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The concept of an an even matching was first introduced by Billington and Hoffman.
They were used to find gregarious 4-cycle decompositions of Kg;(4), with a and b odd.
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matchings as well as k-divisible matchings. We present a construction of even matchings
and 3-divisible matchings of type (a1, a2, ...,a,) provided the necessary conditions are

satisfied.



ACKNOWLEDGMENTS

The author wishes to express her appreciation for her family members Jakub, Pawel,
Anna and Piotr who have given of their love throughout her life. She would like to thank
her husband Robert for his abundant support, guidance and love. The author would
also like to thank the numerous families who have supported her throughout her life, the
Jinrights, the Henrys, the Lindleys and the Stakelys.

The author would also like to thank the professors from her advisory committee for
their contribution to this dissertation, with special thanks to Dr. Dean Hoffman for the
considerable time, thought, and energy which he used in order to further the author’s

progress in her studies of design theory.

vi



Style manual or journal used Journal of Approximation Theory (together with the

style known as “aums”). Bibliography follows van Leunen’s A Handbook for Scholars.

Computer software used The document preparation package TEX (specifically

ITEX) together with the departmental style-file aums.sty.

vii



TABLE OF CONTENTS

1 INTRODUCTION
1.1 Even Matchings . . . . . ... ... ... ...

2 EXISTENCE OF EVEN MATCHINGS
2.1 Necessary conditions . . . . . ... ... ...
2.2 Sufficiency of Conditions . . . . . . ... ...

2.2.1
2.2.2
2.2.3
224
2.2.5
2.2.6

Any number of parts of the same size
Five parts of any size . . . ... ...
Seven parts of any size . . . . . .. ..
Nine parts of any size . . ... .. ..
p =1 (mod 4) parts of any size . . . .
p =3 (mod 4) parts of any size . . . .

3 EXISTENCE OF k-DIVISIBLE-MATCHINGS
3.1 Necessary conditions . . . ... ... ... ..
3.2 3-divisible-matchings . . . . . .. ... ...

3.2.1
3.2.2
3.2.3
3.24
3.2.5

Any number of parts of the same size
Seven parts of any size . . . . . . . ..
Ten parts of any size . . . . . . . . ..
p =1 (mod 6) parts of any size . . . .
p =4 (mod 6) parts of any size . . . .

3.3 k-divisible-matchings . . . . . .. ... ...

3.3.1
3.3.2
3.3.3

BIBLIOGRAPHY

Any number of parts of the same size
2k + 1 parts of any size . . ... ...
3k 4+ 1 parts of any size . . ... ...

viii

44
44
48
48
49
55
61
67
71
72
74
83

90



CHAPTER 1

INTRODUCTION

1.1 Even Matchings

In a recent paper by Dean Hoffman and Elizabeth Billington a definition of an even

matching was introduced [1].

Definition 1.1 Let a1,...,a, be non-negative integers. We define the complete mul-
tipartite graph K(ai,as,...,a,) as the graph whose vertex set is partitioned into parts
A1, ..., Ay of size ay,...,ap respectively. Two vertices are adjacent if and only if they

are in two different parts.

Definition 1.2 Let aj,az, ..., a, be non-negative integers, and let A; denote the vertex
partite set of size a;, for 1 <i < p. Then for the graph K(ai,as,...,ay), the ordered set

M = (My, Ms, ..., M,) is an even matching of type (a1, as,...,ap) if

1. for each i, 1 < i <p, the set M; is a perfect matching in the graph

K(ai,az,...,ap)\A;, and

2. every edge of K(a1,az,...,a,) lies in an even number of matchings M; (this number

could be zero). We will refer to this as the “evenness” condition.

In the above mentioned paper, a limited number of even matchings was used to
help construct gregarious 4-cycle decompositions of K(a,a,a,a,a,a,a,a,b) for odd size
parts and a > 3. The matchings used were of the form (a8, 3) for all even o and 3, with

0 < 8 < 4a. We wanted to know the necessary and sufficient conditions for the existence



of even matchings. Throughout the paper we will use the notation (a?) to represent a
matching type with p parts of size a.

In Chapter 2 we prove the following theorem.

Theorem 1.3 Assume even matchings of the types (02h,22h 4h —2), (13/+¢ 3h=< 6h —
3 — 2¢), (1h*e, 33— 10h — 5 — 2¢), (17+¢,3%h—c 7h 14h — 7 — 2¢) for h > ¢, (1*1,4)
for 3 < i < 4h —3 odd, (1*"=1,5,4) for 3 < i < 4h —1 and 3 < j < i odd, and
(02h+1 22h+1 4R egist. Assume a; < az < ... < ap and define n = > F_, a;. An even

matching of the type (a1,...,a,) exists if and only if
1. p is odd,
2. 2ap +ap—1 <,

3. either a; are even for all 1 <1 < p or a; are odd for all 1 < i <p and

p=1 (mod 4),
4. 2(p—2)a, < (p—3)n.

In Chapter 3 we will generalize this notion to that of k-divisible-matchings and

consider the existence problem for them. More precisely, we prove the following theorem.

Theorem 1.4 Assume 3-divisible-matchings of the types (04", 22" 4h — 2),
(14h+e 32h=c 10h — 5 — 2¢), (120+e 34h=c 7h 14h — 7 — 2¢) for 0 < ¢ < 2h — 3, (1%%,4)
for 3 < i < 6h —3 odd, (15"71,5,4) for 3 < i < 6h —1 and 3 < j < i odd, and
(0%h+2 22+ AR) exist. Assume a1 < az < ... < a, and define n = P a;.

A 3-divisible-matching of the type (a1, ...,ap) exists if and only if

1. p=1 (mod 3),



2. 2ap +ap—1 <,
3. FEither all a; are even or all a; are odd and p is odd.

4. (2p —5)ap < (p —4)n.



CHAPTER 2

EXISTENCE OF EVEN MATCHINGS
2.1 Necessary conditions

In this Section we present the necessary conditions for the existence of even match-
ings of type (a1, aq,...,ap). Let us define the set
So = {(ai1,...,ap)| an even matching on the graph K(a,...,a,) exists}.
We assume a1 < az < ... < ap and define n = Zle a;. The necessary conditions are as

follows:
1. pis odd,
2. 2ap +ap—1 <,

3. either a; are even for all 1 <17 < p or a; are odd for all 1 <¢ < p and

p=1(mod 4),
4. 2(p—2)ap, < (p—3)n.

Let us confirm the above conditions. We assume that (M, ..., M,) is an even matching

of the type (a1,...,ap).

1. Each vertex (element of A;) will be used in p—1 edges of [J/_; M;, and the number
of edges that vertex is in must be even, equivalently % must be an integer.

Therefore p must be odd.



2. For every i < p, n — a; — 2a, > 0, since we must have enough vertices in each
K(ai,...,ap)\A; to “match” the vertices of the largest part. Since a; < as <

... < ayp, it is sufficient that n —a,—1 — 2a, > 0 = 2a, + a,—1 < n.

3. Since each M; is to be a perfect matching, (3°F_; a;) — a; must be even for all ;

hence all a; have same parity. The “evenness” condition requires

P n—a _ (p=ln
_ 2

i—1 3 be even. Therefore either all a; are even, or all a; are odd and

2L even, hence p = 1 (mod 4).

4. None of the edges in M, use vertices in A,. There must be enough edges in

MiUDMyU...UDM,_; not intersecting A, to satisfy the evenness condition. So,

1
n—ap, <pz:n—ai—2ap: (p—2)n—(2p—3)a,

2 . 2 2 ’
=1

hence

2(p — 2)ap < (p — 3)n.

Notice that, by Property 4, p > 3.

2.2 Sufficiency of Conditions

The paper by Billington and Hoffman contains the following Lemmas regarding even

matchings.

Lemma 2.1 If M = (M, M, ..., M,) is an even matching of type (a1,az,...,a,) and
N = (N1, Na, ..., Np) is an even matching of type (b1,ba, ..., by), on disjoint vertex sets,

then



MUN = (M UNi,MyUNs,...,M,UN,) is an even matching of type (a1 + b1, az +

bg,...,aerbp).

Lemma 2.2 If M = (M, M, ..., M,) is an even matching of type (a1, as2,...,a,) and
N = (N1, Na,...,Ng) is an even matching of type (a1,ba,...,by), then there exists an

even matching for K(ai,az,...,ap,ba,bs, ..., by) of type (a1,az,...,ap,b2,b3,...,by).

Using the above Lemma 2.2 we can inductively construct even matchings of type (¢1, ca, . . .

for any r > 9, from matchings with five, (a1, a9, as,aq,as), and seven, (by,ba,...,b7),
parts. This construction is limited as the converse of Lemma 2.2 is not true.

We use the following Lemma in various proofs throughout the paper.

Lemma 2.3 If the graph K (a1, ...,ap) satisfies the four necessary conditions and a; is

even for all i, then there exists a perfect matching on K(a1,...,ap).

Proof: By property 2, a, < 5. Also, the total number of vertices is even. The rest of
the proof is trivial. O

The following Lemmas are useful when working with even matchings.

Lemma 2.4 Ifay,...,a, are even and (a1, ..., ap) is in So, then (0%", a1, ..., a,) is also

in So for any integer n.

Proof: Let (M, ..., Mp,) be an even matching of type (a1,...,ap). Let N be any perfect
matching on K(ay,...,ap). By Lemma 2.3, N exists. We construct an even matching
of K(0%",ay,...,ap) as follows.

M! =N for 1 <i<kn

M/

j+kn:Mjf0r1§j§p

Clearly this is an even matching. O



Lemma 2.5 Ifai,...,ap,b,...,bq are all even and (aq,...,ap), (0,b2,...,by) are both

in S, then (ba,..., by, a1,...,ap) is in Ss.

Proof: Let (Mj,...,M,) be an even matching of type (a1,...,a,) and (Ny,...,Ny) be
an even matching of type (0, bs, ..., by). Let R be any perfect matching on K (a,...,ap).
By Lemma 2.3, R exists. We construct an matching of K (bs, ..., bq,a1,...,ap) as follows.
M/=Njz1URfor1<i<g-—1

M’

J+q_1=N1UMjf0r1§j§p

Since p — 1 and ¢ — 1 are both even this is an even matching. O
In the next Sections we will consider p = 5, p = 7 and p = 9. Then we will generalize

the argument for any odd p.

2.2.1 Any number of parts of the same size

Let us consider even matchings of the type (a°) and (a”), with a even in the
latter case. It is sufficient to consider (1,1,1,1,1), (2,2,2,2,2) and (2,2,2,2,2,2,2).
We can then use Lemma 2.1, with an appropriate number of copies of (2,2,2,2,2) or
(2,2,2,2,2,2,2), to construct even matchings of types (a®) and (a”). Also, using Lemma
2.2 we can construct even matchings of type (a?) for any odd p > 5.

Through out the paper we let the parts of K(a1,...,ap) be
{0,171 14 1= " p™ pt L p% T We let {17,p} be the edge
joining 1’ and p.

The following is an even matching of type (1,1,1,1,1):

Miy: {{2,3},{4,5}}
Ma: {{1,3},{4,5}}



Ms: {{1,5},{2,4}}

My: {{1,5},{2,3}}

Ms: {{1,3},{2,4}}

Here is an even matching of type (2,2,2,2,2):
Mi: {{2,3},{4,5},{2,3'}, {4, 5'}}

Ma: {{3,4},{5,1'}, {3, 4}, {5/, 1}}

Ms: {{1,2},{4,5},{1", 2"}, {4/, 5'}}

My: {{2,3},{5,1'},{2, 3"}, {5/, 1}}

Ms: {{3,4},{1",2'}, {3, 4}, {1, 2}}

Here is an even matching of type (2,2,2,2,2,2,2):
My: {{2,3},{2,4},{3", 4}, {5,6},{5', 7}, {6, T'}}
Ma: {{3,4},{3',5},{4,5'},{6,7},{1,6'}, {1, 7'}}
Ms: {{4,5},{4',6},{5",6'}, {1, 7}, {2, 7'}, {1, 2}
My: {{5,6},{5,7},{6", 7'}, {1,2}, {1, 3}, {2, 3'}}
Ms: {{6,7},{1,6'}, {1, 7'}, {2,3}, {2/, 4}, {3, 4'}}}
Me: {{1,7},{2,7},{1,2'},{3,4},{3',5}, {4, 5'}}

Mz: {{1,2}, {1, 3},{2,3'}, {4, 5}, {«', 6}, {5, 6'}}

2.2.2 Five parts of any size

In this Section we will give even matchings of type (a1, as, as, a4, as). Sincep =5 =1
(mod 4) we can have all parts of even size or all parts of odd size. We will describe how
to use Lemma 2.1 with (2,0,0,2,2) to construct an even matching (ai,...,as) from

(1,1,1,,) or (0,2, _, _, ).



Here are the “building blocks” we will use.
(0,0,2,2,2)

My: {{3,5},{3,4},{4',5'}}

My: {{3,4'},{4,5},{3',5'}}

Ms: {{4,5},{4,5'}}

My: {{3,5},{3',5'}}

Ms: {{3,4'},{3',4}}

(0,2,2,2,2)

My: {{2,4'},{3,5'},{4,2'}, {5, 3'}}
My: {{3,4'},{4,5'},{5,3'}}
{2,473 {4,5"}, {5, 2'})

May: {{2,3'},{3,5'},{5,2'}}

Ms: {{27 3,}7 {37 4,}7 {47 2,}}

M.

w

To find an even matching of type (a,...,as) we use the following algorithm.

1. Check if the four necessary conditions are satisfied. If not, the matching does not
exist and we stop. If a; = 0 and a2 = 0,2 or a; = as = az = 1 look at the listing

below to find the even matching. Otherwise continue below.

2. Subtract (2,0,0,2,2) to obtain (a1 — 2, az2,as,as — 2, a5 — 2).

3. If necessary, rearrange the terms to ensure that the sequence is nondecreasing.

4. Repeat the above steps until you obtain (1,_, ,_,_) or (0,_, _, _, ).



5. Subtract (0,2,0,2,2) and rearrange the terms when necessary until you obtain

(1’ ]" - *) or (07 27 - = *)'

6. Subtract (0,0,2,2,2) and rearrange the terms when necessary until you obtain

(1,1,1,., ).
7. Look up the obtained matching in the list provided below.
Let us consider the four necessary conditions during the “subtracting process.”
1. p =5 is not affected.

2. If (a1, az, a3, ayq, as) satisfies 2as+a4 < a1+...+as, then (a1—2, az, a3, a4—2,a5—2)
satisfies 2(as — 2) + (aq4 — 2) < (a1 — 2) + a2 + a3 + (ag — 2) + (a5 — 2). We are,
however, rearranging the terms to ensure a nondecreasing sequence. Let us con-
sider the following cases:

Case 1: If after such rearranging as — 2 is not the largest, but the second
largest part, then as = as. So we started with (a1, a9, as,as,a5) and now have
(a1 — 2,a92,a5 — 2,a5 — 2, a5). By Properties 2 and 4, (a1 — 2, a2,a5 — 2,a5 — 2, as)
is in S5 as long as 6 < a; + a9. Let us consider the cases when a; + as < 6.
We could have (1,1,as,as,a5), (1,3,as,as,as5), (0,0,as,as,as5), (0,2,as,as,as),
(0,4, as5,as,as5) and (2,2, as, as, as). Each one of those is listed below.

Case 2: If after rearranging as — 2 is not the largest or second largest part, then
ag = ... = as. So we started with (a1, as,as,as,as) and now have (a; — 2,a5 —
2,a5 — 2,a5,a5). By Properties 2 and 4, (a1 — 2,a5 — 2,a5 — 2,as5,a5) is in Sy as
long as 6 < a; + as. Let us consider the cases when a; + a5 < 6. We could have

(1,1,1,1,1), (1,3,3,3,3), (0,2,2,2,2), (0,4,4,4,4) and (2,2,2,2,2). Each one of

10



those is included in Case 1.

Case 3: If after rearranging as — 2 is the largest, but a4 — 2 is not the second
largest part, then as = a4. So we started with (a1, a9, a4, a4,a5) and now have
(a1 — 2,a2,a4 — 2,a4,a5 — 2). By Property 2, (a1 — 2,a2,a4 — 2, a4, a5 — 2) is in Sy
as long as as # a1 + as + a4. Let us consider the case when as = a1 + a2 + a4, then
by Property 4, ay = as and we had (a1, a2, as,as,as). But since by assumption
as = a1 + az + ag = a1 + a2 + as, we have 0 = a1 + a9, hence we started with

(0,0, as, as, as) which is discussed below and shown to be in Ss.

. Since we are subtracting zeroes and twos, the parity of the parts is not affected.

Neither is the number of parts.

. If (a1, a9, a3, a4, as) satisfies 3as < a; + az + a3 + aq4 + as, then (a1 — 2, a2, a3, a4 —

2, a5 — 2) satisfies 3(as —2) < (a1 —2) + a2 + a3+ (a4 — 2) + (a5 — 2). The problems

that arise with rearranging the terms were discussed under Property 2.

Therefore, each time we subtract we obtain a member of So. When we reach (1,1,1, , )

or (0,2, _,_,.) all four conditions are satisfied. Hence, an even matching of such a type

exists. Following is a list of all even matchings of type (1,1,1, _, ).

(1,1,1,1,1) was given in Section 2.2.1

(1,1,1,3,3):

M;: {{27 5/}’ {37 4/}7 {4”7 5”}7 {4’ 5}}

M.

[\

M;
My

M,

ot

{4} 3,51, {4/, 5}, {47, 5"})
P57 {2,47) {4,5), {4, 5"}
P {{L571,{2,5, {3, 51}
P43 {2,47), {3,4'}}

11



(1,1,a5,a5,a5)=(1,1,1,1,1)+%-L copies of (0,0,2,2,2)
(1,3, a5, a5, a5)=(1,1,1,1,1)+(0,2,2,2,2)+ %52 copies of (0,0,2,2,2)
Following are even matchings of types (0,2, _, _, _).
(0,0,2,2,2) given in Section 2.2.2
By Property 2, an even matching of type (0,0, as, a4, a5) must satisfy as < as. Since
a3 < as by definition, we must have types (0,0, as, as, as).
(0,0, as,as,as) from as/2 copies of (0,0,2,2,2)
(0,2,2,2,2) given in Section 2.2.2
By Properties 2 and 4 the possible elements of Sy with a; = 0 and as = 2 are of the
form (0,2, a5 — 2,as5,a5) or (0,2, as,as,as).
(0,2,a5 — 2,as5,a5) = (0,2,0,2,2) + asTd copies of (0,0,2,2,2)

(0,2, a5, a5, a5)= (0,2,2,2,2) + %22 copies of (0,0,2,2,2)

0,4, a5, as,as)= 2 copies of (0,2,2,2,2) + %2 copies of (0,0,2,2,2
2

(2,2, a5, a5, a5)= (2,2,2,2,2) + %52 copies of (0,0,2,2,2)
We now have even matchings of type (a1, a2, as, a4, as) as long as (a1, ag, as, a4, as)

satisfies the necessary conditions.

2.2.3 Seven parts of any size

Let us now consider even matchings of type (a1, ..., a7) where the sequence is non-
decreasing, i.e. a1 < ... < a7. Since p =7 % 1 (mod 4), all parts must be of even size.
Similar to the case of five parts, to find an even matching of type (a1, ..., a7) we use the

following algorithm.

12



1. Check if the four necessary conditions are satisfied. If not, the matching does not
exist. If a; = a2 = a3 = 0 and agy = 0,2 or K = (0,0,2,2,2,2,2) look up the

matching in list provided. Otherwise continue below.
2. For 0 < i < 3 repeat the following steps.

3. If 5a7 = 2n skip down to the Special Case 1 section.
If as = ag and a7 = a1 + ... + a5 skip down to Special Case 2 section. Otherwise

continue below.
4. Subtract (0¢,2,0%7% 2,2).
5. If necessary, rearrange the terms to ensure that the sequence is nondecreasing.
6. Repeat steps 3-5 until you obtain (0,0,0,2, _, _, ).
7. The even matchings of type (0,0,0,2,_, _, ) are listed below.
Let us consider the four necessary conditions during steps 3-5 of the algorithm.
1. p =7 is not affected.

2. If (ay, ..., a7) satisfies 2ay+ag < a1+. . .+ar, then (a1—2, as, as, aq, as, ag—2, a7 —2)
satisfies 2(a7 — 2) + (ag — 2) < (a1 — 2) + a2 + ag + a4 + a5 + (ag — 2) + (a7 — 2).
We are, however, rearranging the terms. Let us consider the following cases:
Case 1: If after such rearranging a7 — 2 is not the largest, but the second largest
part, then a5 = a7. So we started with (a1, az, as, a4, a7, a7, a7) and now have (a; —
2, ag,as3,a4,a7 —2,a7 —2,a7). By Properties 2 and 4, (a1 — 2, ag, a3, aq,a7 — 2, a7 —

2,a7) isin Sy as long as 4 < a1 +az+as+aq and 12—a7 < 2a1 +2as+2a3+2a4. Let

13



us consider the case when a; + a2+ a3+ a4 < 4. We could have (0,0,0,0, a7, az,az)
or (0,0,0,2,ar,a7,a7). Each one of those is discussed and shown to be an element
of Sy below. Let us consider the case when 12—a7 > 2a1+2a9+2a3+2a4. We could
have (0,0,0,0,2,2,2),(0,0,0,0,4,4,4),...,(0,0,0,0,10, 10, 10), (0,0,0,2,2,2,2),
(0,0,0,2,4,4,4),(0,0,0,2,6,6,6) or (0,0,2,2,2,2,2). Each one of those is shown
to be in Ss.

