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Abstract

This dissertation is devoted to the study of the asymptotic dynamics, in particular,
coexistence states and convergence of nonnegative solutions to the competition systems with
immigration and time periodic dependence. This includes two species competition systems
of ordinary differential equations with positive sources and periodic dependence, two species
competition systems of nonlocal evolution equations with inhomogeneous boundary condi-
tions and cancer models with radiation treatment. The main results of the dissertation
consist of the following parts.

Firstly, we look at the Volterra-Lotka competition systems of ordinary differential equa-
tions with positive sources. We show that (i) if the competition is weak between two species,
a unique stationary solution can be obtained in the time independent case. (ii) As long as
the positive sources are large enough, a unique positive stationary solution exists no matter
the competition is weak or not in the time independent case. (iii) If the system is time
periodic, uniqueness can also be achieved under weak competition.

Secondly, we obtain the existence and uniqueness of continuous coexistence states of
competition systems with nonlocal dispersal. It is shown that inhomogeneous Neumann
condition or/and Dirichlet condition guarantee not only the persistence of the two species,
but also the continuous coexistence when the competition is weak between two species. Once
again, it can also be shown that some large enough inhomogeneous boundary conditions allow
the continuous coexistence even if the competition between two species is strong. A sufficient
condition is also obtained for such continuous coexistence to be unique. In particular, this
condition always holds true when the coefficients that account for the competition between

the species are both small.
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Thirdly, we investigate the cancer model with periodic radiation treatment. Normal
cell, tumor cell, radiated normal cell and radiated tumor cell are being considered in the
model. We have found that (i) in the absence of cancer cells, if the trivial solution is a
stable solution, then it is globally stable. If the trivial solution is an unstable solution, then
a unique periodic positive solution exists and it is globally asymptotically stable. (ii) Any
solution of the four-species cancer model system converges to a time periodic nonnegative
solution. Moreover, if the competition coefficients between unaffected normal and cancer
cells, as well as the recombining rates for radiated normal and tumor cells are sufficiently

small, the uniqueness of such periodic solution can be obtained.
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Chapter 1

Introduction

Competition exists between many species in biology. There exist various types of com-
petition systems to model the dynamics of competing species. This dissertation is devoted

to the study of the asymptotic dynamics of the following three types of competition systems,

u = u(ay(t) — by(t)u — e (t)v) + di(¢)
(1.1)
vy = v(az(t) — ba(t)u — co(t)v) + da(t),

where a;, b;, ¢;, and d; are periodic functions with period T

= [, J( u(t,y)dy — u(t,z) +u(a(x) — by(x)u — c1(z)v) + hy(x), x €

= [ J( v(t,y)dy — v(t,z) + v(ag(x) — ba(x)u — ca(x)v) + ho(x), x € Q,
(1.2)

where J(-) is C", nonnegative, J(—y) = J(y), and [pn J(y)dy = 1, @ C R" is a smooth

bounded domain; and

u=uf(t,u) —eD(t)u+ p(t)v — a(t)ux
v =eD(t)u — p(t)v — (t)v

(1.3)
& =wxg(t,z) — D(t)x + q(t)y — b(t)ux

y=D(t)x —q(t)y —o(t)y

\

where f(t,u) <0 and g(t,u) <0 for u > 1, and f,(t,u) < 0 and g¢,(t,u) < 0 for u > 0. All

the functions in (1.3) are periodic in ¢ with period T.



1.1 Competition systems of ordinary differential equations

System (1.1) arises in modeling the dynamics of two competing species in which the
internal interaction between organisms can be neglected. In (1.1), u(t) and v(t) denote the
population densities of the two species at time ¢. The functions a;, b;, ¢;, and d; (i = 1,2)
are assumed to be smooth and and nonnegative. In the species population context, the
functions ai, as represent the respective growth rates of the two species, by, ¢ account
for self-regulation of the respective species, and c;, by account for competition between the
two species. The positive d;, 1 = 1,2 terms can be understood as positive supplies to the
system. The periodicity of a;, b;, ¢;, and d; reflects the seasonal variation of the underlying
environment.

From the biological meaning perspective, we are only interested in nonnegative solutions
of (1.1). The central issues in (1.1) include the existence and uniqueness of coexistence states,
extinction of one of the two species, and asymptotic behavior of nonnegative solutions. A
coexistence state of (1.1) is a positive stationary solution in the time independent case and
a positive periodic solution in the time periodic case.

When d;(-) = 0, the results of autonomous case and also the periodic case are complete.
Under the assumption that a;, b;, ¢; are positive constants, (see, for example [25], pp 46-50),

it has been shown that the conditions

C1Q2 baay
ay > ——, Q9

=L 1.4
5 , (1.4)

are necessary and sufficient for the existence of the stable positive equilibrium (u**, v**),

a1C2 — C1Q2 bias — beay

Kk

bica — c1by ’ bica — c1by '

*k

Moreover, (u**,v**) attracts all solutions with initial values in the open first quadrant of the

(u,v)- plane. Note that (1.1) has two semi-trivial equilibria, (u*,0) = (3,0) and (0,v") =



(0,£2) in R x RF. Moreover, if

b
ay > —01a27 as < _2a17
Co bl
then any solution (u(t),v(t)) with (u(0),v(0)) € (0,00) x (0,00) converges to (u*,0) and
hence the species v eventually extincts. If
€102 baay

) >~ ——, Q2 .
02’ b1’

then any solution (u(t),v(t)) with (u(0),v(0)) € (0,00) x (0,00) converges to (0,v*) and
hence the species u eventually extincts. In general, it is known that any solution (u(t), v(t))
with (u(0),v(0)) € Rt x RT converges to an equilibrium solution. The reader is referred to
[18, 19, 20, 32, 33] and references therein for the study of more general competition systems
of autonomous ordinary differential equations.
Alvarez and Lazer considered the system (1.1) with d; = 0 under the assumptions that
a;, b;, ¢; were positive and T-periodic (7" > 0). They have shown that if
CimQ2Mm > baniaim (1.5)

air > ,  Qa2r
Car bir

hold (see [1]), then there exists a unique positive T-periodic solution (u**(t),v**(¢)) which
is globally stable in the open first quadrant. Alvarez and Lazer also established upper and
lower bounds for the components of the unique T-periodic solution (u**(t),v**(¢)). Note that
(1.1) has two semi-trivial periodic solutions (u*(¢),0) and (0,v*(¢)) in Rt x R*. It is proved
in [26] (see also [34]) that any bounded solution of (1.1) in R x R™ converges to a periodic
solution.

There is also a huge amount of research being done on the extension of existing results

for time periodic two species competition systems with d; = 0 to time almost periodic and



general nonautonomous two species competition systems, see, for example, [2, 12, 13, 14, 31],
etc.

In this dissertation, we study the asymptotic dynamics of (1.1) in the case that dy, dy >
0. In such case, persistence always occurs, that is, there is some oy > 0 such that any solution

(u(t),v(t)) in RT x RT satisfies

U(t) > 50, U(t) > 50

when ¢ is sufficiently large. Uniqueness of positive equilibrium solutions in the time inde-
pendent case and uniqueness of positive time periodic solutions are among interesting issues.

We prove
e (Weak competition)

ee Suppose that a;,b;, c;,d; are positive constants, 1 = 1,2. If

b1 _ by
2 = 1.6
o (1.6)

then (1.1) has a unique positive stationary solution (u**,v**) € (0,00) x (0,00) (see

Theorem 2.2.1).

ee Suppose that a;(), b;(+), ¢;(+), and d;(-) are positive periodic functions with period
T. Let a;;, = mingep ) ai(t) and a;n = maxeep,r ai(t) for i =1,2. bip, by, cip, and

cim are defined similarly. Assume sup,cg di(t) > 0 and

bir Cim
AL am 1.7
bant CoL ( )

Then (1.1) has a unique time periodic positive solution (see Theorem 2.3.1)



e (Large sources) Suppose that a;,b;, c;, d; are positive constants, i = 1,2. If

di +dy > 1,

then (1.1) has a unique positive stationary solution (u™,v**) € (0,00) x (0,00) (see

Theorems 2.2.2 and 2.2.3).

We would like to make the following three remarks about the results we obtained for
(1.1).

First, we remark that condition (1.4) implies (1.6) and that the condition (1.5) implies
(1.7). (1.6) and (1.7) are referred to as the weak competition in the time independent case
and time periodic case respectively. The results of the dissertation then show that, under
the weak competition assumption, the system has a unique coexistence state, which is of
great biologic interest.

Next, we remark that the second result stated in the above shows that, when a;, b;, ¢;,
and d; are time independent and the sources d; and dy are large enough, (1.1) has a unique
coexistence state, which is of great biological interest too. In the periodic case, it remains
open whether (1.1) can have only one coexistence state or not if the sources are large enough.

Finally, we remark that the results obtained for (1.1) will play an important role in the

study of coexistence states of (1.2).

1.2 Competition systems with nonlocal dispersal

As it is mentioned above, system (1.1) is used to model the dynamics of two competing
species when the internal interaction or movement of organisms can be neglected. In many
cases, the internal movement of organisms is not negligible and omitting it in the model
would make the systems unable to characterize real-world phenomena. Needless to say that
many biological systems exhibit genuine long-range internal interactions. System (1.2) is

widely used to model such scenarios. The reader is referred to [4], [6], [7], [8], [22], [23],
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[15], [21], [35], [36], etc. for various mathematical models for biological systems involving
nonlocal internal dispersal.

In (1.2), u(t,z) and v(t,z) denote the population densities of the two species at time
t and location x. The functions a;, b;, ¢;, and d; (i = 1,2) are assumed to be smooth and
nonnegative. As in (1.1), the functions a1, as represent the respective growth rates of the
two species, by, ¢y account for self-regulation of the respective species, and ¢;, by account for
competition between the two species. [, J(y — x)u(t,y)dy — u(t,z) and [, J(y —z)v(t,y) —
v(t, ) represent the internal dispersal of the species u and v, respectively, and h;(-) can be
understood as proper inhomogeneous boundary conditions.

More precisely, we consider the following nonlocal dispersal evolution systems mod-
eling the dynamics of two competing species with Dirichlet and Neumann type boundary

conditions,

wlt.) = [ I~ )ult.y) - ult.0)dy

+u(t, x)(a1(x) — by (x)u — c1()v), x €}

ultia) = [ =)o) = oft,2)dy

+o(t, z)(as(x) — be(x)u — ca(x)v), re (1.8)
u(t,z) = g1(x), r € RN\Q
v(t, z) = ga(), € RNM\Q,



and
.

m@w)—A;J@—xXMtw—ﬂ@wD@

+u(t, z)(ar(x) — by (x)u — c1(x)v), x €

ultia) = [ = 0)ott) = oft )y

) Fot, 2)(ax(@) — ba(a)u — ex(x)v),  zEQ
fRN\Q J(y —x)(u(t,y) —u(t,z))dy = g1(x), z€Q

| fame /W —2)(0(ty) —o(t, 2))dy = ga(w), =€,

where u(t, z) and v(zx,t) represent the population density of two species at time ¢ and space
position x.

