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Abstract

This dissertation is devoted to the existence, regularity, stability and uniqueness of
transition fronts in nonlocal bistable equations in time heterogeneous media.

Instead of existence, we start our study with qualitative properties. We first show that
any transition front must be regular in space and propagates to the right with a continuously
differentiable interface location function; this is also true in space-time heterogeneous media.

We then turn to the study of space nonincreasing transition fronts and prove various
important properties such as uniform steepness, stability, uniform stability, exponential de-
caying estimates and so on.

Moreover, we show that any transition front, after certain space shift, coincides with a
space nonincreasing transition front, verifying the uniqueness, up to space shifts, of transition
fronts, and hence, all transition fronts satisfy just mentioned qualitative properties.

Also, we show that a transition front must be a periodic traveling wave in time periodic
media and the asymptotic speeds of transition fronts exist in time uniquely ergodic media.

Finally, we prove the existence of space nonincreasing transition fronts by constructing
appropriate approximating front-like solutions with regularities; this is done under certain

additional assumptions.
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Chapter 1

Introduction

This dissertation is devoted to the study of front propagation phenomenon in nonlocal

bistable equations in time heterogeneous media of the form

w=Jxu—u+ f(t,u), (t,z)€eRXR, (1.1)

where ¢ is the time variable, x is the space variable, u(t, z) is the unknown function, J is the
dispersal kernel with [J x v](z) = [, J(z — y)v(y)dy = [ J(y)v(x — y)dy, and the nonlinear
term f(¢,u) is of bistable type.

In equation (1.1), the dispersal operator defined by v + J % v — v on proper function
spaces is a nonlocal analog of the classical random dispersal operator, i.e., the Laplacian 0.,

and hence, equation (1.1) is the nonlocal analog of the classical reaction-diffusion equation

U = Uge + f(t,u), (t,z) € R xR, (1.2)

In fact, if we consider the rescaled dispersal kernel J¢(z) = %J (%), then using Taylor expan-
sion, it is not hard to see that the operator v — Jxv—u is quite close to d,, up to some scale
multiplication for all small € > 0. It is known that the Laplacian 0., is very successful in
modeling Brownian motion based continuous diffusive processes. But, in many applications,
diffusion may not be continuous (see e.g. [22, 17, 25, 26, 32, 46, 62]), and hence, it is no
longer suitable to use the Laplacian to model diffusive processes with jumps; it is where the
nonlocal dispersal operator comes into play.

A time-independent function f(u) being of bistable type means that there exist three

zeros u— < u, < uy of f(u) such that f(u) < 0foru € (u_,u,) and f(u) > 0 for u € (uy, uy).
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Figure 1.1: Bistable Nonlinearities

In applications, the values of f(u) for u ¢ [u_,u,] are irrelevant. A time-dependent function
f(t,u) being of bistable type roughly means that for each ¢, f(t,u) is of bistable type as
a function of u. See Figure 1.1. Bistable nonlinearities arise in many scientific areas. In
population dynamics, they correspond to the well-known phenomenon called Allee effect,
after Warder C. Allee (see e.g. [2]), saying that the population grows logistically, while the
reverse holds when the density is low. They also appear in the Fitzhugh-Nagumo model
(more generally, the Hodgkin-Huxley model) describing the propagation of signals (see e.g.
29, 30, 34, 55]), as well as in phase transition models such as Allen-Cahn equation (see e.g.
3, 4]).

Motivated by application problems, the central problem concerning equations (1.1) and
(1.2) is to understand the asymptotic dynamics of solutions with front-like or compactly
supported initial data. This problem is then usually reduced to finding special solutions
and studying their stability. Special solutions of particular interest are traveling waves
(i.e., solutions of the form u(t,x) = ¢(x — ct)) in homogeneous media, i.e., f(t,u) = f(u),
and transition fronts (proper generalizations of traveling waves) in heterogeneous media.
Results concerning equation (1.2) are quite complete in the literature. In the homogeneous
media, traveling waves as well as their stability and uniqeness have been established (see e.g.
[5, 6, 27]). In the time periodic media, periodic traveling waves as well as their stability and

uniqueness have been established in [1]. In the time heterogeneous media, transition fronts



as well as their stability and uniqueness have been established (see [63, 64, 65, 66]). There
are also sharp transition phenomena in equation (1.2) (see [24, 59, 83]).

Due to the resemblance between (1.1) and (1.2), it is very natural to ask whether
we can establish all the corresponding results for (1.1). However, this is not an easy job
and results concerning (1.1) are far from enough. In fact, all we know about (1.1) in the
literature is the existence, stability and uniqueness of traveling waves in the homogenous
media (see [7, 15]). The main difficulty in treating equation (1.1) is caused by the lack of
space regularity, since the semigroup generated by the nonlocal dispersal operator does not
have regularizing effect. The lack of local comparison principle in nonlocal equations also
causes lots of technical difficulties.

This dissertation is devoted to the existence, regularity, stability and uniqueness of
transition fronts connecting 0 and 1 in nonlocal bistable equations in time heterogeneous
media. By a transtion front connecting 0 and 1, we mean a global-in-time continuous solution
u(t,x) of (1.1) such that u(t,x) € (0,1) for all (¢,2) € R x R and there exists an interface

location function X : R — R such that

lim w(t,z+ X(t)) =1 and lim u(t,z+ X(¢)) =0 uniformly in ¢t e R.

T——00 T—r00

Instead of existence, we start our study with qualitative properties. We first prove the

space regularity of transition front, that is,

e space regularity: any transition front w(t,z) must be continuously differentiable in
x and propagates to the right with a continuously differentiable interface location

function X (t), i.e., inf,er X (¢) > 0.

We then turn to the study of space nonincreasing transition fronts and prove various

important properties:



e uniform steepness: space derivative of the profile function wu(t,z + X (t)) is negative
uniformly in the time variable and locally uniformly in the space variable, that is, for

any M > 0, supj, < U (t, v + X(t)) < 0;

e stability: the transition front exponentially attracts solutions with front-like initial
data, that is, if the intial data uy : R — [0, 1] is such that u(x) — 1 as z — —o0
and u(z) — 0 as * — oo, then there exists some t; € R and £ € R such that

SUP,er |U(t, x5 to, ug) — u(t, z + €)| — 0 exponentially as t — oo;

e exponential decaying estimates: the profile function u(t,z + X (t)) approaches to 1

exponentially as © — —oo and to 0 exponentially as  — oo, uniformly in ¢ € R.
Moreover, we show the unigness of transition fronts, that is,

e uniqueness: any transition front, after certain space shift, coincides with a space non-
increasing transition front (if exists), verifying the uniqueness, up to space shifts, of
transition fronts, and hence, all transition fronts satisfy just mentioned qualitative

properties.
Also, we show that

e a transition front must be a periodic traveling wave in time periodic media and the

asymptotic speeds of transition fronts exist in time uniquely ergodic media.
Finally, we prove

e the existence of space nonincreasing transition fronts by constructing appropriate ap-
proximating front-like solutions with regularities; this is done under certain additional

assumptions.

Besides the study of transition fronts in time heterogeneous media of bistable type, it

is also important to study transition fronts in space heterogeneous media of bistable type,



that is, the equations

U = Uge + f(x,u) and w, = J*xu—u+ f(x,u),

where f(z,u) is bistable in u for each € R. However, much less is known in this case (see
[12, 31, 56, 23]) because of the wave-blocking phenomenon (see [42]).

Also, there are lots of study of the equations

Up = Uy + f(E, 2, 0) (1.3)

w=Jxu—u+ f(t,z,u) (1.4)

in the monostable case and ignition case. Here, we just collect some existing results in the
literature.

For equation (1.3), we refer to [5, 6, 27, 28, 35, 36, 37, 38, 39, 40, 78, 82] and references
therein for works in the homogeneous media, i.e., f(¢,z,u) = f(u). We refer to [9, 23, 47,
48, 52, 56, 57, 77, 79, 84] and references therein for works in the space heterogeneous media,
ie., f(t,z,u) = f(z,u), and to [1, 53, 63, 64, 66, 67, 69, 70] and references therein for works
in the time heterogeneous media, i.e., f(t,z,u) = f(t,z). There are also some works in the
space-time heterogeneous media (see e.g. [41, 43, 44, 50, 51, 65, 68, 79]), but it remains
widely open.

For equation (1.4), we refer to [7, 13, 15, 18, 19, 20, 61] and references therein for works
in homogeneous media. The study of (1.4) in the heterogeneous media is rather recent and
results concerning front propagation are very limited. In [21, 73, 74, 75], the authors inves-
tigated (1.4) in the space periodic monostable media and proved the existence of spreading
speeds and periodic traveling waves. In [60], Rawal, Shen and Zhang studied the existence of
spreading speeds and traveling waves of (1.4) in the space-time periodic monostable media.

For (1.4) in the space heterogeneous monostable media, Berestycki, Coville and Vo studied



in [8] the principal eigenvalue, positive solution and long-time behavior of solutions, while
Lim and Zlatos proved in [45] the existence of transition fronts. For (1.4) in the time het-
erogeneous media of ignition type, the authors of the present paper proved in [71, 72] the
existence, regularity and stability of transition fronts.

The rest of the dissertation is organized as follows. In Chapter 2, we collect the main
results obtained in this dissertation. In Chapter 3, we study the space regularity and prop-
agation of transition fronts of, in particular, equation (1.1). In Chapter 4, we focus our
study on space nonincreasing transition fronts of equation (1.1). We show that any space
nonincreasing transition front enjoys uniform steepness, stability, uniform stability and ex-
ponential decaying estimates. In Chapter 5, we show that any transition front of equation
(1.1), after certain space shift, coincides with a space nonincreasing transition front (if ex-
ists). In particular, any transtion front enjoys uniform steepness, stability, uniform stability
and exponential decaying estimates. In Chapter 6, under the additional time periodic as-
sumption on the nonlinearity, we show that any transition front must be a periodic traveling
wave. In Chapter 7, under the assumption that the nonlinearity f(¢,u) is compact and
uniquely ergodic, in the sense that the dynamical systems defined by shift operators on the
hull of f(t,u), is compact and uniquely ergodic, we show that the asymptotic speeds of
transition fronts exist. In Chapter 8, we prove the existence of transition fronts. In Chapter
9, we make some remarks about the results obtained in the dissertation and mention some
open problems along the line. We end the dissertation with two appendices: one on bistable

traveling waves, and the other on comparison principles.



Chapter 2

Main results

For the moment, let us consider the following equation in space-time heterogeneous
media

u=Jxu—u+ f(t,z,u), (t,r)e RxR (2.1)

with f(t,2,0) = 0 = f(¢,2,1) for all (¢,2) € R x R. In this dissertation, we focus on the

transition fronts of (2.1) connecting 0 and 1. Recall

Definition 2.1. A global-in-time continuous solution u(t,z) of (2.1) is called a transition
front (connecting 0 and 1) in the sense of Berestycki-Hamel (see [10, 11], also see [63, 64]) if
u(t,z) € (0,1) for all (t,z) € R x R and there ezists a function X : R — R, called interface
location function, such that

lim w(t,z+ X(t)) =1 and lim u(t,z + X (t)) = 0 uniformly int € R.

T——00 T—00

We see that Definition 2.1 is equivalent to: a global-in-time continuous solution u(t, z)
of (2.1) is called a transition front if u(t, —oo) = 1 and u(t,00) = 0 for any ¢ € R, and for

any € € (0, 1) there holds

sup diam{z € Rle < u(t,z) <1 — €} < o0.
teR

This equivalent definition specifies the bounded interface width. We remark that neither the
definition of transition front nor the equation (2.1) itself guarantees any space regularity of
transition fronts beyond continuity. This lack of space regularity causes lots of troubles in

studying transition fronts in nonlocal equations for that



e approximating solutions may not have a limit even bounded interface width can be

verified;
e qualitative properties of transition fronts can hardly be reached.

Now, let us focus on equation (2.1) in the space-time heterogeneous media of bistable
type, i.e.,
w=Jxu—u+ f(t,x,u), (t,r)€RXR, (2.2)

where the convolution kernel J and the nonlinearity f are assumed to satisfy Hypothesis

2.1, Hypothesis 2.2 and Hypothesis 2.3, where
Hypothesis 2.1. J : R — R satisfies J £ 0, J € C', J(x) = J(—x) > 0 for all x € R,
Jp J(x)dz =1, and
/ J(z)e"dr < oo, / |J'(x)]e""dx < 00, Vv €eR.
R R
Hypothesis 2.2. There exist C*(R) functions fg: [0,1] = R and f5 : [0,1] — R such that

fe(u) < f(t,z,u) < fz(u), (t,z,u) € RxR x]0,1].

Moreover, the following conditions hold:

e f:RxRxI[0,1] = R is continuously differentiable in x and u, and satisfies

sup |fo(t,z,u)] < oo and sup | fult, z,u)| < oo;
(t,x,u)eERxRx[0,1] (t,z,u)eERXRx[0,1]

e fp is of standard bistable type, that is, fp(0) = fr(0) = fr(1) =0 for some 6 € (0,1),
fe(u) <0 forue (0,0), fe(u) >0 forue (0,1) and fol fe(u)du > 0;

e f5 is also of standard bistable type, that is, f5(0) = f5(0) = fz(1) = 0 for some
0 e (0,1), f5(u) <0 forue (0,0) and fz(u) >0 foru € (4,1).

8



Hypothesis 2.3. There exist 0 < 0y < 0 < 0 < 6, < 1 such that
fultoo,u) <0, we 0,60 and fult.z,u) <0, we (o)1)

for all (t,x) € R x R.

Hypothesis 2.1 is a basic assumption on the dispersal kernel J. Hypothesis 2.2 is about
the uniform bistability. In particular, we require fol fe(u)du > 0. Notice 6 < 6. But, since it
could happen 6 < 0, f(t,z,u) may not be of standard type for fixed (¢,z) € R. Hypothesis
2.3 is about the uniform stability of constant solutions 0 and 1. We will take Hypothesis
2.1, Hypothesis 2.2 and Hypothesis 2.3 as standard assumptions in the present dissertation.
Note that we allow degeneracy at 0, 1 and other possible zeros. For different purposes, we
will need enhanced verions of Hypothesis 2.2 and Hypothesis 2.3.

Instead of trying to prove the existence of transition fronts for equation (2.2), we start
with various important qualitative properties of transition fronts, since this can be done in
a more general setting.

Our first result concerning the space regularity and propagation of transition fronts of

equation (2.2) is stated in the following

Theorem 2.2. Suppose Hypothesis 2.1, Hypothesis 2.2 and Hypothesis 2.3. Let u(t,z) be
an arbitrary transition front of equation (2.2) and X(t) be its interface location function.

Then,

(1) u(t,x) is regular in space, that is, for any t € R, u(t,x) is continuously differentiable

in x and satisfies SUp; ;) erxr [Ua(t, )| < 00;

(ii) there exists a continuously differentiable function X : R — R satisfying cmn < X (t) <

Conax JOT s0me 0 < Cin < Cmax < 00 such that sup,p | X (t) — X (t)| < oco.

As it is known, space regularity of transition fronts is not a problem at all in the reaction-

diffusion equation, but it is a big problem in the nonlocal equation (2.2), since the semigroup

9



generated by the dispersal kernel J lacks of regularizing effects. But, in order to further study
various imporant properties, such as stability and uniqueness, we need the space regularity
to ensure the applicability of various techiniques for reaction-diffusion equations to nonlocal
equations.

The proof of (i) in Theorem 2.2 relies on two things: rightward propagation estimates,
and transition fronts being global-in-time. The rightward propagation estimates can be
established due to the uniform bistability, i.e., fol fe(u)du > 0 in Hypothesis 2.2, which
forces all front-like solutions to move to the right with their speeds controled from below
by bistable traveling waves. Due to the rightward propagation estimates, we find that for

"(tﬂn—)_u(m)‘ may grow, which ensures the

any fixed z, only in certain period, the term }
boundedness in the long run. But, there’s another problem: lack of a priori information on
transition fronts, since we are treating transition fronts. This lack of a priori information

w{ as 7 — 0 at the initial time

directly causes the boundedness problems of ‘
to. This is where the fact that transition fronts are global-in-time comes into play and helps
out. The proof of (ii) in Theorem 2.2 is based on the rightward propagation estimates and
a modification process. The fact that X (t) does not change its sign plays an important role
in stability analysis.

We remark that the results in (i) in Theorem 2.2 are also true for equation (2.2) with
ignition nonlinearities and some monostable nonlinearities; see Corollary 3.7 for more details.

With the understanding that all transition fronts are regular in space, we then turn to

the study of various important qualitative properties, such as stability and uniquenss, of

transition fronts of equation (2.2) in time heterogeneous media, i.e.,

uw=J*xu—u+ f(t,u), (t,z) e RxR. (2.3)

To do so, we need an enhanced version of Hypothesis 2.3 in the case f(t,z,u) = f(t,u),

that is,

10



Hypothesis 2.4. There exist 0 < 0y <0 <0 < 0; <1 and By > 0, 81 > 0 such that
fu(t7u> < _/807 u < (_00790] and fu(t7u) < _ﬁb u € [91700>

for all (t,x) € R x R.

We remark that the values of f(t,u) for u ¢ [0, 1] plays no role in studying transtion

fronts between 0 and 1. We prove

Theorem 2.3. Suppose Hypothesis 2.1, Hypothesis 2.2 and Hypothesis 2.4. Suppose, in
addition, equation (2.3) admits a space decreasing transition front. Let u(t,x) be an arbitrary
transition front of equation (2.3) and X (t) be its interface location function. Then, the

following statements hold:
(i) monotonicity: for any t € R, u(t,x) is decreasing in x;
(ii) uniform steepness: for any M > 0, there holds sup,cg SUp|,_ x (1)< Yz (t; ) < 0;

(ili) stability: let ug : R — [0, 1] be uniform continuous and satisfy

liminfug(z) > 61 and limsupug(z) < o,
T—>—00 T—00

and, u(t,x;tg, ug) be the solution of (2.3) with initial data u(to,;te,ug) = ug. Then,
there exist tg = to(ug) € R, £ = &(ug) € R, C = C(ugp) > 0 and w, > 0 (independent of
ug) such that

sup |u(t, z; to, ug) — u(t, x — &)| < Ce~w=(t=t)
zeR

for allt > ty;

(iv) uniform stability: let {us, hoer be a family of initial data satisfying

w(te,r — &) — po < ugy(z) < ulto,r — &)+ o, TER, tHeR

11



for & € R and po € (0,min{fy, 1 — 0,}) being independent of ty € R. Then, there
exist to-independent constants C' > 0 and w, > 0, and a family of shifts {&, }eer C R

satisfying sup;, e [§1,| < 00 such that

sup [u(t, z; to, ug,) — u(t, x — &, )| < Ce™wt7t0)
TeR

for allt >ty and ty € R;

(V) ezponential decaying estimates: there exist two exponents cx > 0 and two shifts ho > 0

such that

w(t, v+ X))+ hy) <e " and ult,x+X(t)—h_)>1—e""

for all (t,x) € R x R;

(vi) uniqueness: if v(t,x) is another transition front of (2.3), then there exists a shift £ € R

such that v(t,x) = u(t,z + &) for all (t,z) € R x R;

(vii) periodicity: if, in addition, f(t,u) is periodic in t, then u(t,z) is a periodic traveling

wave;

(viii) asymptotic speeds: if, in addition, f(t,u) is compact and uniquely ergodic, then lim;_, 4. @

exist.

Let us explain the strategies for proving Theorem 2.3. The proof of Theorem 2.3 starts
with the verification of stability as in (iii). But, to prove the stability, we need the uniform
steepness as in (ii), which however can not be checked for an arbitrary transition front.
Hence, instead of trying to study an arbitrary transition front, we focus on an arbitrary
space nonincreasing transition front for the moment. We then show that an arbitrary space
nonincreasing transition front is uniformly steep as in (ii), which, together with the results

in Theorem 2.2, allow us to establish the stability, the uniform stability and the exponential

12



decaying estimates as in (iii), (iv) and (v), respectively, for this space nonincreasing transition
front. Then, using the uniform stability of space nonincreasing transition fronts, we prove
that an arbitrary transition front coincides with an space nonincreasing transition front, up
to a space shift, and hence, any transition front satisfies (i)-(vi) in Theorem 2.3. Finally, we
show (vii) and (viii) in Theorem 2.3. It is referred to Section 7 for the definition of f(t,u)
being compact and uniquely ergodic.

Finally, we investigate the existence of transition fronts of (2.3). To do so, we replace

Hypothesis 2.2 by

Hypothesis 2.5. There ezist C*(R) functions fg: [0,1] = R and f5 : [0,1] — R such that
fB(u)Sf(tvu)SfB(u)7 (t,u)GRx [071]'

Moreover, the following conditions hold:

e f:R x[0,1] = R is continuously differentiable and satisfies

sup  |fi(t,u)| < oo and sup | ful(t,u)| < oc;
(t,u)€Rx[0,1] (tw)ERx[0,1]

o fp satisfies f(0) = fp(0) = fr(1) =0 for some 6 € (0,1), fe(u) <0 foru € (0,0),
fe(w) >0 forue (0,1), fr(1) <0 and fol fe(u)du > 0;

o f5 satisfies f5(0) = fz(0) = f5(1) =0, fz(u) <0 for u € (0,0) and fz(u) > 0 for
u e (6,1).

The requirement fg(f#) = 0 = f5(6) in Hypothesis 2.5 is a little restrictive; see (i) in

Section 9 for a possible variation. We prove

Theorem 2.4. Suppose Hypothesis 2.1, Hypothesis 2.5 and Hypothesis 2.3. Then, equation

(2.3) admits a transition front.

