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Abstract

This dissertation is devoted to the study of the dynamics of nonlocal and random disper-
sal evolution equations. Dispersal evolution equations are widely used to model the diffusions
of organisms or individuals in many biological and ecological systems. More precisely, ran-
dom and nonlocal dispersal equations arise in modeling the dynamics of diffusive systems
which exhibit random or local, and nonlocal internal interactions, respectively. In this dis-
sertation, we study the dynamics of such equations complemented with Dirichlet, Neumann,
and periodic types of boundary condition in a unified way. It is mainly concerned with
principal spectral theory of nonlocal dispersal operators and the approximations of random
dispersal operators/equations by nonlocal dispersal operators/equations.

Regarding the principal spectral theory of nonlocal dispersal operators, we investigate
the dependence of the principal spectrum points of nonlocal dispersal operators on the un-
derlying parameters and its applications. In particular, we study the effects of the spatial
inhomogeneity, the dispersal rate, and the dispersal distance on the existence of the principal
eigenvalues, the magnitude of the principal spectrum points, and the asymptotic behaviors of
the principal spectrum points of time homogeneous nonlocal dispersal operators with Dirich-
let type, Neumann type, and periodic boundary conditions. We also discuss the applications
of the principal spectral theory of nonlocal dispersal operators to the asymptotic dynamics
of two species competition systems.

About the approximations of random dispersal operators/equations by nonlocal dis-
persal operators/equations, we first prove that the solutions of properly rescaled nonlocal
dispersal initial-boundary value problems converge to the solutions of the corresponding ran-
dom dispersal initial-boundary value problems. Next, we prove that the principal spectrum

points of time periodic nonlocal dispersal operators with properly rescaled kernels converge
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to the principal eigenvalues of the corresponding random dispersal operators. Thirdly, we
prove that the unique positive time periodic solutions of nonlocal dispersal KPP type evolu-
tion equations with properly rescaled kernels converge to the unique positive time periodic
solutions of the corresponding random dispersal KPP type evolution equations. We also
discuss the applications of the approximation results to the effects of the rearrangements

with equimeasurability on principal spectrum point of nonlocal dispersal operators.
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Chapter 1

Introduction

This dissertation is devoted to the study of principal spectral theory of nonlocal disper-
sal operators and the approximations of random dispersal operators/equations by nonlocal
dispersal operators/equations with different boundary conditions in a unified way.

First, let us introduce the prototype of nonlocal problems that will be considered. Let
k : RV — R be a nonnegative, continuous function with unit integral. Nonlocal dispersal

evolution equations of the form

Owu(t,x) =v {/RN k(x —y)u(t,y)dy —u(t,x)| + F(t,z,u), z € D, (1.1)

and variations of it, have been widely used to model diffusive processes. More precisely,
if u(t,z) is thought of as a density at time ¢ and spatial location x of a species and
k(x — y) is thought of as the probability distribution of jumping from location y to lo-
cation x, then [y k(x — y)u(t,y)dy is the rate at which individuals are arriving at position
x from all other places and wu(t,x) f]R{N Ju(t, z)dy is the rate at which they are
leaving location x to travel to all other sites. This consideration leads to the fact that

[ v | Jan K( Yu(t,y)dy — ul(t, x)] is a dispersal operator which measures the diffusion or
redistribution of the species with v > 0 being the dispersal rate. In (1.1), F(¢,x,u) is the
external or internal sources, and D C R¥ is the habitat which is not necessarily bounded.

Throughout the dissertation, we have the following assumptions for the kernel function k().

(HO) k() € CHRN,R"),  [enk(z)dz=1, and k(0)>0



If there is 6 > 0 such that supp(k(-)) C B(0,6) := {z € R¥|||z|| < §} and for any
0 <6 < 4, supp(k(-)) N (B(O,é)\B(O,5)> # (), 0 is called the dispersal distance of the
nonlocal dispersal operators.

The operator u(-) — v [ fon k(- — y)u(y)dy — u(-)] (and variations of it), and equation
(1.1) (and its variations) are called the nonlocal dispersal operator, and nonlocal dispersal
evolution equation, respectively, since the diffusion of the density u(t, z) at time ¢ and some
location € D depends not only on the values of u(¢, ) and its derivatives in an immediate
neighborhood of z, but also on the values of u(t, y) with y being far away from x through the
convolution term [ k(x — y)u(t,y)dy. Thus nonlocal dispersal is widely used to model the
population dynamics of a species in which the movements or interactions of the organisms
occur between non-adjacent spatial locations.

Classically, one assumes that the internal interactions of the organisms or individuals of

some species are random and local, which leads to the well-known reaction-diffusion equations

of the following form,
ow(t,x) = vAu(t,z) + F(t,z,u), z €D, (1.2)

where u — Auw is the so-called Laplacian operator in literature, which characterizes the
diffusion of organisms moving randomly between adjacent spatial locations. And v, D C RV,
and F'(t,z,u) have the same meanings as in (1.1). Thus, (1.2) as well as its variations has
been extensively studied in modeling the population dynamics of species. In contrast to the
nonlocal counterparts, u — Awu (and variations of it) and (1.2) (and its variations) are called
random dispersal operator and random dispersal evolution equation, respectively.

Both nonlocal and random dispersal evolution equations are then of great interests in
their own. And they are related to each other. In order to indicate some relationship between

nonlocal and random dispersal operators, we assume that k(-) is of the form,

K(z) = k(=) = sko (g) (1.3)



for some ko(-) satisfying that ko(-) is a smooth, nonnegative, and symmetric (in the sense
that ko(z) = ko(2') whenever |z| = |2/|) function supported on the unit ball B(0,1) and

Jan ko(2)dz = 1, where 6(> 0) is the dispersal distance. We also assume that

1
where C' = < fRN ko(z szz> . Then for any smooth function u(x), we have

s [ ksl = 9)luty) = utady

S ( g y) [u(y) — u(z))dy

6—6; ko(2)[u(z + dz) — u(x)]dz

C 52 N ,
- /R =) |8(Tu(@) - 2) + T Y a2+ O | dz

3,j=1

= Au(z) + O(9).

Hence, the nonlocal dispersal operator u(-) — vs [on ks(- — y)[u(y) — u(:)]dy “behaves” the
same as the random dispersal operator u +— Au for § < 1.

Next, let us consider the general boundary value problems with nonlocal dispersal op-
erators in a bounded domain D or unbounded domain R”. For random dispersal evolution
equations, the two most common boundary conditions on a bounded domain are Neumann’s
and Dirichlet’s. When looking at boundary conditions for nonlocal problems on a bounded
domain, one has to modify the usual formulations for random problems.

The nonlocal dispersal equation with homogeneous Dirichlet type boundary condition
is

Ou(t, ) URN Yu(t, y)dy — u(t, m)} + F(t,z,u), z €D, (15)

u(t,z) =0, ré¢ D,



or equivalently

Owu(t,z) =v [/D k(x —y)u(t,y)dy —u(t,z)| + F(t,z,u), x€ D. (1.6)

In the model described by (1.5), diffusion takes place in the whole RY, but we assume that
u vanishes outside D). The biological interpretation is that we have a hostile environment
outside D, and any individual that jumps outside dies instantaneously. This is an analog of

what is called homogeneous Dirichlet boundary condition in literature, that is,

Owu(t, ) = vAu(t,x) + F(t,z,u), xeD, t>0, )
1.7

u(t,z) =0, x € 0D.

However, the boundary datum is not understood in the classical sense for (1.5), since we are
not imposing that u|pp = 0. In the model described by (1.6), the integral [, k(z—y)u(t,y)dy
takes into account the individuals arriving at position & € D from other places in D, which
indicates that individuals arriving at € D are not from the outside of D, because there
is nothing living outside of D. However, all individuals can leave D and travel to all other
places, which are represented by —u(z). That’s why (1.5) and (1.6) are equivalent.

The nonlocal dispersal equation with homogeneous Neumann type boundary condition
is

Oru(t, z) = I//D k(z — y)[u(t,y) — u(t,z)|dy + F(t,z,u), x € D. (1.8)

In this model, the integral term takes into account the diffusion inside D. In fact, as we have
explained, the integral [,y k(z — y)[u(t,y) — u(t,z)]dy takes into account the individuals
arriving at or leaving position x from or to other places. Since we are integrating over D, we
are assuming that diffusion takes place only in D. Biologically, the individuals may not enter

or leave the domain D. This is analogous to the so-called homogeneous Neumann boundary



condition in the literature, which is

Owu(t,x) = vAu(t,z) + F(t,z,u), r €D, 1L9)
1.9

Gu(t,z) =0, r € dD,

where n is the exterior unit normal vector of 0D.
The nonlocal dispersal equation on unbounded domain is prescribed with the periodic

boundary condition

Oru(t, ) = v [ fon k(z — y)ult,y)dy —u(t,2)] + F(t,z,u),  z€RY, (1.10)

u(t,z) = u(t,x + p;e;j), z RN

(j =1,2,---,N), where p; > 0 and e; denotes the vector with a 1 in the jth coordinate
and 0’s elsewhere, and F(t,x,u) = F(t,z + p;ej,u) for j = 1,2,--- | N. We remark that
heterogeneities are present in many biological end ecological models. The periodicity of the
unbounded domain takes into account the periodic heterogeneities of the media. The random

dispersal equation with periodic boundary condition is

Owu(t,z) = vAu(t,x) + F(t,x,u), x¢RY,
(1.11)

u(t,z) = u(t,x + p;e;j), r € RV,

In order to study the three types of boundary condition in a unified way, we summarize (1.5)

or (1.6), (1.8) and (1.10) as follows:

Owu(t,x) = v [, p k(x —y)lu(t,y) — u(t,z)|dy + F(t,z,u), z €D,
(1.12)

By pu(t, ) =0, v €D, (xeRVif D=RY),

where D is a smooth bounded domain of RY or D = RY; D, = RN\ D or D, = (). When D

is bounded and D, = RV \ D, B, yu = B, p :=u (in such case, B, pu = 0 on D, represents



homogeneous Dirichlet type boundary condition); when D is bounded and D. = 0, B, yu = 0
on D, trivially holds (we denote B, yu by B, yu for convenience) and indicates that nonlocal
diffusion takes place only in D (hence B, yu = 0 on D, represents homogeneous Neumann
type boundary condition); when D = RY it is assumed that F(¢,z + pjej,u) = F(t,z,u)
and B, yu = B, pu := u(t,x+p,e;) —u(t,z) for j =1,2,--- | N (hence B,, pu = 0 represents

periodic boundary condition). Analogously, (1.7), (1.9) and (1.11) can be written as

Owu(t, x) = vAu(t,x) + F(t,x,u), r €D,
(1.13)

Byu(t,z) =0 r€dD (x e RV if D =RY),

where D is a smooth bounded domain or D = RY. When D is a bounded domain, B, yu =

B, pu = u (in such case, B,pu = 0 on 0D represents homogeneous Dirichlet boundary
condition) or B,yu = B, yu := g—z (in such case, B, yu = 0 on 0D represents homogeneous

Neumann boundary condition), and when D = R it is assumed that F(¢,z,u) is periodic
in z; with period p; and B, yu = B, pu := u(t,z + pje;) —u(t,z) for j =1,2,--- | N (in such
case, B, pu = 0 represents periodic boundary condition).

Finally, let us recall some existing results, and briefly introduce the main objective of
this dissertation. Toward various dynamical aspects of random dispersal evolution equa-
tions of the form (1.2), a huge amount of research has been carried out (see [3, 4, 5,
10, 28, 29, 34, 44, 52, 64, 68], etc.). And there are many research works toward var-
ious dynamical aspects of nonlocal dispersal evolution equations of the form (1.1) (see
(7, 11, 12, 14, 17, 19, 20, 27, 31, 38, 41, 46, 47, 66], etc.). It has been seen that random
dispersal evolution equations with Dirichlet, or Neumann, or period boundary condition
and nonlocal dispersal evolution equations with the corresponding boundary condition share
many similar properties. For example, a comparison principle holds for both equations.

There are also many differences between these two types of dispersal evolution equations.



For example, solutions of random dispersal evolution equations have smoothness and cer-
tain compactness properties, but solutions of nonlocal dispersal evolution equations do not
have such properties. Many fundamental dynamical issues for nonlocal dispersal evolution
equations are far away from being well understood. The objective of this dissertation is
to investigate two dynamical issues, one is the principal spectral theory of nonlocal dis-
persal operators (see Chapter 4), and the other is the approximations of random dispersal
operators/equations by nonlocal dispersal operators/equations (see Chapter 5).

Spectral theory for random and nonlocal dispersal operators is a basic technical tool
for the study of nonlinear evolution equations with random and nonlocal dispersals. The
following is the eigenvalue problem of time homogeneous nonlocal dispersal operator with

Dirichlet, Neumann or periodic types of boundary condition

v pup, k(@ = y)luly) — u(@)ldy + a(x)u(z) = Iu(z), reD, (1.14)

B, yu(x) =0, r€dD (z e RN if x =RY),

where k(-) are as in (HO), and a(x + p;e;) = a(x) ( j =1,2,--- ,N) in the case of periodic
boundary condition. Observe that the eigenvalue problems (1.14) can be viewed as the
nonlocal counterpart of the following eigenvalue problems associated with random dispersal

operators,

vAu(z) + a(z)u(x) = Mu(z), x € D,
(1.15)

B,yu(z) =0, r€dD (x € RV if D =RY),

where a(z + pje;) = a(z) (j=1,2,---,N) in the case of periodic boundary condition.
The eigenvalue problem (1.15) and in particular, its associated principal eigenvalue
problem, are well understood. For example, it is known that the largest real part, denoted

by A%(v,a), of the spectrum set of (1.15) is an isolated algebraically simple eigenvalue with



a positive eigenfunction, and for any other ) in the spectrum set, ReX < A®(v,a) (A®(v, a)
is called the principal eigenvalue of the random operator in literature).

The principal eigenvalue problem (1.14) has also been studied recently by many people
(see [17], [30], [37], [41], [61], [60], and references therein). Let M (v, a) be the largest real
part of the spectrum set of (1.14) (in case that the kernel function k(-) depends on §, we use
W (v,a,9)). W (v, a) is called the principal spectrum point of the nonlocal dispersal operator,
MV (v, a) is also called the principal eigenvalue of (1.14), if it is an isolated algebraically simple
eigenvalue with a positive eigenfunction (see Definition 2.1 and Remark 2.2(2) for detail). It
is known that a nonlocal dispersal operator may not have a principal eigenvalue (see [17], [61]
for examples), which reveals some essential difference between nonlocal and random dispersal
operators. Some sufficient conditions are provided in [17], [41], and [61] for the existence of
principal eigenvalue of (1.14). Such sufficient conditions have been found important in the
study of nonlinear evolution equations with nonlocal dispersals (see [17], [35], [37], [41], [42],
[45], [61], [62], [63]). However, the understanding is still little to many interesting questions
regarding the principal spectrum points/principal eigenvalues of nonlocal dispersal operators,
including the dependence of principal spectrum point or principal eigenvalue (if exists) of
nonlocal dispersal operators on the underlying parameters.

In Chapter 4, we study the effects of the spatial inhomogeneity, the dispersal rate, and
the dispersal distance on the existence of principal eigenvalues, on the magnitude of the
principal spectrum points, and on the asymptotic behavior of the principal spectrum points
of nonlocal dispersal operators. Among others, we obtain the following:

e criteria for XN (v,a) to be the principal eigenvalue of (1.14) (see Theorem 2.4 (1), (2),
Theorem 2.6 (3), and Theorem 2.8 (3) for detail);

o lower bounds of XN (v,a) in terms of a (where a is the spatial average of a(x)) in the
Neumann and periodic boundary cases (see Theorem 2.4 (4) for detail);

e monotonicity of XN (v, a) with respect to a(z) and v (see Theorem 2.4 (5) and Theorem

2.6 (1) for detail);



o limits of WV (v,a) as v — 0 and v — oo (see Theorem 2.6 (4), (5) for detail);
o limits of WV (v,a,8) as 6 — 0 and & — oo in the case k(-) = ks(-), where ks(-) is as in
(1.3). (see Theorem 2.8 (1), (2) for detail).

In Chapter 4, we also discuss the applications of principal spectral theory of nonlocal
dispersal operators to the asymptotic dynamics of the following two species competition
system,

ue = v[[, k(x —yult, y)dy — ult, z)] + uf(z,u+v), z€D, (1.16)

v =v [pk(x—y)ut,y) —ult,z)]dy +vf(z,u+v), xeD,

where D and k(-) are as in (1.14) and f(-,-) is a C' function satisfying that A(v, f(-,0)) > 0,
f(z,w) < 0 for w > 1, and Oy f(z,w) < 0 for w > 0. (1.16) models the population
dynamics of two competing species with the same local population dynamics (i.e. the same
growth rate function f(-,-)), the same dispersal rate (i.e. v), but one species adopts nonlocal
dispersal with Dirichlet type boundary condition and the other adopts nonlocal dispersal with
Neumann type boundary condition, where u(¢, x) and v(t, z) are the population densities of
two species at time ¢ and space location x. We show

e the species diffusing nonlocally with Neumann type boundary condition drives the species
diffusing nonlocally with Dirichlet type boundary condition extinct (see Theorem 2.12 for
detail).

As mentioned in the above, nonlocal dispersal operators/equations and random disper-
sal operators/equations share many properties and there are also many differences between
them. Thanks to the formal relation between the random operator u — Awu and nonlocal
dispersal operator u(-) — v [on ks(- — y)[u(y) — u(-)]dy for sufficiently small § with ks and
vs being as in (1.3) and (1.4), respectively, it is expected that nonlocal dispersal evolution
equations with Dirichlet, or Neumann, or periodic boundary condition and small disper-
sal distance ¢ possess similar dynamical behaviors as those of random dispersal evolution
equations with the corresponding boundary condition and that certain dynamics of random

dispersal evolution equations with Dirichlet, or Neumann, or periodic boundary condition



can be approximated by the dynamics of nonlocal dispersal evolution equations with the
corresponding boundary condition and properly rescaled kernels. It is of great theoretical
and practical importance to investigate whether such naturally expected properties actually
hold or not.

Regarding the approximations of dynamics of random dispersal operators or equations
by those of nonlocal dispersal operators or equations, we investigate from three different
points of view, that is, from initial-boundary value problem point of view, from spectral
problem point of view, and from asymptotic behavior point of view. To this end, throughout
Chapter 5, we assume
(H1) D C RY is either a bounded C** domain for some 0 < a < 1 or D = RN k() = ks(-)
defined as in (1.3) and v = vs defined as in (1.4).

We first explore the approximation in terms of solutions of initial-boundary value prob-
lems. Consider (1.13) and (1.12) with the assumption (H1) for random and nonlocal cases,
respectively. To be more precise, let F(t,z,u) be C* in t € R and C® in (z,u) € R x RY,
and F(t,x + pje;,u) = F(t,z,u) (j =1,2,---,N) in case of D = RY. With an initial value

up(z) at t = s, (1.13) in case of v =1 is

ow(t,x) = Au(t,xz) + F(t,z,u), x€ D,
(1.17)

B, pu(t,xz) =0, r€dD (r e RN if D=RNY).

