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Abstract

The dissertation is concerned with the spectral theory, in particular, the principal eigen-
value theory for nonlocal dispersal operators with time periodic dependence, and its applica-
tions. Nonlocal and random dispersal operators are widely used to model diffusion systems
in applied sciences and share many properties. There are also some essential differences
between nonlocal and random dispersal operators, for example, a smooth random dispersal
operator always has a principal eigenvalue, but a smooth nonlocal dispersal operator may
not have a principal eigenvalue.

In this dissertation, we first establish criteria for the existence of principal eigenvalues
of time periodic nonlocal dispersal operators with Dirichlet type, Neumann type, or periodic
type boundary conditions. Among others, it is shown that a time periodic nonlocal disper-
sal operator possesses a principal eigenvalue provided that the nonlocal dispersal distance
is sufficiently small, or the time average of the underlying media satisfies some vanishing
condition with respect to the space variable at a maximum point or is nearly globally ho-
mogeneous with respect to the space variable. We also obtain lower bounds of the principal
spectrum points of time periodic nonlocal dispersal operators in terms of the corresponding
time averaged problems.

Next, we discuss the applications of the established principal eigenvalue theory to the
existence, uniqueness, and stability of time periodic positive solutions to Fisher or KPP type
equations with nonlocal dispersal in periodic media. We prove that such equations are of
monostable feature, that is, if the trivial solution is linearly unstable, then there is a unique
time periodic positive solution u™ (¢, ) which is globally asymptotically stable.

Finally, we discuss the application of the established principal eigenvalue theory to the

spatial spreading and front propagation dynamics of KPP equations with nonlocal dispersal

i



in periodic media. We show that such an equation has a spatial spreading speed ¢*(§) in
the direction of any given unit vector . A variational characterization of ¢*(§) is given.
Under the assumption that the nonlocal dispersal operator associated to the linearization of
the monostable equation at the trivial solution 0 has a principal eigenvalue, we also show
that the monostable equation has a periodic traveling wave solution connecting u* (-, ) and

0 propagating in any given direction of £ with speed ¢ > ¢*(&).

Key words. Nonlocal dispersal, random dispersal, principal eigenvalue, principal spectrum
point, vanishing condition, lower bound, monostable equation, spatial spreading speed, trav-

eling wave solution.

Mathematics subject classification. 35K55, 35K57, 45C05, 45M15, 45M20, 47G10,
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Chapter 1

Introduction

Both random dispersal evolution equations and nonlocal dispersal evolution equations
are widely used to model diffusive systems in applied sciences. Classically, one assumes
that the internal interaction of organisms in a diffusive system is infinitesimal or the internal
dispersal is random, which leads to a diffusion operator, e.g., Au as dispersal operator. Many
diffusive systems in real world exhibit long range internal interaction or dispersal, which can
be modeled by nonlocal dispersal operators such as [,y #(y—2)u(t, y)dy—u(t, z), here £(-) is
a convolution kernel supported on the ball centered at the origin with radius r, the interaction
range. As a basic technical tool for the study of nonlinear evolution equations with random
and nonlocal dispersals, it is of great importance to investigate aspects of spectral theory for
random and nonlocal dispersal operators.

This dissertation is devoted to the study of principal eigenvalues of the following three
eigenvalue problems associated to nonlocal dispersal operators with time periodic depen-

dence,

{ —u, + [ [, k(y — z)ult,y)dy —u(t,z)] + a1 (t,x)u = I, z €D 1)
u(t+T,x) =u(t,x) -

where D C RY is a smooth bounded domain and a;(t,z) is a continuous function with

al(t +T7 l’) = al(tux)v

{ —u + vl [, Ky — ) (u(t,y) — u(t,z))dy] + as(t,x)u = Au, z €D

(1.2)
u(t+T,x) =u(t,x)



where D C RY is as in (1.1) and as(¢, z) is a continuous function with as(t+ 7, z) = as(t, ),
and

{ —te + 5[ fpu iy — 2)ult,y)dy —ult, 2)] + as(t, o)u = Au, -z €RY (1.3)

u(t+T,z) = u(t,z + pje;) = u(t,z), xRN
where p; > 0, ej = (1,02, -+, 0;n5) with d;, = 1 if j = k and 6;, = 0 if j # k, and as(t, )
is a continuous function with as(t+ 7, z) = as(t, z +p,e;) = as(t,z), j=1,2,---,N. k(-) in
(1.1)-(1.3) is a nonnegative C'' with compact support, £(0) > 0, and [,y #(2)dz = 1.
This dissertation is also devoted to the applications of the principal eigenvalue theory
for (1.1)-(1.3) to be developed.
The eigenvalue problems (1.1), (1.2), and (1.3) can be viewed as the nonlocal dispersal

counterparts of the following eigenvalue problems associated to random dispersal operators,

(—u + 1 Au+a(t,x)u =M, €D
u(t+T,z)=u(t,x), ze€D (1.4)
\U;ZO, $€6D,

(—u + o Au+ as(t,x)u = Au, €D

wt+T,z) =u(t,z), z€D (1.5)

o
ka_zzov xe@D,

and

—uy + v3Au + az(t, v)u = M, z€RV
(1.6)

u(t +T,x) = u(t,z + pje;) = u(t,z), xeRY,
respectively. It is in fact proved in [53] that the principal eigenvalues of (1.4), (1.5), and (1.6)
can be approximated by the principal spectrum points of (1.1), (1.2), and (1.3) with properly
rescaled kernels, respectively (see Definition 2.1 for the definition of principal spectrum
points of (1.1), (1.2), and (1.3)). We may then say that (1.1), (1.2), and (1.3) are of the
Dirichlet type boundary condition, Neumann type bounday condition, and periodic boundary
condition, respectively. The reader is referred to [8], [9], and [53] about the approximations

of the initial value problems of the random dispersal operators associated to (1.4), (1.5), and



(1.6) by the initial value problems of the nonlocal dispersal operators with properly rescaled
kernels associated to (1.1), (1.2), and (1.3), respectively.

The eigenvalue problems (1.4), (1.5), and (1.6), in particular, their associated principal
eigenvalue problems, are well understood. For example, it is known that there is Ap; € R
such that Ap is an isolated algebraic simple eigenvalue of (1.4) with a positive eigenfunction,
and for any other eigenvalues A of (1.4), ReA < Ag; (Mg is called the principal eigenvalue
of (1.4)) (see [22]).

The principal eigenvalue problem for time independent nonlocal dispersal operators
with Dirichlet type, or Neumann type, or periodic boundary condition has been recently
studied by many people (see [11], [18], [23], [30], [49], [52], and references therein) and is
quite well understood now. For example, the following criteria for the existence of principal
eigenvalues for nonlocal dispersal operators are established in [49] and [52] ([49] is on the
periodic boundary condition case and [52] is on Dirichlet type and Neumann type boundary
conditions) (see Definition 2.1 for the definition of principal eigenvalues of nonlocal dispersal

operators),

(i) If a1(t, x) = a1 (x) (resp. as(t,x) = as(x), as(t, ) = asz(x)) and k(z) = sxwE(2) for some
§ > 0 and i(-) with &(z) > 0, supp(k) = B(0,1) := {z € RV |||z|| < 1}, and [ R(2)dz = 1,
then (1.1) (resp. (1.2), (1.8)) admits a principal eigenvalue provided that 0 is sufficiently

small.

(ii) If a1(t,x) = ai(x) (resp. as(t,x) = as(x), as(t,x) = az(x)) is CN and there is some
zo € Int(D) (resp. xy € Int(D), zg € RY) satisfying that ay(rg) = max,cp ar(x) (resp.
)

—vy [ k(Y — x0)dy + az(xo) = max,cp(—vy [, k(y —x)dy + ax(z)), as(xo) = max,cgy as(z))
and the partial derivatives of ay(x) (resp. —va [, k(y—x)dy+as(x), asg(x)) up to order N —1

at xo are zero, then (1.1) (resp. (1.2), (1.8)) admits a principal eigenvalue.

(i) If a1(t,x) = a1(x) (resp. as(t,x) = as(x), as(t,x) = asz(x)) and max,cpai(x) —

min,p ai(x) < vy inf,cp fD k(y—z)dy (resp. max,cp as(x)—mingp as(x) < voinf,cp fD k(y



x)dy, max,cpy az(xr) —mingepn ag(x) < v3), then (1.1) (resp. (1.2), (1.3)) admits a princi-

pal eigenvalue.

It should be pointed out that [30] contains some results similar to (i) in the Dirichlet
type boundary condition case and [11] contains some results similar to (ii). It should also
be pointed out that a nonlocal dispersal operator may not have a principal eigenvalue (see
[49] for an example), which reveals some essential difference between nonlocal and random
dispersal operators. Methologically, due to the lack of regularity and compactness of the
solutions of nonlocal evolution equations, some difficulties, which do not arise in the study
of spectral theory of random dispersal operators, arise in the study of spectral theory of
nonlocal dispersal operators.

Regarding nonlocal dispersal operators with time periodic dependence, in [28], the au-
thors studied the existence of principal eigenvalues of (1.1) in the case that N = 1. In [2§]
and [48], the influence of temporal variation on the principal eigenvalue of (1.1) (if exists) is
investigated. In general, the understanding to the principal eigenvalue problems associated
o (1.1), (1.2), and (1.3) is very little.

The first objective of this dissertation is to develop criteria for the existence of principal
eigenvalues of (1.1), (1.2), and (1.3) and to explore fundamental properties of principal
eigenvalues of (1.1), (1.2), and (1.3). Many existing results on principal eigenvalues of
time independent and some special time periodic nonlocal dispersal operators are extended
to general time periodic nonlocal dispersal operators. For example, the following result is
established in this dissertation, which extends (ii) in the above for time independent nonlocal

dispersal operators to time periodic ones,

o Ifay(t,z) (resp. as(t,x), as(t,x)) is in CN in z and there is some xo € Int(D) (resp. zo €
Int(D), zo € RY) such that that a1(x0) = max,cp ar(x) (resp. — [, k(y — zo)dy + a2(x0) =
max,ep (— [, kY — x)dy + as(x), as(xe) = max,egy az(x)) and the partial derwatives of

x) (resp. — [, k(y — x)dy + as(x), as(x)) up to order N — 1 at xy are zero, then (1.1)



(resp. (1.2), (1.8)) admits a principal eigenvalue, where a;(x) is the time average of a;(t, )

(1=1,2,3) (see (2.1) for the definition of a;(-) fori=1,2,3).

The reader is referred to Theorems A-C in section 2 for the principal eigenvalue theories
established in this dissertation for general time periodic nonlocal dispersal operators.

The second objective of this dissertation is to consider applications of the established
principal theories to the following time periodic KPP type or Fisher type equations with

nonlocal dispersal,

U = 1y [/D k(y — x)u(t,y)dy — u(t, )] + ufi(t,z,u), =z € D, (1.7)

Uy = VQ[/D k(y — ) (u(t,y) — u(t,))dy] + ufo(t,z,u), z € D, (1.8)

and

{ u = v3 fon £y — z)ult,y)dy — u(t,z)] + ufst,z,u), zeR (1.9

u(t,r + pje;) = u(t,x), z€RN,
where f;(t,z) (i = 1,2,3) are C' functions, f;(t + T, z,u) = fi(t,x,u) (i = 1,2,3), f3(t,z +
piej,u) = f3(t,z,u) (j=1,2,---,N), and fi(t,z,u) <0 for v > 1 and 9, fi(¢t,z,u) < 0 for
w>0(i=1,23).
Equations (1.7), (1.8), and (1.9) are the nonlocal counterparts of the following reaction

diffusion equations,

w = Au+ufi(t,z,u), x €D

(1.10)
u(t,z) =0, x €D,
up = v Au+ufo(t,z,u), = €D

(1.11)
9u =0, ze€dD,

and

u; = vsAu + ufs(t, v, u), = €RY

(1.12)
u(t,r + pje;) = u(t,x), z€RY,

respectively (see [53] for the approximations of the solutions of (1.7), (1.8), and (1.9) to

(1.10), (1.11), and (1.12), respectively).



Equations (1.7)-(1.9) and (1.10)-(1.12) are widely used to model population dynamics
of species exhibiting nonlocal internal interactions and random internal interactions, respec-
tively. Thanks to the pioneering works of Fisher ([17]) and Kolmogorov, Petrowsky, Piscunov

([31]) on the following special case of (1.12),

Up = Ugy +u(l —u), z€R, (1.13)

(1.7)-(1.9) and (1.10)-(1.12) are referred to as Fisher type or KPP type equations.

One of the central problems for (1.7)-(1.9) and (1.10)-(1.12) is about the existence,
uniqueness, and stability of positive time periodic solutions. This problem has been exten-
sively studied and is well understood for (1.10)-(1.12). For example, it is known that (1.10)
exhibits the following monostable feature: if the trivial solution v = 0 is a linearly unstable
solution of (1.10), then (1.10) has a unique stable time periodic positive solution. Again,
some difficulties, which do not arise in the study of (1.10)-(1.12), aries in the study of (1.7)-
(1.9) due to the lack of compactness and regularities of the solutions of nonlocal dispersal
evolution equations. In [51], the authors proved that time independent KPP equations with
nonlocal dispersal also exhibit monostable feature (see also [2], [11] for the study of positive
stationary solutions of time independent KPP equations with nonlocal dispersal). But it is
hardly studied whether a general time periodic KPP equation with nonlocal dispersal is of
the monostable feature. In this dissertation, by applying the principal eigenvalue theories

for time periodic nonlocal dispersal operators to be established, we prove

e A time periodic KPP equations with nonlocal dispersal is of the monostable feature, that
s, if u = 0 is a linearly unstable solution of a time periodic KPP equation with nonlocal
dispersal, then the equation has a unique stable time periodic positive solution u™(-,-) (see

Theorem E in Section 2).



Consider (1.9) without the periodic condition wu(t,z + p;e;) = u(t, ), that is,

up = Vg[/RN k(y — z)ult,y)dy — u(t,s)] + ufs(t,z,u), ze€RY (1.14)

where f3(t,z,u) < 0 for u > 1, O, f3(t,x,u) < 0 for u > 0, and f3(¢,z,u) is of certain
recurrent property in ¢t and x. The spatial spreading and front propagation dynamics is also
among central problems. This problem has been studied by many people for the random
dispersal counterpart of (1.14) since the pioneering work by Fisher ([17]) and Kolmogorov,
Petrowsky, and Piscunov ([31]). Fisher in [17] found traveling wave solutions u(t,z) =
o(x — ct), (p(—o0) = 1,¢(00) = 0) of all speeds ¢ > 2 and showed that there are no such
traveling wave solutions of slower speed. He conjectured that the take-over occurs at the
asymptotic speed 2. This conjecture was proved in [31] by Kolmogorov, Petrowsky, and
Piscunov, that is, they proved that for any nonnegative solution u (¢, x) of (1.13), if at time
t =0, uis 1 near —oo and 0 near oo, then limy; . u(t,ct) is 0 if ¢ > 2 and 1 if ¢ < 2 (i.e. the
population invades into the region with no initial population with speed 2). The number 2
is called the spatial spreading speed of (1.13) in literature.

