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Modern wireless communications ask for high data rate, high transmission perfor-
mance and low complexity. High data rate induces frequency-selective channels because
of the relatively shorter symbol duration than the delay spread. Wireless links intro-
duce fading which degrades performance and requires diversity techniques to combat.
Orthogonal Frequency Division Multiplexing (OFDM) is an effective method to deal
with frequency-selective channels since it facilitates low complexity equalization and
decoding. To eliminate the effects of the channel nulls and fading, linear precoded
OFDM is introduced to enable multipath diversity and the maximum likelihood decoder
is used to collect the diversity. But, the low complexity provided by OFDM is sacri-
ficed. Multi-antenna techniques are shown to be able to boost the data rate and also
collect space diversity to combat fading. The V-BLAST (Vertical Bell Labs Layered
Space-Time) scheme enables higher data rate than single-antenna setup does, but it
also requires higher decoding complexity. As a combination, multi-input multi-output

(MIMO-) OFDM has been widely studied to boost the transmit-rate and performance



in terms of diversity. For MIMO-OFDM systems, many designs successfully exploit the
joint space-multipath diversity when maximum likelihood (ML) detector is adopted at
the receiver, which is well known for high complexity. To reduce the decoding complexity,
linear equalizers are favored in practical systems, but they usually induce performance
degradation. In this thesis, we first quantify the diversity of conventional linear equaliz-
ers for linear precoded OFDM, V-BLAST and MIMO-OFDM designs. Then, we propose
lattice reduction (LR-) aided equalizers to improve the performance, and show that LR~
aided linear equalizers achieve the same diversity order as that collected by ML detectors
for (MIMO-) OFDM systems and V-BLAST systems. Simulation results corroborate the

theoretical findings.
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CHAPTER 1

INTRODUCTION

Modern development of wireless communications requires reliable high-data-rate
services. To increase data rate, we can decrease the symbol period, but this will intro-
duce frequency-selectivity (and hence time-dispersive) channels. Orthogonal frequency
division multiplexing (OFDM) is known as an effective method to deal with frequency-
selective channels since it facilitates low-comlexity equalization and decoding [22]. How-
ever, the original uncoded OFDM design neither guarantees symbol recovery, nor collects
the multipath diversity to combat fading. Several techniques were proposed to collect the
multipath diversity provided by the channel. One way to recover the symbol detectabil-
ity for single antenna OFDM systems, is linear complex-field coded (LCFC-) OFDM
(a.k.a. linear precoded OFDM) presented in [11, 22] to collect the multipath diversity
but at the cost of increased decoding complexity.

Another way to achieve high-data-rate is to adopt multi-antenna at the transmitter
and receiver. Space-time multiplexing of multi-antenna transmissions over multi-input
multi-output (MIMO) channels has well documented merits in combating fading, and
further enhancing data rates. The V-BLAST (Vertical Bell Labs Layered Space-Time)
architecture presented in [4, 25] is a well-known method for achieving high spectral
efficiencies over a rich-scattered environment. Since high data rate is achieved through
multiple transmit- and receive-antennas, and high order signal constellation is usually
used, the high decoding complexity at the receiver for collecting the diversity provided

by the channels becomes the bottle-neck of the development of multi-antenna systems.



Frequency-selective MIMO fading channels provide space-multipath diversity to
combat fading. Thus, MIMO-OFDM becomes a strong candidate for next generation
wireless multi-antenna communications. Numerous space-time (ST) coding schemes have
been developed for MIMO-OFDM systems to collect space-multipath diversity (e.g., [11]
and [13]). Since all of them used maximum likelihood (ML) detection or near-ML schemes
such as sphere-decoding (SD) method, the decoding complexity is high especially when a
large number of transmit-antennas and/or high signal constellations are employed. Thus,
it is obvious that, no matter in single antenna LCFC-OFDM systems, V-BLAST systems
or in MIMO-OFDM systems, how to reduce the decoding complexity while exploiting
the diversity order is the problem we would like to study.

The first straightforward thought to solve this problem is to use linear equalizers
such as zero-forcing (ZF) and minimum mean square error (MMSE) equalizers. It is
well-known that linear detection methods have much lower complexity than ML and
SD methods but introducing an inferior performance. Interestingly, it has been shown
that even linear equalizers guarantee maximum multipath diversity for certain precoded
OFDM systems [21] (e.g., the system in [22]). However, the decoding complexity of linear
equalizers in [21] depends on the number of subcarriers which usually is large. Grouped
LCFC-OFDM design has been proposed in [11] to reduce the decoding complexity by
performing smaller size of ML. The major difference for the LCF coder design of [22,
21] and the one in [11] is that LCF coder in [11] depends on the lattice structure of
the transmitted symbols. Therefore, to differentiate these two, we call the grouped
LCFC-OFDM scheme as linear lattice-based precoded (LLP)-OFDM. In general, the
performance of linear equalization has not been studied for LLP-OFDM, V-BLAST and

MIMO-OFDM systems in the literature. In this thesis, we analyze the performance



of the linear equalizers for LLP-OFDM systems and extend the results to V-BLAST
systems and MIMO-OFDM systems.

Recently LR technique has been used to improve the performance of linear equaliz-
ers over MIMO systems (e.g., [8] and [24]). A class of real LR-aided linear equalizers was
presented in [26, 27|, to transform the system model into an equivalent one with better
conditioned channel matrix while maintaining the low complexity. It is shown that LR
technique can help to collect the maximum diversity order while does not increase the
complexity much. Therefore, in this thesis, we develop complex LR-aided linear equal-
izers to decode LLP-OFDM systems and analyze the performance in terms of diversity.
The results can also be extended to V-BLAST and MIMO-OFDM designs to show the
diversity order explicitly.

This thesis is organized as follows. In Chapter 2, we study the performance of
LLP-OFDM systems: first, the system model of LLP-OFDM is presented; then the
performance of LLP-OFDM systems with three kinds of low-complexity equalizers (ZF,
MMSE and decision-feedback equalizer (DFE)) is analyzed separately; LR-aided linear
detection methods for LLP-OFDM systems are developed and analyzed. We show that
LR-aided linear equalizers exploit multipath diversity. The simulation results will cor-
roborate our theoretical claims. Chapter 3 and Chapter 4 will follow similar structure
while Chapter 3 studies the V-BLAST systems and Chapter 4 copes with MIMO-OFDM
systems, where two kinds of multi-antenna OFDM designs are analyzed as examples. The
last chapter presents concluding remarks and future research directions.

Notation: Upper (lower) bold face letters will be used for matrices (column vectors).

*

Superscript " denotes Hermitian, * conjugate, and 7 transpose. We will reserve ® for

the Kronecker product, [-] for integer ceiling, and E[-| for expectation; diag[«] will stand



for a diagonal matrix with x on its main diagonal. Iy will denote the N x NN identity
matrix. Z is the integer set and C stands for the complex field. Z[y/—1] denotes the

Gaussian integer ring whose elements have the form Z + /—1Z.



CHAPTER 2

PERFORMANCE ANALYSIS OF LLP-OFDM SYSTEMS

In this chapter, we consider single-antenna LLP-OFDM systems. First, the system
model of grouped LLP-OFDM is introduced. With this model, the performance of
linear equalizers is studied. Then, we develop the complex LR-aided linear equalizers for
LLP-OFDM systems and analyze the performance to show it can collect the multi-path

diversity.

2.1 System Model of LLP-OFDM

For high-rate transmissions, when the maximum delay spread (74) of the channel
exceeds the symbol period (Ts), inter-symbol interference (ISI) cannot be ignored and
the channel exhibits frequency-selectivity. Suppose the channel is random, with finite
impulse response, consisting of L + 1 taps, where L is defined as |74/Ts]. Channel taps
are denoted as a vector h = [hq, h1, ..., hr]T and modelled as complex Gaussian random
variables. Here, the conventional uncoded OFDM system we consider includes cyclic
prefix (CP) insertion and inverse FFT (IFFT) operations at the transmitter, and CP
removal and FFT operations at the receiver. It has been shown that plain OFDM enables
symbol-by-symbol low complexity decoding. However, as stated in [3] and [22], the
performance of uncoded OFDM suffers from loss of diversity. LLP-OFDM [11, 12, 22] has
been proposed to combat frequency-selective fading by collecting the multipath diversity

provided by the channel.