By general semigroup theory, for any 1y € C(D) with B, yup = 0 on 9D, (1.17) has a unique
(local) solution, denoted by wu(t,-; s, ug), such that wu(t,;s,ug) = ug(-). Similarly, with the

same initial value ug(x) at t = s, (1.12) in case of v = v5 and k(-) = ks(-) is

owu(t, z) = vs fDch ks(z —y)[u(t,y) — u(t, z)|dy + F(t, x,u), r €D,
(1.18)

Bpu(t,z) =0, v €D, (xeRYif D=R").

10



By general semigroup theory, for any ug € C(D), (1.18) has a unique (local) solution, denoted
by by ud(t,-; s,ug), such that u’(s, -; s, uy) = ug(-).
Among others, we prove that for any uy € C3(D) with B,yug = 0, and any T > 0

satisfying that u(t, -; s, ug) and u°(t, -; s, ug) exists on [s, s + T, we have

o lim sup |u’(t,-;s,up) —ult,-;s, uo)|lc(py = 0 (see Theorem 2.13 for details).
6—=0 te(s,s+T]

We remark that Theorem 2.13 is fundamental in the study of approximation results.
And in fact, the smoothness of the initial value ug is not optimal. But as the optimal
smoothness is not what we are seeking for, we assume ug € C3(D) technically.

Secondly, we investigate the following eigenvalue problem with time periodic random
dispersal

(
—O0u + Au+ a(t, x)u = I, reD,

By yu =0, z€dD (xRN if D=RN), (1.19)

u(t+T,x) =u(t,x), r €D,

\

and the nonlocal counterpart are as follows

;

=0+ s [ p, ks(x —y) [u(t,y) —u(t, =) dy + a(t,x)u = Au, € D,
By =0, z €D, (xeRYNif D=RV), (1.20)

u(t+T,x) = u(t, ), r €D,

\

where B,, = B, p (resp. Bny = B,p) or B,y = B, n (resp. B,y = By n) or B,y = B,.p
(resp. By = Bnp). We assume that a(t,z) is a C* function in ({,z) € RxRY a(t+T,z) =
a(t,z), and a(t + T,z + p;e;) = a(t,z) (j =1,2,---,N) in case of D = R".

The eigenvalue problem of (1.19) with a(¢, z) = a(z) reduces to (1.15) with v = 1. The
principal eigenvalue problem associated to (1.19) has been extensively studied and is quite
well understood (see [2, 22, 23, 33, 37, 39, 54, 58], etc.). For example, with any one of the

three boundary conditions, it is known that the largest real part, denoted by A*(1,a), of the

11



spectrum set of (1.19) is an isolated algebraically simple eigenvalue of (1.19) with a positive
eigenfunction, and for any other X in the spectrum set of (1.19), ReX < A\*(1,a) (\®(1,a) is
called the principal eigenvalue in literature).

The eigenvalue problem (1.20) with a(t,z) = a(z) reduces to (1.14) with v = vs and
k(-) = ks(-). The principal spectrum problem associated to (1.20) has also been studied
recently by many people (see [8, 17, 39, 56, 58, 61, 62, 59], etc.). The largest real part
of the spectrum set of (1.20) with any one of the three boundary conditions, denoted by
;\N(y(g,a,é) is called the principal spectrum point of (1.20). S\N(V(;,a, J) is also called the
principal eigenvalue of (1.20), if it is an isolated algebraically simple eigenvalue of (1.20) with
a positive eigenfunction (see Definition 2.1 for detail). For simplicity, we put MV (v5, a, §) =
Ao (@) (W (s, a,0) = N(a) if MW (vs,a,0) exists), and A\R(1,a) = A (a) (see Remark 2.2 and
Remark 2.19 for detail) and show that the principal eigenvalue of (1.19) can be approximated

by the principal spectrum point of (1.20) in case that § goes to zero, that is,
e lims_,o A’ (a) = X" (a) (see Theorem 2.15 for details).

We remark that some necessary and sufficient conditions are provided in [56] and [57]
for the existence of principal eigenvalues of (1.20) (see Remark 2.11 for detail). This together

with Theorem 2.15 implies the following remark.
Remark 1.1. The principal eigenvalue \°(a) of (1.20) eists provided § < 1.

We also remark that Theorem 2.15 is another basis for the study of approximations of various
dynamics of random dispersal evolution equations by those of nonlocal dispersal evolution
equations.

Thirdly, we explore the asymptotic dynamics of the following time periodic KPP type

evolution equation with random dispersal

Ou = Au~+ uf(t,x,u), reD,
(1.21)

B,yu =0, r€0D (zeRYNif D=RN),
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and the time periodic KPP type evolution equation with nonlocal dispersal

O = v fDUDC ks(z —y)[ut,y) — u(t,2)]dy +uf(t,z,u), = €D, (1.22)

B, yu =0, r €D, (xeRNif D=RY).

We assume the following monostable assumptions on f:
(H2) fisC'int € R and C® in (z,u) € RxRY; f(t,z,u) <0 foru> 1 and 0, f(t,z,u) <0
foru>0; f(t+T,z,u) = f(t,z,u); and when D = RN, f(t +T,z,u) = f(t,x + pjej,u) =
f(t,x,u) for j =1,2,---  N.
(H3) For (1.21), A"(f(-,-,0)) > 0, where X"(f(-,-,0)) is the principle eigenvalue of (1.19)
with a(t,z) = f(t,z,0).
(H3)s For (1.22), X(f(-,-,0)) > 0, where X(f(-,-,0)) is the principle spectrum point of
(1.20) with a(t,z) = f(t,x,0).

Equations (1.21) and (1.22) are widely used to model population dynamics of species
exhibiting random interactions and nonlocal interactions, respectively (see [7, 20, 53], etc.
for (1.21) and [56] for (1.22)). Thanks to the pioneering works of Fisher [29] and Kolmogorov

et al. [44] on the following special case of (1.21),
Ot = Uy +u(l —u), xR,

(1.21) and (1.22) are referred to as Fisher type or KPP type evolution equations.

The dynamics of (1.21) and (1.22) have been studied in many papers (see [34, 53, 67]
and references therein for (1.21), and [56] and references therein for (1.22)). With conditions
(H2) and (H3), it is proved that (1.21) has exactly two nonnegative time periodic solutions,
one is u = 0 which is unstable and the other one, denoted by u*(t,z), is asymptotically
stable and strictly positive (see [67, Theorem 3.1], see also [53, Theorems 1.1, 1.3]). Similar

results for (1.22) under the assumptions (H2) and (H3)s are proved in [56, Theorem E]. We
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denote the strictly positive time periodic solution of (1.22) by wj(t,z). In Chapter 5, we

show

o If (H2) and (H3) hold, sup;ep 1 [[u3(t, ) —u*(t, ) lc(pr)y — 0, as d — 0 (see Theorem 2.16

for detail).

Theorems 2.13-2.16 show that many important dynamics of random dispersal equations
can be approximated by the corresponding dynamics of nonlocal dispersal equations, which
is of both great theoretical and practical importance. At the end of Chapter 5, we apply the
approximation theorems to the effect of rearrangement with equimeasurability on principal
spectrum point of nonlocal dispersal operators.

The rest of the dissertation is organized as follows. In Chapter 2, we state some standing
notations, assumptions, definitions, and the main results. In Chapter 3, we develop some
basic tools for fundamental theory to be used in later Chapters, such as semigroup theory,
comparison principle, sub- and super-solutions. We will investigate the spectral theory of
time homogeneous nonlocal dispersal operators in Chapter 4. In Chapter 5, we study the
approximations of random dispersal evolution operators/equations by the nonlocal dispersal
evolution operators/equations. The dissertation will end with concluding remarks, several

problems which are not well understood yet, and future plan in Chapter 6.
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Chapter 2

Notations, Assumptions, Definitions and Main Results

In this chapter, we introduce first the standing notations, assumptions, and the def-
initions to be used in the rest of the dissertation. We then state the main results of the

dissertation.

2.1 Notations, Assumptions and Definitions

Throughout this section, we will distinguish the three boundary conditions by i = 1,2, 3.

We first introduce the spaces of time independent functions and their norms. Let

X, =X, =C(D) (2.1)

with norm |ju||x, = max,cp |u(z)| for i = 1,2,

Xy = {ue CRY,R)|ulx +pje) =u(z), xRV, j=12.- N} (22

with norm |jul|x, = max,cpn |u(z)|. And

X ={ue X;|u(x) >0, x€ D}, (2.3)

X =Tnt(X;") = {u € X |u(x) > 0, z € D} (2:4)

(i =1,2,3). For u!(-),u?(-) € X;, we define

ut < uF(ut >u?),  ifu?—ut e X' —u? e X)), (2.5)
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u' < uP(ut > u?), ifu?—u' € X (u' —u? e XM

(2.6)

(1 = 1,2,3). For time periodic functions, we introduce the following spaces, together with

their norms. Let

X=X, ={ueCRx D,R)|u(t+T,x) =u(t,z)}

with norm ”u X; = SUP¢efo,17 ||u<t7 )”X'L<Z =1, 2)7
Xy ={u€ CR xRY R)|u(t +T,z) = ult,z + pje;) = u(t,z)}
with norm ||ulx, = sup,eo 7 llu(t, -)|lx;- And

Xt = {ue Xu(t,x) >0},

X =Int(X;") = {u € AT |u(t,z) > 0}

(i =1,2,3). For u',u? € X;, we define

ut <uP(ut >w?),  ifu? —ul € A (ut —u? € &),

u' < uP(u' > u?), ifu?—ul e AT (u' —u? e AT

(1 =1,2,3). The introduction of X5 and X3 is for convenience.

(2.9)

(2.10)

Next, we introduce the definitions of principal spectrum point and principal eigenvalues

for nonlocal dispersal operators.

For i = 1,2,3, let a;(,-) € N CHR x RY), v; > 0, and N;(v;,a;) : D(N;(vs,a;)) C

X; — A& be defined as follows,

(N1(v1,a1)u)(t, x) = —0u(t, ) + 14 [/D k(x —y)u(t,y)dy — u(t,z) | +a1(t,x)u(t, z) (2.11)
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for (t,z) € R x D,

(Na(vg, az)u)(t, x) = —0wu(t, x) + 1/2/ k(x —y)u(t,y) — u(t,z)]dy + as(t, x)u(t,z) (2.12)

D

for (t,z) € R x D, and

(N3(vs,a3)u)(t, x) = —0u(t, z) + 1/3/ k(z —y)u(t,y) —u(t, z)|dy + as(t, x)u(t, z) (2.13)

RN
for (t,z) € R x RY.

Definition 2.1 (Principal Eigenvalue). For i = 1,2,3, let o(N;(v;,a;)) be the spectrum of

Ni(vi, ai) on X;

(1) XN (vi,a;) == sup{ReA|]A € o(Ni(v;,a;))} is called the principal spectrum point of
Ni(vi, ai).

(2) A real number XN (vy, a;) is called the principal eigenvalue of (1.20) or Ni(v;, a;) if it is
an isolated algebraically simple eigenvalue of Ni(v;,a;) with an eigenfunction v € X,

and for every A € a(N;(vi, a;))\{\N (v, a:)}, Reh < AN (v, ay).

Observe that if the principal eigenvalue MV (v, a;) exists, then MV (v, a;) = AV (14, ;).
If k(-) depends on §, we put
M (v, a5) = X (i, a3, 0). (2.14)

Remark 2.2. (1) We use the super script N to indicate that both principal eigenvalue and
principal spectrum point are for nonlocal operators. If there is no confusion, the notation
can be simplified. For example, in Chapter 4, we only focus on nonlocal dispersal operators
and consider the dependence of their principal spectrum points and principal eigenvalues on
underlying parameters v;, a; and 0, so we put S\f/(yi, a;,0) = S\i(yi7 a;,0) for principal spectrum

point and XN (v, a;,0) = Ni(vy, ai,0) for principal eigenvalue, respectively. In Chapter 5, we

consider the approximation of random dispersal operators by nonlocal dispersal operators as
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the parameter & goes to zero. More precisely, in (1.20), k(-) = ks(-) is defined as in (1.3)
and v; = vg 1s defined as (1.4), so we put S\f\/(yg,a,é) = S\f(a) for principal spectrum point
and XN (v;,a) = N (a) for principal eigenvalue, respectively.

(2) In the case a;(t,z) = a;(x) (i=1,2,3), let

Ki:Xi — X, (Kiu)(x) = / k(x —y)u(y)dy Yue X; i1=1,2 (2.15)
D
and
Ks: X3 — X3, (Ksu)(z) = / kE(x —y)u(y)dy Yu € Xs. (2.16)
RN
Let

ho(z) = —1s [ k(x — y)dy + as(z), (2.17)

Then we have

M (v, a;) = sup{Rep | € o(v:K; + hi(-)I)}, (2.18)

where L 1s the identity map on X;. Moreover, a real number A\ € R is called the principal
eigenvalue of v;IC; + hi(+)Z if it is an isolated algebraically simple eigenvalue of v;IC; + h;(-)Z
with a positive eigenfunction and for any p € o(vIC; + hi(-)Z) \ {\}, Reu < A. The principal

eigenvalue of N;(v;, a;) exists iff the principal eigenvalue of v;IC; + hi(-)ZL exists.

The spectral theory of random dispersal operators is well known. For the time periodic
random dispersal operators, let a(-,-) € LNCHRxRY), and R;(a) : D(R;(v;, a;)) C X; — X;

be defined as follows,

(Ri(vi, a;)u)(t, ) = —0wu(t, x) + v;Au(t, ) + a;(t, v)u(t, x)

18



for i = 1,2, 3. Note that for u € D(Ry(v1,a1)), By pu =0 on 0D and for u € D(Ra(va,as2)),
B, yu=0on 0D. Let

)\Zz(l/,-, a;) = sup{ReMA € 0(R;(vi,ai))}.

It is well known that AF(y;, q;) is an isolated algebraically simple eigenvalue of R;(v;,a;)
with a positive eigenfunction (see [33]) and AF(v;, a;) is called the principal eigenvalue of
Ri(vi,a;) in literature. Recently, the principal eigenvalue problem for nonlocal dispersal
operators has been studied by several authors (see [41] for time homogeneous case; see [39]

for time-periodic and almost time-periodic cases; see [58] for general time-periodic cases).

Remark 2.3. In Chapter 5, we consider the approzimation of principal eigenvalues \®(1, a)
of random dispersal operators in (1.19) by the principal spectrum point X?/(Vg,a,é) (i =
1,2,3) of nonlocal dispersal operators in (1.20). We simplified the notation in the nonlocal

case in Remark 2.2, so for our convenience, we put
M¥(1,a) = Ni(a)  fori=1,2,3. (2.19)

2.2 Main Results

In this section, we state the main results of this dissertation.
We first state the results of the dependence of principal spectrum points/principal eigen-

values on the underlying parameters. In the following, we put
D= [Ovpl] X [Oap2] XKoo X [OapN]a (220)
in periodic boundary condition case. For given a; € X;, let

1
a; = —/ a;(x)dzx, i=1,2,3, (2.21)
D[ Jp
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where |D| is the Lebesgue measure of D. Let

Qimax = Max a;(T), @ min = mina;(x),
x€D xzeD

and
hi,max = max hl(x)7 hi,min = HHD hz(m)a
z€D xeD
where h;(-) is as in (2.17). If no confusion occurs, we put X\(v;,a;) = MV (v4,a;) and

Ni(vi,a;) = /\fv(l/i, a;) if /\fv(l/i, a;) exists.
Theorem 2.4 (Effects of spatial variation). Let 1 < i <3 and a;(-) € X; be given.

(1) (Existence of principal eigenvalues) For given 1 < i < 2, \j(v;,a;) exists if a;max —
Qi min < Vi infoD fD k(l’ - y)dy
(2) (Existence of principal eigenvalues) For given 1 < i < 2, A\(v;,a;) exists if hi(+) is

in CN(D), there is some xo € Int(D) satisfying that hi(zo) = himax, and the partial

derivatives of h;(x) up to order N — 1 at zq are zero.
(3) (Upper bounds) For given 1 <i < 3 and ¢; € R, sup{\i(v;, ;) | a; € X;, 4; = ¢;} = 0.

(4) (Lower bounds) Assume that k(-) is symmetric with respect to 0 (i.e. k(—z) = k(z))

and i = 2. For given ¢; € R,
inf{j\i(ui, ai) ’ a; € Xi7 &z = Ci} = )\Z'(VZ', Cz>(: Ci)

(hence Ni(vi,a;) > N(vi, ;). If the principal eigenvalue of v,K; + hi(-)T exists, then
the infimum is attained by the constant function (i.e. a;(-) = a;).

(5) (Monotonicity) For given al,a? € X;, if al(z) < a2(x), then M(al,v;) < M(a2,v;)

177 79

(i=1,2,3).
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Remark 2.5. (1) For the case i = 3, similar result to Theorem 2.4(1) is proved in [61].

To be more precise, it is proved in [61] that if a3 max — A3 min < V3, then A3(vs, ag) exists.

(2) For the case i = 3, similar result to Theorem 2.4(2) is also proved in [61]. Actually it
is proved in [61] that if az(+) is CN and there is o € RY such that az(xg) = a3 max and

the partial derivatives of az(x) up to order N — 1 at xy are zero, then \3(vs,a3) exists.

(8) For one space dimensional random dispersal operators, for given ¢; € R,
sup{A\F (v, a5) |a; € X, a5 = ¢;} < o0
(see Remark 4.8 for detail). Theorem 2.4(3) hence reflects some difference between
random dispersal operators and nonlocal dispersal operators.
4) Similar result to Theorem 2.4(4) holds for i = 3. To be more precise, it is proved in
(
[63] that for any given c3 € R,

inf{j\g(Vg, Clg) ’ as € Xg, dg = 03} = )\3(1/3, Cg)(: Cg).

But Theorem 2.4(4) may not hold for the case i =1 (see Remark 4.8 for detail).

Theorem 2.6 (Effects of dispersal rate). Assume that 1 <i <3 and k() is symmetric with

respect to 0. Let a; € X; be given.
(1) (Monotonicity) Assume a;(-) # constant. If v} < 12, then X;(v}, a;) > Ni(V2, ;).

(2) (Existence of principal eigenvalue) If i = 1 or 3 and \;(v;,a;) exists for some v; > 0,

then \i(7;, a;) exists for all ; > v;.

(3) (Existence of principal eigenvalue) There is v? > 0 such that the principal eigenvalue

Ni(viya;) of vy + hi(-)I ewists for v; > ).

(4) (Limits as the dispersal rate goes to 0) lim,, o4 :\i(yz-, ;) = G max-
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(5) (Limits as the dispersal rate goes to o0) lim,, oo Ni(vs,a;) = —o0 for i = 1 and

limy, 00 Ai(¥i, a;) = a; fori =2 and 3.
Remark 2.7. (1) It is open whether Theorem 2.6 (2) holds for the case i = 2.
(2) Theorem 2.6 (3) and (4) still hold if k(-) is not symmetric.