The results of Fisher and Kolmogorov, Petrowsky, Piscunov [31] for (1.13) have been

extended by many people to quite general reaction diffusion equations of the form,
w = Au+ufs(t,z,u), x€RY, (1.15)

where f3(t,z,u) < 0 for u > 1, O, f3(t,x,u) < 0 for u > 0, and f3(¢,x,u) is of certain
recurrent property in ¢ and z. For example, assume that f3(¢,z,u) is periodic in ¢ with
period T and periodic in z; with period p; (p; > 0, ¢ = 1,2,---,N) (i.e. f3(-+T,-,-) =
fs(- -+ piei,s) = f3(+,+1), e = (0i,0i2, -, 0in), 0;; = 1if i = jand 0if @ # j, i,j =
1,2,---,N), and that u = 0 is a linearly unstable solution of (1.15) with respect to periodic
perturbations. Then it is known that (1.15) has a unique positive periodic solution u* (¢, x)

(ut(t +T,2) = ut(t,z + pie;) = u™(t,x)) which is asymptotically stable with respect to



periodic perturbations and it has been proved that for every £ € S¥=1:= {z € RY | ||z| = 1},
there is a ¢*(£) € R such that for every ¢ > ¢*(&), there is a traveling wave solution connecting
u™ and v~ = 0 and propagating in the direction of ¢ with speed ¢, and there is no such
traveling wave solution of slower speed in the direction of £&. Moreover, the minimal wave
speed ¢*(£) is of some important spreading properties. The reader is referred to [3], [4], [5],
132], [33], [38], [39], [55], [56] and references therein for the above mentioned properties and
o [24], [37], [46], [47] for the extensions of the above results to the cases that f5(t,z,u) is
almost periodic in ¢ and periodic in x and that f3(¢,z,u) = f3(¢,u) is recurrent in t.
Recently, the spatial spreading and front propagation dynamics for (1.14) with f3(¢, z,u) =

f3(z,u) has been studied by many authors. See, for example, [10], [12], [13], [14], [23], [34],
[36], [40], [49], [50], [51] for the study of the existence of spreading speeds and traveling
wave solutions of (1.14) connecting the trivial solution v = 0 and a nontrivial positive sta-
tionary solution in the case that f3(¢,xz,u) = f3(z,u). However, in contrast to (1.15), the
spatial spreading and front propagation dynamics of (1.14) with both time and space pe-
riodic dependence or with general time and/or space dependence is much less understood.
The results on spatial spreading speeds and traveling wave solutions established in [33] and
[56] for quite general periodic monostable evolution equations cannot be applied to time and
space periodic nonlocal monostable equations because of the lack of certain compactness
of the solution operators for such equations. In this dissertation, by applying the principal

eigenvalue theories for time periodic nonlocal dispersal operators to be established, we obtain

e For any given unit vector € € RY | (1.14) has a spatial spreading speed c.(€) in the direction
of £&. Moreover, some variational characterization for c.(§) is given and the spreading speed

e (&) is of some important spreading features (see Theorems G and H for detail).

o If for given & € RN with ||€|| = 1, the following eigenvalue problem

{ —ty + fon €T ER(y — z)ult, y)dy — u(t, ) + ao(t, z)u(t, z) = u(t, z)
(1.16)

U(t + T7 1’) = U(t, x + piei) = u(tv ZL’)



has a principal eigenvalue \o(&, i, ag) for each > 0, where ag(t, z) = f3(t, x,0), then for any
c>c.(§), (1.14) has a (periodic) traveling wave solution u(t,x) = ®(x — ct,t, ct) connecting

ut and 0 (see Theorem I for detail).

The results stated above cover most of the results in literature when f5(t, z,u) = f3(z, u).
It should be pointed out that if (1.16) has no principal eigenvalue for some p > 0, it remains
open whether (1.14) has a traveling wave solution connecting u™ (-, ) and 0 in the direction of
¢ with speed ¢ > ¢, (&) (this remains open even when f3(t, z,u) = f3(x,u) is time independent
but space periodic).

Nonlocal evolution equations have been attracting more and more attention due to the
presence of nonlocal interaction in many diffusive systems in applied sciences. The reader is
referred to [7], [10], [12], [14], [16], [18], [19], [30], [34], [36], [40], [48], [50], etc., for the study
of various aspects of nonlocal dispersal evolution equations.

The rest of the dissertation is organized as follows. In Chapter 2, we introduce standing
notations and definitions and state the main results of the dissertation. We present basic
properties needed in the proofs of the main results in Chapter 3. The principal eigenvalue
theory is developed in Chapter 4. The chapter 5 is about time periodic positive solutions of
nonlocal KPP equations in periodic media. In Chapters 6 and 7, the spatial spreading speeds
and traveling wave solutions of nonlocal KPP equations in periodic media are presented,

respectively.



Chapter 2

Notations, Definitions, and Main Results

This chapter begins with standing notations that are used in this chapter and beyond.
Following the notations, the definitions of principal spectrum points and principal eigen-
values of (1.1), (1.2), and (1.3) are given. We then state the main results concerning the
existence of principal eigenvalues, its applications to time periodic KPP equations with non-
local dispersal.

Let

X=X, ={uec CRx D,R)|u(t+T,x)=u(t,z)}

with norm [|ullx, = supyep sep [u(t, 2)| (i =1,2),
Xy ={u€ CR xRY R) |u(t+T,z) = ult,r + pe;) = u(t,r)}
with norm ||ul|x, = supeg yern [u(t, )], and
X' ={ue X |u>0}

(i=1,2,3).
For given a; € A}, let L;(a;) : D(L;(a;)) C X; — A; be defined as follows,

(Li(ay)u)(t,x) = —ue(t,x) + 14 [/D k(y — x)ul(t,y)dy — u(t, z)] + a1 (t, x)u(t, z),

(La(az)u)(t,x) = —u(t, z) + 1/2/ k(y — ) (u(t,y) — u(t,z))dy + as(t, v)u(t, x),

D

10



and

(Ls(as)u)(t, x) = —u(t, x) + Vs[/ Ry — w)ult, y)dy — ult, x)] + as(t, x)u(t, z).

RN

Definition 2.1. Let
s(Li,a;) = sup{ReX| X € o(L;(a;))}

fori=1,2,3. Then, s(L;,a;) is called the principal spectrum point of L(a;) (i = 1,2, 3).
If s(L;, a;) is an isolated eigenvalue of L(a;) with a positive eigenfunction ¢ (i.e. ¢ € X;"),
then s(L;, a;) is called the principal eigenvalue of L;(a;) or it is said that L;(a;) has a principal

eigenvalue (i = 1,2, 3).

For given 1 <1¢ < 3 and a € A}, let

) = /0 ai(t, 2)dt, 2.1)

—y; for 1=1,3;
bi(z) = (2.2)
—v; [pk(y —x)dy for i=2,

and

D, =

D for i=1,2;
(2.3)

[0,p1] X [0,pa] X -+ x [0,py] for i=3.

2.1 Principal eigenvalues and principal spectrum points
Our main results on the principal spectrum points and principal eigenvalues of nonlocal
dispersal operators can then be stated as follows.

Theorem A. (Necessary and sufficient condition)
Let 1 <i < 3 be given. Then, s(L;,a;) is the principal eigenvalue of L;(a;) iff s(L;, a;) >

max,ep, (b(2) + ().
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Theorem B. (Sufficient conditions)

Let 1 <1 <3 be given.

(1) Suppose that k(z) = sxi(%) for some 6 > 0 and &(-) with &(z) > 0, supp(k) =
B(0,1) :={z € RV |||z]| < 1}, and [on &(2)dz = 1. Then the principal eigenvalue of

L;(a;) ezists for 0 < 0 < 1.

(2) The principal eigenvalue of Li(a;) exists if a;(t,x) is in C in x, there is some zo €
Int(D;) in the casei = 1,2 and xo € D3 in the case i = 3 satisfying that b;(x¢)+a;(zo) =
max,ep,(b;(z) + a;(x)), and the partial derivatives of b;(x) + a;(z) up to order N —1

at xy are zero.

(8) The principal eigenvalue of L;(a;) exists if

max @;(r) — min a;(x) < v; inf / k(y — x)dy
zeD; zeD; zeD; D;

in the case 1 = 1,2 and

max a;(z) — min a;(z) < v;
xEDi CCEDZ'

in the case i = 3.

Theorem C. (Influence of temporal variation)

For given 1 <i <3, s(L;,a;) > s(L;,a;).

Corollary D. If s(L;, a;) is the principal eigenvalue of L;(a;), then s(L;, a;) is the principal

eigenvalue of Li(a;).
Proof. Assume that s(L;, a;) is the principal eigenvalue of L;(a;). Then by Theorem A,

s(L;, a;) > iré%x(b,(x) + a;(x)).
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This together with Theorem C implies that

s(L;,a;) > gé%}f(m(x) + a;(x)).

Then by Theorem A again, s(L;, a;) is the principal eigenvalue of L;(a;). O

Observe that when a;(t,z) = a;(x) (1 = 1,2,3), Theorems A and B recover the exist-
ing results for time independent nonlocal dispersal operators (see [49], [52], and references
therein). Theorem B (2) extends a result in [28] for the case ¢ = 1 and N = 1 to time
periodic nonlocal dispersal operators in higher space dimension domains. In the case 1 =1
and both s(Ly, a;) and s(Lq, a1) are eigenvalues of Li(a;) and L;(a,), it is shown in [28] that
s(Li,a1) > s(Ly,ay). Theorem C extends this result to general time periodic nonlocal dis-
persal operators and shows that temporal variation does not reduce the principal spectrum

point of a general time periodic nonlocal dispersal operator.

Theorems A-C and Corollary D establish some fundamental principal eigenvalue theory
for general time periodic nonlocal dispersal operators and provide a basic tool for the study
of nonlinear evolution equations with nonlocal dispersal. In the following, we consider their

applications to the study of the asymptotic dynamics of (1.7)-(1.9).

2.2 Time periodic positive solutions of nonlocal KPP equations

Let
Xl = X2 = {U € C(D,R)}

with norm ||u||x, = sup,cp |u(z)| (i =1,2),

X; = {u € CRV,R) [ulx + pye;) = u(x))
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with norm ||u||x, = sup,cpn~ |u(z)|, and

X ={ue X;|u>0},

. w€ X |u(z)>0 VeeD, i=1,2
X =
uwe X |ulx) >0 VzeRN, i=3.

By general semigroup theory, for any s € R and ug € X; (resp. ug € Xo, ug € X3),
(1.7) (resp. (1.8), (1.9)) has a unique (local) solution wy(t,x;s,up) (resp. wua(t,x;s,uo),
ug(t, x; s, up)) with ui (s, z; s, up) = uo(x) (resp. ua(s, x; s, ug) = up(x), us(s, r; s, uy) = ug(x))
(see Proposition 3.1). Moreover, if ug € X, then w;(t, z; s, ug) exists and u;(t, -; s, uo) € X,

for all t > s (i = 1,2,3) (see Proposition 3.3).

Theorem E. (Existence, uniqueness, and stability of time periodic positive solutions)
Let a;(t,x) = fi(t,x,0) (i = 1,2,3). If s(L1,a;) > 0 (resp. s(Lq,as) >0, s(Ls,as) > 0),
then (1.7) (resp. (1.8), (1.9)) has a unique time periodic solution solution ui(t,-) € X,

(resp. ui(t,-) € XS, ui(t,-) € X5 1). Moreover, for any ug € X;' \ {0},

ast — oo (i=1,2,3).

Corollary F. Let a;(t,x) = fi(t,z,0) (i = 1,2,3). If s(L1,a1) > 0 (resp. s(La,a2) > 0,
s(Ls,as3) > 0), then (1.7) (resp.( 1.8), (1.9)) has a unique time periodic solution solution
wi(t, ) € X{ (resp. ui(t,) € X3, ui(t,-) € X5 7). Moreover, for any ug € X;" \ {0},

Hui(tﬂ g 0> UO) - u:(tv )

ast — oo (i =1,2,3).
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Proof. Assume s(Ly,a;) > 0 (resp. s(La,as) > 0, s(Ls, as) > 0). By Theorem C, s(Ly,a;) >

0 (resp. s(Lg,as) > 0, s(Ls,as) > 0). The corollary then follows from Theorem E. O

2.3 Spatial spreading speeds of time and space periodic KPP equations

For simplicity in notation, when considering the spatial spreading and front propagation

dynamics of (1.14), we drop the sub-index 3, that is, we write (1.14) as

ou

5 - /RN H(y - x)u<t7 y)dy - u(tv 33‘) + u(tv l‘)f(t Z, u(t’ :L‘)), T e RN’ (2'4>

where x(-) is asin (1.14) and f(¢, x, u) is periodic in t and = and satisfies proper monostablility

assumptions. More precisely, let (HO) stands for the following assumption.

(HO) f(t,I,U) is Cl in (t,I,U) ERXRN XR; and f<+T77) :f<'7'+piei7'> :f('a'a');
e; — (5i175i27"'7(5iN); 5@' =1 ZfZ:j and() Zf’l#j, Z,j: 1,2,"',N.

Let
X, ={uc CRxRY R)|u(-+T,-) =u(--+pe;) =u(,-), i=1,---,N} (2.5)
with norm ||ullx, = sup( ;)erxry [u(t, z)| (note that &, = A3), and
XS ={ueX,|ult,z)>0 Y(z)ecRx RN}, (2.6)
Let I be the identity map on A&, and I, ao(-,-)! : &, = A&}, be defined by

(Ku)(t,z) = / w(y — z)ult, y)dy, 2.7)

RN

(ao(+, ) u)(t, ) = ao(t, x)u(t, x), (2.8)
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where ao(t, z) = f(t,x,0). Let o(—=0; + K — I + ag(+,-)I) be the spectrum of —0, + K — I +

ao(+,-)I acting on &,. The monostablility assumptions are then stated as follows:

(H1) 282 <0 fort € R, 2 € RN and u € R and f(t,z,u) <0 fort € R, x € RN and

u> 1.

(H2) w = 0 is linearly unstable in X, that is, Mo(ag) > 0, where \o(ap) := sup{ReA |\ €
O'(—at + K—-1 + Clo(', ))

Let

X = {u € C(RY,R) |u is uniformly continuous and bounded} (2.9)

with supremum norm and
Xt={ueX|ux)>0 VaecR'}L (2.10)

By general semigroup theory, for any vy € X, (2.4) has a unique solution u(t, z; uy) with
u(0, ;5 up) = ug(x). By comparison principle, if ug € X, then u(¢, -;ug) exists for all ¢ > 0
and u(t, ;up) € Xt (see Proposition 3.3 for detail).