Case 2: If after rearranging a7 — 2 is not the largest or second largest part,
then a4 = ... = ay. So we started with (a1, az,as,ar,ay,ar,a7) and now have
(a1 — 2,a2,a3,a7 — 2,a7 — 2,a7,a7). By Properties 2 and 4, (a1 — 2,a2,a3,a7 —
2,a7—2,a7,a7) is in Sy as long as 6—a7 < a;+as+as and 12—3a; < 2a;+2a2+2as.
Let us consider the cases when 6 — a7y > a1 +as +as or 12 — 3a7 > 2a1 + 2a2 + 2as.
We could have (0,0,0,2,2,2,2), (0,0,0,4,4,4,4) or (0,0,2,2,2,2,2). Each one of
those is in Ss.

Case 3: If after rearranging a7 —2 is the largest, but ag—2 is not the second largest
part, then as = ag. So we started with (a1, a2, as, a4, as,as,a7) and now have
(a1—2, a9, a3, aq,a6—2, ag,a7—2). By Property 2, (a1—2, as, as, a4, ag—2, ag, a7—2)
isin S as long as a7 # a1+ ...+ as. The case when a7 = a1 +...+ a5 and a5 = ag

is discussed below as Special Case 2.

. Since we are subtracting zeroes and twos, the parity of the parts is not affected.

Neither is the number of parts.

. If (a1,. .., a7) satisfies bay < 2(a;+...+ay), then (a; —2, as, as, a4, as, ag—2, a7 —2)

satisfies 5(ar —2) < 2((ay—2)+az+asz+as+as+(ag—2)+(ar—2)). If bay = 2n we
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refer to Special Case 1. Problems arising from rearranging the terms are discussed

under item 2 above.

Therefore, each time we repeat steps 2-5 we obtain an element of Sy and if we reach
(0,0,0,2,_,_,_) all four conditions are satisfied. Notice that the above holds for the
remaining steps of the algorithm. So it is sufficient to give even matchings of type
(0,0,0,2,_,_, ) and consider the special cases mentioned above.

Let us consider the Special Case 1.

We define the set SP1 as the set of all matching types satisfying the four necessary
conditions and 3a7 = 2(a; + ...+ ag). We construct an even matching of type K =
(ai,...,a7) € SP1 by induction. We start by subtracting (0,0,0,2,2,2,4) to obtain
K' = (a1,a92,a3,a4 — 2,a5 — 2,a6 — 2,a7 — 4). As long as no rearranging is necessary K’
is in SP1. If rearranging is necessary, we started with K = (a1, as, ag, ag, as, ag, a7) and
now have K" = (ay,az,as — 2,a6 — 2, a6 — 2, ag, a7 — 4). This is always in SP1. This
concludes the inductive argument, since each time we repeat this process we obtain a
smaller element of SP1. Thus Special Case 1 is solved.

Now let us consider Special Case 2.

If a5 = ag and a7 = a1 + ... + a5 we have types of the form (ay,as,as,as,a7 — (a1 +
.t aq),a7 — (a1 + ... + aq),a7). We will construct an even matching of such type
as follows: aj/2 copies of (2,0,0,0,2,2,4), az/2 copies of (0,2,0,0,2,2,4), ag/2 copies
of (0,0,2,0,2,2,4), as/2 copies of (0,0,0,2,2,2,4) and (a7 — 2(a; + ...+ a4))/2 copies
of (0,0,0,0,2,2,2). Notice that by Property 4, a7 > 2(a; + ... + a4). This concludes

Special Case 2.
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The following are even matchings of type (0,0,0,2, _, _, _).
(0,0,0,0,2,2,2):
My: {{5,7},{6,7'},{5,6'}}
My: {{5,6'},{6,7'}, {5, 7}}
Ms: {{5,6},{6", 7'}, {5, 7}}
Ma: {{5,6'},{6,7},{5",7'}}
Ms: {{6,7},{6',7'}}
Me: {{5,7},{5',7'}}
Mz: {{5,6},{5',6'}}
By Property 2, an even matching of type (0,0, 0,0, a5, ag, a7) exists if a; < as. Hence we
must have (0,0,0,0,ar, a7, a7).
(0,0,0,0,ar,a7,a7) from ay/2 copies of (0,0,0,0,2,2,2)
(0,0,0,2,2,2,2):
My: {{4,5},{6,7},{4,5'}, {6, T'}}
Ma: {{4,5},{6, 7}, {4, 7'}, {5",6'}}
Ms: {{4,5},{6,7},{4,7'},{5,6'}}
May: {{5,7'},{5',6'},{6,7}}
Ms: {{4,7},{4',6},{6",7'}}
Me: {{4,7},{4,5'},{5,7'}}
Mz: {{4,5},{4',6},{5",6'}}
(0,0,0,2,2,2,4):
My: {{4,5},{6,7'},{6", 7}, {4, 7"}, {5/, 7"'}}

My: {{4,7"},{4',6},{5,7"},{5/,7'},{6",7}}
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Ms: {{4,7},{4,7"},{5,7"},{5',6'},{6,7'}}
My: {{5,7"},{5',7"},{6,7},{6',7'}}

Ms: {{4, 7"} {4/, 77}, {6,7},{6", 7'} }

Me: {{4,7}, {4, 7"} {5, 7"}, {5",7'}}

Mz: {{4,5},{4',6},{5',6'}}

In general, by Property 2, an even matching of type (0,0,0,2, a5, ag,a7) exists if az >
a7 — 2.

(0,0,0,2,ar,a7,a7) from (0,0,0,2,2,2,2) and (a7 — 2)/2 copies of (0,0,0,0,2,2,2)
(0,0,0,2,a7 — 2,a7,a7) from (0,0,0,2,0,2,2) and (a7 — 2)/2 copies of (0,0,0,0,2,2,2)
Since a7 > 2, a7 —2 > 0.

(0,0,0,2,a7—2,a7—2,ar) from (0,0,0,2,2,2,4) and (a7 —4)/2 copies of (0,0,0,0,2,2,2)
Since a7 —2>2,a7 —4 > 0.

(0,0,0,4,4,4,4)= 2 copies of (0,0,0,2,2,2,2)

Hence we have even matchings of type (ai,...,ar).

2.2.4 Nine parts of any size

Notice that when p = 9 condition 4 becomes 7ag < 3n which is equivalent to
4dag < 3(a; + ...+ ag). Condition 2 is ag < a3 + ...+ a7. With the use of Lemma
2.4 finding an even matching of type (0,0, as, ..., ag) simply requires the even matching
(as,...,a9), which we constructed in the previous Section.

Let us now consider even matchings of type (a1, a2, as,aq, as, ag, az,ag, ag) where

a1 <az <az<ag<as<as<ar<ag < ag. Since p=9 = 1(mod 4), we can have all
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parts of odd or all parts of even size. Similar to the case of five or seven parts, to find

an even matching of type (a1, ag, as, as, as, ag, az, ag, ag) we use the following algorithm.

1. Check if the four necessary conditions are satisfied. If not, the matching does not
exist. If agy = a9 = a3 = a4 = a5 =0, a6 =20ra; = ay = a3 = a4 = a5 =
ag =a7=1or K =(0,0,0,0,2,2,2,2,2) or K =(0,0,0,0,2,2,2,2,6) look up the

matching in list provided. Otherwise continue below.
2. For 0 < i < 5 repeat the following steps.

3. If Tag = 3n skip down to the Special Case 1 section.
If 7Tag = 3n — 2 skip down to the Special Case 2 section.
If ay = ag and ag = a1 + a2 + as + a4 + a5 + ag + a7 skip down to Special Case 3

section. Otherwise continue below.
4. Subtract (0¢,2,007% 2, 2).

5. If necessary, rearrange the terms to ensure that the parts are in a nondecreasing

sequence.

6. Repeat steps 3-5 until you obtain (0,0,0,0,0,2,_,_, ) or (1,1,1,1,1,1,1, ). If at

any point K = (0,0,0,0,2,2,2,2,2) or K = (0,0,0,0,2,2,2,2,6) look it up.

7. If Tag = 3n skip down to the Special Case 1 section.
If 7Tag = 3n — 2 skip down to the Special Case 2 section.
If a7y = ag and ag = a1 + as + as + a4 + a5 + ag + a7 skip down to Special Case 3

section. Otherwise continue below.

8. Subtract (09,2,2,2).
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9. If necessary, rearrange the terms to ensure that the parts are in a nondecreasing

sequence.
10. Repeat until you obtain (1,1,1,1,1,1,1, _, ).

11. The even matchings of type (0,0,0,0,0,2, , , ) and (1,1,1,1,1,1,1, _, ) are listed

below.
Let us consider the four necessary conditions during steps 2-5 of the algorithm.
1. p =9 is not affected.

2. If (a1, a2, as, a4, as, ag, az, ag, ag) satisfies ag < aj +as + as+ a4+ as + ag + az, then
(a1 — 2, a9, a3, a4, a5, ag, a7, as — 2, a9 — 2) satisfies ag —2 < a3 —2+ag + ag +aq +
as + ag + a7. We are, however, rearranging the terms to ensure a nondecreasing
sequence. Let us consider the following cases:

Case 1: If after such rearranging ag — 2 is not the largest, but the second
largest part, then a; = ag. So we started with (a1, a9, as, a4, as,ag,ag, ag, ag)
and now have (a1 — 2,a9,as, a4, as,a¢,a9 — 2,a9 — 2,a9). By Properties 2 and
4 (a1 — 2,a9,a3,a4,as5,a6,a9 — 2,a9 — 2,a9) is in So as long as 4 < a1 + ... + ag
and 18 — 2ag < 3(a; + ...+ ag). Let us consider the cases when 4 > a3 + ...+
ag or 18 — 2a9g > 3(a; + ... + ag). We could have (0,0,0,0,0,0,ag, ag,ag) or
(0,0,0,0,0,2, a9, a9, ag). Each one of those is discussed and shown to be in Ss.

Case 2: If after rearranging ag — 2 is not the largest or second largest part, then
ag = ag. So we started with (a1, a9, as, a4, as, ag, ag, ag,ag) and now have (a; —
2, a9, as,a4,as,a9 — 2,a9 — 2, a9, ag). By Properties 2 and 4 (a1, ag, as, a4, as, ag —

2,a9—2, a9, ag) is in Sy as long as 6—ag < aj+...4+a5 and 18—5a9 < 3(a1+...+as).
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Let us consider the cases when 6 —ag > a1 +...+ a5 or 18 —bag > 3(a; +...+as).
We could have (0,0,0,0,0,2,2,2,2), (0,0,0,0,0,4,4,4,4) or (0,0,0,0,2,2,2,2,2).
Each one of those is in S5.

Case 3: If after rearranging a9 — 2 is the largest, but ag — 2 is not the sec-
ond largest part, then a; = ag. So we started with (a1, az,as, a4, as, ag, ag, as, ag)
and now have (a; — 2, ag, as, a4, as,a¢,a8 — 2,as,a9 — 2). By Property 2, (a1 —
2, ag, a3, a4, as, ag, ag — 2, as, ag — 2) is in Sy as long as ag # a1 +. ..+ az. The case

when ag = ay + ...+ a7 and a7 = ag is discussed below as Special Case 3.

3. Since we are subtracting zeroes and twos, the parity of the parts is not affected.

Neither is the number of parts.

4. If (a1, a9, as, a4, as, ag, a7, as, ag) satisfies 4ag < 3(a; + ... + ag) — 2, then (a3 —
2, a9, a3, a4, as,ag, a7, ag — 2,a9 — 2) satisfies 4(ag —2) < 3(a; + ... +ag — 4). If
Tag = 3n we refer to Special Case 1. If 7ag = 3n — 2 we refer to Special Case 2.

Problems arising from rearranging the terms are discussed under Property 2.

Therefore, each time we repeat steps 2-5 we obtain an element of S5. Notice that the
above holds for the remaining steps of the algorithm. So it is sufficient to give even
matchings of type (0,0,0,0,0,2,_,_, ) and (1,1,1,1,1,1,1,_, ) and consider the special
cases mentioned above.

Let us consider the Special Case 1.

We need to find even matchings for (ay,...,ag9) satisfying the four necessary conditions
and 4ag = 3(a; + ...+ ag). Let us refer to these as matching type SP1 C S;. Say we

need K = (ay, ag, .. ., ag, 2908y ¢ §P1. We will build it by induction.
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We consider parts of odd size first. We start by subtracting P = (1°,3,3,9) to obtain
K = (a171,...,a671,a773,a873,w79). Since w <ai+...+ar
in K we have w—g <aj+...+a7—9in K'. Also, 4(@—9) = 3(a1 +
...+ ag—12). Therefore K’ is in So. However, if rearranging is necessary and we obtain
K'=(a1—1,...,a5—1,a7—3,a8—3,a6— 1, W—Q) instead of K’, we must have

ag—1 = ag—3+2 or ag = ag. Hence we started with (ay,...,as,as, as, as, w) I

n
this case instead of subtracting P = (1%, 3, 3,9), we subtract Q = (1°,5,5,5, 15) to obtain
K'=(a1—1,...,a5—1,a3—5,ag—5, ag — 5, X048 _15) Notice that 4(3@tts) _

15) = 3(a1 +...+ag—20) and W—w <ai+...+a7—151in K’ and so K’ € Ss.

However, if rearranging is necessary and results in K’ = (a1 — 1,...,a4 — 1,a5 — 5, a8 —
3(a1+...+as) _ —

5,a8—5,a5—1,f—15) we must have a5 —1 = ag —5+2 or as = ag — 2. So we

started with K = (aq, ..., a4, a8—2, ag, ag, as, M) Notice that by Property 2, we

3(a1+...+as+4ag—2)
4

have <ay+...+a4+3ag—2, which implies 2 < a; +...+a4. However,

we know that since a; > 1 for all 4, 4 < aq + ... + a4. Therefore, 3(a1+"‘+i4+40«8*2) <

ai+ ...+ as + 3ag — 4. In this case we go back to subtracting P = (19,3,3,9) to obtain
K' =(ag—1,...;a4 — 1,a3 — 3,ag — 1,ag — 3,as — 3?@ —9) which would be
rearranged to K" = (a1 —1,...,a4—1,a8—3,a8—3,as—3,as — 1, w—%. Notice
that 2@tetas) g < gy 4 as43ag — 13 and 4(2@F8) gy — 3(a; 4. 4ag—12)
and K" € S;. Because ay < ag it is not possible for the rearranging to result in

Sat.tas) _ 9)  One more

(al - 13(12 - 1,&3 - 2,&8 - 3,(18 - 3,&8 - 3,(18 - 1,(14 - 17 3 1
rearranging issue needs to be addressed. Is it possible for ag — 3 > S(G%ﬂs) -9+2
orag — 5 > M — 15+ 27 It is sufficient to show that ag < M —8. If

agzW—Eﬁwehavelfz(al,...,a7,3(a1+...+a7)—32,3(a1—|—...+a7)—24)
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and by Property 2, this implies 3(a1+...4a7)—24 < a1+...4+a7. Soa;+...+a7 < 12,
and this is only possible if K = (15,3, 3,9) which is given below. This shows that when
we complete this step, we obtain an element of SP1.

For parts of even size we start by subtracting (0%, 2%, 6) to obtain K’ = (ay, ..., a4, a5—
2,...,a8 — 2, M — 6). As long as no rearranging is necessary K’ is in SP1. If

L . 3(a1+...
rearranging is necessary, we started with K = (a1, a9, as, as, ..., as, W) and now

have K" = (a1,a2,a3,as —2,...,as — 2, as, w —6). This is in SP1 as long as
—16 < aj + a9 + a3 + ag which is always true for elements of Ss.

This concludes the induction argument, since each time we perform the above we
obtain a smaller element of SP1. This concludes Special Case 1.

Let us consider the Special Case 2.
We need to find even matchings for (ay,...,ag9) satisfying the four necessary conditions
and 4ag = 3(a1 + ...+ ag) — 2. Let us refer to these as matching type SP2 C Sy. Say
we need K = (ay,as,...,as, W) € SP2. We will build it by reducing the

matching to an element of SP1 which is considered above.

We start with parts of odd size. First, subtract P = (17,3,7) to obtain K’ =

3’ 3(a1+..;1+a8)72 _ 7) 3(a1+..4+a8)7

(a1 —1,...,a6—1,a7 —1,a8 — . Since 2§a1—|—...—|—a7in
K we have 20Ht=tas)=2 7 < ) 4 par—7in K. Also, 4(2Uttas)=2 gy — 304,
...+ag—10) which takes us back to Special Case 1. However, if rearranging is necessary
and we obtain K" = (a1 — 1,a2 — 2,...,a5 — 1,a6 — 1,a8 — 3,a7 — 1,% -7
instead of K’, we must have a7 — 1 = ag — 3 + 1 or a; = ag. Hence we started with
(a1,...,as,a6,as,as, w) In this case instead of subtracting P = (17,3,7),

we subtract Q = (1°,3,5,5,13) to obtain K’ = (a; — 1,...,a5 — 1,a6 — 3,as — 5,as —
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5, M — 13). Notice that 4(% —13) = 3(a1 + ... + ag — 18) and
w —13<a;+...+ay— 13 in K’ taking us to Special Case 1. However, if

rearranging is necessary and results in K" = (a; —1,...,a4—1,a5—1,a8 —5,as — 5, a6 —

3, w — 13) we must have ag — 3 = ag — 5+ 2 or ag = ag. So we started with

K = (ai,...,a4,0as5,as,ag,as, w) In this case we subtract M = (1°,7,7,7,19)

instead of P or (). This gives K’ = (al—l,...,a5—1,a8—7,a8—7,a8—7,w—

19) which is back in Special Case 1. If rearranging is necessary, we have a5 = ag — 4

and K" = (a1 —1,...,a8 — T,ag — 7,ag — 7, ag —5,% —19) which came from

3(a1+...+a8)—2 )
Y E— P

K = (a1,...,a4,a8 — 4, ag,ag, as, Notice that by Property 2, we have

3(a1+”‘+i4+4a8_4) <ai+...+ a4+ 3ag — 4, which implies 2 < a; + ... + as. However,

we know that since a; > 1 for all 4, 4 < ay + ... + a4. Therefore, 3(a1+"'+i4+4a874) <

ai+...+as+3ag—6. In this case we go back to subtracting P = (17,3, 7) to obtain K’ =

(a1—1,...,a5—1,a5—5,a3—1,a5— 1, ag—3, at=tas) =2 _7)

which would be rearranged
to K" =(a1 —1,...,a4 — 1,a8 — 5,a8 — 3,a5 — 1,ag — 1, MAH — 7). Notice that
Marttas) 7 < g4 4ag+3ag—11 and 4(3@td®)=2 7y — 304, 4 4ag—10) and
K" € S5 and under Special Case 1. Because a4 < ag it is not possible for the rearranging
to result in (a1 — 1,a9 — 1,a3 — 2,ag — 5,a8 — 3,ag — l,as — 1,a4 — 1,% —
7). One more rearranging issue needs to be addressed. Is it possible for ag — 3 >
Martotas) 2 749 gg— 5> 3atedas)2 434 9 o qg 7> Matetas) 2 7.4 99
It is sufficient to show that ag < w — 8. If ag = w — 8 we have
K = (a1,...,a7,3(a1+...4a7)—34,3(a1+...4+a7) —26) and by Property 2, this implies
3(a+...+a7)—26 <a;+...4+a7. Soaj; + ...+ a; <13, and this is only possible

if K = (17,3,7) which is given below or K = (1%,33,5,13) = (17,3,7) + (0%,2%,6) or
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K = (13,3%,13) = (17,3,7) + (03,2%,0,6). This shows that when we complete this step,
we obtain an element of SP1. And we continue with the second step in Special Case 1.
For parts of even size we start by subtracting (0°, 23, 4) to obtain K’ = (ay, ..., as, ag—

2,a7 —2,a8 — 2, w —4). As long as no rearranging is necessary K’ is in SP1.

If rearranging is necessary, we started with K = (a1, ag, a3, aq,as, ..., as, w)
and now have K" = (a1, a2, a3, a4,as — 2,as — 2, a8 — 2, ag, w —4). This K"
isin SP1 as long as —12 < a1 + ... + a4 which is always true. This concludes Special
Case 2.

Now let us consider Special Case 3.
If a; = ag and ag = a1 +. . . +a7 we have types of the form (ay, as, as, as, as, ag, ag— (a1 +
...+ ag),a9 — (a1 + ...+ ag),a9). We will construct an even matching of such type as
follows: a3 /2 copies of (2,0,0,0,0,0,2,2,4), az/2 copies of (0,2,0,0,0,0,2,2,4), ..., a6/2
copies of (0,0,0,0,0,2,2,2,4) and ag — 2(a; + ...+ ag)/2 copies of (0,0,0,0,0,0,2,2,2).
Notice that by Property 4 ag > 2(aj + ...+ ag). This concludes Special Case 3.