In the case that k(-) = ks(+) defined as in (1.3) for § > 0, to indicate the dependence of

Ai(vi, a;) on 6, put

)\i(Viaahé) = 5\1’(7/@',(11')-

Theorem 2.8 (Effects of dispersal distance). Suppose that k(z) = ks(z), where ks(z) is

defined as in (1.3) and k(z) = k(—z2). Let 1 <i <3 and a; € X; be given.
(1) (Limits as dispersal distance goes to 0) lims_,o S\i(VZ', iy 0) = Qi max-
(2) (Limits as dispersal distance goes to 0o)

lim )\1(V1, ai, 5) = -+ A1 max;
d—00

hm /\2(V2a ag, 6) - a?,maxa
d—00

and
611_}120 As3(vs, as, 0) = A3(vs, as),
where
A3(v3, a3) = max{Re) |\ € o(1sT + h3(-)I)},
and

_ 1
Iu:—/uxda:.
o] J, ")

(8) (Existence of principal eigenvalue) There is 69 > 0 such that the principal eigenvalue

Ni(Viya;) of vk 4+ hi(+ )T ezists for 0 < 6 < .

22



Remark 2.9. (1) Fori=1 or 3, Theorem 2.8 (1) is proved in [41, Theorem 2.6].
(2) Fori=1 or3, Theorem 2.8 (3) is proved in [{1] (see also [61] for the case i = 3).

Corollary 2.10 (Criteria for the existence of principal eigenvalues). Let 1 < i < 3 and

a; € X; be given.

(1) Ni(vi, ;) exists provided that max,cp a;(x) —min,cp a;(x) < v;inf,cp [, k(x —y)dy in

the case i = 1,2 and max,p a;(x) — mingcp a;(x) < v; in the case i = 3.

(2) \i(vi,a;) exists provided that hy(+) is in CN(D), there is some xo € Int(D) satisfying
that hi(xo) = himax, and the partial derivatives of hi(x) up to order N — 1 at xy are

Z€ero.

(3) There is v? > 0 such that the principal eigenvalue (v, a;) of viK; + hi(-)T exists for

I/Z'>VZQ.

(4) Suppose that k(z) = ks(z), where ks(z) is defined as in (1.3) and k() is symmetric
with respect to 0. Then there is &g > 0 such that the principal eigenvalue \;(v;,a;) of
vilkCi + hi()T exists for 0 < § < dy.

Proof. (1) and (2) are Theorem 2.4(1) and (2), respectively.
(3) is Theorem 2.6(3).
(4) is Theorem 2.8(3). O

Remark 2.11 (Conditions for the existence of principal eigenvalue in time periodic cases).
The results of conditions for the existence of principal eigenvalue have been extended to time
periodic nonlocal dispersal operators of Ni(vi,a;) (i = 1,2,3) in [56]. More precisely, for

given 1 <i <3, and a;(-,-) € A}, let

T
/ a;(t,x)dt, by =—v1i, by= —V2/ k(x —y)dy, and by = —vs.
0 D

a;(x) = %
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The following conditions for the existence of principal eigenvalues of the nonlocal dispersal
operators of Ni(vi,a;) have already been proved in [56].
(1) (Necessary and sufficient condition) NN (v;, a;) is the principal eigenvalue of Ni(vi, a;) if
and only if

S\f/(yi, a;) > max(b;(z) + a;(z)),
xeD;

where D1 = Dy = D and D3 = [0, p1] X [0, p2] X --- x [0, pn] as in (2.20).
(2) (Sufficient condition) NN (v;, a;) is the principal eigenvalue of Ni(v;, a;), provided that
(a) max,cp a;(x)—mingep a;(x) < vInf,cp [ k(xz—y)dy in the case of i = 1,2 and max,cp a;(x)—

min,ep a;(x) — min,cp a;(z) < v; in the case i = 3 (which extends the result in Theorem
24(1));

or
(b) bi(x) + a;(z) is in CN, there is some xy € Int(D;) in the case of i = 1,2, and xy € Dj
in the case of i = 3 satisfying that b;(zo) + a;(zo) = max,cp(b;(x) + a;(x)), and the partial
derivatives of b;(x)+a;(x) up to order N —1 at xq is zero(which extends the result in Theorem

2.4(2));

or

(¢c) 0 < <1 for N(vi,a;,6), where 6 > 0 is the dispersal distance and k() = ks(-) as in

(1.3) (which extends the result in Theorem 2.8(3)).

The following is an application of the above stated theorems to a two-species competition

system.

Theorem 2.12. (1) There are u*(-) € X{" and v*(-) € XJ" such that (u*(-),0) and
(0,v*(+)) are stationary solutions of (1.16). Moreover, for any (ug,vo) € X x X with
up # 0 and vg = 0 (resp. ug =0 and vy # 0), (u(t, -; ug, vo), v(t, -5 ug, v9)) — (u*(+),0)

(resp. (u(t,-; ug,vo),v(t,;up,v0)) — (0,0*(+))) as t — oo.
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(2) For any (ug,v0) € (X" \ {0}) x (X3 \ {0}), limyoo(u(t, -5 uo, vo), v(t, -5 o, vo)) =
(0,v°(-))-

Next, we state the main results on the approximations of random dispersal operators
or equations by nonlocal dispersal operators or equations. Recall that u®(t,z;s,ug) is the
solution of (1.18) with wu(s,x;s,up) = ue(z) and u(t, x; s, ug) is the solution of (1.17) with

u(s, x; s, ug) = up(x).

Theorem 2.13 (Approximations of initial-boundary value problems). For any given s € R,
any ug € C3(D) with B,yug = 0, and any T > 0 satisfying that u(t, x; s, ug) and u®(t,z; s, up)
exist on [s,s + T1,

lim sup |[u’(t,-;s,ug) — ult, -; s,uo)llc(py = 0.
60 tels,s+T]

Remark 2.14. In the Dirichlet and Neumann boundary condition cases with F(t,z,u) =0

in (1.17) and (1.18), Theorem 2.13 has been proved in [15] and [16], respectively.

Theorem 2.15 (Approximation of principal eigenvalues). For given 1 < i < 3, and a(-,-) €
XNCHRXRN), lims_, A (a) = N (a), where \(a) and N (a) are the principal spectrum point
of the nonlocal dispersal operator N;(vs,a,d)(see Remark 2.2), and the principal eigenvalue

of the random dispersal operator R;(1,a) (see Remark 2.19), respectively.

Theorem 2.16. Consider (1.22) and (1.21). If (H2) and (H3) hold, then for any ¢ > 0,

there exists g > 0, such that for all 0 < § < dy, we have

sup |Jus(t,-) —u*(t,)cpr <€
te[0,T

where ui(-,-) and u*(-,-) are the strictly positive, asymptotically stable, and time periodic

solutions of (1.22), and (1.21), respectively.

Remark 2.17.
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(1) The ezistence, uniqueness, and asymptotic stability of u*(t,z) have been proved in [67].

(2) The existence, uniqueness, and asymptotic stability of uj(t,x) have been proved in [56].

Finally, we present an application of approximation theorems to the effect of the re-
arrangements with equimeasurability on principal spectrum point of nonlocal dispersal op-
erators. Consider the restriction of the eigenvalue problem (1.19) on X; (i = 1,2,3), that
is,

Au+ a(x)u = Au, r €D,
(2.22)

B, pyu(z) =0, r € 9D (z e RN if D=R").
Note that the principal eigenvalues of (1.19) and (2.22) are the same. Consider also the

symmetrized problem

Au+ ay(z)u = Au, z € DY
(2.23)

B,yu(z) =0, v € 9D (z e RV if D=R"),

where B, yu denotes the boundary condition as in (1.19), and D* and ay(+) are the Schwarz
symmetrization of D and a(-), respectively (see [1] for details of the Schwarz symmetrization).

It is well-known that

Ai(ag) = A (a), (2.24)

which simply follows from the following inequality

/Dﬁ ag(x)uf (z)dx > / a(x)u?(z)d, (2.25)

D

and the variational characterization of A} (ay) and A} (a), where A} (ay) is the principal eigen-
value of (2.23), and A!(a) is the principal eigenvalue of (2.22) respectively. What’s more,
the “=" in (2.24) holds if and only if both the domain and functions are symmetric, that is
D = D* a(-) = ay(-), and u(-) = uy(+) (see [21] for details).
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By Theorem 2.15, the principal eigenvalues of random dispersal operators can be ap-
proximated by the principal spectrum point of nonlocal dispersal operators. So it is natural
to expect that the the relation like (2.24) holds for principal spectrum point of nonlocal dis-

persal operator. So next, we consider the eigenvalue problems of the nonlocal counterparts

of (2.22),
5 | S, ksl = y)u(y)dy - u(z)| +a(@)u(z) = Au(z), veD,
(2.26)
B, yu(x) =0, r €D, (x e RV if D=RY),
and its symmetrized problem
Vs [fmu(m)c ks(x — y)u(y)dy — u(x)] + ay(z)u(x) = Au(z), z € DF, (2.27)
By yu(z) =0, z € (DY), (z € RV if D =RN),

where the kernel function k(-) is symmetric with respect to 0, and B,, yu denotes the boundary
condition as in (1.20), ay(-), kss(+), and D* are the Schwarz symmetrization of a(-), ks(-) and
D, respectively. We denote the principal spectrum point of (2.26), and (2.27) by X(a) and
Ao (ay) for i = 1,2,3, respectively. We have the following comparison relation between \(a)

and \o(ay).

Theorem 2.18. For 1 < i < 3, assume a(-) € X;, ks(-) and vs are as in (1.3) and (1.4),
respectively. Let ay(-), ksy and D* be the Schwarz symmetrization of a(-), ks(-) and D. Then

there exists 09 > 0, such that
Xo(as) > No(a)  for & < b,

where A3(a) and N (ay) are the principle spectrum points of the eigenvalue problems (2.26)

and (2.27), respectively.
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Chapter 3

Preliminary

In this Chapter, we establish some basic properties of solutions of nonlocal evolution
equations, including the comparison principle and monotonicity of solutions with respect to

initial conditions.

3.1 Solutions of Evolution Equation and Semigroup Theory

For given 1 <14 < 3, and a,(+,-) € &;, consider the following evolution equation

(

Opu(t, ) = vi [ p k(@ —y)[ult,y) — u(t, v)]dy + ai(t, v)u(t, v), z €D,

Buult,z) =0, zeD, (xeRVif D=RY),  (3.1)

\u(s,x) = up(z),

where D C RY, k(:) and B,u(t,z) = 0 are the same as in (1.12). By general linear
semigroup theory (see [32] and [55]), for any ug € X; with B, 4up =0 on D, (D, =RN\ D
and b= D wheni=1, D. =0 and b = N when i = 2, and D. = RY and b = P when i = 3),

and s € R, (3.1) has a unique (local) solution, we denote it by w (,-; s, ug, v4, a;). We put
q)é\[<t78;yiaa’iau0) :ug\[(tv';‘S?anViaai% U GX@

Note that if v = vy, a;(-,-) = a(-,-) and k() = ks(-), (3.1) is the evolution equation

associated to the eigenvalue problem (1.20). For ¢ = 1,2,3, we put
(BO(t, s;a)up)(-) = uf\/(t, 58, Ug, Vs, @), Uy € X (3.2)
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For evolution equations with random dispersal operators, let A be —A with Dirichlet

boundary condition acting on X; N Cy(D), and put
X7 = D(A%) (3.3)
for some 0 < a < 1 such that C'(D) C X with [Ju||x; = [|A%u| x,, and

X=X, for i1=23 (3.4)

7

with [Jul|xr = ||lul|x,. And

X7 = {u € X]|u(z) > 0}

(i=1, 2, 3). The random counterpart of (3.1) is

(

du(t,r) = v;Au(t,x) + a;(t, x)u(t,z), =x € D,
{ Byyu(t,z) =0, z€ D, (zeRYif D=RN), (3.5)

u(s, x) = up(x),

\

where D C RY and B, yu(t, z) are the same as in (1.13). By general linear semigroup theory,
for any uy € X;, Bypug =0 on 0D (b= D when i =1, b= N when ¢ = 2, and b = P when
i =3) and s € R, (3.5) has a unique (local) solution, we denote it by u(t,z; s, ug, v, a;).
And we put

R . _ R .
O (t, 8514, a5, ug) = upt(t, 4 8, u0, V4, ;),  ug € X

Note that if v; = 1, and a;(+,-) = a(+,-), (3.5) is the evolution equation associated to the

eigenvalue problem (1.19). Similarly, for i = 1,2, 3, define ®} (¢, s;a) : X7 — X] by

(I(t, s;a)up)(-) = u?(t, 58, ug, Lya),  ug € X|.
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By general nonlinear semigroup theory (see [32] and [55]), (1.18) and (1.17) has a unique
(local) solution w? (¢, z; s, ug) with u™N (s, x;s,u0) = ug(z) for every ug € X;(i = 1,2,3) and
uR(t, x; 8, u9) with u®(s, x;s,u) = ug(x) for every uy € X7(i = 1,2,3), respectively.

Also by general semigroup theory for equation systems (see [32] and [55]), for any given
(uo,v9) € X1 X Xo, (1.16) also has a unique (local) solution (u(t, -; ug, vo), v(t, -; ug, vo)) With

(u(0, z; ug, vo), v(0, x; ug, vo)) = (up(z), vo(x)).

3.2 Sub- and Super-Solutions

Definition 3.1 (Sub- and Super- solutions). A continuous function u(t,z) on [s,s+T)x RY
is called a sub-solution (super-solution) of (1.12) on (s,s +T) if for any x € D, u(t,x) is

differentiable on (s,s + 1) and satisfies that

;

atU(t,ZE) < (E)UIDUDC ]{?(.Z' - y)[U(t,y) - U(t, .T)}dy + F(t,.il?,’d), LS D>t > 8,
Bn,bu(t7x) < (2)07 T ¢ D7t > S,

u(s, x) < (2)uo(z), z €D,

\

where ug(+) € X; (i =1,2,3) is the initial value of the solution of (1.12) at t = s.

Remark 3.2. The sub- and super-solutions of evolution equation with random operator

(1.13) are defined similarly.

Remark 3.3. In the Dirichlet boundary case with nonlocal kernel k(-) being ks(-), we have
the following equivalent definition for a continuous function u(t,z) on [s,s +T) x RY to be

the super-solution (sub-solution) of (1.5).
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For any x € D, u(t, ) is differentiable on (s,s +T) and satisfies that

uu(t, x) > (S fon ks(z — y)[ult, y) — u(t, 2))dy + F(t, 2, u), z € D,
u(t,z) > (<)0, z € D,, dist(z,dD) < 6, (3.6)
u(s, z) > (Lup(z), z€D.

\

where § is the dispersal distance and D. = RN \ D. In fact, (3.1) and (3.6) are equivalent,

since supp(ks(+)) C B(0,9), and hence
ks(zx —y) =0 for x € D, N {z|dist(x,0D) > ¢}, andy € D.

We will use the above definitions for sub- and super-solutions in the proof of Theorem 2.13.

Next, we consider (1.16) and present some basic properties for solutions of the two

species competition system.

For given (u',v!), (u? v?) € X; x X5, we define
(ul v ) <4 (u 02) if ul(x) < u2(x), vl(x) < U2<I>,
and
(u17,01> <2 (U2,U2), if ul(x) < uz(m)v Ul(x) > ’1}2<£L‘>.

Definition 3.4. Let T > 0 and (u(t,z),v(t,x)) € C([0,T) x D,R?) with (u(t,-),v(t,-)) €
X x X5 Then (u(t,x),v(t,x)) is called a super-solution (sub-solution) of (1.16) on [0,T)
if

u(t, ) > (S)v[ [, k( u(t,y)dy — u(t,z)] + u(t,z) f(x,u(t,z) + v(t,x)), =€ D,
ow(t, x) [ k( v(t,y) —v(t,o)]dy +v(t,2) f(z,ult,z) +v(t,z)), x€D,
forte0,T).
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3.3 Comparison Principle and Monotonicity

We will introduce the comparison principle and strong monotonicity for general linear

and nonlinear evolution equations, and systems.

Proposition 3.5 (Comparison principle for evolution equations).

(1) (Comparison principle for linear evolution equations) If u'(t,x) and u*(t,x) are bounded
sub- and super-solution of (3.1) (resp. (3.5)) on (s, s+T), respectively, and u'(s,-) < u*(0,-),

then ut(t, ) < u?(t,-) fort e [s,T).

(2) (Comparison principle for nonlinear evolution equations)Ifu'(t,x) and u?(t, x) are bounded
sub- and super-solution of (1.18) (resp. (1.17)), on (s,s + T, respectively, and u'(0,-) <
u?(0,-), then ul(t,-) < u?(t,-) fort € [s,s+T).

Proof. 1t follows from the arguments in [61, Proposition 2.1]. O
The following remarks follows by the arguments similar to those in Proposition 3.5.

Remark 3.6. For given 1 <1i <3, ug € X;5, and al(t,-),a?(t,-) € X, if al(t,) < a?(t,),

[t

then

U{\/(t, ) Sau()?uivail) S Ui\[(t, 3 S, Uo, Viaa?) fOT t Z S,

N

. 1
where u;* (t, 8, ug, V4, a;

(2

2

) andulN (t,-; 5, ug, v, a2) are solutions of (3.1) with u] (s, -; s, ug, v, al) =

ug and N (s, -5 s, ug, V5, a2) = ug, respectively. And

uz»a(t, 18, Uy, Vi, a%) < u?(t, - 8, U, U, a?) for all t > s,

R

where ul(t, 5 s, ug, v, al) and ul(t,-; s, ug, v;, a?) are solutions of (3.5) with uX(s,-; s, ug, v;, al) =

ug and ul(s,-; s, ug, vi, a?) = ug, respectively.

Proof. We consider the case ¢ = 1 for (3.1). Other cases can be proved similarly.
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Note that uy(t, x; s, ug, v1,a?) is a super-solution of (3.1) in the case i = 1 with a4(, )

being replaced by ai(-,-). Then by Proposition 3.5 (1),

N . 1 N . 2
uy (¢, 8,ug,v1,ay) <y (b, 8,ug,v1,a7) Vt>s.

Remark 3.7.

(1) Suppose that v~ (t,z) and u*(t,z) are sub-solution and super-solution of (1.17) on (s,s+

T), respectively, then

u (t,r) <ut(t,z) Vte[s,s+T), v€D.

(2) Suppose that u™(t,z) and u*(t,z) are sub-solution and super-solution of (1.18) on (s,s+

T), respectively, then

u (t,r) <ut(t,z) Vte[s,s+T), v€D.

Proof. (1) It follows from comparison principle for parabolic equations.

(2) Tt follows from [56, Proposition 3.1]. O
Proposition 3.8 (Strong monotonicity). For given 1 < i < 3, if u*,u? € X, u* < u? and
ul #£ u?, then for all t > s,

(1) (Strong monotonicity for linear evolution equations)

DN (L, 5315, a5, u') K PN (t, 5704, a5, u?), and OR(t, s;v;, a5, u) K OR(t, 5504, a5, u?).

(2) (Strong monotonicity for linear evolution equations)

ui\/@? S, ul) < U{\/(t 2 57“’2)7 and U;R(ta ) Svul) < uzz(tv ) S,UQ)-
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Proof. (1) It follows from the arguments in [61, Proposition 2.2]. (2) We show the proof of
evolution equations in the Dirichlet boundary condition case with nonlocal dispersal opera-
tor. Other cases can be proved similarly .