In order to exploit the multipath diversity in OFDM, the LCFC-OFDM designs
first linearly encode the ith information block s(i) = [s(iN),...,s(iN + N — 1)]T ¢
Z[/—1)V*! (N is much greater than L, but less than the normalized channel coherence
time) by a time-invariant matrix I' € CV*¥; and then multiplexes the coded symbols
u(i) = T's(i) € CN*! using conventional OFDM. Collecting the ith received OFDM
block after CP removal and FFT operations as: y(i) = [y(iN),...,y(iN + N —1)]T, the

input-output (I/0) relationship of the overall system model can be expressed as:

y(i) = Dyu(i) + w(i) = DyT's(i) + w(i), (2.1)

where Dy = diag [H(0), H(1),..., H(N —1)], with H(n) = S} hje 72™/N (i) is
the ith white complex Gaussian noise vector observed at the receiver with zero mean
and covariance matrix o2 I . Since we consider block-by-block decoding, for notational
simplicity, we will drop our OFDM block index i from now on.

There are several ways to design I' to achieve maximum diversity without any chan-
nel knowledge at the transmitter. One way is to design I' as a tall Vandermonde matrix
with properly chosen generators [22]. For this case, though the bandwidth efficiency is
sacrificed, it has been proved that even linear equalizers (ZF and MMSE) can also achieve
the full diversity [21]. But since the complexity of linear equalizers in [21, 22] depends on
the block size N with a order of O(N?), when N is large, even linear equalizers require
high decoding complexity.

Another way to design the LCF encoder uses algebraic number theory and grouping
method [11]. Suppose the N subcarriers are split into N, groups and each group has

size K. To achieve the maximum coding gain, we select the gth group as [11] and [12]:



sg = [5(9),8(g + Ny),...,s(g + (K — 1)Ny)|T, with s(n) denoting the nth symbol in s.
The K equi-spaced symbols are precoded (or linear block coded) by a K x K unitary
matrix ©, and the precoded symbol u, = ®s, is mapped into K equi-spaced carriers. It

is readily seen that analogous to (2.1), the I/O relationship for the gth group becomes:

Yy = D yg®sy +wy = Hequsy + wy, (2.2)

where H g := Dp ¢® is the equivalent channel matrix with Dy, = diag[H (g), H(g +
Ng),...,H(g+ (K —1)Ny)], and w, is the corresponding noise of the gth group. We
observe that the I/O relationship of the gth group in (2.2) has the same form as (2.1).
Thus, ML or SD method can be used to collect full multipath diversity. As proposed in
[12, 11], the maximum achievable multipath diversity order is G4 = min(K, R},), where
Ry, denotes the rank of the channel coefficients correlation matrix E(hh’).

Compared with the ungrouped version in [22], grouped LLP-OFDM has lower com-
plexity since each group only has K < N symbols. However, ML or near-ML decoder is
required to collect multipath diversity. One natural question now is what if one wants
to further reduce the complexity and just uses linear equalizer to (2.2) and what the
diversity is in this case. In the next section, we analyze the performance of the linear
equalizers for LLP-OFDM systems and answer this question. For brevity, we will drop

the group index ¢ in (2.2).

2.2 Linear Equalization For LLP-OFDM

Linear equalizers are favored in practical systems because they have the lowest

complexity among all kinds of detection methods. However, at the same time, linear



equalizers are “blamed” because they usually have inferior and unpredicted performance
(e.g., unknown diversity order). In the literature, the performance in terms of diversity
with optimal decoders (e.g., ML) has been well-documented (see e.g., [18, 12]). However,
the performance of linear equalizers is not well studied. Recently, it has been shown
that even linear equalizers can collect the multipath diversity for LLP-OFDM with tall
Vandermonde LCF encoders [21], while it is unclear on the performance of LLP-OFDM
with linear equalizers. In this section, we study the performance of LLP-OFDM systems
with ZF equalizer, MMSE equalizer and decision-feedback equalizer (DFE). We will keep

our proofs general so that they can be applied to other linear systems.

2.2.1 ZF Equalizer for LLP-OFDM

Suppose that the receiver has perfect channel knowledge. Based on the model in

(2.2), the output of ZF equalizer is given as:
= (Hep) 'y=5+(Hep) 'w=s+mn, (2.3)
where n .= H ;Iluw is the noise after equalization. The channel matrix Heg, = Dy ®

has full rank with probability one (wpl) because © is a unitary matrix and the diagonal

matrix Dy has full rank wpl. Note that the noise vector n is no longer white and its

-1

equ The next step is to map

covariance matrix depends on the equalization matrix H

the output to signal constellation:

3 = Q(x;) = argmin |z; — s|, (2.4)
s€S

where x; denotes the ith element of  and Q(-) means the quantization of the symbol.



Starting from (2.3), we now analyze the diversity collected by ZF equalizer. Suppose
that the ith transmitted symbol is s;, and at the receiver it is erroneously decoded as

3; # s;. The error probability is given as:

P(si — 8ilHequ) = P(|lzi — &> < |z — 8il* | Hegu),

where n; is the ith element of n. If we define e; = s; — §;, then the error probability can

be further simplified as:

P(Si — 5 ’ Hequ) = P(‘ez +ni|2 < |nl|2 ’ Hequ)
—emnf —ein; _ |el?
= P ¢ H..). 2.

Though as we stated, the ZF equalized noise vector n is no longer white, it is not difficult
to verify that for each channel realization, n is still complex Gaussian distributed with
zero mean and covariance matrix

2
wC

Enn’] = oL (HIl Hep) ' =0 (2.6)

where C := (quHequ)*l. Define a random variable v; = (—e;n} —efn;)/2. Given the
error symbol e;, v; is real Gaussian distributed with zero mean and variance |e;|> E[|n;|?]/2 =
les|202 Ci; /2, where Cy; is the (i,7)th element of C in (2.6). Thus, the error probability

in (2.5) can be re-written as:

Plsi =5 | Hup) = Q ( i ) . (27)



Based on (2.7), the diversity order collected by the ZF equalizer is established in

the following:

Proposition 1 Given the model in (2.2), if the channel taps are complex Gaussian
distributed with zero mean, then the ZF equalizer in (2.3) exists wpl and collects diversity

order 1 over LLP-OFDM systems with frequency-selective channels.

Proof. According to the design in [11] or [12], there exists at least one unitary matrix ©
that enables maximum diversity for any block size K and constellations that belong to
Gaussian integer ring. The diagonal matrix Dy has full rank wpl. Thus, both of them
are invertible wpl. This shows the ZF equalizer exists wpl.

Because © is unitary and recalling the Vandermonde structure of ®, we notice that
the elements of ® have amplitude 1/4/K. Thus, matrix C in (2.6) can be written as

C=(H!H.,) '=@©"DiDy®)!' =0"D,;(D})'e,

equ

and the (i,4)th entry of C, C;; becomes

K-1
1 1
i =0I'D (D)0, = — ) 2.
C 7 H( H) K prd |H(k’)|2 ( 8)

where 6; is the ith column of the LCF encoder ®. Based on (2.8), we can bound Cj; as :

L o 1
K[H(oP ="~ min [H(k)?
0<k<K-1

(2.9)

where ¢ is any integer, ¢ € [0, K — 1]. The left inequality holds because Cjy; is the

summation of K nonnegative numbers and is surely larger than or equal to any one of

10



them. The right inequality holds because |H(1k)|2 < 0<¥2i}}_11‘H(2.)|2 forany 0 < k < K —1.

According to (2.7), the post-processing signal-to-noise ratio (SNR) of ZF equalizer is

le:|?

V=2 Plugging the inequality (2.9) into (2.7), we will have:

12 mi 2
K|ei]2|H(c)|2 B |€i|2 N |ez| OSIEI%III;_JH(’?)\ (2 10)
202~ 202Cy 202, '
Thus, the outage probability [23] can be bounded as:
2027th 20'2")/th
P(|H(c)f <=2 <P thy<p in |H(k)]? < =Y . (211
(1P < 2205 ) < Py <a™ < P (_min 1H@E < 707). @

Next, to show the diversity order collected by ZF equalizer, we need the following

lemma:

Lemma 1 Given N random variables X1, Xs,..., Xy (either dependent or indepen-
dent), they are all central Chi-square distributed with degrees of freedom 2M . Let Xopin
denote the minimum of them, and then we have P(Zpin < €) < cueM, where ¢, 1S a

constant depending on N and M.

The proof is given in Appendix A. Since |H(k)|? is exponentially distributed (or Chi-

square distributed with degrees of freedom 2), according to Lemma 1, we can obtain:

952 ~th 2N\ 1
P< min |H(k§)‘2§ 0w >§Cu’7th<|€l| >

0<k<K-1 lei|? 202

So the performance upper-bound in (2.11) shows diversity one. Since H(c) is complex

Gaussian distributed, |H (c)|? is Chi-square distributed with degrees of freedom 2. Then,

11



we can obtain that:

20_2,.)/th 0.2,.)/th
2 _
P <|H(C)| < KT;z‘|2> = exp <_Ku|}e¢|2 ,

which shows that the performance lower-bound also has diversity one (see also [23] for
similar argument).