The following are even matchings of type (0,0,0,0,0,2, , , )and (1,1,1,1,1,1,1, , ).
(0,0,0,0,0,0,2,2,2): from Lemma 2.4
By Property 2, an even matching of type (0,0,0,0,0,0, a7, ag, ag) exists if ag < a7. Hence
we must have (0,0,0,0,0,0, ag, ag, ag).
(0,0,0,0,0,0, a9, ag, ag) from ag/2 copies of (0,0,0,0,0,0,2,2,2)
(0,0,0,0,0,2,2,2,2): from Lemma 2.4
(0,0,0,0,0,2,2,2,4): from Lemma 2.4
(0,0,0,0,2,2,2,2,2): from Lemma 2.4

By Property 2, an even matching of type (0,0,0,0,0,2, a7, as, ag) exists if a7 > ag — 2.
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(0,0,0,0,0,2,ag,ag,ag) from (0,0,0,0,0,2,2,2,2) and

(ag — 2)/2 copies of (0,0,0,0,0,0,2,2,2)

(0,0,0,0,0,2,a9 — 2, a9, ag) from (0,0,0,0,0,2,0,2,2) and
(ag — 2)/2 copies of (0,0,0,0,0,0,2,2,2)

Since ag > 2, ag — 2 > 0.

(0,0,0,0,0,2,a9 — 2,a9 — 2,a9) from (0,0,0,0,0,2,2,2,4) and
(ag — 4)/2 copies of (0,0,0,0,0,0,2,2,2)

Since ag —2 > 2, ag — 4 > 0.

(0,0,0,0,2,2,2,2,6):

My {{5,9},{5',6'}, {6, 9}, {7,9"},{7',9"},{8,9'}, {8, 9°}}
Mo: {{5,9},{5",9°},{6,9"},{6",9"}, {7, 9}, {7', 8'}, {8,9}}
Ms: {{5,9},{5,9"},{6,9'},{6',9"},{7,8}, {7, 9°}, {8, 9"}}
My {{5,6},{5,9"},{6,9"},{7,9'},{7",9°},{8,9}, {8, 9" }}
Ms: {{6,9%},{6",9°},{7,9"},{7",9"},{8,9}, {8, 9'}}

Mg: {{5,9},{5',9'}, {7, 9"}, {7, 9"},{8,9'},{8",9°}}

Mz {{5,9},{5',9°},{6,9"},{6",9"},{8,9},{8',9'}}

Ms: {{5,9},{5",9'},{6,9"},{6",9°}, {7,9"},{7",9"}}

Mo: {{5,6},{5',6'},{7,8},{7,8'}}

(0,0,0,0,0,4,4,4,4)= 2 copies of (0,0,0,0,0,2,2,2,2)
(1,1,1,1,1,1,1,1,1): given in Section 2.2.1
(1,1,1,1,1,1,1,1,3):

Mi: {{2,97},{3,9'},{4,5},{6,8},{7,9}}

Ma: {{1,9"},{3,7},{4,5},{6,9}, {8,9}}
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Ms: {{1,9"}.{2.8},{4,6},{5,9},{7,9'}}

Mi: {{1,6},{2.9"},{3,9},{5.9}.{7.8}}

Ms: {{1,9},{2.9'}, {3,9"}, {46}, {7.8}}

M: {{1,2},{3.4}.{5.9"},{7,9'}.{8.9}}

Ma: {{1,9},{2.9'}, {3,9"}, {45}, {6.8}}

Ms: {{1,2},{3.4}.{5.9"},{6,9'}.{7.9}}

My: {{1,6},{2.8}.{3.7},{4,5}}
(1,1,1,1,1,1,1,1,5):

Mi: {{2,97).{3.4}, {5.9'},{6,9'},{7.9"}.{8,9}}
Ma: {{1,9%),{3,9'}, {4.9”},{5.9"}.{6.8}.{7,9}}
Ms: {{1,2},{4.9"}.{5.9'},{6,9}.{7.9}.{8.9"}}
Mi: {{1,9%,{2,9},{3,9'}. {5.6}, (7.9}, {8,9}}
Ms: {{1,2},{3.9%},{4,9”},{6,9'}, {7,9}.{8.9"}}
M: {{1,9},{2.9'}, {3,9"},{4,9"}, {5,9'},{7.8}}
Ma: {{1,9},{2.9'}, {3,9"}, {4,9"}, {5,9%}.{6,8}}
M: {{1,2},{3.9"},{4,9”},{5,9"},{6,9'},{7,9}}
My: {{1,2},{3.4}.{5.6},{7.8}}
(1,1,1,1,1,1,1,3,3):

Mi: {{2,8),{3,9},{4,9'},{5.8},{6,8"},{7,9}}
Ma: {{1,8"},{3,8}, {4,8'},{5,9"}, {6.9'},{7,9}}
Ms: {{1,8"}, {28}, {4,9"}, (5.8}, {6.9'},{7,9}}
{{1,9),{2.9), {39}, (5.8}, {6,8"}, {7.8}}

Ms: {{1,8"},{2,8'},{3,8},{4,9"},{6,9'},{7,9}}

M.

W~
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MG:
M.
Mg:

Mg:

{{1,9},{2,9'},{3,9"}, {4,8"},{5,8'}, {7, 8}}
{{1,9},{2,8},{3,9"},{4,8"},{5,8},{6,9'}}
{{1,9},{2,3},{4,9'},{5,9"},{6,7}}
{{1,8"},{2,3},{4,8'},{5,8}, {6, 7}}

(1,1,1,1,1,1,1,3,5):

{{2,9%),{3,9}, {4,8"},{5,9"},{6,8},{7,9}, {8',9"}}
{187 {3,9° {4,973, {5,9'},{6,9"},{7.8'}, {8,9}}
{{1,9},{2.8}, {4,8"}, {5,9'},{6,9"}, {7,9"},{8",9%}}
{191, {2,9"}.{3,8"},{5,8'},{6,9"}.{7,9'}, {8,9}}
{{1,91,{2.8},{3,9'}, {4,8},{6,9"},{7,9"},{8",9%}}
({197, {2,913, {3,8"},{4,9"},{5,8'},{7,9'}, {8,9}}
P{{1,8731,{2,9'1,{3.5},{4,9"},{6,9'},{8,9}, {8',9"}}
P{{121,{3,91},{4,9"}.{5,9"}, {6,9'}, {7, 9}}
(1,2}, 48,5, {4,8"},{6,8}, {7, 8'}}

(1,1,1,1,1,1,1,3,7):

M;i:
Mg:
Ms:

M4:

{{2,9°},{3.9°},{4,8},{5,9"},{6,9'}, {7, 9}, {8/, 9"}, {8",9"}}
{{1,9°. {3, 7}, {4,9°},{5,9%},{6,9"},{8,9},{8', 9}, {8",9"}}
{{1,9°4,{2.9°},{4,9"}.{5,6},{7,9}, {8,9'},{8",9"}, {8",9"}}
{{1,9°4,{2,9°}, {3,9},{5,9"},{6,9'}, {7, 8'},{8,9}, {8",9"}}

({1,990, {2,9°3. {3, 7}, {4,913, {6,9'}, {8,9}, {8/, 9"}, {8", 9"}
({1,990, {2,9°}, {3, 8"}, {4,9"}, {5, 9"}, {7, 9}, {8, 9}, {8, 9""}}
{12}, {3,9°4,{4,9°},{5,9%}, {6, 9"}, {8,9}, {8/, 9}, {8",9"}}
{1,990, {2,9°}, 3,91}, {4,9"},{5,9"},{6,9'}, {7, 9}}
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My: {{1,2},{3,8"},{4,8},{5,6},{7,8'}}

(1,1,1,1,1,1,1,5,5):

My: {{2,9},{3,8},{4,8"},{5,9"},{6,7},{8,9'}, {8", 9"}, {8",9'}}

Ma: {{1,9},{3,8"},{4,8"},{5,9"},{6,9"},{7,8'},{8,9'}, {84, 9%}}

Ms: {{1,8},{2,9},{4,9"},{5,8"},{6,9'},{7,8'}, {8",9"},{8",9'}}

My {{1,2},{3,8'},{5,8"},{6,9"},{7,9},{8,9'}, {8",9"}, {8*,9"}}

Ms: {{1,2},{3,4},{6,7},{8,9},{8',9'}, {8",9"}, {8, 9"}, {8, 9'}}

Mg: {{1,9},{2,8},{3,9"},{4,8"},{5,9"}, {7, 8"}, {8,9'}, {8",9"}}

Mz {{1,2},{3,4},{5,6},{8,9},{8',9'}, {8",9"}, {8",9"}, {84, 9%}}

Mg: {{1,2},{3,9%},{4,9"},{5,9"},{6,9'}, {7,9}}

My: {{1,8},{2,8'},{3,8"},{4,8"},{5,6},{7,8"}}

(1,1,1,1,1,1,1,5,7):

Mz {{2,9},{3,8'},{4,8"},{5,9"},{6,9"},{7,9°},{8,9'}, {8",9°}, {8",9"}}
Ma: {{1,9°},{3,9°}, {4,8"},{5,9"},{6,9"},{7,8'}, {8,9'}, {8",9}, {8%,9}}
Ms: {{1,8},{2,9},{4,9"},{5,9°},{6,9'}, {7, 8'}, {8",9°},{8", 9"}, {8*,9*}}
My: {{1,9"},{2,6},{3,9°}, {5,9"},{7,8"},{8,9'}, {8',9°}, {8",9}, {8, 9"}}
Ms: {{1,2},{3,4},{6,9°},{7,9°},{8,9}, {8, 9}, {8",9"},{8",9"}, {8%,9}}
Mg: {{1,9"},{2,9°},{3,9"},{4,8"},{5,8"},{7,9},{8,9'}, {8/,9°}, {8",9"}}
Mz {{1,2},{3,4},{5,9°},{6,9°},{8,9}, {8, 9}, {8",9"}, {8, 9"}, {8%,9}}
Mg: {{1,9°},{2,9°},{3,9"},{4,9"},{5,9"},{6,9'},{7,9}}

My: {{1,8},{2,6},{3,8'},{4,8"},{5,8"},{7,8"}}

(1,1,1,1,1,1,1,7,7):

M;y: {{2,9%},{3,4},{5,6},{7,80},{8,9}, {8, 9"}, {8", 9"} {8" 9"} {8* 9%} {85 9°}}
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Moz {{1,0}. 3,8}, (4.9}, (5.8}, {6.9°}. {7, 8. {8/, 0} {8".9"}. {8°. 0}, {8°.9°)}
Mz {{1,2},4,9°), (5.6, {7, 8%}, 8,0}, {8/, '}, {87, 9" }. {8, 0"}, {81, 0}, {8%,6°}}
Mz {{1,0}.12,9°). (3.8}, {5, 6}, {7, 8}, {8/, '}, {87, 9"} {8"."}. {84, 0°}, {8%,91}}
Mz ({18} (2,9}, {8.9") {4.8"}, {6,8'), {7 9%, {8,0}. {8."}. {84, 0%}, {8°.9°}}
Mo: {{1,0},2,8°}. (3.8}, {4,0°}. {5, 9%}, {78}, {8/, '}, {8, 9"}, 8", 9"}, (8", 6°}}
Mz {{1,2}, 3,4}, {5,6}. (8.9} {80} {".0"} {8".9""} {81,0'}. {8°. %}, {s°.9°}}
M: {{1,9}, 2,9}, {3.9"}, {4,9""}, {5.9'}.{6,9°} {7.9°}}

Moz {{1,8°). {28}, {881}, {4,8"}, {5,8"}. {68}, {7.8}}

(1,1,1,1,1,1,3,3,9):

Mz {{2,9°). 3,4}, (5.9, 6,9°}. {7, 9%}, {7,9"}, {7, 97}, {8.9}, {81,9'}, {8",9""}}
Moz ({19} 39"}, {4,9"}, (5.6}, {7.9°), {7/, 94}, {7797}, {8.9. {8/, 9°). {8",9°}}
Mz ({10} {29, {4,9"). (5.9, {6,9°}. {7, 9%}, {7, &'}, {7, 97}, (8.9}, {8",9""}}
Mz {{1,0°} 2,97}, {8.9%), {5,9"},{6.9" 1. {7, 9%}, {7, 9"}, {7", 8"}, {8.9. {8/, 9'}}
Mz {{1,9}. 2,9} (3.9}, 14,9}, {6.9°), {7, 8} {71, 03, {7767}, {8/, 90}, {8",9°}}
Mo: {{1,2}, 43,97}, {4,9°}, {5,9"}, {7, 9}, {79}, {7", 9"}, {8. 9%}, {8/, 67}, {8"",9°}}
Mz (41,0}, 2,9}, (3.9}, {4,9""}, {5.,0'}.{6,5°), {8.9°}, {8/, 7}, 8. 9°}}

Mi: {{1,0°}. {297}, {8.9°), {4,9°). {593, {6.9""}. (7.9} {79/} {7",9"}}

Mo {{1,2}, 43,4}, 45,6} {7.8}.{7.8'}. {7".8"}}

(1,1,1,1,1,3,5,5,13):

Mz (2,92}, 43,67}, {4,6'}, {5,9'}, {69}, {7. 9%}, {7/, 9}, {77, 9"}, {7"", 0%}, {7,011},
8,9} (8,07}, {87, 0%}, {87, 9%}, {8, 9°}}

Moz {{1,9°}. (3,97}, {4.9%), {5, 6. {68}, {67, 93, {7,0°} {71.9"}. {77, 01}, {7, 011}

{74’ 912}’ {8, 9}, {8”, 9/}7 {8/”, 9///}7 {84, 95}}
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My: {{1,9°}, (2,92}, {4,9°}, {5,9°}, {6,9}, {6/, 8/}, {6, 9}, {7,9°}, {7, 9"}, {7", 8"},
{77, 9, {7491}, {8, 9 (87,97}, (8", 97} }

My {{1,9"2},{2,9"1}, {3,9'°}, {5,9°}, 6,9}, {6', 9%}, {6", 9%}, {7, 9}, {7, 9"}, {7",9"},
{77,873, {74,8}, 8,9}, {8/, 97}, {8", 9}}

Ms: {{1,9} {2, 9% {3,9"} {4,9" 1, {6, 9%, {6, 9°), {6", 9%}, {7, 8}, {7", 8/}, {7", 9"},
{77, 91}, {74,912}, {87,9°, {8, 9°}, {8%, 97} }

Mg: {{1,2}, {3,97}, {4, 9°), {5,9°}, {7, 91, {7, 9’} {7, 9"}, {7, 9"}, {74,9*} {8, 9°}.
{8,990, {87, 90}, {8, 91}, {8%, 91}

Mz (41,9} 42,98 {3, 9"}, {4,9"}, {5,940, {6,9°}, {6/, 9°), {6, 97}, {8,9°%, {8/, 9°%,
{8”, 910}7 {8/”, 911}’ {84, 912}}

My {{1,92},{2,9"1}, (3,90}, {4,9°}, {5,9°}, {6, 9°}, {6/, 9°}, {6", 97}, {7, 9}, {7, '}
{77,971 477, 9" (7, 9

My: {{1,2}, {3, 6"}, {4,6'},{5,6}, {7, 8}, {7, 8}, {77, 8"}, {7", 8"}, {74, 8'}}
(1,1,1,1,1,5,5,5,15):

My {42,677}, 3,97 {4,950, (5,9}, {6,941, {6',9'}, {67,9"}, {6%, 92}, {7, 8}, {71,9'0},
{77,999}, {7, 9%}, {74,9'1}, {8/,9}, {8", 9%}, {8, 9"}, {84, 9°}}

My {{1,9°{3,6", {4,6'}, {5,9°1, {6, 9}, {6, 9%}, {6%, 97h {7, 9"}, {7, 9"}, {7",9'2},
{77, 9, {74, 94}, {8, 9} {8/, 91}, {87, 95, {8, 9™}, {84, 9*}}

My: {{1,64),{2,9°}, {491}, {5,6}, {6/, 97}, {6", 9°}, {6", 9%}, {7, 9"}, {7/, 9"}, {7", 9},
{77, 9, {74,914, 8,9} {8, 9}, {87, 9}, {87,910, {8, 9%}

My {{1,9M}, (2,9}, {3,9'2}, {5,9'°}, 6,9}, {67, 9}, {6, 9"}, {6"",9°}, {6, 97}, {7, 9%},
{78} {77,871 (77, 9%, {74,911, 8,9°), {87, 9"}, {84, 9'}}

Ms: {{1,9},{2,9'},{3,9"},{4,9"},{6,9'},{6/,97},{6”,95}, {6", 95}, {64,912}, {7,9%},
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{7,913, {77, 9"}, {7, 8"}, {7%,8},{8,9°}, {8/, 9"}, {8, 9*}}

Me: {{1,9°},{2,9%},{3,97},{4,9°}, {5,9°}, {7, 9} {7, 9}, {7", 9"} . {7", 9"}, {7*, 9"},
{8,91°},{8',9"},{8",9"%},{8",9"°}, {8*,9"}}

Mz {{1,9},{2,9'},{3,9"},{4,9"}.{5,9},{6,9°}, {6', 9°}, {6",97}, {6", 9°}, {6*, 9°},
{8,919}, {8,911}, {8",9"2}, {8",9'%}, {8%,9'}}

Mg: {{1,9M},{2,913},{3,912},{4,9'1},{5,9'%},{6,9°},{6/,9°}, {6”,97},{6", 9%},
{64,973, {7, 93, {7, 9}, {7, 9"}, {7, 9"}, {7%,9*}}

Mg: {{1,6%},{2,6"},{3,6"},{4,6'}, {5,6},{7,8}, {7, 8}, {7, 8"}, {7, 8"}, {7*,8'}}
(1,1,1,1,1,7,7,7,19) :

Mi: {{2,6°},{3,7},{4,9°},{5,97},{6,9'}, {6",9'°}, {6", 9"}, {6", 8"}, {6*,9"°}, {6°, 9"},
{7,937, 91 {77, 9T} {74, 9%, {7°,9°3, {70, 9%}, {8,9"%}, {8/,97°}, {8”, 9%}, {8",9'°},
{8°,9"},{8%9'%}}

Ma: {{1,8°},{3,9°},{4,7"},{5,8"},{6,97},{6",9'°},{6",9"},{6",9'%}, {6*,9'°}, {6°, 9"},
{6%,9M {7,921 {7, 93, {7, 9%}, {74, 9%}, {7°,9°}, {7°,9°}, {8,9'}, {8, 9"}, {8", 9'%},
{84,973, {8%,9"}}

Ms: {{1,9"},{2,9'°},{4,9"°},{5,9*},{6,9'}, {6,9°}, {6", 7"}, {6",9'°}, {6*, 7"}, {6°, 7°},
{6%, 913 {7, 93, {7, 971, {7, 9"}, {7°,9°}, {8,9"2}, {8/, 9"%}, {8",9°}, {8", 9"}, {8, 9"},
{85,95}, {86,918}}

My: {{1,9%%} {2,917} {3,916} {5 914} 168"}, {6/,8"},{6",97}, {6", 910}, {6%, 91},
{6°,912},{6°,9'%}, {7, 9}, {7, 97}, {7", 9"}, {7, 9%}, {7*, 9%}, {7°,8}, {7%,9°}, {8,9'},
{87,9"},{8°,9°},{8°%,9"°}}

Ms: {{1,9},{2,9'},{3,9"},{4,9"},{6,9°},{6',9°}, {6",97}, {6", 9%}, {6*, 9%}, {6°,9"°},

{69,911, {7,912}, {7/, 8, {77, 914}, {7,917}, (74,9}, {7, 8"}, {7°, 8%}, 8,91}, {8",9'%},
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{8"”,9'°},{8%,9%°}}

Me: {{1,9'1},{2,9'},{3,9°}, {4,9%}, {5, 9"}, {7, 9}, {7, 9}, {7", 9"}, {7, 9"} {7, 9%},
{75’95}7 {76796}, {8,912}, {8/,913}, {8”,914}, {8///,915}, {84,916}, {85,917}, {86,918}}
Mz: {{1,9}5,{2,9'},{3,9"},{4,9"},{5,9},{6,9°}, {6', 9°}, {6",97}, {6", 9%}, {6*, 9°},
{65,910}, {66,911}, {8,912}, {8/,913}, {8/,,914}, {8/”,915}, {84,916}, {85,917}, {86,918}}
Mg: {{1,9'8} {2,917} {3,916} {4,915} {5,914} {6,97}, {6',9%},{6",9°}, {6", 90},
{64,911}, {6°,9"%},{6%,9'°}, {7, 9} {7, 9} {7", 9"}, {7, 9"}, {7%,9*}, {7°,9°}, {7°,9°}}
Mg: {{1,8%},{2,6°},{3,7},{4,7"},{5,8"},{6,8'},{6',8"},{6", 7}, {6", 8"}, {6*, 7"},
{6°, 73, {7, 8}, {7°,8°}}

Hence we have even matchings of type (aq,...,a9).

2.2.5 p=1 (mod 4) parts of any size

In this Section we will give a general construction of even matchings of type
(a1, ...,a4p4+1) for any positive integer h > 3. Since p = 1 (mod 4) we can have all parts
of even size or all parts of odd size. We will need “building blocks” similar to the ones
used before.
(0%=2,2.2 2): from Lemma 2.4
(0%=3,2,2,2,2): from Lemma 2.4

Notice that when p = 4h + 1 condition 4 becomes 2ha, < (2h —1)(a1 + ...+ ap—1)
and condition 2 remains a, < a1 + ...+ ap—2. We can construct an even matching of
type (0,0, as, ..., ap) inductively. We start with the even matching (as,...,a,) (as long
as it exists) and apply Lemma 2.4.

To find an even matching of type (ai,...,a4n+1) we use the following algorithm.
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10.

11.

. Check if the four necessary conditions are satisfied. If not, the matching does

not exist. If a; = ... = a4 =0, a3 =2o0ra; =... =a,2=1o0r K =
(012,222 2) or K = (0*"=%,2,2,2,2, 6) look up the matching in list provided.

Otherwise continue below.