13



Clearly, the transition front obtained in Theorem 2.4 must satisfy all properties in
Theorem 2.2 and Theorem 2.3. The proof of Theorem 2.4 is constructive. We first construct
approximating front-like solutions. However, due to the lack of space regularity in nonlocal
equations, it is not clear that the approximating solutions will converge to some solution
of (2.2). Also even if they do converge to some solution, it is difficult to see that the
limiting solution is a transition front. We then first establish the uniform boundedness of
the interface width and uniform decaying estimates of approximating solutions, which assure
the limiting solution (if exists) is a transition front. Then, we show the uniform Lipschitz
continuity in space of the approximating solutions, which of course implies the convergence
of the approximating solutions thanks to Arzela-Ascoli theorem. We have used this strategy
to construct transition fronts in nonlocal equation in time heterogeneous media of ignition
type (see [71]).

We point out that the transition front obtained in Theorem 2.4 through the approxi-
mating process is only uniformly Lipschitz continuous in space. Of course, we can then apply
Theorem 2.2 to conclude the space regularity. Here, we want to mention another approach
to space regularity, that is, putting more conditions on the nonlinearity f to ensure that the
approximating solutions have more regularity in space. This approach has been used in [72]

to the nonlocal equation in time heterogeneous media of ignition type.

14



Chapter 3

Properties of transition fronts in space-time heterogenerous media

In this chapter, we study some general properties, especially the space regularity, of
arbitrary transition fronts of equation (2.2). Throughout this section, we assume Hypothesis
2.1, Hypothesis 2.2 and Hypothesis 2.3.

In what follows in this section, w(t,z) will be an arbitrary transition front with the
interface location function X (¢) (see Definition 2.1).

In this section, we first establish in Section 3.1 the rightward propagation estimate of
the transition front u(¢,x), that is, it travels from the left infinity to the right infinity with
certain speed in the average sense. We then use this propagation estimate to prove the space
regularity, i.e., (i) in Theorem 2.2, in Section 3.2. We remark that our arguments for the
space regularity can be applied to ignition nonlinearities and some monostable nonlinearities
(see Remark 3.6 for more details). Finally, in Section 3.3, we use the rightward propagation

estimate to find a modification of X (¢), which is of great technical importance.

3.1 Rightward propagation estimates

In this section, we study the rightward propagation of u(t, z). For A € (0, 1), let X (¢)

and X (t) be the leftmost and rightmost interface locations at A, that is,

X1 (t) =min{z € Rlu(t,z) = A} and X, (¢) = max{z € Rlu(t,x) = \}. (3.1)

Trivially, X5 (f) < X (¢) and X*(¢) are decreasing in A\. By the continuity of u(¢,z) in z,
there holds u(t, X5 (t)) = A = u(t, X, (¢)). But, due to the nonlocality, it is not sure whether

X*(t) are continuous in t.
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From the definition of transition fronts, we have the following simple lemma.
Lemma 3.1. The following statements hold:
(i) for any 0 < Ay < Ay < 1, there holds sup,cg[ X (1) — X3, ()] < 00;
(ii) for any X € (0,1), there hold sup,cg | X (t) — X5 (1)] < oo.

Proof. (i) By the uniform-in-t limits lim, , o u(¢t,z+ X (¢)) = 1 and lim,_,, u(t,z+ X (t)) =
0, there exist z1 and x such that u(t,z+X(t)) > Ay for all z < x5 and u(t, z+ X (t)) < A for
all x> x1. It then follows from the definition of X}, (¢) and X} (t) that zo + X (t) < X, (?)
and x; + X () > X (t). The result then follows.

(ii) Let Ay = XA = Xy in the proof of (i), we have zo + X (t) < X, (¢) and =1 + X (¢) >

X (t). In particular,

o+ X(1) < X, (8) < X5 (1) <z + X ().

This completes the proof. O
The next result gives the rightward propagation of u(t, z) in terms of X(¢).

Theorem 3.2. There exist ¢ > ™8 > 0 and T8, T > 0 such that

max — “min min’ - max

VB (E— 1o — T™5) < X () — X(tg) < B (t—to+T28), >t

min min max max

Proof. We here only prove the first inequality; the second one can be proven along the
same line due to the bistability. Fix some A € (0,1). We write X~ (t) = X, (¢). Since

supsegr | X (1) — X~ (t)] < oo by Lemma 3.1, it suffices to show

X ()= X (to) >c(t—to—T), t>t (3.2)

for some ¢ > 0 and T > 0.
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Let (cp, ¢p) with cg > 0 be the unique solution of

Jx§— ¢+ co,+ fp(d) =0,
6. <0, $(0) =0, $(—00) = L and  (c0) = 0.
See Appendix A for more properties about ¢g.
Let ug : R — [0,1] be a uniformly continuous and nonincreasing function satisfying
up(z) = A for © < xy and ug(z) = 0 for z > 0, where zg < 0 is fixed. Since X~ (¢) is the

leftmost interface location at A, we see that for any ¢, € R, there holds wu(to,z + X~ (¢9)) >

ug(z) for all x € R, and then, by f(t,z,u) > fg(u) and the comparison principle, we find

u(t,x + X (to)) > up(t —to, x;up), = €R, t>t,

where up(t, x;up) is the unique solution to w; = J xu — u + fp(u) with ug(0,;ug) = uo.
By the choice of uy and the stability of bistable traveling waves (see Lemma A.2), there are

constants zg = xp(A) € R, gg = qp(A) > 0 and wp > 0 such that

up(t —to, x;u0) > ¢p(r —xp — cp(t —ty)) — e """,z eR, t >t

Hence,

u(t,x + X" (to)) > dp(x — x5 — cp(t —to)) — qee B0z e R, t >t

Let Ty = Tp(\) > 0 be such that gge #7 = 122 and denote by £p(*£2) the unique point
such that ¢p(Ep(H2)) = 2. Setting ., = x5 + cp(t — to) + £p(+32), the monotonicity of

¢p implies that for all t > tg 4+ Ty and © < x*

1+ A
2

U(t,l’ + X_(t())) > ¢B($* —TB — CB(t — to)) — de—wBTo = ¢B(€B( )) — QBQ_WBTO =\

17



This says . + X~ (to) < X~ (t) for all t >ty + Tp, that is,

X7 (t) — X (to) > xp +cp(t —to) —i-gB(l +A

), t>to+ Ty (3.3)

We now estimate X~ (t) — X~ (to) for t € [to,to + To]. We claim that there exists

z = z(Tp) < 0 such that

X_<t) — X_(to) 2 2, t e [to,to + To] (34)

Let up(t, z;up) and ug(t;\) = ug(t,z;\) be solutions of v, = J * u — u + fp(u) with
up(0,z;up) = ug(x) and up(0;A) = up(0,z;\) = A, respectively. By the comparison prin-
ciple, we have ug(t,z;up) < up(t;A) for all z € R and ¢ > 0, and ug(t, z;up) is strictly
decreasing in x for ¢t > 0.

We see that for any ¢ > 0, up(t, —00; ug) = up(t; A). This is because that Lug(t, —oo; ug)
fB(up(t,—o0;up)) for t > 0 and up(0, —0o;uy) = A. Since A € (0, 1), as a solution of the
ODE u; = fg(u), up(t; A) is strictly increasing in ¢, which implies that upg(t, —oo;ug) =
up(t; A) > A for t > 0. As a result, for any ¢ > 0 there exists a unique £g(t) € R such that
up(t,&p(t); up) = A. Moreover, g(t) is continuous in t.

Since f(t,x,u) > fp(u) and u(to,- + X (to)) > up, the comparison principle implies
that

U(t,l’+X_(t0)) >UB(t—t0,ZL‘;U0), reR, t>t.

Setting .. = &p(t —to), we find u(t,x + X~ (tp)) > A for all x < x,, by the monotonicity of
up(t,x;up) in x, which implies that X () > z.. + X~ (to) = Ep(t — to) + X (to) for t > t,.

Thus, (3.4) follows if infie s 1o+10) EB(E — to) > —00, that is,

tel(g,g“o] Ep(t) > —o0. (3.5)
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We now show (3.5). Since ug(x) = A for x < z, continuity with respect to the initial

data (in sup norm) implies that for any € > 0 there exists 6 > 0 such that

up(t; ) = A <e and suplug(t;\) —up(t,x;ug)] = up(t; \) — up(t, xo;ug) < €

<z

for all t € [0, 6], where the equality is due to monotonicity. By Hypothesis 2.1, J concentrates
near 0 and decays very fast as x — f00. Thus, we can choose 1 = z1(€) << z such that

J5 J(x —y)dy > 1 — e for all # < zy. Now, for any « < z; and ¢ € (0, 4], we have

d
%UB(@% up) = / J(z —y)up(t,y; uo)dy — up(t, x;u0) + fe(up(t, z;up))
R

> /mo J(z —y)up(t,y;uo)dy — up(t, z;u0) + fp(up(t, 25 uo))
> (1 —¢) nf up(t, z;u0) — up(t; A) + f(up(t, z;uo))

= —(1 —¢€)suplup(t; \) —up(t, z;up)] — eup(t; N) + fu(up(t, z;up))

z<xo

> —€(l—€) —e(A¢€) + fp(up(t,z;up)) >0

if we choose € > 0 sufficiently small, since then fg(up(t,x;ug)) is close to fg(A), which is
positive. This simply means that ug(t, z;ug) > X for all < x; and t € (0, 0], which implies
that {p(t) > xy for t € (0,9]. The continuity of {g then leads to (3.5). This proves (3.4).

(3.2) then follows from (3.3) and (3.4). This completes the proof. O
As a simple consequence of Theorem 3.2, we have

Corollary 3.3. There holds X (t) — +o00 ast — +oo. In particular, u(t,z) — 1 ast — oo

and u(t,z) — 0 as t — —oo locally uniformly in x.

Proof. We have from Lemma 3.2 that

O (t— ty — T™8) < X (1) — X (to).

min min
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Setting t — oo in the above estimate, we find X () — oo as t — oo. Setting ty — —o0, we

find X (t9) = —o0 as tg — —o0. O

This corollary shows that any transition front travels from the left infinity to the right
infinity. Thus, steady-state-like transition fronts, blocking the propagations of solutions, do

not exist.

3.2 Space regularity

In this section, study the space regularity of the transition front u(¢, z), that is, we are

going to prove (i) in Theorem 2.2. For convenience, we restate (i) in Theorem 2.2 as

Theorem 3.4. For any t € R, u(t,z) is continuously differentiable in x. Moreover, there

holds Sup, »yerxr |Uz(t, )| < o0.

Proof. For (t,z) € R x R and n € R with |n| < §y < 1, we set

_u(t,r+n) —ul(t,x)

v (t,x) = .
(t,7) »
It’s easy to see that v"(t,x) satisfies
a) = [ I =)o)y =0 + D) + ), (36)
R

where

flt,zu(t,x+n)) — f(t,z,u(t,x))
u(t,z +mn) —u(t, )
flt,x+n,u(t,x+n) — f(t,z,ult,z + n))'
n

a(t,z) =

Y

a'(t,z) =
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Hence, for any fixed z, treating (3.6) as an ODE in the variable ¢, we find for any ¢ > ¢,

t
VI(t, 3) = 0" (b, w)e o1 / B (r, Yo S (e (s.2)ds g

: N (3.7)
+/ a'(r, a:)e_f:(l_“"(s’x))dsdf

to

where

.0) = [ I -ty = [ 2 “‘“”g” @ =9) 1, )y,

Note that for any (¢,z) € R x R

a(t,x) = fu(t,z,u(t, x)),
a'(t,x) — fo(t,z,ult, z)), (3.8)
b'(t,x) — /RJ/(I' —y)u(t, y)dy.

asn — 0.

To show the existence of the limit lim,_,o v"(¢, ), we first do some preparations. We set

Lo = 0o+ sup | X (t) — X (t)] and Ly = do + sup | X (t) — X (2)],

teR teR

where 0y and 6; are as in Hypothesis 2.3. By Lemma 3.1, Ly < oo and L; < co. We also set

I(t) = (=00, X(t) = L),
I (t) = [X(£) — Ly, X(t) + Lo,

L(t) = (X(t) + Lo, ).

Trivially, for any ¢ € R, I;(t), I,,(t) andI,.(t) are pairwise disjoint and [;(¢)U L, (t)UI.(t) = R.

However, since X (t) may not be continuous, so are [;(t), I,,(t) and I.(t).
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Since X (t) — +o00 as t — 400 by Corollary 3.3, for any fixed = € R, there hold = € I,.(t)

for all t < —1 and = € [;(t) for all £ > 1. Thus, for any fixed x € R, we may define

tarst (1) = sup{t € R|z € I,(t) for all ¢t < £},

thast(z) = inf{t € Rz € [(t) for all t > t}.

Clearly, the fact that X(t) — Zoo as t — +00 ensures —00 < tapst(r) < last(x) < 00
(notice, tas () = tiase(x) may happen since X (t) may jump). By the definition of tg ()
and tp,s (), we see

e I.(t), t < thest(), (39)

]l(t), t> tlast(x)'
Moreover, there holds

T := suﬂ;{g[tlast(x) — tarst ()] < 00. (3.10)
TE

To see this, we suppose tgs () < thast(z) and for technical reasons, we consider two cases:

Case 1. z ¢ I.(tast(z)) In this case, we have z € I[j(tast(2)) U Ly (tast()), that is,
7 < X (st (7)) + Lo. Thus, for all t >t (2) + T8 + 20t we see from Lemma 3.2 that

Cmin

T < X(tgese (7)) + Lo < X(t) — 8 (t — tgrt (1) — Ti®) + Lo < X(t) — Ly — 1.

min min

This, implies that o € I;(t) for all t > tge(x) + 7058 + Lot and hence, by definition

min ;
lel’l

we Lo+ ILi+1
trast (1) < tinst () + T8 + 22— (3.11)

Case 2. z € [.(tast(x)) In this case, we can find a sequence {t,} satisfying ¢,, > tg(2),

tn, — tast(x) as n — oo and = ¢ I.(t,(x)). Then, similar arguments as in the case = ¢

I (st (7)) lead to

L L 1
B (2) <y + 5 4 0T

min

22



Passing to the limit n — oo, we find (3.11) again. Hence, we have shown (3.10).
Also, by Hypothesis 2.3 and the choices of Ly and Ly, we find that for any (¢,2) € RxR
and 0 < |n| < dy

0, x € (1),
al(t,x) <

0, T € Il(t)

In particular, we have from (3.9) that for any (t,z) € R x R and 0 < |n| < do, there holds

07 t < Zfﬁrs‘c(m)a
a(t,x) < (3.12)

O, t > tlast(x).

By (3.8), (3.12) holds with a"(t, x) replaced by f.(t,z,u(t,z)), that is,

0, t < tﬁrst(ilj'>,
fult,z,u(t, z)) < (3.13)

07 t> tlast(l').

Now, we are ready to prove the existence of lim,_,o v"(¢,z). To do so, we fix any = € R.
We are going to take tg — —oo along some subsequence, and so ty < tge(2). For ¢, there
are three cases: (i) t < tg(2); (1) t € [tawst(2), tast(2)]; (iil) ¢ > tast(z). Here, we only
consider the case t > t),5(); other two cases can be treated similarly and are simpler.

Hence, we assume tg < tase (@) and ¢ >t () in the rest of the proof. We treat three
terms on the right hand side of (3.7) separately.

For the second term on the right hand side of (3.7), we claim

t
/ bn(zj) f (1—a"( sx)dsd,r_>/ (/ J/ T —y 7_ y)dy> f (1= fu(s,z,u(s,z)) dsdT
t (3.14)

as 1 — 0 uniformly in ¢ty < tge(2).
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To see this, we notice

t t
‘ [t age ey [ ( / J'(x—y)U(T,y)dy>e‘f:(l‘f“(s’z’"(s’z)))dsdf
to R
t

to
</
—00

b'(r,x)e” J-an(s@)ds _ (/ J' (x —y)u(r, y)dy) e~ Jr (= fu(sau(sa))ds| g
R
By (3.8), the integrand converges to 0 as n — 0 pointwise. Thus, by dominated convergence

theorem, we only need to make sure that the integrand is controlled by some integrable
function. Writing v°(7,z) = [, J'(x — y)u(r,y)dy and a°(7,z) = fu(7,z,u(r,z)), we only

need to make sure that the function

T sup b”(T,x)e’th(l’“n(S’x))ds
0<n|<do

is integrable over (—oo,t]. To see this, we first note M := sup,, <5, [0"(7, )| < 0o and the

following uniform-in-n estimates hold:

6_ f:ﬁrst(f)(l—a"(s,a:))ds < 6—(tﬁrst(1})—7")7 r < tﬁrst(m),

e f:laSt @ (1—a"(s,z))ds

IN

eC’aT’ e [tﬁrst(x)atlast(x)]a (315)

e~ f:(l—a" (s,z))ds

IN

e—(t—r)’ re [hast(x); t]?

where

Co:= sup sup |1—a"(t,x)] < o0
(t,x)ERXR 0<|n|<do

by Hypothesis 2.2. They are simple consequences of (3.10), (3.12) and (3.13). It then follows
that

sup bn(T, .Z')@i f:(lfa"(s,x))ds <M sup e f:(lfa”(s,z))ds'
0<|n|<éo 0<n|<do

To bound the last integral uniformly in 0 < || < dy, according to (3.15), we consider three

cases:
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Case (i). 7 < tast(x) In this case,

: s tast (@) B
sup e~ Jrma"eadds — gy U A SR o) F g ] (1maT(s))ds

0<n|<do 0<n|<do

< e_(tﬁrst (I)_T) ecaTe_(t_tlast(m)) .

— I

Case (ii). T € [tarst(®), trast ()] In this case,

U 4 f@lA=aTseds

CaT _(t_tlast (I)) .

sup e~ J7(1=a"(s.2))ds sup e e’ e :

0<|n|<do 0<n|<do

Case (iii). 7 € (tst(x),t] In this case,

sup e—fju—aﬂ(s,x))ds < o (t=7)

0<|n[<do
Thus, setting
(
e~ (tarse(@)=7) CaT o=(ttsn(@) | 7 < o ()
W) = § eCoTe(t=tiase (@) T € [thirst (7), brast (7)]
) 7 € (st (), 1],

\

we find for any 7 € (—o0, t]

sup bn(T, 5(])6_ [fa—a"(s,x))ds _ </ J/(ZL‘ _ y)u(T, y)dy> e~ JEA=fu(s,zu(s,z)))ds < 2h(7’).
R

0<In|<do
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To show (3.14), it remains to show ffoo h(7)dT < co. But, we readily compute

tﬁrst tlast(x) t
/ / T)dT —i—/ h(T)dr —i—/ h(T)dr
tﬁrst(l') t

last (3?)

tﬁrst(m
S/ —(tairst (2)=7) o CaT = (t=tiast (7)) ] -
~ (3.16)
tlast() t
N / (OT (b (@) g 4 / ot g
thrst (T) tast (T)

< % T 4 7T 41,

Thus, we have shown (3.14). Note that the last bound is uniform in (¢,2) € R x R.

For the third term on the right hand side of (3.7), we claim

t t
/ ELn<T7 I)ei f:(lian(sw))dsd'r - / ffE (t, Z, U(t7 I))ei f:(lifu(s’%u(s’m)))dsd'r
to to (317)

as 1 — 0 uniformly in ¢ty < tge(2).

The proof of (3.17) is similar to that of (3.14). So, we omit it here. Notice

t
J A

< [(m)sup | fm(t,x,u)]] / " by (3.18)

Ju)ERXRX[0,1] —00
< l sup | fa(t, z, u)]} <eCaT + Te%T + 1) :
(t,x,u)

,u)ERXRX[0,1]

For the first term on the right hand side of (3.7), we choose ty to be such that ¢4 () —

to = Wl\ and claim that

V" (to, x)e” fioUmamlomds g o n — 0. (3.19)
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In fact, from |[v"(tg, z)| < ﬁ and (3.15), we see

¢ 1 _ thirst (%) tast (@) t _
v (t07 x)ei fto(lian(s’x))ds < ﬂe [fto +ftﬁrst(z) +ftlasc(z)](1 a(s,x))ds
U

< ﬁe (tgirst () —t0) eC“Tei (t=tiast (@)
m

1 1
gﬂe meCel 50 as n — 0.
n

This proves (3.19).
Hence, choosing ¢y to be such that tg.(x) — tg = ﬁ and passing to the limit n — 0 in
(3.7), we conclude from (3.14), (3.17) and (3.19) that

ot 2) = lim (1, 2)

t
-/ [ [ @ = putr s+ Lol ) e KOs
R

—0o0

(3.20)

From which, we see that u,(t,z) is continuous in (t,z) € R x R. Moreover, by (3.16) and

(3.18), we have sup(; ,yerxr |t (t, z)| < 00 O

Remark 3.5. From (3.20), (3.16) and (3.18), we see

sup [u,(t )] < ||/l + sup Ifx(t,:v,U)\](60“T+T60“T+1),
(t,x)eERxR (t,z,u)eERXRx%[0,1]

where C, depends only on sup , .)erxrxo) [fu(t; T, )| and T is controled by (3.11), and

hence, T depends only on fg and the shape of u(t,x).