In (1.8), the integral /N J(z—y)(u(t,y) — u(t, z))dy takes into account the individuals
arriving or leaving positionRx € Q from or to other places while we are prescribing the values
of u outside the domain Q by imposing u = g; for # € RN \ Q, i = 1,2, which is so called
Dirichlet type boundary condition. When ¢g; = 0, « = 1,2 we get that any individuals that

leave Q, die, this is the case when  is surrounded by a hostile environment. Note that (1.8)

can be written as (1.2) with
mu%=/ Iy — )91 (y)dy, mmﬁz/‘ Iy — 2)ga(y)dy.
RN\Q RN\Q

Similarly, in (1.9), the integral J(z — y)(u(t,y) — u(t,x))dy takes into account the
RN
individuals arriving or leaving position 2 € € from or to other places while we are prescribing

the values of fRN\Q J(y—2)(u(t,y) —u(t, z))dy and fRN\Q J(y—2z)(v(t,y) —v(t, z))dy, which
is so called the Neumann type boundary condition. Note that (1.9) can be written as (1.2)
with

hi(z) = gi(z), ho(x) = go(x)



and with a;(z) being replaced by a;(x) +1 — fRN\Q J(y —x)dy (i =1,2).
Similar to (1.1), the central issues in (1.2) include existence and uniqueness of continuous

coexistence states and extinction of one of the two species. A continuous coexistence state

of (1.2) is a continuous function (u**(x),v**(z)) satisfying

(

Jo Iy = 2)u(y)dy — v (x)
+u*(z)(ar(z) — by (x)u*(x) — ¢y (x)v** () + hi(2) =0, z€Q
Jo Iy = 2)v™ (y)dy — v (x)

+v**(z)(az(x) — ba(x)u* (z) — co(z)v™*(x)) + hao(x) =0, =z € Q.

The asymptotic dynamics of (1.8) with g; = go = 0 has been studied in [15], [21], etc..
In particular, sufficient conditions for persistence and coexistence are obtained in [15].
Set

air(m) = igg(sug)(ai(fc)),
z TE

bir(ary = inf(sup)(az-(m)),
z€Q 2cQ

CiL(M) = ifelg(szg)(az(@)

Let Ao be the principal eigenvalue of the following spectral problem in C(2)

/QJ(y — 2)u(y)dy — u(x) = \u(z), €

(see [35] for the definition of principal eigenvalues of nonlocal dispersal operators). Hetzer,
Nguyen and Shen have obtained the following.

Assume a;;, > —)\g, for i =1, 2.

*TIfay, > —Xo+ C”é% and as;, > —Aog + b”b”l%, then (1.8) has at least one coexistence
state. This result is actually stated in a more general setting with different dispersal

rates and conditions are depended on the dispersal rate.



*1If ay(x) = ag(w), bi(z) > be(x) and ¢;(z) < cp(x) for x € Q, then (1.8) has at least one

coexistence state.

* If ay(2) = ag(x) for x € Q and by, ¢; (i = 1,2) are constant functions with b; > by and

¢1 < g, then (1.8) has a unique globally stable coexistence state.

The last two statements are in fact true as long as the dispersal rates are equal for two
species.

In this dissertation, we investigate the existence and uniqueness of continuous coexis-
tence states of (1.2) with hi(z) # 0 and ho(z) #Z 0. Note that the inhomogeneity of the
boundary conditions enables both species to persist (see Proposition 3.2.3). Among others,

we prove

b by
o (Coexistence: weak competition) Assume lgxi > Ex; for x € Q. Then (1.2) has a
T T
v*

positive continuous stationary solution (u**(-),v**(-)) € C(Q, (0,00)) x C(£, (0,00)) (

see Theorem 3.3.1)

o (Coexistence: large inhomogeneous condition) Assume that there is 9 > 0 such that
hi(x) > 1 or ho(x) > 1 for x € Q with d(z,09Q) < &y, then (1.2) has a positive con-
tinuous stationary solution (u**(-),v**(-)) € C(£, (0,00)) x C(Q, (0,00)) (see Theorem

e (Uniqueness)(1.2) has a unique positive stationary solution provided that co and by are

sufficiently small (see Theorem 3.4.2.)

The above results show that if the competition between two species is weak in the sense
by () S by ()
c1(x) ~ ca(x)

system to have a continuous coexistence state. Moreover, the continuous coexistence state

that for x € Q, any inhomogeneity of the boundary conditions enables the

is unique in (1.2) provided that competition coefficients ¢; and by are sufficiently small.



1.3 Cancer model

System (1.3) is known as the Cancer Model with radiation treatment. Mathematical
modelling of cancer growth and its treatments is a burgeoning field as scientists are still
exploring unknown causes and treatments of this deadly illness. Many articles were devoted
to cancer modelling in the past decade. The main types of cancer treatments involve surgery,
chemotherapy, radiotherapy and immunotherapy, either in isolation or in combination of two
or more of these. See [17], [16], [9], [10], [11], [37], [28], [30], [29].

In (1.3), u and x denote the population density at time t of the host and cancer cell
respectively, with v and y being the population density of radiated host and tumor cell
populations. a > 0 and b > 0 represent the competition coefficients between unaffected
normal and cancer cells. ¢ > 0 and p > 0 are recombining rates for radiated host and tumor
cells. We assume the same washout rate ¢ for both radiated host and tumor cells. The
radiotherapy treatment is given by D > 0. The radiotherapy is designed so that the full
radiation concentration affects the cancer cells. However, only a small proportion of the
radiation eD affects the normal cells.

Radiotherapy is a treatment procedure that uses radiation to kill malignant tumor cells.
This treatment targets rapidly growing and dividing cells such as those in cancer. Radiation
destroys cells by causing one or more chromosomes to break. When this happens, the cells
cannot reproduce and eventually die off. Hence the question of persistence or extinction of a
community of cells exposed to radiation is of great interest. Sometimes it is also possible for
the broken chromosomes to recombine. The radiation protocol may be constant dosage or
periodic dosage. In this thesis, we focus on the coexistence/extinction of (1.3) under period
dosage.

It should be pointed out that the coexistence/extinction of (1.3) under the constant
dosage has been studied. For example, Freedman and Pinho have studied (1.3) with f(¢,u) =
r(1 —u/K) and g(t,x) = s(1 —z/L). This is a special case of (1.3) with f and g be-

ing logistic functions (see [10]). In the absence of radiation (D = 0) and competition

10



(a = b = 0), normal and cancer cells grow with specific birth rates » > 0 and s > 0
respectively to their respective carrying capacities, K > 0 and L > 0. They have explic-

itly given three of the four possible equilibria for the system, namely (0,0,0,0), cure state

(K[r(p+ 9) — D] ’K(—:D[r(p +9) 2_ eDd] ,0,0) which exists if 0 < €D < M, cancer
" +L5) ) Dg <pLB6) 0) — Do ’ )
state (0,0, sla+0) = ], slg+9) = ]) which exists if 0 < D < M They
s(qg+9) s(q+0)? )

have also attempted to get the criteria for the stability of the origin, the cure state and the
tumor state.
In another paper, Freedman and Pinho investigated the system (1.3) in absence of cancer

cells and radiated cancer cells

u=uf(u) —eD(t) + p(t)v
(1.10)

0 =eD(t)u — p(t)v — §(t)v

with f(¢,u) = r(1—u/K) under three scenarios(see [11]. That is, the model being considered

was

w=ru(l —u/K)—eD(t)u+ p(t)v
(1.11)

0 =eD(t)u —p(t)v —§(t)v
Three scenarios are constant dosage, decaying dosage and periodic dosage. That is, D(t) =
Dy, Dy is a positive constant, D(t) = Doe=* and D(t) = A + eDy(t), D1(t + T) = D1 (1),
perturbed periodic.
Freedman and Pinho obtained some precise criteria for persistence under constant sce-
nario and periodically perturbed scenario.
In a more recent paper ([9]), Freedman and Belostotski have discussed (1.3) in absence

of v and y using perturbation techniques. More precisely, they considered

u=ru(l — %) — Sruv — eny (¢, u,v)
(1.12)

O =1rv(l = &) — Bouv — ma(t, u, v)

11



under the following scenarios:
Lot u,v) =y, m2(t, u,v) = 9,
. (L, u,v) = 10, 2(t, u,v) = Yov,
il m(t,u,v) = o, Mt u,v) =77,

iv. mi(t,u,v) =7,

v,nT <t<nlT+ L
ne(t,u,v) = (1.13)
0,nT+L<t<(n+1)T,n=0,1,2,...

Equilibriums and the local stability were discussed under each case. Numerical results
were presented as well. In particular, the periodic solution and its stability is preserved
under small perturbation. This did not take critical cases into account.

In this dissertation, we investigate the asymptotic behavior of system (1.3) in a gen-
eralized setting, namely, with f(t,u) < 0 and g(¢,u) < 0 for u > 1, and f,(t,u) < 0 and
gu(t,u) < 0 for u > 0. We first study the asymptotic dynamics of (1.3) in the absence of

cancer cells, that is, the following system,

u=uf(t,u) —eD(t)u+ p(t)v
(1.14)

0 =eD(t)u — p(t)v — I(t)v.

e (In the absence of cancer cells).
ee [f(0,0) is a stable solution of (1.14), then it is globally stable (see Theorem 4.2.1).

ee [f(0,0) is an unstable solution of (1.14), then there ezists a unique periodic pos-
itive solution (u*,v*) € Z which is globally asymptotically stable on R*\(0,0) (see
Theorem 4.2.2).

Among others, we prove

12



e (In the general case)

ee Any solution (u(t),v(t),z(t),y(t)) of (1.3) in RT x RT x RT x Rt converges to a

time periodic positive solution (u*™*(t),v*™*(t), x**(t),y**(t)) (see Theorem 4.2.3)

ee There is a unique positive periodic solution of (1.3) provided that p(t), q(t), a(t),
and b(t) are sufficiently small (see Theorem 4.2.4).

The above results extend many existing results in literature for time independent cancer

models to time periodic ones.

1.4 Outline

The rest of this thesis is organized as following. In Chapter 2, we investigate the dy-
namics of two species competition systems of ODEs with sources. We explore the dynamics
of competition systems with nonlocal dispersal and inhomogeneous boundary conditions in
Chapter 3. In Chapter 4, we study the dynamics of time periodic competition systems mod-
eling the competition of normal and cancer cells. The dissertation is ended with conclusions

and open problems in Chapter 5.
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Chapter 2

Systems of Two Species Competition Systems of ODEs with Immigration or Sources

In this chapter, we study the asymptotic dynamics, in particular, the uniqueness of

coexistence states of two species competition systems of ODEs in the form

w = u(ai(t) — by (t)u — c1(t)v) + dy(t)
(2.1)

vy = v(ag(t) — ba(t)u — co(t)v) + da(t),

where a;(-), b;(+), ¢(+), and d;(+) (i = 1,2) are continuous periodic functions with period 7.
We first present in section 2.1 some basic properties of (2.1). In section 2.2, we investigate
the uniqueness of positive coexistence states of (2.1) in the case that the coefficients are time
independent. We study the uniqueness of coexistence states of (2.1) in the time periodic
case in section 2.3.

Throughout this chapter, we let

X =R xR,

Xt =R" x RT,

and

X+ = Int(XH).

