGRAM FOR RANDOM COORDINATE GENERATION-II 

 

Following MATLAB program was used to generate random center coordinates of 

the constant size filler particles and for volume greater than to 25 percent. 

 

%********************************************************************** 

%*       %Random Coordinate Generation                             * 

%*****          x1, x2, x3 are three coordinates of the center of the spherical particles       * 

%********************************************************************** 

 

%***********************   Defining Number of Particle  ********************* 

%                                                Total Number of Particle = n                                            * 

%********************************************************************** 

diary('random_coordinate_volume_fraction_more_than_25_percent.txt') 

 

fprintf('SSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSS\n'); 

fprintf('SSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSS\n'); 

fprintf('Start of a New Run\n'); 

vv=20; 

v=0; 

n=1; 

i=2; 
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vs=0; 

tvs=0; 

tvsn=0; 

mmix=0; 

mmiy=0; 

mmiz=0; 

x1vs=0; 

x2vs=0; 

x3vs=0; 

mmixn=0; 

mmiyn=0; 

mmizn=0; 

x1vsn=0; 

x2vsn=0; 

x3vsn=0; 

h=250; 

r=25;  

s1=2.07*r; 

s2=r+(0.1*r); 

x1(1)=0.01; 

x2(1)=0.01; 

x3(1)=0.01; 

fprintf('Random Coordinates of Filler Particles\n');
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while v<=vv          % Start of while #1 [n= no of sphere] 

    a=rand(1,1);                % Generating Real Number Between 0-1       

    b=rand(1,1); 

    c=rand(1,1); 

    d=randint(1,1,[0,h]);        % Generating Integer Number Between 0-h 

    e=randint(1,1,[0,h]); 

    f=randint(1,1,[0,h]); 

    p1=abs(a+d);                % Generating real number p1, p2 and p3 

    p2=abs(b+e);                 

    p3=abs(c+f);                 

%**********************    Checking for Acceptable Position   ***************** 

    if p1>=s2              % Checking that center is enough away from surface 

        m1=1;               % Start of if #1 

    else  

        m1=0; 

        continue            % Go to the top of while loop with i=i 

    end                     % End of if #1     

    if p2>=s2              % Start of if #2           

        m1=1; 

    else  

        m1=0; 

        continue            % Go to the top of while loop with i=i 

    end                     % End of if #2        
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    if p3>=s2              % Start of if #3 

        m1=1; 

    else  

        m1=0; 

        continue            % Go to the top of while loop with i=i 

    end                     % End of if #3         

    if abs(p1-h)>=s2       % Start of if #4 

        m1=1; 

    else  

        m1=0; 

        continue            % Go to the top of while loop with i=i 

    end                     % End of if #4        

    if abs(p2-h)>=s2       % Start of if #5 

        m1=1; 

    else  

        m1=0; 

        continue            % Go to the top of while loop with i=i 

    end                     % End of if #5         

    if abs(p3-h)>=s2       % Start of if #6 

        m1=1; 

    else  

        m1=0; 

        continue            % Go to the top of while loop with i=i
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    end                     % End of if #6       

%*** Checking Distance From Previously Accepted Particles *** 

        j=1; 

        while j<i         % Start of while #2 

            dist_ij=sqrt(((p1-x1(j))*(p1-x1(j)))+((p2-x2(j))*(p2-x2(j)))+((p3-x3(j))*(p3- 

   x3(j)))); 

            if abs(dist_ij)>=s1  % Start of if #7 

                m=1; 

                j=j+1; 

            else 

                m=0; 

                j=i; 

            end                % End of if #7 

        end                    % End of while #2   

%******************** Accepting Position *************************** 

        if m==1                % Start of if #8 

            x1(i)=p1; 

            x2(i)=p2; 

            x3(i)=p3;  

            fprintf('wpave,%f,%f,%f\n',0,0,x3(i)); 

            fprintf('sph4,%f,%f,%f\n',x1(i),x2(i),r); 

            vs=(4*pi*(r^3)/3); 