. If2hay, = (2h—1)(a1 +...+ap—1) —2c for 0 < ¢ < 2h — 3 skip down to the Special

Case (c¢+ 1) section.
If ap—o2 = ap—1 and a, = a1 +. ..+ ap—2 skip down to Special Case (2h —1) section.

Otherwise continue below.

. Subtract (2,072 2 2) to obtain (a3 — 2,as,...,a,_1 — 2,a, — 2).
. If necessary, rearrange the terms to ensure a nondecreasing sequence.
. Repeat steps 2-4 until you obtain (0, ") or (1,_*").

. If 2hay, = (2h—1)(a1 +...+ap—1) —2c for 0 < ¢ < 2h — 3 skip down to the Special

Case (c+ 1) section.
If ap_9 = ap—1 and ap = a1 +. ..+ ap—2 skip down to Special Case (2h — 1) section.

Otherwise continue below.

For 4h — 3 > j > 1 repeat the following steps.

. Subtract (0%—2-7,2, 07,2, 2).

. If necessary, rearrange the terms to ensure the sequence is nondecreasing.

Repeat until you obtain (04’1_1_9’7 ,j+2) or (14’1—1—2" 7j+2).
Stop when you obtain (0**73,2, _,_, ) or (1%*=1 _ ).

33



12. The even matchings of type (0**=3,2, ) and (141 _, ) will need to be given.
Let us consider the four necessary conditions during steps 2-5 of the algorithm.

1. p=4h+ 1 is not affected.

2. If (a1,...,ap) satisfies a, < a1 + ...+ ap—2, then (a1 —2,a2,...,ap—1 — 2,0, — 2)
satisfies ap —2 < a1 —2+az + ...+ ap—2. We are, however, rearranging the terms
to ensure a nondecreasing sequence. Let us consider the following cases:

Case 1: If after such rearranging a, — 2 is not the largest, but the second largest
part, then ap,_o = a,. So we started with (a1,...,ap—3,ap,ap,a,) and now have
(a1 —2,az,...,ap—3,ap — 2,a, — 2,ap). By Properties 2 and 4 this is in Sy as long
as 4 < a1+ ... +ap—3 and 12h — 6 — (2h — 2)a, < (2h — 1)(a1 + ... + ap—3),
which is equivalent to a1 +...+a,—3 > 6 — SZ fap Let us consider the cases when
4>a1+...4ap-z3o0rar+...+ap,-3 < 6— %Z ?ap We could have (0*h—2 G, A, Ap) s

(0432 a,, ap, a,) or (0%"=4,2,2,2 2 2). Each one of those is in Ss.

Case 2: If after rearranging a, — 2 is not the largest or second largest part,

then a,—3 = a,. So we started with (ai,...,ap—4,ap,ap,ap,ap) and now have
(a1 —2,a9,...,ap—4,ap — 2,ap — 2,ap,ap). By Properties 2 and 4 this is in S as
long as 6 —a, < a;+...+ap—4 and 6 — ap <ai+...+ ap—4. Let us consider
the cases when 6 —a, > a1 +...+ap—4 or 6 — ap > a1+ ...+ ap—4. We could

have (04"73,2,2,2,2), (0*"73,4,4,4,4) or (04}“4,2, 2,2,2,2). Each one of those is
in Ss.

Case 3: If after rearranging a, — 2 is the largest, but a,—1 — 2 is not the second
largest part, then a,_2 = ap—1. So we started with (a1,...,ap—3,ap—1,ap-1,ap)

and now have (a; — 2,a2,...,ap-3,ap—1 — 2,ap—1,a, — 2). By Property 2, this is
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in S as long as a, # a1 + ... + ap—2. The case when a, = a1 + ... + ap—2 and

ap—2 = ap—1 is discussed below as Special Case (2h — 1).

3. Since we are subtracting zeroes and twos, the parity of the parts is not affected.

Neither is the number of parts.

4. If (a1,...,ap) satisfies 2ha, < (2h — 1)(a1 + ... + ap—1) — 4(h — 1), then (a1 —
2,a2,...,ap—2,ap—1 — 2,a, — 2) satisfies 2h(a, —2) < (2h —1)(a1+ ...+ ap—1 — 4).
Each Special Case (c + 1) section covers the instances when 2ha, = (2h — 1)(a1 +
...+ ap—1) —2c for 0 < ¢ < 2h — 3. Problems arising from rearranging the terms

are discussed under condition 2.

Therefore, each time we repeat steps 2-5 we obtain an element of Ss. Notice that
the above holds for the remaining steps of the algorithm. So it is sufficient to give
even matchings of type (0*#73,2,_ _, ) and (1*"~!,_ ) and consider the special cases
mentioned above.
Let us consider the Special Case (c+ 1) for 0 < ¢ < 2h — 3.

We need to find even matchings for (a1, ..., a,) satisfying the four necessary condi-

tions and 2ha, = (2h — 1)(a1 + ...+ ap—1) — 2c. Let us refer to these as matching type

SP(c+1) C Sy. Say we need K = (a1, az,...,ap1, (Qh_l)(aﬁzﬁﬂ”*l)_gc) € SP(c+1).
We will build it by induction.
We consider parts of odd size first. If h — ¢ > 0, we start by subtracting P! =

(13h+e 3h=¢ 6h — 3 — 2¢) to obtain K’ = (a1 — 1,...,a3p4c — 1,a304 001 — 3, .., Qap —

3, (zhfl)(aﬁ?'}fr%’l)dc — (6h — 3 — 2¢)). Since necessary conditions 2 and 4 were sat-
isfied in K, they are still satisfied in K’. Also, K/ € SP1. However, if rearranging is

necessary and we obtain K" = (a; — 1,...,a3h4¢41 — 3, G3h1ct2 — 3y -+, Q4 — 3, A3htc —
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1, (2h_1)(a1+2h+a” 1)=2 —(6h—3—2c¢)) instead of K', we must have azpic—1 = agp, —3+2

or aspy. = aqp. Hence we started with

2h—1 tap_1)—2 : .
K = (a1,...,03h4¢—1,04h,- - -, Qap, ( )(alghﬂl” 1) ). In this case instead of sub-

tracting P! = (13/*¢ 3h=¢ 6h—3—2¢), we subtract P? = (17+¢, 33"=¢ 10h—5—2¢c) to ob-

tain K’ = (a1=1,...,ante—1, ahier1—=3, .. ., agy—3, Zotatap )2 qop_5_o0c)).
Notice that as long as no rearranging is necessary, K’ € SP1. We will also subtract P?
if h — ¢ < 0, which means we start with a, > 6h — 3 — 2c. However, if rearranging is

necessary and results in K” = (a1 — 1,...,ap1c-1 — 1,@pier1 — 3y ooy Qan — 3, apye —

1, 2= 1)(a1+ +a” 1)=2 — (10h — 5 — 2¢)) we must have apy. = ayqp. So we started with

2h—1
K = (a1,...,Qpic_1,04n,---,a4p, ( )(a1+2h+a” 1)=2 ). In this case we subtract P3 =

(17+e 32h=c 7h 14h—7—2¢) instead of P! or P2. We then get K’ = (a1 —1,...,ap1c1—

Lag, —1,asn —3, ... aun —3,a4n — 7, .. ., ag, — 7, 2= 1)(a1+2h+ap D=2¢ _ (14h — 7 — 2¢))
which is rearranged to K" = (a1 —1,...,ap1c—1—1, a4 —3, ..., aup =3, a4p— 7, ..., Qgp —
7, a4, — 1, (2h_1)(a1+2';£+a”_1)_2c — (14h — 7 — 2¢)). Satisfying the conditions 2 and 4, this

K" is always in SP1. This shows that when we complete this step, we obtain an element
of SP1.

For parts of even size we start by subtracting (02h+¢ 22h=¢ 4h — 2 — 2¢) to ob-

tain K/ = (a1,...,00h1¢, 2htet1 — 25+ Qap — 2, (2h— 1)(a1+h+a” 1)=2 — (4h — 2 — 2¢)).

As long as no rearranging is necessary K’ is in SP1. If rearranging is necessary,

(2h—1)(a1+...+ap71)—26)
2h

we started with K = (a1,..., 028411, Adh, - - - 5 Qgh, and now have

(2h*1)(al+2-}7:+ap71)72c — (4h — 2 — 2¢)).

K// - <a17 se. 7a2h+6717 Q4p — 27 <oy Q4p — 27a4h7
This is in SP1 as long as (¢ — 1)ay, — 8h? + 8h + 4ch < ay + ... + aopie—1 which is

equivalent to agp —2 < “2“}?_*11 when ¢ = 2h — 3 (worst case scenario). By Property 2, this
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inequality is always true for elements of Sy. Notice that no matter what SP(c+ 1) we
start with, after the first subtraction, we will continue the induction process with SP1
or ¢ = 0.

By induction, this concludes Special Case (c+1). We take any element of SP(c+1)
and subtract to get a smaller element of SP1.

Now let us consider Special Case (2h — 1).
If a,—92 = ap—1 and ap = a1 + ...+ ap—2 we have types of the form (a1, as,...,ap-3,a, —
(a1 + ...+ ap-3),ap — (a1 + ... + ap—3),a,). We will construct an even matching of
such type as follows: a;/2 copies of (0971,2,0%7273 2 2 4) for each 1 < j < 4h — 2,
and a, — 2(a; + ...+ a,—3)/2 copies of (0*"72,2,2,2). Notice that by Property 4 a, >
2(a1 + ...+ ap—3). This concludes Special Case (2h — 1).

The following are even matchings of type (0**=3,2, _ _, ) and (1**~1, _ ) and other
matchings used in the above construction.
(0%=2/2.2 2): from Lemma 2.4

O4h—2

By Property 2, an even matching of type ( ,ap—2, Ap—1, Gp) exists if a;, < a,_2. Hence

we must have (042, Ap, Qp, Ap).

(0*=2 a,. a,,a,) from a,/2 copies of (0472 2, 2, 2)

(0%=3,2,2.2,2): from Lemma 2.4

(043222 4): from Lemma 2.4

By Property 2, an even matching of type (0**=3,2, a, 2, a,_1,a,) exists if a,_2 > a, — 2.
(0%=3.2 a,, ap, a,) from (0*"=3,2,2,2,2) and (a, — 2)/2 copies of (0%=2,2,2,2)
(04=3.2, a, — 2, a,,a,) from (0%73,2,0,2,2) and (a, — 2)/2 copies of (0*"72,2,2,2)

Since ap, > 2, ap — 2 > 0.
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(0%h=3 2, ap —2,a, — 2,a,) from (0%h=3.2.2,2 4) and (ap —4)/2 copies of (0%h=22 2 2)
Since ap —2 > 2, a, —4 > 0.

(0%h=4.2.2.2 2 2): from Lemma 2.4

(0*"=%,2,2,2,2,6): from Lemma 2.4

021,22k 4h — 2): Needed; not yet found.

The remaining (02"+¢ 22h=¢ 4h — 2 — 2¢) for 0 < ¢ < 2h — 3 are obtained from Lemma
2.4

(1#h+1): given in Section 2.2.1

For h > ¢, (13"*¢ 3"=¢ 6h — 3 — 2¢): Needed; not yet found.

(1+e, 337=¢ 10h — 5 — 2¢): Needed; not yet found.

(17+e 32h=c 7h 14k — 7 — 2¢): Needed; not yet found.

In the following families of matchings we use 4, j odd.

For 3 <i < 4h — 3, (1*"i): Needed; not yet found.

For 3<i<4h—1and 3 <j <4, (1*"71 4 9): Needed; not yet found.

Hence we have even matchings of type (aq,...,a4p41)-

2.2.6 p=3 (mod 4) parts of any size

In this Section we will give a general construction of even matchings of type
(a1,...,a4p+3) for any positive integer h > 2. Since p = 3 (mod 4) we can only have all
parts of even size. We will use “building blocks” similar to the ones above.

(0%7,2,2,2): from Lemma 2.4

(0%h=1.2.2 2 2): from Lemma 2.4
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Notice that when p = 4h + 3 condition 4 becomes (2h + 1)a, < 2h(a1 + ...+ ap—1)
and condition 2 remains a, < a1 +...+ap—2. We can still construct an even matching of
type (0,0,as, ...,a,) inductively. We start with the even matching (as,...,a,) (as long
as it exists) and apply Lemma 2.4.

To find an even matching of type (a,...,a4n+3) we use the following algorithm.

1. Check if the four necessary conditions are satisfied. If not, the matching does
not exist. If a1 = ... =ap_4 =0, ap_3 =2o0r K = (0%h=22.2.2.2 2) or K =

(0%=2.2,2,2 2, 6) look up the matching in list provided. Otherwise continue below.

2. If (2h+ 1)ap, = 2h(a1 + ... + ap—1) — 2¢, for 0 < ¢ < 2h — 2, skip down to the
Special Case (¢ + 1) section.
If ap—o = ap—1 and ap = a1 + ... + ap—2 skip down to Special Case (2h) section.

Otherwise continue below.
3. Subtract (2,0%",2,2) to obtain (a1 — 2, as,..., ap—1 — 2,a, — 2).
4. If necessary, rearrange the terms to ensure a nondecreasing sequence.
5. Repeat steps 2-4 until you obtain (0, _*"+2).

6. If (2h+1)ap = 2h(a1+...+ap—1) —2c for 0 < ¢ < 2h — 2 skip down to the Special
Case (c¢+ 1) section.
If ap—o = ap—1 and ap = a1 + ... + ap—2 skip down to Special Case (2h) section.

Otherwise continue below.
7. For 4h — 1 > j > 1 repeat the following steps.

8. Subtract (0*"77,2,07,2,2).
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9. If necessary, rearrange the terms to ensure the sequence is nondecreasing.
10. Repeat until you obtain (017, J+2),
11. Stop when you obtain (0**~1,2, ).
12. The even matchings of type (0**~1,2,_, _ ) will need to be given.
Let us consider the four necessary conditions during steps 2-5 of the algorithm.

1. p=4h+ 3 is not affected.

2. If (a1, ...,ap) satisfies ap < a1 + ...+ ap—2, then (a1 — 2,a2,...,ap—1 — 2,0, — 2)
satisfies ap, —2 < a1 —2+azs + ...+ ap—2. We are, however, rearranging the terms
to ensure a nondecreasing sequence. Let us consider the following cases:

Case 1: If after such rearranging a, — 2 is not the largest, but the second largest
part, then ap,—o = ap. So we started with (ai,...,a,—3,ap,ap,ap) and now have
(a1 —2,a9,...,ap-3,ap — 2,a, — 2,a,). By Properties 2 and 4 this is in Sy as long
as4<a+...+a,3and a; +... +ap—3 > 6 — thap Let us consider the
cases when 4 > a1 + ... +ap-30ra; +... +ap_3 <6 — h ap We could have
(0% ap, ap, ap), (04712 a,, ap, a,) or (0472222 2 2). Each one of those is in
Sa.

Case 2: If after rearranging a, — 2 is not the largest or second largest part,
then ap—3 = a,. So we started with (a1,...,ap—4,ap, ap,ap,a,) and now have
(a1 — 2,a2,...,ap—a,ap — 2,a, — 2,ap,a,). By Properties 2 and 4 this is in Sy as
long as 6 —a, < a1 +...+ap—4 and 6 — 2h ap <ai+...+ap—4. Let us consider
the cases when 6 —a, > a1 +...4+ap—4 or 6 — 2h ap > a1+ ...+ ap—4. We could

have (0%=1,2,2,2,2), (0*"=1 4,4,4,4) or (0*"72,2,2,2,2,2). Each one of those is
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in S.

Case 3: If after rearranging a, — 2 is the largest, but a,—; — 2 is not the second
largest part, then ap—2 = ap—1. So we started with (ai,...,ap—3,ap—1,ap-1,ap)
and now have (a; — 2,a2,...,ap-3,ap—1 — 2,ap—1,a, — 2). By Property 2, this is
in Sy as long as a, # a1 + ... + ap—2. The case when a, = a; + ... + ap—2 and

ap—2 = ap—1 is discussed below as Special Case (2h).

3. Since we are subtracting zeroes and twos, the parity of the parts is not affected.

Neither is the number of parts.

4. If (a1,. .., ap) satisfies (2h + 1)a, < 2h(a1 + ...+ ap—1) — 2(2h — 1), then (a1 —
2,a2,...,ap-2,ap—1 — 2, a, — 2) satisfies (2h +1)(ap —2) < 2h(a1+...+ap—1 —4).
Each Special Case (¢ + 1) section covers the instances when (2h + 1)a, = 2h(a; +
...+ ap_1) —2cfor 0 < ¢ < 2h — 2. Problems arising from rearranging the terms

are discussed under condition 2.

Therefore, each time we repeat steps 2-5 we obtain an element of S5. Notice that the
above holds for the remaining steps of the algorithm. So it is sufficient to give even
matchings of type (04*~1,2,_, _, _) and consider the special cases mentioned above.

Let us consider the Special Case (¢ + 1).

As with p = 1 (mod 4) we define the set SP(c + 1) as the set of all matching types
satisfying the four necessary conditions and (2h + 1)a, = 2h(a; + ... 4+ ap—1) — 2c. We
construct an even matching of type K = (ay,...,asn43) € SP(c+ 1) by induction. We
start by subtracting (02hFe+l 22h=c+l 4h_9¢) to obtain K’ = (a1, ..., aontct1, G2htero—

2, ..., aqpao — 2, (Qh)(alg';l'rll"‘l)_% — (4h — 2¢)). As long as no rearranging is necessary

K’ is in SP1. If rearranging is necessary, we started with
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2h)(a1+...+ap—1)—2c
K =(a1,...,0901¢,Q4pt2, - - -, Qaht2, (2h)( e ) ) and now have
2h)(a1+...4+ap—1)—2c .
K" = (al, c ooy Q2htcy A4h+2 —2, ey AQ4h+2 —2, A4h+2, ( )( 2h+1p ) — (4h— 26)). ThlS

is always in SP1. Notice that no matter what SP(c + 1) we start with, after the first
subtraction, we will continue the induction process with SP1 (i.e. ¢ = 0). This concludes
the inductive argument, since each time we repeat this process we obtain a smaller
element of SP1. Thus Special Case (c + 1) is solved.

Now let us consider Special Case (2h).
If ap—o = ap—1 and ap = a1 + ...+ a,—2 we have types of the form (a1, as,...,a,-3,ap —
(a1 + ...+ ap-3),ap — (a1 + ... + ap—3),a,). We will construct an even matching of
such type as follows: a;/2 copies of (0771,2,0%7,2,2,4) for each 1 < j < 4h, and
ap —2(ay + ...+ ap_3)/2 copies of (0%",2,2,2). This concludes Special Case (2h).

The following are even matchings of type (0**~1 2, _, ) and other matchings used
above.
(0%",2,2,2): from Lemma 2.4

By Property 2, an even matching of type (0"

,Ap—2, Ap—1, Gp) exists if a, < ap_o. Hence
we must have (0%, a,, ap, ap).

(0% a,, a,, a,) from a,/2 copies of (0*",2,2,2)

(0*h=1.2.2.2 2): from Lemma 2.4

(0%=12.2 2 4): from Lemma 2.4

By Property 2, an even matching of type (0%, 2, a,_2,a,1,a,) exists if a,—2 > a, — 2.
(0*=1.2 a,, ap, a,) from (0*71,2,2,2,2) and (a, — 2)/2 copies of (0%",2,2,2)

(0*=1.2 a, — 2,a,,a,) from (0*~1,2.0,2,2) and (a, — 2)/2 copies of (0*",2,2,2)

Since ap > 2, ap — 2 > 0.
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(0*=12 a, — 2,a, — 2,a,) from (0*"71,2,2 2 4) and (a, — 4)/2 copies of (0%",2,2,2)
Since ap —2 > 2, a, —4 > 0.

(0%h=2.2.2.2 2 2): from Lemma 2.4

(0*"=2,2,2,2,2,6): from Lemma 2.4 For ¢ > 1 we have (0?"*¢t1 22h=ct1 4p — 2¢) from
Lemma 2.4

(02h+1 22041 4p): Needed; not yet found.

Therefore we have even matchings for p = 3 (mod 4). Once the missing matchings

are found, this proves the sufficiency of the necessary conditions listed in Section 2.1.
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CHAPTER 3

EXISTENCE OF k-DIVISIBLE-MATCHINGS

The results in Chapter 2 can be extended by considering the following definition.

Definition 3.1 Let ay,as,...,a, be non-negative integers, and let A; denote the vertex
partite set of size a;, for 1 <i < p. Then for the graph K(ai,as,...,ay), the ordered set

M = (My,Ms,, ..., M,) is a k-divisible-matching of type (a1,a2,...,a,) if

1. for each i, 1 <i <p, the set M; is a perfect matching in the graph

K(ai,az,...,ap)\A;, and

2. for each edge e of K(a1,as,...,ap), the number of matchings M; containing e is
divisible by k.

We will refer to this as the divisibility condition.

Previously we considered each edge appearing an even number of times. Notice that
even matchings are 2-divisible-matchings. Let us define the set

Sk ={(a1,...,ap)| a k-divisible-matching on the graph K(a1,...,a,) exists}.

3.1 Necessary conditions

In this Section we present necessary conditions for the existence of k-divisible-
matchings of type (a1, ag, ..., ap). Weassumea; < az < ... < a,and definen = Zle a;.

These necessary conditions are as follows:

1. p=1 (mod k),
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2. 2ap +ap—1 <,

3. If k is even: either all a; are even or all a; are odd and p = 1 (mod 2k).

If k£ is odd: either all a; are even or all a; are odd and p is odd.
4. 2p—k—2)a, < (p—k—1)n.