For (uy,v1), (ug,v2) € X, we define

(Ul,UQ) <4 (<<1)(U2,UQ) if (UQ — Uy, Vg — ’Ul) S X+(€ X++)

14



and

(ug,v1) <o (K2)(ug,v2) if  (uy —uy, v —vp) € XT(€ X1,

We assume

(HA) a;(+), bi(+), ci(+), and d;(+) (1 = 1,2) are continuous periodic functions with period T

and infyerb; (t) > 0, infyer ¢;(t) > 0, infer d;(t) >0 (i =1,2).

2.1 Basic properties

In this section, we present some basic properties of (2.1).
For given (ug, vg) € X, let (u(t; ug, vo), v(t; ug, vg)) be the solution of (2.1) with (u(0; ug, vo),
v(0; ug, vo)) = (ug,vp). A given differentiable function (u(t),v(¢)) on an interval I is called a

supersolution of (2.1) on [ if

ur > u(ay(t) — bi(H)u — c1(t)v) + dy(¢)

vy < vag(t) — ba(t)u — ca(t)v) + da(t)

for any ¢ € I, and is called a subsolutuion of (2.1) on I if

wur < ulay(t) — bi(H)u — 1 (t)v) + dyi(¢)

vy > v(ag(t) — ba(t)u — ca(t)v) + da(t)
for any t € I.

Proposition 2.1. (1) Suppose that (uy(t),v1(t)) is a subsolution of (2.1) on [0,00) and
(ug(t), va(t)) is a supersolution of (2.1) on [0,00). If (u;(t),v;(t)) € X (i =1,2) and

(u1(0),v1(0)) <g (u2(0),v2(0)), then (uy(t),vi(t)) <o (ua(t),ve(t)) for allt > 0.

(2) For given (ug,vo) € X, (u(t;ug,vo), v(t;ug, vg)) exists for all t > 0 and (u(t;ug, vo),

v(t;ug,v0)) € XT for allt > 0.
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Proof. Tt follows from standard comparison principle for two species competition systems of

ordinary differential equations (see [34]). O
Proposition 2.2. Assume (HA).

(1) There is a unique stable time periodic positive solution u*(t) of

up = u(ay(t) — by (t)u) + dq(t). (2.2)

(2) There is a unique stable time periodic positive solution v*(t) of

vy = v(az(t) — ca(t)v) + da(t). (2.3)

(8) (0,v*(t)) is a subsolution of (2.1) and (u*(t),0) is a supersolution of (2.1).

Proof. (1) Let u(t;ug) be the solution of (2.2) with u(0;u¢) = ug. Note that for any M >
1/2
AM (dl—M> , then u™ = M is a supersolution and v~ = 0 is a subsolution of (2.2),

bir bir

respectively.

Notice that «(77;0) > 0. This implies that
u(nT;0) < u((n+ 1)T,0).

Let u* = lim,, o u(nT};0), then u™(t) := u(t; u* ) is a periodic solution. Moreover lim;_, . u(t; ug) =
u* (t) for up < u=(0).

Similarly, we can get v’ = lim,,_,o w(nT’; M) and u™ (t) := u(t; u? ) is a periodic solution.
Moreover, lim,_, u(t; ug) = ut(t) for ug > u?.

It then suffices to prove that u™(¢t) = u~(t). Let

16



and
Then

Note that u = u~(t) is a periodic solution of
U=a (t)u+di(t)
and u = u*(t) is a periodic solution of
u=a"(t)u+di(t).
Then by Floquet theory for periodic ordinary differential equations, we must have
T T
/ a”(t)dt <0 and / at(s)ds < 0.
0 0
Note that u = ut(¢t) — u~(t) is a periodic solution of
w=a’(t)u+ (a*(t) —a (t))u ().
We then have
[ at(s)ds Lo +(1)d
0<u®(t)—u (t) =en (u*(to) — u™ (to)) +/ els 1O+ () — a7 (s))u” (s)ds.
to
Let tg — —o0, we have

0< /t el O F (s) —a(s))u (s)ds < 0

—00

17



for any ¢t € R. Therefore, we must have u™(t) = w (¢) and (2.2) has a unique positive
periodic solution u*(-).

(2). By the similar arguments as in (1), we can prove that (2.3) has a unique positive
periodic solution (0,v*(+)).

(3). It is easy to see. In fact, since u(ayi(t) — b1(t)u) + di(t) = cuv, (u*,0) is a

supersolution of (2.1). Similarly, (0,v*) is a subsolution of (2.1). O

Proposition 2.3. (1) There is §* > 0 such that for any (ug,vo) € X, there is T'(ug, vo) >
0 such that

(0%,0%) < u(t;ug,vo), v(t;ug, vo)) < (u*(t),v*(t))
for t > T(ug,v9) > 0.
(2) There is a time periodic positive solution (u**(t),v**(t)) of (2.1).

Proof. (1) This can be proved similar to Proposition 3.2.3 in the next chapter.

(2) It is a special case of Lemma 2.3.1. O

2.2 Uniqueness of coexistence in the time independent case

In this section, we investigate the uniqueness of coexistence states of (2.1) in the case
that the coefficients are time independent, that is,

up = u(a; — byu — c1v) + dy (2.4

vy = v(ag — bou — cov) + do

where a;, b;, ¢;, d; are constants, ¢ = 1,2. By Proposition 2.3, (2.4) has a positive coexistence
state (u**,v**)(€ X1). The main results of this section are stated in the following three
theorems, which show that (2.4) has a unique positive coexistence state provided that the
competition is weak or the sources are large. In the rest of this section, we assume that

a;, b;, ¢;, d; are positive constants, unless otherwise specified.
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b
Theorem 2.2.1 (Weak competition). If -4 > 2 (2.4) always has a unique positive sta-
C1 CQ

tionary solution (u*™*,v**) € (0, 00) x (0, 00).

b b
Theorem 2.2.2 (Strong competition). If <L <« 2 then (2.4) has a unique positive station-
C1 Co

ary solution (u*™*,v**) € (0,00) x (0,00) provided that

(&) 1 A Co as
NG Y o W A B T 9.
\/_2<b2 b, b2)+\/_1 biboA by’ (2.5)

whereA:%—c,or

SIS

b1 a1
ﬂ | — \/ \/ > — 2.6
Cl Cl ClczB C1 ( )

whereB:lc’—z—b—l.

Remark 2.2.1. (1) For fized a;,b;,c; and dy, i=1, 2, (2.5) holds if dy is large enough; for
fized a;,b;,¢; and dy, i=1, 2, (2.6) holds if dy is large enough.

bg by by 1 B
If — —, then d(—/—= —/— . Th
(2) f s then ”AbQ ”bg > 0 an ”clB ”01) > 0 erefore,

by Theorem 2.2.2, as long as 2— < —, sufficiently large di or dy can guarantee the
Co C1

UNIqUeEness.
Theorem 2.2.3 (Large immigration). There is d* > 0 such that, if d; > d* or dy > d*, then

(2.4) has a unique positive stationary solution (u**,v**) € (0,00) x (0, 00).

Remark 2.2.2. (1) If 2 < , Theorem 2.2.2 implies Theorem 2.2.3.

2co

(2) By standard theory for two species competition systems of ODEs, for any (ug,ve) € X,
(u(t; ug, vo), v(t; ug, vg)) converges to an equilibrium solution (see [34]). By Proposition
3.2.3, under the conditions of Theorem 2.2.1 or Theorem 2.2.2 or Theorem 2.2.3, for

any (ug,vp) € X,

(u(t; ug, vo), v(t; ug, vo)) — (u**, ™) — 0

19



ast — oo.

Proof of Theorem 2.2.1. Let (u**,v**) be a positive stationary solution of (2.4), i.e. it satis-

fies

u*(a; — hyu™ — ™) +d; =0 27

v*(ag — bou™ — cu™) +dy =0

We view u(a; —bju—c1v) +dy = 0 and v(ag — byu — cv) + dy = 0 as two different functions,

—b d
=0T LB w0 (2.8)
C1 c1u

and

a9 — C2U dg
=—+4+ — f . 2.
u b + by or v>0 (2.9)

We are going to prove that their graphs have only one intersection in the first quadrant, i.e.,
(u*™, v*) is unique. Since the existence of the intersection follows from the coexistence. We
only need to rule out the possibility of having more than one intersection by restricting the
number of intersections of the corresponding first derivatives to zero.

Notice that the function in (2.8) gives

v b d,

duq a1 cug
the function in (2.9) gives
d'LLQ . _C2 B d2
d’UQ N bg bgvg
. U1 dUQ . . . d’Ul .
It is easy to see both —and — are increasing functions. Note that — is bounded above
U1 U9 Uy
by d b b b
by ——1, 292 is bounded below by ——2 and bounded above by 0. If <> —2, then the graphs
¢ dus Co 1 C2

of the first derivatives can not have intersections. Therefore, (2.7) can have at most one

solution. O
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Proof of Theorem 2.2.2. We let ug; be the positive solution of

dUl o bl d1 o _bg

duy a au? Cy
and vg; be the corresponding v value when u = ug;. We have

dy ar — blum 4 dy

D) Vo1 — .
C1 B ’ C1 C1Up1

Ug1r =

Let vge be the positive solution of

dU2 (&) dg C1

d_’UQ - bg bQU% N bl
and uge be the corresponding v value when v = vg3. We have

T do - a2 — C2Vo2 do
02 =1\ 7, 02 = .
by A’ by bavo2

d d
Observe that, if ug; > uge, the graph of d—uQ does not intersect with the graph of %
V2 n

Observe also that ug; > wug is equivalent to

\/ dy \/d1C2 a2 —szoz + dy
B bibs A bavga
/ ds
bzA dg bg
by V dy

which is equivalent to

b < Vi

b1b2 dQ(%\/bZIA - \/b% '

We have that, if (2.5) holds, (2.7) has only one positive solution.

21



d d
Similarly, if vy; < wvgpe, the graph of % does not intersect with the graph of %
Vg U1

Observe that vy < vge is equivalent to

\/ﬁ _ \/ bidy > a; — biugm d;
ba A cico B C1Uo1

+
1
/ d
a1 = bl Cl_lB dl lClB
= —_.I__ _
C1 C1 dl

which is equivalent to

aq b1 1 B bl
N (—,/——,/— Nz .
C1 = ! C1 ClB Cl> + 2 ClCQB

We have that, if (2.6) holds, then (2.7) has only one positive solution. ]

Proof of Theorem 2.2.3. First of all, by Theorem 2.2.1, if % > Zc’—;, then for any d; > 0 and
dy > 0, (2.7) has only one positive solution. Hence we only need to prove the case % < IC’—;
Throughout the rest of the proof, we assume that % < Z—; Suppose that (u**, v**) € X+
is a solution of (2.7).
We first prove that there is d* > 0 such that for any d; > d* and dy > 0, (2.1) has a
unique positive solution (u**, v**).

To do so, solving v > 0 from v(as — byu — cov) + dy = 0, we have

(CLQ - bgU) -+ \/(ag — bQ'LL)2 -+ 4ng2
202 .