            tvs=tvs+vs;
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            vc=h^3; 

   v=100*(tvs/vc); 

            x1vs=x1vs+(4*pi*(r^3)/3)*x1(i); 

            x2vs=x2vs+(4*pi*(r^3)/3)*x2(i); 

            x3vs=x3vs+(4*pi*(r^3)/3)*x3(i); 

            mmix=mmix+(1*(((2/5)*(r*r))+((x1(i)-h/2)*(x1(i)-h/2)))); 

            mmiy=mmiy+(1*(((2/5)*(r*r))+((x2(i)-h/2)*(x2(i)-h/2)))); 

            mmiz=mmiz+(1*(((2/5)*(r*r))+((x3(i)-h/2)*(x3(i)-h/2)))); 

            i=i+1; 

        else 

            i=i; 

        end      % End of if #8 

end                         % End of while #1 

x1bar=x1vs/tvs; 

x2bar=x2vs/tvs; 

x3bar=x3vs/tvs; 

fprintf('\n') 

fprintf('Length of One Side of the Cube, h = %f\n',h); 

fprintf('Volume of One Sphere, vs = %f\n',vs); 

fprintf('Total Volume of Sphere = %f\n',tvs); 

fprintf('Volume of cube, vc = %f\n',vc); 

fprintf('Volume Fraction of Filler Particle = %f\n',v); 

fprintf('X Centroid = %f\n',x1bar);
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fprintf('Y Centroid = %f\n',x2bar); 

fprintf('Z Centroid = %f\n',x3bar); 

fprintf('Mass Moment of Inertia wrt x Centroidal Axis= %f\n',mmix); 

fprintf('Mass Moment of Inertia wrt y Centroidal Axis= %f\n',mmiy); 

fprintf('Mass Moment of Inertia wrt z Centroidal Axis= %f\n',mmiz); 

fprintf('\nTotal %d particle is created \n',(i-2)); 

fprintf('\n') 

zz=2; 

while zz<=(i-1) 

   fprintf('Sphere No,%d,x1,%f,x2,%f,x3,%f\n',zz,x1(zz),x2(zz),x3(zz));  

   zz=zz+1; 

end 

%******************** Shirinking the Cube ****************** 

fprintf('*********************************************\n'); 

fprintf('*********************************************\n'); 

fprintf('Random Coordinates of Fillers After Shrinking\n'); 

sc=0.7937; 

hn=h*sc; 

ii=2;        % Useful coordinates are from i=2 to i=i-1 

x1new(1)=0.01; 

x2new(1)=0.01; 

x3new(1)=0.01; 

while ii<=(i-1)          % Start of while # 3
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   stopcount=1;  

   x1n=x1(ii)*sc; 

   x2n=x2(ii)*sc; 

   x3n=x3(ii)*sc; 

%*******************   Checking for Acceptable Position  ****************** 

%%*** and Checking Distance from Previously Accepted Particles ************* 

    jj=1; 

        while jj<ii          % Start of while #4 

    if x1n<0 

     x1n=randint(1,1,[0,(r-5)]);    

                else 

                end                   % End of if #11     

       if x2n<0             % Start of if #21           

                x2n=randint(1,1,[0,(r-5)]); 

                else 

                end                    % End of if #21         

       if x3n<0             % Start of if #31 

                x3n=randint(1,1,[0,(r-5)]); 

                else 

                end                    % End of if#31   

         if x1n>hn        % Start of if #41 

         x1n=hn-randint(1,1,[0,(r-5)]);    

            else
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      end                     % End of if#41        

       if x2n>hn       % Start of if #51 

          x2n=hn-randint(1,1,[0,(r-5)]);  

                else  

        end                     % End of if #51         

       if x3n>hn        % Start of if #61 

           x3n=hn-randint(1,1,[0,(r-5)]);   

                else  

                end                % End of if #61       

            dist_iijj=sqrt(((x1n-x1new(jj))*(x1n-x1new(jj)))+((x2n-x2new(jj))*(x2n- 

    x2new(jj)))+((x3n-x3new(jj))*(x3n-x3new(jj)))); 