Remark 3.6. The proof of Theorem 3.4 relies on Theorem 3.2. But, notice we only used

the first estimate in Theorem 3.2, i.e.,

O (t— ty — T™5) < X (1) — X (to),

min min
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whose proof only needs f(t,z,u) > fg(u). This observation allows us to show that the
reqularity result of transition fronts in Theorem 3.4 (or (i) in Theorem 2.2) is true if we
replace fz by some monostable nonlinearity, and replace f,(t,z,u) < 0 for u € [0,6y] by

fult,z,u) < 1— Ko for u € [0,0q] for some ko € (0,1). More precisely, we have
Corollary 3.7. If J satisfies Hypothesis 2.1 and f(t,z,u) satisfies

(i) there exist C*(R) function fp:[0,1] — R and fu : [0,1] — R such that
fB(u>§f(t7x’u)§fM<u)7 (t7x7U)ERXRX[O71];

moreover, the following conditions hold:

— [ R xR x[0,1] = R is continuously differentiable in x and u, and satisfies

sup |fe(t,z,u)| <00 and sup | fu(t,x,u)| < oo;
(t,z,u)eERxRx[0,1] (t,z,u)ERxRx[0,1]

— fB is of standard bistable type, that is, fp(0) = fp(0) = fu(1) = 0 for some
0 €(0,1), fe(u) <0 forue (0,0), fe(u) >0 forue (0,1) and fol fB(u)du > 0;

— fur is of standard monostable type, that is, far(0) = fa(1) = 0 and fp(u) > 0

foru e (0,1),
and

(ii) there exist 0 < 6y < 01 < 1 and kg > 0 such that
fu(t,.’ﬂ,’LL) S 1I- Ko, u € [0790] and fu(t7$au) S 07 u € [917 1]

for all (t,x) € R x R,

then any transition front u(t,x) of the equation (2.2) is continuously differentiable in x and

satisfies Sup; perxr [Ua(t, )| < 00.
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Clearly, the nonlinearity f(t,z,u), as in (i) and (ii), covers ignition nonlinearities and

some monostable nonlinearities.

3.3 Modified interface locations

For the convenience of later analysis, we modify X (¢) in this section. We restate (ii) in

Theorem 2.2 as

Theorem 3.8. There are constants Cuin > 0, Cmax > 0 and cimax > 0, and a continuously

differentiable function X (t) satisfying i < X(t) < Cmax for all t € R such that
0<X(t)— X(t) <dmay, tER.

In particular, for any X € (0,1), there hold sup,cg |X(t) — X5 (t)| < oo.

Proof. We prove the theorem within two steps. The first step gives a continuous modification.
The second step gives the continuously differentiable modification as in the statement of the

theorem.

Step 1. We show there is a continuous function X : R — R such that sup,cp | X ()= X ()| <

o0o. Fix some T'> 0. At t =0, let

avg

ZH(40) = X(0) + 8 (T + T2 4 Sming 4 >

max max 2

By Lemma 3.2, X (t) < Z*(t;0) for all [0,7). By Lemma 3.2, we have X(t) > Z*(¢;0) for

all large t. Define T;" = inf{t > 0|X(¢t) > Z*(¢;0)}. By Lemma 3.2, it is easy to see that

T € [T, C?“Vag"(TH;%}E‘;;rci‘vi%‘T‘ivi‘%]. At the moment 7", X (t) may jump, and, due to Lemma 3.2,

min

the jump is at most ¢8 TV . Thus, we obtain

max~— max*

X(t) < ZH(t;0) for t € [0,T7) and X (T)) € [Z1(t;0), ZF(;0) + 8 T2E).

max~— max
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Next, at t = T}, let

avg

ZHBT) = X(T)) + i (T + To) + 22 (¢ = 1)), > T

max max

Then, T3 = inf{t > T7|X(t) > Z* (1 T}")} is well-defined, and T3 ~77" € [T, S0 el

Moreover, there hold

X(t) < ZH (T for t € [T, Ty) and  X(T) € [ZH(T)H: T, ZH(Ty s T) + e T8,

max~— max

Repeating the above arguments, we obtain the following, there is a sequence of times

V8 ave

+ . . Cﬁ:]agx(T“l‘ﬂ?)‘;%t)'F min~ min
{TF |} satisfying Ty = 0, T.F — T.7, € [T, & ] and

X(t)y<Zt(; T ) fort e [TF,,TF) and X(T)) € [ZH(THTH,), ZH(TH T )+c&8 TaE),

n—1"+n n - n—1 max - max

(3.21)

for all n > 1, where ZT(t; 7.7 ) = X(T.F ) + &8 (T + T28) + %(t — T ).

y tn—1 max max

We define Z* : [0,00) — R by setting

Ztt)y=Z*,Tr,)), te|ll,, T, n>1

y tn—1 n—1"n

Since sup,> [T 1, T,7) = [0,00), Z*(t) is well-defined. It follows from (3.21) that X(¢) <

n—1 +n

Z*(t) for all t > 0. Moreover, for t € [T, T.F),

n—1 +n

avg
ZH(t) = X (1) < X(T1) + (T + Tn) + 252 (0 = TFy) = [X(T1) + et = Ty — Toid)]
avg
< CNE(T + TiE) — 80t = TF,) + e T < i (T + Toik) + i T

Hence, 0 < Z7(t) = X (t) < A8 (T4 T8 )+ 8T for all t € [0, 00). Modifying Z(¢) near

T, for n > 1, we find a continuous function Z* : [0, 00) — R such that SUDte(0,00) | ZF(t) —

X(t)| < oo.
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Clearly, we can mimic the above arguments to find a continuous function Z~ : (0, co] —
R such that sup;e_o ) |Z~(t) — X(t)| < co. Combining Z*(t) and modifying near 0, we

find a continuous function X : R — R such that sup,g | X (t) — X (t)| < oo.

Step 2. By Step 1, we assume, without loss of generality, that X (¢) is continuous. Fix any
to € R and consider it as an initial moment. At the initial moment ¢y, we define

min

1
Z(t;tg) = X(tg) + Co + 5can (t —to), t=>to,

where ¢S is as in Lemma 3.2 and Cy > 0 is so large that Cy > 8 T2 . Clearly, X (to) <

min max - max"*

Z(to;to). By Lemma 3.2, X (¢) will hit Z(¢; o) sometime after ¢y. Let T} (ty) be the first time

that X (¢) hits Z(t;to), that is, Ti(to) = min {t > to| X (t) = Z(t;to) }. It follows that

X(t) < Z(tﬂfo) fort € [to, Tl(t())) and X(Tl(t())) = Z(Tl(t()), to)

Co—CEVE TAVE  Cot CPVETYE . .
C%jvangg’ivi‘g:;‘;, o | which is a simple result of Lemma 3.2 and

min

Moreover, T} (tg) —to €
the assumption on X(¢) as in the statement.

Now, at the moment T (%), we define

Z(#Ti(k)) = X(Ti(t)) + Co + ™5 (¢ — Tu(t)), ¢ > Ti(to).

2 min

Similarly, X (7' (ty)) < Z(T1(to); T1(to)) and X (¢) will hit Z(¢; T (t9)) sometime after T3 (o).
Denote by Ty(tg) the first time that X (¢) hits Z(¢;T1(tp)). Then,

X(t) < Z(t, Tl(to)) for t € [Tl(to), Tg(to)) and X(Tg(to)) = Z(Tg(to); Tl(to)),

Co—CRETRE  CotCpinTin
and Tg(to) — Tl(tg) € m, Cav—g/2 .

min
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Repeating the above arguments, we obtain the following: there is a sequence of times

{T-1(to) }nen satistying Ty(to) = to and

Co — Cig Tk Co+ CrainLomin
Tn(to) — Tn—1<t0) S e _ Cavg/z, Cavg/Q , VnéeN, (322)

min min

and for any n € N

X(t) < Z(t; Th-1(to)) for t € [T,—1(to), Tn(to)) and X (T, (to)) = Z(Tn(to); Tn-1(to)),

where

205 T a(10)) = X (T 1(t0) + G + et = T a(to))

Moreover, for any n € N and ¢ € [T,,-1(to), T,.(to)), we conclude from Lemma 3.2 that

Z(t; Toa(to)) — X (1)

< X(Tw-a(to)) + Co + L (t = To-1(to)) — [X(Th-1(t0)) + o (t = Troa(to) — Tos)]

2 min

1
= O+ BT — ™8 (4 T, (t)) < Cp + ET™®

min~ min 2 min min~ min "
Next, define Z(-;to) : [tg, 00) — R by setting

Z(t:to) = Z(t: Tur(to)) for t € [T (ty), Tu(to)), n € N. (3.23)

Since [tg, 00) = Upen[Tn-1(to), Tn(to)) by (3.22), Z(t;to) is well-defined for all ¢t > ¢,. Notice
Z(t: o) is strictly increasing and is linear on [T},_; (to), T (t)) with slope 1ens foreachn € N,
and satisfies

0< Z(tit) — X(t) < Co+ BTNt >t

Due to (3.22), we can modify Z(t; ty) near each T, (ty) for n € N as follows. Fix some d, €

<0, %%) We modify Z(t;s) by redefining it on the intervals (T,,(to) — 6., Th(to)),

32



n € N as follows: define

Z(t; 750), te [to, OO)\ Unen (Tn(to) — O, Tn<t0))u
X(t;to) =

X (T, (to)) + 8(t — Th(to)), t€ (Tuto) — 6., Tulto)), n € N,

avg
min

where § : [—4,,0] = [—3cntd,, Co] is twice continuously differentiable and satisfies

1
5(~0.) = —2eEb.. 8(0) =
5(—5,) = %c;vii _5(0), §(t) > %c;vii for t € (=6,,0) and

0(—0,) = 0=0(0).

The existence of such a function §(t) is clear. Moreover, there exist ¢pax = Cmax(0+) > 0 and
Cmax = Cmax(0x) > 0 such that 8(t) < cmax and [8(t)| < Emax for t € (—6,,0). Notice the
above modification is independent of n € N and ¢y. Hence, X (t;ty) satisfies the following

uniform in ¢y properties:
o 0 < X(t;t9) — X(t) < dpax for some dyay > 0,

° lcavg S X(ta tO) S Cmax

2 “min
i ’X<t7t0>’ S émax-

Since X (t) locally bounded, we may apply Arzela-Ascoli theorem to conclude the existence
of some function continuously differentiable function X : R — R such that X (¢;ty) — X (¢)
and X (t;ty) — X(t) locally uniformly in ¢ as ty — —oo along some subsequence. It’s easy

to see that X (t) satisfies all the properties as in the statement of the theorem. ]

Remark 3.9. In what follows, replacing X(t) by X(t), we may assume, without loss of
generality, that X (t) is continuously differentiable and there exist ¢y > 0 and cpax > 0

such that cp, < X(t) < Cmax for all t € R.
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Chapter 4

Properties of space nonincreasing transition fronts in time heterogeneous media

In this chapter, we study some qualitative properties, such as uniform steepness, sta-
bility and exponential decaying estimates, of space nonincreasing transition fronts in time

heterogeneous media. That is, we study the equation (2.3), i.e.,

up = Jxu—u+ f(t,u).

Throughout this section, we assume Hypothesis 2.1, Hypothesis 2.2 and Hypothesis 2.4.
Thus, all results obtained in Chapter 3 apply here.
In what follows in this chapter, u(¢,z) will be an arbitrary transition front of equation

(2.3) that is space nonincreasing, i.e.,

uz(t,x) <0, V(t,z) e RxR.

By comparison principle, u(t,z) is decreasing in = for any ¢ € R. As a result, for any
A € (0, 1), the leftmost and rightmost interface locations coincide, i.e., Xy (t) = X5 (t), which
will be denoted by X, (¢). Again, let X (¢) be the interface location function corresponding
to u(t, ). By Remark 3.9, we assume X (t) is continuously differentiable and satisfies ¢y, <
X(t) < Cmax for all t e R

In this chapter, we first study the uniform steepness of u(t,z) in Section 4.1. Then, we
turn to the stability of u(¢,x) in Section 4.2. Uniform stability, in the sense of attracting

a special family of initial data, is also obtained there. Finally, in Section 4.3, exponential

decaying estimates of u(t, x) are obtained.
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In the next chapter, Chapter 5, we will show that an arbitrary transition front of equa-
tion (2.3) coincides with a space nonincreasing transition front of equation (2.3) up to a
space shift. Hence, all transition fronts of equation (2.3) enjoy all properties obtained in this

chapter.

4.1 Uniform steepness

In this section, we study the uniform steepness of wu(¢,x), that is, the uniform-in-¢

negativity of u(¢, z + X (¢)) on bounded intervals. The main result in this section is given in

Theorem 4.1. For any M > 0, there holds

sup  sup  u.(t,x) <O0.
teR |z— X (t)|<M

A direct consequence of Theorem 4.1 is the boundedness of the oscillation of u(, x).

Corollary 4.2. For any A € (0,1), X(t) is continuously differentiable and satisfies

sup | Xy (t)| < oo.
teR

Proof. Let A € (0,1). By Theorem 4.1 and the fact that sup,.g |[X\(¢) — X (t)| < oo, there
exists some a, > 0 such that

sup u.(t, Xx (1)) < —a,. (4.1)
teR

Then, since u(t, X)(t)) = A, implicit function theorem says that X,(¢) is continuously dif-

ferentiable. Differentiating the equation wu(t, X(t)) = A with respect to ¢, we find

(X))
N == X))

~—

The result then follows from (4.1) and the fact sup; ,)erxr [ue(t; )| < oco. O

To prove Theorem 4.1, we need the following
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Lemma 4.3. For anyt > ty, h >0 and z € R, there holds
z+h
'Lb(t, T+ 6) o U(t, .T) < C/ [u(t()?y + 6) - ’U/(to,y)]dy, Vo € R7 €>0,
z—h

where C' = C(t — tg, |x — z|,h) > 0 satisfies
(i) C'— 0 polynomially ast —tg — 0 and C — 0 exponentially as t — ty — oo;

(ii) C: (0,00) x[0,00) x (0,00) — (0,00) is locally uniformly positive in the sense that for

any 0 < t; <ty < oo, My >0 and hy > 0, there holds

inf C(t,M,h) > 0.

te(t1,t2],Me[0,M1],h€(0,h1]

Proof. Let € > 0 and t > to. Let vi(t,z) = u(t,z + €) and vq(t,z) = u(t,z). We see that

v(t,x) = v1(t,z) — va(t, ) < 0 by monotonicity and satisfies
vy =Jxv—v+ f(t,v1) — f(t,v9).
By (H2), we can find K > 0 such that f(t,v;) — f(t,v2) < —K(v; — v9), which implies that
v < Jxv—v— Kv.
Setting 9(t, z) = K0y (¢, x), we see
b, < J* 0. (4.2)

Since v < 0, we have v < 0, which implies J * o < 0 by the nonnegativity of J by (H1),

and therefore, 7; < 0 by (4.2). In particular, 0(¢,z) < 9(tp,x). It then follows from the
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nonnegativity of J and (4.2) that
Ot x) < [J *0(t,-)]|(z) < [J *0(to, -)](2). (4.3)

For each « € R, (4.3) is an ordinary differential inequality. Integrating (4.2) over [to, t] with

respect to the time variable, we find from o(ty, z) < 0 that
0(t,x) < (t—to)[J * 0(to, -)](x) + 0(to, z) < (t = to)[J * 0(to, -)] ().
In particular, for any 7' > 0, we have
0(tg + T, 2z) < T[J *0(to, )| (x). (4.4)

Then, considering (4.2) with initial time at tq + 7" and repeating the above arguments,
we find

O(to+ T +T,x) < T[T+ 0(to + T, )] (x) < T2[J * J * 0(to, -)] (),

where we used (4.4) in the second inequality. Repeating this, we conclude that for any 7" > 0

and any N =1,2,3,..., there holds
Ot + NT,x) < TN[JN % 0(ty, -)] (), (4.5)

where JY = Jx J*---x.J. Note that JV is nonnegative, and if J is compactly supported,
—_—

N times
then J¥ is not everywhere positive no matter how large N is. But, since J is nonnegative

and positive on some open interval, JV can be positive on any fixed bounded interval if N
is large. Moreover, since J is symmetric, so is J.
Now, let x € R, z € R and h > 0, and let N := N(|z — 2|, h) be large enough so that

C=0C(z—z,h) = inf JN(y) > 0.

yElr—z—h,x—z+h]
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Note that the dependence of N on z — z through |z — z| is due to the symmetry of J.
Moreover, the positivity of C' : [0,00) x (0,00) — (0, 00) is uniform on compacts sets, which
is because N can be chosen to be nondecreasing in |x — z| and in h.

Then, for ¢ > to, we see from (4.5) with 7' = £ that

w0 < (50) [ 76wt

t_to N z+h N . ~ t—to N Z+h~
<(52) [ et < o(50) [ st
z—h z—h

since x —y € [t —z — h,x — z+ h| when y € [z — h, z + h]. Going back to u(t,z), we find

+h

N
~ t—1 N
u(t,r + ¢€) — u(t,x) < Ce”ITHII0) (TO) / [u(to, y + €) — u(to, y)]dy
z—h

The result the follows with C' = Ce~(HE)(t—to) (ﬂ)N O
Now, we prove Theorem 4.1.

Proof of Theorem 4.1. Since u,(t,z) < 0 for (t,2) € R x R by comparison principle, we
have X, (t) = X, (t) for all A € (0,1) and ¢ € R, where X5 (¢) are leftmost and rightmost
interface locations defined in (3.1). Thus, we write X(t) := X (¢) for A € (0,1) and ¢ € R.
It then follows from Lemma 3.1 that for any A € (0, 1), sup,cp | X (t) — Xa(2)] < o0.

Fix any Ao € (0, 1) and set

by, i max { 51D X (£) = Xog (8)],51p [ X (1) — X 1020 <t>r}.
teER 2

teR 2

Then, hy, < co and

X<t> + h>\0 > X)‘O (t)> X(t) - h)\o < X% (t) (46)

2
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for all t € R. Now, fix 7 > 0. For ¢ € R, we apply Lemma 4.3 with z = X (¢) and h = h,, to

see that if |x — X ()| < M, then

X () +hrg
ug (T +t,x) < C(r, M, h,\o)/ uz(t,y)dy
X(t)—hx
= O, M, g )[ult, X (8) + hag) — ult, X(£) = hay)] (4.7)
< Ol M fu(t, X (1)) — 0, Xy (1)) = ~ 2]

where we used (4.6) and the monotonicity in the second inequality. To apply (4.7), we see
that if [x — X(t+1)] < M, then |z — X(#)| < |[v — X+ 1)|+|X({t+1) — X(t)| < M + Cmax,

where we used Remark 3.9. We then apply (4.7) with M replaced by M + cpay and 7 replaced

C(laM+CmaX7h)\O)
2

the result. n

by 1 to conclude that u,(t 4+ 1,2) < — . Since t € R is arbitrary, we arrive at

4.2 Stability

In this section, we study the stability of u(t,x). We prove

Theorem 4.4. Let ug : R — [0, 1] be uniform continuous and satisfies

liminfug(z) > 67 and limsupug(x) < 6y,
T——00 T—00

where 0y and 0y are as in Hypothesis 2.3. Then, there exist to = to(ug) € R, & = £(up) € R,

C = C(up) >0 and w, > 0 (independent of ug) such that

sup |u(t, z; to, ug) — u(t,z — &)| < Ce+t-10)
z€R

for all t > t,.

To prove Theorem 4.4, we first show
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Lemma 4.5. Let ug be as in Theorem 4.4. Then, there exist ty = to(ug) € R, && = &F(ug) €

R, u = p(up) >0 and w = min{fy, 1} > 0 (independent of uy) such that

u(t,z — (1) — pe ) <t s to, up) < ult,z —E7(1)) + pe @0 2 eR - (4.8)

for t > to, where By and (1 are as in Hypothesis 2.4, and

for some universal constant A > 0.

In particular, there holds

u(t,x =€) — ,ue_“(t_t‘)) < u(t, z;to, up) < ult,z — §+) + ue_w(t_t‘)), reR

fort > ty, where €& = & + 24,

w

Proof. Let ug be as in the statement of Theorem 4.4. Let p3 = ug (uo) be such that
0 <1—py <liminfug(z) and limsupug(z) < pug < bp.
Z——00 T—00
Then, we can find o = to(ug) and & = &5 (ug) such that

ulto,x = &) — g <uo(z) <ulto,x— &) +pg, veR. (4.9)

To show the lemma, we then construct appropriate sub- and super-solutions and apply
comparison principle. We here only prove the first inequality in (4.10); the second one can

be proven along the same line. To do so, we fix w > 0, A > 0 (to be chosen) and set

u (t,x) = u(t,x —&(t)) — ,uae_“’(t_t‘)),
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where £(t) = & — 2. (1 — ¢~+(=1)). We then compute

w

u, — [Jxu” —u"]— f(t,u")

= f(tult,x = &(t) = f(t,u(t,2)) + Apg e uy(t, 2 — £(1)) + wpg e 7).

Now, we let M > 0 be so large that

u(t,z) <60y if x— X(t) > M,
Vi € R,

u(t,z) >0, +py if z—X(t) < -M.