Plugging this v into u(a; — byju — c1v) + dy = 0, we get

(CLQ - bQU) + \/(&2 — b2u)2 + 4C2d2
202

u(al —biu—¢; ) +d; = 0. (2.10)

Note that u** must be a solution of (2.10). To prove (2.7) has a unique solution (u**,v**) in

(0,00) x (0, 00), it suffices to prove that (2.10) has a unique solution u** € (0, c0).
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Rewrite (2.10) as

C1 C1 \/(ag - bQU)Q + 462d2u

aju — byu® — 2—C2(a2 —bou)u+d; = 200 (2.11)
This implies that
2 — byu)? + 4cpd
(a1u — bu? — i(a2 — bou)u + d1)2 = Cl((a2 212 @ 2) u?. (2.12)
2¢y 4cs
Let
. C%b% Cle 2
= -
5 _ 2a1b1 _ a1b261 + a201b17
Co
and
a2c? + Actcod, a9Cy\ 2 c1bs
ddy) = 2tdaed 0 a2 o, g abey
’Y( 1 2) 403 ( 1 202 ) + 1( 1 202)
Then (2.12) can be written as
4 3 2 a2C1 2
au” + Pu’ + vy(dy, dy)u” = (2a; — C—)dlu +dj. (2.13)
2

It then suffices to prove that (2.13) has only one solution u** € (0, 00) when d; > 1.

By % < %’ we have a > 0. Let
flu) = au' + pu’ + y(dy, dy)u?

and

2

It suffices to prove that the graph of f and g only intersects at one point in the half plane

u > 0 provided that d; > 1.
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We first prove a claim.

Claim. Suppose that the graph of f(u**) = g(u**) for some u** > |%| Then

fu™) > 2g (u).

Proof of the claim. Observe that

’ aoC
g (™) = (20, — —)dy
Co
_glwr) dp
U U

and

/

f(u™) = da(u™)? + 36(u™)? + 2y(dy, dy)u™
2 (o) 4+ B + (e, o) ()?)

, d?

Ur* :

When v** > |%|, we have
2a(u*)? + B(u**)? = (u™)?(2au™ + 3) > 0.

It then follows that
fru™) > 2g (u™).
This proves the claim.
We now divide the proof into two cases.
Case I. v(dy,d2) > 0.
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0.020

0015

Figure 2.1: Case I (v(dy,ds) >0, 8 < 0)

Case II. v(dy,ds) < 0.

Assume that case I occurs and 3 < 0. For example, f(u) = u?*(u® — u + 0.26) (see
Figure 2.1.)
Observe that

f(u) = dou® + 38u* + 2v(dy, dy)u

and

17

[ (u) = 1200% + 65u + 27.

Hence

, ; 35
f(u)>0, f(u)>0 Vu>-

and the local maximum of f appears before —%.

Observe also that

’

f(u) = U(CW3 + 5”2 +(dy, d2)u) = u(f (u) — Bau® — 25162 — y(dy, dg)u).
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Hence at @ > 0 with f' (@) = 0,

f(@) = a(=3a0® — 2Ba* — y(dy, dy)t) < U(—3ad® — 2Bu°).

Let
M = max {uv*(=3au—203)}.
uel0,212]]
We have
33
<M f N<u<< ——.
flu) < or <u< 1o
If % > ¢ then g (u) > 0. Let d; > v'M, then
3
g(u) > M for Ogug——ﬁ
4o

and hence the graphs of f(u) and g(u) do not intersect for 0 < u < —%. Since g (u) is a
constant and f (u) increases in u for u > —%, the graphs of f(u) and g(u) in the half plane
u > 0 intersect at exactly one point.

If 22 < 4 g'(u) < 0. Let dy > A+ \/A2/A+ M, where A = %(2a; — 22). Then
g(—%) > M and hence

35
M f <u< ——,
g(u) > or 0<u< 1o

This implies that the graphs of f(u) and g(u) do not intersect for 0 < u < —%. Recall that
f'(u) > 0 for u > —%. Hence the graphs of f(u) and g(u) intersect at exactly one point
again in the half plane u > 0.

Let d* = max{vM,1A + \/A2/A+ M}. Then for d; > d* and do > 0, (2.1) has a

unique positive equilibrium (u**, v**).

Assume that Case I occurs and 3 > 0. The uniqueness can be easily obtained as f'(u)
is strictly increasing when u > 0 (see Figure 2.2) and ¢ (u) is a constant. Hence for any

d* >0 ,any d; > d* and dy > 0, (2.1) has a unique positive equilibrium (u**, v**).
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Figure 2.2: Case II (y(dy,d2) > 0, 5 > 0)

Assume that case IT occurs. Figure 2.3 demonstrates the graph of f(u). Observe that
f(u) = au' + Bu® +y(dy, do)u® < au’ + pu® ¥ u > 0.

Let

M = max{au® + pu* |0 < u < |%|}

Let d* be such that
£ asCy B
1— 1201 — —|diu>M for 0<u<|—]|
Co 2a

for any dy > d*. Then for d; > d* and dy > 0,

B

fu) <M and g(u)> M for O<u§|2—
a
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Figure 2.3: Case III (y(dy, ds) < 0)

and hence the graph of f and the graph of g do not intersect for 0 < u < |%| By the claim,
the graph of f and the graph of ¢ intersects at most at one point for u > |%\ Therefore,
for any dy > d* and dy > 0, (2.1) has a unique positive equilibrium (u**, v**).

Similarly, we can prove that there is d5 > 0 such that if dy > d3, then for any d; > 0,

(2.7) has a unique solution (u**,v**) € X™*. The theorem is thus proved. O

Remark 2.2.3. (a) One application of theorems 2.2.1-2.2.3 is when (2.4) is replaced with

w = ula; — 1 — byu — c1v) + dy (2.14)
vy =v(az — 1 —bou — cov) + dy

where we still assume a;,b;, ¢;,d; (i=1, 2) are positive constants. This result will be used

when we prove the continuity of positive solutions of nonlocal dispersal system.
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Figure 2.4: Three steady states

(b) If dy or ds is not big enough, Theorem 2.2.3 may not hold true under assumption
b b
L <2 For example,
C1 Co

u = u(l —u—2v) 4+ 0.05
vy = v(0.75 — 2u — v) + 0.1
(See Figure 2.4). Three positive stationary solutions are
u ~ 0.104806 + 2.99787 x 10774, v &~ 0.686132 + 3.45398 x 10717
u A 0.228172 — 2.02215 x 10774, v &~ 0.495481 + 7.65668 x 10717
u A~ 0.873579 + 1.18535 x 107%4, v ~ 0.0918285 + 1.78183 x 10~'7

2.3 Uniqueness of coexistence in the time periodic case

In this section, we explore the uniqueness of coexistence states of (2.1) in the case that
ai(+), bi(+), ci(+), and d;(-) are periodic in ¢ with period T. Let a;; = minejo ) a;(t) and
aipv = maXee)o,r] ai(t) for i = 1,2. bir, bips, iz, and ¢;pr are defined similarly.

The main result of this section is stated in the following theorem.
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Theorem 2.3.1. Assume sup,c d;(t) > 0 and

bir M

bant Cor,
Then (2.1) has a unique time periodic positive solution.
To prove the above theorem, we first prove a lemma.

Lemma 2.3.1. There are positive periodic solutions (u™(:),v"(+)) and (u=(:),v=(+)) of (2.1)
such that

u (t) <ut(t), v (t) >ovt(t) VteR.

Moreover, for any (ug,vg) € RT x RT with (u*(0),v"(0) <5 (ug, vo),

(u(t; ug, vo), v(t; ug, vo)) — (ut (t), v (t)) = 0

as t — 00, and for any (ug,vy) € RT X R with (ug,vg) <o (u™,v7),

(u(t; g, vo), v(t; ug, v9)) — (u (t),v=(t)) = 0

ast — oo.

Proof. First note that

(U(T; U*(O)v 0>’ U<T; u* (0)7 0)) <2 (u* (0)7 0)

This implies that

(u(nT;u*(0),0),v(nT;u*(0),0)) <3 (u((n+ 1)T;u*(0),0),v((n + 1)T;4*(0),0)).
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Let (ugd,vy) = lim, o0 (u(nT;u*(0),0),v(nT;u*(0),0)). Then

(u™(t),v" (1)) := (u" (t;u"(0),0), v (t;u*(0),0))

is a periodic solution of (2.1). For any (ug,vo) € RT x RT with (ug,v) >2 (u*(0),v"(0)),

(w"(£), v (1)) <2 (u(t; uo, vo), v(t; o, vo))

for all £ > 0. Note that u(t; ug, vy) satisfies

U =u(ay(t) — by(t)u — cr(t)v(t; ug, vo)) + di(t) < u(ay(t) — by(t)u) + di(t).

Then there is N* > 1 such that

u(NT; ug,v0) < u*(0)

for n > N*. This implies that

(uW(NT;up,vo), v(NT;up,v9)) <o (u*(0),0)

for N > N*. It then follows that

(T (NT+t),vT (NT+t)) <o (u(NT+t;ug, vo), v(NTHt; ug, vo)) <o (u(t; u*(0),0),v(t; u*(0),0))

for any N > N* and then

lim [(u(t; ug, vo), v(t;ug, vo)) — (u' (t), v (t))] = 0.

t—o00
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Similarly, we can prove the existence of the limit

(ug,vg ) = lim (u(nT';0,v*(0)),v(nT;0,v*(0))

n—oo

and that (u=(t),v(t)) := (u(t;ugy , vy ), v(t; ug , vy ) is a periodic solution of (2.1) satisfying

that
Jim [t o, w0), (5 i, v0) — (o (1), 07 (1)) = 0
for any (ug,vp) € RT x RT with (ug, v9) <o (u(0),v7(0)). O

Proof of Theorem 2.3.1. It suffices to prove that

Assume that

(u™(£),v7 (1)) # (u"(t),v" (1))

Then we have

u(t) <ut(t), v (t) >vT(t) VteR.

Observe that

Lo N di(t)

pr Inu*(t) = ay(t) — by (t)u* () — ca(t™(t) + =0
and

d da(t)

7 Inv*(t) = ay(t) — ba(t)u™ () — ca(t)o™(t) + vE(t)
Hence

w () : - _
i = Ol ) @)+ a0 - O+ A0 =5~ )
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and

It then follows that

0= / KARERUS / (B () — wm (O] + e (O (1) — o™ (8)]] at

u*(t)
and
0= /0 %m ;Egdt < /0 [bz(t)[u*(w —u ()] + () () — v*(t)]]dt.

This implies that

bis /0 Wt (t) — u ()]t < e /0 () — ot (1))t

and

bQM/O [wt(t) — u (t)|dt > clL/O [0~ (t) — v (t)]dt.

Hence .
bir, - f()T[U_<t> — v (t)]dt < b2M.
ens [Tt (6) —u(O)dt e

This is a contradiction. The theorem is thus proved.
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Chapter 3

Competition Systems with Nonlocal Dispersal and Inhomogeneous Boundary Conditions

In this chapter, we study the asymptotic dynamics of the following two species compe-

tition systems with nonlocal dispersal and inhomogeneous boundary condition,

(

wlt.) = [ T = pultpdy = ult.) + n(a)

+u(t, z)(ar(x) — bi(z)u — c1(x)v), x € (3.1)
lta) = [ I = g)olt)dy = olt,) + hafa)

+o(t, x)(as(z) — bo(z)u — co(x)v), z € Q.

Throughout this chapter, we let

X =C(Q) x C(Q),

Xt ={(u,x) € X |u(x) >0, v(z) >0 for z € Q}

and

Xt ={(u,v) € Xt |u(x) >0, v(x) >0 for z € Q}.