Let v(t,z) = u)(t,2;8,u%) — uf (¢, 2;5,u") for t > s at which both ) (t, z; s,u*)and

) (t, 2;8,u") exist. Then v(0,-) = u? — u' > 0 and v(t,z) satisfies

O =v [/D k(x —y)v(t,y)dy — v(t, x)} + F(t, z,u(t, z; s,u?))v(t, x)

1
+ {u(t,x; ERTOE / Fu(t,x, su(t,z; s,u') + (1 — s)u(t, z;s,u?))ds| v(t,z), =€ D.
0

(2) then follows from the argument similar to those in (1). O

Proposition 3.9 (Comparison principle for systems).
(1) If (0,0) <y (uo,vo), then (0,0) <y (u(t,-;up,vo), v(t, ; uo,v0)) for all t >0 at which
(u(t, s up,v0), v(t, -3 up, Vo)) exists.
(2) If (0,0)<y(ui,v;), fori=1,2, (u1(0,-),v1(0,-)) <s (uz(0,-), v2(0,-)), and (u1(t,x), vi(t,x))
and (us(t, ), va(t,x)) are a sub-solution and a super-solution of (1.16) on [0,T") respectively,
then (u1(t,-),v1(t, ")) <o (us(t,-), va(t,-)) fort € [0,T).

(3) If (0,0) <1 (ui,vi), fOTi = 1,2, and (Ul,’Ul) <5 (UQ,UQ), then
(u(t, sur,v1),0(t, s ur, 1) <o (u(t, 5 ug, va), v(t, - us, v2))

for all t >0 at which both (u(t,-;ui,v1), v(t,;ur,v1)) and (u(t,-;us,ve), v(t, ;us,vy)) exist.
(4) Let (ug,vo) € X{ x X, then (u(t, -;ug, vo), v(t, -;ug, vo)) exists for all t > 0.

Proof. 1t follows from the arguments in Proposition 3.1 in [35]. O

3.4 A Technical Lemma

The technical lemma is for time homogeneous evolution equations with nonlocal disper-

sal operators. However, similar lemma holds in time periodic case (see [56, Lemma 4.2]).
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Lemma 3.10. Let 1 <1 <3 and a; € X; be given. For any € > 0, there is a; € X; such that

lai — aill <'e,

hi(x) = —v; + af(z) for i = 1 or 3 and hi(x) = —v; [ k(z — y)dy + af(zx) for i = 2
is in CN, and satisfies the following vanishing condition: there is xo € Int(D) such that

hé(xg) = max,cp hi(x) and the partial derivatives of hi(x) up to order N — 1 at xy are zero.

Proof. See Lemma 3.1 in [59]. O
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Chapter 4
Principal Spectrum Points/Principal Eigenvalues of Nonlocal Dispersal Operators and

Applications

In this chapter, we will focus on eigenvalue problems of nonlocal dispersal operators in
the time homogeneous case, that is, (1.14) in case of Dirichlet, Neumann, and periodic types
of boundary condition. First of all, let us recall some standard notations in Chapter 2, and
introduce some basic properties of principal eigenvalues and principal spectrum points of
time homogeneous dispersal operators. Next, we will prove Theorem 2.4, Theorem 2.6, and
Theorem 2.8 for all the three boundary conditions in a unified way. Finally, we apply some
results derived from the above theorems and prove Theorem 2.12.

Throughout this chapter, we assume a;(t,z) = a;(z) € X; for i = 1,2,3. Most results

in this chapter are included in [59], which has been submitted for publication.

4.1 Basic Properties of Principal Eigenvalues/Principal Spectrum Points of

Time Homogeneous Dispersal Operators

In the section, we present some basic properties of principal eigenvalue and princi-
pal spectrum points of time homogeneous nonlocal dispersal operators. Let us recall that
ON(t, s;14,a;) is the solution operator of (3.1) for i = 1,2,3. Without loss of generality,
we set s = (. Since we only focus on nonlocal dispersal operators in this chapter, we do
not need to distinguish between nonlocal operators and random operators. For simplicity,

throughout this chapter, we put

ON(t,0; 14, 05) = O;(t;vi,a;)  for i =1,2,3. (4.1)

36



We have the following propositions.

Proposition 4.1. Let 1 < i < 3 be given.

(1) For given t > 0, @)t = p(®;(t; 14, a;)).
(2) 5\i<yi7 CLZ') € O'(Vilci + hz()I)

Proof. Observe that v;K; + h;()Z : X; — X; is a bounded linear operator. Then by spectral
mapping theorem,

ecf(wlCH-hz'(')I)t — U(@i(t; v;, al)) \ {O} Yit>0. (42)

By Proposition 3.7,

Hence ®,(t; v4, a;) is a positive operator on X;. Then by [50, Proposition 4.1.1], r(®;(t; v;, a;)) €
o(P;(t; v4,a;)) for any ¢ > 0. By (4.2),

MWt = p(@y(t v, 1)) Yt >0,

and hence (v, a;) € o(viK; + hi(-)T). O
Proposition 4.2. (1) A\ (11,0) < 0.

(2) Ay(v,0) = 0.

(3) As(vs,0) = 0.

Proof. (1) Let ug(xz) = 1. Observe that

/D k(z — y)uoly)dy — uolx) <0,

and there is ¢y € D such that

/D k(z — yo)uoly)dy — uo(e) < 0.
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By Proposition 3.7(2),

0K (I)l(t; V1,0)U0 < U Vi> 0,

and then

||<I>1(t;l/170)11,0|| <1 Vt>O0.

Note that for any @, € X; with ||Gg|| < 1, by Proposition 3.7(2) again,
H@l(t;l/l,O)beH < chl(t,yl,O)UOH <1l Vt>N0.

This implies that

r(®1(t;14,0)) <1 V>0,
and then \; (v, 0) < 0.

(2) Let ug(-) = 1. Observe that

@2(t7 Vo, O)UO = U Vit Z 0,

and
[@a(E; 12, 0)tio|| < [[@2(t; 2, 0)uo| =1

for all ¢ > 0 and o € X, with ||ag|| < 1. It then follows that

r(Po(t;12,0)) =1 V>0,

and then Ay(v,, 0) = 0.
(3) It can be proved by the similar arguments as in (2).

]

Next, we prove some properties of principal spectrum points of nonlocal dispersal op-

erators by using the spectral radius of the induced nonlocal operators U! and V!

Qi ,Vi,0 Q4,V5,Q4
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(1 =1,2,3), where a; > max,cp hi(x) (i =1,2,3),

- vik(z — y)u(y) :
U, , u)(zr)= / dy, i=1,2, 4.4
B P ) -
vsk(z — y)u(y)
U’ = d 4.5
Uhagt)lo) = [ B2y (45
and
, Vif k(x —y)uy)dy vi(Kyu)(x) .
| = —2L = =1,2 4.6
( ai,ui,aiu)(‘r) o; — hZ(LU) a; — hz(l‘)7 ? ) <y ( )
v [pn k(@ —yu(y)dy  vs(Ksu)(z)
(Vo iaq@) (1) = === = e (4.7)
3 — hg(ﬂ?) 3 — hg(i?)
Observe that Uéi%ai and V;iyl/iaoli are positive and compact operators on X; (i = 1,2, 3).
Moreover, there is n > 1 such that
(U;Z,I/“az)n(XZ—i— \ {0}) C X'L++7 7’ = 17273’
and
(Vawsad) (XTN{OD) € X i =1,2,3,
Then by Krein-Rutman Theorem,
T(Uéi,ui,ai) E O-(Ucii,yi,ai)’ T(Wi,yi,ai) 6 O‘(‘/:lii,lji,ai)’ (48)
and r(Uéi%ai) and T(V(Z:i:l’iyai) are isolated algebraically simple eigenvalues of Uéi,w,ai and
V(j’i’w,ai with positive eigenfunctions, respectively.

Proposition 4.3. (1) a; > hjmax s an eigenvalue of v;KC; + hi(-)Z with ¢(x) being an
ergenfunction iff 1 is an eigenvalue of U}, . with ¥(x) = (o — hi(x))¢(x) being an

eigenfunction.
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(2) a; > hymax is an eigenvalue of v;iKC; + hi(-)Z with ¢(x) being an eigenfunction iff 1 is

an eigenvalue of V;Z with ¢(x) being an eigenfunction.

Vi,

Proof. Tt follows directly from the definitions of U} , , and V; , .. O
Proposition 4.4. Let 1 <1 < 3 be given.

7; . . . . .
(a) 7(Us, . ;) 1 continuous in c;(> himax), strictly decreases as o increases, and

r(Ui

A, V5,0

)—0 as o — 0.

(b) (V! . ) is continuous in o (> Rimax), strictly decreases as oy increases, and

r(V} )—0 as o — oc.

A,y Vi, 0

Proof. We prove (a) in the case i = 1. The other cases can be proved similarly.

. 1 . . . . . 1
First, note that (U, ) is an isolated algebraically simple eigenvalue of Uy , .-

al,v1,01

It then follows from the perturbation theory of the spectrum of bounded operators that

7(Uzyn.y) 18 continuous in o (> Ry max)-

Next, we prove that r(ijw ) is strictly decreasing as a; increases. To this end, fix any

a1 > Ry max. Let ¢1(+) be a positive eigenfunction of U;Wlm corresponding to the eigenvalue

r(U}

ai,Vi,on

). Note that for any given a; > «;, there is §; > 0 such that

ap — o

—_— D.
al—hl(ﬁ) >51 Ve
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This implies that

vk —y)o(y)
Uc} V1,0 xr)= / ~ d
( 1,Y1, 1¢1)( ) D aq — h1<y) y
_/ vik(x —y)b1(y) 1 g
- ’ a1 —aq Y
p a1 —hi(y) 1+ a1—hi(y)
< 1 / vk(z — ?/)Cbl(?/)dy
L+d1Jp o1 —ha(y)
r(U} ) _
= s v D.
1+ (51 ¢1($) S
It then follows that
r(U} )
Ul _ < ai,V1,o1 < Ul
T( a1,1/1,a1> — 1 + 51 T( al,Vl,a1)7
and hence 7(Uy, ,, ,,) is strictly decreasing as o increases.
Finally, we prove that (U, ,, ,,) = 0 as oy — co. Note that for any € > 0, there is
aj > 0 such that for oy > af,
k(x — _
[0y < veen.
p a1 —hi(y)
This implies that
||Ujhul’a1H <e Va3 >aj.
Hence 7(U,, ,, 0,) = 0 as a1 — oo. O

Proposition 4.5. Let 1 <1 < 3 be given.
(a) If there is a; > hjmax such that T(Uéi%ai) > 1, then S\i(ui, a;) > himax-

(b) If there is a; > h;max Such that r(‘/(jl,a) > 1, then 5\2-(1/1-, a;) > Nimax-

Proof. We prove (b). Part (a) can be proved similarly.
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Fix 1 < < 3. Suppose that there is a; > hjmax such that r(V; , ) > 1. Then by

Proposition 4.4, there is oy > hj max such that

r(VE o ) =1 (4.9)

Qq,V5,00

By Proposition 4.3, ag € o(v;K; + hi(-)Z). This implies that S\i(ui, a;) > g > himax- O

Proposition 4.6 (Necessary and sufficient condition). For given 1 <i < 3, \;j(v;,a;) exists

if and only if S\i(yi, a;) > R max-

Proof. For 1 < i < 3, y;K; is a compact operator. Hence v;/C; + h;(-)Z can be viewed as
compact perturbation of the operator h;(-)Z. Clearly, the essential spectrum oes(h;Z) of
hi()Z is given by

Uess(hiz) = [hi,mim hi,max]-

Since the essential spectrum is invariant under compact perturbations (see [25]), we have
Oess(ViKCi + L) = [N mins i max) s
where 0.4 (v;K; + h;Z) is the essential spectrum of v;/C; + h;(+)Z. Let
Odisc(VilCi + L) = o(ViK; + hiZ)\Oess(ViC; + hT).

Note that if A\ € 045 (viC; + hiZ), then it is an isolated eigenvalue of finite multiplicity.
On the one hand, if S\i(ui, ;) > Nimax(z), then S\i(l/i, a;) € ogisc(VilC; + h;Z). By Propo-
sition 4.3, 1 € 0<Ui < ) Hence

a;i,vi,\i(Vi,a;)

r (Uai,l’i,j\i(l’iuai)> Z L
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By Proposition 4.4, there is A > 5\7;<I/i, a;) such that

T<U1 :> = 1
Q; Vi A

This together with Proposition 4.3 implies that i is an isolated algebraically simple eigenvalue
of v;KC; + hi()Z with a positive eigenfunction. By Definition 2.1 (2), A\;(4, a;) exists.
On the other hand, if \;(v;,a;) exists, then S\i(yi,ai) = \i(Vi, a;) € oqise(VilC; + hiI).

This implies that S\i(yi, a;) > Nimax (). O

Finally, we present some variational characterization of the principal spectrum points
of nonlocal dispersal operators when the kernel function is symmetric. In the rest of this

subsection, we assume that k(-) is symmetric with respect to 0. Recall

Ks: X3 — X3, (Ksu)(x) = / k(x — y)u(y)dy YV u e Xs.

RN

For given a € X3, let

k(z) = Z k(z 4 (jip1, jop2, -+, JNDN)), (4.10)

J1,.J2,  JNEL

where py, pa, - - - py are periods of a(x). Then k(-) is also symmetric with respect to 0 and
(Ksu)(z) = / k(z —y)uly)dy Y u e X, (4.11)
D

where D = [0,p;1] X [0,ps] X -+ X [0, pn] (see (2.20)).
Proposition 4.7. Assume that k(-) is symmetric with respect to 0. Then

Ni(vi,a;) = sup /D[yz(lCzu)(a:)u(x) + hi(z)u?(2)]dz  (i=1,2,3).

UGLQ(D)7‘|u||L2(D):1
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Proof. First of all, note that v;KC; + hy(-)Z is also a bounded operator on L?(D) and v;K; is
a compact operator on L?(D), where K; is defined as in (4.11) when i = 3. Let o(v,K; +
h.Z, L*(D)) be the spectrum of v;K; + h;(-)Z considered on L?(D) and

A(vi, a5, L*(D)) = sup{ReX | A € o(uiKC; + hiZ, L*(D))}.

Then we also have

MNv;, ai, L3(D)) € o(1,K; + hiZ, L*(D)),
[hi,mim hi,max] C U(Vilci + hz:z_, LQ(D)),

and

)\(Vi7 Qs L2(D)) 2 hi,max'

Moreover, if X;(vi,@;) > Rimax (vesp.  Ni(v, a5, L*(D)) > himax), then Xi(v;,a;) (resp.
Xi(vi, a;, L*(D))) is an eigenvalue of 1,KC; + h;Z considered on L?(D) (resp. C(D)) and
hence \; (v, a;, L2(D)) > Ni(vi, a;) (vesp. Ni(vy, a;) > Ni(vy, a5, L2(D))). We then must have

)\i(’/iaai) = /N\i(VuahLQ(D))'

Assume now that k(-) is symmetric with respect to 0, that is, k(—z) = k(z) for any

z € RN, Then for any u,v € L?(D), in the case i = 1,2,

/D (K (@yo(@)dz = [ | ke - yuly)o(@)dydz

k(x —y)u(z)v(y)drdy

S—So—

ST~ S—

k(x = y)o(y)u(z)dyde

)

=

) (x)u(z)dz,
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and in the case 1 = 3,

Therefore K; : L*(D) — L?*(D) is self-adjoint. By classical variational formula (see [24]), we

have

O 7107)) EE— /D (ko) (2)u(x) + hi(a)(2)]da.

UGL2(D)1HUHL2<D>:1

The proposition then follows. n

4.2 Effects of Spatial Variations and the Proof of Theorem 2.4

In this section, we investigate the effects of spatial variations on the principal spectrum
points/principal eigenvalues of nonlocal dispersal operators and prove Theorem 2.4.

First of all, for given 1 <7 <3 and ¢; € R, let
Xi(ei) =Hai € Xi|a; = ¢}
(see (2.21) for the definition of a;). For given zy € RY and o > 0, let
B(zg,0) = {y € RY |||z — ol < o}
Proof of Theorem 2.4. (1) We first prove the case i = 1. Let 2y € D be such that

hy (xo) = hl,max-
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Note that there is ¢y > 0 such that

0 < ai(xg) — ar(z) < vy inf / k(x —y)dy — ey < Vl/ k(x —y)dy — €
D

€D D

For any 0 < € < €, put
Ae = hy(xo) + €(= —1v1 + ag(xg) + €).

Then

ok —g)dy v [, ke — y)dy
A —hi(z)  ay(mg) —ai(z) ¢
41 fD k(ff - y)dy
“ v [pk(z—y)dy+e—e

>1 VzeD.

This implies

r(VE, \)>1 Y0<e< 1.

a1,v1,\e

Y zeD.

Then by Proposition 4.5 (b), 5\1(1/1, a1) > himax. By Proposition 4.6, A\; (11, a1) exists.

We now prove the case i = 2. Similarly, let 2o € D be such that

h2($0) = h2,max-

Note that there is ¢y > 0 such that

zeD

0 < ag(xo) — az(x) < vy inf / k(x —y)dy — ey < VQ/ k(x — yo)dy — €.
D

D

For any 0 < € < €, put

Ae = ha(xg) + €(= —1 /D k(x —yo)dy + as(xo) + €).
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Then

vy [pk(z —y)dy vy [pk(x —y)dy
Ae—ho(z)  as(mo) — va [ k(x — yo)dy + 1o [ k(z — y)dy — as(z) + €
ve [ k(x —y)dy
“ v [pk(zr—y)dy+e—e

>1 VzeD.

This again implies that

r(V2 )>1 Y0<e< 1.

a2,v2,\e

Then by Proposition 4.5 (b), 5\2(1/2, a2) > homax. By Proposition 4.6, Ao(v, as) exists.

(2) It can be proved by the similar arguments as in [61, Theorem B(2)]. For the com-
pleteness, we provide a proof below.

Let zp € Int(D) be such that h;(x¢) = h;max and the partial derivatives of h;(x) up to

order N — 1 at x( are zero. Then there is M > 0 such that
hi(xo) = hi(y) < Ml[zo —y||¥ ¥V y € D.
Fix o > 0 such that B(xg,20) C D and B(0,20) € supp(k(-)). Let v* € X;" be such that

]-7 VIS B(ZL'(),O'),
vi(z) =

0, € D\B(zo,20).

Clearly, for every @ € D\ B(x¢,20) and v > 1, we have

(U: hi(wo)+eV ) (@) = v (x) =0 Ve>0. (4.12)

AV,
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Note that there is M > 0 such that for any = € B(xg, 20),

k(x —y) > M VYV ye€ B(xg,o0).

It then follows that for x € B(zg, 20)

‘ vik(z — y)v*(y)
u: . )Nzx) = d
( al,l/“hl(wo)+gv )(I> /D hz(xo) + e — hz(y) 4

Z/ k(a:—]g{[) d
moaMHxO_yH +€

>/ I/ZM
~J Blaoo) Ml|mo — ||V +€

dy.

Notice that fB (z0.0) Wdy = 0o. This implies that for 0 < ¢ < 1, there is 7 > 1 such

that

(Uéhui’hi(m)ﬂv*)(x) >y (x) YV x € B(xg,20). (4.13)

By (4.12) and (4.13),

Uéiﬂ/i,hi(ﬂco)JreU*(x) > ’)/U*(:U) YV xeD.