Notice such an M exists due to Lemma 3.1. Then, we see

o if & —&(t) — X(t) > M, then u(t,z) < u(t,z — £(t)) < 6, and then by (H4),
Fltult,z = &(1) = f(t,u™(t2)) < =Polult,z = &(t)) — u™(t,2)] = —Popg e 710,
Since Apg ety (t, 2 — £(t)) < 0, we find
up — [Jru” —uT] = f(t,u7) < —fopg e 4 wpgem ) <0

it w < fy;

o if v —&(t) — X(t) < —M, then
u(t,x — E(1) > u™(ta) = u(t,x — &(t) — pge 07" > 01 + pg — pp = 64,

and then by (H4), f(t,u(t,x — &) — f(t,u™ (t,2)) < —Bipge 1), Hence, u; —
[Jxu™ —u|— f(t,u”) <0if w < fy;
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o if |z —¢&(t) — X(t)] < M, then by Theorem 4.1,

Cy = sup sup ug(t,x —&(t)) =sup  sup  wu,(t,z) <O0.
teR |z—£(H)—X (t)|<M teR |z—X(t)|<M

Since |f(t, u(t,x — &(t))) — f(t,u(t,2))| < Cipg e ") for some C, > 0, we find
uy — [Jxu” —u] = f(t,u) < (Cupg + Apg Cu +wﬂa)e—w(t_to) <0

: Citw
if A> ==,

Hence, if we choose w = min{fy, 51} and A = fg;{ (note w = min{fy, f1} < C,), we find

u, < Jxum —u + f(t,um), zeR, t>t,

that is, u™ (¢, z) is a sub-solution on (tg,00). Since u™ (to, z) = u(to,r — &) — pg < uo(x)

due to (4.9), we conclude from comparison principle that

u(t,r — (1)) — pge ) = (t,2) < ult,z;tg,up), = E€R, t >t

Setting u = max{yg , g }, we completes the proof. O
The proof of Lemma 4.5 gives the following

Corollary 4.6. Suppose that g : R — [0, 1] is uniformly continuous and satisfies

u(to,x—go_)—ﬂgSﬂo(x)gu(to,x—gar)—i-ﬂar, zeR

fortyg e R, éSE € R and ﬂ(:)t > 0 satisfying 01 < 1 — fig and iy < 0y, where Oy and 6, are as

in Hypothesis 2.3. Then, there exist fi = max{fig, fig } > 0 and w = min{By, B1} > 0 such
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that
_ £ _ fe—w(t—to) . ~ o+ ~ —w(t—tg)
u(t,x — & (b)) — e < u(t, x;to, ) < ult,z —ET(t)) + fe , z€e€R (4.10)

fort > ty, where
A

) =& —(1—e), 1>t
W

for some universal constant A > 0.

In particular, we have

ut,x — &) — fie ) <t zito, fig) S u(t,x —EN) + e 2 eR

for t > to, where £ = 53[ + Al

w

The next lemma is the key to the proof of Theorem 4.4. We will let u(t, z;tg), t > to be

a solution with initial data at time t5 € R.

Lemma 4.7. There ezists e, € (0,1) such that if there holds

~ A

u(r,x — &) — b6 <u(r,zty) <ulr,oe —E—h)+0, zeR (4.11)

for some T > ty, £ € R, h > 0 and 6 € (0,min{fy, 1 — 0,}), then there exist £(t), h(t) and

5(t) satisfying

2A6

T
w

€ + ¢*min{1, h}]
440
w

0 <b(t) < [de™ 4 C*¢* min{1, h}|e 7D

£ty €

0 <h(t) < h— ¢ min{1,h} +

such that

~ ~ ~

u(t,x —E()) — 6(t) < ult, mite) < ult,z —E(t) — h(t) +0(t), zeR
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fort>71+1.

Proof. Applying Corollary 4.6 to (4.11), we find

u(t,z — (1)) — de @0 < wu(t,zity) <ult,x —EX@E) —h) + e zeR  (4.12)
for t > 7, where w = min{y, 51 } and ££(¢) = £ + %5(1 — e,
We now modify (4.12) at ¢ = 7 + 1 to get a new estimate for u(r + 1, z;%y), and then

apply Corollary 4.6 to this new estimate to conclude the result. To this end, we set

A 1
h =min{h,1} and Cgeep = =sup sup uy(t,z).
tER |z— X (t)|<2

1
By Theorem 4.1, Cyteep < 0. Taylor expansion then yields [ ;((it))jf [u(t,z — h) — u(t,x)]de >

—2C5teeph for all t € R. In particular, at ¢t = 7, either

X(‘r)+% .
/ [ult, = — h) — u(t, z + E:to)]dz > —Cieeph (4.13)
X(m)—3%
or
X(T)-F% .
/ [u(t,x + & to) — u(t, x)|dr > —Cyteeph (4.14)
X(’r)—%

must be the case.
Suppose first that (4.14) holds. We estimate u(r+ 1, z;to) —u(r+1,2— & (14+1) —€*h)
from below, where ¢* > 0 is to be chosen. To do so, let M > 0 and consider two cases: (i)

o — €= X(7)| < M; (i) |o = € = X(7)| = M.

(i) |z — € — X(7)] < M TIn this case, we write

w(t +Laitg) —u(r+ 1o = (T+1) —€h)

= [u(t+ 1,z;t0) —u(r+ 1,2 — é*(T +1))]

+ur+lLz—¢ (7+1)—ulr+ 1L,z - (7+1)—€h)] = (1) + (II).
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For (I), we argue

. . Ab .
() +de ™ =u(r+ L,z5t0) — [u(t+ 1,2 — £ + ?5(1 —e ) —de V]

—u(t+1,y+&ty) — [u(7+1,y+%(1 — ™)) — §e ]
(by y =z — & € X(7) + [-M, M))
= u(r + Ly + & to) — (7 + 1,y)

A .
(where a(t, y) = u(t,y + —(1 — e “(=7))) — §e~<(-7))
w

X(r)+1 A
> C(M) / L Wy Eg) —itm iy
X(7 7%
X(T)-F% R
> o(M) / fu(r,y + E:t0) — ulr,y)|dy > —C(M)Coeeph
X(‘r)fé

where the first inequality follows as in the proof of Lemma 4.3. In fact, we know u(t, y—{—f i to)
is a solution of v; = J*v—v+ f(t,v), while 4(t, y) is a subsolution by the proof of Theorem
4.4. Moreover, u(t,y + & to) > a(t,y) by (4.12). Based on these information, we can repeat

the arguments as in the proof of Lemma 4.3 to conclude the inequality. Hence,
(1) > —de ™ — C(M)Cypeeph-

For (II), Taylor expansion yields for some x, € (0,€*h)

~

(II) =uy(t+ 1L,z =& (74 1) —z)eth > —€h sup  |uy(t,x)| > C(M)Cysteeph
(t,x)eRxR

7C(M)Csteep
! SUP(¢,z)eRXR ‘uﬂf (t,l‘)|

if we choose € = min {1 } It then follows that

~

w(t4+1,2:t) —u(r+ 1,2 —E (141) —'h) > —de ™. (4.15)
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(i) | — € — X(7)| > M 1In this case,

w(r+1,2:t) —u(t+ 1,2 —E (14+1) — €h)

~

= [u(t+1,2t0) —u(r + 1,z = (7 + 1))]

A ) (4.16)
+ur+lz—(t+1)—ulr+1l,x—§ (T+1) —€h)]
> —0e™¥ —'h sup  |ug(t, )],
(t,x)ERXR
where we used the first inequality in (4.12) and Taylor expansion.
Hence, by (4.15), (4.16) and the second inequality in (4.12), we find
w4+ 1,2 —E (14+1) — €*h) —de™ — C*¢*h
(4.17)

~

<u(t+1,z;t0) < u(t+ 1,x—f+(7+ 1) — fL) + de v,

where C* = sup(; ,)erxr [Uz(t,7)|. Taking e, smaller, if necessary, so that be™ + C*e*h <

1 — 6y, and applying Corollary 4.6 to (4.17), we conclude

u(t,x — £ (1)) — oe D <t x;t) < ult,x — EF(t)) + de 71 (4.18)

for t > 74 1, where w = min{fy, 1}, 6 = max{de  + C*e*h,de "} = b~ + C*¢*h and

éf(t) = 57(7’ +1)+¢eh— @(1 _ efw(thfl)) — é _ 2_14(5 +e*h+ ﬁ[eﬂu + efw(tf‘rfl)]’
w w w
é+(t) = é+(7- + 1) + i + ﬁ(l _ e—w(t—r—1)> _ é+ Z_A(S + b — &[6_“’ + e—w(t—T—l)]'
w w W
Setting
. > DY) Ab
— () =€ — * A% —w —w(t—7—1)
(O =W =C-—+h+—le“+e !
W(t) = €4 (1) — (1) = h— h 20 240y oty
w w
O(t) = de =T = [fem¥ 4 CFerhle T
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the estimate (4.18) can be written as

~ ~ ~ ~

u(t,x —E()) — 6(t) < ul(t,x:te) < u(t,x —E() —h(t))+6(t), zeR, t>71+1. (4.19)

Note that (4.19) is obtained under the assumption (4.14).
Now, we assume (4.13) and estimate u(r + 1, 2;t) — u(T + 1,2 — EF (7 4+ 1) — h + €*h)

from above. Arguing as before and replacing h by h at appropriate steps lead to
w(t+ 1,2t —u(t+ 1,2 — X (T 4+ 1) — h+ €*h) < de™“ + C*€*h,
where C* = sup(; ;) erxr [tz(t, 7)|. This, together with the first inequality in (4.12), yields

u(r+ 1,2 — é’(T +1)) — Se v

(4.20)
<u(t+1xt) <ult+ 1,z = (7+1) —h+€eh)+de™™ + C**h.
Then, applying Corollary 4.6 to (4.20), we find (4.18) again with
. . 245 Ad
f(t) _ 5 2 _[e—w + 6—w(t—7-—1)]7
w w
. ) 445 248
h(t)=h—eh+ — — ——[e¥ 4 e @771,
w w
6(t) = [de™ + C*e*hle <=1,
This completes the proof. O

Now, we use the “squeezing technique” (see e.g. [15, 14, 16, 49, 48, 63, 70, 72, 76]) to

prove Theorem 4.4.

Proof of Theorem 4.4. Let ug be the initial data as in the statement of the theorem. Lemma

4.5 ensures the existence of ty = to(up) € R, & = £F(up) € R and p = p(up) such that

ult, e = €7) = e ) <t 33 to, wg) < ult @ — €7) + e )
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for t > to, where w = min{fy, 51}. Choosing Ty = To(ug) > 0 be such that

5o = e < 5. = mi {9 19 ﬂ} |
0 pe < min 05 178A < 1

we find
u(to + Ty, x — &) — 6o < ulto + To, x; to, uo) < u(to + To,x — & — ho) + o, (4.21)

where & = £ and hy = £ — €. Notice, we may assume, without loss of generality, that
§F > £, 50 hg > 0. But, hy depends on ug, so we may assume, without loss of generality,

that hg > 1. Let T > 1 be such that
e + C*e*]e T~ < §, := min {(90, 1 -6, ﬂ}

8A

We are going to reduce hy.

Applying Lemma 4.7 to (4.21), we find
U(to +T0 —|—T, xr — fl) — (51 S u(to —|—T0 —|—T, X, to, UO) S U(to +T0 +T, xr — 51 — hl) + (51, (422)

where

246 ) 2A6 . € N
616[50_ w0a§0+€*mm{17h0}]:[50— w07€0+€]c[€0_17£0+6]7
4A6 4A6 *
0 <hi < ho — € min{1, ho} + ——2 = hy — €* + Ogho—%,
w w

0 <6, < [6oe™® + C*e* min{1, ho}e T~ = [fpe™ 4 C*e*]e TV < §,.

If hy <1, we stop. Otherwise, we apply Lemma 4.7 to (4.22) to find

U(to+Tg+2T,l’—€2)—52 S u(t0+T0+2T,x;to,u0) S U(t0+T0+2T,I—€2—h2)+52, (423)
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where

2A6 . 2A6 . €* .
Helo-=—a+emin{lm}] =6 - == a+lcla - a+¢],
4A0 4A0 *
0 <hy < iy — ¢ minfL) + 00—y e 20 g%,

0 <6y < [01e7 + C*e* min{1, hy}e TV = [§e™ 4 C*e]e TV < 4,

If hy < 1, we stop. Otherwise, we apply Lemma 4.7 to (4.23), and repeat this. Suppose

h; >1foralli=20,1,2,...n — 1, we then have

u(to+To+nT,x—E&,)—0n < u(to+To+nT, z;te, ug) < u(to+To+nT, x—E&,—hy)+0,, (4.24)

where
2A6,_ . . € .
€n € [€no1 — 17§n_1 + e min{1,h, 1}] C [§n1 — Z?é—n—l + €],
4A5, 4A0,_ i
0<h, <h,1—€min{l, h, 1} + S = hp— €+ - < hO_n(%)>

0 <6y < [6p_1e™ + C* min{1, hy_1}e TD =[5, _1e™ 4+ C*e]e TV <4,

Note that since hg > 1 and % € (0,1), we must exist some N = N(ug) > 0 such that h; > 1
fort=0,1,2,...,N—1and 0 < hg — N(%) < 1. In particular, hy < 1. Then, we stop and
obtain from (4.23) that

u(to, x — éo) — b < u(to, x5 to, uo) < ulty, x — go — ilo) + do, (4.25)

where I?OItO—FTO—FNT, é():f]\[, SOI(SN Sé* and }NlOIhN < 1.
Now, we treat (4.25) as the new initial estimate and run the iteration argument again.

Let T > 1 be such that

[e™ + C’*e*]e‘“’(f_l) < min {(5*,1 — %, i%(l - E—) }
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Applying Lemma 4.7 to (4.25), we find

U(£0+T,$ _él) —51 S U(EQ +T,I;t0,U0) S U(g() +T,I—él — }Nll) +(§1,

where

& e g — 240

) ~O + E*EO]a

4A50§1_6_’

0 Sill S ilo —E*iLo—f-

[\

<~ < N, * % —w(T-1) < : { - i€_* _6_ }
0 < < [dpe @ 4+ C*e"hgle <min{d,, 1 2’4A2(1 )

Applying Lemma 4.7 to (4.26), we find

’U/({O + QT,.f — 52) — 52 S ’U/(fo + QT, l’;to, 'LLO> S U(EO + ZT,.T — 52 — }NlQ) -+ 82,

where

- 244,

52 €& — 51 + E*ill],

4A6, * € €*
<

3
w

OSBQ Sill—ﬁ*ﬁl‘i‘

0 SSQ S [Sle_w + C*E*iLl]e_w(T_l)

Applying Lemma 4.7 repeatedly, we find for n > 3

u(fo + nT, o én) 5, < u(fo + nT, x;to, ug) < u(fo + nT, T — én — iln) + Sn,

20

=(1— —)?
( 2)7
€* we*(
274A 2

(4.26)



where

2A0,_1 = .
Lagn—l +€*h71—1]7

4A5n_ € . €4 € no1 €.,
- Srta-e s 2a-9 T = a9

<5 < ~_ —w **N_ —w(T-1) ~ 1_§n—1 ; {*1_§ ie_* 1_5}
0 <8, < [0p_1e + C"€ hy1le <( 2) X min § 0y, 2’4A2( 2)

gn € [gn—l -

0 Sﬁn S En—l - G*iln—l +

The result then follows readily. We remark that the dependence of C' on ug in the statement

of the theorem is because Tj is uy dependent. O

Checking the dependence of C' and £ on ug in the statement of Theorem 4.4, we have the

following uniform stability for a family of initial data satisfying certain uniform conditions.

Corollary 4.8. Let {uy, }ioer be a family of initial data satisfying
ulto,r — &) — po < ug(x) < wulto,x — &) +po, T ER, th R

for & € R and po € (0, min{6y, 1 — 0,}) being independent of to € R. Then,

(i) there holds
u(t,x — &) — ,uoe_w(t_t‘)) < u(t,zito,ug) < u(t,z — &) + qu_w(t_tO), r €R

for allt >ty and ty € R, where w = min{By, 81} and &£ = 5 + %.
(i) there exist to-independent constants C' > 0 and w, > 0, and a family of shifts {&, }oer C

R satisfying sup e [§1,| < 00 such that

sup |u(t, z; to, ugy) — u(t,x — &,)| < O o+ (t=to)
z€R

for allt >ty and ty € R.
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We will use this corollary in the next section, Section 4.3, to show the exponential
decaying estimates of space nonincreasing transition fronts, and in the next chapter, Chapter

5, to show the uniquenss of transiton fronts.

4.3 Exponential decaying estimates

In this section, we prove exponential decaying estimates of u(t, x).

Theorem 4.9. There exist ¢t > 0 and h* > 0 such that
u(t,x) < e—c+(z—X(t)—h+) and 1 — u(t,x) < o€ (@=X(6)+h7)

for all (t,x) € R x R.

In particular, for any X € (0,1), there exist hy > 0 such that
u(t,z) < o= @=XaM-h)  Gnd 1 — u(t,x) < o€ (E= XA () +hy)

for all (t,x) € R x R.

To prove Theorem 4.9, we first prove several lemmas. Let 6, € (O,min{}l, 6o, 1 — 01})
be small and h > 0, and define uy : R — [0,1] to be smooth and nonincreasing functions

satisfying
ug (z) = and ug (x) = (4.27)
Moreover, we can make uZ so that ug is decreasing on (—h, 0) and ug is decreasing on (0, h).

For ty € R, we define

U’Jr(tv Z; tO) = u(t, z; o, u(j)L( - X1—92(t0)>>7

u (t, @5 to) == u(t, x;to, ug (- — Xo, (o))
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for t > ty. Note that by the choice of #, and the asymptotically stability of the constant
solutions 0 and 1, we have

lim ut(t,x;tg) >1—0y, lim u'(¢,z;t) =0,

T—r—00 T—00

lim uw™(t,z;t9) =1 and lim u™ (¢, 2;t) < 6

T—r—00 T—00

for all ¢ > to. Moreover, since ui are nonincreasing, u*(t,x;t,) are decreasing in z for all

t > to. Hence, for any A\ € (63,1 — ), the interface locations X (t;ty) € R such that
ut(t, Xif(t;to); to) = A are well-defined for all ¢ > t,.
The first lemma gives the uniform boundedness of the gap between the interface locations

of u®(t, z;ty) and u(t, z).

Lemma 4.10. For any A € (62,1 — 605), there hold

sup sup | X5 (¢;t0) — X (¢)] < oo.
toER t>1o

Proof. Let X € (63,1 — 65). By the definition of ug, we see that ud (x — X1 _,(to)) < u(to, )
for x € R. Comparison principle then yields u™ (¢, z;t) < u(t,x) for z € R and t > to. In
particular, X (¢;t0) < X,\(¢) for all ¢ > t,.

Moreover, we readily check that ug (x — Xy, (tg) — h) + 09 > u(ty, x), which is equivalent
to

U(to, T+ ng(to) + h — X1_92(t0)) — 92 S U(—)’—(.T — Xl_gz(to)) = u+(t0,l’; to).

Setting L = supy,cg | Xo, (to) + h — X1_9,(to)| < 0o, we see from the monotonicity of u(t, )
in z that

u(to,x — (=L)) — 0y < u™(tg, z;tp).
Since L and 6, are ty-independent, we apply Corollary 4.8 to conclude that

A A
u(t,x — (=L — ﬁ)) — 0y <u(t,x — (—L — ﬁ)) — Gpe ) <yt (taity), zER
w w
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for all t > t; and to € R. Setting z = —L — 4% 4 X, .4 (t), we find A < ut(t,—L — 4% 4
X)+6,(t); to), which implies by monotonicity that Xy (;tg) > —L — 42 + X, 4, (¢) for all
t >t

Hence, we have shown that

Al
X3 (t o) < X(t) wd4Wﬁj@2—L—zf+Xﬂ%@

for all ¢ > t; and ¢ty € R. Since sup,cp |[Xa(t) — Xy, (t)] < 0o, we arrive at the result
SUP;, cg SUPy>+, |X;“(t; to)—X(t)| < oo. The another result sup, g sup;s,, | Xy (t;t0) —X(t)| <

oo follows along the same line. m
Next, we prove the uniform exponential decaying estimates of u*(t, x;t).

Lemma 4.11. There ezist ¢t > 0 and h* > 0 such that
ut(t, mity) < e @ XOR  and u(t mytg) > 1 — ¢ @ XOFRT)

forallx e R, t >ty and ty € R.

Proof. We prove the first estimate; the second one can be proven in a similar way. Note first
that f(t,u) < —fou for u € [0,6]. Let h := sup,s, [ Xy (t;t) — X (t)| < oo by Lemma 4.10,

since 0y € (09,1 — 65). We consider
Nu| = up — [J % u — u] + Bou.

Since u't(t,z;ty) < 6y for x > Xy (t;t0), we find N[ut] = Bou + f(t,u) < 0 for z >
Xy (t;to). In particular, N[u*] <0 for z > X(t) + h.

Now, let ¢ > 0. We see
N[e_c(w_X(t)_h)] = [cX(t) — / J(y)e“dy + 1+ fy e~ clz=X(t)=h),
R
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Since X (t) > ¢pin > 0 by Remark 3.9 and Jo J(W)e?¥dy — 1 as ¢ — 0, we can find some

c. > 0 such that N[e=@=X®=m] > (. Thus, we have
o Nut(t,x;ty)] <0< Nlem>@=XO-P] for x > X (t) + h and t > t,,
o ut(t,z;ty) <1< e @ XN for < X(t) 4+ h and t > t,
o ut(tg, x;ty) = uf (v — Xi_g,(ty)) < e~ @ Xt)=h) for 1 € R.

We then conclude from the comparison principle (see e.g. Lemma B.1) that u™ (¢, z;t) <

e @=XO=h) for all x € R, t >t and t; € R. This completes the proof. O
We also need the uniform-in-t, exponential convergence of u®(t, x;tg) to u(t, ).
Lemma 4.12. There exist to-independent constants C > 0 and w, > 0, and two families of

shifts {ffg}toe[@ C R satisfying sup; g |§;Jg| < 0o such that

sup Wk (t, w5 t) — u(t, © — £5)| < Cemw(=10)
S

for allt >ty and ty € R.

Proof. Let Cy = sup,cp | Xo,(t) — X1-6,(t)| < 00. Then, it’s easy to see that for any ¢, € R

u(te,z + Cy+ h) — 0y < uf(x — X1 _g,(t0)) < ulte,r) +6, T€R

u(to, ) — €0 < ug (x — X, (t0)) < ultg,x —Cy—h)+6y, z€R

for arbitrary fixed ¢, € (0, min{}l, 0o, 1 — 61}), that is,

u(to,x + Cy + h) — po < u'(to, ;3t0) < ulto,z) +po, = €R

u(to, r) — po < ug (to, zt0) < ulto,z — Cy — h) + o, x €R,

where 119 = max{fs, €o}. Since Cy, h and pg are independent of ¢, € R, we apply Corollary

4.8 to conclude the result. O
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Finally, we prove Theorem 4.9.