For given (uy,v1), (u2,v9) € X, we define

(Ul,U1> Sl (<<1)(U2,?)2) lf (UQ — U1,V — U1> € )(Jr (X++),

and
(ul, 1)1) SQ (<<2)(U2,’Ug) if (Ug — U1,V — 1)2) c X+ (X++).

We assume
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(HB) a;(-), bi(+), ci(-), hi(-) are continuous functions in x € Q, and inf,cqbi(z) > 0,
inf_cq(ci(z) >0, hi(x) >0, he(x) >0 and hy(z) £ 0, ho(z) £ 0.

We first in section 3.1 study the basic properties and asymptotic dynamics of one species
nonlocal evolution equations with inhomogeneous boundary. Next, we present some basic
properties of (3.1) in section 3.2. We then investigate the existence of continuous coexis-
tence states of (3.1) in section 3.3. In section 3.4, we explore the uniqueness of continuous

coexistence states of (3.1).

3.1 One species nonlocal evolution equation

In this section, we study basic properties and asymptotic dynamics of the following one

species nonlocal equation,

= / J(x — y)ult, y)dy — u(t, z)

+u(t, ) f(x,u(t,x)) + h(z) x € Q,

(3.2)

where h(z) is continuous in x € Q, h(x) >0, h(-) Z 0, and f(z,u) is continuous in x and C*
in u, f(r,u) <0 for u>1,and f,(xz,u) <0 for u > 0.

Note that for any ug € C(Q), there is a unique (local) solution u(t, -;ug) of (3.2) with
u(, 3 up) = up(-). We denote [0, tymax(uo)) the maximal existence interval of w(t,-;ug) for

nonnegative time. A function u(¢, z) is called a sub-solution (super-solution) of (3.2) on an

interval [ if
w(t.) £ (2) [ o - yutt.o)dy - uft.z)
Q
+u(t,x) f(x,u(t,z)) + h(x) x € ()
for t € I. We define

CHQ) = {ue Q) |ulz) >0, ze}

and

CTH Q) ={uecCQ)|u(x) >0, =€l
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2

For u € C(Q),

u>0 if uwe 0t (Q)

and

u>0 if uwe Tt (Q).

Proposition 3.1.1 (Comparison principle). (1) Let u(t,x) (resp. v(t,z)) be a supersolu-
tion (resp. subsolution) of (3.2) on [0,T). If v(0,-) < u(0,-), then v(t,-) < u(t,-) for
tel0,7).

(2) Let u(t,z;ur), u(t, x;ug) be solutions of (3.2) with w(0,z;u1) = wy(z), w(0,z;u) =
ug(z). If uy < ug, then u(t,-;uy) < u(t,;us) for t € [0, tmax(u1)) N[0, tmax(u2)). If

uy >0, then u(t,;u1) >0, fort € [0, tmax(u1)).

(3) Let u(t,z;ur), u(t, z;uz) be solutions of (3.2) with u(0,z;u1) = ui(x), u(0,x;uz) =
ug(z). If uy < ug and uy Z ug, then u(t,;uy) < ult,;uz) for t € [0, tmax(ur)) N

[0, tmax(u2)). If ug >0, then u(t,;uy) >0, fort € [0, tpmax(u1))-

Proof. (1) First note that we just need to consider ¢ € [0, Tp] for any Ty € [0,7).
Let w(t,z) = u(t,z) — v(t,z). Then w(0,-) = u(0,-) —v(0,-) > 0. To prove w(t,-) >0
for t € [0,Tp], we argue by contradiction.

Given t € [0,Tp). Let w(t, ) = e Mw(t, z), where

M = sup {[|u(t,z)f(z,u(t,z)) = v(t,2) f(z, vt 2))[} + 1

z€Q
t€[0,T0]

Note that

w; = —Me Ma(t, z) + e M, (t, x) = e My (t, z) — Mw(t, z).
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Suppose w is negative in some points, then w is negative at some points. Let w(t*, z*) =

min w(t, x), then w;(t*,2*) < 0 and w,(t*, 2*) < 0. Further
z€S)
te[g,To]

By mean value theorem, there exist u* € C'(Q2) and u*(t*, z*) is in the interior of (v(t*, x*), u(t*, z*))
satisfying w(t*, o*) f(z*, u) — v(t*,2*) f(z*, v) = (u*(t*, %) fu(a*, u*) + f(z*, u*))(u(t*, z*) —
v(t*, x*)). Therefore,

wy(t°, ™)
> [ g = (@)~ 3t )y
+u (", ") fulz®, u*) + f(a*,u*) — M]w(t*, x¥)

>0

since w(t*,z*) < 0, w*(t*,2*) fu(z*, u*) + f(z*,u*) — M < 0 and [, J(a* — y)(w(t*, y) —
w(t*,x*))dy > 0. This contradicts with w;(t*,z*) < 0. Hence, v(t,z;vp, h) < u(t,x;up,9),
for x € Q, t € [0, Ty]. Since Ty is picked arbitrarily from (0,T), therefore the statement (1)
holds.

(2) The first part of (2) statement follows immediately from (1). Since u = 0 is a
subsolution, thus following statement (1), the second part of (2) also holds.

(3) We first prove the second part of (3). For given u € (), define

(Ku)) = [ I =gty €2
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For given u; € C(Q) and Tp € (0, tmax(u1)), define

[(t,x) = =1+ f(z,u(t,x;uy)) for t€[0,tnax(u1)), © €

and m € (0,00) such that

m>— min _[(t, ).
t€[0,Tp],z€)

Then wu(t, -; uy) satisfies
u = (K —mIu+ (m+1U(t,)u+ h(-)

for t € (0,Tp]. Let

T(t) = eB=mDt for t>0.

Then

u(t, s ur) =T (t)ug + /0 T(t — s)(m+ (s, )u(t, ;u)ds + /0 T(t — s)h(-)ds

for t € [0, Ty]. Observe that for any ug € C(£2),

e(K—mI)tuo _ e—mteKtuo
and
t?K?u t"K™u
€KtuO:uO+tKU0+ ol 0 | 0+"'
! n'

Observe also that if ug > 0, then

eKlug >0 VE>0
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and if ug > 0 and ug # 0, then

eBlug >0 V> 0.

By (H2), h(-) > 0 and A(-) Z 0. By (2), u(t,-;u1) > 0 for t € [0, tax(uq)). We then have

T(t)uy >0 for t>0

and

T(t)h(-)>0 for t=>0.

It then follows that

u(t,su) >0 for te(0,To]

for any Ty € (0, tmax(u1)) and hence

u(t,sup) >0 for t € (0, tmax(ur)).

Next, we prove the first part of (3). Let

u(t,z) = u(t, x;ug) —u(t,x;uy) for t € [0, tmax(u1)) N[0, tmax(ug)), = € L2

Then for any Ty € (0, tmax(u1)) N (0, tmax(u2)), u(t, x) satisfies

w = (K —mlu+ (m+1(t,-)u, tel0,To)

where
u(ta L5 ’U,Q)f<13, u(tv € uZ)) _ U(t, €, ul)f(xv u<t7 €, ul))

t =-1
I(t, x) - u(t, x3ug) — ult, z;u)

for t € [0, Ty] and = € Q, and m > 0 is such that

m>— min _I(t, z).
t€[0,T] e
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Note that u(0,-) = us(:) —ui(-) > 0 and u(0,-) Z 0. By (2), u(t,-) > 0 for ¢t € [0, tmax(u1)) N

[0, tmax(u2)). Then following the above arguments,

u(t,") >0 for te (0,7

for any Ty € (0, tmax(u1)) N (0, tmax(u2)) and hence

u(t,") >0 for t€ (0, tmax(u1)) N (0, tmax(uz)).

This completes the proof of (3). ]

Proposition 3.1.2 (Global existence). For any ug € C(Q2), ug > 0, u(t, z;uo) exists for all

t>0.

Proof. Observe that u = 0 is a solution of (3.2) and u = M is a super-solution of (3.2) for

any M > 1. For given uy € CT(Q), let M > 1 be such that

0<wup(x) <M Vazel

Then by Proposition 3.1.1,

0 <u(t,z;ug) <M Ve, Vte|0, tmax(uo)).

It then follows from fundamental theory for ordinary differential equations in Banach space,

tmax (o) = 00. O

Proposition 3.1.3 (Positive stationary solution). There is a unique positive equilibrium

solution u* € CT(Q) of (3.2) which is globally stable in the sense that for any uy € CT(Q),

u(t, z;ug) = u*(z) as t— oc.
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To prove 3.1.3, we first prove a lemma. For given u,v € CT+(Q), we define

p(u,v) =inf{lna|a > 1, éu() <o(-) < au(-)}.

Lemma 3.1.1. For any given uy,us € CTH(Q) with uy(+) 2 ua(+), p(u(t, sur), u(t, ;uz)) is

strictly decreasing in t > 0.

Proof. First, for any a > 1 with Tuy(-) < us(+) < auy(+), by comparison principle,
u(t, s ug) < ult,-;au)
for t > 0. Let a(t,z) = au(t,z;u;). Then a(t, x) satisfies

7jbt(tv LC) = /Q J(y - x>ﬂ’(tvy)dy - fb(t, y) + Ckh(l’) + fb(t, SL’)f(U(t,QZ, ul))
>

Q
By comparison principle, we have
a(t,x) > u(t,r;ouy) Vaoe, t>0.

Hence for any ¢t > 0,

u(t, s ug) < ault, ;u)

for any ¢ > 0.
Similarly, we have

1
au(t, suy) <L ult, 5 ug)

for any ¢ > 0. It then follows that

p(u(t, g U1), u(t7 B uQ)) < p(ulv UQ)
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for t > 0 and then p(u(t, -;uq), u(t, -;uz)) is strictly decreasing in ¢ > 0. O

Proof of Proposition 3.1.3. First we show the existence of a positive equilibrium. We argue
by super- and sub-solutions methods.

Let u™ = M, M > 1. Then

/Q J(x —y)u" (y)dy — u* (x) + h(x) +ut flz,uT) <O0.

Hence u = u™ is a supersolution of (3.2). This implies that u(t,;u®) < u® for 0 < ¢t < 1
and u(ty — t1,;ut) < ut, for to > t; > 0. It follows u(te, ;u®) = u(ty, ;u(te — t1;u™)) <
u(ty,;u®) < ut for any ty > t; > 0. Therefore, there is a bounded measurable function

u} 1 2 — [0,00) such that u(t, z;ul) — ui(z) as t — co. Note that

u(t + s, z;ud) — u(t, z;ud)

-/ s[ [ 9 = )t + 7.0y — e+ 7o) + i)
0 Q

+ w(t+1ud) f(z,u(t + mud)]dr

By Lebesgue’s Dominated Convergence Theorem, letting ¢ — oo, we have

/Q J(z =y (y)dy — v, () + h(z) + ) () f(z,u] () = 0, Vo € Q.

Next, let u= = 0. By strong comparison principle, u(¢;-u~) > u~. Further, we have
u(ta, ;u~) > wu(ty,;u”) for any to > ¢; > 0. Thus, there exists a bounded measurable

function v~ : Q — (0, 00) such that u(t, z;uy ) — u* (r) as t — oo. Similarly,

/QJ(a: —yu_(y)dy —u_(2) + h(z) +u’ (z)f(z,u(x)) =0, Yo € Q.