Notice that condition 4 implies p > k + 1.

Let us verify the above conditions.

1. Each vertex (element of A;) will be used in p—1 edges, and the number of edges that
vertex is in must be divisible by k, equivalently % must be an integer. Therefore

p=1 (mod k).

2. For every i, n — a; — 2a, > 0, since we must have enough vertices in each n — a; to
“match” the vertices of the largest part. Since a1 < az < ... < ay, it is sufficient

that n —a,—1 —2a, >0, ie. 2ap +ap—1 < n.

3. Since each M; is to be a perfect matching, (3-7_; a;) — a; must be even for all ;
hence all a; have same parity. The “divisibility” condition requires

b o = w to be divisible by k. Therefore either all a; are even, or if k

is even, all a; are odd and p = 1 (mod 2k) and if k is odd, all a; are odd and p is

odd.

4. None of the edges in M,, use vertices in A,. Therefore there must be enough edges
in My UMyU...UM,_ not intersecting A, to satisfy the “divisibility” condition.

So,

p—1
n—a n—a; —2a (p—2)n—(2p—3)a
1 p<§: i P _ P
(k ) 2 - 2 2 ’

=1
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which implies

(2p—k—2)ap<(p—k—1)n

5. From the above we have p— k—1>0,ie. p>k+ 1.

It would be very useful to have an analogue of Lemma 2.1 and Lemma 2.2 for k-divisible-

matchings.

Lemma 3.2 If M = (My, M, ..., M,) is a k-divisible-matching of type (a1, az,...,ap)
and N = (N1, Na,...,Np) is a k-divisible-matching of type (b1,ba,...,b,), on disjoint
vertex sets, then

MUN = (M UN;, My UNy,...,M,UN,) is a k-divisible-matching of type

(al—f-bl,ag—l-bz,...,ap—i-bp).

Proof: Since the number of times each edge appears in M and N is a multiple of k this

is a k-divisible-matching. O

Lemma 3.3 If M = (My, M, ..., M,) is a k-divisible-matching of type (a1, as,...,ap)
and N = (N1, Na,...,N,) is a k-divisible-matching of type (a1,ba,...,by), then there
exists a k-divisible-matching for K(ai,az, ..., ap,ba, b3, ... by) of type

(a1,a2,...,ap,b2,b3,...,by).

Proof: This proof is very similar to the proof for even matchings. The k-divisible-
matching of type (a1,az,...,ap,b2,bs,...,by) on K(ai,as,...,ap, b2, bs,...,by) is given
by

(31, s, .., ), No, N, ..., IV, ):

E:MlLJNl;
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This uses the matchings My, ..., M, and Ny,..., N4 once, M7 an additional ¢ — 1 times,
and N7 an additional p — 1 times. Since p,q = 1 (mod k) the above is a k-divisible-
matching. O

The following are generalizations of Lemmas 2.4 and 2.5.

Lemma 3.4 Ifai,...,a, are even and (a1, . .., ap) is an element of Sy, then (0" a1, ..., ap)

is also an element of Sy for any integer n.

Proof: Let (M, ..., M,) be a k-divisible-matching of type (ai,...,ap). Let N be any
perfect matching on K (ay,...,ap). By Lemma 2.3, N exists. We construct a k-divisible-
matching of K (0", a4, ... ,ap) as follows.

M; =N for 1 <i<kn

M pn =M for 1<j<p

Clearly this is a k-divisible-matching. O
Lemma 3.5 Ifai,...,ap,ba,...,by are all even and (a1, ...,ap), (0,b2,...,bq) are both
elements of Si, then (ba,...,by,a1,...,ap) is also an element of Sk.

Proof: Let (M, ..., M,) be a k-divisible-matching of type (a1, ...,a,) and (Ny,...,Ny)
be a k-divisible-matchings of type (0,b2,...,by). Let R be any perfect matching on
K(ai,...,ap). By Lemma 2.3, R exists.

We construct a k-divisible-matching of K (b, ..., bq,a1,...,ap) as follows.
M;=N;jz1URfor1<i<qg-—1

Mjtg1=NiUM;for1<j<p

Since p—1 and g—1 are both divisible by k this is a k-divisible-matching. O
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3.2 3-divisible-matchings

Let us consider k = 3-divisible-matchings. By condition 1, p =1 (mod 3). We will
first consider p = 7 and p = 10. Notice that when p = 10 all parts a; must be of even

size.

3.2.1 Any number of parts of the same size

Let us consider 3-divisible-matchings with all parts of the same size. It is sufficient
to consider (17) = (1,1,1,1,1,1,1), (27) = (2,2,2,2,2,2,2) and
(210) = (2,2,2,2,2,2,2,2,2,2). We can then use Lemma 3.2, as follows:
If a is odd: (a”) = (17) + 251 copies of (27).
If a is even: (a”) = % copies of (27).
(a'®) = ¢ copies of (2'7).
Also, to construct any 3-divisible matching (a?) we use Lemma 3.3.
(17 =(1,1,1,1,1,1,1):
For 2 <4 <8&:
M1 {{i,i+1},{i+2,i+3},{i+4,i+5}i € Z7}
(27) =(2,2,2,2,2,2,2):
My: {{2,3},{4,5},{6,7}, {2, 3}, {4, 5"}, {6", 7'} }
Ma: {{1,7},{3,4},{5,6},{1", 7'}, {3',4'}, {5/, 6'}}
{123 {4, 51,46, 73, {17, 2'}, {4/, 5}, {6/, T'}}
My: {{1,7},{2,3},{5,6}, {1, 7'},{2/,3'}, {5, 6'}}
Ms: {{1,2},{3,4},{6, 7}, {1, 2'}, {3/, 4}, {6", 7'}}

LT A2,31 44,55 {1, T {2, 3 {4, 5 )

M.

w

M,

=2}
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M7:

{{1,2},{3,4},{5,6}, {1, 2"}, {3, 4'}, {5, 6'}}

(219) = (2,2,2,2,2,2,2,2,2,2):

M1:

Mg:

Mg:

{{2,3},{2/,4},{3',4'},{5,6},{5',7},{6/, 7'}, {8, 10}, {8,9},{9, 10"} }
{{3,4},{3,5},{4',5'},{6,7},{6',8},{7,8},{9,1},{9,10}, {1", 10"} }

c {{4,5},{4,6},{5",6'},{7,8},{7,9},{8,9'}, {10, 2}, {1, 10}, {1, 2'}}
- {{5,6}, {5/, 7},{6',7'},{8,9},{8,10}, {9, 10}, {1, 3},{1,2},{2/,3'}}
- {{6,7},{6',8}, {7, 8'},{9,10}, {9, 1},{1",10'},{2', 4}, {2, 3}, {3, 4'}}
{{7,8},{7,9},{8,9'}, {1, 10}, {10/, 2}, {1, 2"}, {3, 5}, {3, 4}, {4, 5'}}
- {{8,9},{8,10}, {9, 10"}, {1,2},{1",3},{2,3'},{4',6},{4,5},{5,6'}}
- {{9,10}, {9, 1}, {10", 1"}, {2, 3}, {2/, 4},{3",4'}, {5, 7}, {5,6},{6', 7'}}

{{1,10}, {10, 2}, {1", 2}, {3, 4},{3', 5}, {4, 5'}, {6/, 8}, {6, 7}, {7/, 8'}}

Mio: {{1,2},{1",3},{2,3'},{4,5},{4',6},{5",6'},{7',9},{7,8}, {8, 9'}}

3.2.2 Seven parts of any size

In this Section we will give 3-divisible-matchings of type K = (a1,...,a7). Since

p="T7=1 (mod 6) we can have all parts of even size or all parts of odd size. We will use

a similar algorithm as for even matchings to construct a 3-divisible-matching (aq, ..., a7)

from (0,0,0,2,_,_, ) or (1,1,1,1,1,_, ).

. Check if the four necessary conditions are satisfied. If not, the matching does not

exist. Ifag =ag =az3=0anday =0,2,a1 =...=a5=1or K =(0,0,2,2,2,2,2)

look up the matching in the list provided. Otherwise continue below.

. For 0 <14 < 3 repeat the following steps.

. Subtract (0%,2,0%% 2,2).
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4. If necessary, rearrange the terms to ensure that the parts form a nondecreasing

sequence.

5. Repeat steps 3-4 until you obtain (0,0,0,2, , , )or (1,1,1,1,_, _, ). If at any point

K =(0,0,2,2,2,2,2) look it up.

6. The 3-divisible-matchings of type (0,0,0,2, _, _, ) are listed below.

7. Subtract (0,0,0,0,2,2,2).

8. If necessary, rearrange the terms to ensure that the parts form a nondecreasing

sequence.

9. Repeat until you obtain (1,1,1,1,1, , ).

10. The 3-divisible-matchings of type (1,1,1,1,1,_, ) are listed below.

Let us consider the four necessary conditions during the first part of the “subtracting

process.” Notice that for K = 3 and p = 7 condition 4 becomes 3a7 < n.

1. p =7 is not affected.

2. If (ay, ..., a7) satisfies 2ay+ag < a1+. . .+ar, then (a1—2, as, as, aq, as, ag—2, a7—2)
satisfies 2(a7 — 2) + (ag — 2) < (a1 — 2) + a2 + ag + a4 + a5 + (ag — 2) + (a7 — 2).
We are, however, rearranging the terms to ensure a nondecreasing sequence. Let
us consider the following cases:

Case 1: If after such rearranging a7y — 2 is not the largest, but the second largest
part, then a5 = a7. So we started with (a1, ag,as, a4, ar,ay,ar) and now have

(a1 — 2,a9,as3,a4,a7 — 2,a7 — 2,a7). By Properties 2 and 4, (a1 — 2, a9, a3, a4, a7 —
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2,a7 — 2,a7) is in S3 as long as 6 < aj; + ...+ a4. Let us consider the case
when a; + ...+ a4 < 6. We could have (0,0,0,0,a7,a7,a7), (0,0,0,2,a7,a7,az7),
(0,0,0,4,ar,az,az), (0,0,2,2,a7,a7,a7) or (1,1,1,1,ar,ar,a7). Each one of those
is discussed and shown to be in S3.

Case 2: If after rearranging a7 — 2 is not the largest or second largest part,
then ay = ... = a7. So we started with (ay,as,as,ar,a7,a7,a7) and now have
(a1 — 2,a9,a3,a7 — 2,a7 — 2,a7,a7). By Properties 2 and 4, (a1 — 2,a2,a3,a7 —
2,a7 — 2,a7,a7) is in S3 as long as 6 < a; + az + az + ay. Let us consider the
case when 6 > ay + as + a3 + a7. We could have (0,0,0,2,2,2,2), (0,0,0,4,4,4,4),
(0,0,2,2,2,2,2) or (1,1,1,1,1,1,1). Each one of those is covered by Case 1.
Case 3: If after rearranging a7 —2 is the largest, but ag—2 is not the second largest
part, then as = ag. So we started with (a1, a2, as, a4, as,as,a7) and now have
(a1—2, ag,a3,a4,a6—2, ag, ay—2). By Property 2, (a1—2, az, a3, aq, ag—2, ag, a7—2)
isin S5 as long as a7 # a1 +as+as+as+as. When ay = a1+...4+a5 and a5 = ag we
have types of the form (a1, as,as,aq,a7 —(a1+...+aq),a7—(a1+...+aq),a7). By
Property 4, this implies a; +. ..+ a4 < 0. Hence we must have (0,0, 0,0, ag, ag, a7)

and a7 < ag < ay. Types (0,0,0,0,a7,ar,a7) are discussed below as valid.

. Since we are subtracting zeroes and twos, the parity of the parts is not affected.

Neither is the number of parts.

. If (ay,...,ay) satisfies 3a7 < (a1+...+ay), then (a; —2, a9, as, a4, as, a6 —2, a7 —2)
satisfies 3(a7 — 2) < ((a1 — 2) + az + as + ag + a5 + (ag — 2) + (a7 — 2)). Problems

arising from rearranging of the terms are discussed under Property 2.

o1



This is also true for the remaining parts of the algorithm. Therefore, each time we
subtract we obtain an element of S3. When we reach (1,1,1,1,1,_, ) or (0,0,0,2, , _, )
all four conditions are satisfied.

Here are some “building blocks” we will use throughout this Section.
(0,0,0,0,2,2,2):

My: {{5,6}, {5, 7},{6', 7'}}

Ma: {{5,7'},{5',6'},{6,7}}

Ms: {{5,6}, {5, 7},{6",7'}}

My: {{5,7'},{5',6'},{6, 7}}

Ms: {{6,7},{6",7'}}

Mg: {{5,7'},{5",7}}

Mz: {{5,6},{5',6'}}

(0,0,0,2,2,2,2):

My: {{4,7},{4',6},{5',6'}, {5, 7'}}

My: {{4,5},{4',5'},{6,7},{6", 7'}

Ms: {{4,5},{4',5'},{6,7},{6',7'}}

My: {{5,7'}, {5, 6'},{6, 7}}

Ms: {{4,7},{4',6},{6",7'}}

Mg: {{4,7},{4",5'}, {5, 7'}}

Mz: {{4,5},{4',6},{5,6'}}

(0,0,0,0,0,0,0,2,2,2):

My: {{8,10},{9,10'}, {8, 9'}}

May: {{8,9'},{8,10'},{9,10}}
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Ms: {{8,9'},{9,10'},{8,10}}
My: {{8,9'},{8,10'},{9,10}}
Ms: {{8,9},{8,10},{9’,10'}}
Ms: {{8,9},{8,10},{9’,10'}}
Mg7: {{8,10},{8,9'},{9,10'}}
Mg: {{9,10},{9',10'}}

My: {{8,10},{8,10'}}

Mio: {{8,9},{8,9'}}

Following is a list of 3-divisible-matchings of type (1,1,1,1,1,_, ).
(1,1,1,1,1,1,1) given in Section 3.2.1
(1,1,1,1,1,1,3) :

Mi: {{2,7},{3,4},{5,7"},{6,7}}

Ma: {{1,7},{3,7"},{4,7'},{5,6}}

Ms: {{1,2},{4,7},{5,7"},{6,7}}

My: {{1,7},{2,7'},{3,7"},{5,6}}

Ms: {{1,2},{3,7"},{4,7'},{6,7}}

Me: {{1,7},{2,7'},{3,4},{5,7"}}

M7: {{1,2},{3,4},{5,6}}
(1,1,1,1,1,3,3) :

Mi: {{2,7},{3,6"},{4,7"},{5,6}, {6, 7}}
Ma: {{1,6"},{3,7},{4,6'},{5,7'},{6,7"}}
Ms: {{1,6"},{2,7'},{4,7"},{5,6},{6, 7}}

My: {{13 2}’ {3a 6”}’ {57 7,}’ {6,7 7}7 {67 7”}}
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Ms: {{1,6"},{2,7'},{3,7},{4,6'},{6,7"}}

Me: {{1,2},{3,7},{4,7"}.{5, 7'}

Mz {{1,2},{3,6"},{4,6'},{5,6}}

(1,1,1,1,1,5,5) :

Mz {{2,6'}, {3, 7"}, {4,6"},{5,7},{6, 7'}, {6", 7"}, {6, 7"} }
My: {1,713, {3,7"},{4,6"},{5,6"}, {6, 7'}, {6/, 7}, {6", 7"} }
Ms: {{1,6},{2,6'}, {4, 7'}, {5, 7}, {6", 7"}, {6", 7"}, {6*, 7*}}
My: {{1,71},{2,7"},{3,6"},{5,6*}, {6, 7'}, {6/, 7}, {6", 7"} }
Ms: {{1,6},{2,7"},{3,6"},{4,7'},{6', 7}, {6", 7"}, {6*, 7*}}
Mgz {1, 7}, {2, 7"}, {3, 7"} {4, 7}, {5, T}}

Mz: {{1,6},{2,6'},{3,6"},{4,6"},{5,6"}}

Following is a list of 3-divisible-matchings of types (0,0,0,2, _,_, _) as well as
(0,0,2,2,2,2,2).

(0,0,2,2,2,2,2):

My: {{3,4}, {3, 7}, {45}, {5,6}.{¢', 7'}

Ma: {{3,7'},{3",4'},{4,5}, {5, 6}, {6, 7}}

Ms: {{4,5},{4',5'},{6",7'},{6,7}}

My: {{3,7},{3,7},{5,6'},{5,6}}

Ms: {{3,4},{3,4'},{6",7'},{6,7}}

Me: {{3,7},{3,7},{4,5'},{4,5}}

Mz: {{3,4},{3',4'},{5',6},{5,6}}

(0,0,0,0,2,2,2) given above

(0,0,0,0,a7,ar,ar)="% copies of (0,0,0,0,2,2,2)
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By Property 2, a 3-divisible-matching of type (0,0,0,2, a5, ag, a7) exists if a5 > a7 — 2.
(0,0,0,2,ar,a7,a7) from (0,0,0,2,2,2,2) and (a7 — 2)/2 copies of (0,0,0,0,2,2,2)
(0,0,0,2,a7 — 2,a7,a7) from (0,0,0,2,0,2,2) and (a7 — 2)/2 copies of (0,0,0,0,2,2,2)

This gives the 3-divisible-matchings of type (aq,...,a7).

3.2.3 Ten parts of any size

Let us now consider 3-divisible-matchings of type
K = (a1,a2,a3, a4, as, ag, ar, ag, ag, aip) where ay < az <agz <ag <as <ag < ay <ag <
ag < ayp. Since p = 10 is even, all parts must be of even size. Similar to the case of
seven parts, to find a 3-divisible-matching of type (a1, a2, as, aq, as, ag, az, as, ag, a1g) we

use the following algorithm.

1. Check if the four necessary conditions are satisfied. If not, the matching does
not exist. If a1 = a3 = a3 = a4 = a5 = ag = 0 and a7 = 0,2 or K =
(0,0,0,0,0,2,2,2,2,2) look up the matching in list provided. Otherwise continue

below.
2. For 0 <4 < 6 repeat the following.

3. If ba1g = 2n skip down to the Special Case 1 section. If ag = ag and ajg =
a1 + as + ag + ... + ag skip down to Special Case 2 section. Otherwise continue

below.
4. Subtract (0¢,2,077%,2,2).

5. If necessary, rearrange the terms to ensure that the parts are in a nondecreasing

sequence.
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6. Repeat steps 3-5 until you obtain (0°+1, 97%) for 0 <4 < 5 and (05,2, 3) fori =6

. If at any point K = (0,0,0,0,0,2,2,2,2,2) look it up.

7. Stop when you reach (0%,2,_,_, ). The 3-divisible-matchings of type (0%,2,_, _, )

are listed below.
Let us consider the four necessary conditions during steps 4-6 of the algorithm.
1. p =10 is not affected.

2. If (a1, aq,...,a10) satisfies 2a19 + ag < aj + ...+ ajp, then
(a1 —2,a9,...,a9 — 2,a19 — 2) satisfies
2(a10—2)+ (a9 —2) < (a1 —2) +az+...+ag + (ag — 2) + (@10 — 2).
We are, however, rearranging the terms to ensure a nondecreasing sequence. Let
us consider the following cases:

Case 1: If after such rearranging aijg — 2 is not the largest, but the second

largest part, then ag = ajg. So we started with (a1, as,...,a7, aig,a10,a10) and
now have (a; — 2,a9,...,a7,a10 — 2,a10 — 2,a19). By Properties 2 and 4 (a; —
2,a9,...,a7,a10—2,a10—2,a10) isin Sz aslong as 4 < aj;+...+ay and 12—a;p <

2(ay + ...+ a7). Let us consider the case when aj + ...+ a7y < 4. We could have
(0,0,0,0,0,0,0,a;0, a0, a10) or (0,0,0,0,0,0,2, a0, a10,a10). Each one of those is
discussed and shown to be in S5 below. Let us consider the case when 12 — a9 >
2(ay +---+a7). We could have (0,0,0,0,0,0,0,2,2,2), (0,0,0,0,0,0,0,4,4,4), ...,
(0,0,0,0,0,0,0,10, 10,10), (0,0,0,0,0,0,2,2,2,2), (0,0,0,0,0,0,2,4,4,4),

(0,0,0,0,0,0,2,6,6,6) or (0,0,0,0,0,2,2,2,2,2). Each one of those is shown to be

in Ss.
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Case 2: If after rearranging a1y — 2 is not the largest or second largest part, then

a; = ag = ajp. So we started with (a1, ...,as,a10,a10,a10,a10) and now have
(a1 —2,a9,...,a10 — 2,a10 — 2, a10,a10). By Properties 2 and 4
(a1 —2,a9,...,a10 — 2,a10 — 2,a10,a10) is in S3 as long as 6 —a1g < a1 + ...+ ag

and 12 — 3a19 < 2(a; + ... + ag). Let us consider the case when 6 — ajg >
a1 +...+agor 12—3aio > 2(a; +...+ag). We could have (0,0,0,0,0,0,2,2,2,2),
(0,0,0,0,0,0,4,4,4,4) or (0,0,0,0,0,2,2,2,2,2). Each one of those is in Ss.

Case 3: If after rearranging a9 — 2 is the largest, but ag — 2 is not the second

largest part, then ag = ag. So we started with (a1, aq,...,ar,ag, ag,ag) and now
have (a1 — 2,a9,...,a7,a9 — 2,a9,a19 — 2).
By Property 2, (a1 — 2,a9,...,a7,a9 — 2,a9,a19 — 2) is in S3 as long as ajg #

ai1+...+ a7+ ag. The case when a19 = a1 + ...+ a7+ ag and ag = ag is discussed

below as Special Case 2.