So the diversity order of the outage probability is just 1. According to [23], the
diversity of outage probability is the same as that of average error probability. Thus,

the diversity collected by the ZF equalizer for LLP-OFDM system is just 1. |

Interestingly, different from the claim in [21], Proposition 1 shows that if we use
ZF linear equalizer for LLP-OFDM systems, the diversity order for the performance is
only 1. This is because of the different structures of the precoders in [11, 22]. For LLP-
OFDM, although the ZF equalizer has low complexity, it cannot collect any multipath

diversity.

2.2.2 MMSE Equalizer for LLP-OFDM

Another often used linear equalizer is minimum mean square error (MMSE) equal-
izer. Based on the model in (2.2), the linear MMSE equalizer for LLP-OFDM systems

is given as:

= (Hl He+ooIg) "HlLy. (2.12)

equ

12



It is easy to verify that the MSE of the symbols after MMSE equalization is

~ -1
El|s—8|* = o2 (H \Hegu + 02 Ik) . (2.13)

equ

Defining C = (HZuHequ + UZ,IK)_l and plugging in the fact that H.4, = Dy ® into

C, we have the (i,7)th entry of C

K
Cii = 01 DiDy +02Ix) 70, = — Y IO (2.14)

The approximate BER after MMSE equalization is [16]:

P, ~ ZamQ (ﬁm /% — 1) , (2.15)

where «,, and (3, depend on the symbol constellation. Based on (2.14), we find that

the SNR for the error probability is bounded by:

i H(k)|?
og%ﬁ_l’ (k)| 1

K
— 1< —(|H()]? + 52). 2.16
2 Yo —ag,“ () +0o5) (2.16)

Similar to the ZF equalizer case, based on (2.16), the diversity order collected by

the MMSE equalizer is established in the following;:

Proposition 2 Given the model in (2.2), if the channel taps are complexr Gaussian dis-
tributed with zero mean, then the MMSE equalizer in (2.12) for the LLP-OFDM system

collects diversity order 1.

13



2.2.3 DFE Equalizer for LLP-OFDM

Generalized decision feedback equalizer (GDFE) is proposed and compared with the
Nulling-Cancelling (NC) equalization ([6]) in [5]. It is shown that the operation of GDFE
is equivalent to the NC processing. There are two types of GDFE: ZF-GDFE and MMSE-
GDFE. Here, we consider the performance of ZF-GDFE while it is straightforward to
see the performance of MMSE-GDFE following the similar analysis. For ZF-GDFE (or

ZF-NC), the output of the forward equalizer is:

x=Q"y, (2.17)

where QR is the QR-decomposition of H .4, with unitary matrix @ and upper triangular
matrix R. Then the decision process becomes
for n=0:K -1

$k-n = Q((TK-n — 2 RK—n,K-n+iSK-n+i)/ RK—n,ic—n)
end
where R, , is the (p, ¢)th entry of R and xz; is the ith entry of . According to [5], the
diversity of LLP-OFDM systems with ZF-GDFE equalizer is determined by the lowest
degrees of freedom of |Ry|* k € [1, K], where R is the QR decomposition of Dy©
and Ry is the (k, k)th entry of R. Considering the QR decomposition process, Ry
offers the lowest degrees of freedom. Because C = (H quuH equ) L = (RR)™1 it can

be verified that |Rx x|? = O} satisfies:

i 2 < 2 < 2, .
oin  [H(K)" < |Rixl” < K|H(c)] (2.18)

14



Thus, following the analysis for ZF equalizer, we can see that the maximum diversity
order that ZF-GDFE can collect is just 1. Similarly, the diversity of the LLP-OFDM

systems with MMSE-GDFE is also 1. Proof is omitted here.

Remark 1 From our analysis, we notice that for LLP-OFDM systems, the linear equal-
izers cannot exploit any multipath diversity, though they have much lower decoding
complexity compared with ML or SD methods. Furthermore, the performance of ZF
equalizer is the worst among these three linear equalizers while MMSE-GDFE equalizer

has the best performance of them.

2.3 LR-aided Linear Equalization For LLP-OFDM

As we know, for linear systems, if H¢q, in (2.2) is diagonal, ZF equalizer has the
same performance as ML decoder (e.g., for plan OFDM case). However, in general H .4,
is not diagonal, and thus ZF equalizer has inferior performance (e.g., in Section III we
have shown that ZF equalizer cannot collect multipath diversity). This motivates us to
find a way to make H 4, close to a diagonal matrix.

If the symbols s are drawn from Gaussian integer ring (QAM, PAM constellations),
then H .4, s belongs to a lattice generated by the columns of Hg4,. Thus, to estimate the
information symbols is equivalent to searching for the closet point in the lattice [1]. The
motivation to use lattice reduction (LR) technique in equalization is to make the decision
region of the linear equalizers more like that of ML detector by finding a more orthogonal
basis for the lattice, thus increase the performance. Recently, Lenstra-Lenstra-Lovasz
(LLL) algorithm has been adopted for LR-aided linear equalizers to find more orthogonal

basis for communication MIMO channels, because it guarantees polynomial complexity
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to find a set of bases within a factor of the shortest vectors (see e.g., [8, 24, 27]). The
LLL reduction was first posted in [10]. The LR-aided linear equalizers were first applied
to MIMO systems (see e.g., [8, 24, 27]). However, the methods in [24, 26, 27] are based
on real lattice reduction methods, which increase the decoding complexity by splitting
the complex channels into real and imaginary parts. [8] uses complex lattice reduction
method, but only for two-transmit-antenna case. In [14], it is mentioned that complex
LLL algorithm can be extended to any number of transmit-antennas. Unfortunately,
detailed complex LLL algorithm is not provided in [14]. In general, these existing re-
sults show that LR performed on the channel matrix can improve the linear detectors’

performance while does not increase the complexity much.

2.3.1 LR-aided Linear Equalization

We first extend the LLL algorithm to complex field for any number of transmit-
antenna. Our proposed complex LLL algorithm can be found in Appendix B, where
we use the conventional MATLAB notation (e.g., R(k, k) denotes the (k, k)th element of
matrix R). Compared with the real LLL algorithm in [27], the major difference of the
complex LLL algorithm exists at Steps (8) and (16) in Table 1. Later by simulations,
we show that the complex LLL algorithm enables lower computational complexity than
the real LLL algorithm without sacrificing any performance.

Given the system model in (2.2), we adopt CLLL algorithm to reduce the lattice
basis of H .4, and obtain H=H equI’, where T is a unimodular matrix which means all
the entries of T and T~! are Gaussian integers and the determinant of T' is £1 or +j.

Then, we apply the LR-aided ZF equalizer H - instead of H_ !

equs and the output can be
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S1: Map the information bits to symbols s whose constellation belongs to Gaussian
integer ring;

S2: Obtain (2.2) after LLP-OFDM transceiver operations;

S3: Perform the Complex LLL algorithm to reduce the lattice basis of the equivalent
channel matrix: [H,T] = CLLL(H q);

S4: Rewrite the system as y = H oy, T(T"'s) + w = Hz + w;

S5: Apply the ZF equalization based on the new system to obtain 2 = Q(f{ _1y);

S6: Use £ and T to recover the original information: § = Q(T2).

Table 2.1: Lattice-Reduction Aided ZF Equalization

written as [c.f. (2.2)]:
=T 's+H 'w=z+n. (2.19)

Since all the entries of T~! and the signal constellation belong to Gaussian integer ring,
the entries of z are also Gaussian integers. One can estimate z from « by quantization.
After obtaining z, one can recover s by using T and mapping to the appropriate constel-
lation. We summarize the main steps of LR-aided ZF equalizer for LLP-OFDM systems
in Table .

Note that the equivalent channel matrix H .4, can be other communication channels
(e.g. MIMO channel matrix later in Chapter 3, MIMO-OFDM matrices in Chapter 4).
To perform the LR-aided MMSE equalizer, we cannot just apply the conventional MMSE
equalizer to the new system in Step S4, because the average power of z is not easy to
determine. In [27], it shows that LR-aided MMSE equalizer agrees to the LR-aided ZF
equalizer with respect to an extended system. Compared with the conventional linear
equalizers, LR-aided linear equalizers increase the complexity only in the CLLL reduction

step, we will compare the complexity over different systems by simulations.
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Remark 2 Here, we notice that in Step S5, the quantization of H 71y is simply round-
ing to the nearest integer in order to reduce the complexity. Thus, we must make sure
the constellation of symbols s belongs to Gaussian integer ring, and both the real and the
imaginary parts are drawn from an integer set whose elements are consecutive integers,
or can be transferred to consecutive integers by shifting and scaling. Otherwise, for each
realization of channel H g, , one needs to calculate T' and then find the set of possible £.
Typically, M-QAM constellations satisfy this prerequisite, e.g., 4-QAM symbols s whose
constellation is {1+ j}, can be transferred to {1(0)+1(0)j} by performing % (s+ 1+ j).
Different from the simple rounding in Step S5, the quantization in Step S6 is to map

the product of T' and 2 to the original information constellation.