Hence, r(U"

wiwih; (zo)+5) > 1. By Proposition 4.5(a), S\i(ui,ai) > hi(z0) = himax. By Proposi-

tion 4.6, the principle eigenvalue \;(v;, a;) exists.

(3) Recall that \;(v;, @) = sup{Rep|u € o(iK; 4+ hi(-)I)} with h;(x) = —v; + a(x) for

i =1,3 and hy(z) = —1s [ k(x — y)dy + a(x) for i = 2. By the arguments of Proposition
4.6,
Oess (Vi + R T) = [ in h;(x), max h;(z)].
eD reD
Note that
sup (maxa(z)) = oc.
&EXZ'(CZ') zeD
Then
sup  \(v;,a) > sup (maxh;(z)) > -+ sup (maxa(z)) = co.
aEXi(Ci) fLEXi(Ci) zeD &EXi(Ci) zeD
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(4) We first assume that the principal eigenvalue A\s(14, as) exists. Suppose that ug(x)
is a strictly positive principal eigenfunction with respect to the eigenvalue As(v5,as). We

divide both sides of (1.2) by us(x) and integrate with respect to x over D to obtain

/D {m [/ K uz(y)u:(zz)(x))dy] +a2(x)u2(x)} e /D N

or

AQ(VQ,@)_|”—2|/D/Dk;<m—y)“2(yi2?;;2(”>d dx + |D|/Da2(m)d:v
—%/D/Dk‘(x— )u2(y362?;;2( )dydas+a2

By the symmetry of k(-),

//k(x—y)%dydm
=3 f [ pe -0 g e s [ [ ke
“3 ] b g e [ [ e

B () - w(@)?
‘2//M’“( @ty

(4.14)

So,

inf{ Ao (1, az)|as € X, G2 = c2} > G = c3.

And clearly, \y(vs, @2) = ag. Hence,

inf{Ag(v2, az)|as € Xy, a9 = c2} = Aa(v2, G2) = ca.
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Second, by Lemma 3.1, for any € > 0, there is a5 € Xo N C¥, such that
laz — a3l <,

and hy(-) € ON(= —v, [, k(x — y)dy + a$) satisfies the vanishing condition in Theorem 2.1
(2). So, the principal eigenvalue Ay(vy, as) exists and Ay(v, ) = A\g(v, a). By the above

arguments,

)\Q(VQ, Clg) = )\2(V2, CL;) Z )\2<V2, d;) = dg (415)

We claim that

ll_ﬁ% Ao(v2, a3) = Aa(v, az).

In fact, ||a§ — as|| <€, that is
ag(r) —e < aS(x) < ag(r) +e V xeD.

Note that ®y(t; ve, as + €)ug = e Dy (t; 19, as)ug, where Po(t; 1, as)ug is the solution of (3.2)

with the initial value ug(+). Similarly, we have ®o(t; 12, ay — €)ug = e~ Py (t; 12, ag)ug. So
r(®o(t; 1o, ag £ €)) = e=Ur(Dy(t; 1y, a2)).

Hence

Aa(va, a0 £ €) = Xo(10, as) £ €. (4.16)
By Remark 3.6, we have

Do (t; 12, ag — €)ug < Po(t; 1o, a5)ug < Po(t; 12, ag + €)uyp.

Hence

T(DPo(t; ve, a9 — €)) < 1(DPo(t; v, a5)) < r(DPo(t; 1o, as + €)).
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By (4.16),

)\2(1/2, as — 6) < 5\2(1/2, (I;) < 5\2(”2, az + E).
Taking the limit of (4.15) as € — 0, we have

Xa(va, az) > ag

So, inf{S\Q(VQ,aQHag € Xo, 89 = Co} = Aa(12,02) (= c2).

When the principal eigenvalue exists, it is not difficult to prove that the infimum is
attained by the constant function as () = ¢o. In fact, suppose that \a(vs, as) exists and ug(-)
is a corresponding positive eigenfunction. By (4.14), Ay(v9, ag) = ao(= ¢2) iff us(z) = us(y)
for all z,y € D. Hence A\y(v2, az) = ao(= ¢3) iff us(-) =constant, which implies that ay(x) =
Aa(v2, ag) = as.

1,a? € X; and a} < a?. By Remark 3.7, for any uo € X;" and ¢ > 0,

177

(5) Suppose that a

®;(t; v5, al)ug < Dy(t; vy, a2 ug.

This implies that

r(®i(t; v, a))) < r(Pi(t; v, a3)).

(3

By Proposition 4.1, we have

5‘1’(”1’) al) S S\Z‘(Vi7 CL2)

7 (3

O

Remark 4.8. (1) Theorem 2.1 (3) is not true in the random dispersal case when the space
dimension is one. In fact, for 1 < i < 3, we have A\g; < ¢; + ¢;*L* for any a;(+) € X;FJF,
a; = ¢; and D = (0,L). For the periodic boundary case, see Lemma 4.1 in [48]. The proof

of Neumann or Dirichlet boundary case is similar to that of the periodic boundary case.

o1



We give a proof for the Neumann boundary case. Let ¢ (x) be the eigenvalue function
of the operator A + ay(-)Z defined on C?*([0, L]) with Neumann boundary condition. So

¥(z) > 0 and we have

P'(z) + az(x)(z) = Ap2tp(z), x € (0,L),

9 (z) =0, x=0or L.

Multiplying this by ¢(x) and integrating it from 0 to L, we have
L L L
— / V" (z)dx + / ag(2)V? (z)de = )\R,Q/ V?(z)dx.
0 0 0

Hence
= Jy 0P (@)dx + ) as(x)d?(x)dr
Ji v2(x)da

AR2 =

Take x1, 25 € [0, L), we have

WV (xa) — % (21) = / N 2 ()9 (x)de.

1

Hence, for any positive number k& > 0,

V*(22) — ¥ (z1) < %/0 V" (z)dx + k/o V?(z)dx.

Multiplying the above inequality by as(x2) and integrating it with respect to z; € [0, L) and

x9 € [0, L), we get

L/OL ag(2)? (9)dy — C2L/OL P (1)dzy < cpL? <% /OL U (x)dr + k?/OL 1/12(x)dx> )
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where ¢y = fOL as(x)dx. This is equivalent to

L/OL as(x)V? (z)dx — c2L/OL V2 (z)dr < cyL? (% /OL V" (x)dr + k/OL w2(a:)da:) :

Letting k = ¢, L, we obtain

- [ [ < o dr [

So, we have

)\R’Q S Co + CgLZ.

(2) Theorem 2.1 (4) may not be true for the Dirichlet type boundary condition. That
is, le(ul,al) > M\ (vy,a1) may not be true, where a; € X;.

In the random dispersal case, there is an example in [60] which shows that the principal
eigenvalue Ag1(v1,a1) of (1.4) is smaller than the principal eigenvalue Ag1(v1,¢1) of (1.4)

with a1(x) being replaced by c¢1(= ay). It is proved in Theorem 2.15 that

M (v, aq,6) — >\R,1(V1,a1)

as 6 — 0. So, for any 0 < § < 1, Xl(ul,al,d) is close to Aga1(v1,a1), and 5\1(1/1,01,5) 18
close to Ag1(v1,¢1). Hence :\1(V1,6L1,5) can be smaller than 5\1(V1,0175) = M (v, ¢1,9) for
< 1.

(3) Theorem 2.1 (4) holds for periodic case (see [63]). When \;(v;,a;) does not exist
(i = 2,3), we may have X\;(vi, a;) = a;, but a;(-) is not a constant function. For example, let

Xy={u(z) eC(RY R)|u(x + ;) = u(z)),x e RN, j =1,2,--- | N}, and q € X3 with

||
ellzl?=o? if ||x[| <o,
q(r) =
0 if o <|x[| <3
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Then Ks+hs(-)Z with k(z) = ks(z) has no principal eigenvalue for M > 1,0 <o < 1,5 > 1
and hs(x) = —1 + Mq(x) where x € RN and N > 3 (see [61]). Hence A3 = max,cp hs(z) =
—14+M max,cp q(x) = =14+ M. Choosing M = 1%4, we have Mq = —14+M, that is a3 = :\3,

but az(x) = Mq(x) is not a constant function.

4.3 Effects of Dispersal Rates and the Proof of Theorem 2.6

In this section, we investigate the effects of the dispersal rates on the principal spectrum
points and the existence of principal eigenvalues of nonlocal dispersal operators and prove

Theorem 2.6.

Proof of Theorem 2.6. (1) Assume that k(-) is symmetric. Observe that for any u(:) €

[ [ re=putisie — [ s
YN pr—
= [ [ K= wtuts) —u) ey
:%//Jmk(‘”_y)( )~ ule)ulz)dydz + 3 //DD v = y)(u(y) — u(@))u(z)dydz
Z%//Dwk(:c—y)( u(y) — u(z))u(z)dyds + //DD x—y)(u(z) — u(y))u(y)dydz

~—5 | Ko=) = ) Pyda

Then (1) follows from the following facts: Vv; > 0,

(i, ar) _ueLz<foﬁfﬁL2<D>:1[ ( / / v — y)uly)ulz)dydz — /D u2(aj)d:€> + /D ai(m)u2(x)dx]
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in the case i = 1,

Ma) = swp {—5 [ [ ko= tu) - )y + [

UGLQ(D)’HUHLZ(D):l

ai(x)uQ(x)d:c]

in the case 1 = 2, and

Xi(viy ;) = ol {ui ( / / k(z — y)u(y)u(z)dydz — / u2(a;)dx> + / ai(x)u2(ac)d:c}
ue€L?(D)||ull 2 py=1 DJD D D

in the case i = 3 (see (4.11)).
(2) We prove the case i = 1. The case i = 3 can be proved similarly.
Without loss of generality, assume a;(z) > 0 for z € D. Assume that v; > 0 is such

that A\;(v1,aq) exists and 7, > v4. By proposition 4.6, A\ (v1,a1) > max,cp hi(z), that is,

/\1(V1, CL1> > mag((—ul + CL1(I)).
zeD

Let ¢1(-) be a positive principal eigenfunction with ||¢;||z2(py = 1. Then

M(v,a1) =11 //D N k(x —vy)o1(y)o1(v)dydr — vy + /D a1 (2)¢}(x)dr > max(—v; + ai(z)).

xzeD

By Proposition 4.7,

e 2o [ [ ke poweins =i+ [ g

— M, @) + (1 — 1) //D k= )on)n (@) + 1=

> max(—v + a1 (z)) +v1 — oy + (07 — 1) / /DXD k(x —y)o1(y) o1 (z)dydx

zeD

> max(—2; + a1 (z)).
z€D

By proposition 4.6 again, A\ (7, a;) exists.

(3) It follows from Theorem 2.1(1) and can also be proved as follows.
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To show \;(v;, a;) exists, we only need to show (v, a;) > max,cp hi(z), where h;(z) =
—v;+a;(x) for i = 1 and 3 and h;(x) = —v; [ k(x —y)dy + a;(x) for i = 2. In the case i = 2

or 3, :\i(yl-, a;) > a; by theorem 2.4(4). This implies that

/\Z'(VZ‘, CLi) > hi,max A v > 1.
In the case ¢ = 1, note that A\;(1,0) exists and
—-1< )\1(1,0) < 0.

This implies that A\;(1, %) exists for v; > 1 and then A\ (v, a;) exists for vy > 1.

(4) On the one hand, we have

Xi(Viy @) > Rimax > —Vi + Qi max-

On the other hand, for any A > @; max, AZ — a;(-)Z has bounded inverse. This implies
that

Qi max + € > /N\,-(l/z-,ai) VOo<y <1.

Therefore,

lim A;(v4, @) = @ max-
v;—0

(5) We prove the cases i = 1 and 7 = 2. The case ¢ = 3 can be proved by the similar
arguments as in the case i = 2.

First, we prove the case ¢ = 1. By Proposition 4.2,

A1(1,0) < 0.
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Observe that
5\1(1/1,(11) = V15\1 (1, %) and 5\1 (1, ﬂ) — 5\1(1, 0)

1

as v, — oo. It then follows that

~ V1 ~
)\1(1/1,611) S ?1)\1(1,()) W vy > 1.
This implies that
lim 5\1(1/1,&1) = —OQ.
V1—r0Q0

Second, we prove the case i = 2. By (3), \a(12, az) exists for v, > 1. In the following, we
assume 5 > 1 such that A\y(14, az) exists. Let ¢ ,,(x) be a positive principal eigenfunction
with [, ¢35, (z)dz = 1.

Note that

s < Aa(v2, az) < a2 max,

and

Vs /D /D E(x = y) (b2, (Y) — P2, () P2, (2)dyd +/ as(2)43,, (v)dz = Ao(va, az).

D

This implies that

3 /D /D B = 1) (020 (4) = G2 (1)) dydr = / a2(2)65,, (¥)dx = ha(v2, a2) < Azmax = Gz,

D

and then

~

/D /D K@ — 1) (G2 (4) — Gon(@))2yde < 2102~ 02), (4.17)

Vo

Let 1,0, (%) = 2, () — h2,,. Then

o [ [ W= 0)@a) - 2@yt [ aal)onn(ode = [ aa(o)(Gn(o)+ain)de,

D
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and hence

)\2(1/2,&2)/ ngQ,Z,Q(x)dx:qu,,,z/ ag(a:)dx+/ as(x)h,, (z)dx.
D D D

This implies that

i » 1
Dt ), = b+ T / ()20, (). (4.18)
D

To show Ag(v2,a2) — @ as v, — o0, we first show that [, as(2)ta,,(x)de — 0 as
Vg — Q.
Note that Ay(1,0) = 0 and Ay(1, 0) is the principal eigenvalue of Ko +by(-)Z with ¢(-) = 1

being a principal eigenfunction, where

Moreover, Ay(1,0) is also an isolated algebraically simple eigenvalue of Ky +bo(-)Z on L?(D).

Note also that

/D <(—IC2 - boI)u) (z)u(z)dz = %/D/Dk(;c — ) (uly) — u(x))2dyde > 0 (4.19)

for any u(-) € L*(D) and —Ky — by(+)Z is a self-adjoint operator on L?*(D). Then there is a
bounded linear operator A : L?(D) — L*(D) such that

/D ((_ICQ - boI)u> (x)u(x)dx = / (Au)(z)(Au)(z)dr ¥ u e L*(D). (4.20)

D

Let
Ey = span{¢(-)},
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and

Ey = {u(:) € L*(D) | /Duz(:v)d:v = 0}.

Then
L*(D)=E & E,

and

(12 + 00()T) (B2) € Bs.

Moreover, (Ko + bo(+)Z)| g, is invertible. We claim that there is C' > 0 such that

/D (Au)(z) (Au) (z)dz > C / P(a)de ¥ e By

D

For otherwise, there is u,, € Ey with [, u2(x)dx =1 such that

/D(A“n)(x)(Aun)(x)dx -0

(4.21)

as n — oo. It then follows that 0 € o((Ky+bo(-)Z)|g,), a contradiction. Hence (4.21) holds.

By (4.19), (4.20) and (4.21), for any vs > 1,

/Dwgw (z)dz < % /D /D k(x = ) (o, (y) — V2., (2)) dyda.

Observe that

(4.22)

[ | K= 0)(62a0) = bl Pyde = [ [ b= ) (Wnina) = s

This together with (4.17) and (4.22) implies that

/ ?ﬁ%m(x)dx —0 as vy — o0,
D
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and then

/ as(x) o, (x)de — 0 as vy — 00.
D

Second, assume Ag(va,as) 4 as as vy — 0o. By (4.18), we must have égmm — 0 for

some sequence v, , — 0o0. This and (4.17) implies that

/D B2, (2)dr < Co /D /D Ko - y)é2,,  (2)dyds

e /D /D K@ — )G, (1) — Gaun (2)20m, (4)dyda
Gy / / E( — 1) Pnsn, (1) o . (2)dyde

/ / 2 — 9)(bam () — baun (2))?dyda + |DPCoMsyy . don.

CL max_
< lOamn = 0) |\ pecagd, 4,

Vo

where Cy = (min,cp [, k(z — y)dy)~" and M = sup, ,cp k(z — y). That is
/Dqs;% (x)de — 0 as vy, — o0.
This is a contradiction. Therefore
Ao(va, ag) = Go
as 9 — 00. ]

4.4 Effects of Dispersal Distance and the Proof of Theorem 2.8

In this section, we investigate the effects of the dispersal distance on the principal

spectrum points and the existence of principal eigenvalues and prove Theorem 2.8.
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Proof of Theorem 2.8. (1) As mentioned in Remark 2.9, the cases i = 1 and 3 are proved in
[41, Theorem 2.6]. The case i = 2 can be proved by the similar arguments as in [41, Theorem
2.6]. For completeness, we provide a proof for the case ¢ = 2 in the following.

By Proposition 4.7,

Xi(viya;,0) = sup /D |:Vi /D ks(z —y)(u(y) — u(x))dy + al(:c)u(x)} u(z)dz.

U€L2(D):”U”L2(D):1

On the one hand,

\i(vi, ai,0) = sup /D [yi /D ks(x —y)(u(y) — u(x))dy + a,(x)u(m)} u(x)dx

w€L2(D), lull 2 py=1

= s g e ) - w@Pdde [ [ atentea]

UGLZ(D)vHUHL2(D):1

S ai,max-

On the other hand, assume that , € D is such that a;(T0) = Gimax- Then for any 0 < e < 1,

there are o > 0 and z, € IntD such that B(z},03) C D and
a;(xg) —a;i(z) <€/2 for x € B(z],0p).
Let uo(-) be a smooth function with supp(ue(-)) N D C B(xg, 05) and [Jugl|z2(py = 1. Then

S\i(yia a;, 5) Z /

D

(4 ] hate = )0a(0) = wnle)dy + ase)un(o) ) vl

€

> [ ([ date = 0)00(0) = wnlo)y ) woo)de + (aim = 5).

Note that

/Dk(g(m —y)(up(y) — ug(x))dy = 0 Ve Int(D)
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as 0 — 0. And

| bste = ) (0nts) = (o] < 2mcuat)] Ve € .
D yeD
Hence, there exists dy > 0, such that for any § < dy, we have

<

DO ™

wf ( [ Fste =) uats) - uo<x>>dy) ol

It then follows that

ai,max 2 )\i(yi7 g, 5) 2 ai,max — €.

This implies that S\i(ui, @iy 0) = Qjmax a8 0 — 0.

(2) First, for i = 1,

/ k5<x—y>u<y>dy\ <l | #ste = v)dy =0,
D D
as 0 — oo uniformly in v € X; with |lul| < 1. Therefore,
5\1(V1, ay,6) = sup{ReA|A € o((—v1 + a1(+))I)} = —v1 + @1 max,

as 0 — 00.

For ¢ = 2,

[ e = w)(ate) - u(x»dy\ < 2lul [ Kot =iy =0,
D D

as 0 — oo uniformly in v € Xy with |lul| < 1. Hence

5\2(1/2, az,6) — sup{ReA|A € g(az(-)T)} = a2 max,

as 0 — 00.
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For i = 3, recall that
A3(v3,a3) = sup{Re) | A € (1T + h3(-)I)},

where

_ 1 D1 D2 PN
Tu = —/ / > / u(z)dz.
pip2--"PN Jo Jo 0

We first assume that agz(-) satisfies the conditions in Remark 2.5 (2).