3. Since we are subtracting zeroes and twos, the parity of the parts is not affected.

Neither is the number of parts.

4. If (a1, a9, ..., a1p) satisfies bajg < 2(a1+...+ai), then (a;—2,aq,...,a9—2,a10—2)
satisfies 5(&10 — 2) < 2((0,1 — 2) +ag+ ...+ (CLg — 2) + (am — 2)) If ba1g = 2n
we refer to Special Case 1. Problems arising from rearranging of the terms are

discussed under Property 2.

Therefore, each time we repeat steps 2-6 we obtain an element of S3. Notice that the
above holds for remaining steps of the algorithm. So it is sufficient to give 3-divisible-

matchings of type (0,0,0,0,0,0,2,_, _, _) and consider the special cases mentioned above.
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Let us consider the Special Case 1.
We need to find 3-divisible-matchings for (a1, ..., a1) satisfying the four necessary con-
ditions and 3ajp = 2(a; + ...+ ag). Let us refer to these as matching type SP31 C Ss.
Say we need K = (ay,aq,...,ao, w) € SP31. We will build it by induction.
We start by subtracting (0,0,0,0,0,0,2,2,2,4) to obtain K = (ay,...,as a7 —

2 2(a1+...+a9)

2,a8 —2,a9 — 2, 3 —4). As long as no rearranging is necessary K’ is in SP31. If

2(a1+...
’ w) and now

rearranging is necessary, we started with K = (a1, ..., as, ag, ..., a9
" __ o - . 2(a1+...+a9) - e e . 3

have K" = (a1, ...,a5,a9 — 2,a9 — 2, a9 — 2, a9, =——5—> — 4). This is in SP°1 as long

as 6 < ay+...+as+ag. The only time 6 > a3 +...+as+ag is for K = (05,23, 4) which

is given. We need to consider if it is possible for ag > w

— 4. This is equivalent
to 8 < aj + ...+ ag which is true for all elements of SP31 except K = (0°,23 4). By
induction, this concludes Special Case 1. We take any element of SP31 and subtract to
get a smaller element of SP31.

Now let us consider Special Case 2.
If ag = ag and a19 = a1 + ...+ a7 + ag we have types of the form
(a1,az2,...,a7,a10 — (a1 + ...+ a7),a10 — (a1 + ... + ay),a1p). We will construct a 3-
divisible-matching of such type as follows: a;/2 copies of (2,0,0,0,0,0,0,2,2,4), ay/2
copies of (0,2,0,0,0,0,0,2,2,4), ..., a7/2 copies of (0,0,0,0,0,0,2,2,2,4) and
(a10 — 2(a1 + ...+ a7))/2 copies of (0,0,0,0,0,0,0,2,2,2). Notice that by Property 4
aip > 2(aj + ...+ a7). This concludes Special Case 2.

The following are 3-divisible-matchings of type (0,0,0,0,0,0,2,_, _, ) and
(0,0,0,0,0,2,2,2,2,2).

(0,0,0,0,0,2,2,2,2,2):
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My: {{6,7},{8,9},{6,10},{7,8'},{9,10'}}

Msy: {{6,10'},{6',7'},{7,8},{8,9'},{9,10}}

Ms: {{6,7},{6',8},{7,8},{9,10},{9,10'}}

My: {{6,7},{6',8},{7,8},{9,10},{9,10'}}

Ms: {{6,7},{6',8},{7,8},{9,10},{9,10'}}

Mg: {{7,8},{7,8'},{9,10},{9’,10'}}

M. {{6,10'},{6',10},{8,9},{8,9'}}

Mg: {{6,7},{6",7'},{9,10},{9,10'}}

My: {{6,10'},{6',10},{7,8}, {7, 8'}}

Mio: {{6,7},{6, 7'}, {8,9},{8,9'}}
(0,0,0,0,0,0,0,2,2,2) was given in Section 3.2.2

By Property 2, a 3-divisible-matching of type (0,0,0,0,0,0,0, ag, ag, ajg) exists if ajg <
ag. Hence we must have (0,0,0,0,0,0,0, a9, aig, @10)-
(0,0,0,0,0,0,0,a19, a0, a1p) from aip/2 copies of (0,0,0,0,0,0,0,2,2,2)
(0,0,0,0,0,0,2,2,2,2):

My: {{8,9},{7,9'},{8,10},{7",10'}}

Msy: {{7,8},{9,10'},{9,10},{7,8}}

Ms: {{7,10},{7,9},{8,10'},{8,9'}}

My: {{7,9'},{7,10'},{8,9},{8,10}}

Ms: {{7,8},{7,8},{9,10'},{9,10}}

Me: {{7,10},{7,9},{8,9'},{8,10'}}

M. {{8,9},{8,10},{9’,10'}}

Mg: {{7,9'},{9,10},{7,10"}}
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My: {{7,10},{8,10'},{7,8'}}

Mo {{7,8},{7',9},{8',9'}}

(0,0,0,0,0,0,2,2,2,4):

My {{8,10"},{7,10"},{8,9'},{7',10'},{9, 10} }

My: {{7,8},{9,10°}, {9, 10}, {7, 10"}, {8/, 10""}}

Ms: {{7,10},{7,9},{8,10"},{&,10"},{9,10'}}

My: {{7,10"},{7,10'},{8,10"},{8,9'},{9,10}}

Ms: {{7,8},{9,10'},{9’,10},{7",10"},{&,10""}}

Mg: {{7,10},{7,9},{8,10"},{8&,10"},{9,10'}}

My {{8,10"},{8,10"},{9,10'},{9,10}}

Mg: {{7,10"},{9,10},{7',10"},{9,10'}}

My: {{7,10},{8,10"},{7,10'},{8,10"}}

Mo {{7,8}, {7, 9}, {8, 9'}}

By Property 2, a 3-divisible-matching of type (0,0,0,0,0,0,2, as, ag, a1p) exists if ag >
aip — 2.

(0,0,0,0,0,0,2,a19, a0, a1p) from (0,0,0,0,0,0,2,2,2,2) and (a19 — 2)/2 copies of
(0,0,0,0,0,0,0,2,2,2)

(0,0,0,0,0,0,2,a10 — 2, aig,ap) from (0,0,0,0,0,0,2,0,2,2) and (ajo — 2)/2 copies of
(0,0,0,0,0,0,0,2,2,2)

Clearly a1g — 2 > 0 since a9 > 2.

(0,0,0,0,0,0,2,a10 — 2,a10 — 2,a1p) from (0,0,0,0,0,0,2,2,2,4) and (a9 — 4)/2 copies
of (0,0,0,0,0,0,0,2,2,2)

Similarly, a1g — 4 > 0 since a19 — 2 > 2.
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Hence we have 3-divisible-matchings of type (a1, ..., a1).

3.2.4 p=1 (mod 6) parts of any size

In this Section we will give a general construction of 3-divisible-matchings of type
(a1,...,aen+1) for any positive integer h > 2. Since p = 1 (mod 6) we can have all parts
of even size or all parts of odd size. We will need “building blocks” similar to the ones
used before.

(072,22 2): from Lemma 3.4
(0%7=3,2,2,2,2): from Lemma 3.4

Notice that when p = 6h + 1 condition 4 becomes 2ha, < (2h —1)(a1 + ...+ ap—1)
and condition 2 remains a, < a1 +...+ap—2. We can construct a 3-divisible-matching of
type (0,0,0,a4,...,ap) inductively. We start with the 3-divisible-matching (a4, ..., ap)
(as long as it exists) and apply Lemma 3.4.

To find a 3-divisible-matching of type (a1, ..., agrr1) we use the following algorithm.

1. Check if the four necessary conditions are satisfied. If not, the matching does
not exist. If ay = ... = ap_4 =0, a,3 =20ra; = ... =ap2 =1or K =
(06h=%,2,2.2,2 2) or K = (06"74,2,2,2,2,6) look up the matching in list provided.

Otherwise continue below.

2. If 2ha, = (2h—1)(a1+ ...+ ap—1) —2c for 0 < ¢ < 2h — 3 skip down to the Special
Case (¢ + 1) section.
If ap_9 = ap—1 and ap = a1 +. ..+ ap—2 skip down to Special Case (2h — 1) section.
Otherwise continue below.

3. Subtract (2,0%772,2,2) to obtain (a; — 2, as, ..., ap—1 — 2,a, — 2).
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4. If necessary, rearrange the terms to ensure a nondecreasing sequence.
5. Repeat steps 2-4 until you obtain (0, %) or (1, _6%).

6. If 2ha, = (2h—1)(a1+...+ap—1) —2c for 0 < ¢ < 2h — 3 skip down to the Special
Case (c¢+ 1) section.
If ap—o2 = ap—1 and a, = a1 +. ..+ ap_2 skip down to Special Case (2h — 1) section.

Otherwise continue below.
7. For 6h — 3 > j > 1 repeat the following steps.
8. Subtract (0677277,2,07,2,2).
9. If necessary, rearrange the terms to ensure the sequence is nondecreasing.
10. Stop when you obtain (09#73,2,_,_, ) or (16h=1 _ ).

11. The 3-divisible-matchings of type (09#73,2,_,_, ) and (15*71,_, _) will need to be

given.
Let us consider the four necessary conditions during steps 2-5 of the algorithm.
1. p=06h+1 is not affected.

2. If (a1, ..., ap) satisfies ap < a1 + ...+ ap—2, then (a1 — 2,a2,...,ap—1 — 2,0, — 2)
satisfies ap, —2 < a1 —2+as+ ...+ ap—o. We are, however, rearranging the terms
to ensure a nondecreasing sequence. Let us consider the following cases:

Case 1: If after such rearranging a, — 2 is not the largest, but the second largest
part, then a,_o = ap. So we started with (aq,...,ap—3,ap, ap, ap) and now have

(a1 — 2,a9,...,ap—3,ap — 2,a, — 2,a,). By Properties 2 and 4, this is in S3 as
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long as 4 < ay + ...+ ap—3 and 12h — 6 — (2h — 2)a, < (2h —1)(a1 + ... + ap—3),

which is equivalent to a1 +...+ap,—3 > 6 — 32—:%%. Let us consider the cases when

4>a1+...+ap_zora+...+ap_3 < 6—%%. We could have (O6h_2,(1p7 ap, ap),
(05h=3 .2 a,, a,, ap) or (057=4 2 2 2 2 2). Each one of those is in Ss.

Case 2: If after rearranging a, — 2 is not the largest or second largest part,
then a,_3 = a,. So we started with (ai,...,ap—4,ap,ap, ap,a,) and now have
(a1 —2,a2,...,ap—4,ap — 2,ap — 2,ap,ap). By Properties 2 and 4, this is in S5 as
long as 6 —a, < a1 +...+ap—4 and 6 — ;lﬁ—j’ap <ai+...+ap—4. Let us consider
the cases when 6 —a, > a1 +...+a,_4 or 6 — 32—:?’% > a1 +...+ap—4. We could
have (0773,2,2,2,2), (03,4, 4,4,4) or (0°#74,2,2,2,2,2). Each one of those is
in S3.

Case 3: If after rearranging a, — 2 is the largest, but a,—; — 2 is not the second
largest part, then a,—2 = ap—1. So we started with (a1,...,ap—3,ap—1,ap-1,ap)
and now have (a1 — 2,as,...,ap-3,ap—1 — 2,ap—1,a, — 2). By Property 2, this is

in S3 as long as a, # a1 + ... + ap—2. The case when a, = a; + ... + ap—2 and

ap—2 = ap—1 is discussed below as Special Case (2h — 1).

. Since we are subtracting zeroes and twos, the parity of the parts is not affected.

Neither is the number of parts.

. If (aq,...,ap) satisfies 2ha, < (2h — 1)(a1 + ... 4+ ap—1) — 4(h — 1), then (a; —
2,a2,...,ap—2,ap—1 — 2,a, — 2) satisfies 2h(a, —2) < (2h —1)(a1+ ...+ ap—1 — 4).
Each Special Case (c + 1) section covers the instances when 2ha, = (2h — 1)(a1 +
...+ ap—1) —2c for 0 < ¢ < 2h — 3. Problems arising from rearranging the terms

are discussed under condition 2.
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Therefore, each time we repeat steps 2-5 we obtain an element of S3. Notice that
the above holds for the remaining steps of the algorithm. So it is sufficient to give 3-
divisible-matchings of type (06h_3, 2,.,_,-)and (16h_1, _,-) and consider the special cases
mentioned above.
Let us consider the Special Case (c+ 1) for 0 < ¢ < 2h — 3.

We need to find 3-divisible-matchings for (a1, ..., a,) satisfying the four necessary
conditions and 2ha, = (2h—1)(a1+...4ap—1)—2c. Let us refer to these as matching type

SP3(c+1) C Ss. Say we need K = (ay,as,...,ap 1, (2h_1)(a1+2';l'+a”’1)_26) € SP3(c+1).

We will build it by induction.

We consider parts of odd size first. We start by subtracting R' = (1*/+¢, 32h=¢ 10h—

. 2h—1)(a1+...4ap_1)—2
5—2¢) to obtain K’ = (a1—1, ..., a4p1c—1, aghrcr1—3, .- -, aen—3, ( )(a1 ST ap-1)=2%

(10h —5—2c)). Since necessary conditions 2 and 4 were satisfied in K, they are still sat-

isfied in K’. Also, K’ € SP31. However, if rearranging is necessary and we obtain K" =

(2h—1)(a1+...4ap—1)—2c
(a1—1,..., @apyer1—3, Qantera—3, -, A6 —3, Qapye—1, S —(10h—5~—

2¢)) instead of K', we must have agpi.—1 = agp—3+42 or agpt. = agy. Hence we started

. 2h—1 ctap_1)—2 . .
with K = (a1,...,04h1c-1,06h, - - -, A6h, ( )(a1+2h+a” 1) ). In this case instead of

subtracting R' = (14"%¢ 32h=¢ 10h—5—2c), we subtract R? = (12"+¢ 3%=¢ 14h—7—2c)

. 2h—1)(a1+...+ap_1)—2c
to obtain K = (a1 — 1,...,a9n4c — 1, a0p1¢41 — 3,...,a6n — 3, ( X T — )

(14h — 7 — 2¢)). Notice that as long as no rearranging is necessary, K’ € SP31. How-

ever, if rearranging is necessary and results in K” = (a1 — 1,...,a9p1¢-1 — 1, aop4c11 —

3, ., agh—3, agpye— 1, BT A0 )72 (14p 7 90)) we must have agh e = agh.

. 2h—1 ap_1)—2
So we started with K = (al,...,a2h+c,1,a6h,...,a6h,( )(a1+2h+ap 1) ) and now
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(2h—1)(a1+...+ap_1)—20). Sat-

"
have K" = (a1 — 1,...,agn4c—1 — 1,a6n — 3,. .., aen — 3, agn, o

isfying the conditions 2 and 4, this K" is always in SP31. This shows that when we
complete this step, we obtain an element of SP*1.

For parts of even size we start by subtracting (0%"*¢ 22h=¢ 4h — 2 — 2¢) to ob-

tain K/ = (a1,...,04h1¢, Qahter1 — 2y« Q6h — 2, (thl)(alg“ffap’l)*% — (4h — 2 — 2¢)).

As long as no rearranging is necessary K’ is in SP31. If rearranging is necessary,

(2h—1)(a1+...4ap—1)—2c

we started with K = (a1,...,04ptc—1,A6h, - - - 5 A6hs 5T ) and now have
" 2h—1)(a1+...+ap—1)—2c
K" = (a1,...,04h4c-1,06n — 2, ..., a6h —2,a6h,( X S — )= (4h — 2 — 2¢)).

This is in SP31. Notice that no matter what SP3(c + 1) we start with, after the first
subtraction, we will continue the induction process with SP31 (i.e. ¢ = 0).

By induction, this concludes Special Case (c+1). We take any element of SP3(c+1)
and subtract to get a smaller element of SP31.

Now let us consider Special Case (2h — 1).
If a,—2 = ap—1 and ap = a1 + ...+ ap—2 we have types of the form (a1, as,...,ap—3,a, —
(a1 + ...+ ap—3),ap — (a1 + ... + ap—3),ap). We will construct a 3-divisible-matching
of such type as follows: a;/2 copies of (09=1,2,0007273 2 2 4) for each 1 < j < 6h — 2,
and a, — 2(ay + ... + a,_3)/2 copies of (0°%=2,2,2,2). Notice that by Property 4, a,, >
2(a1 + ...+ ap—3). This concludes Special Case (2h — 1).

The following are 3-divisible-matchings of type (06#73,2,_,_, ) and (1", _, ) and
other matchings used in the above construction.
(057222 2): from Lemma 3.4

(06h—2

By Property 2, a 3-divisible-matching of type ,Ap—2, Ap_1, Gp) exists if a, < ap_a.

Hence we must have (0572, Ap, Ap, Qp).

65



(05"=2 a,,, a,, a,) from a,/2 copies of (05772 2,2, 2)

(073,222, 2): from Lemma 3.4

(057322, 2,4): from Lemma 3.4

By Property 2, a 3-divisible-matching of type (0°"73,2,a,_2,a,1,a,) exists if a,_o >
ap — 2.

(05"=3.2 a,, ap, a,) from (0°73,2,2,2 2) and (a, — 2)/2 copies of (0572 2,2,2)
(05h=3.2 a, — 2, a,,a,) from (05#=3 2.0,2,2) and (a, — 2)/2 copies of (05"=2,2,2,2)
Since ap > 2, a, —2 > 0.

(06h=3 2, ap —2,a, — 2,a,) from (07=3,2,2,2 4) and (ap —4)/2 copies of (06h=22 2 2)
Since ap —2 > 2, a, —4 > 0.

(087422, 2,2 2): from Lemma 3.4

(0"=4,2,2,2,2,6): from Lemma 3.4

(0%, 22k 4h — 2): Needed; not yet found.

The remaining (04"+¢ 22h=¢ 4h — 2 — 2¢) for 0 < ¢ < 2h — 3 are obtained from Lemma
3.4

(16h+1): given in Section 3.2.1

(14h+e 32h=c 10h — 5 — 2¢): Needed; not yet found.

(12h+e gdh=c 7h 14h — 7 — 2¢): Needed; not yet found.

In the following families of matchings we use 4, j odd.

For 3 <i < 6h — 3, (1574): Needed; not yet found.

For 3 <i<6h—1and3<j<i, (171 j i): Needed; not yet found.

Once the above missing matchings are found, we will have 3-divisible-matchings of

type (a1, ..., agn+1).
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3.2.5 p=4 (mod 6) parts of any size

In this Section we will give a general construction of 3-divisible-matchings of type
(a1,...,a6n+4) for any positive integer h > 2. Since p = 4 (mod 6) we can only have all
parts of even size. We will use “building blocks” similar to the ones above.

(0%7+1 2.2, 2): from Lemma 3.4
(052,22 2): from Lemma 3.4

Notice that when p = 6h+4 condition 4 becomes (2h+1)a, < 2h(a1+...4+ap—1) and
condition 2 remains a, < a1 +...+ap—2. We can still construct a 3-divisible-matching of
type (0,0,0,as,...,ap) inductively. We start with the 3-divisible-matching (as,...,ap)
(as long as it exists) and apply Lemma 3.4.

To find a 3-divisible-matching of type (a1, ..., agn+4) we use the following algorithm.

1. Check if the four necessary conditions are satisfied. If not, the matching does
not exist. If a1 = ... = ap—4 =0, ap_3 =2 0or K = (097=1.2,2,2,22) or K =

(051,222, 2, 6) look up the matching in list provided. Otherwise continue below.

2. If 2h 4+ 1)a, = 2h(a1 + ...+ ap—1) — 2¢, for 0 < ¢ < 2h — 2, skip down to the
Special Case (¢ + 1) section.
If ap—2 = ap—1 and ap, = a1 + ... + ap—2 skip down to Special Case (2h) section.

Otherwise continue below.
3. Subtract (2,000+1 2 2) to obtain (a3 — 2,as,...,a,_1 — 2,a, — 2).
4. If necessary, rearrange the terms to ensure a nondecreasing sequence.

5. Repeat steps 2-4 until you obtain (0, 52+3).
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6. If (2h+1)ap = 2h(a1+...+ap—1) —2c for 0 < ¢ < 2h — 2 skip down to the Special
Case (c¢+ 1) section.
If ap—o = ap—1 and ap = a1 + ... + ap—o skip down to Special Case (2h) section.

Otherwise continue below.
7. For 6h > j > 1 repeat the following steps.
8. Subtract (06+1772,07,2,2).
9. If necessary, rearrange the terms to ensure the sequence is nondecreasing.
10. Stop when you obtain (0,2, _, _, ).
11. The 3-divisible-matchings of type (05", 2, _, _, ) will need to be given.
Let us consider the four necessary conditions during steps 2-5 of the algorithm.
1. p=06h+ 4 is not affected.