Proof of Theorem 4.9. By Lemma 4.11 and Lemma 4.12, we have
u(t,x — &) < ut(t,z;tg) + Cemt7h) < e @=XO=hT) | Gemwn(t=to)

for all z € R and ¢ > to. Since sup,cp [§] < 00, there exists £ € R such that & — &F
as tg — —oo along some subsequence. Thus, for any (¢,z) € R x R, setting t, — —o0
along this subsequence, we find u(t,z — ) < e~ @ XO=1")  The lower bound for u(t, z)
follows similarly. The “in particular” part then is a simple consequence of the fact that

supsegr | XA () — X (t)| < oo for any A € (0,1). O
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Chapter 5

Uniquenss of transition fronts in time heterogeneous media

In this chapter, we study the uniqueness of transition fronts in time heterogenous media.

Therefore, we consider equation (2.3), i.e.,
ur = Jxu—u+ f(t,u),

under the assumptions Hypothesis 2.1, Hypothesis 2.2 and Hypothesis 2.4 as in Chapter 4.

Let v(t,z) be an arbitrary transition front (not necessarily nonicreasing in space), and
u(t,z) be an arbitrary space nonincreasing transition front of (2.3). Hence, all results ob-
tained in Chapter 3 apply to v(t,x), and all results obtained in Chapter 3 and Chapter 4
apply to u(t, ).

Let Y(t), Y () be the interface locations of v(¢,x), and X(t), X\(t) = Xi(t) be
the interface locations of u(t,z). By Remark 3.9, both X(¢) and Y(t) are continuously
differentiable. By Corollary 4.2, X,(t) is continuously differentiable. But, Y;=(¢) may jump.

We prove

Theorem 5.1. There exists some £ € R such that v(t,z) = u(t,z+¢&) for all (t,x) € RxR.
Combining all results obtained in Section 4 and Theorem 5.1, we have

Corollary 5.2. Statements (i)-(vi) in Theorem 2.3 hold.
To show Theorem 5.1, we first prove a lemma.

Lemma 5.3. There holds sup,cp | X () — Y (t)| < oc0.

Proof. Note that since sup,cp \X% (t) — X(t)| < oo, it suffices to show: (i) sup;sq|Y(t) —

X3 (0] < o0 (i) supec |Y (1) — X, (0)] < ox.
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(i) Let p € (0,min{},60,1 — 61}) be small. We first see that
u(0, 2 — Yy~ ,(0) + X,(0)) — p < v(0,2) < u(0,2 =Y, (0) + X1_,(0)) + 1, z€R. (5.1)
In fact, if z > Y, (0), then by the monotonicity of u(t,z) in x, we have
w(0, 2 =Y~ ,(0) + X,.(0)) — p < u(0, X,(0)) — pp =0 < v(0, x).

If 2 <Y ,(0), then v(0,7) > 1 —p > u(0,r — Y,",(0) + X,(0)) — p2. This proves the first
inequality. The second one is checked similarly.
Setting & = Y, ,(0) — X,(0) and & = Y,F(0) — X;_,(0) in (5.1), and then, applying

Corollary 4.6 to (5.1), we find
U(t7I - 67) —H < U(t,l’) < u<t7$ - €+) T, TE R (52)

for all ¢ > 0, where £* = &F + %. It then follows from the first inequality in (5.2) and the

monotonicity of u(¢,z) in x that
) —p<ult,r—&)—p<ov(t,z) foral z<& —l—X%(t),

which implies that £~ + X (¢) < Y;M(t) for ¢ > 0. Similarly, the second inequality in (5.2)
2

and the monotonicity of u(¢,z) in x implies that

1
) +p=5+p foral x> +X.(),

v(t,r) <ult,z — &) +p <u(t, X 5

1

2

which leads to wa(t) < &t + Xy (t) for t > 0. Since sup,cp |Yf_u(t) —Y(t)] < oo and
2 2

SUPer Y (t) - Y

§+#(t)| < 0o by Lemma 3.1, we conclude that sup, |X% (t) =Y (t)| < 0.
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(ii) Suppose on the contrary that sup,.|Y(t) — X1(¢)| = oo. Since both Y'(f) and

1
2

X1(t) are continuous, there exists a sequence t,, — —oo as n — oo such that either Y (¢,,) —

N

Xi(t,) > 0 or Y(t,) — X1(t,) = —o0 as n — 0.

1
2

Suppose first that Y(¢,) — X

N|=

(tn) — 00 as n — 00. Since sup,eg |Y (1) — Y7 ()] < oo,
2

1
2

(t,) = o0 as n — oo. Then, for any g > 0 and &, € R, we

we in particular have Y (¢,) — X 1
2

can find an N = N(p,&) > 0 such that ty < 0 and u(ty,z — &) — p < v(ty,z) for z € R.
We then apply Corollary 4.6 to conclude that

A
ult,r — &+ L) —p<o(t,z), TER, >ty
w

Then, setting t = 0 in the above estimate, we find from the monotonicity of u(t,z) in z that

1 A A

which implies that &, — %ﬁ +X, (0) < Yo, (0). Setting & — oo, we arrive at a contradiction.
2
Now, suppose Y (t,,) — X1 (t,) — —o0 as m — oo. Then, we have in particular Y (¢,) —
2

Xi(t,) — —o0 as n — oo. Then, for any p > 0 and & € R, we can find some N =

%
N(p, &) > 0such that ty < 0 and v(t,, z) < u(ty,z—&)+ p for z € R. Applying Corollary

4.6, we find

A
U<t7x)§u(t7x_£0__u)+:u7 IGR, t>1n.
w

Setting ¢ = 0 in the above estimate, we find

1 A
) +p=5+n Vo>&+=2+X,0)

A
v((),x)Su(O,x—ﬁo—Uﬂ)+u<u(0,X 5

1
2

which implies that Yf+u(0) < &+ % + X1(0). This leads to a contradiction if we set

1
§o — —oo. Hence, we have sup,., |Y (t) — X1(t)| < co. This completes the proof. O

1
2

Now, we prove Theorem 5.1.
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Proof of Theorem 5.1. Let 03 € (0, min{6y,1 — 6,}). For ¢ty € R, we define

u” (o, ) = ulto, x — Y_y (to) + Xo,(to)) — 03,

ut (to, x) = u(to, x — Yy! (to) + X1-4,(to)) + 0s.

We claim

u (tg, z) < vl(t, ) <ut(ty,x), x€R.

In fact, if 2 > Y|y (%), then by monotonicity, u™(to, z) < u(to, Xo,(t0)) — 03 = 0 < v(to, 7).
If z < Y|y, (to), then by the definition of Y| (to), v(to,z) > 1 — 63 > u™(to,z). Hence,
u” (to, ) < w(to,z). The inequality v(tg, ) < u'(tg,x) is checked similarly.

By Lemma 3.1 and Lemma 5.3, we have

L := max { sup [Y g, (to) — Xo,(to)|, sup [Yy (to) — X1_9, (t0)|} < oo.

toeR toER
Then, shifting u™(to, z) to the left and u™(¢y,x) to the right, we conclude from the mono-
tonicity of u(t,z) in x that for all ¢ € R, there holds

u(to,x + L) — 03 < u (tg,x) < v(ty,z) < u+(t0, x) < u(tg,x — L) + 3. (5.3)

That is, we are in the position to apply Corollary 4.8. So, we apply Corollary 4.8 to (5.3) to
conclude that there exist ty-independent constants C' > 0 and w > 0, and a family of shifts
{&t0 Hoer C R satistying sup,, g |&,| < 0o such that

sup [v(t, z) — u(t, z — &, )| < Ce w10
z€R

for all t > t;. We now pass to the limit t; — —oo along some subsequence to conclude
&, — € for some £ € R, and then conclude that v(t,z) = u(t,z — &) for all (t,z) € R x R.

This completes the proof. O
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Chapter 6

Periodic traveling waves in time periodic media

In this chapter, we consider equation (2.3), i.e.,
u=Jxu—u-+ f(t,u),

under the assumptions Hypothesis 2.1, Hypothesis 2.2 and Hypothesis 2.4 as in Chapter 4,
and the additional time periodic assumption, that is, there exists 7" > 0 such that f(t +
T,u) = f(t,u) for all t € R and u € [0,1]. We also suppose equation (2.3) admits a space
decreasing transition front so that Theorem 5.1 is applied here.

Let u(t,x) be an arbitrary transition front of (2.3). Note u(t,z) is decreasing in x by

Theorem 5.1. We restate (vii) in Theorem 2.3 as
Theorem 6.1. u(t,x) must be a T-periodic traveling wave, that is, there are a constant

¢ >0 and a function ¥ : R x R — (0,1) satisfying

Ve =J w1 =+ chy + f(E,0),

lim, , o ¥(t,z) =1, lim, o0 ¥(t, ) = 0 uniformly in t € R, (6.1)

W(t, ) =v(t+1T,) forallt € R

\

such that u(t,z) = ¥(t,x — ct) for all (t,z) € R x R.

Proof. By periodicity, u(t + T, x) is also a transition front of (2.3). Theorem 5.1 then yields

the existence of some ¢ € R such that

uwt+T,z)=u(t,z+¢), VY(t,z)eRxR (6.2)
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Fix some 6, € (0,1). Setting t = 0 and x = X, (T') in (6.2), we find 0, = u(T, Xo,(T)) =
u(0, Xy, (T) + &), which leads to Xy, (0) = Xy, (T') + £ by monotonicity. It then follows from
(6.2) that

u(t+T,x) =u(t,xr+ Xo,(0) — Xo.(T)), V(t,x) e RxR. (6.3)

X0, (T) =Xy, (0)

7 and

Setting ¢ =
W(t,x) =u(t,x +ct), V(t,z) € R xR,

we readily verify that (c,1) satisfies (6.1). The fact that ¢ > 0 follows from the fact that

u(t, z) moves to the right. O
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Chapter 7

Asymptotic speeds of transition fronts in time uniquely ergodic media

In this chapter, we consider equation (2.3), i.e.,

u=Jxu—u-+ f(t,u),

under the assumptions Hypothesis 2.1, Hypothesis 2.2 and Hypothesis 2.4 as in Chapter 4,

and the following additional assumption on f: the dynamical system {0, }scr defined by

is compact and uniquely ergodic, where H(f) = {f(- +1t,) : t € R} with the closure taken
under the open-compact topology (which is equivalent to locally uniform convergence in our
case). We also suppose equation (2.3) admits a space decreasing transition front so that
Theorem 5.1 is applied here

Let u(t,z) be an arbitrary transition front of (2.3) and let X (¢) be the corresponding
interface locations and X 1 (t) be the interface locations at %

We restate (viii) in Theorem 2.3 as
Theorem 7.1. The asymptotic speeds lim; 4 XO opist.

t

To prove Theorem 7.1, let us first do some preparation. Note that any g € H(f) satisfies

Hypothesis 2.2 and Hypothesis 2.4. Let (¢, x) be the unique transition front of

u=Jxu—u+g(tx) (7.2)
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satisfying the normalization X9 (0) = 0, where XY (¢) is the interface locations of u9(¢, ) at
2 2

%, iLe., ud(t, Xg (1))

D=

Let
9(t,2) = w(t, e + XI(1), V(t,x) ER xR

be the profiles of u?(¢,z). Then, ¥(t,0) = 3 for all ¢t € R.

We prove

Lemma 7.2. There hold the following statements:

(i) for any g € H(f), there holds

VIt +T1,2) =997 (t,x), VY, 7,2) ERXRXR,

where g -7 = g(-+7,-);
(ii) there holds sup; ;erxr | XT7 ()] < o0;
2
(iil) the limits
lim ¢9(t,x) =1 and lim ¢(t,z) =0
T——00 T—00

are unfiormly int € R and g € H(f);

(iv) there holds Sup ey () SUDser |X§(t)| < 00.

We remark that (ii) is a special case of (iv), but it plays an important role in proving

the lemma, so we state it explicitly.

Proof of Lemma 7.2. For notational simplicity, we write X9(t) = X7 (¢). Therefore, u9(t, X9(t)) =
2
1 and X9(0) = 0.

(i) Fix any 7 € R. We see that both

u(t,x) =97 (t,x — X97(t)) and wuq(t,z) =t + 71,2 — XI(t+ 1))
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are transition fronts of u; = J x u — u + g(t + 7,x). Then, by uniqueness, i.e., Theorem 5.1,

there exists £ € R such that wuy (¢, x) = us(t, x + £). Moreover, since
: ‘ 1 1
(L X97(0) =07 (0) = L and us(t, X9+ 7)) = 0t 4 7.0) = L

we find

s (8, XO(E 4+ 7) — €) = un(t, X(t + 7)) = %

and hence, X97(t) = X9(t + 7) — £ by monotonicity. It then follows that

VIt x) = wi(t,x + XI7(1))
= uy(t,x + X97(t) + &)
=uy(t,x + Xt + 1))

=PIt + T, 1).

(ii) By (i), we in particular have
VTt x) =l (t+1,x), V(t,1,r) eRXxRxR. (7.3)

Since the limits ¢/ (t,7) — 1 as # — —oo and ¥/ (t,r) — 0 as ¥ — oo are uniformly in

t € R, we find
lim /7(t,x) =1 and lim ¢/ 7(t,2) =0 uniformly in (¢,7) € R x R, (7.4)
T——00 T—00

From (7.3), we also have

W Tt + X)) =uw (e + Xt + 7)), V(t,T,2) ERXxRXR. (7.5)
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Setting x = 0 and differentiating the resulting equality with respect to t, we find

Ll (t+ 1, X (t+7)] —ul T(t, XT7(t))
ul(t, X7 (1))
ALl (t+ 7, X (t+7))] —uf T (t, X7 (1))
ul(t+7, X (t+ 7))

XFI7(t) =

Y

where we used u/ 7 (t, X7 (t)) = ul(t + 7, X/ (t + 7)), which comes from (7.5). We see that
both L[uf(t + 7, X/ (t + 7))] and ul (¢, X7 (t)) are bounded uniformly in (¢,7) € R x R.
Moreover, ul(t + 7, X/ (t + 7)) is bounded uniformly in (¢,7) € R x R due to the uniform
steepness, i.e., Lemma 4.1. Tt then follows that sup; ;)crxr |X7/7(t)] < .

(iii) For any g € H(f), there is a sequence {t,} such that g, := f-t, — ¢ in H(f).
Trivially, sup,, sup(; ,yerxr 4" (£, 7)| < oo, and by (i), sup, sup( ,yerxr v (t, ¥)| < oo. It
then follows from (ii) that

sup sup |fn(t,x)| =sup sup |uf"(t,x + X9 () + X9 (H)ud (t, x + X (1))

n (tz)eRXR n (tz)eRXR

<sup sup (ot X9 (1))
n  (t,x)eRxR

+ sup |XT7(t)|sup sup |udn(t,x + X9 (t))| < oo,
(t,7)ERXR n  (t,x)eRxR

sup sup [¢f"(t,x)[ =sup sup |uf(f,z+ X9 (t))] < oo.
n  (t,z)eRxR n  (t,z)eRxR

In particular, by Arzela-Ascoli theorem, there exists a continuous function ¢ (-, +; g) : RxR —
[0, 1] such that lim, . ¥9"(t,z) = (¢, x;g) locally uniformly in (¢,2) € R x R. We then

conclude from (7.4) that

lim ¥(t,x;9) =1 and lim 9(¢t,2;9) =0 uniformly int € Rand g € H(f). (7.6)
T—00

T—r—00
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It remains to show ¥9(t,z) = (t,z;g). Fix any g € H(f). By (ii), there exists a

continuous function X (+;¢) : R — R such that, up to a subsequence,

Xo(t) = X(t;g) and 7 (t,x — XO(t)) = d(t,x — X(t; 9); 9) (7.7)

as n — oo locally uniformly in (¢,z) € R x R. Since, trivially,

d
ot = X)) <sup s [uf(1.0)] <

sup sup
n  (t,x)eRxR n  (t,x)eRxR
2
p sup |t - X)) <sw s ()] < o
n (tx)eRxR | A2 n (tz)ERxR
we will also have
d
Lyt — x0(0) » Loit 2~ X ()0 75)

as n — oo locally uniformly in (¢,2) € R x R. Thus, ¢(t,x — X(¢;9); g) is a global-in-time
solution of (7.2), and hence, it is a transition front due to (7.6). Uniqueness of transition
fronts and the normalization X9(0) = 0 then imply that ¥9(¢,z) = (t, z; g).

(iv) It’s a simple consequence of (ii) and the proof of (iii). O
Now, we prove Theorem 7.1.

Proof of Theorem 7.1. Again, write X9(t) = X9 (t). Since sup,cp | X/ (t) — X ()| < oo, it

suffices to show the existence of the limits lim;_, 4o Xft(t). Since
X7t X7(t) — X7(0 1 [t
lim X = lim ®) ) = lim - [ X7(s)ds,
t—=+o0 t t—4o0 t—too ¢ 0

we only need to show the dynamical system (i.e., the shift operators) generated by X/ (t) is
compact and uniquely ergodic.

To this end, we first derive a formula for X9(t). We claim

J()vo(t, —y)dy — 5+ g(t, 3)
Pe(t,0) ’
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In fact, differentiating w9(t, X9(t)) = 3, we find

X9(t) = _M _ [J s ud(t, )] (X9(t)) —ud(t, X9(t)) + f(t,ui(t, X9(t)))
uz (t, X9(t)) ud(t, X9(t)) -

The equality (7.9) then follows from w/(¢,z + X9(t)) = ¢9(t,x) and uf(t, X9(t)) = 1. Note
that due to (i) in Lemma 7.2 and (7.9), there holds X97(t) = X9(t + 7) for all t,7 € R.

Next, we define
e the phase space H = {(¢9,Xg)|g € H(f)};

e the shift operators {7 }cg, i.e., the dynamical system on H,

Gt H— H, @9X%) = @, X9") = @9(-+1,), XI(- +1));

e an operator Q : H(f) — H, g — (19, X9).

Clearly,
6'tOQ:QOO't, VtE]R, (7].0)

where {0} }ser is given in (7.1).
We show that € is a homeomorphism. We first claim that € is continuous. By (7.9),

the continuity of €2 is the case if we can show that if g, — ¢, in H(f) as n — oo, then

I (t,x) — 9 (t, x) locally uniform in ¢t € R and uniformly in x € R (7.11)

as n — oo. To see this, let g, — ¢. in H(f) as n — oo, then as in the proof of (iii) in

Lemma 7.2, there exist continuous functions X* : R — R and ¢* : R x R — [0, 1] such that

X9 (t) — X*(t) and " (t,x— X9 (t)) — ¥*(t,x— X*(t)) locally uniformly in (t,x) € RxR
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as n — 0o. As (7.8), we also have
d d , . ) )
Ewg" (t,x — X9(t)) — %w (t,x — X*(t)) locally uniformly in (¢,z) € R x R

as n — oo. In particular, ¥*(t,x — X*(t)) is global-in-time solution of (7.2) with g replaced
by g*. Moreover, (iii) in Lemma 7.2 forces ¢*(t,x — X*(¢)) to be a transition front, and
hence, ¥*(t,x) = 19 (t,x) by uniqueness and normalization. It then follows that 9 (¢, z) —
9+ (t, x) locally uniform in (t,2) € R x R as n — oo. But, this actually leads to (7.11) due
to the uniform limits as * — £oo as in (iii) in Lemma 7.2. Hence, Q2 is continuous.

Clearly, from the continuity of Q and the compactness of H(f), H = Q(H(f)) is com-

pact, and hence, H = {(1)f*, X7t)|t € R}. Thus, if we can show that  is one-to-one, then
its inverse =1 exists and must be continuous, and hence, € is a homeomorphism.

We show € is one-to-one. For contradiction, suppose there are ¢i,go € H(f) with
g1 # g2, but Qg = Qgs, i.e., (wgl,Xgl) = (ng?,X92). In particular, X% = X9, which
together with the normalization X9 (0) = 0 = X92(0) gives X9 = X9, It then follows from
(7?) that

u(t,z) = u?(t,x), (t,x) € R xR,

which then leads to gi(t,u(t,z)) = gat,u(t,z)), where u = u9 = wu?. Since u(t,x) is
continuous and connects 0 and 1 for any ¢t € R, we conclude that g; = g» on R x [0, 1]. Tt is
a contradiction. Hence, €2 is one-to-one, and therefore, ) is a homeomorphism.

Since € is a homeomorphism, invariant measures on H(f) and H are related by Q. We
then conclude from (7.10) and the fact {0t }+ecr is compact and uniquely ergodic that {6 }1er

is compact and uniquely ergodic. The result follows. O
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Chapter 8

Construction of transition fronts in time-heterogeneous media

In this chapter, we construct transition fronts for the equation (2.3), i.e.,
up = Jxu—u+ f(t,u),
Throughout this chapter, we assume Hypothesis 2.1, Hypothesis 2.5 and Hypothesis 2.3.

We restate Theorem 2.4 in some details as

Theorem 8.1. Equation (2.3) admits a transition front u(t,z) that is strictly decreasing in

space and uniformly Lipschitz continuous in space, that is,

u(t, y) — u(t, x)
y—x

sup
Ay, teER

< Q.

Moreover, there exists a continuous differentiable function X : R — R such that the following

hold:

() there exist cpmin > 0 and cpax > 0 such that cpm < X (1) < Cmax for all t € R;

(i) there exist two exponents cy > 0 and two shifts hy > 0 such that

u(t,r+ X(t)+hy) <e " and u(t,x+X(t)—h_)>1—e""

for all (t,x) € R x R.