            if abs(dist_iijj)>=s1         % Start of if #71 

                mm=1; 

                jj=jj+1; 

            else 

                mm=0; 

                jj=1; 

                u11=randint(1,1,[1,10]); 

                u22=randint(1,1,[1,10]); 

                u33=randint(1,1,[1,10]); 

                uval=sqrt((u11*u11)+(u22*u22)+(u33*u33)); 

                u1=(u11/uval); 

                u2=(u22/uval);
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                u3=(u33/uval);  

                x1n=x1n+(randint(1,1,[-10,10]))*u1;    % Random moving of sphere 

                x2n=x2n+(randint(1,1,[-10,10]))*u2; 

                x3n=x3n+(randint(1,1,[-10,10]))*u3; 

             end                   % End of if #71 

             stopcount=stopcount+1; 

             if stopcount >= 500000      % Stopcount if 

                        ii=i; 

                        jj=ii; 

                        fprintf('Stopcount = %d\n',stopcount); 

             else 

             end                          % End of stopcount if 

  end                       % End of while #4   

%********************************************************************** 

        if mm==1                  % Start of if #81 

            x1new(ii)=x1n; 

            x2new(ii)=x2n; 

            x3new(ii)=x3n;  

            fprintf('wpave,%f,%f,%f\n',0,0,x3new(ii)); 

            fprintf('sph4,%f,%f,%f\n',x1new(ii),x2new(ii),r); 

            vs=(4*pi*(r^3)/3); 

            tvsn=tvsn+vs; 

            x1vsn=x1vsn+(4*pi*(r^3)/3)*x1new(ii);
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            x2vsn=x2vsn+(4*pi*(r^3)/3)*x2new(ii); 

            x3vsn=x3vsn+(4*pi*(r^3)/3)*x3new(ii); 

            mmixn=mmixn+(1*(((2/5)*(r*r))+((x1new(ii)-hn/2)*(x1new(ii)-hn/2)))); 

            mmiyn=mmiyn+(1*(((2/5)*(r*r))+((x2new(ii)-hn/2)*(x2new(ii)-hn/2)))); 

            mmizn=mmizn+(1*(((2/5)*(r*r))+((x3new(ii)-hn/2)*(x3new(ii)-hn/2)))); 

            ii=ii+1; 

        else 

            ii=ii; 

        end                      % End of if #81 

end                 % End of while# 3 

vcn=hn^3; 

vn=100*(tvsn/vcn); 

fprintf('\n') 

fprintf('\n') 

fprintf('New Length of One Side of the Cube, hn = %f\n',hn); 

fprintf('Volume of Sphere, vs = %f\n',vs); 

fprintf('Total New Volume of Sphere, tvsn = %f\n',tvsn); 

fprintf('New Volume of cube, vcn = %f\n',vcn); 

fprintf('New Volume Fraction of Filler Particle = %f\n',vn); 

fprintf('\n') 

fprintf('\nTotal %d particle is created \n',(ii-2)); 

x1barn=x1vsn/tvsn; 

x2barn=x2vsn/tvsn; 
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x3barn=x3vsn/tvsn; 

fprintf('New X Centroid = %f\n',x1barn); 

fprintf('New Y Centroid = %f\n',x2barn); 

fprintf('New Z Centroid = %f\n',x3barn); 

fprintf('New Mass Moment of Inertia wrt x Centroidal Axis= %f\n',mmixn); 

fprintf('New Mass Moment of Inertia wrt y Centroidal Axis= %f\n',mmiyn); 

fprintf('New Mass Moment of Inertia wrt z Centroidal Axis= %f\n',mmizn); 

fprintf('\n') 

zzz=2; 

while zzz<=(i-1) 

   fprintf('Sphere No,%d,x1new,%f,x2new,%f,x3new,%f\n', zzz,x1new(zzz), x2new(zzz), 

     x3new(zzz));  

   zzz=zzz+1; 

end 

fprintf('\n') 

fprintf('\nThanks! for using this program\n') 
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APPENDIX D 

MATLAB PROGRAM FOR RANDOM COORDINATE GENERATION-III 

 

Following MATLAB program was used to generate random center coordinates of 

the random size filler particles and for volume fraction up to 25 percent. 