By Theorem E, (H1) and (H2) imply that (2.4) has exactly two time periodic solutions in
XfF,u=0andu=u"(t,z), and u = 0 is linearly unstable and v = u™ (¢, z) is asymptotically

stable with respect to positive perturbations in X; , where
X, = {u € C(RY, R) | u(- + pes) = u(-)} (2.11)
with maximum norm (note that X, = Xj3) and
X ={ueX,|ux) >0V zecR"} (2.12)

Hence (H1) and (H2) are called monostability assumptions.
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For given £ € SN~ and pu € R, let A\o(&, 11, ap) be the principal spectrum point of the

eigenvalue problem

{ —uy + [on eV R (y — 2)u(t, y)dy — u(t, ) + ag(t, v)u(t, z) = Au(t, z)
(2.13)

u('v ) S Xp

(defined as in Definition 2.1 with x(y — x) being replaced by e #¥=)¢k(y — 1)). Let X T (&)
be defined by
X&) ={ue X"| inf u(x)>0, sup u(z)=0}. (2.14)

z-£L—1 z-&>1
Definition 2.2. For a given vector £ € SN, let

> (&) = { c|Vuye XT(E), limsup sup |u(t,z;up) —ut(t,z)] = O}

t—oo x-&£<ct

and

C: (&) = { c|Vug € XT(€), limsup sup u(t, z;ug) = 0}.

sup
t—oo x-£>ct

Define

cne(§) =sup { ¢ | c € Cip(§)}, (&) =inf { ¢ | e e C5,(6)}-

We call [c;¢(§), ct,p(€)] the spreading speed interval of (2.4) in the direction of §. If ¢ (&) =
ct (&), we call ¢*(€) := cine(€) the spreading speed of (2.4) in the direction of &.

sup

Theorem G. (Existence of spreading speeds) Assume (H1) and (H2). For any given £ €
SN p(€) = ¢4yp(€) and hence the spreading speed ¢*(§) of (2.4) in the direction of &
exists. Moreover,

¢(€) = inf Ao(é’,u,ao)’

n>0 )

where ao(t, z) = f(t,x,0).
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Theorem H. (Spreading features of spreading speeds) Assume (H1) and (H2).

(1) If vy € X satisfies that up(x) = 0 for v € RY with |x - &| > 1, then for each

¢ > max{c*(§),c*(—¢)},

limsup sup wu(t,x;ug) = 0.
00 a2t

(2) Assume that € € SN~! and 0 < ¢ < min{c*(£),c*(=€)}. Then for any o > 0 and
r >0,

. . . . _ + —
llg£f|x}§£6t(u(t,x,u0) ur(t,z)) =0

or every uy € X satisfying ug(x) > o for all v € RN with |z - & < r.
Y

(3) If ug € X satisfies that up(x) = 0 for x € RN with ||z|| > 1, then

limsup sup wu(t,x;ug) =0
too [a|>ct

for all ¢ > supgcgv-1 ¢*(§).

4) Assume that 0 < ¢ < infeegn—1{c*(§)}. Then for any o >0 and r > 0,
3

. . . . _ + —
hﬁé?f”;ﬁlgfct(u(t’x’uo) u(t,x)) =0

for every ug € X satisfying ug(x) > o for x € RY with ||z|| < r.

2.4 Traveling wave solutions of time and space periodic KPP equations

Definition 2.3 (Traveling wave solution). (1) An entire solution u(t,x) of (2.4) is called
a traveling wave solution connecting u™(-,-) and 0 and propagating in the direction of
& with speed c if there is a bounded function ® : RN x R x RY — R* such that ®(-,-,-)

is Lebesgue measurable, u(t,-; ®(-,0, 2), z) ezists for all t € R,

u(t,r) = u(t,z; ®(-,0,0),0) = &(x — cté, t,cté) VteR, xRN, (2.15)
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u(t,z; ®(-,0,2),2) = ®(x — cté, t,z +ctf) VteR, z,z € RY, (2.16)

lim (®(x,t,2) —ut(t,z+2)) =0, lim ®(x,t,2)=0 (2.17)

x-E——00 z-£—00

uniformly in (t,2) € R x RY,

O(x,t,z—2)=d(x ,t,z—2) Yo,z e RY withx-&=x -¢, (2.18)
and

Oz, t +T,2) = ®(a,t,2 + pies) = d(x,t,2) Va,z € RY. (2.19)

(2) A bounded function ® : RY x R x RY — R* is said to generate a traveling wave

solution of (2.4) in the direction of & with speed ¢ if it is Lebesque measurable and

satisfies (2.16) - (2.19).

Remark 2.4. Suppose that u(t,x) = ®(x — ct&, t, ctf) is a traveling wave solution of (2.4)
connecting ut(-) and 0 and propagating in the direction of & with speed c. Then u(t,x) can
be written as

u(t,z) =¥(x & —ct,t,x) (2.20)

for some ¥ : R x R x RY — R satisfying ¥(n,t +T,2) = ¥(n,t,z + pie;) = ¥(n,t, z2),
limy, oo U(n, ¢, 2) = ut(t, 2), and lim, oo U(n,t,2) = 0 uniformly in (t,z) € R x RN, In
fact, let W(n,t,2) = ®(x,t,z — ) for v € RN with z - & =n. Observe that V(n,t,z) is well

defined and has the above mentioned properties.
For convenience, we introduce the following assumption:

(H3) For every £ € SN7! and u > 0, \o(&, i, ao) is the principal eigenvalue of —0; + Ke,, —
I+ ag(-, )1, where ay(t,x) = f(t,z,0).

We now state the main results of this section. For given £ € SN~ and ¢ > ¢*(§), let

w € (0, u*(€)) be such that
c— >\0(§7 22 CL())

I
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Let ¢(u,-,-) € & be the positive principal eigenfunction of —0; + K¢, — I 4 ao(-)I with
[k, -5 )llx, = 1.

Theorem I. (Existence of traveling wave solutions) Assume (H1)-(HS3). For any & € SV—1
and ¢ > c*(€), there is a bounded function ® : RY x R x RN — R* such that ®(-,-,-)

generates a traveling wave solution connecting u™(-,-) and 0 and propagating in the direction

O (x,t
of & with speed c. Moreover, lim (7,1, 2)

=1 uniformly int € R and z € RY.
zé—oo eTHTED(L t, x + 2) formly
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Chapter 3

Basic Properties

In this chapter, we present basic properties to be used in the following chapters.

3.1 Basic properties for solutions of nonlocal evolution equations

In this section, we present some basic properties for solutions of (1.7)-(1.9) and linear

nonlocal evolution equations,

up = Vl[/D k(y — z)u(y)dy — u(z)] + a1 (t,x)u, =z € D, (3.1)
up = 1/2[/[) k(y — ) (u(y) — w(x))dy] + as(t, x)u, x € D, (3.2)

and
up = 1/3[/RN k(y — 2)u(y)dy — w(z)] + az(t, x)u, =€ RN, (3.3)

where a; € &; (1 =1,2,3).
Throughout this chapter, ¢ denotes any integer with 1 < i < 3, unless specified otherwise
and X;, X", and X;, X;", X;"t are as in section 2. D; is as in (2.3). For uj,us € X;, we

define

For uy,us € X;, we define

up <up (ug > ug) if ug —uy € X7 (ug —ug € X5,

and

Uy K Ug (u1 >>U2) if u2—u1€Xi++ (ul—UQEX;_—’_).
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Proposition 3.1. (1) For any ug € Xy (resp. ug € Xa, up € X3) and s € R, (3.1) (resp.
(3.2), (3.3)) has a unique solution u(t,-; s, ug), denoted by ®1(t, s)ug (resp. Po(t, s)uo,

D3 (t, s)ug) with u(s,x;s,ug) = up(z).

(2) For any uy € Xy (resp. ug € Xo, up € X3) and s € R, (1.7) (resp. (1.8), (1.9)), has a
unique (local) solution uy(t,-; s, ug) (resp. ua(t,-;s,ug), us(t,; s, up)) withuy (s, x; s, ug) =

uo(z) (resp. ua(s,x;s,ug) = uo(w), us(s, ;s,up) = up(x)).

Proof. (1) We prove the existence of a unique solution of the initial value problem associated
to (3.1). The existence of unique solutions of the initial value problems associated to (3.2)
and (3.3) can be proved similarly.

Assume 0 < s <t < T. Define K; : X; — X; and A(t) : X1 — X; by (Kju)(z) =
nlfp sy — z)u(y)dy — u(z)] and (Ay(t)u)(x) = ai(t,x)u(x). Then, K; and for every t,
A, (t) are linear, bounded operators on X;. Assume A(t) := K; + A;(t). Then, for every t,
0<t<T, A(t) is a bounded linear operator on X;. The function t — A(#) is continuous in

the uniform operator topology. Then, by [[41], Chapter 5, Theorem 5.1], for every uy € X,

the initial value problem, dq;gt) = At)u(t), 0<s <t <T with u(s) = up has a unique
classical solution wu(t, -; s, ug).

(2) Write (1.7) as uy = Ayu+ g1(t, x,u) where Aju = vy [, k(y — x)u(y)dy — u(x) and
g1(t,x,u) = u(x) fi(t,x,u). Then A; is bounded linear operator and hence generates a Cj
semigroup on X; and g; is continuous in ¢ and Lipschitz continuos in u because of f;. By
[[41], Chapter 6, Theorem 1.4], for any ug € Xi, (1.7) has a unique local solution wu (¢, -; s, uo)
with uy(s, s, up) = ug(-).

The existence of unique solutions of the initial value problems associated to (1.7) and

(1.9) can be proved analogously. O

Definition 3.2. A continuous function u(t,x) on [0,7) x D is called a super-solution (or

sub-solution) of (1.7) if for any x € D, u(t,x) is differentiable on [0,7) and satisfies that for
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— > (or <)y [/D k(y — x)u(t,y)dy — u(t, )| +u(t,z) f1(t, z,u)

forte[0,7).

Super-solutions and sub-solutions of (1.8), (1.9), and (3.1)-(3.3) are defined in an anal-

0gous way.

Proposition 3.3 (Comparison principle).

(1) If u'(t,z) and u?(t,z) are sub-solution and super-solution of (3.1) ( (resp. 3.2) ,
(3.3)) on [0,T), respectively, u'(0,-) < u*(0,-), and u*(t,x) — u'(t,z) > —pBy for

(t,x) € [0,T) x D; and some By > 0, then u'(t,-) <u*(t,:) for te[0,T).

(2) Iful(t,z) and v*(t,x) are bounded sub- and super-solutions of (1.7) (resp. (1.8), (1.9))

on [0,T), respectively, and u'(0,-) < u*(0,-), then u'(t, ) < u*(t,-) fort € [0,T).
(3) For every ug € X5, u;(t, z; s,uo) exists for all t > s.

Proof. (1) We prove the case that u!(¢,z) and u?(¢,z) are sub-solution and super-solution
of (3.1). Other cases can be proved similarly.
Let u!'(t,z) and u*(t, z) be sub-solution and super-solution of (3.1) respectively. Define

v(t,x) = e (u?(t,z) —u'(t,x)) and p; = o — vy + a1 (t, z). Then v satisfies

L / k(y — 2)o(t,y)dy + pu(t,2)o(t,z), @€ D.
D

Choose o > 0 so large enough that py(t,z) > 0 for (t,z) € (0,7) x D. We need to

prove v(t,.) > 0 for t € (0,7). It suffices to prove v(t,.) > 0 for t € (0,7p) where

To = min{T, lm_Jlrm}’ ko = maz,cp [, k(y — x)dy and py = sup, ,)co.1)xpP(t )
Suppose not. Then there exists (t°,2°) € (0,Ty) x D such that v(t°,2°%) < 0. Let

Ving = i f(; pe0.0)x50(t ). Then v,y < 0. Choose the sequence (t,,2,) € (0,°] x D such
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that v(t,, z,) = Viny as n — oco. Then we have,

V(tn, xn) — v(0,2,) > /0 n[/D K(y — xn)v(t, y)dy + p1(t, z,)v(t, )]

This implies,

U(tna xn) - U(O7 :E) 2 (kO + pO)tnvinf 2 (kO +p0)tovinf'

Letting n — oo, we get

Ving > (ko + po)t*Ving > Ving,

which is a contradiction.

(2) We prove the case that u!(¢, z) and u*(¢, ) are bounded sub- and super-solutions of
(1.7). Other cases can be proved similarly.

Let u! (¢, ) and u?(¢, x) be bounded sub-solution and super-solution of (1.7) respectively.

Define v(t, ) = et (u?(t, z) — ul(t, z)) and

p=a—1+ fi(x,v*(t,x)) + [ul(t,x)./o %(w, sut(t,z) + (1 — s)u?(t, x))ds]v(t, z)

for t € [0,T). Then v satisfies,

% > 1/1/ k(y — x)v(t,y)dy + p(t, z)v(t,z), = € D.
D

By the boundedness of u' and u?, there is o > 0 such that inf,c, 1 o5 p(t,2) > 0. Proof
of (2) then follows from the arguments in (1) with p(x) and po(x) being replaced by p(t, x)
and sup e« pP(l; ©) respectively.

(3) We prove the case that i = 1. Other cases can be proved similarly.

There is L > 0 such that ug(z) < L and fi(t,z,L) < 0 for x € D. Let uy(t,z) = L

for # € D and t € R. Then uy, is a super solution of (1.7) on [0,00). Let I(ug) C R be the
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maximal interval of existence of the solution w(t, .; s, ug) of (1.7) with wy(s,+; s, up) = uo(+).
Then by (2), 0 < uy(t,z;8,u9) < L for x € D,t € I(up) N [s,00). It then follows that

[s,00) C I(up), and hence u;(t,x; s, ug) exists for all ¢t > s. O

Proposition 3.4 (Strong monotonicity). (1) If ul,u? € X;, u! < u? and u* # u?, then

D, (t, s)u' < B;(t, s)u* for all t > s.

(2) If ut,u? € X;, vt < u? and u' # u?, then ui(t, s, u') < u;(t, -5 s,u?) for everyt > s

at which both u;(t,-; s, u') and u;(t,-;s,u?) exist.

Proof. (1) We prove the case i = 1. The cases i = 2 and i = 3 can be proved analogously.
First we prove ®;(t, s)ug > 0 if ug € X;\{0}. We claim that e"' %1ty > 0 for ¢t > 0, where

(Kyu)(s, ) fD (s,9)dy.

Note that

tKq)?
e ity = ug + 1t Kjug + %Uo +

Let 29 € D be such that ug(z) > 0. Then there is 7 > 0,5 > 0 such that uy(xg) > 0 for

x € B(xg,7) :={y € D ||| y — xo ||< r, which implies that

(1 Kiug)(z) = / k(y — x)up(y)dy > 0

D

for x € B(xg,r + ¢). By induction (v1K1)"ug > 0 for © € B(zg, 7 4+ nd),n € N. Therefore,

e" M1y >0 for ¢ > 0. Let m > vy — mingep yep a1(t, ). Then,

(bl(t7 S)UO — e*m(t*S)elllKl(tfs)uO

t
+/ efm(th)elel(t*T) (m - +a (7" ))ul (7‘7 58, Uo)dT

—m(t—s) eV K (tfs)uo

v

e

> 0
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for t > s It then follows that ®;(t,s)ug > 0 for all ¢ > s. Now let uy = u? — u'. Then
up € X;'\{0}. Hence ®; (¢, s)ug > 0 for t > s, which implies ®; (¢, s)u' < ®;(¢, s)u? for all
t>s.
(2) We prove the case i = 1. Other cases can be proved analogously.