2.3.2 Performance Analysis on LR-aided Linear Equalizers

In this section, we prove the diversity order collected by LR~aided linear equalizers.

To make our proof compact, we introduce some important definition and lemmas first.

Definition 1 An orthogonality deficiency (od) of an M x N matriz B = [by,ba, ..., by]

as:

_ det(B"'B)

od(B) =
B | NE

(2.20)

where |by|,1 <n < N is the norm of the nth column of B.

Note that 0 < od(B) < 1, VB and if B is singular, od(B) = 1; and if the columns of B

are orthogonal, od(B) = 0. It has been shown that LLL algorithm tries to reduce the
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od of the studied matrix [10]. The quantitative result on od reduction is given in the

following lemma:

Lemma 2 Given a matric H € CM*N with rank N, H is obtained after applying
complex LLL (CLLL) algorithm with parameter 6 on H [30]. Then, the orthogonality

deficiency of H satisfies:

— 4\ -NO-1)/4
1 —od(H) > ( > = c5, (2.21)

—\40-1

where cs is determined by 0 and N, and § can be any fized real number in (1/4,1).

For real H, Lemma 2 is consistent with the result in [10, Proposition 1.8]. Here, we
extend it to complex field according to the CLLL algorithm in [30]. Given § and any
integer N > 1, ¢s is always less than 1. Therefore, the od(H) is bounded by 1 — c?;. If
H is singular, i.e., rank(H) < N, then Lemma 2 does not hold true. In this case, we
need to reduce the size of H and then apply CLLL algorithm.

Since information symbols s belong to Gaussian integer ring, then H's generates a
lattice L € CM*! with a set of basis vectors H = [hy, ha, ..., hy]. The following lemma
shows an important statistical property of the minimum distance of the lattice L, which

will be useful for our proof on diversity order.

Lemma 3 Let H = [hy, ha,...,hy] be a set of bases for a lattice L in CM*1. Define
Rpin as the vector in L which has the minimum non-zero norm among all the vectors. If

all entries of H are complexr Gaussian distributed with zero mean, the following inequality
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holds:

P{lhpin|? < €} < cpe?, (2.22)

where cp, is a constant determined by N and M, and

D = min_ rank(E(pp™)), (2.23)
vp#£0

where p € L and p # 0.

The proof can be found in Appendix C. From Lemma 3 we notice that the degrees of
freedom D of h,y;, is determined by the minimum rank of all possible covariance matrices
generated by the vectors L. Apparently, it depends on the covariance matrices of each
column h,, and the cross-correlation among the columns.

To facilitate the use of Lemma 3, we give a corollary as follows:

Corollary 1 Let H = [hy, ha, ..., hy] be a set of bases for a lattice L in CM>1. If 1) all
the entries of H are complex Gaussian distributed with zero mean; 2) rank(E[h,h!f]) =
D, ¥n € [1,N]; and 3) all the columns are linear independent with each other on the

Gaussian integer ring, then we have P{|hmin|? < €} < cpeP.

Now we are ready to analyze the diversity order collected by the LR-aided ZF

equalizer for the LLP-OFDM systems which is quantified in the following proposition:

Proposition 3 Considering an LLP-OFDM system with group size of K and frequency-

selective channel order of L, given the model in (2.2), the diversity order collected by an
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LR-aided ZF equalizer is min(K, Ry,) which is the same as that obtained by ML detector,

where Ry, = E[hh™] and h = [h(0), ..., h(L)]T.

Proof: The output of the LR-aided ZF equalizer is stated in (2.19). Because the entries
of z are integers, if the real and imaginary parts of each entry of n = H L are in
the interval (—%, %), one is able to decode z correctly and thus obtain s correctly. Let
us denote H " as [ag,ai,...,ax_1]T, where al,i € [0, K — 1] is the ith row of a .
Hence, if |alw]| is less than %, we will definitely decode the ith symbol correctly. Thus,

Pymu.,,, the error probability for a given H g, is upper-bounded by

1
Pelte <P <|az’Tw| > 2‘ Hequ> :

From [19, Lemma 1], we obtain the following inequality:

1
laf| < (2.24)

1 — od(H)|h|

where h;,i € [0, K — 1] represents the ith column of H. Because

w
jaTw] < |aTfjw] < —— ¥

1 — od(H)|h;

if |w] is less than $4/1 — od(H)|h;|, we will have |alw| < L. Furthermore, since H is
reduced from H ., using CLLL algorithm, /1 — od(H) < (ﬁ)_K(K_l)/4 according
to Lemma 2 wpl. Define H.q, := [ho, h1,...,hx_1], where h;,i € [0, K — 1] is the ith
column of H.yy. Let Ry, represent the vector with minimum non-zero norm of all the

vectors in the lattice generated by H.q,. Since T' is unimodular, H spans the same
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lattice as Hcgy. It is easy to verify that |R,y,| is less than or equal to 1£n1<nK|sz| Thus,
<i<

we can see that if |w) is less than Jcs|Rymn|, then |w] is less than /1 — od(H)|h;| for

any ¢ € [1, K|. Here we notice that though ¢s is independent on H gy, hpin depends on

H.,,. In summary, we have:

1 1
Pe|Hequ < P (|a?w| = 2' Hequ> < P (|'w‘ > 505|hmin|

Hequ) : (2.25)

Since w is complex Gaussian white noise, |w|? is a central Chi-square random vari-
able with degrees of freedom 2K and mean Ko2. Thus, by averaging (2.25) with respect

to the random matrix H g, (0r hmin, the error probability can be further simplified as:

)]

P{(cs|hmin|)® < 4Ko2} P{|w|* > Kol }

Pe

IN

1
i |P (1wl = geslhnol

IN

+P {4Ko2 < (cs|hmin|)? < 4°Ko2} P {|w|* > * Koo, }

+P {4t* K02, < (cs|lhmin|)? < 4°Ko2} P{|lw|* > *Ko2} +... (2.26)

where t is a positive constant that satisfies t > 1. Here, we notice that all the entries
of H.g4, are complex Gaussian distributed with zero mean and all the columns are
linear independent with each other with probability one. Furthermore, the rank of the
covariance matrices of h;,i € [0, K — 1] is min(K, Ry,) [11]. With these three conditions
satisfied, according to Corollary 1, we have P{|hyi|?> < €} < cpe™in(K.Br) - Thus, we

can get the probability that:

aKo? min(K,Rp)
P {(C6|hmzn’)2§aKO'12U} Sch. ( 2w> ‘

Cs
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Because |w|? is Chi-square distributed, we obtain that [9, p. 25]

K-1 k
2 2 —aK (20K) —aK K
P{lw|* > aKop} =€ ¢ Z u <cge "a’,
k=0
_ «—KkK-1 2K)* . .
where c = ) 3y ~~5r— is a constant that only depends on K. By using G4 to represent

min(K, Ry,), Eq. (2.26) is simplified as :

AR\ (179 & "
P. < cpek (2) (2> > nlEHGa) =K (2.27)
Cs 0w =0

It is not difficult to show that the summation (2.27) converges to a constant which only
depends on K, t, and G4 when t > 1. Therefore, the diversity order of the LR-aided ZF
equalizer is greater than or equal to Gy = min(K, Ry,). However, as we know, the maxi-
mum diversity order for each group is min(XK, Ry,). Thus for LLP-OFDM, the LR-aided

ZF equalizer collects diversity order min(K, Rp,). [

As we have shown, linear equalizers cannot exploit the multipath diversity for LLP-
OFDM systems, however, after introducing the LR technique into the linear equalization
process, multipath diversity is collected. Similar to the proof for Proposition 3, one
can show that LR-aided MMSE estimator also collects multipath diversity. Note that
LR-aided linear equalizers have some unique properties: i) the decoding complexity
is much lower than ML and quite close to linear ones; ii) unlike SD, the complexity
does not depend on SNR; iii) the complexity of CLLL part does not change along with

constellation size.
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Figure 2.1: Comparisons among different linear equalizers

2.4 Simulation Results

In this section, we use computer simulations to verify our theoretical claims on the

diversity order of linear equalizers and the performance of LR-aided linear equalizers.