 

%********************************************************************** 

%*      %Random Coordinate Generation                                * 

%*                x1, x2, x3 are three coordinates of the center of the spherical particles         * 

%                                                  Total Number of Particle = n                                          * 

%********************************************************************** 

diary('random_coordinate_random_radius_20_percent_volume_fraction.txt') 

vv=20; 

v=0; 

n=1; 

i=2;  

tvs=0; 

mmix=0; 

mmiy=0; 

mmiz=0; 

x1vs=0; 

x2vs=0; 

x3vs=0;
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h=250 ; 

x1(1)=0.1; 

x2(1)=0.1; 

x3(1)=0.1; 

radius(1)=0.1; 

fprintf('Random Coordinates of Filler Particles\n'); 

fprintf('\n') 

while v<=vv                       % Start of while #1 [n= no of sphere] 

 %********************* Defining Radius ****************************** 

    r1=(rand(1,1));              

    r2=(randint(1,1,[17,33])); 

    r=(r1+r2);                    % Random radius 

    s2=r+(0.1*r);  

  %********************** Center Coordinate *************************   

    a=rand(1,1);                  % Generating Random Real Number Between 0-1   

    b=rand(1,1); 

    c=rand(1,1); 

    d=randint(1,1,[0,h]);      % Generating Random Integer Number Between 0-h   

    e=randint(1,1,[0,h]); 

    f=randint(1,1,[0,h]); 

    p1=abs(a+d);             % Generating Real Number  

    p2=abs(b+e);               

    p3=abs(c+f);               
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%*******************   Checking for Acceptable Position  ****************** 

    if p1>=s2             % Checking that center is enough away from surface    

        m1=1;              % Start of if #1 

    else  

        m1=0; 

        continue           % Go to the top of while loop with i=i 

    end                    % End of if#1     

    if p2>=s2             % Start of if #2           

        m1=1; 

    else  

        m1=0; 

        continue           % Go to the top of while loop with i=i 

    end                    % End of if#2         

    if p3>=s2             % Start of if #3 

        m1=1; 

    else  

        m1=0; 

        continue           % Go to the top of while loop with i=i 

    end                    % End of if #3         

    if abs(p1-h)>=s2      % Start of if #4 

        m1=1; 

    else  

        m1=0;
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        continue           % Go to the top of while loop with i=i 

    end                    % End of if #4        

    if abs(p2-h)>=s2      % Start of if #5 

        m1=1; 

    else  

        m1=0; 

        continue           % Go to the top of while loop with i=i 

    end                    % End of if#5         

    if abs(p3-h)>=s2      % Start of if #6 

        m1=1; 

    else  

        m1=0; 

        continue           % Go to the top of while loop with i=i 

    end                    % End of if #6       

        j=1; 

        while j<i        % Start of while #2 

                          % Checking distance from previously accepted particles 

            dist_ij=sqrt(((p1-x1(j))*(p1-x1(j)))+((p2-x2(j))*(p2-x2(j)))+((p3-x3(j))*(p3- 

   x3(j)))); 

            s1=1.07*(r+radius(j)); 

            if abs(dist_ij)>=s1           % Start of if #7 

                m=1; 

                j=j+1;
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            else 

                m=0; 

                j=i; 

            end                    % End of if #7 

        end                        % End of while #2   

        if m==1                    % Start of if #8 

            x1(i)=p1; 

            x2(i)=p2; 

            x3(i)=p3;   

            radius(i)=r; 

            fprintf('wpave,%f,%f,%f\n',0,0,x3(i)); 

            fprintf('sph4,%f,%f,%f\n',x1(i),x2(i),r); 