The proof of Theorem 8.1 is constructive. In Section 8.1, we first construct appropriate
approximating front-like solutions. We next show that the approximating solutions enjoys

bounded interface width and exponential decaying estimates in Section 8.2 and Section 8.3,
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respectively. This ensures the limit function of the approximating solutions (if exists) must
be a transition front. We then show that the approximating solutions are actually uniformly
Lipschitz continuous in space in Section 8.4, and hence, the limit function exists. This
finishes the construction. We also study the space regularity of this constructed transition

front in Section 8.5 via improving the reglarity of approximating solutions.

8.1 Approximating front-like solutions

In this section, we construct approximating front-like solutions of (2.3), which will be
shown to converge to a transition solution of (2.3).
Note that, by general semigroup theory (see e.g. [58]), for any uy € C° (R, R) and

s € R, (2.2) has a unique (local) solution u(t, -; 5, up) € C? (R, R) with u(s, z; s, ug) = up(z),

nif

where

C* +(RR) = {u € C(R,R) |u is uniformly continuous on R and sup |u(z)| < oo}
z€R

equipped with the norm ||u|| = sup,cp |u(z)|. Moreover, u(t,-; s, ug) is continuous in s € R
and uy € C? (R, R). By the comparison principle, if ug(z) > 0 for x € R, then u(t, ; s, ug)

exists for all t > s and u(t, z; s,up) > 0 for t > s and = € R.
Recall that ¢p is the profile of bistable traveling waves given in (A.2). For s < 0
and y € R, denote by u(t,x;s,¢p(- — y)) the classical solution of (2.3) with initial data

u(s,x;s,0p(- —y)) = ¢p(x — y). The next lemma gives the approximating solutions.

Lemma 8.2. For any s < 0, there exists a unique ys € R such that u(0,0; s, ¢p(- —ys)) = 0.

Moreover, ys — —00 as s — —o0.

Proof. Let s < 0. We first see that comparison principle gives

u(t,z;s,0p(- —y)) > ¢p(r —y —cp(t —s)), T€R, t>s
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In particular, u(0,0;s, ¢p(- — y)) > ¢p(cps — y). Thus, the monotonicity and the normal-
ization of ¢p ensure that u(0,0;s, pp(- —y)) > 0 if y > cps.
To bound u(t, z; s, pmin(- — y)) from above, we see that by Lemma A.1, ¢p(- —y) <

5(

e~<b(=v=5) for all y € R. Setting v¥(t,-;s) = e B '_y_zg_c(t_s)), where ¢ > 0 is to be

chosen, we compute

v = [Jx 0¥ — Y] = {cgc - /]R J(z)ecgzdz + 1] v > f(t, )

provided ¢ > 0 is so large that cfc — [, J(z ebidy + 1 > sup fé—(u), where fz is as in
B R ue(0,1) ~ 4 B

Hypothesis 2.5. Comparison principle then leads to u(t, x; s, (- —y)) < e~cb(@—y—ap—c(t=9))
for all z € R and ¢t > s. In particular, u(0,0;s,¢p(- —y)) <O if y < %.

Continuity of u(0,0;s,¢p(- — y)) in y then yields the existence of some y; € R such
that «(0,0;s,¢p(- — ys)) = 0. The uniqueness of such an y; is a simple consequence of the
comparison principle. Moreover, the above analysis implies that

+ 4 .t

+
Cp

< Ys < cBs, (8.1)

and hence, y; - —00 as s — —00. O

For notational simplicity, in what follows, we put

u(t,z; s) = u(t,z; s, op(- — ys)). (8.2)

Thus, u(s,;s) = ¢p(- — ys). The next lemma provides some fundamental properties of
u(t, x; s).

Lemma 8.3. For any s <0 and t > s there hold

(i) the limits u(t, —o0;s) = 1 and u(t, 00;s) = 0 are locally uniformly in s and t;
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(ii) w(t,z;s) is strictly decreasing in x. In particular, u(t,x;s) is almost everywhere dif-

ferentiable in x.

Proof. (i) It follows from the fact u(t, z; s) € (0,1) by the comparison principle, the estimate

(8.1) and the following estimate
bz — ys — cp(t — 5)) < u(t,z;s) < e p@vsmwp—cli=s)) (8.3)

for some sufficiently large ¢ > 0, which is derived in Lemma 8.2.
(ii) For the monotonicity, we first see that u(s,z;s) = ¢p(x — ys) is strictly decreasing
in z. For any y > 0, we apply comparison principle to u(t,x — y;s) — u(t, x; s) to conclude

that that u(t,z — y; s) > u(t,z;s) for t > s. The result then follows. O

8.2 Bounded interface width

For s < 0,t > sand A € (0,1), let X,(¢; s) be such that u(t, X)(¢;s);s) = A. By Lemma
8.3, it is well-defined and continuous in ¢ (but not sure whether it is differentiable in ¢ right
now). Moreover, Xy, (t;s) > X, (t;s) if Ay < A9 by monotonicity of u(t,z;s) in x.

The main result in this section is stated in the following

Theorem 8.4. There exists A\, € (0,1) such that for any 0 < Ay < Ay < A, there holds

sup  [X, (&5 8) — Xy, (¢ 5)] < o0.

s<0,t>s

Theorem 8.4 shows the uniform boundedness of the width between interfaces below A,.
Later in Corollary 8.11, it is extended to any 0 < Ay < Ay < 1.
The proof Theorem 8.4 is a little long and technical. To do so, we first study the

rightward propagation of X, (¢;s). We have
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Lemma 8.5. Let A € (0,1). For any € > 0 there exists t., > 0 such that
X)\(t; S) — X)\(to; 8) Z (CB — 6)(t — to — t€7)\)

forall s <0,t >ty > s.

Proof. Fix some A € (6,1). Let up : R — [0, 1] be a uniformly continuous and nonincreasing
function satisfying ug(z) = A for < z and ug(x) = 0 for z > 0, where zy < 0 is fixed.

Clearly, space monotonicity of u(t,z;s) implies that
u(to, r + Xx(to;s);8) > up(x), = €R, ty>s,
and then, by f(t,u) > fmin(u) > fp(u) and the comparison principle, we find
u(t,z + Xx(to; 8); 8) > up(t —to,x;u0), x€R, t>1)>s.
By Lemma A.2, there are constants {5 = £5(A\) € R, gg = ¢p(A\) > 0 and wp > 0 such that
up(t —to, z;u9) > dp(r — &g —cp(t —to)) — qgpe @Bt p e R, t >ty > s
Hence,
u(t,x 4+ Xu(to;s);s) > oplx — &5 — cp(t —to)) — gpe B0 L e Rt >t > s.

Let Ty = To(A\) be such that gge wsT0 = % and denote by 53(%) the unique point such
A

that ¢5(Ep(1E2)) = 2. Setting x = &5 + cp(t — to) + Ep(H2), we find for t > to + Ty

22 4 X101 9):5) > 9l (o

U(t,fg—FCB(t—to)—FfB( )) —de_wBTO :)\,
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which together with monotonicity implies that

1+ A

X)\(t;S)—X)\(tO;S) Zg;—i—cB(t—to)—FfB( ), tZtO—FTg. (84)

We now estimate X,(t;s) — Xi(to;s) for t € [to,to + Tp]. We claim that there exists

z = z(Ty) < 0 such that

Xa(t;s) — Xa(to;s) > 2z forall s <0, s <ty <t<ty+Tp. (8.5)

Let up(t, z;up) and up(t; A) := up(t, x; \) be solutions of (A.1) with ug(0,x;ug) = up(z) and
up(0; A) = up(0,z; \) = A, respectively. By the comparison principle, we have ug(t, x;up) <
up(t; A) for all z € R and t > 0, and up(t, z;ug) is strictly decreasing in x for ¢ > 0.

We see that for any ¢ > 0, lim,, - up(t,z;uy) = up(t; ). This is because that
Lup(t,—oo;ug) = fr(up(t,—00;ug)) for t > 0 and up(0, —oo0;ug) = A. Since A € (6,1),
as a solution of the ODE u; = fp(u), up(t; \) is strictly increasing in ¢, which implies that
up(t,—oo;up) = up(t;A) > A for t > 0. As a result, for any ¢t > 0 there exists a unique
¢p(t) € R such that up(t,{p(t); up) = A\. Moreover, {g(t) is continuous in ¢.

Since f(t,u) > fp(u) and u(to, - + Xx(to; s); $) > o, the comparison principle implies
that

u(t,z + Xx(to; 8);8) > up(t —to,x;u0), xR, t>1y>s.

Setting = = £p(t — to), we find u(t,{p(t — to) + Xa(to; $);s) > A, which together with the
monotonicity implies that X, (¢;s) > Ep(t —to) + X (to; s) for t > tg > s. Thus, (8.5) follows

if infye(g,t0+10) EB(E — to) > —00, that is,

inf &5(t) > —o0. .
tel({)l,To]fB()> 00 (8.6)
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We now show (8.6). Since ug(x) = A for x < z, continuity with respect to the initial

data (in sup norm) implies that for any € > 0 there exists 6 > 0 such that

up(t; ) = A <e and suplug(t;\) —up(t,x;ug)] = up(t; \) — up(t, xo;ug) < €

<z

for all t € [0, 6], where the equality is due to monotonicity. By Hypothesis 2.1, J concentrates
near 0 and decays very fast as x — f00. Thus, we can choose 1 = z1(€) << z such that

J5 J(x —y)dy > 1 — e for all # < zy. Now, for any « < z; and ¢ € (0, 4], we have

d
%UB(@% up) = / J(z —y)up(t,y; uo)dy — up(t, x;u0) + fe(up(t, z;up))
R

> /mo J(z —y)up(t,y;uo)dy — up(t, z;u0) + fp(up(t, 25 uo))
> (1 —¢) nf up(t, z;u0) — up(t; A) + f(up(t, z;uo))

= —(1 —¢€)suplup(t; \) —up(t, z;up)] — eup(t; N) + fu(up(t, z;up))

> —€e(l—€) —e(A+e€)+ frlup(t,z;u))

>0

if we choose € > 0 sufficiently small, since then fg(up(t,x;ug)) is close to fg(A), which is
positive. This simply means that ug(t, z;ug) > X for all < x; and t € (0, 0], which implies
that £g(t) > 1 for ¢ € (0,9]. The continuity of £ then leads to (8.6). This proves (8.5).

The result of the proposition then follows from (8.4) and (8.5). O

We remark that the estimate for X,(¢; s) of the form
Xa(t;s) — Xa(to;s) < (cg+e)(t —to+ten)

can also be established due to the bistability, but we are not going to use this.

76



Next, we define a new interface location and study the boundedness between this new

interface location and the original ones. For k > 0, set

1
Crp = inf—(/J(y)eAydy—le/i) > 0.
A\ Jr

It is not hard to see that there exists a unique A\, > 0 such that

o — %( /R T(y)eMvdy — 1+ /@). (8.7)

We remark that ¢, corresponds to the minimal speed of traveling waves in the KPP case for

nonlocal equations. As in the classical random dispersal case, we have
Lemma 8.6. ¢, — 0 and A\, — 0 as k — 0.
Proof. We see

1
CRS—(/J(y)e\/Eydy—1+/i>—>0 as Kk — 0,
VE\ Jr

since \/LE(fR J(y)eVdy — 1) — 0 as k — 0.
We show A\, — 0 as k — 0. It is understood that )\, is the unique positive point such

that L[5 ( [z J(y)eMdy — 1+ k)] =0, that is,
)\/ J(y)yedy — / J(y)eMdy + 1 = k.
R R
Setting g(A) := A [ J(y)yeMdy — [ J(y)eMdy + 1, we see g(0) = 0 and

g\ =X / J(y)y*eMdy >0 for A > 0.
R

This simply means that the unique solution of g(A) = x goes to 0 as k — 0. This completes

the proof. n
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For k >0, s <0 and t > s, define
Y, (t;s) = inf {y € R‘u(t, r;5) < e MV g e R}. (8.8)

From the proof of Lemma 8.2, we see that Y, (t;s) is well-defined if A, < ¢, which is the
case if k is sufficiently small due to Lemma 8.6. Notice the definition does not guarantee any
continuity or monotonicity of Y, (¢; s) since u(t, z; s) is not monotone in time. The following

result controls the propagation of Y, (t;s).

Lemma 8.7. Let kg = sup,c1) 18 For k> 0, set &, = %N(IR J(y)ervdy — 1 + ko),

u

where A, is given in (8.7). Then, for any small k > 0, we have ¢, > 0 and
Ym(t; S) - Yn(to; S) S én(t - tO)

forall s <0,t >ty > s.

Proof. For small k > 0, we have ¢, > ¢, > 0. For s <0, t >ty > s, define

Y

o(t, m;ty) = e M Yallois)=eli=to) =y ¢ R,

By the definition of ¢, we readily check that vy = J*v —v+ kgv. By the definition of kg, we
have rov > fz(v) for all v > 0. It then follows from v(t, z;ty) = e MEYult0is)) > 4 (¢, ; 5)
by (8.8) and the comparison principle that v(t, z;ty) > u(t, z;s) for t > ty, which leads to

the result. n

We now prove the main result leading to Theorem 8.4. In what follows, we fix some

small k > 0 such that ¢, < cp, and for this fixed k, we write Y, (¢; s) as Y (¢;s), and set

A :=min {u > 0| f5(u) = ku} € (6,1). (8.9)
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We remark that it is important to have A, > 6, and this is the reason why we need fz(0) =

0 = fz(0) in Hypothesis 2.5.

Proposition 8.8. For any A € (6, \,], there is C(\) > 0 such that
[Xa(t;s) =Y (4 8)] < C(A)

forall s <0,t>s.

Proof. From the definition of \,, we readily see that

f(t,u) < fp(u) < ku, uel0,\] (8.10)

Fix an A € (0,\]. Set Cy = max{Y (s;s) — Xi(s;s),1}. We see that Cj is independent
of s < 0. This is because that u(s,-;s) = ¢p(- — ys), and hence, space translations do not
change Y'(s;s) — Xx(s;5). Clearly, we have the estimate sup,_q,>,[X\(t;8) — Y(t;5)] < C
for some large C' > 0.

Set € = £ and € = Cy+cpt. y, where t. 5 is as in Lemma 8.5. To finish the proof, we
only need to show sup,_g ,>,[Y (¢;5) — Xa(t; )] < C1. Suppose this is not the case, then we
can find some t; > sy such Y (t1;51)—X\(t1;51) > Cy. Since Y (s1;51)—Xa(s1551) < Cp < O,

there holds ¢; > s;. Let

ty = sup {t € [sl,tl]‘Y(t; s1) — Xa(t;81) < CO}.

We claim Y (to; s1) — Xa(to; s1) < Cp. It is trivial if there are only finitely many t € [sq, t1]
such that Y (t;s1) — Xx(£;51) < Cy. So we assume there are infinitely many such ¢ and
the claim is false. Then, there exists a sequence {f,}nen C [51,%0) such that Y (Z,;s;) —

Xi(tn;s1) < Coforn € Nand ¢, — tgasn — co. Moreover, Y (to; 51)—Xa(to; 1) = Cy > C.
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It then follows that for all n € N
Y (£ 51) — Xa(tn; s1) < Co = Co — C1 + Y (tg; 1) — Xa(to; 1),
that is,
Cy — Co 4 Xi(to; s1) — Xa(tn;51) < Y(to:s1) — Y (tn:51) < E(to — 1),

where the second inequality is due to Lemma 8.7. Passing n — oo, we easily deduce a
contradiction from the continuity of X,(¢;s;). Hence, the claim is true, that is, Y (to; s1) —
X (to; s1) < Cy. It follows that ¢y < t5.
We show
Y (to; s1) — Xa(to; s1) = Co. (8.11)

Suppose (8.11) is not true, then we can find some dy > 0 such that Y (to;s1) — Xx(to;$1) =
Co — dp. Since Y (t;51) — Xx(t;51) > Cy for t € (tg,t1] by the definition of ¢y, we deduce from

Lemma 8.7 that for ¢ € (to, 1]

Co < Y(t, 81) — X)\(t; 81) < Y(to; 81) + (~3,€(t — to) — X,\(to; 51) + X,\(to; 51) — X,\<t; 51)

= Co - 50 + 5R(t — to) + X)\(to; Sl) — X)\(t; 81>.

This leads to a contradiction when ¢ approaches ¢y, due to the continuity of X,(¢;s1) in t.
Hence, (8.11) holds.

Next, we look at the time interval [to,t,] and set Y (t;51) = Y (to;s1) + co(t — to) for
t € [to,t1]. Note both X,(¢;s1) and ?(t; s1) are continuous, and X, (tp;$1) < f/(to;sl) by
(8.11). We claim that X,(t;s1) < Y (t;s1) for all t € [to, t,]. Suppose this is not the case and
let

to = min {t € [to, ]| Xa(t;51) =Y (t;51) }.
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Clearly, ty € (to,t1]. We define
ot w3 ty) = e METED) g e Rt € [tg, ta].

We easily check v; = J x v — v + kv. Moreover, we see
e at the initial moment ¢, we have u(ty, x;5,) < e @Y 050)) — 4 (ty, 2 1,) for x € R,
o for z < Y(t;s1) and t € (to,t5), we have u(t, z;51) < 1 < v(t, z;tg),

o for z > Y(t;s1) and t € (to,t5), we have z > X,(t; s1), and hence u(t,z;s1) < X. As a

result, we have u; = J *u —u+ f(t,u) < J*u—u+ ku by (8.10).

Note, by Lemma 8.3 and the definition of v(t, z;tg), the limit v(¢, x;tg) — u(t, x;s1) — 0 as
x — oo is uniformly in ¢ € [to, t2]. Then, applying the comparison principle (see Proposition

B.1) to v(t, z;ty) — u(t, x; 1), we conclude

U(t, Z; 31) < U(t7x; tO) = 6—)\,{(33—?(15;81))’ LS R? te [t07 t2]

It follows that Y (t;s1) < Y(t;s1) for t € [to,t2] by definition in (8.8). In particular,
Y(tg, 81> S Y/(tg, 81) = X,\(tg, 51). Since tQ € (to,tl], we have Y(tg, 81) — X)\(tg, Sl> > CO by
the definition of ¢y. It is a contradiction. Thus, the claim follows, that is, X, (¢; s1) < Y/(t; S1)

for all ¢ € [to, 1], and repeating the above arguments, we see
Y(t;s1) < Y(t;81) = Y(to;s1) + cu(t —to), t € [to, t1]- (8.12)
It follows from (8.12) and Lemma 8.5 that for any ¢ € [to, 1]

Y (t;51) — Xa(t;81) < Y(to; s1) + cult — to) — [Xa(to; 1) + (cp — €)(t — tg — ten)]
= Co+ (¢ — €)ter — (cg — ¢ — €)(t — 1)
S C10 + CBtQ)\ = Cl.
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This is a contradiction. Consequently, Y (¢;s) — X,y(t;5) < C; for all s < 0, t > s. This

completes the proof. O

We remark that the proof of Proposition 8.8 is based on the rightward propagation
estimate as in Lemma 8.5 and an idea of Zlatos (see [85, Lemma 2.5]).

Finally, we prove Theorem 8.4.

Theorem 8.4. Let A\, be as in (8.9) and fix any 0 < A; < Ay < \,. Consider the function

g(t,x;5) = e M@V ED) g e R,
Since g(t, Y (t;5); s) = 1, there exists a unique x; > 0 (independent of s < 0, £ > s) such that
g(t,Y (t;5) + x1;8) = A\1. Since g(t,7;8) > e M@V ED > (¢ 1 5) for > Y (t; s), we have
Y (t;s) + x1 > X, (¢;5). It then follows that Xy, (¢;8) — Xy, (¢;8) < Y (t;8) — Xy, (t; 8) + 1.

The result then follows from Proposition 8.8. m

8.3 Modified interface locations and exponential decaying estimates

In the study of the propagation of the solution u(t, z; s), the propagation of the interface
location X, (¢;s), more precisely, how fast it moves, plays a crucial role. In the classical
random dispersal case, this problem is transferred into the study of uniform steepness, that

is, whether u,(t, X)(¢; s); s) is uniformly negative, since there holds the formula

Clearly, this approach does not work here since we are lack of space regularity of u(t, x; s).
Moreover, we do not know if X,(¢;s) is differentiable in ¢ and it moves back and forth in
general. To circumvent these difficulties, we look at the problem from a different viewpoint.
Instead of studying X, (¢; s) directly, we modify it to get a new interface location of expected

properties, such as moving in one direction with certain speed and staying within a certain
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distance from X, (t; s), which captures the propagation nature of u(t, x; s). This is the main
purpose of this subsection. As an application of the new interface location, we derive uniform
exponential decaying estimates of u(t, z; s).

We first modify X, (¢;s) properly by proving the following

Theorem 8.9. Let A\, be as in (8.9). There are cyin > 0, Cmax > 0, Cmax > 0 and dyax > 0
such that for any s < 0, there exists a continuously differentiable function X (t;s) : [s,00) —

R satisfying

Cmin S X(t, S) S Cmax t Z S,

|X(t; S)| < Emam t>s

such that

0 < X(t;8) — Xy, (t;8) < dmax, t>5.

Moreover, {X (-, s)}Ysco and {X (-, s)}so are uniformly bounded and uniformly Lipschitz con-
tinuous.

In particular, for any X € (0, \], there ezists dyax(X) > 0 such that
X(t:5) — Xa(t:)] < dums(A) A€ (0,A]

foralls <0, t>s.