Let v(t,x) = uy(t,x;s,u?) — uy(t,x;s,ul) for t > s at which both u (¢, z;s,u') and

uy (t, z; s,u?) exist. Then v(t,-) > 0 and v(¢, z) satisfies

ov

5 =0 /D k(y — 2)v(t,y)dy — vv(t,z) + f(z,u(t, o5 0?))o(t, 2)

1
+uy (t, x, ul)/ fulz, sui(t, z;ub) + (1 — s)ui(t, z;u?))dslu(t, z),
0
x € D and t > s. Proof of (2) then follows from the arguments similar to those in proof of
(1). O

Observe that when considering the spatial spreading and front propagation dynamics of
(2.4), we need to consider (2.4) in X and also need to consider the following nonlocal linear

evolution equation,

% = / e MU=y — aYu(t, y)dy — u(t, ) + a(t, z)u(t,z), xRV (3.4)
RN

where p € R, £ € SN and a(t,-) € X, and a(t + T, z) = a(t,z). Note that if p = 0 and
a(t,z) = ap(t,x)(:= f(t,x,0)), (3.4) is the linearization of (2.4) at u = 0.
Remark 3.5. In space X,,, (3.4) share the same properties as (3.3).

Throughout the rest of this section, we assume that ¢ € SV~! and u € R are fixed,
unless otherwise specified.
By the same arguments as in Proposition 3.1, for every uy € X, (3.4) has a unique

solution w(t, -; ug, &, , a) € X with w(0, x; ug, &, u, a) = ug(x). Put

(I)<t;§7lu’7a>u0 = u(ta’;u07€7ﬂ7 CL). (35)
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Note that if ug € X,, then ®(t;&, u,a)ug € X, for ¢ > 0. Similarly, (2.4) has a unique
(local) solution u(t, x;ug) with (0, x;uy) = ue(z) for every uy € X. Also if ug € X,,, then
u(t, z;up) € X, for ¢ in the existence interval of the solution u(t, z; ug).

A continuous function u(t, ) on [0,7) x RY is called a super-solution or sub-solution of

(3.4) if %—7; exists and is continuous on [0,T) x RY and satisfies

Qu > / e MY E(y — 2)u(t, y)dy — u(t, x) + a(t,z)u(t,z), xRN
at RN

or
Ou < / e PO (y — 2)u(t,y)dy — u(t,z) + a(t,z)u(t,z), = RN
8t RN

for t € (0,7).

For convenience, we would like to restate some comparison properties of solutions to

(2.4) and (3.4) in the following.
Proposition 3.6 (Comparison principle).

(1) If uy(t,z) and uy(t,z) are sub-solution and super-solution of (3.4) on [0,T), respec-
tively, uy(0,-) < ua(0,-), and us(t, ) — ui(t,z) > =By for (t,x) € [0,T) x RN and

some [y > 0, then uy(t, ) < wug(t,-) for te€][0,T).

(2) Suppose that uy,uy € X, and uy < ug, uy # us. Then ®(t;&, p,a)uy K P(t;E, 1, a)us

for allt > 0.
Proof. Tt follows from Propositions 3.3 and 3.4. m

For given p > 0, let
X(p)={uec CRYR)| z+ e lly(z) € X} (3.6)

equipped with the norm ||ul|x(,) = sup, gy eIl u(z)].
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Remark 3.7. For every ug € X(p) (p > 0),the equation (3.4) has a unique solution
u(t, s up, &) € X(p) with u(0,x;ug, &, ) = uo(x). Moreover, Proposition 3.6 holds for
such solutions of (3.4).

Proposition 3.8 (Comparison principle).

(1) If uy(t, z) and uy(t, z) are bounded sub- and super-solutions of (2.4) on [0,T), respec-

tively, and uy(0,-) < uy(0,-), then uy(t, ) < wus(t,-) fort €[0,T).

(2) If ui,us € X, with uy < uy and uy # ug, then u(t,;uy) <K u(t,-;uz) for everyt >0 at

which both u(t,-;uy) and u(t,;uy) exist.
(3) For every ug € X+, u(t, z;ug) exists for all t > 0.
Proof. 1f follows from the arguments in Propositions 3.3 and 3.4. O]

Remark 3.9. Let

X = {u:RY = R|u is Lebesgue measurable and bounded}

equipped with the norm ||u|| = sup,epy |u(z)|, and

Xt ={ueX|ulz)>0VzecRV)

By general semigroup theory, for any uy € X, (2.4) has also a unique (local) solution
u(t, - up) € X with u(0,z;up) = ug(x). Similarly, we can define measurable sub- and
super-solutions of (2.4). Proposition 3.8 (1) and (3) also hold for bounded measurable sub-,

super-solutions and solutions.
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3.2 Basic properties of principal eigenvalues and principal spectrum points of

nonlocal dispersal operators

Let K; : X; — X, and H; : D(H;) C X; — &, be defined as follows,

(Eyu)(s,2) = (Kayu)(s, z) = / sy — 2)uls, y)dy,

D

(Kau) (5, ) = / Ky — )uls, y)dy,

(Hy(ay)u)(s, ) = —us — rqu(s, ) + ai(s, x)u(s, x),
(Ho(ag)u)(s, ) = —us — vy /D k(y — x)dyu(s, z) + as(s, x)u(s, x),
and

(Hz(az)u)(s,x) = —us — vzu(s, z) + as(s, x)u(s, x).

Then,
Lz(al)u = (VZKz + HZ(CLZ))U, L= ]-7 27 3.

We denote I as an identity map from X; to A; and may write afu as au and ol — H;(a;)
as « — H;(a;), etc.. If no confusion occurs, we may write L;(a;) and H;(a;) as L; and H;,
respectively.

Observe that if a € R is such that (o — H;)™! exists, then
(v K; + Hy))u = au
has nontrivial solutions in X; is equivalent to

ViKi(Ol — Hi)_l’U =0
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has nontrivial solutions in &;. Moreover, it can be claimed that « is an eigenvalue of L;(a;)
if and only if 1 is an eigenvalue of v;K;(a — H;) ™

In fact, if «v is an eigenvalue of L;(a;), then there exists nonzero v such that L;(a;)v =
(v;K; + Hi(a;))v = av. There exists nonzero u such that v = (o — H;)"'u. This implies,
v; K;(a— H;)"'u = u, showing that 1 is an eigenvalue of v; K;(a— H;)~*. Conversely, if 1 is an
eigenvalue of v; K;(a— H;) ™!, then there exists nonzero w such that v; K;(a—H;) " 'w = w. Let

v = (a— H;)"'w. Then (v;K;)v = (o — H;)v, which implies L;(a;)v = (v;K; + H;(a;))v = av,

showing that « is an eigenvalue of L;(a;).

Lemma 3.10. Let {u,} be any bounded sequence in Xy. Then for any o > max e p(bi(z) +

ar(2)), [*exp([I (=1 + ai(1,y) — a)u,(r,y)dr)ds is bounded.

Proof. First of all, it is clear that for any y € D and t € R, f exp( ft( v+ ay(1,y) —

a)uy,(7,y)dr)ds exists. Suppose that ||u,| < M for all n > 1. Then

|/_tOO exp(/:(—ul + a1 (7, y) — @)u, (1, y)dr)ds| < M/_too exp(/:(—yl +ay(7,y) — a)dr)ds

To prove the boundedness of f exrp f( v+ a(1,y) — a)u,(1,y)dr)ds, let f(t,y) =
fi ea:p(f (=11 + a1(7,y) — a)dr)ds. Then,

t+T t+T
[+ Ty = / eap( / (1 + ar(7,y) — a)dr)ds

—00

— /_t eq;p</t+T(—ul + ay(1,y) — a)dr)ds

o] s+T

= [ et [ ot atr) - ajanis

—00

Note that f(t,y) is continuous and being the continuous periodic function, it is bounded.

This implies that [*_ exp([! (w1 + a1 (7, y) — @)un (7, y)dr)ds is bounded. O
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Proposition 3.11. Let 1 < i < 3 be given. H; generates a positive semigroup of contractions

on X; and for any a > max,cp(b;(z) + a;()), viK;(a — H;)™t is a compact operator on X;.

Proof. We will prove that H; generates a positive semigroup ¢ (s) of contraction on X;. The

remaining cases can be proved similarly. Define ¢;(s) : X; — & by
(1(s)u)(t, x) = elie MOy (1 g 2

where hy(t,x) = a1(t,z) — v1. Then, we claim the following

Claim 1. ¢1(s1 + s2) = ¢1(51)P1(s2).
Claim 2. ¢,1(0) = .

Proof of claim 1. Note that,

(d1(51)¢1(52)u)(t, v)
= i(s)el " u(t — 5, 0)
_ eftt—ﬂ hl(r,x)drw<t — sy, x)[where w(t, :L‘) _ 6ftt752 h1(T,x)dru(t — 5y, :L‘)]

t t—s1
= el MR fi hl(T’x)dTU(t — 81 — S2, 1)

t
h d
= elisi-sy () "u(t — s1 — S9, 1)

= (¢1(s1 + s2)u)(t, z).
Proof of claim 2. Note that,

(¢1(0)u)(t,a) = e Myt )

Now, let Uf(s,t,z;u) be solution of

US = —Ut + hl(t,l')U
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with initial condition U (0, ¢, z;u) = u(t, x).

Then by direct computation

U(s,t,z;u) = (¢1(s)u)(t, )

and

{u € x| lim

lim Wem’sts} = D(H,).

Also, from the definition of ¢;(s), positivity is obvious. Moreover, ||¢1(s)u| < [[ul/, (s > 0).
Thus, H; generates positive semigroup of contraction ¢;(s) on Xj.

Next, we prove that for any a > max,cp(bi(x) + a1(x)), i Ki(a — Hy)™' is a compact
operator on Xj. The other cases (i = 2,7 = 3) can be proved analogously.

Note that,

K (a— Hl)*lu(t, x)

= [ wly= oo~ ) utt. )y
= o [teto=o) [ el [ =+ ) — adutrg)iris .

To show the compactness, let {u,} be any bounded sequence in X} and let v, = v1 K;(a —

Hy) u,. By the smoothness property of x(y — x) and Lemma 3.10,

[on(t, 21) = vn(t, 22)]

= (nKi(a—H)  uy(t, 1) — 1 Ky (a — Hy) Mg (t, 22))

=l [ 5ty = 20) = oty — 2@~ H) e, )
< n /D Hr(y —21) — Ky — 22) }| / 69529(/ (1 + ar(7,y) — Q)un(7, y)dr)ds]dy
S M(ZEQ — 171).
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Then for every € > 0 there is 6 > 0 such that if |27 — x| < 0, |v, (¢, 1) — v, (t, 22)| < €.
Clearly, for every € > 0, there is also 0 > 0 such that if |t; —t5| < 6, then |v, (t2, ) —v,(t1, 7)| <
¢. Therefore, {v,} is equicontinuous. The compactness of v; K;(a — H;)~' then follows by

using Arzela Ascoli theorem. O]

Put

@Z(T, CLZ‘) = (I)Z(T7 0), 1= 1,2,3,
and let 7(®;(T; a;)) be the spectral radius of ®,(T%a;).

Proposition 3.12. For give 1 <1 < 3,

Inr(®,(T;a;)) — Jimsup In ||®;(t, s)|| |
T t—s—00 t—s

Proof. First, by (®;(T;a;))" = ®;(nT,0). it is clear that

1/n

Inr(®;(T; a;)) ln{hmn%oo (H(‘I)z(T; az‘))"”) } , In || ®,(t, s)]|
= < limsup ——————.
T T B t—s—00 t—s

Next, for any € > 0, there is K > 1 such that

1(®i(T5 a:))" | = [ @:(nT, 0)[| < (r(®s(T5 05)) +€)" V> K.

Note that there is M > 0 such that

|®i(t,8)]| <M Vt>s, t—s<l1.

For any s < t with ¢t — s > (K + 2)T, let ny,ny € Z be such that 0 < s — T < T and
0<t—nyT <T. Then

ng—nlzK
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and

|D;(t,8)|] = ||[®i(t,n2T) o ®;(noT,n1T) 0 D;(ny T, s)||

IA

[@i(t, 2T - [ @5((n2 — na) T, 0)]] - [[@:(na T, 5)|
< MP(r(®4(T; a;)) + €)™
This implies that

In ||®;(t, s)|| < In M? + (ny — ny) In(r(®;(T; a;)) + ¢€)
t—s - (ng —ny)T

and hence

t—s—00 t— s T

Now making € — 0, we have

In ||®; Inr(®,(T;a;
nsup PR _ Inr(@(T:a)

t—s—o00 t—s - T

Let

for i =1,2,3.

Proposition 3.13. Let 1 <i < 3 be given. Then [min,cp \;i(z), max,cp Ni(z)] C o(H;) and

1

for any o € R\ [min,cp A\i(z), max,cp A\i(z)], (o — H;)~' exists.

Proof. 1t follows from the arguments in [28, Lemma 3.7]. However, for the reader’s conve-

nience, we provide a proof in the following.

Fix any xo € D;. By Floquet theory for time periodic ordinary differential equations, the
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equation

has a nontivial solution ¢*(t) with ¢*(t + T') = ¢*(t). Similarly, the equation

¥ = —b;(w0)t — a;(t, 20)1h + Ni(o)h (3.9)

has a nontivial solution ¢*(t) with ¢*(t +T') = ¢*(t). Assume that X\;(x¢) € p(H;). Then

for any v € X; with v(¢,x) = v(t), there is a unique u(-,-;v) € &; such that

u(t, x;v) = bi(x)ult, z;0) + a;(t, z)u(t, x;v) — Ni(xo)ult, z;v) + v(t) (3.10)

This implies that

u(t, w03 ") = bi(wo)u(t, v0; V") + ai(t, wo)u(t, vo; ¥*) — Ai(wo)ult, xo; ™) +9*(t). (3.11)

Put

Then,

s = [ 00 )50 - s )+ M 0l @

; dt
T dw* t . . ~
= [T i (0) — w0 + Mo (15 (e
0
which is a contradiction. Therefore \;(xo) € o(H;) and the proposition follows. O

Let
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Nimax = Max A\;(2), A min = min \;(x)
z€D; zeD;

Proposition 3.14. Let 1 < i < 3 be given. For any o € C with Rea > A\ max, (a — H;)™?

exists. Moreover,

<(a - HZ')_IU> (t,x) > Q_L)\i(x)v(x)

for any Nimax < @ < Nimax + 1 and any v € X;* with v(t,r) = v(x), where

M = inf exp(/ (min(b;(x) + a;(7,2)) — Nimax — 1)d7).

s<t<s+T,s,teR zeD;

Proof. First of all, by Floquet theory for periodic ordinary differential equations, for any

a € C with Rea > Aj max, (o — H;) ™! exists. Moreover, for any v € X; @ iX;, we have

((a - Hi)_1v> (t,x) = /t exp(/:(bi(x) + a;(7,x) — a)v(r,x)dT)ds.