Example 1 (Performance comparison of different equalizers): We first compare

the performance of the LLP-OFDM with different equalizers with the conventional
(plain) OFDM. We select L = 3, and the total subcarriers N = 8. The channel taps are
i.i.d complex Gaussian random variables with zero mean and variance o = 1/(L + 1).
To enable the multipath diversity Gqg = L + 1 = 4, we adopt the LLP-OFDM. The
subcarriers are split into N, = 2 groups with group size K = 4. QPSK modulation is

used. The bit-error-rate (BER) versus SNR for linear equalizers is shown in Figure 2.1.
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Figure 2.2: Comparisons among different equalizers for LLP-OFDM

For plain OFDM, we only consider symbol-by-symbol ML detection. For LLP-OFDM,
we consider ZF, ZF-GDFE, MMSE, MMSE-GDFE. From Figure 2.1, we notice that: i)
plain OFDM only achieves diversity one, and so do ZF, ZF-GDFE, MMSE and MMSE-
GDFE detectors for LLP-OFDM; ii) for LLP-OFDM, the performance of ZF equalizer
has the worst performance, while MMSE(-GDFE) has better performance than others.
Figure 2.2 shows the BER curves of LR-aided ZF, LR~-aided MMSE, LR~aided ZF-GDFE
and ML detectors for LLP-OFDM. From this figure, we observe LR-aided ZF, MMSE or
ZF-GDFE detectors of LLP-OFDM collect diversity order L+1 and so does ML detector.
The performance of LR-aided MMSE equalizer is better than that of LR-aided ZF and
ZF-GDFE, but there still exists a gap between the performance of LR-aided equalizers

and ML detector. This is one of our future topics.
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Figure 2.3: Comparisons among different group sizes using ML detector and complex
LR~aided equalizer

Example 2 (Performance comparison of different group sizes): In this example,

we fix the total number of subcarriers N = 12, channel order I = 2 and the number
of total channel taps is L +1 = 3. We use different group sizes to simulate the LLP-
OFDM, and then compare the performance of them. The group size is chosen to be
K = 2,3, 4 respectively, and precoder © is designed according to [29]. At the receiver,
both SD decoder and complex LR-aided ZF equalizer are employed and compared. Fig-
ure 2.3 shows the performance for different cases. Theoretically, the diversity order is
G4 =min(K, L+ 1) [12]. Based on the simulation results, we observe that the diversity
order collected by both SD and complex LR~aided ZF equalizer is 2,3 respectively cor-

responding to group size K = 2,3. When K = 4, the channel taps in each group are

26



x 10

3 T T

—b>— ZF Detection
—=— General ZF
—o— |LR-aided ZF
——SD method

N
a1
T

N

Number of Arithmetic Operations
|_\
|l (63}

0.5

'Y
T Lid

2 2.5 3 3.5 4 45 5 5.5 6
Group Size K

4

Figure 2.4: Complexity comparison of different decoding methods

correlated. We notice that our LR~aided linear equalizer still collects full diversity.

Example 3 (Complexity comparison of decoding schemes): After comparing the

performance of different decoding methods with different group size, we verify here the
difference of the complexity. Here, we choose the number of total sub-carriers of OFDM
as N = 12 and the order of channel . = 5, then the multipath diversity order is 6.
To compare the complexity of different decoding methods, we fix SNR = 30dB and
count the number of arithmetic operations (real additions and real multiplications). In
Figure 2.4, we plot four curves to represent: SD method [7], complex LR-aided ZF
equalizer, general ZF equalizer and ZF detection for LLP-OFDM. Here, general ZF

detection means using pseudo-inverse equalizer ((Dy®)~!) and the simple ZF detection
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is @HD;II. From Figure 2.4, we notice that, the curve of LR-aided ZF equalizer is
much colser to general ZF detection than to SD method. This means that the decoding
complexity of LR-aided ZF is near that of general linear equalizers, and much lower than
SD method. Furthermore, the ratio of the gap between LR-aided ZF and SD to the
gap between LR-aided ZF and general ZF increases as group size K increases. Thus,
LR-aided ZF equalizer becomes computational preferable as K increases. All of these
four curves increase as K increases, which means the complexity increases as the group
size increases while the performance is getting better. From Figure 2.4, we can see that
the simplified ZF equalizer for LLP-OFDM is quite low but it can only collect diversity
1. However, with a complexity that is a little bit higher than ZF equalizer, LR-aided ZF

equalizer can gurantee the same diversity as ML detector.
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CHAPTER 3

LINEAR EQUALIZATION FOR V-BLAST SYSTEMS

In this chapter, we study the performance of V-BLAST multi-antenna architecture
which is presented in [4] and [25]. Similar to the LLP-OFDM systems, through the
analysis, we show that LR-aided linear equalizers can exploit the same diversity as ML

detection while linear equalizers lose diversity which means performance degradation.

3.1 System Model of V-BLAST Systems

Consider a multi-antenna system with V; transmit-antennas and IV, receive-antennas,
where N, > N;. In V-BLAST model ([4, 25]), the data stream is divided into N;
sub-streams and transmitted through N; antennas. These sub-streams consist of M-
QAM symbols (or in general, symbols on Gaussian integer ring). For notation sim-
plicity, we assume that the power of each transmit-antenna is normalized to one. Let
s = [s1,892,.. .,sNt]T represents the N; x 1 transmitted data vector at one time slot,
while w = [wy,wy, ... ,wNT]T denotes the white Gaussian noise vector observed at the
N, receive-antennas with zero mean and variance 2. Without any coding, we consider
that E {ssf'} = Iy, and E {ww"} =02 1y,.

The received signal at one time slot is denoted as: y = [y1,¥2,. .., yNT]T which is

represented by:

y=Hs+w, (3.1)
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where H is the channel matrix, which consists of N, x N; uncorrelated complex Gaus-
sian channel coefficients with zero mean and unit variance. We assume a flat-fading
environment that the channel coefficients are constant during a frame and change inde-
pendently from frame to frame. Also we assume that the channel matrix H is known at
the receiver.

Theoretically, at the receiver, we can perform maximum-likelihood (ML) detection
to obtain the optimal performance of the system. Recall that the ML estimate is given

as:

Syr = arg min |y — Hs |?, (3.2)
s€SMNt

where || * || denotes the 2-norm. The diversity order collected by an ML decoder for
the system in (3.1) is N,, the number of receive-antennas (see e.g., [28]). However, the
cardinality of the searching space is |SNt| = M™t, thus the exponential complexity pro-
hibits the use of ML detection in practical systems (especially for systems that have large
constellations and numbers of antennas). In the next section, we will introduce the linear
detectors, whose decoding complexity is much lower than ML and thus computationally

preferable in certain situation.

3.2 Linear Equalizers and Performance Analysis

In this section, we briefly describe the linear equalizers for V-BLAST systems and

then focus on analyzing their performance.
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3.2.1 ZF Equalizers

The zero-forcing (ZF) detector for the input-output relationship in (3.1) is given as:

xzr=H'y=s+ H'w=s+n, (3.3)

where HT denotes the Moore-Penrose Pseudo-inverse of the channel matrix H and n :=

H'w is the noise after equalization. The pseudo-inverse matrix can be written as :

H' = (H"H)'H" (3.4)

where the channel matrix H has full column rank with probability one. Note that the
noise vector m is no longer white and its covariance matrix depends on the equalizer
matrix H. The quantization step is then used to map each entry of  into the symbol

alphabet S :

527 = Q(xy,) = argmin |z, — Sy, (3.5)
s€S

where x,, denotes the nth element of xzr and Q(-) means the quantizer of the symbol.
Starting from (3.3), we first study the performance of the ZF equalizer. Following
the proof for Proposition 1 with H.4, = H, we can get the error probability given H

as:
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where Cj; is the (i,7)th element of C and C can be expressed as:
C=H'(HY=H"H) (3.7)

Based on (3.6), the diversity order collected by ZF equalizer is established in the

following;:

Proposition 4 Given the model in (3.1), if the channels are i.i.d. complex Gaussian
distributed, then the ZF equalizer in (3.3) exists with probability one and the diversity

order for the system is N, — Ny + 1.

Proof: See Appendix D.

This proposition shows that not surprisingly, the ZF linear equalizer enables the
same diversity as nulling-cancelling (NC) method for V-BLAST system [28], since NC
method agrees with ZF equalizer when detecting the first symbol ( the N;th symbol of

s). However, the diversity order is lower than the ML equalizer.

3.2.2 MMSE Equalizers

Another type of linear equalizer is minimum mean square error (MMSE) detector
which takes into account the noise variance. It minimizes the mean-square error between
the actually transmitted symbols and the output of the linear detector and thus improves

the performance. Given the model in (3.1), the MMSE equalizer is :

-1
wyvse = (H'H +o,Iy,)  H'y. (3.8)
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Again, the quantization step is the same as the one in (3.5). As shown in [26], with the
definition of an extended system, the MMSE detector agrees with the ZF detector.