Proof. By Lemma 8.5, there exists tg > 0 such that
3
X,\*<t;8)—X)\*<t0;8) > ZCB(t—tO—tB), S<O, t >ty > s. (813)
Recall Y (t; s) is Y, (t; s) for some fixed small k > 0 and we have

Co:= sup |X),(t;8) =Y (t;s) < o0 (8.14)

s<0,t>s
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by Proposition 8.8, and
Y(t;s) = Y(to;s) <co(t—tg), s<0,t>ty>s (8.15)

by Lemma 8.7, where ¢y = &, for the fixed x > 0. We interpret that (8.13), (8.14) and (8.15)
imply that X, (¢; s) moves with a uniformly positive and uniformly bounded average speed.
This observation is crucial in the following modification.

We modify X, (¢;s) as follows. At the initial moment s, we define

Z(t;s) = X (s;8) + 205 + 1 + %B(t —s), t>s

Clearly, X, (s;s) < Z(s;s). By (8.13), Xy, (t;s) will hit Z(¢; s) sometime after s. Let T} (s)
be the first time that X_(¢;s) hits Z(t;s), that is, 71 (s) = min {t > s|X\.(t;s) = Z(t; ) }.

It follows that
Xy (t;s) < Z(t;s) for t € [s,T1(s)) and X, (Ti(s);s) = Z(T1(s); s).

Moreover, Tj(s) — s € [ 42Cotl) | 3tp], which is a simple result of (8.13), (8.14) and

2co—cp’ cB

(8.15).

Now, at the moment T3 (s), we define
Z(t:Ti(s)) = Xa.(Th(s); s) +2Cy + 1+ %B(t CTi(s)), t>Ti(s).

Similarly, Xy, (T1(s);s) < Z(T1(s);T1(s)) and X, (t;s) will hit Z(¢;71(s)) sometime after
Ti(s). Denote by Ty(s) the first time that X, (¢; s) hits Z(¢;T1(s)). Then,

X (t;s) < Z(t;Th(s)) for t € [T1(s), To(s)) and X, (Ta(s);s) = Z(Ta(s); Ti(s)),

and Ty(s) — T1(s) € [5=2—, 28 4 3t5] by (8.13), (8.14) and (8.15).

2co—cp’
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Repeating the above arguments, we obtain the following: there is a sequence of times

{T,-1(8) }nen satistying Ty(s) = s and

2 420, +1)
2c0 — cp’ CR

T.(s) — Th-1(s) € +3tg| forallneN,

and for any n € N

X (t;s) < Z(t;Th-1(s)) for t € [T,-1(5), To(s)) and X, (T,.(s);s) = Z(T(8); Th-1(5)),
where

Z(8:Tua(5)) = X (T ():8) 4 2C0 + 1+ (= Tea(s)).
Moreover, for any n € N and ¢ € [T},_1(s), T},(s))

2t Taa(s)) = X (t;9)

< X (Tho1(s);8) +2C + 1 + CEB(t —T-1(to))
|0 (Ta(s):5) + Senlt = Tua(s) — 1)

3 1 3
= 200 + 1+ A_LCBtB — ZCB(t — Tn_l(s)) S 200 + 1+ ZCBtB.

Now, define Z(t; s) : [s,00) — R by setting

Z(t;s) = Z(t; Th—1(s)) fort € [T,-1(s),Tn(s)), n € N. (8.16)

Since [s,00) = Upen|[Th_1(5), T(s)), Z(t;s) is well-defined for all ¢ > s. Notice Z(t;s) is

strictly increasing and is linear on [T},_1(s), T,,(s)) with slope % for each n € N, and satisfies

- 3
0<Z(t;s) — X, (t;5) <2Ch+ 1+ ZCBtB’ t>s.
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Finally, we can modify Z(t; s) near each T,,(s) for n € N to get the expected modification.

In fact, fix some 0, € (0,2-—2—). We modify Z(t;s) by redefining it on the intervals

’ 2 2co—cp

(T(s) — 64, T(s)), n € N as follows: define

Z(t, S), t e [8, OO)\ UnGN (Tn(s) - 5*>Tn(8))7
X(t;s) =

X, (Th(s)) +6(t = To(s)), te(Tu(s)—bsTh(s)), neN,

where § : [—0,,0] — [-“E4,, 1] is twice continuously differentiable and satisfies

5(=8.) = —Bs.. 5(0) =1,

5GM:@zwm5wz%hmﬂ%ﬂ)md

The existence of such a function §(t) is clear. Moreover, there exist ¢pax = Cmax(dx) > 0 and
Cmax = Cmax(0x) > 0 such that 8(t) < cmax and [8(t)| < Emax for t € (—6,,0). Notice the
above modification is independent of n € N and s < 0. As a result, we readily check that

X (t; s) satisfies all expected properties. This completes the proof. O

We now apply Theorem 8.9 to study uniform exponential decaying estimates of u(t, x; s)
behind and ahead of interfaces. Let A, be as in (8.9) and X (¢; s) be as in Theorem 8.9. Since

f5(1) < 0, we see that there exist 6, € (0, \.] and § > 0 such that

Set

A~ ~

X(t;s) = X(t;8) — dmax — C, (8.18)

where C' > 0 is some constant (to be chosen) introduced only for certain flexibility. Theorem

8.4 and Theorem 8.9 then imply that X (¢;s) < X, (t;s), and hence, u(t, z + X (t;s); s) > 0,
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for all x < 0. We also set

X(t;s) = X(t;s) + sup | Xo(t;5) — Xa. (t;5)]. (8.19)

§<0,t>s

Since X (t;s) > X, (t;s) by Theorem 8.9, we have X(t;s) > Xy(t;s), and hence, u(t,z +
X(t;s);s) < 6 for > 0.
We now prove the main result in this subsection.

Theorem 8.10. There exist cx > 0 such that

Y

u(t,z;s) > 1 — e @ X(9) g < X(t;s),

u(t,z;s) < e” @ X)) g > X (¢ s)
forall s <0,t>s.

Proof. Define
N_[v]=v —[J*xv—2v] — B(1 —v).

For # < X (t;s), we have u(t, ;) > 0,, which together with (8.17) implies that
Fltu(t,x;8) > fa(ult,z;s) > B(L—ult,z;s)), =< X(ts)
It then follows that for z < X(t;s)

N_[ul=u —[Jxu—u] — (1l —u)= f(t,u) — (1 —u) >0

For ¢ > 0, we compute

J(y)e ¥dy — 1 — 5] cclz—X(t:9))
R

S |:Ccmax + / J(g)e_cydy —1— ﬁ:| ec(x_X(t§5))’
R
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where we used the definition of X(t;s) and Theorem 8.9. Since JeJW)e ¥dy — 1 as
¢ — 0, we can choose ¢ > 0 so small that ccpa, + fR J(y)e¥dy — 1 — 5 < 0, and then,

N_[1 — e<@=Xt)] < 0. Hence, we have shown
N_[u] > 0> N_[1 — e~ @XGN] 2 < X(t5).

for some small c_ > 0. Trivially, we have u(t, z;s) > 0 > 1 —e® @ X)) for 2 > X (t: 5). At
the initial moment s, we obtain from Lemma A.1 that u(s, z; s) = ¢p(z—y,) > 1—et- @ X(9)
if we choose c_ smaller and C' sufficiently large. Then, we conclude from the comparison
principle (see (ii) in Proposition B.1) that u(t, z;s) > 1 — e~ @ X®) for z < X(t;s). This
proves half of the theorem.

We now prove the other half. To do so, we define
N [v] =v — [J *v — ).

Since X (t;5) > Xy(t;s) by construction, we have u(t,z;s) < 6 for > X(t;s), and hence,

f(t,u(t,z;s)) <0 for x > X(t;s). From which, we deduce
Nilu] =u — [Jxu—u]l = f(t,u) <0, z>X(ts).

Let ¢ > 0. We compute

N+[e_c(x_X(t;5))] = |:C)L(<t; s) — / J(y)e“dy + 1] e~cla—X(t:s)
R

> {ccmin - / J(y)e“dy + 1] e’C(I’X(t;S)),
R

where we used Theorem 8.9. Set g(c) = cemin — [ J(y)e¥dy + 1. Clearly, g(0) = 0 and
g'(¢) = min — Jp J(y)ye?¥dy. Due to the symmetry of J, [, J(y)ye¥dy — 0 as ¢ — 0. As a

result, ¢'(c¢) > 0 for all small ¢ > 0. Hence, we can find some ¢, > 0 such that g(c¢*) > 0,
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and therefore, N, [e=+ @ X)) > g(¢, Je e+ (@=X(E9) > 0. Hence, we have shown

for some small ¢, > 0. Since we have trivially o < 1 < e~o+@=X(t9) for x < f((t; s) and,
by Lemma A.1 and X(s;s) > Xy(s;5) = ys, u(s,2:5) = dp(z — ys) < e~e+@=X(t3) if we
choose ¢y smaller, we conclude from the comparison principle (see (i) in Proposition B.1)

that u(t,z;s) < e~e+(@=X9) for o > X(t;s). This completes the proof. O
As a simple consequence of Theorem 8.10, we have

Corollary 8.11. For any 0 < \; < Ay < 1, there holds

sup  [X, (& 8) — Xy, (¢ 5)] < o0

s<0,t>s
In particular, for any X € (0, 1), there holds
sup | Xy(t;s) — X(t;8)| < oo,
s<0,t>s
Proof. By Theorem 8.10, we have
max {0, 1— ecf(”t_x(t;s))} < u(t,x;s) < min {1, e_”(z_j((t;s))}.

The result then follows from the fact that X (¢;s) — X (¢;s) = const. O

8.4 Construction of transition fronts

In this section, we prove Theorem 8.1. To do so, we prove uniform Lipschitz continuity

of u(t, x; s) in the space variable x.
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Lemma 8.12. There holds

U(t, Y; S) — U(t7 T 8)

sup < 00.

THY y — X
5<0,t>s

Proof. Since u(t,z;s) € (0,1), there holds trivially

v5>0’ Sup u( 7y78> u( 73:78)
ly—x|>5 y—x
s<0,t>s

Thus, to finish the proof of the lemma, it suffices to show the local uniform Lipschitz conti-

nuity, that is,
u<t7 Y; 8) — u<t7 L5 S)
y—x

Vo > 0, sup
0<|y—z|<s
5<0,t>s

< 00. (8.20)

To this end, we fix § > 0. Let X (¢;s) be as in Theorem 8.9 and define

Li =6+ sup |Xg,(t;s) — X(t;s)| and Lo=0+ sup |Xp(t;s) — X(t;s)],

5<0,t>s 5<0,t>s

where 0y and 0, are as in Hypothesis 2.3. Notice L; < oo and L, < oo by Corollary 8.11.

Then, for any 0 < |y — x| < 6 we have

o if v > X(t;s) + Ly, then y > & — 9§ > Xy(t;s), which implies that wu(t,y;s) < 6o,

u(t,z;s) < 6y, and hence by Hypothesis 2.3

[t ult,y;s) — [t ult, z;8))
u(t,y;s) — u(t, z;s)

< 0; (8.21)

o if v < X(t;5) — Lo, then y < x + 0 < Xj(t;s), which implies that u(t,y;s) > 6 and
>

u(t, x; s) 6, and hence by Hypothesis 2.3

[t ult,y;s) — f(t ult,z;8))
u(t,y;s) — u(t, z;s)

<0. (8.22)
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According to (8.21) and (8.22), we consider time-dependent disjoint decompositions of R
into

R = Ri(t;5) U Ry, (t;5) U R.(t; 5),

where

Ri(t;s) = (—o0, X(t;5) — La),
R..(t;s) = [X(t;s) — Lo, X(t;5) + L1] and

R, (t;s) = (X(t;8) + Ly, 00).

Since X (t; s) is continuous in ¢, this three regions change continuously in t. As X (¢;s) moves
to the right by Theorem 8.9, any fixed point will eventually enter into R;(¢; s) and stay there
forever.

For s < 0 and zg € R, let tg,4(70; $) be the first time that x is in R,,(¢; s), that is,
tirst (0; §) = min {t > s‘xo € Ru(t;s)},
and tas(o; s) be the last time that xg is in R,,(¢; s), that is,
tlast (To; §) = max {to € R}zo € Ry (to;s) and zg ¢ Ry (t, s) for t > to}.

Since X (t; s) moves to the right, if xy € R;(s;s), then xg € Ry(t; s) for all t > s. In this case,
tirst (To; 8) and fh.s(o; s) are not well-defined, but it will not cause any trouble. Clearly,
xg € Ry(t;s) for all t > ts(o; 8).

We see that either both tgs(x0; $) and tas(20; s) are well-defined, or both of them are
not well-defined. In fact, tg.s¢(0; s) and tas(xo; s) are well-defined only if xg ¢ R(s;s). As
a simple consequence of Lemma 8.5 and the fact that the length of R,,(t;s) is Ly + La, we
have

T=T(0):= sup [tlast(l‘o; 8) — thirst (To; s)} < 0. (8.23)
5§<0,20¢R;(s;5)
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Now, we are ready to prove the lemma. Fix xo € R, s <0 and 0 < |n] < . Set

U(t, T+ 1; 8) — u<t7 s S)

Vv (t, z;s) =
Ui

Clearly, v"(t, xo; s) satisfies
¢ (t, x0; 5 / J(zo — y)v"(t, y; s)dy — v"(t, x5 8) + a’(t, zo; $)v" (L, 205 5),

where
f(t7 u(tu To + 1 8)) B f(t7 u(tu L0, 5))
U(t, o + m; 8) - 'Lb(t, Zo, S)

a’(t, zo; s) =

is uniformly bounded. Notice [, J(zo — y)v"(t, y; s)dy is bounded uniformly in o and 7. In

fact, the change of variable gives

/RJ(% —y)'(t,y; s)dy = /R J@o —y+ 77; = Jlwo = y>u(t, y; s)dy.

The uniform boundedness then follows from the fact u(¢, x;s) € (0,1) and the assumption
J' € LY(R) by Hypothesis 2.1.

Setting M = M(8) := sup, e o<iyi<s | Jg J(¥0 — y)v"(t, y; 8)dyl, we see that v"(t, zo; 5)
satisfies

— M —v"(t, wo; 5) + a"(t, xo; 5)0" (¢, 2o; )
(8.24)

< vl(t,z;8) < M — 0" (t, x9; 8) + a"(t, xo; )V (L, 205 ),
t

which essentially are ordinary differential inequalities. The solution of (8.24) satisfies

v"(to, xo; S)e ~Jip(1-a(rzo;e))d M/ e~ Jy (A=a(raois)dr g,
(8.25)
< (0 ) < kg s)e o0 I g [ e KO-y
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for s <ty <t. Notice 1 — a"(t, xo; s) controls the behavior of v"(¢, zo; s). We see, initially,

(s, 20 5) = u(s, @0 + 13 8) — u(s,x0;8) _ dn(ro+ 1~ ys) — dn(xo — ys>’

n n

which is uniformly bounded (uniform in s < 0, zop € R and 0 < |n| < 4, and even in 6 > 0)

since ¢gp € C'(R). Now,

(i)

(iii)

if g € Ry(s;s), then zy € Ry(t;s) for all ¢ > s, which implies that a”(t,x¢;s) < 0
for all t > s by (8.22). We then conclude from (8.25) that sup,,[v"(t, zo;s)| <

C(M, [|¢sllcr®));

if xog € Ryu(s;8), then tgsi(xo;s) = s. For t € [tas(T0; ), tast (To; $)], we conclude
from (8.25) and the fact that a”(¢, zo; s) is uniformly bounded that v"(t, zo; s) at most
grows exponentially with growth rate not larger than some universal constant, and this
expnential growth can only last for a period not longer than 7', which is given in (8.23).
As a result, |v"(ts (205 5), %05 5)| < C(M, [|¢B||c1(r), T). As mentioned before, for ¢ >
tiast (0; $), we have xy € Ry(t; s), which together with (8.22) implies that a”(t, zo; s) <
0. Then, as in (i), we conclude from (8.25) that [v"(t,xo; s)| < C(M, ||¢Bllc1(r), T) for

t > thast(o; s). Hence, SUP;> [V (t, z0; 5)| < C(M, ||oBllcrw), T);

if g € R,.(s;5s), then ta(xo;s) > s. For t € [s,tamsi(x0; 5)), we have g € R,.(t;s),
which implies a(t, zo; s) < 0 by (8.21). Notice the interval [s, ts,st(20; $)) may not have
uniformly bounded length, but (8.25) says that as long as t € [s, ta(70; $)), we have
(¢, 203 8)| < C(M, ||¢5| c1(r)), which implies, v (¢t (20; 5), 203 5) < C(M, [[¢5llcr(wr))-
Then, we can follow the arguments in (ii) to conclude that sup,., [v"(t,2o;s)| <

C(M, ||¢sllcrm®y, T).

Consequently, sup, [v"(t, zo; 5)| < C(M, ||¢B||c1w), T). Since 2o € R and s < 0 are arbi-

trary, and 7" and M depend only on §, we find (8.20), and hence, finish the proof of the

lemma. O

93



Now, we prove Theorem 8.1.

Proof of Theorem 8.1. Since u = u(t, x; s) satisfies u; = Jxu—u+ f(t,u), we conclude from

(H2) and the fact that u(t, z;s) € (0,1) that

sup |uy(t, z; s)| < oc. (8.26)

§<0,t>s

Then, since v(t, x; s) := w(t, x; s) satisfies
v =Jxv—v+ fi(t,u(t,z;s)) + fu(t,u(t,z;s))v,
we conclude from (8.26) and Hypothesis 2.5 that

sup |uy(t,z;s)| = sup |v(t,x;s)| < 0. (8.27)
s<0,t>s s<0,t>s

Now, by Lemma 8.12, (8.26), (8.27), Arzela-Ascoli theorem and the diagonal argument, we
are able to find some continuous function u(t, x) : RxR — [0, 1] that is differentiable in ¢ and
nonincreasing in x such that w(t, z;s) — u(t,x) and u(t, z;s) — w(t, z) locally uniformly
in (t,z) € R x R as s — —oo along some subsequence. In particular, u(t,x) is an entire
classical solution of (2.3). Moreover, as an entire solution, u(t,z) € (0,1) and it is strictly
decreasing in z. The uniform Lipschitz continuity in space of u(t,z) also follows.

We now show the decaying properties of u(¢, ). Recall X (t;s) and X (t; s) are given in
(8.18) and (8.19), respectively. By Theorem 8.9, {X (t;5)}sc0, {X (t;5) Yoco and {X (t; 5)}sco
converge locally uniformly to a continuously differentiable functions X (¢), X (t) and X (¢),
respectively. Clearly, & < X(t) < Cmax, X(1) = X(t) = h_ and X — X(t) = hy for all t € R,

where hy > 0 are constants. In particular,

u(t,z+ X(t;5);8) = u(t,z + X(t)) and u(t,z+ X(t;5);5) = u(t,z + X(t))
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locally uniformly in (¢,z) € R xR as s — —oo along some subsequence, which together with

Theorem 8.10 implies that
u(t,z+X(#) >1—e“" and u(t,z+ X(t)) < e *
for all (t,z) € R x R. This completes the proof. O

8.5 Conditional space regularity

Let u(t,z) be the transition front constructed in Theorem 8.1. Then, it is continu-
ously differentiable in z according to Theorem 2.2. In this subsection, we investigate the
space regularity of wu(t,x) from a different viewpoint: we improve the space regularity of
approximating solutions u(t, z; s) to ensure the space regularity of u(t,z). To do so, besides

assumptions Hypothesis 2.1, Hypothesis 2.5 and Hypothesis 2.3, we assume in addition

Hypothesis 8.1. f(t,u) is twice continuously differentiable in u and satisfies

sup | fuu(t,u)| < o0.
(t,u)eRx[0,1]

Then, we prove

Theorem 8.13. Let u(t,x) be the transition front in Theorem 8.1. Then, for any t €
R, wu(t,z) is continuously differentiable in x. Moreover, u,(t,z) is uniformly bounded and

uniformly Lipschitz continuous in x, that is,

T t, - Yz ta
sup |ug(t,x)] < oo and sup Ua(t; @) = tall, y) < 00, (8.28)

(t,z)ERXR wy r—Yy
teR

respectively.

To prove Theorem 8.13, we first investigate the space regularity of u(t, z;s). We have
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Lemma 8.14. For any s < 0 and t > s, u(t,z;s) is continuously differentiable in x.

Moreover,

(1) ue(t,x;s) is uniformly bounded, that is,

sup |ug(t, ;5 8)| < oo;
Ay
5<0,t>s

(i) wuy(t,x;s) is uniformly Lipschitz continuous in space, that is,

sup ‘um(t,m;S) —u(tyis)| _
TH#y xr — y
s<0,t>s

Assuming Lemma 8.14, let us prove Theorem 8.13.

Proof of Theorem 8.13. It follows from Lemma 8.14, Arzela-Ascoli theorem and the diago-

nal argument. More precisely, besides u(t, z;s) — u(t,z) and u.(t,z;s) — w(t, z) locally

uniformly, we also have

uz(t,;8) = ug(t,z) locally uniformly in (¢,2) € R x R

(8.29)

as s — —oo along some subsequence. The properties of u(t,z) then inherit from that of

u(t, z; s).
In the rest of this subsection, we prove Lemma 8.14.

Proof of Lemma 8.14. (i) Setting

u(t,z +mn;s) —u(t,x;s)
. :

V't 8) 1=

By Lemma 8.12, supaernzo [0"(t, z;8)| < 0o. Clearly, v"(t, z; s) satisfies

s<0,t>s

U?(tv €, S) = / J('I - y)v"(t,% S)dy - Un(t,l’; 8) + an(ta 5 S)Un(t?x; 5)7
R
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where

f(tv u(tv x +m; 5)) - f(ta u(ta xZ; S))
u(t,x +mn;s) —u(t,x; s)

al(t,z;s) =

is uniformly bounded by Hypothesis 2.5. Setting

(25 = [ o= g0t s)dy = [ Moyt ”}7 ~ @Y 1,y )y,

we see that supaernzo |07(t, ;)| < oo, since J' € LY(R) and u(t, x;s) € (0,1).