2. If (a1, ..., ap) satisfies a, < a1 + ...+ ap—2, then (a1 —2,a2,...,ap—1 — 2,0, — 2)
satisfies ap, —2 < a1 —2+azs + ...+ ap—2. We are, however, rearranging the terms
to ensure a nondecreasing sequence. Let us consider the following cases:

Case 1: If after such rearranging a, — 2 is not the largest, but the second largest
part, then ap_o = a,. So we started with (a1,...,ap—3,ap,ap,ap) and now have
(a1 —2,az2,...,ap-3,ap — 2,a, — 2,a,). By Properties 2 and 4, this is in S as long

as4 <a+...+a,3and a; +... +ap—3 > 6 — 22—;1%. Let us consider the

cases when 4 > a1 + ... +ap-30ra; +...+ap-3 <6— zg—glap. We could have

(05741 a, ap,ap), (0972, a,, ap,a,) or (06771222 2 2). Each one of those is in

Ss.
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Case 2: If after rearranging a, — 2 is not the largest or second largest part,
then a,—3 = a,. So we started with (ai,...,ap—4,ap,ap,ap,ap) and now have
(a1 —2,a9,...,ap—4,ap, — 2,ap — 2,ap,apy). By Properties 2 and 4, this is in S3 as
long as 6 —ap < ai1+...+ap—4 and 6 — 4%57;1% <ai+...+ap—4. Let us consider
the cases when 6 —a, > a1 +...4+ap—4 or 6 — ‘lg—glap > a1+ ...+ ap—4. We could
have (09%,2,2,2,2), (06" 4,4,4,4) or (05",2,2,2,2,2). Each one of those is in S3.
Case 3: If after rearranging a, — 2 is the largest, but a,—; — 2 is not the second
largest part, then a,_2 = ap—1. So we started with (a1,...,ap—3,ap—1,ap-1,ap)
and now have (a1 — 2,as,...,ap-3,ap—1 — 2,ap—1,a, — 2). By Property 2, this is
in S3 as long as a, # a1 + ... + ap—2. The case when a, = a; + ... + ap—2 and

ap—2 = ap—1 is discussed below as Special Case (2h).

3. Since we are subtracting zeroes and twos, the parity of the parts is not affected.

Neither is the number of parts.

4. If (a,...,ap) satisfies (2h + 1)a, < 2h(a; + ...+ ap—1) — 2(2h — 1), then (a; —
2,a2,...,ap—2,ap—1 — 2,a, — 2) satisfies (2h +1)(ap —2) < 2h(a1+ ... +ap—1 —4).
Each Special Case (c + 1) section covers the instances when (2h + 1)a, = 2h(a1 +
...+ ap—1) —2cfor 0 < ¢ < 2h — 2. Problems arising from rearranging the terms

are discussed under condition 2.

Therefore, each time we repeat steps 2-5 we obtain an element of S3. Notice that the
above holds for the remaining steps of the algorithm. So it is sufficient to give 3-divisible-
matchings of type (0%%,2,_, ., ) and consider the special cases mentioned above.

Let us consider the Special Case (¢ + 1).
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As with p =1 (mod 6) we define the set SP3(c + 1) as the set of all matching types
satisfying the four necessary conditions and (2h+1)a, = 2h(a1+...4+ap—1) —2c. We con-
struct a 3-divisible-matching of type K = (a1, ..., agnss) € SP3(c + 1) by induction. We
start by subtracting (0*+¢+2 22h—c+1 4h_2¢) to obtain K’ = (a1, .. ., G4htctr2, Ghtets —

2,...,a6p43 — 2, (Qh)(alg';t’i‘f”’l)_% — (4h — 2¢)). As long as no rearranging is necessary

K’ is in SP31. If rearranging is necessary, we started with

_ (2h)(a1+...+ap_1)—2c
K =(a1,...,0401ct1, 6113, - - -, A6h+3, e ) and now have
" __ (2h)(a1+...+a ,1)—20
K" = (a17 <oy Adhtc+1y A6R+3 — 27 <o 643 — 27 A6h+3, Q}H_lp - (4h - 26))

This is always in SP31. Notice that no matter what SP3(c + 1) we start with, after the
first subtraction, we will continue the induction process with SP31 (i.e. ¢ = 0). This
concludes the inductive argument, since each time we repeat this process we obtain a
smaller element of SP31. Thus Special Case (¢ + 1) is solved.
Now let us consider Special Case (2h).
If ap—o = ap—1 and ap = a1 + ...+ a,—2 we have types of the form (a1, as,...,a,-3,ap —
(a1 +...+ap-3),ap — (a1 + ...+ ap—3),a,). We will construct a 3-divisible-matching of
such type as follows: a;/2 copies of (0771, 2, 06h+1=7 2 2 4) for each 1 < j < 6h+1, and
ap —2(a1 + ...+ ap—3)/2 copies of (05#+1 2,2 2). This concludes Special Case (2h).
The following are 3-divisible-matchings of type (05,2, _, ) and other matchings
used above.
(0%h+1,2.2 2): from Lemma 3.4

06h+1

By Property 2, a 3-divisible-matching of type ( ,Ap—2, Gp—1, Gp) exists if a, < ap_a.

06h+1

Hence we must have ( ,Qp, Gp, Qp).

(05741 a,,. a,, a,) from a,/2 copies of (0h+1 2 2 2)
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(0%,2,2,2 2): from Lemma 3.4
(0%7,2,2,2,4): from Lemma 3.4
By Property 2, a 3-divisible-matching of type (06h,2,ap_2,ap_1,ap) exists if ap—o >
ap — 2.
(05".2, a,, ap, a,) from (0°%,2,2,2,2) and (a, — 2)/2 copies of (0°"*1,2,2,2)
(05".2, a, — 2, a,,ap) from (057,2,0,2,2) and (a, — 2)/2 copies of (05"+1 2 2 2)
Since ap, > 2, ap —2 > 0.
(05".2, a, — 2,a, — 2,a,) from (0%,2,2,2,4) and (a, — 4)/2 copies of (0%4+1,2 2, 2)
Since ap —2 > 2, a, —4 > 0.
(0%h=1.2,2.2,2 2): from Lemma 3.4
(0%h=12,2.2,2 6): from Lemma 3.4 For ¢ > 1 we have (0%+¢+2 22h—ct+l 4h — 2¢) from
Lemma 3.4
(0442 22041 4p): Needed; not yet found.
Therefore we have 3-divisible-matchings for p = 4 (mod 6). Once the missing
matchings are found, this will prove the sufficiency of the necessary conditions listed in

Section 3.1.

3.3 k-divisible-matchings

When p = 1 (mod 2k), say p = 2kh + 1, Property 4 is 2kha, < (2kh — k)(a1 +
...+ ap—1) and when p = (14 k) (mod 2k), say p = 2kh + k + 1, it is (2kh + k)a, <

(2kh)(ar + ...+ ap—1).
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3.3.1 Any number of parts of the same size

For the case of same sized parts we need to construct k-divisible-matchings of types
(12k+1)(22k+1) and (23#+1). Following are those matchings.
(12k+1);
M;i: {{2,3},{4,5},...,{2k, 2k + 1}}
For 1 <4 <k:
Mo {{2i+1,2i 4+ 2}, {20 +3,2i +4},..., {2k +1,1},...,{2i — 2,20 — 1}}
Forl1<i<k-—-1:
Moipr: {{20 + 2,20+ 3}, {2 +4,2i + 5},..., {2k, 2k + 1},..., {2 — 1,2i}}
And finally,
Mopyq: {{1,2},{3,4},..., {2k — 1,2k}}
(22k+1);
My {{2,3},{4,5}, ..., {2k, 2k + 1} {2/,3'},{4,5'}, ..., {(2k)", 2k + 1)'}}
For 1 <4 <k:
Mo {{20+1,2i+2},{2i +3,2i +4},..., {2k +1,1},..., {20 — 2,2 — 1},
{2i+1),(2i +2)}{(2e +3),(2i +4)}, ..., {2k + 1), 1"},... . {(20i — 2)/, (20 — 1)'}}
For1<i<Ek-—-1:
Moig1: {{20+2,2i+ 3}, {2 +4,2i + 5}, ..., {2k, 2k + 1},{1,2},...,{2i — 1,2i},
{(2i42),(2i+3)'},{(2i+4), (2i+5)'}, ..., {(2k), 2k+1)"}, {1, 2}, ..., {(2i—1),(20)'}}
And finally,
Moky1: {{1,2},{3,4},..., {2k — 1,2k}, {1, 2"}, {3/, 4}, ..., {(2k — 1)/, (2k)'}}
It is clear that each edge shows up k times. Take an edge (a,a+1) or (a/, (a+1)") it will

only show up in M; for all odd ¢ or all even ¢. It will also not show up in M, or M.
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(2%+1);

My: {{2,3},{2,4}, {3/, 4}, ..., {3k — 1,3k}, {(3k — 1)/, 3k + 1}, {(3k)’, (3k + 1)'}}
My: {{3,4),{3',5), {4’ 5", ... {3k, 3k + 1}, {(3k), 1}, {(3k + 1), I'}}

Ms: {{4,5},{4',6},{5",6'},..., {3k + 1,1}, {3k + 1), 2}, {1",2'}}

For 2 <i < k:

Mai—q: {{34,3i + 1}, {(30),3i + 2}, {(3i + 1), (3 +2)'},..., {3k, 3k + 1}, {(3k)', 1},
{(Bk+1),1'},{2,3},{2,4}, {3/, 4"}, ..., {3i — 4,3i — 3}, {(3i — 4)/,3i — 2},
{(3i—3),(3i — 2)'}}

For 2 < i < k:

Mai: {{3i+1,3i + 2}, {(3i + 1), 3i + 3}, {(3i + 2), 3i + 3)'},..., {3k + 1,1},

{3k +1),2}, {1, 2'},{3,4},{3',5}, {4',5'}, ..., {3i — 3,3i — 2}, {(3i — 3)", 3i — 1},
{(3i—2),(3i — 1)'}}

For1<i<k—1I:

Mair: {{3i +2,3i + 3}, {(3i +2),3i + 4}, {(3i +3), 3i +4)'},..., {3k — 1,3k},
{3k —1),3k + 1}, {(3k), (3k + 1)}, {1,2},{1/,3},{2,3'}, ..., {3i — 2,3i — 1},

{(3i —2),3d},{(3i — 1), (3:)'}}

And finally,

Mappq: {{1,2},{1,3},{2,3'}, ..., {3k — 2,3k — 1} {(3k — 2)', 3k}, {(3k — 1)/, (3k)'}}

3k+1-1
3

Each edge appears = k times. Hence it is a k-divisible-matching.
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3.3.2 2k + 1 parts of any size

In this Section we will give k-divisible-matchings of type K = (a1, as,. .., asx+1). We
can have all parts of even size or all parts of odd size. We will use a similar algorithm as for

even matchings to construct a k-divisible-matching from (02%=3,2, _, _ ) or (12F=1 _ ).

1. Check if the four necessary conditions are satisfied. If not, the matching does
not exist. If ag = ... = agx_3 = 0, and agr_9 = 0,2, a1 = ... = ask_9 = 1 or
K = (0%7%,2,2,2,2,2) look up the matching in list provided. Otherwise continue

below.
2. For 0 < i < 2k — 3 repeat the following steps.

3. Subtract (0¢,2,0%+27% 2, 2) and rearrange terms when necessary until you obtain
(02632, _ ) or (12571, _ _, ). Look the appropriate ones up in list provided.

If at any point K = (02#74,2,2,2,2,2) look it up.

4. Subtract (0%*72,2,2,2) and rearrange terms when necessary until you obtain (12¥=1, _, ).

Look it up.

Let us consider the four necessary conditions during the first part of the “subtracting

process.” Notice that for p = 2k + 1 condition 4 becomes 3aor11 < n.
1. p=2k+ 1 is not affected.

2. If (a1, a9,...,as,+1) satisfies 2agx+1 + agx < a1 + ... + agg + ask+1, then
(a1 —2,a9,...,a2, —2,as4+1 — 2) satisfies 2(agr+1 —2) + (agr —2) < (a1 —2) +as +
.+ (agr — 2) + (agr+1 — 2). We are, however, rearranging the terms to ensure a

nondecreasing sequence. Let us consider the following cases:
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Case 1: If after such rearranging asp11 —2 is not the largest, but the second largest

part, then aor_1 = aggr1. So we started with (aj,ag,...,a2+1, A2k+1, A2k+1)
and now have (a1 — 2,a9,...,a96+1 — 2,a2k+1 — 2,a2k+1). By Properties 2 and
4 (a1 —2,a9,...,a0954+1 — 2, A2k +1 — 2, a2k +1) 1S in Si as long as 6 < a3 +as+ ...+

aok_9. Let us consider the case when a; + as + ... 4+ agp_o < 6. We could have
(0272 agpy1, gk, azky1), (028732 agpyy, sk, askyr),

(028734, aopy1, Gopr1, Gopr1), OF (0257422 agp i1, Gogy1, Gopr1). Each one of those
is discussed and shown to be in S; below.

Case 2: If after rearranging as11 — 2 is not the largest or second largest part, then

Aok—2 = Ggk—1 = Gok4+1. S0 we started with (a1, as,. .., aky1, Q2k41, Q2k41, A2k41)
and now have (a1 —2, a9, ..., 2511 —2, a2k+1—2, A2k+1, A2k+1). By Properties 2 and
4 (a1 —2,a9,...,a0254+1 — 2,02k+1 — 2, G2k+1, G2k+1) 18 in Sk as long as 6 < aj +ag +

...+ aok_3+asky1. Let us consider the case when 6 > a;+az2+. ..+ agk—3+ aok+1.
We could have (0273,2,2,2,2), (02873,4,4,4,4), or (0%*74,2,2,2,2,2). Each one
of those is covered by Case 1.

Case 3: If after rearranging aqr11 — 2 is the largest, but asgr, — 2 is not the second

largest part, then agx_1 = agg. So we started with (a1, ase, . . ., ask_2, ask, ask, A2x+1)
and now have (a1 — 2,aq, ..., a2,_9, Aok — 2, ask, asg+1 — 2). By Property 2,
(a1 —2,a2,..., 02,2, G2p — 2, A2k, g1 — 2) is in S, as long as aggq1 # a1 +az +

oo+ agk—2 + agg. When agpr1 = a1 +ag + ... + agk—2 + agg and asp—1 = agg we
have types of the form
(a1,az,... 0262, 02641 — (a1 + ... + a2k—2),a2k11 — (a1 + ... + az2x—2), a2p41).

By Property 4 this implies a1 + az + ... + a9x_2 < 0. Hence we must have
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(0272 a9k, asy, azk11) and by Property 2, agg+1 < agy, < aggr1. Types

(02572 agp 11, agpt1, agks1) are discussed below as valid.

3. Since we are subtracting zeroes and twos, the parity of the parts is not affected.

Neither is the number of parts.

4. If (a1, a2, ..., a9, askr1) satisfies 3agryr1 < (a1 + ag + ... + agey1), then (a3 —
2,a9, ... a9k — 2, a1 — 2) satisfies 3(agx+1 —2) < ((a1 —2)+ag+...+ (agr —2) +
(asg+1 — 2)). Problems arising from rearranging of the terms are discussed under

Property 2.

This is also true for the remaining parts of the algorithm. Therefore, each time we
subtract we obtain an element of Sj.
We will need the following “building blocks.”
(0%6=2,2,2,2):
For1<i<k-—1:
Mai—1: {{2k — 1,2k}, {(2k — 1), 2k + 1}, {(2k)", 2k + 1)'}}
Mo {{2k —1,(2k+ 1)}, {(2k — 1), (2k)"}, {2k, 2k + 1}}
And finally,
Mog—1: {{2k, 2k + 1}, {(2k)', (2k + 1)'}}
Mog: {{2k — 1,2k +1)'},{(2k — 1)/, 2k + 1}}
Mapsr: {2k — 1,2k}, {(2k — 1)/, (2k)'}}
(02k=32,2 2 2):
For1 <i<k-—1:
Mo;i—1: {{2k — 2,2k — 1}, {(2k — 2), (2k — 1)'}, {2k, 2k + 1}, {(2k)’, (2k + 1)'}}

For1<i<Ek-—2:
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Myg: {{2k — 2,2k +1},{(2k — 2)/, 2k}, {(2k — 1), (2k)'}, {2k — 1, (2k + 1)'}}
Moy_o: {{2k — 1,2k + 1)}, {(2k — 1), (2k)'}, {2k, 2k + 1}}

Mot {{2k — 2,2k + 1}, {(2k — 2)/, 2k}, {(2k)’, (2k + 1)'}}

Moy {{2k — 2,2k + 1}, {(2k — 2), (2k — 1)/}, {2k — 1, (2k + 1)'}}
Mogy1: {{2k — 2,2k — 1}, {(2k — 2)', 2k}, {(2k — 1), (2k)'}}
(03k=22,2,2):

For 1 <i<k—1:

Mot {{3k — 1,3k}, {(3k — 1), 3k + 1}, {(3k)’, (3k + 1)'}}

Msi_q: {{3k — 1,3k + 1}, {(3k — 1), (3k)'}, {3k, (3k + 1)'}}

Ms;: {{3k—1,(3k)'}, {3k — 1)/, (3k + 1)'}, {3k, 3k + 1}}

May_o: {{3k —1,(3k)'},{(8k — 1)/, 3k + 1}, {3k, 3k + 1)'}}

Msj,_1: {{3k,3k + 1}, {(3k)’, (3k + 1)'}}

Mg {{3k — 1,3k + 1}, {(3k — 1), (3k + 1)'}}

Mzpyr: {{3k — 1,3k}, {(3k — 1), (3k)"}}

Following is a list of k-divisible-matchings of type (12¢~1, _ ).

(12k+1) given in Section 3.3.1

(12¢,3), k > 3:

My: {{2,(2k +1)'},{3,4}, {5, 2k + 1)"},{6,7},..., {2k, 2k + 1}}

My: {{1,2k +1},{3, (2k +1)"}, {4, 2k + 1)}, {5,6},..., {2k — 1, 2k}}
Ms: {{1,2},{4, 2k + 1)}, {5, 2k + 1)"},{6,7},..., {2k, 2k + 1}}

My: {{1,2k + 1}, {2, (2k + 1)}, {3, (2k + 1)}, {5,6},..., {2k — 1,2k}}
Ms: {{1,2},{3,(2k + 1)"}, {4, (2k + 1)}, {6,7},..., {2k, 2k + 1}}

Meg: {{1,2k +1},{2,(2k +1)'},{3,4},{5, 2k + 1)"},{7,8}, ..., {2k — 1,2k}}
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My {{1,2},{3, (2k + 1)"}, {4, (2k + 1)}, {5,6}, {8,9}, ..., {2k, 2k + 1}}
Mg: {{1,2k +1},{2, (2k + 1)'},{3,4}, {5, 2k + 1)"},{6,7},{9,10},..., {2k — 1,2k} }
For4 <j<k

Moj 1 {{1,2},{3, (2k + 1)"}, {4, (2k +1)'},{5,6}, ..., {25 — 3,2 — 2}, {25, 25 + 1}, ...,
{2k, 2k 4+ 1}}

For4<j<k-1

Moj: {{1,2k +1},{2, (2k + 1)}, {3,4}, {5, (2k + 1)"},{6,7},...,{2j — 2,25 — 1},

{27+ 1,25+ 2},..., {2k — 1,2k}}

And finally,

Mog: {{1,2k +1},{2, 2k + 1)}, {3,4}, {5, (2k + 1)}, {6, 7}, ..., {2k — 2,2k — 1}}
Mogy1: {{1,2},{3,4},{5,6},..., {2k — 1,2k}}

(12¥,5), k > 5:

My: {{2, (2k+1)'},{3,4}, {5, (2k+1)"}, {6, (2k+1)""},{7,8}, {9, (2k+1)*}, {10,11}, ...,
{2k, 2k +1}}

My: {{1,2k+1},{3, (2k+1)"}, {4, 2k+1)'}, {5, 6}, {7, (2k+1)*}, {8, (2k+1)"},{9,10}, . . .,
{2k —1,2k}}

Ms: {{1,2}, {4, (2k+1)'}, {5, (2k+1)"}, {6, (2k+1)""},{7,8}, {9, (2k+1)*}, {10,11},...,
{2k, 2k 4 1}}

My: {{1,2k+1}, {2, 2k+1)'}, {3, (2k+1)"}, {5, 6}, {7, (2k+1)*}, {8, (2k+1)"},{9,10}, . . .,
{2k —1,2k}}

Ms: {{1,2},{3, (2k+1)"}, {4, (2k+1)'}, {6, (2k+1)"}, {7,8}, {9, (2k+1)4}, {10,111}, .. .,
{2k, 2k + 1}}

Mg: {{1,2k+1}, {2, (2k+1)'}, {3,4}, {5, (2k+1)"}, {7, (2k+1)*}, {8, (2k+1)"}, {9, 10}, ...,
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{2k — 1,2k}}

My: {{1,2}, {3, (2k+1)"}, {4, (2k+1)'}, {5,6}, {8, (2k+1)"}, {9, (2k+1)*}, {10,11},. ..,
{2k, 2k + 1}}

Mg: {{1,2k+1},{2, (2k-+1)'}, {3,4}, {5, (2k+1)"}, {6, (2k+1)""}, {7, (2k+1)*},{9,10}, .. .,
{2k — 1,2k}}

Mo: {{1,2}, {3, (2k+1)"}, {4, (2k+1)'}, {5,6}, {7, (2k+1)1}, {8, (2k+1)"}, {10,11},. ..,
{2k, 2k + 1}}

Mgt {{1,26+1},{2, (2k+1)'},{3,4}, {5, (2k+1)"}, {6, (2k+1)"}, {7,8}, {9, (2k+ 1)1},
(11,12}, ..., {2k —1,2k}}

For 6 <j <k

Maj_y:

({12}, {3, (2k + 1)"}, {4, (2k + 1)}, {5, 6}, {7, (2k + 1)*}, {8, (2k + 1)}, {9, 10}, .. .,
{2 — 3,25 — 2},{25,25 + 1},..., {2k, 2k + 1}}