For the MMSE equalizer, we start from (3.8) and rewrite the system model as:

Tanse = s+ (HUH + 02Iy,) " (H"w — 02s). (3.9)

w

Define the equivalent noise vector n = (H*H +02 In,)”"(H " w—o02s). Given a signal

vector s, the noise vector n has mean and covariance matrix, respectively as:

n = —o’(H'H+021Iy,) s

Y = o (H'"H+02Iy,) ' —ol(H"H 4+ 021y,)72 (3.10)

Similar to the analysis for the ZF equalizer, we can verify that error probability is given

as:

2]e;|?Xi;

Plos 5 | H) = O ( ¢ (| e |2 +erm; + n>> | (3.11)

where 7; is the ith element of noise mean 7 and 3j;; is the (¢,7)th element of noise

covariance matrix X in (3.10). At high signa-to-noise ratio (SNR), i.e., when o2 is much
smaller than 1, Eq. (3.11) can be approximated as:
P(si — & | H) ~Q Jel ) (3.12)
202Ci;
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where Cy; is the (i,4)th element of (H"*H + 02Iy,)~". It is ready to verify that Cj;
has the same degrees of freedom as Cj; in (3.6). This shows that MMSE detector can

achieve the same diversity as ZF detector:

Proposition 5 Given the model in (3.1), if the channels are i.i.d. complex Gaussian
distributed, then MMSE equalizer in (3.8) exists with probability one and the diversity

order for the system is N, — Ny + 1.

In general, the MMSE equalizer outperforms the ZF equalizer with larger coding ad-
vantage because C~’“ is always less than Cj;. Furthermore, if we spell out C~’“ and Cj;,
for the same SNR, as the number of receive-antennas (N, ) increases, the performance
gap between MMSE and ZF detectors decreases. In [21], it has been shown that certain
linear precoded OFDM systems can also achieve maximum diversity by linear equaliz-
ers. However, here we have shown that linear equalizers for V-BLAST systems can only
achieve diversity order N, — N; + 1, which is less than the maximum diversity N,. In the
following, we show that using lattice reduction methods, we can restore the maximum

diversity order N,.

3.3 LR-Aided Linear Equalizers

The performance of LR-aided linear detectors for V-BLAST system is established

in the following proposition:

Proposition 6 The diversity order collected by a Lattice- Reduction aided linear detector
(LR-aided ZF or LR-aided MMSE) for an MIMO V-BLAST system with N; transmit-
antennas and N, receive-antennas is IN,., which is the same as that obtained by mazximum-

likelihood detector.
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The proof is similar to that of Proposition 3. What we need to prove is P{|hpin| < €} <

2Nr where Ryin is the vector with the minimum norm of all the vectors in the lattice

Che
spanned by H. Since all the entries of H are i.i.d. complex Gaussian random variables
with zero-mean, the rank of E[h,h!{] is N, for n € [1, N;]. Furthermore, the N; columns
are linear independent with each other on the Gaussian integer ring with probability
one. Thus, according to Corollary 1, we can obtain that P{|Rin| < €} < ¢,e?¥r. Then

following the proof of Proposition 3, we can see, for V-BLAST systems LR-aided ZF

equalizer can collect diversity /V,, which is the same as that exploited by ML detection.

3.4 Simulation Results

In this section, we use computer simulations to verify our theoretical claims on the
diversity order of linear equalizers and the performance of LR-aided linear equalizers for
V-BLAST systems. The channels are generated as i.i.d. complex Gaussian variables
with zero mean and unit variance. The SNR is defined as symbol energy per transmit-

antenna versus noise power.

Example 1 (Diversity collected by linear equalizers): The ZF and MMSE equal-

izers in (3.3) and (3.8) are considered for V-BLAST systems in this example. We consider
Ny = 2 transmit-antennas, and different numbers of receive-antennas N, = 2, 3,4. BPSK
is used as the modulation scheme. The bit-error rate (BER) versus SNR is depicted in
Figure 3.1. Reading the slopes of the curves in Figure 3.1, we observe that the diversity

orders enabled by either ZF or MMSE equalizer are indeed N, — Ny + 1, which in this

35



—— ZF equalizer(Nr=2)
—— ZF equalizer(Nr=3)
—e—ZF equalizer(Nr=4)
o MMSE equalizer(Nr=2)| 1
= MMSE equalizer(Nr=3)
MMSE equalizer(Nr=4)

SER

0 5 10 15 20 25 30
SNR in dB

Figure 3.1: BER of systems with N; = 2 and N, = 2, 3,4 separately and BPSK modu-
lation

example are 1,2, and 3. Furthermore, we observe that the performance of MMSE detec-

tion is better than ZF detection and the gap between them decreases as N, increases.

Example 2 (LR-aided linear equalizers): In this example, we fix the number of

transmit- and receive-antennas as N; = 3, N, = 4, and use QPSK as the modulation
scheme. Five detection methods are applied to the system: ZF detection, MMSE de-
tection, complex LR-aided ZF detection, complex LR-aided MMSE detection and ML
detection. Observing Figure 3.2, we notice that the linear detectors can only achieve the
diversity order N, — Ny + 1 which is 2 in this case. The ML detector enables diversity
order N, = 4. As expected, the LR-aided linear detectors achieve the same diversity

order as the ML does. The performance gap between LR-aided linear detectors and ML
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Figure 3.2: SER of a system with (N, N,) = (3,4) and QPSK modulation

detector is because the LLL algorithm cannot perfectly diagonalize the channel matrix.

Example 3 (Complex LLL algorithm): As shown in Chapter 2, we have extended

the LLL algorithm to complex field for any number of transmit-antenna. The detailed
CLLL algorithm can be found in Appendix B. In this example, we compare the complex
LLL algorithm with the real LLL algorithm in terms of complexity and performance. The
arithmetic operations we count are the number of real additions and real multiplications.
In Figure 3.3, we count the average number of arithmetic operations needed by the
complex and real LLL algorithm separately as N, = N; = n increases. We can see
that the complexity of the real LLL algorithm is about O(n*) which is consistent with

the result in [10]. The number of arithmetic operations that the real LLL algorithm
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Figure 3.3: Complexity comparison between complex LLL and real LLL algorithms

needs is about 1.5 times of that of the complex LLL algorithm. Therefore, the complex
LLL algorithm is more efficient. In Figure 3.4, we also compare the performance of
complex LR-aided and real LR~aided schemes. It can be seen that complex LR-aided
linear equalizers have the same performance as the real ones. So we can see, with
lower complexity and the same performance, complex LLL algorithm is computational

preferable to real LLL algorithm.
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CHAPTER 4

EXTENSION TO MIMO-OFDM SYSTEMS

As we have shown, linear equalizers can not exploit the multipath diversity for LLP-
OFDM systems, however, after introducing the LR technique into the linear equalization
process, multipath diversity is collected. In this chapter, we see similar situation happens
to the MIMO-OFDM designs. The block diagram of MIMO-OFDM is depicted in Fig.4.1.
There are N, receive-antennas and /N; transmit-antennas, and the frequency-selective
wireless links between transmit- and receive-antennas have the same channel order L.
The channel taps of the link between the uth transmit-antenna and the vth receive-
antenna are denoted as hl(V’“) for I € [0,L] and v € [1, N;],u € [1, Ny]. xh(p) represents
the symbol transmitted on the pth subcarrier from the pth transmit-antenna in the nth
OFDM time slot while y”(p) is received at the vth receive-antenna on the pth subcarrier
in the nth OFDM slot.

There are many coding schemes designed for MIMO-OFDM and different designs
will present different performance even with the same equalizers. In this section, we will
use two coding schemes: full-diversity-full-rate (FDFR) design in [13] and space-time-
frequency (STF) design in [11] as examples to show the diversity that linear equalizers

and LR-aided linear detection methods can collect.

4.1 FDFR-OFDM

Multi-antenna systems not only provide space diversity, but also boost transmission

rate. FDFR design has been introduced to enjoy both advantages [13]. When channels
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Figure 4.1: Block Diagram of MIMO-OFDM

are frequency-selective, FDFR design can be combined with OFDM to reduce the equal-
ization complexity and collect diversity to combat fading. However, the main price paid
here is decoding complexity (see [13] for details). In the following, we briefly introduce
the FDFR-OFDM design and then give the performance analysis when linear equalizers
or LR~aided equalizers are employed.