—0o0

Hence for any v € &; with v(t,x) = v(z), we have

((a = m) ) (t,2) = {/

—0o0

t

exp ( /St(bz(:v) + a;(T,x) — Oé)dT)dS}U(ZE).

If Nimax < @ < Ajmax + 1, then

¢ ¢ I,
. . S >
where
t
M= sStSsTYﬁ,s,teR exp(/s <£I611D11(b2(x) + ai(T’ [E)) - )‘i,max - 1)dT)

36



(see the arguments of [28, Lemma 3.6]). It then follows that for any \; max < @ < Ajax + 1

and v € X;" with v(t, z) = v(x),

((a . Hi)_lv> (4:0) 2 S5 o),

The proposition is thus proved.

]

Proposition 3.15. For given 1 < i < 3, s(L;,a;) > max,cp \i(x) iff there is o > s(L;, a;)

such that r(v;K;(a — H;)™') > 1.

Proof. By Propositions 3.13,

i max = sup o(H;).

By Proposition 3.11, v; K;(a— H;) ™! is a compact operator for any o € C' with Rea > \; jjax-
It then follows from [6, Theorem 2.2] that s(L;,a;) > i max iff there is & > A; ax such that

r(v;K;(o — H;)7') > 1. O

Proposition 3.16. For given 1 < i < 3, if there is g > max,cp, \i(x) such that r(v; K;(og—
H)™') > 1, then there is o; > ap(> max,cp \i(z)) such that r(v;Ki(a; — H)™) =1 and «;

s an isolated eigenvalue of v; K; + H; of finite multiplicity with a positive eigenfunction.

Proof. Suppose that there is ap > A\ max such that r(v;K;(ag — H)™') > 1. Then by Propo-
sition 3.15, $(L;, a;) > Aimax- Moreover, by [6, Theorem 2.2], r(v; K;(s(L;,a;) — H)™') = 1,
and s(L;,a;) is an isolated eigenvalue of v, K; + H; of finite multiplicity with a positive

eigenfunction. |

Proposition 3.17. For given 1 < i < 3, if A € R is an eigenvalue of L;(a;) with a positive

eigenfunction, then it is geometric simple.
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Proof. Suppose that ¢(t,z) is a positive eigenfunction of L; associated with A\. By Proposi-
tion 3.3, ¢(t,x) > 0 for t € R and # € D;. Assume that (¢, z) is also an eigenfunction of

L; associated with A\. Then there is a € R such that w(t,z) = ¢(t, z) — ap(t, x) satisfies
w(t,z) >0 VteR, x € D; and w(ty, ) =0

for some to € R and zy € D;. By Proposition 3.3 again, w(t,z) = 0 and then ¢(¢,z) =

a(t,x). This implies that A is geometric simple. H

Proposition 3.18. For 1 <i <3, s(L;,a;) = w

Proof.
, In ||®;(¢, s; a;)||
s(L;,a;) = limsup .

t—s—00 t—s

By Proposition 3.12,

lim sup In H(I)i(ty S5 ai) || _ In T(Cbi<T; al)) ‘
t—s—o00 t—s T

The proposition thus follows. m

Proposition 3.19. For 1 < i < 3, if a} € &, and a} — a; in X; as n — oo, then

)

s(Ly,al) — s(Li,a;) as n — oo.

Proof. We prove the case ¢ = 1. The remaining cases can be proved similarly.

nllér(s)]

t—s

By Propositions 3.18, s(Lq,a;) = limsup,_, .,

First, for given a and a? with al < a2, let ¢'(t,s),i = 1,2, be the evolution operators

generated by (3.1) with a; (¢, ) replaced by a}(t,x),i = 1,2 respectively. We claim that

l8" (¢, )| < ll9*(¢, 5)lI-

In fact, for any given uy € X with ug > 0, by Proposition 3.3 , ¢'(¢, s)ug > 0 for i = 1,2

and s < t. Assume, v(t,z) = ¢*(t, s)ug — ¢ (£, s)ug. Then v satisfies,
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v, = 1/1/ k(y — 2)v(t,y)dy — viv(t, o) + a3 (t, 2)v(t, ) + (a] — ay)o' (L, s)ug

> 1 /D k(y — z)v(t,y)dy — viv(t, x) + ai(t, z)v(t, x).

By Proposition 3.3, v(¢,z) > 0 and claim is thus proved.
Next, let ¢*(¢, s) be the evolution operators generated by (3.1) with a;(¢, ) being

replaced by a;(t,z) & e. Then we have ¢*<(t, s) = e*(=5)¢(t, s). Therefore,

S(Ll, aq + 6) = S(Ll,(ll) +e.

By the first and next arguments it follows that s(Lj,a}) — s(Li,a1) as n — oo whenever

ayl — ap as n —» 00.

39



Chapter 4

Principal Eigenvalue and Principal Spectrum Point Theory

This chapter contains two sections. In the first section, we investigate the existence
and lower bounds of principal eigenvalues of nonlocal dispersal operators with time periodic
dependence and prove Theorems A-C. Most results in this section have been published (see
[42]). In the sequel section, we explore some other important properties about principal
spectrum point and principal eigenvalues of nonlocal dispersal operators. Most results in
this section are submitted for publication (see [43]).

4.1 Proofs of Theorems A-C

First of all, we prove an important technical lemma, which will also be used in next

section.

Lemma 4.1. For any a; € X; and any € > 0, there is a; € &; satisfying that

|la; — ai,e| x; <€,

bi + aje is OV, b + a; e attains its mazimum at some point xo € Int(D;), and the partial

derivatives of b; + a; ¢ up to order N — 1 at x¢ are zero.

Proof. We prove the case i = 1 or 2. The case i = 3 can be proved similarly (it is simpler).
First, let ¥y € D; be such that

Ai(Zo) = max \;(x).

x€D

For any € > 0, there is Z, € Int(D;) such that

M(Fo) — M) < e. (4.1)
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Let & > 0 be such that

B(z,0) C D,

where B(Z., ) denotes the open ball with center Z. and radius &.
Note that there is h; € C(D;) such that 0 < hy(z) < 1, hy(Z.) = 1, and supp(h;) C
B(Z,0). Let

aic(t,x) = a;(t,x) + eh;(z)

and

Then a;, and S\i,e are continuous on D;,
||C~li’6 — OJZH S € (42)

and ), attains its maximum in Int(D;).

Let Di C RY be such that D; C Di. Note that 5\1-75 can be continuously extended to Di.
Without loss of generality, we may then assume that 5\176 is a continuous function on D; and
assume that there is 2y € Int(D;) such that S\i,e(xo) = SUD,¢p, 5\”(3:) Observe that there is

o>0and )\, € C’(f),) such that B(zg,0) C D;,

0 < Nie(®) = Nie(2) <e V x€D, (4.3)
and
j\i’E(ZE) = 5\2"5(.%‘0) V z€ B(JIQ,O’).
Let . '
n(z) =
0 if ol =1,
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where C' > 0 is such that [, n(z)dz = 1. For given § > 0, set

1 =z

ns(x) = 5—N77( )-

€
Let

Aies(T) = /D | 15(y — ) Xic(y)dy.

By [15, Theorem 6, Appendix C], \;.s is in C’OO([)i) and when 0 < 0 < 1,
Nics(z) = Nic(z) <e V z €D,

It is not difficult to see that for 0 < § < 1,

and

5\1}6,5<x> = 5‘2’,6(370) YV € B(JZ’Q, 0'/2)

Fix 0 < d < 1, and let
)\i,e(x) = )\i,e,(S(x)'

Then \;. attains its maximum at some o € Int(D;), and the partial derivatives of A; up

to order N — 1 at z( are zero, Let
Qi e = di,e + /\i,e - )\i,e-

Then a; is CN (D),

la; — aill < lla; — @il + [ Nie — Niell < 2¢
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and

b,(l’) + di,e(ﬂf) = )\i,E(ZE).

Therefore, b;+a; . attains its maximum at some point zy € Int(D), and the partial derivatives

of b; + a; up to order N — 1 at xy are zero. The lemma is thus proved. O
Next, we recall some results proved in [49] and [52].

Lemma 4.2. If

max a;(z) — min a;(z) < v; inf / k(y — x)dy
zeD; zeD; zeD; Jp,
i the case 1 = 1,2 and

max a;(x) — min a;(z) < y;
reD; zeD;

in the case i = 3, then s(L;,a;) > max,cp. Ai(z) (1 <i < 3).

Proof. See [49] in the case i = 3 and [52] in the case i = 2, 3.

Proof of Theorem A. We prove the case i = 1. The other cases can be proved similarly.
First, we assume that s(Lj,a1) is an isolated eigenvalue of L; with a positive eigen-

function ¢(t, 7). Let u(t,x) = esF1a¢(¢t x). Then u(t,z) is the solution of (3.1) with

u(0,-) = ¢(0,-) € X;". By Proposition 3.3, we must have ¢(¢t,) > 0 for t € R and z € D.

Then

o(t,y)d _
_ ot x _|_V1fD (ty) y—yl—i—al(t,x):s([q,al) Ve e D, teR.

¢(t,x) ¢>(t, x)

This implies that

d _
s(Ly,a1) = —v1 + aq(x / fD ) () ydt VreD
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and hence

s(Ly,a1) > —v; + maxa(x).
xeD

Conversely, assume that s(Li,a;) > —v; + maxgep ai(z). By Proposition 3.15, there is
a > s(Ly,ay) such that (v Ky (a— H;)™') > 1. By Proposition 3.16, s(L;,a;) is the isolated
eigenvalue of L;(aq) of finite multiplicity with a positive eigenfunction. Thus s(L1, a;) is the

principal eigenvalue of L;(ay).

Next, we prove Theorem B(1) and (2).

Proof of Theorem B. (1) We prove the case ¢ = 3. The other cases can be proved similarly.

Put

(Ksn) = [ w5 ey

Assume zy € Dj is such that \3(z9) = max,cp, A3(z). By Proposition 3.14, for any € > 0,
there is M > 0 such that for any a > A3(xg) with o — A\3(z9) < € and any v € AX;" with

v(t,z) = v(z) and supp(v) C {z € D3| a — X3(x) < €},

M

AN—Hy) o> ——— 0.
( 3> v= Oé—)\3<l’0)v
This implies that
vsMEs(y — x)
vsKs(ao — H 02/—0 d
3 5( 1) b a_)\g(y) <y> Yy

It then follows from the arguments in [49, Theorem A] that there is 49 > 0 such that for

0 <6 < do, s(Ls,as) is the principal eigenvalue of Lj(as).
(2) We prove the case when i = 2. The other cases can be proved similarly. Let z¢ € Int(D)

be such that \y(zg) = max,cp A(z). By Proposition 3.14, there is M > 0 such that

M
—H) o> ——
(o 2) v 2 o — )\Q(x)v
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where v(t, ) = 1. This implies that

B Mk(y — x)
voKs(ao — H 1v>/V2—d.
v

By the arguments in [49, Theorem B] (see also [52]), for a — A\y(z9) < 1,
Vo Ky(a — Hy) to > .

This implies that 7(veKo(ov — Hy)™') > 1. By Propositions 3.16 and 3.17, s(La, ap) is the

principal eigenvalue of La(az).

Before proving Theorem B(3), we first prove Theorem C.

Proof of Theorem C. We prove the case ¢ = 2. Other cases can be proved similarly.
First of all, if both Ly(as) and Ls(a2) have principal eigenvalues, then by the arguments
in [28, Theorem 4.1],
$(La,as) > s(La, as).

[For the detailed proof of the last statement, we need a lemma which we will state
without proof. Before stating the lemma, we state the Jensen inequality which will be useful

in proving the lemma. Jensen Inequality: If f is a positive,continuous function defined on

—/f )dt > exp{= /ln )]t}

with equality if and only if f is a constant function. Now we state the lemma whose detailed

[0, 7] then,

proof can be found in [28, Theorem 4.1].

Lemma: Let w(z,t) be a positive continuous function defined on 2 x [0, 7] where Q is com-

pact . Let f(z,y) = =+ T wwd gt Then either w(z,t) is independent of z or there exists

0 w(z,t)

x* € Q such that 6(z*,y) > 1 for all y € Q with strict inequality for some y.
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Proof of the last statement: Assume s(Ls,as) = [ and s(Ls,az) = f*. There exists eigen-
functions ¢(t,z) and ¥ (z) with ¢(t,2) > 0 for all ¢ and x and ¥ (x) > 0 for all  such

that

— ¢+ 1 /D H(y - $)¢(t, y)dy - V2¢(tv l‘) + a2(t7 $)¢(t, 33) = ﬁ¢<t7 $)

and

v /D Ky — 20(y)dy — v (x) + anb(x) = B (),

which implies,

(bt (b(tay) _
_E+V2/1)K(y_x)¢(t7$)dy_y2+a2_6

and

—xw(y) —wp(x) 4+ as(z) = B*
o [ wly =) Sy = (o) + i) =

Integrating the second last equations with respect to ¢t from 0 to T" and then mulplying by

% we get

T
5:y2/D/1(y—x)%/O Zg:i;dtdy—l/ri-dg

Now,

T AR S ) B )
o @) L Twlty)
= [ sy =S [ -
where w(t, z) = ¢$(’f)

From the lemma mentioned above, the expression within {} of the above expression is positive

for all y. Since, k(y — ) and ¢ (x) are also nonnegative, it follows that § > 5*. |

46



In general, s(Lg,as) (resp. s(Lg,adz)) may not be the principal eigenvalue of Lg(as)

(resp. La(ag)). By Lemma 4.1, for any € > 0, there is as . € X, such that

|ag,e — azlx, <€

$(Ls, as.) and s(Lo,as,) are principal eigenvalues of Ly(as.) and Lo(ao,), respectively. By

the above arguments,

$(La, age) > s(La, aae).

Clearly,

$(Lg,az) > s(Lg,az.) — €, S(La,a2) < s(Lg,a2,) + €.

It then follows that

S(Lg,ag) Z S(LQ,&Q) — 26

for any € > 0 and hence

s(Lo, ag) > s(Lo, as).

Finally, we prove Theorem B(3).

Theorem B(3). By Lemma 4.2, s(L;, ;) is the principal eigenvalue of L;(a;). By Theorem
A,

s(L;, a;) > max \;(x).
IEDi

By Theorem C,

s(L;, a;) > max Ai().