Observe that there is §y > 0 such that u* (z) > & and u* (z) < wi(z) for all z € Q.

Thus u* (x) > &y for all x € Q. Further, we prove u* and u* are continuous. Without lost
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of generalization, we shall prove u* is continuous. The continuity of u* can be obtained in

the same way. Let

Faa) = [ Jle = i)y + ha) - a + af(z.0).

Then
F(z,ut(z)) =0, VzeQ.

We use Implicit Function Theorem to prove that u (x) is continuous in x. It is obvious
that for any zq € Q, there is ap > 0, s.t. F(zg, ) = 0. It is also obvious that F(x, )

is continuously differentiable. Note that F (xo,a) # 0. Indeed, F(zq,0) = / J(x —
RN

y)ul (y)dy + h(z) — a(xo)og + o f (20, ) = 0 implies —a(xg) + f(x0, ap) < 0. Therefore,

/

F (x0, a) = —a(zo) + afo(zo, ag) + f(xo, ap) < 0.

This implies that u* (z) € C(€2). Similarly, u_ € C(Q).

* * . * * * *
Then, we show u, = u_. Suppose not, since u_ < u,, we assume u_ < u,. By Lemma

*

3.1.1, it follows p(u(t, -, u’),u(t,-,u,)) < p(u_,uy) which contradicts u,, u_ are stationary.

Therefore ujr =u .

Finally, by u* = u?, for any ug € C*(Q), u(t, -;up) — u* as t — oo, where u* = u* (=

*

u*). O

3.2 Basic properties of two species competition systems with nonlocal dispersal

In this section, we present some basic properties of (3.1).

Observe that, by general semigroup theory, for any (ug, v9) € X, there is a unique (local)
solution (u(t, -5 ug, vo), v(t, -; ug, vo)) of (3.1) with (u(0, -; ug, vo), v(0, -; ug, vo)) = (up(+), vo(+))-
We denote [0, typax(uo, vo)) the maximal existence interval of (u(t, -;ug, vo), v(t, -; ug, vo)) for

nonnegative time.
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Definition 3.2.1. u(t,x),v(t,z) is called a supersolution (subsolution) of (3.1) if

(

wle,t) 2 (<) [ I = yuly. )y - ula.t)

+hy(z) +u(z,t)(ar(z) — bi(z)u — ci(x)v), €.

wet) < (2) / J(x — y)o(y, dy — v(x, 1)

+ho(z) +v(z,t)(ax(x) — ba(x)u — co(z)v), 2 € Q.

(3.3)

Proposition 3.2.1 (Comparison principle). (1) If (0,0) <; (ug,vo), then

(07 0) Sl (U(t, 3 Uo, U0)7 U<t) 3 Uo, UO)) fOT te [07 tmax(“O; UO))'

(2) If (0,0) <y (w;,v;), fori=1,2, and (u1,v1) <g (ug,vs), then
(u(t, s ug,vr),v(t, 5 ur,v1)) <o (u(t,-;ug, va),v(t, ; ug, ve))

fO’I’t € [07tmax(ulavl)) N [07tmax(u2av2)>-
(3) For any (uo,vo) € X, (u(t, s ug, vo), v(t, s o, v9)) € Z*F for t € [0, timax(ug, v0)).-

Proof. (1) Note that u(t, z; ug, vo) is the solution of

u(z,t) :/QJ(:z:—y)u(y,t)dy—u(:v,t)+h1(x)+u(x,t)(a1(w)—bl(x)u—cl(m)v(t,a:;uo,UO)), x €.

Then by Proposition 3.1.1, u(t, x;ug, vg) > 0 for t € [0, tmax(uo, vo)) and z € Q. Similarly,
v(t, x5 ug,v0) > 0 for t € [0, tmax(uo, vo)) and x € Q. (1) thus follows.
(2) Let tmax = min{tmax(u1, v1), tmax(u2, v2)}. Pick any T € (0, tmax), We just need to

consider ¢ € [0,T]. Let M = max ||u(t, z;ug,v7)|| Let
0T

(U(t, ')7 U(t, )) = (U(t, U2, UQ) - U(t, Uz, Ul) + geat’ U(t, U2, UZ) - U(ta Uy, Ul) - geat)

and

a = M[[[bs (I + [lex I + lar (I + 1.
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Then u(0,z) > 0 and v(0,x) < 0 in Q. We claim that u(t,z) > 0 and v(¢,r) < 0 for x € Q,
t € [0,7]. To prove this, we argue by contradiction. If not, define t, = inf{t : u(t,z) <
0 or v(t,z) > 0 for some z € Q}. Then t, > 0, and u(t,z) > 0 > v(t,x), for all t < t, and
x € 2, and there exist some xq € €2 such that either u(ty, zo) = 0 or v(tg, 79) = 0. Without

generalization, assume u(to, xg) = 0 and v(to, z9) < 0. Note that

u(t, ) = ug(t;ug, va) — ug(t; uy, vy) + age™
> /Q J(z — y)u(t,y)dy — u(t, ) + u(t, z)[ar (z) — by (x)ult, z; uz, vs) —
1 (2)V(t, 25z, v9)] — w(- ur, v1)[br(2)ult, ) + e ()o(t, )] +
ee*{a — a1 (x) + [bi(z) — c1(2)]u( ur, v1)

+b1 (z)u(; ug, vo) + ¢1(z)v(;ug, v2)} (3.4)

for z € Q. Since u(ty, 79) = 0 and u(t,x) > 0, for t < tg, u(to, zo) should be non-positive.
However, the right hand side of (3.4) at (to, z¢) is positive. Hence, u(t,z) > 0 and v(¢,z) < 0,
for t € [0,7] and x € Q. By letting ¢ — 0, we see that u(t, z;u, v2) > u(t,z;up,v;) and
v(t, w5 U, v2) < v(t,w3u,v1), for t € [0,T] and 2 € Q. Since t is arbitrarily picked from
(0, tmax), SO we get the conclusion.

(3) By (1), (ul(t, 5 uo,v0),v(t, ;ug, v0)) € XT. By (HB), hi(z) # 0 and hy(x) # 0, we
have u(t, z;ug, v9) Z 0 and v(t, z; up, v9) = 0. Then by Proposition 3.1.1, (u(t, -; ug, vo), v(t, -; ug, vg)) €
X, O

Proposition 3.2.2. For any (ug,vo) € X, (u(t; ug,vo), v(t;ug, vg)) exists for all t > 0.

Proof. By (HB), there is Mj > 0 such that (M, 0) is a super-solution of (3.1) and (0, M) is

a sub-solution of (3.1) when M > M. For given (ug,vo) € X, choose M > 0 such that

(O,M) SQ (Uo,U()) SQ (M, O)
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Then by Proposition 3.2.1,
(07 M) <2 (U(t, *; Uo, Uo)a U(ta *5 Uo, UO)) <2 (M7 0)

for t € [0, tmax(uo, v0)). It then follows that tyax(uo, vo) = oo. O

Proposition 3.2.3. (Persistence) Assume (H3) and (H4). Then 3 6y > 0, such that for any
(ug,v0) € Z, the solution (u(t, x;ug, vo), v(t, x; ug, vo)) of (3.1) satisfies that u(t, x; ug, vo) >

8o and v(t, z;ug,v) > &, fort > 1 and x € Q.

Proof. First by Proposition 3.2.1 (2), (3), for My, My > 1,

(u(t27 g Mla 0)7 U(t2> g Mla O))

<4 (u(tl, ';Ml,O),U(tl, ';Ml,())) <5 (Ml,()), for to >t > 0 (35)
and

(O?MZ) <9 (u(t1>';07M2)7v<t17'507M2))

<5 (U(tg, N 0, Mg), U(tg, ° O, Mg)), for to >t > 0. (36)

Choose any to > 0, define 69 = inf{v(to,z; M;,0), u(to,z,0, Ms)}. (3.5) and (3.6) imply
e

do > 0. By comparison principle,
(u(tv R M17 0)7 U(t7 E Mlv 0)) 21 (507 50)

and

(U(t, g 07 MQ)? U(t7 ) Oa MQ)) >1 (607 60)

for t > t,.
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Next, for fixed v = 0, we can get the solution wu(t, z;ug) from

Uy = /Q J(z —y)u(y)dy — u(x) + hi(z) + u(ar (x) — by (z)u).

with initial value u(0,z;ug) = ug > 0. It follows that (u(t,z;u),0) is a supersolution of

(3.1). Then for any fixed (ug,vo) € X+, we have
(u(t, z;ug, vo), v(t, ;3 ug, vg)) <o (u(t,x;up),0).

By Proposition 3.1.3, (u(t, x;ug),0) — (u*,0) as t — oo. Therefore, there exist T3 (ug) > 0,
such that for any t > T7(ug), u(t, z;ug, vg) < M.

Similarly, by fixing u = 0 and introducing the solution v(t, z;vy) which satisfies

oy = / J(z — yo(y)dy — v(@) + ha(z) + v(az(z) — ea(x)0).

with initial value v(0, z;v9) = vy > 0, we have (0, v(t,x;vp)) is a sub-solution of (3.1). Then

for any fixed (ug,v9) € X,
(07 U(t, Z; UO)) <2 (u(t> ;5 Ug, UO), U(ta T35 Ug, UO))

holds and Proposition 3.1.3 yields (0,v(t, x;ug) — (0,v*) as ¢ — oo. Thus, there exist
T5(vg) > 0, such that for any ¢ > Ts(vp), v(t, z;up, v9) < Ms. Let T(ug,vy) = max{71y, 1o},

for any t > T (ug, vo),

(OaMQ) SQ (U(t,l’;UO,Uo),U(t,I;U(),’Uo)) SQ (Ml,O)
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By comparison principle,

(U(to, xT; 07 M2)7 U(t07 xT; 07 M2>> SQ (U(t + th Z; Uo, UO); U(t + tO? T; Uo, UU))

SQ (U(to, x, M17 0)7 U(t()? &€ M17 O)
It follows u(t, z; ug, vo) > & and v(t, z;ug, vo) > g, for t > to + T(ug, vo) and x € Q. O

3.3 Existence of continuous coexistence states

In this section, we study the existence of continuous coexistence states of (3.1).

A function (u™*(z),v**(x)) is called a coexistence state of (3.1) if it is measurable and

/Q J(@ —y)u™(y)dy —u(x) + h(z) + u () (ar(2) = b (2)u™ (2) — er()o™(2)), =€

/Q J(x —y)v™* (y)dy — v™(z) + ho(z) + v () (az(x) — be(x)u™(x) — co(z)v™(x)), x €.

The main results of this section are stated in the following three theorems.

by ()
~ c1(z) 02_(1’)
€2, then (3.1) has a positive continuous stationary solution (u**(-),v**(-)) € C(£2,(0,00)) x

Theorem 3.3.1. (Coexistence: weak Competition) Assume (HB). If

C'(£2, (0, 00)).

Theorem 3.3.2. (Coezistence: strong inhomogeneous boundary condition) Let dy > 0 be a
given positive constant and Qy = {x € Q|d(z,00) < do}. If hi(x) > 1 or ho(z) > 1 for

x € Qo, then any coexistence state is continuous.