For 6<j<k—1

Mo,

({1, 2k + 1}, {2, (2k + 1)/}, {3, 4}, {5, (2k + 1)}, {6, (2k + 1)}, {7, 8}, {9, (2k + 1)*},
(10,11}, ...,{25 — 2,25 — 1}, {25 + 1,25 + 2},..., {2k — 1,2k}}

And finally,

Moy:

({1, 2k + 1}, {2, (2k + 1)/}, {3,4}, {5, (2k + 1)}, {6, (2k + 1)}, {7, 8}, {9, (2k + 1)4},
(10,11}, ..., {2k — 2,2k — 1}}

Mojosr:

{{1,2},{3,4},{5,6},..., {2k — 1,2k}}
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(126 4),3<i<2[&] -1

My: {{2,(2k +1)'},{3,4}, {5, 2k + 1)"},..., {20 — 4, (2k +1)"~2},{2i — 3,2i — 2},

{2i —1,(2k + 1)1}, {24,2i + 1},..., {2k, 2k + 1}}

May: {{1,2k + 1}, {3, (2k + 1)"}, {4, 2k + 1)/}, {5,6},...,{2i — 3, (2k + 1)""1},

{2i —2,(2k +1)72},{2i — 1,2i},{2i + 1,2 + 2},..., {2k —1,2k}}

Ms: {{1,2},{4, 2k + 1)}, {5, 2k + 1)"}, {6, (2k + 1)}, {7,8}, {9, (2k + 1)*},. ..,

{20 — 4, (2k +1)172},{2i — 3,2i — 2}, {2 — 1, (2k + 1)1}, {24,2i + 1},.. ., {2k, 2k +1}}
My: {{1,2k +1},{2,(2k+ 1)'}, {3, (2k + 1)""}, {5, 6}, .. ., {2i — 3, (2k + 1)1},

{20 — 2, (2k + 1)72}, {20 — 1,23}, {2 + 1,2i + 2},..., {2k — 1,2k}}

Ms: {{1,2},{3, (2k + 1)"}, {4, (2k + 1)'}, {6, (2k + 1)"},{7,8},{9, (2k + 1)*}, ...,

{20 —4,(2k +1)72}, {2 — 3,2i — 2}, {20 — 1, (2k + 1)1}, {24,2i + 1},. .., {2k, 2k + 1}}
Mg: {{1,2k +1},{2, (2k +1)'},{3,4}, {5, 2k + 1)"},...,{2i — 3, (2k + 1)I"1},

{2i —2,(2k +1)"72},{2i — 1,2i},{2i + 1,2 + 2},..., {2k —1,2k}}

Mz {{1,2},{3, (2k + 1)"}, {4, (2k + 1)'}, {5,6}, {8, (2k + 1)}, {9, (2k + 1)}, ...,

{20 — 4, (2k +1)172}, {20 — 3,2i — 2}, {2 — 1, (2k + 1)1}, {24,2i + 1},.. ., {2k, 2k + 1}}
Msg: {{1,2k +1},{2, (2k + 1)}, {3,4}, {5, (2k + 1)}, {6, (2k + 1)}, {7, (2k + 1)*},
{9,10},...,{2i — 3, (2k + 1)1}, {2 — 2, (2k + 1)"72} {2 — 1,24}, {2i + 1,2i + 2},. ..,
{2k —1,2k}}

For 6 <i<k—1:

Mg {{1,2}, {3, (2k + 1)"}, {4, (2k + 1)}, {5,6}, {7, 2k + 1)*}, {8, 2k + 1)""},.. ..,
{20 —5,2i —4}, {2 —2,(2k +1)""2} {2 — 1, (2k + 1)1}, {26,2i +1}, {20 +2,2i +3},.. .,
{2k, 2k +1}}

Mai_o: {{1,2k + 1}, {2, (2k + 1)}, {3,4}, {5, (2k + 1)}, {6, (2k + 1)}, {7, 8},
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{9, (2k + 1)*}, ..., {2i — 4, (2k + 1)"72},{2i — 3, (2k + 1)1}, {2i — 1, 23},

{24+ 1,2+ 2},..., {2k — 1,2k}}

Mo;—q: {{1,2}, {3, (2k + 1)"}, {4, (2k + 1)}, {5,6}, {7, (2k + 1)*}, {8, 2k + 1)""},.. .,
{2i—5,2i —4}, {2 — 3, (2k + 1)1}, {2 — 2, (2k +1)"72},{26,2i + 1}, {20 +2,2i +3},. . .,
{2k, 2k 4+ 1}}

My;: {{1,2k +1},{2, (2k + 1)}, {3,4}, {5, (2k + 1)}, {6, (2k + 1)}, {7, 8},

{9, (2k + 1)*},...,{2i — 4, (2k + 1)}, {2i — 3,2i — 2}, {2i — 1, (2k + 1)"~1},

{20 +1,2i +2},..., {2k — 1,2k}}

Moiyq: {{1,2},{3, (2k + 1)"}, {4, (2k + 1)}, {5,6}, {7, (2k + 1)*}, {8, 2k + 1)""},.. .,
{2i—5,2i —4},{2i -3, (2k+ 1)1}, {20 — 2, (2k +1)"72},{2i — 1,2i}, {20 + 2,2 + 3}, .. .,
{2k, 2k +1}}

Moiyo: {{1,2k +1},{2, (2k + 1)}, {3,4}, {5, (2k + 1)"}, {6, (2k + 1)}, {7, 8},

{9, (2k +1)%},.. ., {2i—4,(2k +1)72},{2i — 3,2i — 2},{2i — 1, (2k + 1)* "1}, {2i,2i + 1},
(243,20 +4},..., {2k — 1,2k}}

And finally,

Mopyr: {{1,2},{3,4},{5,6},..., {2k — 1,2k}}

(12+-1.3,3) :

My: {{2, (2k + 1)}, {3, (2k)"}, {4, 2k + 1)"},{5,6}, ..., {2k — 1,2k}, {(2k)', 2k + 1}}
My: {{1,(2k)"},{3,2k + 1}, {4, (2k)'}, {5, (2k + 1)}, {6,7},..., {2k — 2,2k — 1},

{2k, (2k + 1)"}}

Ms: {{1,(2k)"}, {2, (2k + 1)}, {4, (2k + 1)}, {5,6}, ..., {2k — 1,2k}, {(2k)’, 2k + 1}}
My: {{1,2},{3, (2k)"}, {5, 2k + 1)/}, {6, 7}, ..., {2k — 2,2k — 1}, {2k, (2k + 1)"},

{(2k), 2k + 1}}
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Ms: {{1,(2k)"}, {2, (2k + 1)'},{3,2k + 1}, {4, (2k)'},{6,7}, ..., {2k, (2k + 1)"}}
Me: {{1,2},{3,(2k)"},{4, 2k+1)"}, {5, (2k+1)'},{7,8},...,{2k—1, 2k}, {(2k)’, 2k+1}}
For4 <j; <k
Moj—1: {{1,(2k)"},{2, 2k +1)"},{3,2k + 1}, {4, (2k)'}, {5,6},...,{2j — 3,25 — 2},
{24,25 + 1}, ..., {2k, (2k + 1)"}}
Forda < ;<k-1:
Moj: {{1,2},{3, (2k)"}, {4, 2k + 1)"}, {5, 2k + 1)'},{6,7},...,{2j — 2,25 — 1},
{27+1,2j+2},..., {2k — 1,2k}, {(2k)', 2k + 1}}
And finally,
Moy: {{1,2},{3,2k + 1}, {4, 2k + 1)"},{5, (2k + 1)'},{6,7},...,{2k — 2,2k — 1} }
Maria: {{1,2}, {3, (2k)"}, {4, (2k)'}, {5, 6}, ..., {2k — 1,2k} }
The following matchings are needed and are yet unfound.
(126=13.4), for 5<i <2\ k] +1
(12+=15,49), for 5 < i < 2[E] +1
(126=17.4), for 7<i<2|5]+3
In general,
(1261 d.4), d <i < 2[E| + 5L if d = 3 (mod4)
(12%=1d,4), d <i < 2[E] + 552 if d = 1 (mod4)
Following is a list of k-divisible-matchings of types (0%*73,2, ) as well as
(0%6=4,2,2,2,2,2).
(0%6=4,2,2,2 2, 2):
For1 <i<k-—2:

Ma;_y: {{2k—3,2k+1}, {(2k—3)", (2k—2)'}, {2k —2, (2k—1)'}, {2k —1, 2k}, {(2k)’, (2k+
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1)'}}

Mo {{2k—3,2k—2},{(2k—3)', (2k+1)'}, {(2k—2)', 2k—1}, {(2k—1)', (2k)'}, {2k, 2k+1}}
Finally,

Moj_g: {{2k — 2, (2k — 1)}, {(2k — 2), 2k — 1}, {2k, 2k + 1}, {(2k)', (2k + 1)'}}
Moj_o: {{2k — 3,2k + 1}, {(2k — 3)', 2k + 1)'}, {(2k — 1)/, (2k)'}, {2k — 1, 2k}}
Moj_1: {{2k — 3,2k — 2}, {(2k — 3), (2k — 2)'}, {2k, 2k + 1}, {(2k)', (2k + 1)'}}

Moy: {{2k — 3,2k + 1}, {(2k — 3)', (2k + 1)}, {(2k — 2)', 2k — 1}, {2k — 2, (2k — 1)'}}
Moji1: {{2k — 3,2k — 2}, {(2k — 3), (2k — 2)'}, {2k — 1,2k}, {(2k — 1), (2k)'}}
(02k=22.2,2) given in Section 3.3.2

(0%*=2.d,d,d)=4% copies of (0%72,2,2,2)

(026=3,2,2,2,2) given in Section 3.3.2

(0%6=3,2.d, d, d) from (0%73,2,2,2,2) and (d — 2)/2 copies of (0%*72,2,2,2)
(0%6=3,2,d,d + 2,d + 2) from (0%73,2,0,2,2) and d/2 copies of (0472,2,2,2)

This gives the k-divisible-matchings with 2k + 1 parts.

3.3.3 3k + 1 parts of any size

In this Section we will give k-divisible-matchings of type K = (a1,as2,...,a35+1)-
We can only have all parts of even size. We will use a similar algorithm as above to

construct a k-divisible-matching from (03=3,2, _, _ ).

1. Check if the four necessary conditions are satisfied. If not, the matching does not
exist. If a; = ... =agr_3 =0, agr_2 = 0,2 or K = (03*74,2,2,2,2,2) look up the

matching in list provided. Otherwise continue below.
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2. If basgr1 = 2n skip down to the Special Case 1 section. If agp_1 = asp and
asg+1 = a1 +az +asz+ ...+ asg—1 skip down to Special Case 2 section. Otherwise

continue below.

3. For 0 < i < 3k—3 subtract (0%, 2, 03k—2-1 2, 2) and rearrange terms when necessary
until you obtain (0%*73,2, _, _| ). Look those up in the list provided.

If at any point K = (0374,2,2,2,2,2) look it up.

Let us consider the four necessary conditions during the first part of the “subtracting

process.” Notice that for p = 3k + 1 condition 4 becomes basi11 < 2n.
1. p =3k + 1 is not affected.

2. If (a1,a2,...,a3,+1) satisfies 2asg1 + ask < a1 + ...+ asg + asgky1, then
(a1 —2,a9,...,a3; — 2,a3,+1 — 2) satisfies
2(agk+1 — 2) + (a3 — 2) < (a1 —2) +ag + ... + (asx — 2) + (agky1 — 2). We
are, however, rearranging the terms to ensure a nondecreasing sequence. Let us
consider the following cases:
Case 1: If after such rearranging asp11 —2 is not the largest, but the second largest
part, then agp_1 = asgr1. So we started with (ay,aq,...,asg+1, a3ps1, a3pr1) and
now have (a1 — 2, ag,...,a3p+1 — 2, asg+1 — 2, ask+1). By Properties 2 and 4 (a; —
2,a2,...,0351+1 — 2,03k1+1 — 2,a3k41) 1S in S as long as 4 < a1 + as + ... + azx_o
and 12 — agky1 < 2(a; + ag + ... + asg—2). Let us consider the cases when a; +
as+ ...+ agp_o < 4 or
2(a; +ag + ...+ agp_2) < 12 — agpr1. We could have (0372, aspi1, aspst, asps1),

(03%73,2, aspy1, aspr1, asprr) or (0374,2,2,2,2 2). Each one of those is discussed
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and shown to be in S; below.

Case 2: If after rearranging asi+1 — 2 is not the largest or second largest part, then

a3k—2 = A3k—1 = Azk41. S0 we started with (ay,az,. .., agk41, A3%+1, A3k41, A3k+1)
and now have (a1 —2, a9, ...,a3511—2, agg+1—2, a3k+1,ask+1). By Properties 2 and
4 (a1 — 2, az,...,a3k+1 — 2, a3k+1 — 2, a3k+1, a3k+1) is in Sk as long as 6 — ask+1 <

a1 +as + ...+ asr—3 and

12 — 3asg+1 < 2(a; + ag + ...+ asp—3). Let us consider the case when

6 —agp+1 > a1 +az+ ...+ asp—3 or 12 — 3askyr1 > 2(a; + a2 + ...+ agkp—3). We
could have (03%73,2,2,2 2), (0373 4,4,4,4), or (03%=4,2,2,2,2,2). Each one of
those is discussed below.

Case 3: If after rearranging asi11 — 2 is the largest, but agy — 2 is not the second

largest part, then agx_1 = agg. So we started with (a1, ase, . . ., ask_2, ask, ask, a3x+1)
and now have (a1 — 2,aq,...,ask—2, a3k — 2, asg, asg+1 — 2). By Property 2,
(a1 —2,a2,...,a3,—2,a3;x — 2, a3k, a3k41 — 2) is in Sy, as long as asgq1 # a1 +az +

...Fasg—2+asi. The case when asgy—1 = asg and asgr1 = a1+ag+...+asp—2+asg

is discussed below as Special Case 2.

. Since we are subtracting zeroes and twos, the parity of the parts is not affected.

Neither is the number of parts.

. If (a1, a9, ..., a3k, askr1) satisfies baskr1 < 2(a1 +az + ... + asgy1), then
(a1 —2,a9,...,as; — 2,a3,+1 — 2) satisfies
5(asg+1 —2) < 2((a1 —2) + a2+ ... + (agk — 2) + (azg+1 — 2)). The case when

Sask+1 = 2n is discussed below as Special Case 1.
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This is also true for the remaining parts of the algorithm. Therefore, each time we
subtract we obtain an element of Sy.
Let us consider the Special Case 1.
We need to find even matchings for (aq,...,asgs1) satisfying the four necessary condi-
tions and 3agp.1 = 2(a1 + ... +ask). Let us refer to these as matching type SP¥1 C S.
Say we need K = (a1, as, .. ., agy, 29F51934)) ¢ § PR We will build it by induction.
We start by subtracting (03%73,2,2,2,4) to obtain K’ = (ay,...,as,_3,a3p—2 —

(a1+-é-+a3k) —4)

2 o ..
2, a3k_1—2, a3, —2, . As long as no rearranging is necessary K’ is in SP*1.

2(a1+...+azk) )

If rearranging is necessary, we started with K = (ay, ..., asg—_4,ask, - - ., a3k, 3

and now have K" = (a1, ..., a3x_4, agk — 2, agr — 2, agr — 2, azg, M —4). This is
in SP*1 as long as 6 < aj; + ...+ agp_4 + agx. The only time 6 > a1 + ...+ azp_4 + azg
is for K = (033,23 4) which is given. We need to consider if it is possible for as; >
M — 4. This is equivalent to 8 < aj + ...+ agr_1 which is true for all elements
of SP*1 except K = (0%%73,23 4). By induction, this concludes Special Case 1. We take
any element of SP*1 and subtract to get a smaller element of SP*1.
Now let us consider Special Case 2.

If agp—1 = a3k and agg+1 = a1 + ... + aszx—2 + asi we have types of the form
(a1,a2,...,a35—2,a3k+1 — (@1 + ... + asg—2),asp+1 — (@1 + ... + agk—2), agk+1). We will
construct a k-divisible-matching of such type as follows: a;/2 copies of (2,03%73 2,2 4),
as/2 copies of (0,2,0%%7%,2,2,4), ..., asp_o/2 copies of (03*73,2,2,2 4) and

(askr1 — 2(a1 + ... + azp_2))/2 copies of (03¥722,2 2). Notice that by Property 4

ask+1 > 2(a1 + ... + asg—2). This concludes Special Case 2.
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Following is a list of k-divisible-matchings of types (0%*73,2, _,_ ) as well as
(0%64,2,2,2,2,2).
(036=4,2,2,2 2, 2):
For 1 <i<k—2:
My, _1:
{{3k —3,3k— 2}, {(3k —3)", 3k + 1}, {(3k — 2)/, 3k — 1)/}, {3k — 1, 3k}, {(3k)', (3k + 1)/ }}
My;:
{43k —3,(3k+ 1)}, {3k —3)", (3k —2)'}, {3k — 2,3k — 1}, {(3k — 1', (3k)'}, {3k, 3k + 1}}
For k—1<i<2k—2:
My
({3k —3,3k — 2}, {(3k —3), 3k — 1}, {(3k — 2)', (3k — 1)/}, {(3k)", 3k + 1)}, {3k, 3k + 1}}
And finally,
Msy_3:
{{3k — 2,3k — 1}, {(3k — 2)/, (3k — 1)}, {(3k)’, 3k + 1)/}, {3k, 3k + 1}}
My _o:
{{3k — 3,(3k + 1)}, {(3k — 3)/, 3k + 1}, {(3k — 1)/, (3k)'}, {3k — 1,3k} }
My _1:
{{3k — 3,3k — 2}, {(3k — 3), (3k — 2)'}, {3k, 3k + 1}, {(3k)’, Bk + 1)'}}
May:
{{3k — 3, (3k + 1)}, {(3k — 3)", 3k + 1}, {(3k — 2)/, 3k — 1)}, {3k — 2,3k — 1}}
My
{{3k — 3,3k — 2}, {(3k — 3), 3k — 2)'}, {3k — 1,3k}, {(3k — 1), (3k)'}}

(03622, 2, 2) given in Section 3.3.1
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3k—2 b
0 , A3k—1, A3, A3k+1) exists if

By Property 2, a k-divisible-matching of type (
asg+1 < A3k—1 < A3k41-

(03572 agpi1, agpi1, askr1) =5 copies of (03%72,2,2,2)

(03+=3,2,2,2,2):

For 1 <i<k—1:

Msi_o: {{3k — 2, (3k)'}, {(3k — 2), 3k + 1)}, {3k — 1,3k}, {(3k — 1), 3k + 1}}

Ms; 1z {{3k — 2,3k — 1}, {(3k — 2), (3k — 1)}, {3k, 3k + 1}, {(3k), (3k + 1)'}}

Ms;: {{3k — 2,3k +1},{(3k — 2)/, 3k}, {3k — 1, 3k + 1)}, {(3k — 1), (3k)'}}

Finally,

Msy_o: {{3k — 1,3k}, {(3k — 1), 3k + 1}, {(3k)’, 3k + 1)'}}

Map_1: {{3k — 2, (3k)'}, {(3k — 2, 3k + 1)'}, {3k, 3k + 1}}

My {{3k — 2,3k + 1}, {(3k — 2), (3k — 1)}, {3k — 1, (3k + 1)'}}

Msgy1: {{3k — 2,3k — 1}, {(3k — 2)', 3k}, {(3k — n1), (3k)'}}

(036=3,2,2,2, 4):

For1<i<k—1:

M3, _o:

({3k—2, (3k+1)"}, {(3k—2)', (3k+1)"}, {3k—1, (3k+1)"}, {(3k—1)", (3k)'}, {3k, 3k+1}}
M3, _1:

{{3k—2,3k—1},{(3k—2)', (3k+1)"},{(8k—1), (3k+1)"}, {(3k)’, 3k+1}, {3k, (3k+1)'}}
Ms;:

{{3k—2,3k+1}, {(3k—2), 3k}, {3k—1, (3k+1)"}, {(3k—1)', (3k+1)"},{(3k)", (3k+1)'}}
Finally,

M3y _o:
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{{3k— 1,3k +1)"},{(3k = 1)', Bk + 1)""},{(3k)", (3k + 1)'}, {3k, 3k + 1}}
Msg—1:
{{3k — 2,3k + 1)}, {(3k — 2)/, 3k + 1)"}, {3k, 3k + 1)'}, {(3k)’, 3k + 1}}
Msy,:
{{8k —2,3k+1},{(Bk—2),(Bk+ 1) },{(Bk — 1), Bk + 1)}, {3k — 1,3k + 1)"}}
M3j41:
{{3k — 2,3k — 1}, {(3k — 2)", 3k}, {(3k — 1), (3k)"}}
By Property 2, a k-divisible-matching of the type (03,2, asg_1, ask, asp+1)
exists if agr+1 < asp—1 + 2.
(0%673,2, asp_1, asp—1, agp—1) from (03%73,2,2 2 2) and (agx_; — 2)/2 copies of
(036=2,2,2,2)
(0%72,2, agp—1, agy—1, azk—1 + 2) from (0%73,2,2,2,4) and (aze—1 — 2)/2 copies of
(036722, 2, 2)
(03673,2, asp_1,a36—1 + 2, a3x_1 + 2) from (03%73,2,0,2,2) and asj_1/2 copies of
(03k=2,2,2,2)

This gives the k-divisible-matchings with 3k+1 parts. It is left for future research to
consider the generalization of k-divisible-matchings with p = 2kh+1 and p = 2kh+k+1

for h > 2.
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