                       % Calculation of Volume 

            vs=(4*pi*(r^3)/3); 

            tvs=tvs+vs; 

                       % Calculation of Centroids 

            x1vs=x1vs+(4*pi*(r^3)/3)*x1(i); 

            x2vs=x2vs+(4*pi*(r^3)/3)*x2(i); 

            x3vs=x3vs+(4*pi*(r^3)/3)*x3(i); 

                      % Calculation of Inertia 

            mmix=mmix+(1*(((2/5)*(r*r))+((x1(i)-h/2)*(x1(i)-h/2)))); 

            mmiy=mmiy+(1*(((2/5)*(r*r))+((x2(i)-h/2)*(x2(i)-h/2)))); 

            mmiz=mmiz+(1*(((2/5)*(r*r))+((x3(i)-h/2)*(x3(i)-h/2))));
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            i=i+1; 

             

        else 

            i=i; 

        end                        % End of if #8 

vc=h^3; 

v=100*(tvs/vc); 

end                                % End of while #1 

x1bar=x1vs/tvs; 

x2bar=x2vs/tvs; 

x3bar=x3vs/tvs; 

fprintf('\n') 

fprintf('Length of One Side of the Cube, h = %d\n',h); 

fprintf('Volume of One Sphere = %f\n',vs); 

fprintf('Total Volume of Sphere = %f\n',tvs); 

fprintf('Volume of cube, vc = %f\n',vc); 

fprintf('Volume Fraction of Filler Particle = %f\n',v); 

fprintf('X Centroid = %f\n',x1bar); 

fprintf('Y Centroid = %f\n',x2bar); 

fprintf('Z Centroid = %f\n',x3bar); 

fprintf('Mass Moment of Inertia wrt x Centroidal Axis= %f\n',mmix); 

fprintf('Mass Moment of Inertia wrt y Centroidal Axis= %f\n',mmiy); 

fprintf('Mass Moment of Inertia wrt z Centroidal Axis= %f\n',mmiz);
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fprintf('\nTotal %d particle is created \n',(i-2)); 

 

ii=2; 

while ii<=(i-1) 

   fprintf('Sphere No,%d,x1=%f,x2=%f,x3=%f,r=%f\n',ii,x1(ii),x2(ii),x3(ii),radius(ii));   

   ii=ii+1; 

end 

fprintf('\nThanks! for using this program\n') 
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APPENDIX E 

MATLAB PROGRAM FOR RANDOM COORDINATE GENERATION-IV 

 

Following MATLAB program was used to generate random center coordinates of 

the random size filler particles and for volume fraction more than 25 percent. 

 

%********************************************************************** 

%*       %Random Coordinate Generation                             * 

%*               x1, x2, x3 are three coordinates of the center of the spherical particles          * 

%********************************************************************** 

%***********************   Defining Number of Particle  ********************* 

%                                                Total Number of Particle = n                                            * 

%********************************************************************** 

diary('random_coordinate_random_radius_40_percent_volume_fraction.txt') 

 

vv=20; 

v=0; 

n=1; 

i=2;  

vs=0; 

tvs=0; 

tvsn=0; 
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mmix=0; 

mmiy=0; 

mmiz=0; 

x1vs=0; 

x2vs=0; 

x3vs=0; 

mmixn=0; 

mmiyn=0; 

mmizn=0; 

x1vsn=0; 

x2vsn=0; 

x3vsn=0; 

h=250; 

x1(1)=0.1; 

x2(1)=0.1; 

x3(1)=0.1; 

radius(1)=0.1; 

fprintf('Random Coordinates of Filler Particles\n'); 

fprintf('\n') 

while v<=vv                         % Start of while #1 [n= no of sphere] 

%********************* Defining Radius *********************************** 

    r1=(rand(1,1));              

    r2=(randint(1,1,[17,33]));
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    r=(r1+r2);                       % Random radius between 17 and 33 

    s2=r+(0.1*r);  