5<0,t>s

The solution of (8.30) is given by
t t t
VIt x5 8) = 0"(s, a; 8)e Js Ama(muis)dr +/ VI(r, x; s)e” Jr(1ma(mae)dr g, (8.31)

Notice as n — 0, the following pointwise limits hold:

UW(S,x;S): ¢B(x+n_ys;_¢3(x_ys) _>¢/B<x_ys>7

a'(t,z;s) = fu(t,u(t,x;s)) and

b (t, x5 5) — / J'(x = y)ult,y; s)dy.
R

Then, setting 7 — 0 in (8.31), we conclude from the dominated convergence theorem that

for any s <0, ¢t > s and « € R, the limit u,(¢, z; s) = lim, o v"(t, x; s) exists and
t t t
Ualt, 7;8) = @lpl — y)e~ LS | / b(r, @ s)e™ HO-fuCnCmNir gy (8.32)
where b(t,x;s) = [p J'(x — y)u(t,y;s)dy = [p J' (y)u(t,z — y;s)dy. In particular, for any

s < 0andt > s, u(t,z;s) is continuously differentiable in z. The uniform boundedness of

ug(t, x; s), i.e., sup oy |ux(t, x; 8)| < oo, then follows from Lemma 8.12.
s<0,t>s
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(ii) Since u,(t, x; s) is uniformly bounded by (i), we trivially have

V6 >0, sup Ua(t, 275) — Us(t Y5 5) < 0
le—y| > r—vy
s<0,t>s

Thus, to show the uniform Lipschitz continuity of u,(t,z;s), it suffices to show the local

uniform Lipschitz continuity, i.e.,

mtv ; - a:ta ;

w6 >0, sup |telbis) = yis) (8.33)
lo—y| <5 r—=y
$<0,t>s

To this end, we fix 6 > 0. Let X(¢;s) and X,(¢;s) for A € (0,1) be as in Theorem 8.9
and define

Li =64 sup |Xg(t;s)— X(t;s)| and Lo=0+ sup |Xg (t;s) — X(ts)|.

s<0,t>s s<0,t>s
Notice L; < 0o and Ly < oo. Then, for any x € R and |n| < § we have
o if v > X(t;8)+ Ly, then z4+n > x—0 > Xy, (t; s), which implies that u(t,z+n;s) < 6,

by monotonicity, and hence

fult,u(t,z 4+ n;s)) < 0; (8.34)

o if x < X(t;8)— Lo, then z+n < x+0 < Xy, (¢; s), which implies that u(t, z+n;s) > 64

by monotonicity, and hence

fult,u(t,z +mn;5)) <O0. (8.35)

According to (8.34) and (8.35), we consider time-dependent disjoint decompositions of R
into

R = Ri(t;s) U R(t;s) U R, (;5),
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where

Ri(t;s) = (—o0, X (t;s) — L),
R, (t;s) = [X(t;s) — Ly, X(t;5) + Ly] and (8.36)

R.(t;s) = (X(t;s) + L1, 00).

For s < 0 and xy € R, let tg,5(20; s) be the first time that z is in R,,(; s), that is,
tinst (0; §) = min {¢ > S‘l‘o € Rin(t;s)},
and tp,s(z0; s) be the last time that x is in R,,(t;s), that is,
tast (T0; §) = max {to € R}mo € R, (to;s) and g & R,,(t, s) for t > to}.

Since X (t;5) > mim > 0 by Theorem 8.9, if g € R(s;s), then xy € R(t;s) for all t > s.
In this case, tast(To; §) and tas(xo; $) are not well-defined, but it will not cause any trouble.
We see that tgesi(2o;s) and tas(z0; s) are well-defined only if o ¢ Ri(s;s). As a simple
consequence of X (t;5) € [Cmin, Cmax] in Theorem 8.9 and the fact that the length of R, (t; s)

is L1 + Lo, we have

T=T():= sup [tlast(ﬂl?o; $) — thest (To; s)] < 00. (8.37)
$<0,z0¢ Ry (s58)

Moreover, we see that for any |n| <,

fult,u(t,zo+n;8)) <0 if ¢ € [s, tas(T0; )],
(8.38)

fult,u(t,xo+1n;8)) <0 if ¢ >t (05 5).
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We now show that

um(ta o + 5 8) - U$(t, Lo, S)
sup < 0.
20 €R,0< |7 <6 n
5<0,t>s

Using (8.32), we have

uz(t, xo + 1; 8) — ug(t, xo; S)
n
_ ¢p(zo +n —ys) — ¢p(T0 — ¥s) o= Ji = fu(ru(r.oo+n;s)))dr
n

1
T,x0+n;s)))dr _ e~ f;(lffu(T,u(T,Io;S)))dT

\

~

(
o= J2 (1= fulru(

+ ¢/B(*750 — Ys) 1

(II)
t . .
+ / b(T’7 To + 3 S) - b(’f’, Zo; 3) e f:(lffu(T,’u(T,:B();S)))de,r
s n

(. S

(1)

t o= JH 0= fulrau(raotns))dr _ o= (1= fulra(raos)ds
+ / b(r, xo; s
s n

J/

-~

Iv)

dr .

(8.39)

Hence, it suffice to bound terms (I)-(IV). To do so, we need to consider three cases: xy €

Ri(s;s), xo € Rin(s;s) and zp € R,(s;s). We here focus on the last case, i.e., xg € R.(s;5),

which is the most involved one. The other two cases are simpler and can be treated similarly.

Also, for fixed s < 0 and xy € R,(s;s), we will focus on t > tps(xo;s); the case with

t € [tarst (705 8), tiast (To; 8)] or t < tgpse(o; s) will be clear. Thus, we assume g € R,.(s;s) and

t Z tlast(xo; S)'
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We will frequently use the following estimates: for any || < § there hold

_ [thrst(£039) (1 _ 7 _ .g)—
e frﬁ 50 (1 fu(Tau(775CO+7775)))dT = e (tﬁrst(xONS) T‘)’ r e [Satﬁrst(xo;s)]

— [Mast(@03%) (1 £, (7 u(r,mo+7];5)))dr T su 1—fu(tu
e Jr (A= fulrulrzotis))dr < Tsupuersion I=fuWl e [t (201 5), tase (20} )]

e~ Jr O fulrulraotis)dr < o=(t=r) g g [ (20 5), 1.

(8.40)

They are simple consequences of (8.37) and (8.38). Set

" (1) — &
Cy = sup |1 — fu(t,u)], C):=sup p(r) = Op () ’, Cy == sup |¢p(2)]
(t,u)ERX[0,1] Ty r—=1y z€R
t.x:s) — ult,vy;
Cs:=  sup |fuu(t,u)| x sup |ug(t,x;s)], Cy= sup ult, z;5) — ult, y; s) .
(t,u)€RX[0,1] ceR oty T —y
s<0,t>s s<0,t>s

Note that all these constants are finite. In fact, Cy < oo by Hypothesis 2.5, ¢} < oo by
(A.3), C3 < oo by Hypothesis 8.1 and (i) in Theorem 8.14, and Cy < oo by Lemma 8.12.
We are ready to bound (I)-(IV). For the term (I), using (A.3) and (8.40), we see that

()] < Cpe Js A fulrulraotnis))dr

zo;s t z(;
Oy LI e 4 e | A=t +m))dr (8.41)

< Cle_(tﬁrst(CEO%S)—S)eCoTe—(t—tlast(x();s)) < CleCOT.

For the term (II), we have from Taylor expansion of the function n — e~ S = fulra(rao-tmis))dr

at n = 0 that

e fst(l_fu(77u(7—710+77;s)))d7— — e f:(l—fu(T,u(T,xo;s)))dT
n
t
S 026_ f.:(l_fu(Tvu(Tva'i_n*;S)))dT /

(D[ < Cy

fuu(Ta U(Tv Zo + )5 8))“1’(7—a Zo + T)xs S) dTa
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where 7, is between 0 and 7, and hence, |n.| < d. We see

/

It then follows from (8.40) that

Fuu(Tou(T, 2o 4 145 8))ue (T, 0 + 145 8) |dT < C3(t — 8).

|(IT)| < CoCye™ rst(@038)=8) = (t—tiast(2039)) (4 _ g)

= 02036*(tﬁrst (2038)=8) o= (t—t1ast (z035))

X [(t - 2flast(ajo; 8)) + (tlast<x0; 8) - tﬁrst(xo; S)) + (tﬁrst(J:O; S) - 5)] (842)

< 0203[ (t—t1ast (zo; s))(t _ tlast(xo; S)) + 7T+ e~ (trirst (z035)—s) (tﬁrst(fﬁo; 3) _ 8)}
2

< CyCh (— + T).
e

For the term (III), we first see that

'b(r,x0+n; s) — b(r, zo; s

Y5 S
! Jay| < a7 e,

/J, u(r,zo +n—y;s) —u(r,xo —
n

Thus,

t
()| < il ey [ e FO-FCutrasoning,

thirst (T038) . tast (£0;5) )
— O4||J/HL1(]R) |:/ e~ fr(1—fu(7',u(‘r,xo;s)))d‘rd7n +/ e~ fr(1—fu('r,u(7',:(:0;s)))d7-dr
S t

first (1'0 ;S)
N

(Iﬁfl) (II}CQ)
t
+ / e ff(lfﬂtu(wms»)drdr] .
N tlast (5’7095) |
(I11-3)
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We estimate (III-1), (I1I-2) and (III-3). For (III-1), we obtain from (8.40) that

tarst (T03S . . z(0;s
(HI—l) _ / first (203) o [f:ﬁm(mo’s) +ft2‘::((zgs)> +‘[‘:last($0;s) ] (1ffu(7',u(7',zo;s)))d7-dr
S
thirst (T055)
< (OOT / ot (035) =)~ (t=t1ase (w039)) g
S
_ eC'oTef(t*tlast(xo;S))(l _ e*(tﬁrst(ﬂco;s)*s)) < eCoT

Similarly,

tlast (T038) z0;s
(T1.2) = / o LSt 0D i | = Fulru(rais)dr
t

first (70;5)

tlast(a:O;s)
S QCOT/ 6_(t_tlast(x0§s))dr S €COTT€_(t_tlaSt(x0;S)) S TeCOT
t

first (2?0 ;S)

and (III_B) S j:“t(xos) 6_(t—7')dr =1 e_(t—tlast(xms)) S 1. Hence7
(II1) < Cul| I || 12y (e9°T + T + 1). (8.43)

For the term (IV), using |b(r, zo; 5)| < [|.J[|11(r) and Taylor expansion as in the treatment

of the term (II), we have

t t
[(IV)] < ||<],||L1(R)/ e_f:(l‘fu(ﬂ“(woﬂ*;s)))dr</

s

t
< CSHJIHLI(R) / (t — 7‘)6_ frt(l—fu(ﬂu(ﬂxo-ﬁ-m;s)))drdr

tﬁrst(xo;s) . . .
= CsllJ'|| 2y { / (t — r)e FO-fulruraotna))dr g,

N J/

(IV-1)

tlast(x(];'s) t
n / (t = r)e O fulmutrzotneis)dr g,

thirst (T035)

[ J/

(IV-2)

t
+/ (t_ 7«)6_f:(l_fu(T,U(T,Z‘O+77*;S)))deT ,

tast (xO ;S)
A -~ 7

(IV-3)
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where |n,| <|n| < 4. Similar to (III-1), (III-2) and (III-3), we have
thirst (T035) rst (T03S ast (038) t .
(IV-1) = / (t — 7“)67“:ﬁ (0 4 ot g | (- Fulru(r o bmess)ar g
thirst (7055)
< 6C°T/ [(t — thast (0; ) + T + (tewst (To; 8) — T)] g (taret (1039)77) o= (1= hase (203)) g
thirst (T038)
S eC()T |:(t _ tlast (1.07 S))ef(t*tlast(xms)) / ef(tﬁrst(mms)*r)dr

tﬁrst(xo;s) tﬁrst(zo;s)
+ T/ e~ (trirss (z038) =) 7. + / (tﬁrst(l'o; 8) _ r)>e_(tﬁrst(z0§5)_r)d7n:|

—(tarst(z03;8)—s
SeCOT{l_@ (thirst(w055)—s)

4 T(l _ e*(tﬁrst(mo;S)fs)) + (1 _ (1 + tﬁrst(xo; S) _ 8>e(tﬁrst($0;8)3)>:|
(&

1
geCOT(—+T+1),
e

tlast(a:O?S) tast (203 .
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first (:BO ;S)
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tlast($0§5)
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and
t
(IV-3) < / (t —r)edr =1 — (14t — tag (w0; 5) )~ (Thast(@0i9) < 7
tlast(wms)
Hence,
/ CoT 1 CoT T T
Consequently, (8.39) follows from (8.41), (8.42), (8.43) and (8.44). O
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Chapter 9

Concluding remarks and future plans

In this chapter, we make some remarks about the results obtained in the present dis-

sertation and mention some open problems.

(i)

(i)

(iii)

Let fg and fz be two standard homogeneous bistable nonlinearies on [0, 1] with fp <
f5 and fol fe(u)du > 0, as in Hypothesis 2.2. Thus, if # € (0,1) and 6 € (0,1) are the
unstable (or middle) zeros of fz and fz, respectively, we have § < 6. In proving the
existence of transition fronts in Section 8, we require § = #, which is kind of restrictive,

but allows degeneracy at ¢, that is, f5(0) = 0= f5(0).

Here’s a possible variation: suppose that 6 < 6, f (t,u) is of standard bistable in u
for any t € R. Let 6(t) € (0,1) be such that f(¢,0(t)) = 0, and assume 6(t) is an
exponentially unstable solution to u; = f(¢,u). Then, the techniques in [64] can be

adapted to prove the existence of transition fronts.

The condition 8 = 6 is not needed in studying the qualitative properties of transition

fronts in Chapter 3-Chapter 7.

The regularity result in Section 3.2 only covers some monostable nonlinearites in space-
time heterogeneous (see Corollary 3.7). It would be interesting to know if the regularity

can be established for all monostable nonlinearities.

The condition fol fe(u)du > 0 forces all front-like solutions to move to the right, and
due to this, we can prove rightward propagation estimates of approximating front-
like solutions in Section 8, which plays an important role in our regularity arguments

leading to the construction of transition fronts.
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9.1

(i)

(i)

(iii)

(iv)

Thus, it would be interesting and important to know if transition fronts can be con-
structed if we assume fol fe(u)du < 0 < fol f5(u)du. Under this assumption, we will

lose rightward propagation estimates, and hence, our regularity arguments fail.

Future plans
Here are some problems I am interested in.

There’s few work (see [12]) concerning the equation u; = J * u — u + f(z,u) in the
bistable case. I would like to know whether transition fronts, or periodic traveling

waves in the periodic case, can be found.

Consider the equation u; = Jxu—u+ f(f,u) in the monostable case. Periodic traveling
waves in the periodic case have been established (see [60]), but no result exist in the

literature concerning transition fronts in the general case.

Consider the equation u; = u,, + f(t,z,u) in the monostable, bistable or ignition case.
Almost all results concerning this equation were obtained when f(t,z,u) = f(t, u)
or f(t,x,u) = f(x,u) or f(t,z,u) is periodic in t or x. Thus, it is very interesting
and important to establish transition front in the general case. However, this seem

unavailable so far.

Lots of effort and work has been carried out to the understanding of the single equation
Up = Uge + f(t,x,u) or uy = Jxu—u+ f(t,x,u). As opposed to this, results concerning
systems, say

Up = Uy + ular(t,x) — by (t,x)u — c1(t, z)v)

Vp = Ugy + v(ag(t, ) — cot, z)v — ba(t, z)u)
or

ur = Jxu—u+ula(t,r) —bi(t,x)u —ci(t, x)v)

v =J*xv—v+uv(a(t,x) — cat, z)v — ba(t, z)u)
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are much less known. But, in applications, systems are much more meaningful than
single equations. Therefore, it is very important to have a better undertanding of the

dynamics of systems. This is a challenging problem.
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Appendix A

Bistable traveling waves

We collect some results about bistable traveling waves for convenience (see [7]). Consider

the following homogeneous equation

w=Jxu—u+ fgu), (t,r)€eRxR, (A1)

where fg, given in Hypothesis 2.2, is of standard bistable type. There are a unique cg > 0

and a unique continuously differentiable function ¢ = ¢p : R — (0, 1) satisfying

Jx¢— ¢+ cpopr+ fr(9) =0,

¢ <0, ¢(0) =0, ¢p(—00) =1 and ¢(c0) = 0.

(A.2)

That is, ¢p is the normalized wave profile and ¢p(x — cpt) is the traveling wave of (A.1). It

is not hard to see that ¢/; is uniformly Lipschitz continuous, that is,

¢33(:2 = f’B(y) ‘ <> (A.3)

Moreover, ¢ enjoys exponential decaying estimates as in

Lemma A.1. There ezist ¢ > 0 and x5 > 0 such that
¢p(r) < e and 1 - ¢p(r) < e HTH)

for all z € R.

Also, the following stability result for ¢z(x — cpt) holds:
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Lemma A.2. Let ug: R — [0, 1] be uniformly continuous and satisfy
lim sup up(z) < 6 < liminf ug(z).

T—00 T—r—00

Then, there exists £5 = &5(ug) € R, qp = qp(ug) > 0 and wp > 0 (independent of ug) such

that

op(z — &5 — cpt) — qpe™“P" <up(t,z;up) < ¢p(x — & — cpt) +qpe P, z € R

for allt >0, where ug(t, x;ug) is the solution of (A.1) with initial data up(0,-;ug) = ug.
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Appendix B

Comparison principles

We prove comparison principles used in the previous chapters.

Proposition B.

1. Let K : R xR — [0,00) be continuous and satisfy sup,cg [p K(x,y)dy <

00. Let a: R xR — R be continuous and uniformly bounded.

(i) Suppose th

at X : [0,00) = R is continuous and that u : [0,00) x R — R satisfies the

following: u,u; : [0,00) x R — R are continuous, the limit lim,_,. u(t,z) = 0 is locally

uniformly in t, and

;

\

ut<t7x) Z fRK([E,y>U(t7y)dy + CL(t,ZE)U(t,l‘)7 x> X(t)7 t> 07
u(t,x) >0, o< X(t), t>0,

u(0,2) = ug(x) >0, zeR

Then u(t,z) > 0 for (t,x) € (0,00) x R.

(ii) Suppose that X : [0,00) — R is continuous and that u : [0,00) x R — R satisfies

the following: w,u; : [0,00) x R — R are continuous, the limit lim,_, ., u(t,z) =0 is

locally uniformly in t, and

(

u(t, x) = [ K(z,y)ult,y)dy + alt, x)u(t,z), =< X(t), t>0,
u(t,z) >0, x> X(t), t>0,

u(0,2) = up(x) >0, zeR.

\

Then u(t,z) > 0 for (t,z) € (0,00) x R.
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(i) Suppose that u : [0,00) x R — R satisfies the following: u,u; : [0,00) x R — R is

continuous, infy>g zer u(t,x) > —oo, and

w(t, @) > [, K@, y)ult,y)dy + alt, x)u(t,z), o €R, t>0,

u(0,z) = up(x) >0, xR

Then u(t,xz) > 0 for (t,x) € (0,00) x R. Moreover, if uo(z) # 0, then u(t,z) > 0 for

(t,x) € (0,00) x R.

Proof. (i) We follow [33, Proposition 2.4]. Note first that replacing u(t, z) by e"u(t, z) for
sufficiently large r > 0, we many assume, without loss of generality, that a(t,xz) > 0 for all
(t,z) e R x R.

Set Ko 1= sup,ep [ K(2,y)dy < 00, ag := sup(, ,yepxg a(t,z) and 7 := m Sup-
pose there exists (to, zg) € [0, 7] X R such that u(tg, x9) < 0. Then, by the assumption, there
exists (t1,x1) € Qo :={(t,x) € R x Rz > X(¢), t € (0,7]} such that

u(ty, x1) = « glelgo u(t,z) < 0.

Define

s1 := max{t € [0,¢]]u(t, z,) > 0}.

By continuity of u(¢,z), s; < t; and u(sy,z1) > 0. Moreover, by the definition of s, we see

that 1 > X (t) for t € (sy1,t1]. In particular, we have

ug(t, x1) > /RK(xl,y)u(t,y)dy—I— a(t,zy)u(t,zy), t€ (s1,t1].
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Integrating the above inequality with respect to t from s; to t;, we conclude from the facts

that u(t,z) > 0 for z < X (¢t) and u(t1, 1) < 0 that

t1 t1
u(ty, z1) — u(sy, 1) 2/ /K(xl>y)u<tay)dydt+/ a(t, z)u(t, z,)dt

s1

/ o et v+ / " alt, o )ult, )

X(t)

u(ty, z1) {// K(z1,y dydt+/ (t,xl)dtl

U(tl, CL’1)(K0 + ao)(t1 — 81)

> u(ty, z1) (Ko + ag)T,

which implies that [1— (Ko+ag)7]u(t1, z1) > u(s1,z1) > 0. It then follows from the choice of
7 that u(ty,z1) > 0. It’s a contradiction. Thus, u(t,z) > 0 for (¢,z) € [0, 7] x R. Repeating
the above arguments with initial times 7,27,37,..., we find the result.

(ii) It can be proved by the similar arguments as in (i).

(iii) It follows from the arguments in [73, Propositions 2.1 and 2.2]. O
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