By Theorem A again, s(L;, a;) is the principal eigenvalue of L;(a;). O

47



4.2 Other important properties

In this section, we present some other properties of principal spectrum points and prin-
cipal eigenvalues for time periodic nonlocal dispersal operators. Throughout this section,
r(A) denotes the spectral radius of an operator A on some Banach space.

Let X, be as in (2.5). Consider the following eigenvalue problem
—v+ (Kep— I +al-,-))v= >, veA, (4.4)

where £ € S¥1 € R, and a(+,-) € X,. The operator a(-,-)I has the same meaning as in

(2.8) with ag(-, -) being replaced by a(,-), and K¢, : X, = X, is defined by

(Kéuvﬂtw)Zi/‘ff“@‘“f%@/—aﬁv@dndy- (4.5)

RN

We point out the following relation between (2.4) and (4.4): if u(t,xz) = 67“(“7%”@5(15,:13)

with ¢ € &}, \ {0} is a solution of the linearization of (2.4) at u = 0,

8u_

o / Ky — o)ult,y)dy — ult,x) + ao(t 2ult,x), = €RY, (4.6)

where ao(t,z) = f(t,2,0), then X is an eigenvalue of (4.4) with a(t,-) = ao(t,-) or —0; +
Ke, — 1+ ao(-,-)] and v = ¢(t, x) is a corresponding eigenfunction.

Let 0(=0,+ K¢, — I +a(-,-)I) be the spectrum of —0; + K¢, — I +a(-,-)I on X,. Let

Mo(&, i, a) :==sup{ReX | A € o(=0, + K¢y — I +al-,)I)}.
Observe that if 1 = 0, (4.4) is independent of & and hence we put

Mo(a) := N\o(€,0,a) V¥ Ee SV (4.7)
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Observe that —0,+ K¢, —I+a(-,-)] may not have a principal eigenvalue (see an example

in [49]). Recall that
1 (T
a(x) = T/o a(t,x)dt.

The following proposition provides necessary and sufficient condition for —0, + K¢ ,, —

I+ a(-,-)I to have a principal eigenvalue.

Proposition 4.3. \o(&, i1, a) is the principal eigenvalue of =0 + K¢, — I + a(-,-)1 if and
only if Mo(&, u,a) > —1 + max,cpn a(x).

Proof. Tt follows from Theorem A. O

The following proposition provides a very useful sufficient condition for Ag(&, i, a) to be

the principal eigenvalue of —0, + K¢, — I +af(-,-)1.

Proposition 4.4. If a(t,-) is O and the partial derivatives of a(z) up to order N — 1 at
some xo are zero (we refer this to as a vanishing condition), where xq is such that a(xg) =
max,cpy A(x), then X\o(&, i1, a) is the principal eigenvalue of —0y + K¢, — I + a(-,-)I for all

e SN and peR.
Proof. It follows from the arguments of Theorem B(2). O

Proposition 4.5. Each X\ € o(—0; + K¢, — I + a(-,-)I) with ReX > —1 + max,cgn a(z) is

an isolated eigenvalue with finite algebraic multiplicity.
Proof. Tt follows from [6, Proposition 2.1(ii)]. O

The following theorem shows that the principal eigenvalue of —0; + K¢, — I +a(-, )1 (if
it exists) is algebraically simple, which plays an important role in the proof of the existence

of spreading speeds of (2.4).

Theorem 4.6. Suppose that X\o(&, i1, a) is the principal eigenvalue of —0,+ K¢, —I+a(-,-)I.

Then A\o(&, i, a) is isolated and algebraically simple with a positive eigenfunction ¢(-,-;&, 1),
lo(, & )|l =1, and Ao(&, 1, a) and ¢(-, &, 1) are smooth in & and p.
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Proof. First of all, note that for & > —1 + max,epn a(z), (ol + 0 + I — al)™" exists (see

[42, Proposition 3.5]). For given a > —1 + max,cgn a(x), let

(Uneu)(t, ) = / ey — ) (a4 0y + T — al) " Mult, y)dy
RN

and

r(@) = r(Uagp)-

By [42, Proposition 3.6, Uy¢ , : X, — &, is a positive and compact operator.

Next, by [42, Proposition 3.9], A\o(§, i1, @) is an isolated geometrically simple eigenvalue
of =0, + K¢, — I+ al-,-)l. Let ag = Ao(&, 1, a). This implies that 7(ag) = 1 and r(ayp)
is an isolated geometrically simple eigenvalue of U,, ¢, with ¢(-,-;&, 1) being a positive
eigenfunction. We claim that () is an algebraically simple isolated eigenvalue of Uy, ¢,
with a positive eigenfunction ¢(-,-), or equivalently, (I — Uye,)?® =0 (¢ € X,) iff Y €
span{¢}. In fact, suppose that ¢ € X, \ {0} is such that (I — Uy, ¢,)?® = 0. Then

(I = Uap ) = 19, (4.8)

for some v € R. We prove that v = 0. Assume that v # 0. Without loss of generality, we

assume that v > 0. By (4.8) and U, ¢,¢ = ¢, we have

Y= Uao,&#w +7¢ = Uao,i,#(w + ’Y@b) (49)

Then by (4.9) and Uy, ¢ ,¢ = ¢, we have

Y+ 70 = Ungeun(¥ +70) + 70, = Unge.u(¥0 + 279)
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and hence

U= Uao’ﬁv“(d} +7¢) = Uaoen (Uao,&u(w + 27(/5)) = Uc%o,f,u<¢ + 2ud).

By induction, we have

w = Ugo,g,u(¢ + n7¢)a Vn 2 1.

This implies that

VY
E = 06075711(5 + 7¢)
Note that ¢(¢, ) > 0 and then
t
(4UL) +yo(t,z) >0, Vn>1.
n

By the positivity of U, ¢, we then have

and then
t,x n Y
YD) ig(t,0) = (U ep(D)02) >0, ¥n> 1.
It then follows that
and so
v <0,

whis is a contradiction. Therefore, v = 0 and hence by (4.8),

Y € span{¢}.
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The claim is thus proved.

Now, we prove that A\o(&, 11, @) is an algebraically simple eigenvalue of —0; + K¢, — 1 +

a(-,-)I or equivalently, (=0, + K¢, — I + a(-,-)I — apl)?y = 0 iff ¢ € span{¢}. By the

above arguments, there are one dimensional subspace &} , = span(¢) and one-codimensional

subspace &5, of X, such that
Xp = Xl,p ) Xz’p,

Uao;E,uXLp = Xva Uaoyfvu‘)"z?,p - XQ,ZN

and

1 g U(Ua0)£7H|X2,p>‘

Suppose that ¢ € &), is such that

(=0 + Kepo — T+ al, )T — o) = 0.

Then there is v € R such that

(=0 +Kep— I +al, )] — o)) = o

Let ¢; € &, (i = 1,2) be such that

@D = (Oéo[ + (9,5 + I— a[)ilwl + (CY()[ + 3t + I — a[)*le.

Then

(=0 + Kep—IT+al, ) —apl)y = (Usgep — D1+ (Uagep — 12

Uaoen = Dt
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This together with (4.10) implies that y¢ € X,, and hence v = 0. By (4.11), ¢ € span{¢}

and hence \o(&, 11, a) is an algebraically simple eigenvalue of —0; + K¢, — I +a(-,-)1. H

Proposition 4.7. Assume \o(£,0,a) > 0 and \o(&, i, a) is the principal eigenvalue for

> 0. Then there is u*(§) € (0,00) such that

M€ (.0) _ o ol (w12

() n0

Proof. Note that A\o(&, i, a) > Ao(&, i, amin ), and

)\O (57 M, a'min) - / e_uy.gﬁ’(y)dy -1 + Amin

RN

with 1 as an eigenfunction. Note also that there is ko > 0 such that x(y) > kg for ||y[| < 2.

Let m,(€) = ko fy-£<0,||yH§%0 Hjl—,é)ndy Then, for u > 0

/ 6_#y.£ﬁ(y)dy — 1+ Qmin 2 kO/ e y{dy -1+ Gmin
. lvli<?g

- koi/ EmO"

|

> mo+ mz(ﬁ)MQ + Z m2n(£)u2n -1+ QAmin

n=2
Let m = inf may(€)(> 0). We then have 226200 > motm—ltann _y o 45 ) —5 0o, By
&-esN—l M 1
Mo(€,0,a) > 0, w — 00 as pt — 0+. This together with the smoothness of A\g(&, p, a)
(see Theorem 4.6) implies that there is p*(§) such that (4.12) holds. O

Proposition 4.8. For given £ € SN=1, suppose that \o(&, i1, a) is the principal eigenvalue

of =0y + K¢y — I +a(-,-)I for all p € R. Then A\o(§, p, a) is convex in .

Proof. First, recall that ®(t; &, u, a) is the solution operator of (3.4). Let

O(T; &, 1y a) = ©(T; €, iy a)lx, -
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By [42, Proposition 3.10], we have
r(P(T3€, i, a)) = et
Note that ®(t;&,0,a) is independent of £ € SN~1. We put
d(t;a) = B(t:€,0,a) (4.13)

for ¢ € SN=1. For given up € X and p € R, if we let u§*(x) = e #4ug(z), then u§" € X (|ul).

By the uniqueness of solutions of (3.4), we have that for given ug € X, £ € S¥=! and p € R,
O(t; €, 1, a)ug = D (t; a)ug™. (4.14)
Next, observe that for each x € RY| there is a measure m(z;y, dy) such that

(T ajun)(w) = [ woly)mlziy. dy) (4.15

RN

Moreover, by (®(T;a)ue(- — pie;))(x) = (®(T;a)uo(-))(x — pie;) for € RY and i =

1,2,---, N

Y Y

/N uo(y)m(x — pies;y, dy) = /N uo(y — pies)m(z;y, dy) = / uo(y)m(x; y + pies, dy)
R R

RN

and hence

m(x — pie;;y, dy) = m(x;y + pie;, dy) (4.16)

fori=1,2,---,N. By (4.14), we have

(®(T;€,u,a)uO)(w)=/ e g (yym(asy, dy),  uo € X.
RN
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Let Ao(u;) := r(®P(T; €, j1;)). By the arguments of [49, Theorem A (2)],

Ao ()] o))~ = In(r(®7(T5 €, iy + (1 = @)paa))-

Thus, by 7(®(T; &, p, a) = e*EnIT | e have

aXo(§, p1,a) + (1= a)Ao(&; p2, @) = (& apn + (1 — a)pz, @),

that is, Ag(§, i1, @) is convex in p.

For a fixed £ € S¥~! and a € X, we may denote A\o(&, u, a) by A(u).

Proposition 4.9. Let £ € S¥7! and a € X, be given. Assume that (4.4) has the principal

eigenvalue A(p) for p € R and that \(0) > 0. Then we have:

(i) N (n) <2 for 0 < p < p*(€).

(ii) For every e > 0, there exists some p. > 0 such that for p. < p < p*(§),

Proof. Tt follows from Theorem 4.6, Propositions 4.7, 4.8, and the arguments of [49, Theorem
3.1]. O]

Proposition 4.10. For any € > 0 and M > 0, there are a*(-,-) satisfying the vanishing

condition in Proposition 4.4 such that
alt,z) —e<a (t,z) <a(t,z) <at(t,z) <alt,r)+e

and

r(P(T5 €,y a) — r(PP(T5 €, pya™)| < e
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for £ € SN and |p| < M.

Proof. Tt follows from [42, Lemma 4.1] and the fact that

(T &, 0+ €) = e TOV(T; €, u, a).
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Chapter 5

Time Periodic Positive Solutions of Nonlocal KPP Equations in Periodic Media

In this chapter, we consider applications of the principal eigenvalue theory established
in the previous section to time periodic KPP equations with nonlocal dispersal. Main results
of this chapter have been published (see [42]).

For given uy,uy € X; (= X5) or uy,us € X5 7, we define
p(ug,uz) = inf{ln o | éul(-) <wug(s) <auy(), a>1}. (5.1)
Observe that for uy,us € X; (= X)) or uy,up € XJ, there is a > 1 such that
p(uy,us) = Ina.

Proposition 5.1. Let 1 < i < 3 be given.
(1) For any ug,vo € X;'", p(u;(t,-;0,up),u;(t,0,09)) decreases as t increases.

(2) For any ug,vo € X;'F, if ug # vy, then p(u;(t,;0,ug), u;(t,;0,v0)) strictly decreases

as t increases.

(3) For any ey > 0, there is &y > 0 such that for any ug,vo € X' satisfying that

inf  {w;(t,2;0,u0),v;(t, ;0,00 } > €
0<t<T,zeD

and

p(ug,vg) > 1+ €,
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there holds
p(ui(T, -5 0,u0), ui (T, -;0,v0)) < pug,vo) — do.

Proof. We prove the case ¢ = 1. The other cases can be proved similarly.

(1) For any ug,vg € X, there is @ > 1 such that
—vp < up < A
oY

and

p(ug, vp) = Inav.

By Proposition 3.3, for any ¢t > 0, we have
ul(t7 S 07 UO) S ul(t) S 07 OéUO)'
Let w(t, ) = auy(t, z;0,vp). Then w(0,z) = avy(x) and

ow = Ky — x)w(t,y)dy — w(t,z) +w(t, z) f(t, x,ui(t, z;0,v0))

B /D k(y — 2)w(t,y)dy — w(t, ) + wf(t, z, w(t, z))
+w[f(t, z,ui(t, z;0,v0)) — f(t, 2, w(t, z))]

> /D Ky — 2)w(t, y)dy — w(t,x) +wf(t,z,w(t,z)).
This together with Proposition 3.3 implies that
w(t, z) = auy(t,z;0,v) > uy(t, z;0, vg) > uy(t, z;0,up).
Similarly, we can prove that
1
aul(t,x;o,vo) < uy(t, x;0,up).
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Therefore

p(ui(t,-;0,up),ui(t,0,v0)) < Ina < p(ug, vo)

for ¢ > 0. Repeating the above arguments, we have

p(ul(ta ';Oau0)7u1(t7 ';O,’U())) = P(Ul(t -5, S,U(S, ';Oav()))aul(t -5 S,U(S, ';07U0))

< p(ui(s,-0,up), ui(s, 5 0, vp))

for any 0 < s < t. It then follows that p(ui(t,-;0,up), u1(t, ;0,v9)) decreases as t increases.
(2) For any ug, vy € X;+ with ug # vy, there is a > 1 such that p(ug,vo) = Ina. As in

(1), let w(t,z) = auy(t, x;0,v9). Then w(0,x) = avy(x) and

ow = /DH(y —z)w(t,y)dy — w(t,x) +w(t,z) f(t, z,u(t,;0,v0))

= /D/{(y —z)w(t,y)dy — w(t,z) + wf(t,z,w(t, x))
—I—’LU[f(t, x, ul(t: xT; 07 UO)) - f(t> Z, w(t7 JZ))]

> [ sty = D)ult)dy — wlta) + wf (o w(tn) + 6
D
for some dy. This implies that
Oyw(0, ) > dyuy(0,2;0, avg) + do.