Then by similar

arguments as in Theorem 2.4 (2), A3(v3,a3) is the principal eigenvalue of 157 + hs(-)Z. Let

¢5(+) be the positive principal eigenfunction of v3Z + hy(-)Z with ¢35 =

We then have A\3(v3,a3) > hamax and

L/ 7 vss(z) -1,
|D| Jp As(vs, a3) + vz — as(w)

where

P3(z) = (A3(vs, a3) + vz — az(z))d3(x).

Fix 0 < € < A\3(v3,a3) — Nimax- Then

L/ N Vs () dx > 1.
|D’ D >\3(V3, as) — €+ V3 — ag(a:)

Observe that for any k = (ky, ko, - -+ , ky) € ZN \ {0},
) N N
/ k(z) cos (Z kip;x; + 0 Z kipizl-> dz — 0,
RN i=1 i=1

and

N N
/RN k(z) sin <Z kipiz; + 0 Z klplzl> dz — 0

=1 i=1
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as 0 — oo. This implies that for any a € X3,

/ F(2)a(z +02)dz —
]RN
as 0 — oo and then

vsks(z — y)s(y) vsk(2)1s(x + 62)
/RN o W™= / 4z

V3, a3) — €+ V3 — ag N/\3 vy, a3) — €+ vy — az(x + 0z)

/ V377Z)3( ) d
X
|D| )\3 Vs, as —€+V3—a3<£ll')

as 0 — oo uniformly in z € RY. This together with (4.24) implies that

/ _ l/gk'(s(l‘_y)¢3(y) dy> 1 VI‘GRNa o> 1.
RN A3(v3,a3) — €+ v3 — as(y)

It then follows that

)\3(V3, as, 5) > 5\3(V3, (13) —€> hi,max Véi>1 (425)

and A3(vs, as, ) exists for 0 > 1.

Now for any € > 0, by (4.23),

1 / v31)s(x)
— = dz < 1. 4.26
|D| D A3(vs, ( )

as) + € + vs — az(x)
Then by the similar arguments in the above,

)\3(V3,(1,3, (5) < 5\3(V3,CL3) +e¢ Vi>1. (427)

By (4.25) and (4.27),

A3(v3,as,0) — A3(vs,a3) as d — oo.
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Now for general ag € X3, and for any € > 0, there is a3 € X3 such that

las — az | < e VzeRY,

and as () satisfies the conditions in Remark 2.5 (2). By Theorem 2.4 (5),

A3(V3,a3.6,0) — € < 5\3(V3,a3,5) < 5\3(7/37@3,575) + €.

By the above arguments,

/\3(1/3,@3) —36 S 5\3(1/37(1316)—26 S 5\3(V3,CL3, (5) S 5\3(V3,a375)+2€ S /_\3<V3,CL3)+36 V 5 > 1

We hence also have

A3(v3, a3,0) = A3(v3,a3) as § — oc.

(3) By (1), for any € > 0,

)\Z‘<Vi,(li,5) > Qjmax — € VOo<odkl.

This implies that there is 9 > 0 such that

)\Z-(Vi,a,-ﬁ) > hi,max VO<od< 50.

Then by Proposition 4.7, \;(v;, a;) exists for 0 < § < do. O

4.5 Applications to the Asymptotic Dynamics of Two Species Competition Sys-

tem

In this section, we consider the asymptotic dynamics of the two species competition

system (1.16) and prove Theorem 2.12 by applying some of the principal spectrum properties
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developed in previous sections. Throughout this section, we assume that k(—z) = k(z),

M(v, f(-,0) >0, f(z,w) <0 for w>> 1, and dyf (x,w) < 0 for w > 0.

4.5.1 Asymptotic Dynamics of KPP Type Competition Systems

In this subsection, we present some basic properties about the asymptotic dynamics of
the time homogeneous two species competition system (1.16). Throughout this subsection,
we assume that k(—z) = k(2), M (v, f(-,0)) > 0, f(z,w) < 0 for w > 1 and 0, f(z,w) < 0

for w > 0.

Proposition 4.9. For any given v > 0 and a € X;(= X3),

)\1 (V, Cl) < 5\2(’/7 a)

and if \i(v,a) ezists, then

M(v,a)(=M(v,a)) < (v, a)

Proof. First, assume that A\ (v, a) exists. Let ¢(-) be the positive principal eigenfunction of

vy — vZ 4 a(-)Z with ||¢|| = 1. Then
Oy (t;v,a)p =MD and  Oy(t; v, a)p = e;\Q(”’“)tgb Vit>0.
By Remark 3.7,
Oy (t;v,a)p > D1(t;v,a)p V> 0.

This implies that

Xo(v,a) > A\ (v, a).

In general, by Lemma 3.10 and Theorem 2.4 (2), for any ¢ > 0, there is a. € X; such
that A;(v, a.) exists and

ac(z) —e < a(z) < az)+e
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By the above arguments,

Xo(vyae) > M (v, ac).

Observe that

Xa(v,a) > Xo(va) —e and M\ (v,a0) > A\(v,a) — e

Hence

Letting ¢ — 0, we have

0
Consider
Uy = v {/D k(z —y)u(t,y)dy — u(t,z)| +ult,z)g(z,u(t,x)), z€D (4.28)
and
v = V/Dk:(x —y)v(t,y) —v(t,2)]dy +v(t,z)g(z,v(t,x)), x€ D, (4.29)

where g is a C! function, g(x,w) < 0 for w > 1, and 9, g(x,w) < 0 for w > 0.

Proposition 4.10.

(1) If \(v,g(-,0)) > 0, then there is u* € X such that uw = u* is a stationary solution of

(4.28) and for any solution u(t,z) of (4.28) with u(0,-) € X;"\ {0}, u(t,-) — u*(-) in X;.

(2) If Xa(v,g(+,0)) > 0, then there is v* € XS such that v = v* is a stationary solution of

(4.29) and for any solution v(t,x) of (4.29) with v(0,-) € X, \ {0}, v(t,-) = v*(-) in Xo.

Proof. 1t follows from [56, Theorem E]. O
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4.5.2 Proof of Theorem 2.12

In this subsection, we prove Theorem 2.12.

Proof of Theorem 2.12. (1) By A (v, f(, 0)) > 0 and Proposition 4.9, we have Xo(v, (-, 0)) >
0. Then by Lemma 4.10, there are u* € X, and v* € X% such that (u*,0) and (0,v*)
are stationary solutions of (1.16). Moreover, for any (ug,v9) € X; x X3 with ug # 0
and vg = 0 (resp. ugp = 0 and vy # 0), (u(t,;ug,vo),v(t,;ug,v9)) — (u*(+),0) (resp.
(u(t, - up, vo), v(t, 3 ug, v9)) — (0,v*())) as t — oo.

(2) Observe that

v {/D k(x —y)u*(y)dy — u*(x)| + f(z,u*(z))u"(x) =0, =z € D. (4.30)

This implies that A (v, f(-,u*(+))) exists and A\ (v, f(-,u*(:))) = 0. By Proposition 4.9, we

have

Aa(v, [ u*(1)) > 0.

By Lemma 3.10, there are € > 0 and a € X; such that \y(v, a) exists,
CL(Z’) < f(ZE,U,*(I)) -6 )‘2(y7 a) > Oa

and

Aa(v, f(u™ () +€)) > 0.

Let ¢(-) be the positive eigenfunction of vy — vb(-)Z + a(-)Z with ||¢|| = 1, where

b(z) = [, k(x —y)dy. Let

us(r) = u*(z) +6* and wvs(x) = dp(z).
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Then

0=y | [ M= gy — (@) + ) o000
—y [ /D Kz — y)us(y)dy — u(s(x)} +us(a)f (2 us(@) + vs(a)
+us? (1 - /Dk;(x - y)dy> (2, u ()
+us [f(z,u'(2) — flz, us(2) + v5())]
> [ /D k(e — y)us(y)dy — ug(a:)] T usl@) o, us(@) + vs(2))

for 0 < 0 < 1, and

0 < X(v,a)vs(x)
—v /D Bz — o) [os(y) — vs(@)]dy + alz)us(a)
<v /D bz — 9)[os(y) — vs(@)]dy + [f(z, u*(z)) — elos(z)

—v /D k(= y)[vs(y) — vs(@)ldy + vs(@) f (@, us(2) + vs(x))

+vs(x) [f(z,u™ () — [z, us(x) + vs(x)) — €

<v /D k(z = y)[vs(y) — vs()ldy + vs() f (x, us(x) + vs(x))

for 0 < 0 < 1. It then follows that for 0 < § < 1, (us(x),vs(x)) is a super-solution of (1.16).

By Proposition 3.9,
(u(te, -5 us, vs), v(ta, - us, vs)) <o (u(ty,;us,vs),v(t1, s us,v5)) V0 <t <t (4.31)

Let

(uy*(x), vi*(x)) = lim (u(t, x;us, vs), v(t, z;us,v5)) Vo € D

t—o00

(this pointwise limit exists because of (4.31)).
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We claim that (u3*(-),v5*(-)) = (0,0*(+)).

Observe that uj*(-) and vf*(-) are semi-
continuous and (u3*(+),vs*(+)) satisfies that

vlfp k(e = y)us*(y)dy — ui* ()] + 5™ (2) f (2, 45" (2) + 057 ()

v [ k(z —y)vy*(y) — vs*

(4.32)
v5*(2))dy + vy (2) f (2, uj* (z) + 057 ()

(see the arguments in [35, Theorem A]). Multiplying the first equation in (4.32) by vf*(z),

second equation by uj*(x), and integrating over D, we have

[ i@ = [ ([ -y} vy )i

This together with v*(z) > d¢(x) > 0 implies that

{1—/Dk(:c—y)d4 W) =0 VYaeDb.

Note that [ k(z —y)dy < 1 for x near dD. This together with the first equation in (4.32)

implies that u}*(z) = 0 for all # € D. We then must have vi*(z) = v*(z) for all z € D.

Moreover, by (4.31) and Dini’s theorem,

tlim (u(t, s us,vs),v(t, s us,vs)) = (0,0°(+)) in X3 x Xo. (4.33)
—00

Now, for any (ug,vo) € (X; \ {0}) x (X5 \ {0}), there is My > 0 such that

(o, v0) <2 (M, 0).

Then by Proposition 3.9,

(u(t, s ug, vo), v(t, -3 ug, vo)) <o (u(t,-; M,0),v(t,-; M,0)) Vt>D0.
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Since (u(t,-; M,0),v(t,; M,0)) = (u*(-),0) in X; x X, for 0 < § < 1, there is T' > 0 such
that

(u(t, +; ug, vo), v(t, s up, o)) <g (us(-),0) Vit>T.
Then v(t, -; ug, vo) satisfies
ults) 2 v [ Ko = plolt.s) - o2y + olt,0)f (o, (0) + €+ o(t.2)

for t > T. Note that \y(v, f(-,u*(-) + €)) > 0. By Lemma 4.10, for 0 < § < 1, there is
T > T such that

v(t, - up,v9) > vs() VE>0.

We then have

(U(t + T? " Yo, UO)v U(t + Ta "y Yo, UO)) <2 (u(ta 5 Us, U5)7 U(t7 s US, U5>) Vi=0.

By (4.33),
}H&(u@’ " Uo; UO)? U(ta *; Uo, UO)) = (07 U*())
The theorem is thus proved. O
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Chapter 5
Approximations of Random Dispersal Operators/Equations by Nonlocal Dispersal

Operators/Equations and Applications

In this chapter, we prove Theorem 2.13, Theorem 2.15, and Theorem 2.16 with Dirich-
let, Neumann, and periodic types of boundary condition by making use of the comparison
principle and other results in the Preliminary. In particular, Theorem 2.13 is fundamental to
Theorem 2.15 and Theorem 2.16. Finally, we apply the above approximation results to prove
Theorem 2.18. Most results in this chapter are included in [60], which has been submitted

for publication.

5.1 Approximations of Solutions of Random Dispersal Initial-Boundary Value

Problems by Nonlocal Dispersal Initial-Boundary Value Problems

In this section, we explore the approximation of solutions to (1.17) by the solutions to
(1.18). We first present some basic properties of solutions to (1.17) and (1.18). Then we
prove Theorem 2.13. Though the ideas of the proofs of Theorem 2.13 for different types
of boundary conditions are the same, different techniques are needed for different boundary
conditions. We hence give proofs of Theorem 2.13 for different boundary conditions in

different subsections.

5.1.1 Proof of Theorem 2.13 in the Dirichlet Boundary Condition Case

In this subsection, we prove Theorem 2.13 in the Dirichlet boundary case. Throughout
this subsection, we assume (HO0), and B,yu = B,pu in (1.17), and D, = RY \ D and

By pu = B, pu in (1.18). Without loss of generality, we assume s = 0.
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Proof of Theorem 2.13 in the Dirichlet boundary condition case. Let ug € C3(D) with ug(z) =
0 for z € OD. Let ui(t,r) be the solution of (1.18) with s = 0 and w, (¢, z) be the solution
of (1.17) with s = 0. Suppose that u;(¢,z) and u}(¢,z) exist on [0,7]. By regularity of
solutions for parabolic equations, u; € C*T1*5 (D x (0,7]) N C?***%(D x [0,T)]). Let @, be

an extension of u; to RY x [0, T satisfying that @, € C?*T*%(RY x [0,T]). Define

Ls(2)(t.2) = vs / ksl — y)[=(t,y) — =(t,2))dy.

DUD,

Let G(t,x) = 4y(t,x). Then 4, verifies

Oty (t,z) = Ls(y) (¢, x) + Fs(t,z) + F(t,x, 1y (t,z)), xe€D,te(0,T],
u(t,z) = G(t,x), xr € D, tel0,T],

11(0, ) = uo(x), z €D,

Ve

where

Fy(t,z) = Aty (t,2) — Ly(in)(t, 2)

= Aty (t,z) — 1/5/ ks(x —y)(ay(t,y) — a1 (t, z))dy.

DUD,

Let w$ = i; — uS. We then have

;

Ol (t,x) = Ls(wl)(t, x) + Fs(t, z) + a1 (t, v)w(t, x), reD, te(0,T),

wi(t,x) = G(t, x), zeD,telo,T]), (51

wl(0,z) = 0, z €D,

\

where a;(t,z) = fol Fult,z, ul(t,z) + 0(t (t, x) — ul(t, x))]do.
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We claim that

SUPieo, 1] ||F5(t7 '>||X1 = O((Sa)v

SUP¢e[0,7],2€RN\ D, dist(z,0D) <5 |G(t,z)| = O(9).

In fact,
Adiy (£, 7) — v /D sl = 9)(it,) = i (,2)
— Ain(t ) — v /RN %Nko (I . y> (s () — s (£, 2))dy
= Aty (t,z) — vs /RN ko(2)(ty(t,x + 02) — a1 (t,x))dz
= Aty (t,x) — vs /]RN ko(2) [5;!]\] Aty (t, ) + O(6*T*)| dz
= Auy(t,z) — |:V552 /RN k:o(z)%vdz] Aty (t,x) + O(0%)
= Aty (t,z) — Aty (t, z) + O(5%)
=0(6*) VaweD,
and

Gt 2)| = |ua(t, )|

< sup 1 (t, ) — ua(t, 2)|
te[0,T),z€RN\D,z€0D dist(z,z) <8

=0() VuzeD,., dist(x,0D) <.

Therefore, (5.2) holds.

Next, let w be given by

UT)(t, LE‘) = €At<K1(5at) + K25,
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where A= max a(t,z). By direct calculation, we have
z€D,te[0,T)

;

Ow(t,r) = Ls(w) + ay(t,z)w + Fs(t,z) ze€ D, te(0,T],
w(t, x) = e (K,16°t) + K,9, zeD,, tel0,T], (5.3)

QI)(O,I') = KQ(S, T € D,

\

where

Fs(t,x) = eMK 6% + [A — ay(t, 2)]eM K16 — ay(t, ) K»0.

By (5.2), there are 6y > 0 and K7, K5 > 0 such that

Fy(t.2) < Fy(t. ). veD, tenT]
(5.4)
G(t,z) < eM(K,0°) + K0, x € D,, dist(z,0D) <0, t € [0,T],
when 0 < 0 < &p. By (5.1), (5.3), (5.4), and Remark 3.7, we obtain
wo(t,x) < w(t,x) = e™(K16%) + Kyd Yo e D, te|0,T] (5.5)
for 0 < 6 < dy.
Similarly, let w(t, z) = e(—=K;6%t) — K55. We can prove that for 0 < § < &y,
wo(t,z) > w(t,r) = —eM(K,6%) — Ky YxeD, tel0,T]. (5.6)

By (5.5) and (5.6) we have

lw’(t,z)| < eMK16t + Ky VY x €D, tel0,T),
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which implies that there is C'(T") > 0 such that for any 0 < § < dy,

sup w1 (-, ) — ug (-, 1) [ x, < C(T)8%.
te(0,T7]

Theorem 2.13 in the Dirichlet boundary condition case then follows. [

Remark 5.1. If the homogeneous Dirichlet boundary conditions B, pu = u = 0 on 0D
and B,pu = u = 0 on D, = RN\ D are changed to nonhomogeneous Dirichlet boundary
conditions B,pu = u = g(t,x) on D and B, pu = u = g(t,x) on D, = RN \ D, Theorem

2.13 also holds, which can be proved by the similar arguments as above.

5.1.2 Proof of Theorem 2.13 in the Neumann Boundary Condition Case

In this subsection, we prove Theorem 2.13 in the Neumann boundary condition case.
Throughout this subsection, we assume (H1), and B, ,u = B, yu in (1.17), and D, = () and
By pu = B, yu in (1.18). Without loss of generality, we assume s = 0.

We first introduce two lemmas. To this end, for given § > 0 and dy > 0, let Ds = {z €

D|dist(z,0D) < dyd}.

Lemma 5.2. Let § € C***1T2 (RN x (0,T]) N C* RN x [0,T]) and 2% = h on 0D, then

for x € Ds and 6 small,

1
o2 RN\D

_1 / ks(z — y)n(@) - =Yz, t)dy
5 RN\D 5

+/RN\Dk5(x—y) > DTB@(:z:,t) [(ygazy B (xgg;y

181=2

ks(z —y)(0(t,y) — 0(t, x))dy

dy + O(6%),

where T is the orthogonal projection of x on the boundary of D so that ||z — y|| < 2dyd and

n(z) is the exterior unit normal vector of 0D at .

Proof. See [15, Lemma 3]. O
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Lemma 5.3. There exist K > 0 and § > 0 such that for § < 0,

/ kot — yn(e) Ly > K / ks(z — y)dy.

RN\D RN\D
Proof. See [15, Lemma 4]. O

Proof of Theorem 2.13 in the Neumann boundary condition case. Suppose that ug € C3(D).
Let uS(t, z) be the solution to (1.18) with s = 0 and uy(t, z) be the solution to (1.17) with
s = 0. Assume that uy(t, z) and ul(t,z) exist on [0,7]. Then uy € C?*+2(D x (0,T)).
Let iy be an extension of uy to RY x [0, 7] satisfying that @, € C?+*+2(RN x (0,7]) N
C*ra9(RN x [0,T)). Define

Le(2)(t.2) = vs / ksl — ) (=(t,) — =(t, 2))dy,

D

and

Es(:)(t) = w5 [ Kol = 0)((8.9) = =(0,2) .