Proof of Theorem 3.3.1. Let M; be defined as in the proof of Proposition 3.2.3. In in-
equality (3.5), we proved the monotonicity of solution with initial value (M,0). Since
(u(t, z; My,0),v(t, z; M;,0)) is also bounded and by Proposition 3.2.3, we know there exist

measurable functions u**, v¥* : Q — [§p, M;] such that

(u(t, z; My,0),0(t, x; Mq,0)) = (u}(x), v} (x)) as t — oo.
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Repeating the similar argument as we did in Proposition 3.1.3 yields that (u}*(z),vi*(x))

satisfies
Ki(z) + ui (z) (ar(z) — 1 = by(z)uir (z) — ¢ (z)vi(z)) =0, z€Q 57)
Ky(z) + v (z) (as(z) — 1 = bo(z)u(z) — co(2)vi*(2)) =0, z€Q,

where

K () = / Iy — ) ()dy + (), Ko(x) = / Iy — o)t (y)dy + ha().

It then suffices to prove that (uf*(-),v%*(-)) € X**. We prove this by contradiction.
Assume that there is 7o € Q such that (u**(z),v%*(x)) is not continuous at xg. With-

out loss of generality, we may assume that there is {x,} C € such that z, — =z and

limy, o0 U3 (2,) = @ # u (x0), limy, o0 v5*(20) = B. Observe that K;(x), Ky(x) are contin-

uous in x. It then follows from (3.7) that

Ki(zo) + a(ai(zo) — 1 — by (zo)a — ¢1(20)8) =0 38)

KQ(ZE()) + 6(&2(1‘0) —1- bg([[‘o)a - CQ(.TO)/B) =0.

It follows from Theorem 2.2.1, (3.8) has a unique solution. Therefore u%{"(z9) = o and

v (z0) = B, that is, (ui*(-),vi*(-)) € X+, O

Proof of Theorem 3.3.2. Suppose (u**,v**) is a positive solution of (3.1). For simplicity in

notation, we put (u(x),v(x)) = (u**(x), v**(x)). Let
n(e) = [ Iy =)y + in(a),

gal) = / J(y — z)o(y)dy + ha(z).
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Suppose that supp(J(-)) € B(0,7) for some ry > 0. Let my > 0 and kg > 0 be such

that
O ={2eQ\ Q| m( (z,70) N Qg) mo, and for any € C B(z,79) N Qg
w1thm 270 / y—x)dy > ko},
Qo ={z € Q\ (QU)|m(B(z,ro) N (2 UQ1)) > mg, and for any
0y © Bz, 10) N (N Q) with m () > ?
REEEYS
Qo
Qk = {[E S Q\{QoLJQlU"'UQk_l)|m(B(ZE,7"0)ﬂ(QoUQlLJ'--UQk_l)) Z mo,
for any ), C B(xoN (U U---UQ_q)
with m(Qk) > %, / J(y —x)dy > ko}
Q
(k=1,2, )

Observe that there is k > 1 such that

QU U--- Q= Q.

We prove the theorem for the case that k = 2. In general, it can be proved by induction.

First of all, by Theorem 2.2.3, there is dy > 1 such that for any = € Q,

u(ai(x) =1 —=by(x)u — cr(z)v) +dy =0

v(ag(x) =1 = by (x)u — ca(x)v) +de =0
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has a unique positive solution provided that d; > dy or dy > dy Let
n1:9, TL2:4, Tl3:1.

Let d > dy be such that

d% ko > 1.

Assume that for any = € Qp, hi(x) > d™ or he(z) > d™. Then by Theorem 2.2.3,
(u(x),v(x)) is continuous in x € (.
Claim 1. For any z € Q, gi(x) > d™ or go(z) > d™ provided that d > 1.

Let

To prove the claim, we first prove that for any x € Qq, u(x) > d™ or v(z) > d™ provided
that d > 1.

For given x € g, assume hy(z) > d™. If u(z) < d™, then by
v(z)(ag — 1 — bou(x) — cov(x)) + ha(x) <0,
we must have v(z) > d™ provided that d > 1. If v(z) < d™, by
v(z)(ag — 1 — bou(x) — cov(x)) + ha(x) <0,

we must have u(x) > d™ provided that d > 1.
Similarly, for given x € €, if hy(x) > d™, we have either u(x) > d" or v(x) > d".

Next, note that for x € ),

(@) > / J(y — w)uly)dy
B(I,To)ﬂﬂo
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and

() > / J(y — 2)o(y)dy.
B(z,r0)Np

For given x € ), let

Qi(z) = {y € B(z, 1) N Qo | u(y) > d™}

and

Qo(z) = {y € B(z,r9) N Qo | v(y) > d™}.

Then
B(l’,?”o) N QO = Ql(l,’) U QQ(Q])

We must have either m (€ (z)) > %2 or m(Qs(z)) > . This implies that, either

o(z) > / Iy — 2)uly)dy > d™ / Ty — 2)dy > A=y > 0
Q1 () (x)

or

g2(x) > / J(y — x)v(y)dy > d’”/ J(y — x)dy > d™d" ko > d™.
Qa(z) Qa(z)

The claim 1 is thus proved.
By Claim 1 and Theorem 2.2.3, (u(z),v(z)) is continuous in x € €.

Claim 2. For any x € Q, there holds g;(x) > d™ or go(x) > d™ provided that d > 1.
Claim 2 can be proved by the similar arguments as in Claim 1. By Claim 2 and Theorems
2.2.2 and 2.2.3, (u(z),v(z)) is continuous in x € €. We then have that (u(z),v(z)) is

continuous in x € Q. The theorem is thus proved. O
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3.4 Uniqueness of coexistence states

Before we proof such coexistence state is unique, we are going to develop the bounds

for such solutions first. For given z € C(Q), define

Set
AiL(M) = iﬂf(SUP)(ai(x))7
T€Q 2cQ
bir(vy = inf(sup)(ai(x)),
cir(vy = inf (sup)(ai(z)),
and

hi, = inf (sup) / Sy —x)gi(y)dy
RN\Q

z€Q 1

where i = 1,2. If (u,v) is a coexistence state of (3.1), then it satisfies

(K — Du+ u(a(z) — bi(x)u — ¢ (x)v) + hy(z) =0,
(K — v+ v(az(x) — ba(x)u — co(z)v) + ho(xz) = 0.

Consider
(K — Du+ u(ay(z) — by(x)u) + hy(z) = 0. (3.10)

By Proposition 3.1.3, (3.10) has a unique positive solution. Let 6,, 5, be such solution. Set

h 1/2
Z+_CL1M+< 1M> '

- blL blL
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It is easy to see (K — I)z* + 2t (a; — b1z7) + hy < 0on Q. So z' is a supersoluion and

therefore

a h 1/2
9a1,b1 < i + < lM) .

blL blL

Similarly, consider
(K — I)v +v(ag(z) — co(x)v) + ho(x) = 0.

The unique positive solution of (3.11) is denoted as 6, .,. We have

Car

9a2 sC2

aznr n <h2M>1/2.
Car

The main results of this section are stated in the following two theorems.

Theorem 3.4.1. Assume that

h 1/2 h 1/2
al—cl[%—M—l—(Q—M) }>0 and ag—bg[al—MjL(l—M) }>O

Car, Car, bir bir

Suppose that (u™,v**) satisfies (3.9). Then

0

1/2
a h
ai—cy [7622121 +< f;{’) } ,b1

7

N 1/2 = > Vag,co-
a
az—ba TllMJr bllM 5C2

Remark 3.4.1. (1) Note that 6,, 5, > 0 and 0,, ., > 0, thus

9a1 1
sup bt — R((a1,b1), (as,c)) < 0o.
zeD 9(12,02

o4
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(2) Let
e[ (2

C2L C2L
and
e[ (32)")
bir bir
Assume

Al >0 and AQ > 0. (313)

Consider the following condition

4b162 > c?R((al, bl), (Ag, Cg)) -+ 20162 + bgR((G/Q, Cg), (Al, bl)) (314)

For fixred a;, by, co and h;, i = 1,2, (3.14) will be satisfied for by and ¢, sufficiently small.
In fact, Oayp, (0a,c,) increases as c¢; (be) decreases for x € Q, R((ay,b1), (As,ca))

(R((az,c2), (A1,b1))) decreases as ¢1 (by) decreases.

Theorem 3.4.2. Assume that (3.13) and (3.14) are satisfied, then (3.9) has a unique solu-

tion (™, v**) with u** > 0 and v** > 0 on

Proof of Theorem 3.4.1. Observe that

(K — Du™ +u™(ar(x) — by (x)u™ — ¢ (2)v™) + hy(x) =0, z€Q

and

(K - I)eahbl + 9017171 (&1(&7) - bl(x)eahbl) + hl(x) = 07 r e

By comparison principle, we have

Similarly, we have



Next, observe that

1/2
L (’“_M>
bir bir
and
h 1/2
9(12702 S a2_M + (2_M> .
Cor CoL
Hence
h 1/2
(K — Du* + u* [al(x) — by () — o () (2L 4 (Q—M) )} +hi(z) <0
CaL Car,
and

(K — D™ + o™ [aQ(x) - bz(:c)(%” + (%)”2) - 02(:5)@**] + ha(z) < 0.

It then follows that
0

1/2 =
a1-c1 [‘;;f + ( "o ) ] b1
and

0 1/2 <
az2—bs [7{211]24 + <7}211L ) :| ,C2

]

Proof of Theorem 3.4.2. Suppose that (u1,v1), (ug,vs) are two solutions of (3.9) with w; >

0,v; >0on Q fori=1,2. If p=uy — us, ¢ = v1 — v9 then

;

Jo kv —2)p(y)dy — p + plai(z) — bi(x)ur — c1(x)vr) — brugp — crugg = 0,

, x €
(3.15)

Jo Ky — 2)q(y)dy — q + qlaz(z) — ba(x)ug — co(x)va) — bovy1p — cov1q = 0,

x € Q.
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Let

Li(2)(x) = (a1(x) — by (z)uy — c1(z)vy)z, = € Q

Let A(L;) be the principal spectrum point of K —I+L; in C(Q) (see [35] for the definition

of principal spectrum point for nonlocal dispersal operators). Since u; is a solution of

This implies that

MK =T+ L) <0.

By the argument in [22], the principal spectrum point of K — I + Ly in C(Q) is also the
principal spectrum point of K — I + L; in L*(2). It follows from the variational property of
A(Ly), for any ¢ € L*(Q) with [, ¢*(z)dz # 0

> o — ¢|r / | k=)o@t — [ @y

+ /Q(&l(fv) — bi(2)uy — c1(2)v1)¢” (2)dx]

0> A(Ly)

Multiplying the first equation of (3.15) by —p and the second by —q integrating over € and

adding, we obtain, using the inequalities above,
/(b2u2p2 + (erug + byvy )pq + cov1¢*)dx < 0
Q

If the quadratic form Q. (&, 1) = biua(x)E2 + (crus(z) + boyvy (x))én + covy (x)n? is positive
definite for each x € €2, then p = 0 and ¢ = 0 proving uniqueness. For x € €0, (), is positive

definite if

4bicy > i (ug(z) /v (z)) + 2¢101 + b3 (v (7) /us(z))
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Since the right hand of above inequality is no greater than the right hand of (3.14). So if

(3.14) holds, @, is positive definite for each x € Q and this proves the theorem. ]
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Chapter 4

Asymptotic Dynamics in a Cancer Model with Radiation Treatment

In this chapter, we investigate the asymptotic dynamics of the following cancer model,

;

u=uf(t,u) —eD(t)u+ p(t)v — a(t)ux
v =eD(t)u — p(t)v — §(t)v
& =wxg(t,z) — D(t)x + q(t)y — b(t)ux

y=D(t)x —q(t)y —(t)y.