Hence

w(t, z) = auy(t,x;0,v9) > uy(t, z; 0, cvg) + &

for some 8y > 0 and 0 < t < 1. This implies that there is &+ < « such that

atui(t, z;0,v0) > ui(t, 2;0, avp)

29



and hence

u (t, 250, up) < &t uq(t, 250, v0)

for 0 < t < 1. Similarly, we can prove that

1
—uq(t, 2;0,v9) < uy(t,z;0,up)

(0%

for some &~ < a and 0 < t < 1. Therefore,
p(U‘l(tu B 07 U(]),'Ul(t, B 07 UO)) <lha< p<u07 UO)

for 0 < t < 1, where @ = max{at,a”} < «a. This together with (1) implies that
p(ur(t, 5 ug), ui(t, -;vp)) is strictly decreasing as ¢ increases.

Proof of (3). By the arguments in (1) and (2), for any €, > 0, there is §y > 0 such that for
any ug,vo € X; 7 with infocicr e p{ui(t, 2;0,uo), v1(t, 250,00} > €0 and p(ug, vo) > 1+ €,
there holds

p(ur(T,+0,ug), u1 (T, 0,v0)) < pug,vg) — 9.

Proof of Theorem E. We prove the case when ¢ = 1. Other cases can be proved similarly.
First of all, for given M > 1, u(t,x) = M is a supersolution of (1.7). This together
with Proposition 3.3 implies that u;(nT), z;0, M) decreases as t increases. Let

ut(z) = lim u;(nT,x;0, M).

n—o0

Next, by Lemma 4.1, there are a¥ € X; such that s(L;, a¥) is the principal eigenvalue of
L;(aF) with

af(t,z) < fi(t,z,0)
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and

ab(t,x) — fi(t,z,0) as k — oco.

Let ¢F be the positive principal eigenfunction of L;(a¥) with ||¢*|| = 1. By Proposition 3.19,
s(L;,af) >0 for k> 1.

Fix a k > 1 such that s(L;,a¥) > 0. Then u = d¢¥(t,z) is a subsolution of (1.7) for
D<ok 1.

This together with Proposition 3.3 implies that u(nT,z;0,5¢F(0,-)) increases as n in-

creases. Let

u (z) = lim w(kT,z;0,¢}).

k—o0

We claim that

In fact, Assume that u~ (x) Z u'(z). Observe that

There are «,, > 1 such that

a1 > Qg > Qg > -+

and
p(ui(nT, 50,5050, ), u;(nT, 0, M)) = In ay,.
Let
o= e
Then
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and we must have a > 1. Therefore,

inf  {ui(t,2;0,60%(0,-)), us(t, 2;0, M)} >0

n>1,0<t<T,xeD

Z LV Sb >4,

and

H;fl plus(nT, - 0,8¢%(0,-)), us;(nT,;0, M)) > 0.

By Proposition 5.1 (3), there is g > 0 such that
Ina, 1 <lna, —d

and hence

Ina = lim Ina,, = —o0,
n—oo

which is a contradiction, and therefore

u (z) = ut ().

Observe that u™(z) is upper semicontinuous and v~ (z) is lower semicontinuous.

Hence

ui() =t ()= () € X7

Moreover, by Dini’s Theorem,

lim w;(nT,x;0, M) = u!(x)

n—oo

uniformly in z € D. We then have

wi(T,+0,u;) = lim w; (T, 0,u;(nT,;0,M)) = lim u;((n+ 1)7T, -0, M) = u}(-).

n—00 n—00
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This implies that u;(t, x; 0, u}) is a positive time periodic solution, and the existence of time
periodic positive solutions of ( 1.7) is thus proved.

Now suppose that u!(¢, z) and u?(¢,x) are two time periodic positive solutions of ( 1.7).
Since p(ul(t,-), u?(t,-)) strictly decreases if u' # u?, we must have u! = u?. This proves the
uniqueness of time periodic positive solutions.

Finally, for any ug € X+ \ {0}, u;(t, ;up) € Int(X ™) for t > 0. Take 0 <6 < 1, k> 1,

and M > 1, we have

Then
wi(t, ;0,695 (0,)) < w;(t, 2;0,u0) < u(t,z;0, M)

for ¢ > 0. It then follows that

lim (u;(t, 2;0,up) — u;(t,x)) =0

t—o00

uniformly in & € D. Therefore, the unique time periodic positive solution is asymptotically

stable. O
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Chapter 6

Spatial Spreading Speed of Nonlocal KPP Equations in Periodic Media

In this chapter, we investigate the existence and characterization of the spreading speeds
of (2.4) and prove Theorems G and H. The main results of this chapter have been submitted
for publication (see [43]). Throughout this chapter, we assume (H1) and (H2). wu(t, z;uq)
denotes the solution of (2.4) with w(0,x;ug) = uo(x). By Theorem E, (2.4) has a unique
positive periodic solution u*(-,-) € AF.

To prove Theorems G and H, we first prove some lemmas.

Consider the space shifted equations of (2.4),

ou

a:ANﬁ<y—x>u<t,y>dy—u<t,x>+u<t,x>f<t,x+z,u<t,x>>v TeRY,  (6.1)

where z € RY. Let u(t, z; ug, 2) be the solution of (6.1) with w(0, z; ug, 2) = ug(z) for ug € X.
Lemma 6.1. (1) Let £ € SN, wy € X+ with ligninf up(z) > 0 and limsup up(z) = 0,
Z-L——00 z-£—00

and ¢ € R be given. If there is g such that

liminf  u(nT,z;up, z) > & uniformly in 2z € RY, (6.2)

z-£<cnT,n—oo

then for every ¢ < c,

liminf (u(t, z;ug,2) —ut(t,2 4+ 2)) =0 uniformly in 2z € RY.
z{gclt,t—mo

(2) Let c € R and ug € X with ug > 0 be given. If there is &y such that

liminf — w(nT,z;ug,2) > & uniformly in 2z € RY, (6.3)
|z-&|<enTy,n—ro00
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then for every ¢ < c,

limsup |u(t, 2;up, 2) —u(t,x + 2)| =0 uniformly in 2z € RY.
|z-£]<c't,t—o00

(3) Let c € R and ug € X with ug > 0 be given. If there are 8y and Ty > 0 such that

liminf  w(nT,z;up,2) > & uniformly in 2z € RY, (6.4)

lzl|<enTh,n—o0

then for every ¢ < c,

limsup |u(t, 2;up, 2) —u(t,z +2)| =0 uniformly in 2z € RY.
l|lz]|<c't,t—o0

Proof. 1t follows from the arguments of [49, Proposition 4.4]. O

Lemma 6.2.

/ etlv=elm(z;y, dy) -0 as B — oo
ly—=l=B
uniformly for p in bounded sets and for v € RY.

Proof. For given py > 0 and n € N, let u,, € X (o + 1) be such that

eMOIICE” for ||:EH Z n
Up(x) =

0 for |z||<n-1

and

0 <uy(z) <et™ for |z|| <n.

Then ||ty || x(uo+1) — 0 as n — 0o. Therefore, ||D(T)u, | x(uo+1) — 0 as n — oco. This implies

that

/ un(y)m(z;y,dy) -0 as n — oo
RN
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uniformly for x in bounded subsets of RY and then
/ et llm(z;y, dy) =0 as n— oo
lyl=n
uniformly for  in bounded subsets of RY. The later implies that
/ etlv=2lm(z;y, dy) -0 as n— oo
ly—z(=n
uniformly for |p| < pp and x in bounded subset of RY. By (4.16), for every 1 <i < N,

ly—(z+psei)||=n ly—=||>n
= / el y, dy).
ly—=l[=n
We then have
/ etlv=ellm(z:y, dy) = 0 as n — oo
ly—z||=n
uniformly for |u| < po and x € RY. The lemma now follows. O

Without loss of generality, in the rest of this section, we assume that the time period

T =1

Lemma 6.3. For given £ € SN71 if N\o(&, i, ao) is the principal eigenvalue of —0; + K¢, —

I+ ao(-,)I for any > 0, then

cr o (8) < inf M. (6.5)

sup 1>0 L

Proof. For given £ € SN=1 put M) = Mo(&, p, ag). For any p > 0, suppose that ¢(u,-,-) €
AF and
[_875 + (IC§7M —I+ ao(', )I)]¢(”>t7 iL’) = )\(,u)qzﬁ(,u, t>$)
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Since f(t,x,u) = f(t,z,0) + fu(t,x,n)u for some 0 < n < u, we have, by assumption (H1),

ft,z,u) < f(t,2,0) for u > 0. If ug € X* | then
u(t, m5ug, 2) < (B(t;€,0,a0(-, - + 2))ug)(z) for z,2 € RY. (6.6)
It can easily be verified that
(B(n;€,0,a0(-, - + 2))ig)(x) = Me M= 1, 2 + z)( = Me H@Emd g (1,0, 2 + z))

with @g(z) = Me "¢ (u, 0,2 + z) for ¢ = % and M > 0. For any uy € X (&), choose

M > 0 large enough such that @y > ug. Then by Propositions 3.6 and 3.8, we have

u(n, xyug, z) < (P(n;€,0,a0(-, -+ 2))up)(z)
S (q)(nv 57 07 aO(': -+ Z))ﬁo)(l’)

= Me (1, 0,2 + z).

Hence,

limsup wu(n,z;ug,z) =0 for every c¢>¢
z-£>ne,n—00

sup

uniformly in z € R. This together with Lemma 6.1 implies that ¢, (§) < # for any p >0
and hence (6.5) holds. O

Lemma 6.4. For given & € SV if X\o(&, p, ag) is the principal eigenvalue of —0; + K¢, —

I+ ag(-,-)I for any pu > 0, then

cig(&) > inf M. (6.7)

inf 4>0 L

Proof. We prove (6.7) by modifying the arguments in [35] and [55].
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Observe that, for every ¢, > 0, there is by > 0 such that
f(t,o,u) > f(t,r,0) —¢ for 0<u<by, =R (6.8)

Hence if ug € X is so small that 0 < u(t, z;ug, 2) < by for t € [0,1], x € RY and z € R,
then

w(l, w;u9,2) > e (D(1;€,0,a0(-, - + 2))ug) () (6.9)

for x € RN and z € RV,
Let r(p) be the spectral radius of ®(1;&, 1, 0). Then A(p) = Inr(p) and r(u) is an eigen-
value of ®(1;&, i, ap(+,-)) with a positive eigenfunction ¢(u, ) = ¢(u, 1, z)(= oé(p, 0, z)).

By Proposition 4.9, for any €; > 0, there is p., such that

for pe, < p < p*(§). In the following, we fix u € (pe,, #*(€)). By Proposition 4.9 again, we

can choose ¢y > 0 so small that
Ap) — pX (1) — 3o > 0. (6.11)

Let ¢ : R — [0, 1] be a smooth function satisfying that

1 for |s| <1
(s) = (6.12)
0 for |s|>2.

By Theorem 4.6, ¢(u, x) is smooth in p. Let

. ¢H<N’7 Z)
Wl 2) = &, 2)
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For given v > 0, B > 0, and z € R”, define

1 O y)e I siny (—(y — 2) - £+ Kl y))Cly — 2ll/B)m(z: y, dy)

Tz B) = b e T T comy (—y = 2) € + s ))C(ly — =/ B)m(z5 g, dy)

By Lemma 6.2, 7(u, 7, z, B) is well defined for any B > 0 and 0 < v < 1, and

Jan O, y)e™ V(= (y — 2) - €+ w(p, y)C(ly — 2I1/B)m(z; y, dy)
Jaw 0(1t, y)e=m6=21¢(((ly — z[|/ B)m(z; y, dy)

hm T(u v, 2, B) =

uniformly in z € RY and B > 0. By Lemma 6.2 again,

lim / O eIy — 2l Bym(zsy, dy) = r()6(p, 2 (6.13)

B—oo R

uniformly in z € RV and

limp o [J"RN O, y)e =D ((y — 2) - C(|ly — 2|/ Bym(z;y, dy)
o Gl y)e M4 (ly = 21/ BYm(z:y, dy)|
= Jan O, y)e (= (y — 2) - Om(zyy, dy) + [en Gulp, y)e "V Sm(2;y, dy)

=7 (1) o1, 2) + (1) du(p, 2) (6.14)

uniformly in z € RV.

By (6.13) and (6.14), we can choose B > 1 and fix it so that

/RN o, y)e "V (ly — 2| /B)m(zy, dy) > X7 0¢(n,z), 2 € RV, (6.15)

V(B +|7m(p, v, 2, B)| + |s(p, 2))) <7, 2eRY, 0<y <1,

—H(M,Z)JrT(u,%z,B)<X(M)—%, 2€RY, 0<y <1, (6.16)

and

K, 2) — (7, 2, B) < =N (u) +ea, zeRY, 0<y< 1. (6.17)
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For given €5 > 0 and v > 0, define

o(5.2) = { e2d(p, z)e " siny(s — k(p, 2)), 0<s—r(u,2) <72 (618)

0, otherwise.
Let

v (238,2) = v(@ - €+ 5 — £, 2) + 7(1,7, 2, B), + 2).

Choose €3 > 0 so small that
0 <u(t,z;v*(-;s,2),2) <by for te€l0,1], =z,zcRY.

Let

77(77:“7 ZaB) = —H(ILL, Z) + T([L,”)/,Z, B)

Then for 0 < s — r(p, 2) < 7, we have

u(1,0;0v*(; s, 2), 2)
> e 0P(1;€,0,a0(-, + 2))v* (5 5, 2)
> €267 [on [cﬁ(u,y)6‘““@"2)“”””’“’ZB” siny[(y — 2) - €+ s+ (v, 1, 2, B) — K1, y)]
Cly = 21/B)|m(zy.dy)
= e~C0p(s, z)e H1ms2.5) sec’YT(#’YZB fRN[ O, y)e P=2E . cosy(—(y — 2) - € + w1, y))

T d(me)
Uy = 211/ B)|m(z: . dy).

Observe that

lim,, g e~0emrnlrmaB) ezl sl [ [ p,y)e M cosy(—(y — 2) - €+ w(, y))
Clly = 21/ B)|m(z:y, dy)

> e—eoe—ukl(#)—eoe)‘(“)_eo by (6.15), (6.16)
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— e/\(u)—uk/ (1) —3eo

>1 (by (6.11)).
It then follows that for 0 < s — r(u,2) < 7,

U(L 0; U*<'; S, Z)a 2) Z U(S7 Z) = U*((’i(/h Z) —T(,u,’}/, Z, B))€7 S, (_k(/% Z) +T(/L7’7a Z, B))g—'—z)

Clearly, the above equality holds for all s € R (since v(s,2z) = 0 for s < k(p,2) or s >

K(p, 2) + %)

Let 5(z) be such that v(5(z), z) = maxsegr v(s, ). Let

v(s(x),x), s<s(x)—T
{U(S—l-g,ib‘), 325(‘%)_%'

Set
v (x58,2) =0(x - E+ 5 — K(p, 2) +7(p, 7,2, B), v + 2).