Set w$ = uS — fiy. Then

Opws(t, x) = uud(t, x) — Oplig(t, )
= [Ls(ud)(t,z) + F(t,z,ud)] — [Ala(t, ) + F(t,, )]

= Ls(wd)(t, z) + as(t, x)wi(t, x) + Fs(t, ),

where ay(t, ) = [

o Fu(t, @, ts(t, 2) + 0(u(t, z) — ts(t, x)))df and

Fs(t,x) = Ls(ts)(t, x) — Aug(t,z) — vs /RN\D ks(z —y)(uz(t,y) — ta(t, x))dy.
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Hence w$ verifies

O (t, z) = Ls(wd)(t, x) + ag(t, v)wi(t, x) + Fs(t, ), r €D,
(5.7)

w3(0,z) =0, zeD.

To prove the theorem, let us pick an auxiliary function v as a solution to

;

ow(t,z) = Av(t,x) + ax(t,x)v + h(t,z), x€ D, te(0,T],

Salt,x) = g(t, ), r€dD, te0,T),

v(0,z) = vo(x), reD

\

for some smooth functions h(t,z) > 1, g(t,z) > 1 and vo(x) > 0 such that v(¢,x) has an

extension ¥(t, r) € C?**1*5 (RN x (0,7]) N C* (RN x [0,T]). Then v is a solution to

Ow(t,x) = Ls(v)(t,x) + as(t, z)v(t, x) + H(t, x,9), v € D,te(0,T],
(5.8)

v(0,x) = vo(z), re D, tel0,T],

where

H(t,x,0) = Av(t,z) — Ls(v)(t, ) + vs /]RN\D ks(z —y)(0(t,y) — 0(t, x))dy + h(t, z).
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By Lemma 5.2 and the first estimate in (5.2), we have the following estimate for H(z,t,0):

H(t,x,0) = Av(t,x) — Ls(v)(t, z) + 52 . ks(x —y)(0(t,y) — 0(t,x))dy + h(t, )
>5[ kst = pn@ oty
RN\D
w0 [ hte-n 3 Blan [(y‘x)ﬁ— (”“"‘f”)ﬁ dy+1- 1"
RN\D 18]=2 2 0 0
> Soa.t) [ hsto—yn@ S ldy - Dic [ kst — gy + (5:9)
RN\D RN\D

for some constants D; and C; and ¢ sufficiently small such that C70* < % Then Lemma 5.3

implies that there exist C’ > 0 and ¢’ such that

1 - c’
5 [ wte—on@ Yy = 5 [ ke,

RN\D RN\D

H(z,t,6) > {M — Dl} / ks(x —y)dy + 1, (5.10)

if 0 <¢'.

79



We estimate now Fs(t,z). By Lemmas 5.2, 5.3, the first estimate in (5.2), and the fact

that % = 0, we have

Fs(t,x) = O(6%) + vs / ks(z — y)(uz(t,y) — uz(t, x))dy

RN\D
D59 —z\" [(z-z\"
=0(*) +C / kg(:v—y)ZT(j,t) [(yd ) _( 5 ) ]dy
]RN\D |/B|:2
< %"+ D C / ks(x — y)dy
RN\D
= (90" + Dy / ks(z —y)dy (5.11)
RN\D

for some Cy > 0 and Dy > 0. Given € > 0, let v. = ev. By (5.8), v, satisfies

Ove(t, x) — Ls(ve)(t, z) — a(t, x)v(t,x) = eH(t, x,0), x €D,

(5.12)
v:(0, ) = evy(z), z € D.
By (5.10) and (5.11), there exist C3 > 0 and §y < ¢’ such that for 0 < ¢ < o,
Fs(t,x) < Cd* + Dy / ks(x —y)dy
RN\D
e Cke
< 4 I _
<S5t / ks(x —y)dy
RN\D
=eH(x,t,0) Yz e D, tel0T). (5.13)

Then by (5.7), (5.12), (5.13), and Remark 3.7, we have

—Me < —v, <w) <wv. < Me V<6,
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where M = max _wv(t,z). This implies
t€[0,T),zeD

sup |lud(t,-) — us(t,-)|lx, = 0, as 6 = 0.
t€[0,T]

Theorem 2.13 in the Neumann boundary condition is thus proved. [

5.1.3 Proof of Theorem 2.13 in the Periodic Boundary Condition Case

In this subsection, we prove Theorem 2.13 in the periodic boundary condition case.
Throughout this subsection, we assume (H1), and B, yu = B, puin (1.17), and B, yu = B, pu

in (1.18). Without loss of generality again, we assume s = 0.

Proof of Theorem 2.13 in the periodic boundary case. Suppose that ug € X3 N C3(RY). Let
u(t, ) be the solution to (1.18) with s = 0 and u3(, z) be the solution to (1.17) with s = 0.

Suppose that us(t, z) and uj(t,z) exist on [0,7]. Set w = u3 — uz. Then w} satisfies

(

Orws(t, @) = vs [Jn ks(x — y)(w3(t,y) — wi(t, z))dy
+ag(t, v)wi(t, x) + Fs(t, x), reRY, te(0,T),
(5.14)
wi(t,r) = wi(t, z + p;e;), reRYN te€l0,T],
wi(0,z) =0, r e RN
\

where a3(t, 1) = fol Fu(t @, us(t, z) + 0(ud(t,z) — us(t,x)))df and Fs(t,x) = vs [on ks(z —

y)us(t,y) —us(t, x)|dy — Aus. Let

w(t,l‘) = BAt(Kl(Sat) + KQ(S,

where A = IAIIIaX[ ]ag(t, x). Applying the similar approach as in the Dirichlet boundary
2€RN t€[0,T

condition case, we can show that there are K1 > 0, Ky > 0, and dy > 0 such that for
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0<d <y,

—w(t,r) <wi(t,z) <w(t,r) VzeRY teclo,T).

Theorem 2.13 in the periodic boundary condition case then follows. O

5.2 Approximations of Principal Eigenvalues of Time Periodic Random Disper-

sal Operators by Time Periodic Nonlocal Dispersal Operators

In this section, we investigate the approximation of principal eigenvalues of time peri-
odic random dispersal operators by the principal spectrum points of time periodic nonlocal
dispersal operators. We first recall some basic properties of principal eigenvalues of time
periodic random dispersal operators, and basic properties of principal spectrum points of

time periodic nonlocal dispersal operators to be used in the proof of Theorem 2.15.
5.2.1 Basic Properties of Principal Eigenvalues/Principal Spectrum Points of
Time Periodic Dispersal Operators

In this subsection, for i = 1,2, 3, we focus on the time-periodic evolution equations (3.1)
with v; = v5 and k(-) = ks(-), and (3.5) with v; = 1.

First of all, let us recall that ®(¢,s;a) is the solution operator of (3.1) with v; = v,
k() = ks(-) and a;(+,+) = a(-,-) for i = 1,2,3. And let 7(®%(T,0;a)) be the spectral radius of
®%(T,0;a), and S\f(a) be the principal spectrum point of N;(vs, a,d), respectively. We have

the following propositions.

Proposition 5.4. Let 1 <1 < 3 be given. Then
r(®%(T,0;a)) = @7,

Proof. See [59, Proposition 3.3]. O

We remark that Proposition 4.1 (1) is a special case of Proposition 5.4.
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Next, for 1 < i < 3, recall that ®!(t, s;a) is the solution operator of (3.5) with v; = 1
and a;(-,-) = a(-,-). Similarly, let 7(®I (7', 0;a)) be the spectral radius of (7', 0; a) and N/ (a)
be the principal eigenvalue of R;(1,a). Note that X! is a strongly ordered Banach space
with the positive cone C' = {u € X[ |u(x) > 0} and by the regularity, a priori estimate,
and comparison principle for parabolic equations, ®7(7,0;a) : X7 — X[ is strongly positive
and compact. Then by the Krein-Rutman Theorem (see [65]), 7(P7 (7, 0;a)) is an isolated
algebraically simple eigenvalue of @7 (7', 0;a) with a positive eigenfunction u(-) and for any

p € o(P7(T,05a)) \ {r(®;(T,0;a))},

Rep < r(®}(T,0;a)).

The following propositions then follow.

Proposition 5.5. Let 1 <1 < 3 be given. Then

(@1, 050)) = 4O,

Moreover, there is a codimension one subspace Z; of X[ such that

where Y; = span{u} ()}, and there are M > 0 and v > 0 such that for any w; € Z;, there

holds
|®;(nT, 0; a)w; ||Xg'

< Me T,
|®:(nT, 0; a)u; || xr —

Proposition 5.6. For given 1 <i <3 and a;,as € X; N CHR x RY),

N (@) = X (az)] < max |ay(t,2) — as(t, )], (5.15)
x€D,te€[0,T]
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and

Al (a1) — A(ag)] < max |ay(t,x) — as(t, z)].
z€D,t€[0,T)

Proof. Let ag = max,¢p teo1) a1 (t, ) — aq(t, v)| and
af(t,r) = ay(t,z) £ ao.
It is not difficult to see that
Do(t, s;at) = eF DD (L, 51 0a4).

It then follows that
r((bf(T7 0, ali)) — e(j‘?(al)iao)T'

Observe that by Remark 3.7, for any uy € X a
(T, 05 a7 Jug < (T, 0; az)ug < BT, 0; a; Juq.
This implies that
r(®3(T,0;a7)) < r(®)(T,0;a2)) < r(®F(T,0: af)).
This together with (5.17) implies that

/\?(Cll) — Qo S 5\?(@2) S S\f(al) + ap,

that is, (5.15) holds.

Similarly, we can prove that (5.16) holds.
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5.2.2 Proof of Theorem 2.15 in the Dirichlet Boundary Condition Case

In this subsection, we prove Theorem 2.15 in the Dirichlet boundary condition case.
Throughout this subsection, we assume B,yu = B, pu in (1.19), and D, = RV \ D and
B,yu = B, pu in (1.20). Note that for any a € X; NC*(R x RY), there are a,, € X1 NC3(R x
RY) such that sup,co 7 lan(t, ) — a(t,-)|[x, = 0 as n — co. By Proposition 5.6, without

loss of generality, we may assume that a € X; N C3(R x RY).
Proof of Theorem 2.15 in the Dirichlet boundary condition case. First of all, for the simplic-
ity in notation, we put
O (T,0) = ®7(T,0;a), A" = N(a),
and
P(T,0) = BY(T,0;a), I = X{(a).

Let u"(-) be a positive eigenfunction of ®"(T,0) corresponding to r(®"(7,0)). Without loss
of generality, we assume that [lu"||x; = 1.

We first show that for any € > 0, there is §; > 0 such that for 0 < § < ¢y,
N>\ — e (5.19)

In order to do so, choose Dy CC D and ug € X7 NC3(D) such that ug(z) = 0 for z € D\ Dy,
and ug(z) > 0 for « € IntDy. By Proposition 5.5, there exist a > 0, M > 0, and v’ € Z;,
such that

ug(z) = au’(z) + u'(z), (5.20)

and

|®7 (nT, 0)u'|| x; < Me "™, (5.21)
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By Theorem 2.13, there is g > 0 such that for 0 < § < g, there hold
(®°(nT,0)u")(z) > (" (nT,0)u") (z) — C*(nT,§), (5.22)

and
(®°(nT, 0)u) (x) < (@"(nT, 0)u')(x) + C*(nT, ), (5.23)
where C*(nT,d0) — 0 as § — 0 (i = 1,2). Hence for 0 < § < dy,

(®°(nT, 0)uo) (z) =a(®°(nT, 0)u") (z) + (P°(nT, 0)u')(x)

>a(®"(nT,0)u")(z) — aC'(nT,0) — C*(nT,8) — ||®" (nT, 0)u|

X7
>ae " u" (2) — aCH(nT, ) — C*(nT,8) — Me "Lt

—eV =T eenT (07 (1) — Me™T) — aCY(nT, §) — C*(nT,8).  (5.24)

Note that there exists m > 0 such that

u"(r) >m >0 forx € Dy.

Hence for any 0 < € < «, there is ny > 0 such that for n > nq,

e au"(x) — Me ™) > ug(x) +1 for x € Dy, (5.25)

and there is 6; < dy such that for 0 < § < 9y,

CY(ni T, 0) + C*(niT,6) < e —ImT, (5.26)
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Note that ug(z) =0 for z € D\ Dy and (®°(n,T,0)ug)(z) > 0 for all z € D. This together
with (5.24)-(5.26) implies that for § < d,

(®°(ni T, 0)ug) (x) > e ImTy(x), z€D. (5.27)
By (5.27) and Remark 3.7, for any 0 < § < §; and n > 1,
(®°(nny T, 0)ug)(-) > eP ~ImmTy ().
This together with Proposition 5.4 implies that for 0 < § < 4y,
T = (T, 0)) > N -IT.

Hence (5.19) holds.

Next, we prove that for any € > 0, there is d, > 0 such that for 0 < § < 9o,
M <N e (5.28)

To this end, first, choose a sequence of smooth domains {D,,} with Dy D Dy D D3g--- D

D,, D+ 2 D, and N%_,D,, = D. Consider the following evolution equation

Owu(t, ) = Au(t,x) + a(t, x)u(t, x), x € Dy,
(5.29)

u(t,z) =0, x € 0Dy,.

Let

Xim ={u e C(D,,R)},

and

Xi.=D(A}),
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where A,, is —A with Dirichlet boundary condition acting on X ,, NCy(D,,) and 0 < o < 1.
We denote the solution of (5.29) by w,,(t, -; s, up) = (P (¢, $)ug)(+) with u(s, -; s, up) = up(-) €

X1 - By Proposition 5.5, we have

r(®7,(T,0)) = e,

where A7 is the principal eigenvalue of the following eigenvalue problem,

¢

—0wu + Au + a(t, z)u = Au, x € Dy,
u(t+7T,x) =u(t,x), x € Dy,

u(t,z) =0, r € 0D

\

By the dependence of the principle eigenvalue on the domain perturbation (see [22]), for any

€ > 0, there exists m; such that

PP g (5.30)

Second, let uy, (-) be a positive eigenfunction of @, (7',0) corresponding to r(®7, (7,0)).
By regularity for parabolic equations, u}, € C*(D,y,,). Let (®, (¢,0)ul, )(x) be the solution

to

we=vs | [, Kol = yult,p)dy - ult,2)] +alt,2)u(t, ), @€ Dy, (5.31)

u(0,7) = uy, ().

Then by Theorem 2.13,

(@, (0T, 0)up,, ) (2) < (P, (0T )y, ) () + C(nT.6) ¥ @ € Dy,
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where C'(nT,d) — 0 as 6 — 0. By Remark 3.7,
(®°(nT,0)uy,, |p)(x) < (2, (nT,0)ul, )(z) VzeD.
It then follows that for € D,

(®°(nT, O)up,, |5)(x) < (@7, (nT,0)uy,, ) (x) + C(nT, )
= e*m™yy (z) + C(nT,5)
< Nty () + C(nT,0)

= e(’\r+6)”T6_§”Tu2m (x) + C(nT,0).

Note that

géig uy, (z) > 0.

Hence for any € > 0, there is ny > 1 such that

and there is 93 > 0 such that for 0 < § < o,

C(nyT,8) < e FomTyr (1) Ve D.

mi

N | —

By (5.32)-(5.34),
(®°(naT, 0)l, | p) () < X HImTyr (2) V€ D.
This together with Remark 3.7 implies that for 0 < § < d9,
(®°(nnoT, 0)ul, | p) (z) < X TImTyr (2) Ve D.

mi
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This together with Proposition 5.4 implies that
N <N +e

for 0 < ¢ < &9, that is, (5.28) holds.
Theorem 2.15 in the Dirichlet boundary condition case then follows from (5.19) and
(5.28). O

5.2.3 Proof of Theorem 2.15 in the Neumann Boundary Condition Case

Proof of Theorem 2.15 in the Neumann boundary condition case. We assume B, yu = B, yu
in (1.19), and D, = §) and B,,yu = B, yu in (1.20). The proof in the Neumann boundary
condition case is similar to the arguments in the Dirichlet boundary condition case (it is
simpler). For the completeness, we give a proof in the following. Without loss of generality,
we may also assume that a € X, N C3(R x RY).

For the simplicity in notation, put
O"(nT,0) = ®5(nT,0;a), A" = N'(a),

and

P (nT,0) = ®3(nT,0;a), I = N(a).

By Propositions 5.4 and 5.5,
r(®7(T,0)) =7, (5.36)

and

r(®(T,0)) = 7. (5.37)
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Let u"(-) be a positive eigenfunction of ®"(7,0) corresponding to r(®"(T,0)). By regu-

larity for parabolic equations, u” € C*(D). By Theorem 2.13, we have
|®° (0T, 0)u" — ®"(nT, 0)u||x, < C(nT,d),
where C(nT,8) — 0 as § — 0. This implies that for all x € D,

(®°(nT,0)u") (z) > (" (nT,0)u")(z) — C(nT, )

=Ny (x) — O(nT, 9)

= =T eenTyr () — C(nT, d), (5.38)

and
(®°(nT, 0)u") (z) < (®"(nT,0)u")(z) + C(nT, )

="y (z) + O(nT, 5)

= N HTo=enlyr(2) + C(nT, 6). (5.39)
Note that

minu"(z) > 0. (5.40)

xzeD

Hence for any € > 0, there is ny > 1 such that

(

emTyr(x) > 3ur(z) VaeD,

(5.41)

e~ Ty (z) < Ju'(z) VaeD,
\
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and there is 99 > 0 such that for any 0 < § < dg,

C(mT)S < %ewf)mw(x) vz e D. (5.42)
By (5.38)-(5.42), we have that for any 0 < § < do,

eXN ImTyr(z) < (@5(n1T, 0)u")(z) < eXFImlyr(z) VYreD.
This together with Remark 3.7 implies that for all n > 1,
eW —ImnTyr (1) < (®°(ninT, 0)u")(z) < e rImnTyr() Vg e D.
It then follows that for any 0 < § < dy,
eV =T < 1 (§3(T,0)) < N +OT,
By Proposition 5.4, we have
N — N <e Y0<d<d.

Theorem 2.15 in the Neumann boundary condition case is thus proved. O

5.2.4 Proof of Theorem 2.15 in the Periodic Boundary Condition Case

Proof of Theorem 2.15 in the periodic boundary condition case. We assume D = R and
Byyu = B.pu in (1.19), and B,yu = B, pu in (1.20). It can be proved by the same

arguments as in the Neumann boundary condition case. O
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5.3 Approximations of Positive Time Periodic Solutions of Random Dispersal
KPP Type Evolution Equations by Nonlocal Dispersal KPP Type Evolution

Equations

In this section, we study the approximation of the asymptotic dynamics of time periodic
KPP type evolution equations with random dispersal by those of time periodic KPP type
evolution equations with nonlocal dispersal. We first recall the existing results about time
periodic positive solutions of KPP type evolution equations with random as well as nonlocal

dispersal. Then we prove Theorem 2.16. Throughout this section, we assume that D C RV

is a bounded C*™* domain or D = RY and (H2), (H3) and (H3); hold.