  %********************** Center Coordinate *************************   

    a=rand(1,1);                   % Generating Real Number Between 0-1       

    b=rand(1,1); 

    c=rand(1,1); 

    d=randint(1,1,[0,h]);         % Generating Integer Number Between 0-h 

    e=randint(1,1,[0,h]); 

    f=randint(1,1,[0,h]); 

    p1=abs(a+d);                   % Generating Real Numbers 

    p2=abs(b+e);                

    p3=abs(c+f);                

% 

%*******************   Checking for Acceptable Position  ****************** 

% 

    if p1>=s2               % Checking that center is enough away from surface 

        m1=1;                % Start of if #1 

    else  

        m1=0; 

        continue             % Go to the top of while loop with i=i 

    end                      % End of if #1     

    if p2>=s2               % Start of if #2           

        m1=1;
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    else  

        m1=0; 

        continue             % Go to the top of while loop with i=i 

    end                      % End of if #2         

    if p3>=s2               % Start of if #3 

        m1=1; 

    else  

        m1=0; 

        continue             % Go to the top of while loop with i=i 

    end                      % End of if #3         

    if abs(p1-h)>=s2        % Start of if #4 

        m1=1; 

    else  

        m1=0; 

        continue             % Go to the top of while loop with i=i 

    end                      % End of if #4        

    if abs(p2-h)>=s2        % Start of if #5 

        m1=1; 

    else  

        m1=0; 

        continue             % Go to the top of while loop with i=i 

    end                      % End of if #5         

    if abs(p3-h)>=s2        % Start of if #6
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        m1=1; 

    else  

        m1=0; 

        continue             % Go to the top of while loop with i=i 

    end                      % End of if #6       

        j=1; 

        while j<i          % Start of while #2 

                            % Checking distance from previously accepted particles 

            dist_ij=sqrt(((p1-x1(j))*(p1-x1(j)))+((p2-x2(j))*(p2-x2(j)))+((p3-x3(j))*(p3- 

    x3(j)))); 

            s1=1.07*(r+radius(j)); 

            if abs(dist_ij)>=s1        % Start of if #7 

                m=1; 

                j=j+1; 

            else 

                m=0; 

                j=i; 

            end                 % End of if #7 

        end                     % End of while #2   

        if m==1                 %start of if #8 

            x1(i)=p1; 

            x2(i)=p2; 

            x3(i)=p3;  



 248

            radius(i)=r; 

            fprintf('wpave,%f,%f,%f\n',0,0,x3(i)); 

            fprintf('sph4,%f,%f,%f\n',x1(i),x2(i),r); 

                  % Calculation of Volume 

            vs=(4*pi*(r^3)/3); 

            tvs=tvs+vs; 

                  % Calculation of Centroid 

            x1vs=x1vs+(4*pi*(r^3)/3)*x1(i); 

            x2vs=x2vs+(4*pi*(r^3)/3)*x2(i); 

            x3vs=x3vs+(4*pi*(r^3)/3)*x3(i); 

                  % Calculation of Inertia 

            mmix=mmix+(1*(((2/5)*(r*r))+((x1(i)-h/2)*(x1(i)-h/2)))); 

            mmiy=mmiy+(1*(((2/5)*(r*r))+((x2(i)-h/2)*(x2(i)-h/2)))); 

            mmiz=mmiz+(1*(((2/5)*(r*r))+((x3(i)-h/2)*(x3(i)-h/2)))); 

            i=i+1; 

        else 

            i=i; 

        end                     % End of if #8 

vc=h^3; 

v=100*(tvs/vc); 

end                             % End of while#1x1bar=x1vs/tvs; 

x2bar=x2vs/tvs; 

x3bar=x3vs/tvs;
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fprintf('Length of One Side of the Cube, h = %d\n',h); 

fprintf('Volume of One Sphere = %f\n',vs); 

fprintf('Total Volume of Sphere = %f\n',tvs); 

fprintf('Volume of cube, vc = %f\n',vc); 

fprintf('Volume Fraction of Filler Particle = %f\n',v); 

fprintf('\n') 