Let y(p) € CVr*! represent the symbol vector received through N, receive-antennas
on the pth subcarrier. By stacking y(p),p € [0, N. — 1] (N, is the number of total sub-
carriers which we assume to be N¢(L + 1) for simplicity) into one symbol vector, the I/O

relationship of FDFR design is represented as:

y(0) H(0)(P1Dp) ® 67 w(0)

= : s+ : = Hpprrs + w, (4.1)

y(Ne—1) H(N.—1)(Pn,Dp) ® 91Tvc_ w(Ne —1)

where the permutation matrix P, and the diagonal matrix Dg are defined as:

Pn = ’ Dﬁ = dla‘g[]"ﬁ? c "ﬁNt_lL (42)
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and scalar 3 can be found in [13], H(p),p € [0, N. — 1] is the MIMO channel matrix on
- 27pl

the (p+ 1)st sub-carrier with the (v, u)th entry H®#) (p) = ZZL:() hl(y’“)efj%, 61 is the

nth row of N. x N, LCF encoding matrix ® and s comprises N7 (L + 1) symbols. Based

on this system model, we first summarize the results for FDFR design as follows:

Proposition 7 Considering an FDFR-OFDM system with Ny transmit-antennas and
N, receive-antennas, and the frequency-selective channel order of L, given the model in
(4.1), if the channel taps are independently complex Gaussian distributed with zero mean,
then the ZF equalizer exists wpl and collects diversity order N, — Ny + 1. An LR-aided
ZF equalizer exists wpl and collects full diversity N, N¢(L + 1) which is the same as that

exploited by ML detector.

According to the design of § and © in [13] and the structure of Hpprg, it is not
difficult to verify that H pprpr has full rank wpl, which means ZF equalizer exists wpl
for the model given in (4.1). Following the general proof of Proposition 1, we can express

the error probability of the FDFR design using ZF equalizer as:

|2

where Cj; is the (i,4)th entry of the matrix C' = (H%DFRHFDFR)_l- Given Hrprr

as in (4.1) we can get the specific form of Cj; as:

m-+p

Cz‘z‘:NZ_Ckk(p>:1 k:(m—i‘P)—({ N, -‘—1)Nt (4.4)
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where m = [NLC—‘ and Cyy(p) is the (k, k)th entry of the matrix C(p) = (H™(p)H (p))~".

Thus, we can bound Cj; as:

1 1

— <Oy <
N.C71 () ~ G < min  C(p)
keke 0<p<N—1 *k

(4.5)

Here c is a constant number, ¢ € [0, N. — 1] and k. is determined by ¢ and i. As stated
in Appendix. D, Ck_kl (p) is a Chi-square random variable with degrees of freedom of
2(N, — Ny + 1). With the error probability expressed in (4.3), by using Lemma 1, the

outage probability can be bounded as:

(N — Ny + [N Ve <2037th>Nr_Nt+l <P(y<q™) <e <2U§ﬂth)NT_Nt+l (4.6)
O(N, — N, +1)  \ Nei|? - = Je? S
So we can obtain that the diversity order of ZF equalizer for FDFR design is N, — N;+ 1.
Regarding the performance of LR-aided ZF equalizer for FDFR designs, the proof is
similar to that for Proposition 3. We only need to prove P{|hmin|*> < €} < cpeNrNe(L+1)
where h,,;, 18 the vector with minimum non-zero norm of all the vectors in the lattice

spanned by Hprprr. Given the system in (4.1), we can write the specific form of the

1th column of Hpppgr as :

H(0) 8™ YOy i_n_1)n,

h; = H (D) prm)— -8B VOp 1 i (mo1)N. , (4.7)

H(Ne = D) (Nysm)— (-3 3™ VO, i—(m—1)N, |
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where m = [Nij and n = [mTtﬂ H (D) (p4m)—(n—1)n, 18 the ((p+m) — (n — 1)Ny)th
column of the matrix H(p), and ©, 1 ;—(m—1)n, is the (p+1, i — (m — 1)N,)th entry
of the LCF encoder ©. Since ﬂ(m_l)G)pH’ i—(m—1)N. 18 deterministic given ¢ and p, the
statistical property of the ith column is determined by H (p) 4m)—(n—1)n,:P € [0, Ne—1],
which is the frequency response of the pth subcarrier of the frequency-selective channels
between the ((p +m) — (n — 1) Ny)th transmit-antenna and N, receive-antennas. Intu-
itively, the N.N¢(L + 1) x 1 vector h; selects L + 1 subcarriers from each of the total
N, Ny frequency-selective channels. So the rank of the covariance matrix of each column
is N,Ni(L +1). The N?(L + 1) columns are linear independent with each other which
is guaranteed by the LCF encoder ® and the choice of ( in [13]. Thus, similar to LLP-
OFDM, following the proof of Proposition 3, we can get that the diversity order of the
LR-aided linear equalizer for FDFR design is N, N¢(L + 1) which is also the maximum

diversity order that the system can achieve.

4.2 STF-OFDM

STF design is also composed of two stages: LCF encoding across subcarriers and ST
multiplexing using ST orthogonal code [20]. For example, when N; = 2, the 2N K x 1
symbol vector s is split into 2N, groups, s, € CEK*1 n € [1,2Ny]. Then, we transmit
every two groups through two transmit-antennas using Alamouti scheme [2] after encod-

ing the symbol blocks s, with the K x K LCF encoding matrix @. The I/O relationship
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for each group is:

yn(0) [H (0)]

= Os, +w = Hgrrs, +w. (4.8)

yn (K —1) [H (K —1)]

where w is the equivalent white Gaussian noise vector, and

2

N, N N, N L ) .
v vp) —g2mpl
Hp)? =YY (B @) =3 3|3 aHe 7 (4.9)
v=1 pu=1 v=1 p=1|1=0

Based on this system model in (4.8), we apply the ML detection or SD method to get
the estimation of information symbols §,. According to [11], when the group length K
is greater than or equal to L + 1, these optimal and near optimal detectors exploit the
full diversity N, Ny(L + 1).

Given the model in (4.8), we can see that the ZF equalizer for the STF design
exits with probability one. Since (4.8) has the same form as (2.2), we can get the
error probability as in (2.7), where Cj; now is the (¢,7)th entry of the matrix C =

(H% .- Hsrp)™'. Similarly, we can bound Cy; as:

1 1 1

1 K-1 1
2 = 2 : 2 = ; 27
K |H(c)| K e~ |H (k)| 0§]£I£1}1}71|H(k)|

(4.10)
where c is a constant in [0, K — 1]. Since |H (p)|? is the summation of N, N; independent

Chi-square random variable with degrees of freedom 2 as shown in (4.9), according to

[15], |H (p)|?* still performs like a Chi-square random variable with degrees of freedom
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2N, N;. Following the proof of Proposition 3, we can bound the outage probability as:

(N N NNt (902 4t e th 2021\ M
rN) \Elep)  SPO7)sal g (1)
'S8 (A (A

So, the diversity order that the ZF equalizer can exploit for STF design is IV, V;.
To show that the diversity order collected by LR-aided ZF equalizer for STF design
is N.Ny(L + 1), we need to show for the lattice spanned by Hgrr, P{|hmin|?> < €} <

NN, i(L“), where R,y 18 the vector with minimum non-zero norm of all the vectors in

ChE
the lattice. In other words we need to make sure the three conditions in Corollary 1 are
satisfied. Obviously, all the entries in H g7 are complex Gaussian distributed with zero
mean. From (4.8), we can see that the kth column of the equivalent channel matrix H g7p
of the system is hy = diag[|H(0)|,...,|H (K —1)|] 0k, k € [1, K], the square norm of
which is a Chi-square random variable with degrees of freedom 2N, N¢(L + 1), where 0},
is the kth column of ®. Further, because of the linear independence of LCF encoding
matrix O, all the columns of the equivalent channel matrix H g7 are linear independent
with each other. So according to Corollary 1, we have P{|Ryin| < €} < cpe2NrNell41),
Thus, following the proof of Proposition 3, we can get that the diversity order of LR-aided

ZF equalizer for STF design is N, N;(L+1). The results for STF design are summarized

in the following proposition:

Proposition 8 Consider an STF-OFDM system with Ny transmit-antennas and N,
receive-antennas, and the frequency-selective channel order of L. Given the model in
(4.8), if the channel taps are independently complex Gaussian distributed with zero mean,

then ZF equalizer in (2.3) exists wpl and exploits diversity order N, N;. For STF design,
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Figure 4.2: Comparison among different equalizers for FDFR design

an LR-aided ZF equalizer collects diversity order N, N¢(L + 1) which is the same as that

obtained by ML detector.

4.3 Simulation Results

Example 1 (Performance comparison of different equalizers for FDFR): Con-

sider a multiantenna system with N; = N, = 2 and frequency-selective channel order
L = 1. Five detectors are employed respectively on model (4.1): ZF, MMSE, LR-aided
ZF, LR-aided MMSE detectors and sphere decoder (SD). QPSK modulation is used for
modulation. The BER versus SNR performance is depicted in Figure 4.2. It shows that
the linear detectors (ZF, MMSE) can only achieve diversity N, — N; +1 = 1. How-

ever, the LR-aided linear detectors achieve maximum diversity N,N;(L + 1) = 8 with
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Figure 4.3: Comparison among different equalizers for STF design

much lower complexity than the SD detector though there exists a gap between SD and
LR-aided linear detectors.