We then have

U(L 0; 1_}*('; S, 2)7 Z) Z 17(‘97 Z) = 1_}*((’%(:”7 Z) - T(M777 Z, B))év S, (_K;(/Jﬁ Z) _'_T(/va% Z, B))f—l—Z)

for s € R and z € RV,
Let

vo(x;2) =v(x- & o+ 2).

Note that o(s, z) is non-increasing in s. Hence we have

u(l,z;v0(+52),2) = u(l,0;v0( + x5 2), 2+ 2)
= u(1,0;0"(s2- &+ R(p,z+2) —7(y, 2+ 2),x+ 2), 2+ 2)

> v(x- &+ Rr(px+2) —1(1,y, x4+ 2,B),x + 2)
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> o(z-E—N(p) +e,x+2) (by (6.17))

> ﬁ(xf—)\(ﬂ'li;((;)))—i-%l,x—l—z) (by (6.10))
L AWE) e AEE)
= ol =[5~ 2al6 [ — 2alé +2)

for 2 € RN. Let ¢*(¢) = )\(Ati—((f))) — 2¢;. Then

u(l, z;00(:, 2), 2) 2 vo(x = E(§)E, & (§)E + 2)

for all z € RY. We also have

U(Q,ZL';'U()(',Z),Z) > u(l,x;vo(- - 6*(5)576*(5)5 + Z)’ Z)
= u(l,z — (€& vo(+ (€ + 2), () + 2)

> wo(w —2¢°(£)€,2¢7(§) + 2)

for all z € RY. By induction, we have
u(n, x;vo(+, 2), 2) = vo(x — nc*(§)§, ne*(§) + 2)

for n > 1 and z € RY. This together with Lemma 6.1 implies that

Alp*(€))

- 261.

Since €, is arbitrary, (6.7) holds. O

Proof of Theorem G. Fix & € SN71. Put M) = M\o(&, i, ap), where ag(t, z) = f(t,2,0). By

Proposition 4.7, there is u* = p*(§) € (0, 00) such that

ing 2 AT
w0 p Ty
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It is easy to see that ¢*(§) exists and ¢*(§) = % if and only if ¢ (&) = ¢, (€) = A%*).

If Xo(&, 11, ap) is the principal eigenvalue of —0; + KC¢ , — I + ao(+,-)I for all p, then by

Lemmas 6.3 and 6.4, we have ¢*(€) exists and ¢*(§) = inf 50 %

In general, let a"(-,-) € CV(R x RV R) N X, be such that a” satisfies the vanishing

condition in Proposition 4.4,
a®>ayp for n>1 and |a" —allx, >0 as n— oco.

Then,

Xo(&, iy a™) = Xo(§, pt,a0) as n — 0.
Note that for 0 < e < 1,
wf(t,r,u) <ula™(t,z) —eu) for xRN, u>0.

By Lemma 6.3 and Proposition 3.8, for any ug € X () and ¢ > inf,,» ’\O(gﬁ’an),

lim  w(t,z;ug) < lim u"(f,z5u9) =0
T-E>ct t—v00 (7 ) 0) = pE>climoo (7 ) O) s

where w,(t,z;ug) is the solution of (6.1) with f(¢,z,u) being replaced by f"(t,z,u) =

a"(t,x) — eu. This implies that

A n
) < 28y

and then

A

C:up(§> < 0(57:“’7 aO) \v/,u > 0.
Therefore,
* . )\0(57 K, ao)
< P I
Cap(§) < Inf PR (6.19)

73



For any € > 0, there is g > 0 such that
flt,o,u) > f(t,z,0)—¢ for teR, z€RY, 0<u<d.

Let a,(-,-) € CN(RxRY)NX, be such that a, satisfies the vanishing condition in Proposition
4.4 and

f(',',O)—QESCLn(-,-) §f<'7',0)—€ \V/TLZ 1.

Note that
uf(t,z,u) > u(a,(t,z) — Mu) VO0<u<d, M>D0.

Choose M > maXtER’If;fN anlte), By Lemma 6.4 and Proposition 3.8, for any ug € X1 (&) with

SUp,epy Uo(z) < do,

liminf w(t.z uq.z) > liminf w. (t. 2 ue. 2) > 0
z-E<ct,t—00 (7 y W0,y )_a:-ggct,tﬁoo n(, , U, )

)\o(ﬁ,u,an
o

for any ¢ < inf,~¢ ) where un(t, z;ug, z) is the solution of (6.1) with f(¢,x,u) being

replaced by f,,(t, z,u) = a,(t,z) — Mu. This implies that

* : )\0 (57 1y an)
: > ipf 2051
Clnf(é-) - }};E [
Thus,
* . AO(S? K, aO) — 2¢
X > .
Clnf(f) - :LI;E [
Letting € — 0, we have
* : )‘0(57 122 aO)
: > inf 205 70/ ‘
Cine(§) = Inf . (6.20)
By (6.19) and (6.20),
* X _ /\0(67 Ky aO)
Csup(g) = ciy(§) = }g% T
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Hence ¢*(&) exists and

C*(f) _ lltgf(‘) AO(é-a:a CLO) )

Proof Theorem H. It can be proved by the arguments similar in [51, Theorem EJ.
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Chapter 7

Traveling Wave Solutions of Nonlocal KPP Equations in Periodic Media

In this chapter, we explore the existence and uniqueness of traveling wave solutions of
(2.4) connecting 0 and u™ and prove Theorem I. The main results of this chapter have been
submitted for publication (see [43]). Throughout this chapter, we assume (H1) and (H2).

7.1  Sub- and super-solutions

In this section, we construct some sub- and super-solutions of (2.4) to be used in the
proof of Theorem I. Throughout this subsection, we assume (H1)-(H3) and put ao(t,z) =

f(t,z,0).
For given £ € SV~1, let u*(€) be such that

(€1 (€),00)

wren A0
O ="

Fix ¢ € S !tand ¢ > ¢*(§). Let 0 < pu < pyp < min{2u, u*(€)} be such that ¢ = M

and /\0(5’%00) > )‘O(é.uu‘l’ao) > C*(g) PU-t
H H1

¢('7 ) = ¢(M, K ')7 ¢1('7 ) - d)(:ulu " )

If no confusion occurs, we may write Ao(u, &, ag) as A(u).

For given d; > 0, let

v(t,x; 2, dy) = e PNt x4 2) — dye M@ N g (t x + 2)

and

u(t,z; z,dy) = max{0,v(t, z; z,dy) }. (7.1)
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We may write u(t, x; z) for u(t, x; z,d;) for fixed d; > 0 if no confusion occurs.

Proposition 7.1. For any z € RN, u(t, x;2,dy) is a sub-solution of (6.1) provided that d,

15 sufficiently large.
Proof. 1t follows from the similar arguments as in [50, Propsotion 3.2]. O

For given dy > 0, let
O(t, 25 2,dy) = e TNt 1+ 2) + dye TN (¢ 1 + 2)

and

u(t,r; z,do) = min{v(t, z; 2, do), ut (t,x + 2)}. (7.2)
We may write o(t,x; z) and a(t,z;2) for v(t,z;z,ds) and u(t,x; z,ds), respectively, if no
confusion occurs.
Proposition 7.2. For any dy > 0 and z € R, u(t, z; 2,dy) is a super-solution of (6.1).
Proof. 1t follows from the similar arguments as in [50, Proposition 3.5]. O

Proposition 7.3. Forug(-;z) € X T withup(x; 2) < ut(0,2+2), if limg.e o % =

1 uniformly in z € RN and inf,.c<o() .ern to(x; 2) > 0, then
U(t, T+ Ct& UO('; Z)? Z)

Ii =1 7.3
s eHTEp(t, x + cté + 2) (7.3)

uniformly int >0 and z € RY, and

inf u(t,z + ct& up(+; 2), z) > 0. (7.4)

2-£<0(1),t>0,2€RN

Proof. Assume that ug € X satisfies the conditions in the proposition. We first prove (7.3).

Observe that there are dy, ds > 0 such that

u(0,2,;2,d) < ug(z;2) <a(0,z;2,dy) V¥V ze€RY,
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By Propositions 7.1 and 7.2,

u(t,m; z,dy) < ult,z;uo(; 2), 2) < alt,z; z,da). (7.5)

This implies that

zé—oo eHTEG(t 1 + ctl + 2)

uniformly in ¢ > 0 and z € R", i.e., (7.3) holds.
Next we prove (7.4). Without loss of generality, we may assume that ug(z) < ug(x—p;e;)
for any e; with e; - £ > 0. By (7.5), there are M_ < M, with My, — M_ > p;+py+---+pn

and o > 0 such that

u(t,r + ct&up(+2),2) >0 V>0, Mo <z-£<M,. (7.6)

Then for any e; with e; - £ > 0,
piei- &< My — M-

and

up(x) < up(x — pie;).

Observe that there is e;, such that e;, - &€ > 0. Then by Proposition 3.8, for any k£ € N,

u(tv T+ th - kpioeio; Uo, Z) = U(t, T+ Ctﬁ; uO(' o kpioeio)a = kpioeio)
= u(t,z + ct& uo(- — kpiy€iq ), 2)

> u(t,x + ct& up(-), 2).

This together with (7.6) implies that

u(t,r + ctéug(52),2) >0 Vt>0, Mo —kpy, <x-&< My —kpyy, z€RY, (7.7)

78



where p;, = pi,€i, - £(> 0). (7.6) and (7.7) together with p;, < M, — M_ imply that

u(t,r + cté&ug(52),2) >0 V>0, z-&£< M., z€RY.

(7.4) then follows. O

7.2 Traveling wave solutions

In this section, we investigate the existence of traveling wave solutions of (2.4) and prove

Theorem I. Throughout this section, we assume (H1)-(H3).

Lemma 7.4. Let

up(z,2) = u(nT,x + enT& u(0, ;2 — enTE), z — enTE).

Then
un(x, 2) = w(nT, z;u(0,- + enT&; z — enT€), z)

and u,(x, z) is non-increasing in n.

Proof. First, by direct calculation,

un(z,2) = u(nT, z;u(0, - + cnTE; z — enTE), z).

Next, observe that

w(T,x+cT¢ z—enTE) =u(0,2;2 —c(n—1)TE) Vn>1.

Hence

up (2, 2)
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— w(nT,x + enT€ (0, - z — enT€), z — cnTE)

— u((n— DT,z + enT&w(T, a0, - 2 — enT€), = — enTE), = — enT€)

= w((n— DT,z +cln — V)TEu(T, -+ cTE (0,5 2 — enT€), z — enTE); 2 — c(n — 1)TE)
< w((n— DT,z +c(n— V)TE AT, + cT€ 2 — enTE); 2 — c(n — 1)TE)  (byLemma6.4)
= u((n— DT,z + c(n — 1)TE (0, 2 — e(n — 1)TE), z — c(n — 1)TE)

= Up_1(z,2).

The proposition is thus proved. O

Let
Qy(z,2) = Ji)rgoun(:v,z)

Then ®y(z, z) is upper semi-continuous, 0 < ®(z, z) < u*(0,z + z), and hence ®(+, z) € X.

The following lemma follows easily.
Lemma 7.5. For each z € RN u(t,z) = u(t, z; ®o(+, 2), 2) are entire solutions of (6.1).

Proof of Theorem I. Let

O(z,t, 2 + ctl) = u(t, x + ct&; Po(-, 2), 2).

It suffices to prove that ®(z,t, z) generates a traveling wave solution of (2.4).
First of all, u(t, z; ®(-,0, 2), 2) = ®(x —cté, t, z+ ctf) follows directly from the definition
of ®(z,t, z).

Next, note that

u(t,r;2) = e PNt 0+ 2) — dje N (v + 2)

IN

u(t, z; (-, 0, 2), 2)

IN

u(t, z; )
= e Mtz + 2) + doe TN gy (2 + 2) (7.8)
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fort € R and z, 2z € RY. Note also that

O(z,t, 2)
= u(t,x + ct&; (0, -, 2 — ctf), z — ctf)

= lim u(t,x + ct&un (- 2 — ctf), z — ct§>

n—oo

= lim u(t,x + ct&u(nT, -+ enTE; u(0, —chf—ct§),z—ch§—ct§),z—ct£>

n—oo

= lim u(t, z;u(nT,- + ct&; u(0, +ch§;z—chf—ctf),z—ctf),z)

n—oo

= lim u(t+nT, z;u(0, - + cnTE&+ ct&; z — enTE — ctf), )

n—oo

(t
(
= lim u(t,a:,u (nT, -;u(0, -+ch§+ct§;z—chf—ctf),z),z)
(
(

= lim u(t+nT,z+ cnTE& + ct&;u(0, - z—chf—ctf),z—chf—ctf). (7.9)

n—oo

By (7.8),
O(x — cté,t, z + ctf)
vt etroo e MEEN Gt 1+ 2)

)

which is equivalent to

@(z t,z)
1 =1 1

uniformly in t € R and z € RY.

By (7.9) and Proposition 7.3, there are ¢ > 0 and M € R such that
u(t +nT,x+ enTE + ct&; u(0, 52 — enTE — ctf), z — enTE — ctf) >0 Yn>1, z- &< M.
It then follows from Lemma 6.2 that
x_)slilriw(q)(t, r,z)—ut(t,x+2)=0 (7.11)

uniformly in t € R and z € RY.
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By (7.9), we have

O(z, T, 2)

= lim u((n + )T, x4+ c(n+ 1)T&u(0, 52 —c(n+ 1)TE), 2z — c(n + 1)T§>

n—oo

= lim u(nT, r+enT&u(0, 52— enTé), z — ch§>

n—oo

= P(z,0,2) (7.12)
and

P(x,t, 2 + pie;)

= lim u(t +nT,x+ cnTEé + ct&;u(0, -5 2 + pies — enTE — ct), z + pie; — enTEé — ctf')

n—oo

= lim u(t +nT,x+ enTE + ct&;u(0, ;2 — enTE — ct), z — enTE — ctf)

n—oo

= P(x,t,2). (7.13)

Moreover, for any z,z € RN with z- & =2 - €,

O(x,t,z —x)
= nh_}r&u(t%—nT x + enTE + ct&; u 0, z—a:—chﬁ—ctﬁ),z—x—chﬁ—ctf’)
= nh_{{)lOu(t%—nT, enTé + ct&u(0,- + x5 2 — o — enTE — ct€), z — enTE — ctf)
= nh_}rg()u(t + T, enT€ + ct&;u(0, - + Tiz—a — enTé — ct€), z — enTE — ctf)
(

= lim u(t+nT,z + enT€ + cté; (0, z—:cl—chf—ctf),z—xl—chf—ct§>

n—oo

= ®(z,t,z—2). (7.14)

By (7.9)-(7.14), ®(x,t, z) generates a traveling wave solution of (2.4) in the direction of

& with speed c. O
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