fprintf('X Centroid = %f\n',x1bar); 

fprintf('Y Centroid = %f\n',x2bar); 

fprintf('Z Centroid = %f\n',x3bar); 

fprintf('\n') 

fprintf('Mass Moment of Inertia wrt x Centroidal Axis= %f\n',mmix); 

fprintf('Mass Moment of Inertia wrt y Centroidal Axis= %f\n',mmiy); 

fprintf('Mass Moment of Inertia wrt z Centroidal Axis= %f\n',mmiz); 

fprintf('\n') 

fprintf('\nTotal %d particle is created \n',(i-2)); 

fprintf('\n') 

fprintf('\n') 

ii=2; 

while ii<=(i-1) 

     

   fprintf('Sphere No,%d,x1=%f,x2=%f,x3=%f,r=%f\n',ii,x1(ii),x2(ii),x3(ii),radius(ii));   

   ii=ii+1; 

end
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%******************** Shirinking the Cube ****************** 

fprintf('\n') 

fprintf('*********************************************\n'); 

fprintf('*********************************************\n'); 

fprintf('\n') 

fprintf('Random Coordinates of Fillers After Shrinking\n'); 

fprintf('\n') 

 

sc=0.7936; 

hn=h*sc; 

ii=2; 

x1new(1)=0.01; 

x2new(1)=0.01; 

x3new(1)=0.01; 

 

while ii<=(i-1)                 % Start of while # 3 

                                 % Useful coordinates are from i=2 to i=i-1 

   stopcount=1;  

   x1n=x1(ii)*sc; 

   x2n=x2(ii)*sc; 

   x3n=x3(ii)*sc; 

   rad=radius(ii); 
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%*******************   Checking for Acceptable Position  ****************** 

%%*** and Checking Distance From Previously Accepted Particles ************* 

    jj=1; 

        while jj<ii          % Start of while #4 

%*********************Condition 1 in Paper****************************** 

    if x1n<0 

     x1n=randint(1,1,[0,round(rad-5)]);    

                else 

                end                   % End of if #11     

       if x2n<0             % Start of if #21           

                x2n=randint(1,1,[0,round(rad-5)]); 

                else 

                end                    % End of if #21         

       if x3n<0             % Start of if #31 

                x3n=randint(1,1,[0,round(rad-5)]); 

                else 

                end                    % End of if#31   

                if x1n>hn        % Start of if #41 

                x1n=hn-randint(1,1,[0,round(rad-5)]);    

                else 

                end                    % End of if#41        

       if x2n>hn       % Start of if #51 

          x2n=hn-randint(1,1,[0,round(rad-5)]);



 252

                else  

        end                   % End of if #51         

       if x3n>hn      % Start of if #61 

           x3n=hn-randint(1,1,[0,round(rad-5)]);   

                else  

                end                  % End of if#61 

%********************** Condition 2 in Paper **********************     

                if x1n==round(rad) 

     x1n=randint(1,1,[0,round(rad-5)]);    

                else 

                end        

                if x2n==round(rad) 

     x2n=randint(1,1,[0,round(rad-5)]);    

                else 

                end 

                if x3n==round(rad) 

     x3n=randint(1,1,[0,round(rad-5)]);    

                else 

                end 

                if x1n==round(hn-rad)    

                x1n=hn-randint(1,1,[0,round(rad-5)]);    

                else 

                end
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                if x2n==round(hn-rad)    

                x2n=hn-randint(1,1,[0,round(rad-5)]);    

                else 

                end 

                if x3n==round(hn-rad)    

                x3n=hn-randint(1,1,[0,round(rad-5)]);    

                else 

                end 

%******************* Condition 3 in Paper ******************************* 

 

            dist_iijj=sqrt(((x1n-x1new(jj))*(x1n-x1new(jj)))+((x2n-x2new(jj))*(x2n- 

   x2new(jj)))+((x3n-x3new(jj))*(x3n-x3new(jj)))); 

            s1n=1.07*(rad+radius(jj)); 

            if abs(dist_iijj)>=s1n         % Start of if #71 

                mm=1; 

                jj=jj+1; 

            else 

                mm=0; 

                jj=1; 