5.3.1 Asymptotic Behavior of KPP Type Evolution Equations

In this subsection, we present some basic known results for (1.21) and (1.22). Let
X7 and X7 (i = 2,3) be defined as in (3.3) and (3.4), respectively. For ug € X/, let
(U(t,0)up)(-) = u(t,-;up), where wu(t,;up) is the solution to (1.21) with u(0,;ug) = uo(+)
and B,yu = B, pu when ¢ = 1, B,,u = B, yu when 7 = 2, and B,,u = B, pu when 7 = 3.
Similarly, for ug € X;, let (U°(t,0)ug)(-) = u’(t,-;up), where u’(t,-;ug) is the solution to
(1.22) with (0, ug) = u(:) and D, = RN \ D, B,yu = B,pu when i = 1, D, = 0,

B, yu = B, yu when i@ = 2, and B, yu = B, pu when i = 3.

Proposition 5.7. (1) If ug > 0, solution u(t,;ug) to (1.21) with u(0,-;ug) = ug(-) exists

for allt >0 and u(t,-;up) > 0 for all t > 0.

(2) If ug > 0, solution u(t,-;ug) to (1.22) with u(0,;ug) = uo(-) exists for all t > 0 and

u(t,;ug) >0 for allt > 0.
Proof. (1) Note that u(-) = 0 is a solution of (1.21) and u(-) = M is a super-solution of

(1.21) for M > 1. Then by Remark 3.7, there is M > 1 such that

0<u(t,r;ug) <M VYz€D,te (0 tna),
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where (0, tyayx) i the existence interval of u(t, -; ug). This implies that we must have t,,x = 0o
and hence (1) holds.

(2) Tt can be proved by similar arguments as in (1). O

Proposition 5.8. (1) (1.21) has a unique globally stable positive time periodic solution

u*(t, x).
(2) (1.22) has a unique globally stable time periodic positive solution w}(t,x).

Proof. (1) See [67, Theorem 3.1] (see also [53, Theorems 1.1, 1.3]).
(2) See [56, Theorem EJ. O

Remark 5.9. By Proposition 5.8(2), if there is ug € X;7\ {0} such that (U°(nT,0)uo)() >

uo(+) for some n > 1, then we must have lim,, o (U°(nT,0)ug)(+) = u%(0,-) and hence

(U°(nT, 0)uo)(-) < u5(0, -).

Similarly, if there is ug € X;7\ {0} such that (U°(nT,0)uo)(:) < uo(-) for some n > 1, then

(U°(nT, 0)uo)(-) > u;(0, -).

5.3.2 Proof of Theorem 2.16 in the Dirichlet Boundary Condition Case

In this subsection, we prove Theorem 2.16 in the Dirichlet boundary condition case.
Throughout this subsection, we assume that B,yu = B, pu in (1.21), and D, = RY \ D and

B, yu = B, pu in (1.22).

Proof of Theorem 2.16 in the Dirichlet boundary condition case. First of all, note that it suf-

fices to prove that for any € > 0, there is dp > 0 such that for 0 < § < dy,

ui(t,r) —e <u(t,r) <ui(t,z)+e Vte|0,T)], z€D.
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We first show that for any € > 0, there is §; > 0 such that for 0 < § < ¢y,
u*(t,x) <uj(t,z)+e Vtel0,T], ze€D. (5.43)

To this end, choose a smooth function ¢y € C2°(D) satisfying that ¢o(z) > 0 for 2 € D and

¢o(-) #0. Let 0 < n < 1 be such that

u_(x) :==npo(r) < u*(0,2) for x € D.
Then there is ¢y > 0 such that

u*(0,2) > u_(x) + e for x & supp(epg). (5.44)
By Proposition 5.8, there is N > 1 such that

(U(NT,0)u_)(z) > u*(NT,z) — /2 =u*(0,2) — /2 Yz € D.
By Theorem 2.13, there is 6; > 0 such that for 0 < § < 81, we have
(U‘S(NT7 0)u_)(z) > (U(NT,0)u_)(z) — &/2 V€ D.
Hence for 0 < § < 04,
(U(NT,0)u_)(z) > u*(0,2) —¢g V z € D. (5.45)

Note that

(U(NT,0)u_)(z) >0 Vae€D.
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It then follows from (5.44) and (5.45) that for 0 < § < 6,
(U(NT,0)u_)(z) > u_(z) VaeD.
This together with Proposition 5.8 (2) implies that
(U°(NT,0)u_)(z) < uj(0,2) Vae€D (5.46)

(see Remark 5.9).

By Proposition 5.8 (1) again, for n > 1,
uw*(t,z) < (UmNT +t,0)u_)(z) +¢/2 Vte[0,T], € D. (5.47)

Fix an n > 1 such that (5.47) holds. By Theorem 2.13, there is 0 < é; < 6, such that for

0<8<éy,
(UMNT +t,0)u_)(x) < (U(nNT +t,0)u_)(z) + C1(5), (5.48)
where C1(6) — 0 as 6 — 0. By (5.46), Remark 3.7, and Proposition 5.8 (2),
(U°(nNT +t,0)u_)(z) < (U°(t,0)us(0,)) () = uj(t, z) (5.49)
for t € [0,7]) and z € D. Let 0 < §; < 01 be such that
Ci(0) <e€/2 Y 0<6<d. (5.50)

(5.43) then follows from (5.47)-(5.50).
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Next, we need to show for any € > 0, there is d5 > 0 such that for 0 < § < s,

uw (t,r) > ui(t,z) —e Vtel0,T], ze€D. (5.51)

To this end, choose a sequence of open sets {D,,} with smooth boundaries such that D; D
Dy D Ds--- D> Dy D--- DD, and D = NyenDy. According to Corollary 5.11 in [2],
D,,, — D regularly and all assertions of Theorem 5.5 in [2] hold.

Consider

Ou = Au+ uf(t,z,u), x € D,,,
(5.52)

u(t,z) =0, xr € 0D,,.
Let U, (t,0)ug = u(t, -;up), where u(t, -;up) is the solution to (5.52) with (0, -;up) = ug(+).
By Proposition 5.8, (5.52) has a unique time periodic positive solution u’ (¢,z). We first
claim that

lim u* (t,7) — u*(t,z) uniformly in t € [0,T] and z € D. (5.53)

m—00

In fact, it is clear that u* € C(R x D,R) and u}, € C(R x D,,,R). By [22, Theorem
7.1],

sup |luy, (t,-) — u*(t,)||pagpy = 0 as m — o0
teR

for 1 < g < oco. Let a(t,z) = f(t,z,u*(t,z)) and a,,(t,x) = f(t,z,u’,(t,z)). Then u*(¢,x)

and u, (t,x) are time periodic solutions to the following linear parabolic equations,

u = Au+ a(t, z)u, reD,
(5.54)

u(t,z) =0, x € 0D,

and

u = Au + an,(t, x)u, x € D,y,,
(5.55)

u(t,z) =0, T € 0D,
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respectively.

Observe that there is A/ > 0 such that ||al|epy < M, |[am|| LD,y < M, [[u*(0, )| (D) <
M, and ||u},(0,°)| (p,) < M. By [3, Theorem D(1)], {u;,(¢,2)} is equi-continuous on
[T,2T] x D. Without loss of generality, we may then assume that u* (¢,z) converges uni-
formly on [T,2T] x D. But uf,(t,-) — u*(t,+) in L4(D) uniformly in t. We then must
have

ur (t,x) - u*(t,x) as n— oo

uniformly in (¢,x) € [T,2T] x D. This together with the time periodicity of u}, shows that
(5.53) holds.

Next, for any € > 0, fix m > 1 such that

uw*(t,r) > ul(t,x) —¢/3 Vte|0,T)], z€D. (5.56)

Choose M > 1 such that for 0 < < 1,

Mut,(t,x) > ui(t,x) Vtel0,T], v €D. (5.57)

Let

(€)= Mug, (0,2), u'(2) = u,,(z)]p.

By Proposition 5.8, for fixed m and ¢, there exists N > 1, such that

uy (t,x) > (Un(NT +¢,0)u} ) () —€¢/3 Vite[0,T], z€D. (5.58)

By Theorem 2.13, there is 0 < 52 < 1 such that for 0 < § < 52,

(Un(NT +t,0)u)(z) > (US(NT +t,0)u)(z) — Cy(6) VYt e[0,T], 2 € D,,, (5.59)
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where Cy(6) — 0 as d — 0 and (U?,(¢,0)ug) () = u(t, -;up) is the solution to

w(t, ) = vs [fDm ks(z — y)u(t,y)dy — u(t,az)] +u(t,x) f(t, z, u(t,x)), x € Dy,

u(0, ) = ug(x), x € D,y,.
Let 0 < 99 < 5~2 be such that for 0 < § < 6s,
C2(9) < €/3. (5.60)
By Remark 3.7, for z € D we have
(Un(NT +t,0)u,)(x) > (U(NT +t,0)u")(z),
and
(UP(NT +¢,0)u*)(z) = (U°(t,0)U°(NT, 0)u")(z) = (U°(t,0)u;(0,))(x) = uj(t, z).

This together with (5.56), (5.58), (5.59), and (5.60) implies (5.51).

So, for any € > 0, there exists dp = min{dj, d»}, such that for any § < dp, we have

u(t,r) —ug(t,r) < € unitormly mm¢ > U an r e D.
“(t it x)| < iformly in t > 0 and 2 € D

5.3.3 Proof of Theorem 2.16 in the Neumann Boundary Condition Case

We assume B,,u = B, yu in (1.19), and D, = () and B, yu = B, yu in (1.20). The
proof in the Neumann boundary condition case is similar to the arguments in the Dirichlet

boundary condition case (it is indeed simpler). For completeness, we provide a proof.
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Proof of Theorem 2.16 in the Neumann boundary condition case. For completeness, we pro-

vide a proof.

First, we show that for any € > 0, there is §; > 0 such that

u*(t,x) <uj(t,z)+e Vtel0,T], z€D.

Choose a smooth function u_ € C*°(D) with u_(-) > 0 and u_(-) # 0 such that

u_(z) <u*(0,2) VYaxeDb.
Then there is ¢ > 0 such that
uw*(0,2) >u_(x)+e VareD.
By Proposition 5.8 (1), there is N > 1 such that
(U(NT,0)u_)(z) > u*(0,z) — /2 VzeD.
By Theorem 2.13, there is 6; > 0 such that for 0 < § < §;,
(US(NT,0)u_)(z) > (U(NT,0)u_)(z) — e/2 Vz€D.
By (5.62), (5.63) and (5.64),
(U(NT,0)u_)(z) > u_(z) V€D,
and then by Proposition 5.8 (2),

(U(NT,0)u_)(z) < uj(0,2) Vaz€D.
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By Proposition 5.8 (1) again, for any given ¢ >0, n>> 1, and 0 < § < §y,
u*(t,z) < (UnNT +t,0)u_)(x)+¢/2 Vte|0,T], € D. (5.66)
By Theorem 2.13, there is 0 < §; < &; such that for § < 61,
(UnNT +t,0)u_)(z) < (US(aNT +t,0)u_)(z) + g Vtel0,T], zeD.  (5.67)
By Remark 3.7 and (5.65), we have

(U°(nNT +t,0)u_)(z) = (U(t,0) U (nNT, 0)u_)(z) < (U(t,0)ui(t, ) (z) = ui(t, x)

(5.68)
for t € [0,T] and # € D. (5.61) then follows from (5.66)-(5.68).
Next, we show that for any € > 0, there is d5 > 0 such that for 0 < § < s,
uw*(t,r) > ui(t,z) —e Vtel0,T], ze€D. (5.69)
Choose M > 1 such that f(t,x, M) <0 for t € R and z € D. Put
ut(x)=M VazeD.
Then for all § > 0,
ui(0,2) <ut(x) VaeDb. (5.70)
By Proposition 5.8, there is N > 1 such that
u*(t,r) > (UNT +t,0)u™)(z) —€/2 Vte€l0,T], z€D. (5.71)
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By Theorem 2.13, there are 65 > 0 such that for 0 < § < 4o,
(U(NT +t,0)u™)(z) > (U(NT +t,0)ut)(z) — % Vtel0,T], z€D. (5.72)
By (5.70),
(US(NT +t,0)ut)(z) = (U(t,0) U (NT, 0)u")(z) > (U°(t, 0)ui(t, ) (z) = ui(t,z) (5.73)

for t € [0,T] and € D. (5.69) then follows from (5.71)-(5.73).

So, for any € > 0, there exists §p = min{dj, d»}, such that for any § < dp, we have

|u*(t, ) — ui(t,z)| < e uniformint>0and z € D.

5.3.4 Proof of Theorem 2.16 in the Periodic Boundary Condition Case

Proof of Theorem 2.16 in the periodic boundary condition case. We assume D = RY  and
B,yu = B, pu in (1.19), and B,u = B, pu in (1.20). It can be proved by the similar

arguments as in the Neumann boundary condition case. O]

5.4 Applications to the Effect of the Rearrangements with Equimeasurability

on Principal Spectrum Point of Nonlocal Dispersal Operators

In this section, we will apply the approximation results established in this Chapter to the
effect of the rearrangements with equimeasurability on principal spectrum point of nonlocal

dispersal operators. First, we show the proof of Theorem 2.18.
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Proof of Theorem 2.18. In the case of D = D, a(-) = ay(-), and u(-) = uy(-), Theorem 2.18

holds trivially. Otherwise, by (2.24), we have
N (az) > Ni(a)  for & < &.

And by Theorem 2.15, we have

s )\0 o\
(1;1_1“)% Ai(a) = Ai(a)

and

m A} (az) = Af(ay)-

li
6—0
Hence, we have

Xo(az) > No(a)  for & < d.

]

Remark 5.10 (Effect of the rearrangements with equimeasurability on principal spectrum

point of general nonlocal dispersal operators).

(1) Consider (2.26) and (2.27) for general kernel k() and dispersal rate v in the Dirichlet

boundary condition case. We denote the principal spectrum point of (2.26) (independent of

§) and (2.27) (independent of 5) by A (a) and \i(ay). Assume that k(-) is symmetric with

respect to 0. Let ay(+), ky(-) and D* be the Schwarz symmetrization of a(-), k(-) and D,

respectively. Then we have

Ai(a) < Ai(ay).
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In fact, by Proposition 4.7 and rearrangement inequalities (see [1] for detail), we have

5\1(a):{u|2u£1} //DxD z — y)u(y)u(z )dydx—u—l—/ a(x)u?(x)dz
{uu|szhl|gl—l}//l)ﬁ><Dﬁ T = y)uy(y)ug(e )dydx_’”r/m ay(w)uz () dx

= Ai(ay).

(2) For (2.26) and (2.27) with general kernels k(-) and dispersal rate v in the Neumann

boundary condition case, we have similar result as in the Dirichlet boundary condition case.

(8) For (2.26) and (2.27) with general kernels k(-) and dispersal rate v in the periodic bound-

ary condition case, it is open to get similar result as in (5.74).
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Chapter 6

Concluding Remarks, Problems, and Future Plans

In this dissertation, I studied two dynamical issues. One is about the principal spectrum
of nonlocal dispersal operators and its applications in nonlocal dispersal evolution equations,
and the other is about the approximations of random dispersal operators and equations by
nonlocal dispersal operators and equations from three points of view. Both are theoretically
and practically important. The results of eigenvalue problems of nonlocal dispersal operators
are applied to a two species competition system, the approximation results are applied to
the effects of rearrangement with nonlocal dispersals. The two applications cast a new light
on diffusive systems arising in ecology or biology.

More precisely, regarding to the first dynamical issue, we prove Theorem 2.4, Theorem
2.6, Theorem 2.8 and Theorem 2.12 as an application. Although the semigroups generated
by nonlocal operators are not compact, we are able to convert the time homogeneous non-
local operator into a compact operator and study the existence of its principal eigenvalue.
There are examples showing that there is no principal eigenvalue to some nonlocal operator.
However, in some circumstances, the principal spectrum plays the same role as the principal
eigenvalue. So we focus on the dependence of the principal spectrum points of nonlocal dis-
persal operators on the underlying parameter with Dirichlet, Neumann, and periodic types
of boundary condition in a unified way. Finally, in the model of population dynamics of
two species competing system, we show that the species diffusing nonlocally with Neumann
type boundary condition drives the species adopting Dirichlet type boundary condition ex-
tinct. Biologically, individuals diffusing inside D (Neumann type boundary condition) are
more likely to survive than those living in a habitat surrounded by a hostile environment

(Dirichlet type boundary condition).
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On the second dynamical issue, we prove Theorem 2.13, Theorem 2.15, Theorem 2.16
and Theorem 2.18 as an application. From the formal relation between nonlocal operators
and Laplacian operators, we are inspired to study the approximation of random dispersal
equations by its nonlocal counterparts from other perspectives. Theorem 2.13 is fundamental
to the investigation of other approximations, since theorem 2.13 build the connection of
solution operators with random dispersal and nonlocal dispersal. By the spectral mapping
theorem, the principal spectrum points and principal eigenvalues are related to the solution
operators. Hence, we have the approximations of principal eigenvalues of random dispersal
operators by principal spectrum points of nonlocal dispersal operators. Next, based on the
previous two theorems, we show the approximation of asymptotic dynamics of KPP type
evolution equations with random dispersal by that with nonlocal dispersal. Finally, to see
the advantage of approximation results, we apply them to the effect of the rearrangements
on principal spectrum point of nonlocal dispersal operators, and prove Theorem 2.18. Hence,
as long as we know some results in the random models, we should have the similar results
in the nonlocal models, when the dispersal distance ¢ of the nonlocal kernel is small.

Along the line of my dissertation, there are several important problems which are not

well understood yet. We discuss the following three problems.
Problem 1 In [57], the authors proved the spreading speeds and traveling waves of nonlocal
monostable equations in time and space periodic habitats, so it is natural to ask whether the
results hold in a cylindrical domain, such that in one direction, it is periodic and in the other
direction, either Dirichlet or Neumann type boundary condition is prescribed.

It seems like there should be no difficulty in extending the results to the cylinder domain.
But it will be interesting to prove the existence of traveling waves with speed ¢ = ¢*(§) and
uniqueness and stability of traveling waves in the case that f is both space and time periodic.
Problem 2 In [43], the authors studied the principal eigenvalue of a general random operator
with indefinite weight on cylindrical domains. Biologically, this problem is motivated by the

question of determining the optimal spatial arrangement of favorable and unfavorable regions
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for a species to survive. So it will be worthwhile to study the principal spectrum point of a
nonlocal operator and find the optimal spatial arrangement for a species to survive.

The principal spectrum point plays the same role as the principle eigenvalue in some
situations. The survival of a species is determined by the magnitude of the principal spectrum
point of nonlocal dispersal operators.

Problem 3 In [}0], authors study an evolution equation with nonlinear nonlocal operators

as follows

o= [ K= plult.g) — ult. )P Huty) ~ u(t.a)dy, 2R, ()

and they study the decay estimates for (6.1) in the whole space. We can consider the random

counterparts

o=V - |Vu(t,z)[P~2, ze€R", (6.2)

and investigate the approximations of nonlinear random dispersal operators/equations by

nonlinear nonlocal dispersal operators/equations from many other points of view.
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