Example 2 (Performance comparison of different equalizers for STF): STF de-

sign is simulated and 16-QAM is chosen as symbol modulation scheme. We use the chan-
nel configuration in previous example. ZF, LR-aided ZF and SD equalizers are applied
to the system model in (4.8). Performance of different equalizers is plotted in Figure
4.3. Reading the slopes of the curves in Figure 4.3, we observe that the diversity orders
for ZF equalizer is indeed N, N; = 4 while LR~aided ZF equalizer can achieve maximum
diversity N, N¢(L + 1) = 8, the same as SD. Note that Figure 4.3 also shows that if the
spatial diversity order (NyN,) is high, linear equalizers achieve similar performance as

SD for a large SNR range.
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CHAPTER 5

CONCLUDING REMARKS AND FUTURE RESEARCH DIRECTIONS

In this thesis, we have discussed the performance in terms of diversity of linear
detectors for LLP-OFDM systems, V-BLAST systems and two MIMO-OFDM designs.
It shows that conventional linear equalizers can only collect diversity 1 for LLP-OFDM
systems and N, — Ny + 1 for V-BLAST systems though they have the lowest complexity.
For MIMO-OFDM designs, it depends on the ST coding schemes. However, with slightly
increased complexity, LR-aided linear equalizers achieve maximum diversity for LLP-
OFDM, V-BLAST and MIMO-OFDM designs, which is the same as that collected by
ML detector. The complexity of LR-aided linear equalizers is much lower than those of
ML and near-ML detectors.

Based on this thesis, future research directions are listed but not limited as follows:

First, the performance analysis in terms of coding gain will be studied. Based on
our simulation results, it has been shown that although LR-aided equalizers achieve the
same diversity as ML does, there still exists a performance gap which is mainly due to
coding gain loss. In this research thrust, we will first quantify the coding gain of LR-
aided linear equalizers and then try to modify the equalizers to reduce the performance
gap with ML. Furthermore, we will study the performance of coded linear systems with
LR~aided decoding and compare the performance and complexity with other alternatives
in the literature.

Another future research direction is the study of the orthogonality deficiency of the

equivalent channel matrix for wireless communications. As we know, for linear systems,
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when the equivalent channel matrix is diagonal, the performance of ZF equalizer is the
same as that of ML detector. However, in general the channel matrix H ., is not
diagonal, and thus linear equalizers have inferior performance. Orthogonality deficiency
describes how “diagonal” a matrix is. So the study of orthogonality deficiency provides a
useful tool to quantify the diversity and coding gains of linear equalizers. Furthermore,
how it will affect the performance of linear equalizations may guide us to construct
the coding schemes to reach full diversity and high coding gain when linear equalizers
are adopted at the receiver. Hybrid equalizers will also be designed to trade-off the

performance with complexity.
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APPENDIX A: Proor oF LEMMA 1

Suppose the joint probability density function (pdf) of X,,’s is f(x1,z2,...,ZN).

The cumulative density function (cdf) of X, is:

F(v) = P(@min <v) = 1= P(Zpmin >v)
=1 —/ Cll‘l/ dajg / f T1,22,... ,a:N)d:cN. (1)

Then, we can obtain the pdf of X,,;, by taking the derivative of the cdf:

= Z/ dry-- / dxn_l/ dxpt1 -

/ fx1,  Zn—1,0, Tpg1 ..., TN)dTN
v

N
S Fxa ), (2)
n=1

IN

where fx, (z) is the pdf of X,,. According to [9, p. 25|, we know that for a central

Chi-square random variable X,, with degrees of freedom 2M , we have

M-1
Pz, <e)=1—e"?

l\')\m
N)\m
IN

M
( ) :cM6M7

)k
kl =e Z

k=0
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-M

where cp; = 2 is a constant only dependent on M. With this inequality, we can

obtain:

€ e N N
P(&min < €) = /O fwydv < /O nZ::l fx, (v)dv < ;(;MGM = cu,eM, (3)

where ¢, := Ncjps. Thus, Lemma 1 is proved. We notice that, Lemma 1 can be general-

ized to X,,’s with other pdfs. |
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APPENDIX B: CoMPLEX LLL ALGORITHM

Here, we give the details of complex LLL algorithm in conventional MATLAB nota-

tion in the following table.

INPUT: H
OUTPUT: Q, R, T
(1) [Q,R] = QR Decomposition(H);

(2) § = 0.75;
(3) m = size(H, 2);
(4) T =1In;
(5) k=2
(6) while k <m
(7) forn=k—-1:-1:1
(8) u = round((R(n, k)/R(n,n)));
9) ifu~=0
(10) R(1:n,k) = R(1:n,k) —uR(1:n,n);
(11) T, k)=T(,k)—uT(:,n);
(12) end
(13) end
(14) if S(R(k—1,k—1)2) > |R(k — 1,k)*Q(:, k — 1) + R(k,k)*Q(:, k)|
(15) Swap the (k-1) th and k th columns in R and T
a* Rk—1k-1 R(kk—1
(16) QZLﬁ J where o = rRAENE A= R
(17) Rk—1:kk—1:m)=0OR(k—1:k,k—1:m);
(18) QGk—1:k)=Q(:,k—1:kO",
(19) k = max(k —1,2);
(20) else
(21) k=k+2;
(22) end
(23) end

Table 1: The complex LLL algorithm

57



APPENDIX C: PrRooOF OF LEMMA 3

Let « be a vector in the lattice L. Since L is spanned by the columns of H, then «
can be expressed as Ha, where a is an N X 1 column vector with all entries belonging

to Gaussian integer ring. So based on the definition of h,,;,, we can obtain:

Bmin = arg min |z|*> = Hay, (4)
xeL, x+0

where ay € Z[v/—1]V*1. By defining an MN x 1 vector h = [hT,..., h%]T, we have:
|Amin|* = [Hag|* = K" (Iy ® ((afy)"aj;))h = KT Ayh, (5)

where Ay = Iy ® ((a};)™al;). Suppose that the correlation matrix of the channel
vector is E[hhH] = Ry,. The singular-value decomposition (SVD) of Ry, is UhAhUZ;[
where U}, is a unitary matrix and Ajp is a diagonal matrix with all singular values.
Suppose rank(Ryp) = Rj and define an Ry, x 1 vector h with i.i.d. entries. Then h and
U hAéiL have identical distribution and thus the same statistical properties. Similar to
pairwise error probability (PEP) analysis in [18] and [22], we can get an upper bound
for the probability that |l is less than € by averaging (5) with respect to the random

basis H:

~ 1 1
P(|hmin|* <€) = P(RAZUTAZULAZR < €) < cpe®, (6)
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where

D = min rank(R,Ap).
vay

Since H are complex Gaussian distributed, the set of possible ay can be the whole

Gaussian integer ring. Thus, we can represent D as

D = min rank(E(pp™)). (7)
vp#0
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APPENDIX D: Proor oF PROPOSITION 4

In (3.7), we have defined that C = (H"H)~!. By properly permutating H to

[h;, H;], where h; is the ith column of H and H; denotes the rest columns, we obtain

that
~1
Hp. Hrr.
C=H"H)"'=P Purhe hEH P,
HMh; HI'H;
where P is a permutation matrix such that HP = [h; H;|. Based on the matrix

inversion lemma, we know that the (i,7)th element of C is
-1 -1
Cii = (hzihi —hI'H; (HI'H)) H?M) - (8)

Suppose the singular value decomposition (SVD) of H; is H; = VDU " where V
is an N, x (IV; — 1) unitary matrix, D is an (N; — 1) x (N; — 1) diagonal matrix and U is
an (Ny — 1) x (N; — 1) unitary matrix. Plugging this SVD result into (8), we are ready
to verify that:

H,H'H,)'HI'=vV",
It is straightforward to see that the rank of VV* is N, — 1. More specifically, VV is
an N, x N, matrix whose eigenvalue decomposition can be written as:

VVH _ Iy, 1 ON,—1,N, — N, +1 P

)

ON, —N+1,N =1 ON,—N,+1,N,—Ny+1
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where V is an N, X N, unitary matrix with the first Ny — 1 columns same as V. This
is because the matrix V'V’ has the same non-zero eigenvalues as V¥V, Therefore, we
can verify

c:' = hlIy, —VVTh,

(23

- On,—1 ON,—1,N, — Ny +1 -
_ hHV t t t VHhZ‘.

Z ON,—Ny+1,N,—1 I N, —Ny+1,N, = Ny+1
It can be seen that the number of degrees of freedom in Cizl is 2(N, — Ny + 1). Fur-
thermore, C}; !is a chi-squared random variable with 2(N, — Ny + 1) degrees of freedom,
because the channel coefficients are complex Gaussian distributed. As shown in [22], if
we integrate the right side of (2.7) with respect to this random variable, we obtain that
the diversity order is equal to IV, — Ny + 1. This means the diversity order of the ZF

detection is N, — N; + 1. |
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