                 

                u11=randint(1,1,[1,10]); 

                u22=randint(1,1,[1,10]); 

                u33=randint(1,1,[1,10]);
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                uval=sqrt((u11*u11)+(u22*u22)+(u33*u33)); 

                u1=(u11/uval); 

                u2=(u22/uval); 

                u3=(u33/uval);  

                x1n=x1n+(randint(1,1,[-10,10]))*u1;       % Random moving of sphere 

                x2n=x2n+(randint(1,1,[-10,10]))*u2; 

                x3n=x3n+(randint(1,1,[-10,10]))*u3; 

             end                      % End of if #71 

             stopcount=stopcount+1; 

             if stopcount >= 500000         % Stopcount if 

                        ii=i; 

                        jj=ii; 

                        fprintf('Stopcount = %d\n',stopcount); 

             else 

             end                             % End of stopcount if             

  end                          % End of while #4   

        if mm==1                     % Start of if #81 

            x1new(ii)=x1n; 

            x2new(ii)=x2n; 

            x3new(ii)=x3n;  

            fprintf('wpave,%f,%f,%f\n',0,0,x3new(ii)); 

            fprintf('sph4,%f,%f,%f\n',x1new(ii),x2new(ii),rad); 
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            vs=(4*pi*(rad^3)/3); 

            tvsn=tvsn+vs; 

             

            x1vsn=x1vsn+(4*pi*(rad^3)/3)*x1new(ii); 

            x2vsn=x2vsn+(4*pi*(rad^3)/3)*x2new(ii); 

            x3vsn=x3vsn+(4*pi*(rad^3)/3)*x3new(ii); 

             

            mmixn=mmixn+(1*(((2/5)*(rad*rad))+((x1new(ii)-hn/2)*(x1new(ii)-hn/2)))); 

            mmiyn=mmiyn+(1*(((2/5)*(rad*rad))+((x2new(ii)-hn/2)*(x2new(ii)-hn/2)))); 

            mmizn=mmizn+(1*(((2/5)*(rad*rad))+((x3new(ii)-hn/2)*(x3new(ii)-hn/2)))); 

             

            ii=ii+1; 

        else 

            ii=ii; 

        end                      % End of if #81 

end                 % End of while # 3 

vcn=hn^3; 

vn=100*(tvsn/vcn); 

fprintf('\n') 

fprintf('New Length of One Side of the Cube, hn = %f\n',hn); 

fprintf('Volume of Sphere, vs = %f\n',vs); 

fprintf('Total New Volume of Sphere, tvsn = %f\n',tvsn); 

fprintf('New Volume of cube, vcn = %f\n',vcn);
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fprintf('New Volume Fraction of Filler Particle = %f\n',vn); 

fprintf('\n') 

fprintf('\nTotal %d particle is created \n',(ii-2)); 

x1barn=x1vsn/tvsn; 

x2barn=x2vsn/tvsn; 

x3barn=x3vsn/tvsn; 

fprintf('New X Centroid = %f\n',x1barn); 

fprintf('New Y Centroid = %f\n',x2barn); 

fprintf('New Z Centroid = %f\n',x3barn); 

fprintf('\n') 

fprintf('New Mass Moment of Inertia wrt x Centroidal Axis= %f\n',mmixn); 

fprintf('New Mass Moment of Inertia wrt y Centroidal Axis= %f\n',mmiyn); 

fprintf('New Mass Moment of Inertia wrt z Centroidal Axis= %f\n',mmizn); 

fprintf('\n') 

zzz=2; 

while zzz<=(i-1) 

   fprintf('Sphere 

No,%d,x1new,%f,x2new,%f,x3new,%f\n',zzz,x1new(zzz),x2new(zzz),x3new(zzz));  

   zzz=zzz+1; 

end 

fprintf('\nThanks! for using this program\n') 

 