\
Throughout this chapter, we assume

(HC) f(t,u) and g(t,u) are C* inu and continuous and periodic in t with period T, f(t,u) <
0 and g(t,u) < 0 for u > 1, and infyep >0 fu(t,u) < 0 and infier >0 gu(t,u) < 0; D(t),
p(t), a(t), 6(t), q(t), and b(t) are positive and continuous functions and are periodic in t with

period T

We first present some basic properties of (4.1) in section 4.1. Next, we study in section
4.2 the asymptotic dynamics of (4.1) in the absence of cancer or normal cells as well as in
presence of both cancer and normal cells.
Throughout this chapter,
X =R xR,

XT=R" xR",
and

X+ = Int(XH).
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For given (uy,v1), (u2,v9) € X, we define

(ug,v1) <1 (<) (ug,v9) if  (ug —ug,ve —vy) € XH(XH).

For given (uy,v1,x1,y1), (U2, v, 22,92) € X X X, we define

(ulvvhxlayl) Sl (<<1)(UQ,U2,ZE2,y2) if

(Uz — U1,V — V1,2 — T1,Y2 _y1> €X' x X+(X++ X X++)7

and

(UlaUhIlayl) SQ (<<2)(U2,U2,I‘2,y2) if

(U2 — U1,V — V1,1 — T2, —yz) e Xt x X+(X++ X X++)-

4.1 Basic properties

In this section, we present some basic properties of (4.1).

Note that, by the fundamental theory for ordinary differential equations, for any given
(uo, vo, X0, Yo ), there is a unique (local) solution (u(t; ug, vo, To, Yo), v(t; o, Vo, To, Yo), <(t; ug, Vo, To, Yo),
y(t; uo, Vo, To, Yo)) with (u(0; uo, vo, o, Yo), v(0; ug, vo, To, Yo ), 2(0; uo, Vo, To, Yo), ¥(0; Uo, Vo, To, Yo)) =
(o, vo, To, Yo)-

Note also that when the cancer cells are absent, (4.1) becomes

uw=uf(t,u) —eD(t)u + p(t)v
(4.2)

0 =eD(t)u — p(t)v — §(t)v.
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When the normal cells are absent, (4.1) becomes

& =ag(t,x) — D(t)r +q(t)y
(4.3)

y = D(t)x — q(t)y — o(t)y.

For given (ug,v9) € X (resp. (xo,y0) € X), we denote (u(t;ug,vo), v(t; ug,vo)) (resp.
(x(t; 0, Y0), y(t; xo,yo))) the solution of (4.2) (resp. (4.3)) with (u(0;ug, vo), v(0;ug, vo)) =

(uo, vo) (resp. (z(0; o, yo), ¥(0; 2o, Yo)) = (20, %0)). Clearly,
(ZL’(t, Up, Vo, 07 0)7 y(t7 Up, Vo, 07 0)) = (07 0)7

(U(t, Oa 07 X, yO)v U(t7 07 Oa Zo, yO)) = (07 0)7

and

(U(t, Uo, UO)a U(t7 Uo, UU)) = (U(t, Uo, Vo, 07 O)7 U(t7 Uo, Vo, 07 0))7
(:E(ta Zo, yO)v y(ta Zo, y())) = (x<t’ 07 07 Zo, 90)7 y(ta 07 07 Zo, y()))

We call (u(t),v(t)) a sub-solution ( super-solution) of (4.2) on an interval I C R if

U < (Z)uf(t,u) —eD(t)u + p(t)v

0 < (>)eD(t)u — p(t)v — §(t)v

fort € I. (z(t),y(t)) is called a sub-solution (super-solution) of (4.3) on an interval I C R if

& < (2)ag(t,x) = D(t)z +q(t)y

y < (Z)DM)x —q(t)y —o(t)y
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We call (u(t),v(t), z(t),y(t)) is a sub-solution (super-solution) of (4.1) on an interval I

if
(i < (2)uf(t, ) — DB + ()0 — altyur
Ji< (>)eD(t)u — p(t)v — 6(t)v
i > ()ag(t,x) — D(t)r + q(t)y — b(t)u
72 (D)D) ~ alt)y — 2(t)y
for t € I.

Proposition 4.1.1 (Comparison principle). Consider (4.2),

(1) Suppose that (u™,v™) and (u™,v") are sub- and super-solutions of (4.2) on [0, tyme(u(0),v7(0)))
and [0, tma(ut(0),v1(0))) respectively with (u=(0),v~(0)) <y (u™(0),v"(0)). Let u™(t)
be ut(t; (ut(0),v7(0)). We define notation u~, vt, v~ in the same way. Then

(u™(t),v= (1)) <1 ((u™(2),07(¢)) on [0, tma(u™(0),v7(0)) N[0, tma(u™(0),v7(0))).
(2) If (0,0) <y (ug,vo), then (0,0) <y (u(t;ug, vo), v(t;ug, vo)) fort € [0, tmax(uo, vo))-

(3) If (0,0) <y (w;,v;), fori=1,2, and (uy,v1) <1 (ug,vs), then

(u(ta Uy, Ul)a ’U(t; Uy, vl)) <1 (u(t> U2, U2>7 U(t; Uz, 02))

fOT’t € [0>tmax(u17vl)) N [Oatmax(u27v2)>-

Proof. (1) By the positivity of D(t) and p(t), (4.2) is a cooperative system. (1) then follows
from the order preserving property of general cooperative systems of ordinary differential
equations (see [34]).

(2) Notice that (u,v) = (0,0) is a subsolution, so (2) follows immediately from (1).

(3) It follows from (1) and (2). O

Proposition 4.1.2 (Strong comparison principle). Consider (4.2).
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(1) For any (ug,vo) € XT\(0,0),

(u(t; ug, vo), v(t; ug, v9)) € X1, fort € (0, tmax(uo, vo)).

(2) For any u;,v; € XT\(0,0), 1 = 1,2, if (u1,v1) <1 (ug,v2) and (uy,v1) Z (ug,vq), then
(u(t; (ug,v1)), v(t; (ug,v1))) <1 (u(t; (ug, v2)), v(t; (ug, v2))) for t € (0, tmax(ur,v1)) N

(0, tmax(uz, v2)).

Proof. (1) Fix any Ty € (0, tmax (o, v0)). Set D_ = miner D(t), Dy = maxyer D(t), p— =
mingeg p(t), p+ = maxier p(t), 6+ = maxer 0(t). Let m = maxejon) [f (2, u(t; uo, vo))| and

b =max{m + eD,,p; + . }. Define

—(m+eD p_ b—(m+eD p_
([ ey [ meens
eD_ —(p+ +05) eD_ b— (p+ +64)
and
o b—(m+eD;) j
eD_ b— (p4 +64)
Then A = —bI +C and C'is a positive 2 x 2 matrix. By comparison principle for cooperative

systems of ordinary differential equations, we have

At(

e (ug, vo) <1 (u(t;ug,vo), v(t; ug, vo))

for t € [0,Ty]. Observe that for any z, € R?
At

ery = e_bteCta:O

and

t?2C%x thC"x
0 . + 0 + P

€Ct$0 =Ty + tCl‘o -+ ..
2! n!
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Notice also that if zg € X, then

€CtZE0 21 0, Vt Z 0
and if xy € X\(0,0), then

€Ct$0 > O,Vt > 0.

We then have (u(t; ug, vo), v(t; ug, v)) € X1, for t € [0, timax(uo, vo))-

(2) It can be proved by the similar arguments as in (1).
Proposition 4.1.3. Consider (4.2),

(1) For any given Ty € [0, tmax(to, Vo)),

(5max + fmax)2 }
4]\45min ’

u(t; ug, vo) + v(t; ug, vo) < max{ug + vo,
where dypin = Minger 0(t), dmax = Maxser 0(1), fumax = Maxeer |f(¢,0)], and

M = min {|f.(t,v)]}.

teR,u>0

(2) For any (ug,vo) € Z1, (u(t; (ug,v0)), v(t;ug, vg)) exists and

<5max + fmax)2

u(t; ug, vo) + v(t; ug, vo) < max{ug + v, TV }

for all t > 0.

64

(4.4)

(4.5)



Proof. (1) Let U(t) = u(t; ug,vo) + v(t;ug,vo). Note that U(t) > 0 for t € [0, tmax (w0, vo))-

Using mean value theorem, we get

U = uf(t,u) —6(t)(u+v)+0(t)u

< w(S(t) + f(£,0) — Mu) — §(H)U

= _M(U_W)Q_M]_FM(W)Q
(6max + fmaz)2
- AM - 5minU

for t € [0, tmax (o, vo)). Solving the corresponding equality, we get

U(t) < (U(0) — Gt Fos)y e O+ Fow)”

4M5min 4M5min
(5max + fmax)2
<
< max{ug + vo, TS }
for ¢ € [0, tmax(uo, vo)). This proves (1).
(2) It follows from (1) and fundamental theory of ordinary differential equations. [

Remark 4.1.1. Propositions similar to Propositions 4.1.1, 4.1.2, and 4.1.3 can be proved
for (4.3).

For given (ug, vy, To,yo) € R, for simplicity in notation, let II;(ug, vy, o, %) be the
solution of (4.1) with initial condition Ilg(ug, vo, Zo, yo) = (w0, Vo, To, Yo). Let I(ug,vo, To, Yo)

be the existence interval of IT;(ug, vo, Zo, Yo)-
Proposition 4.1.4. Consider (4.1),

(1) ]f (ana 0)0) Sl (u()av(],x(hy()); then

(07 Oa O) 0) Sl Ht(“(h Vo, To, yO)

for t € I(ug,vo, o, yo) NRT.
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(2) [f (0707 070) Sl (uhviv'xivyi) fOT 1= 172 and <U1,U17$17y1) §2 <u27v27x2>y2); then

Ht(“’h U1, 21, yl) SQ Ht(u27 VU2, T2, y2)

fort € RY N I(uy,v1, 21, y1) N1 (ug, va, 2, Yo).

Proof. 1) It suffices to prove that (u(t; ug, vo, Zo, Yo), v(t; ug, v, To, yo)) € X and (z(; ug, v, To, Yo),
y(t; ug, vo, To,Yo)) € X for t € I(ug, vy, g, yo)RT. To this end, note that (u(t; ug, vo, o, Yo),

v(t; ug, Vo, To, Yo)) is the solution of

U =uf(t,u) —eD(t)u + p(t)v — a(t)x(t; ug, vo, To, Yo )u
(4.6)

0 =eD(t)u — p(t)v —(t)v

with (u(0;ug, vo, o, Yo), v(0; ug, vo, To, Yo)) = (ug,vo). Note also that (4.6) is a cooperative
system and (0, 0) is an equilibrium solution of (4.6). It then follows from comparison principle
for cooperative systems of ordinary differential equations, (u(t; u, vo, o, Yo), v(t; uo, Vo, To, Yo)) €
X7 for t € I(ug, v, To,yo) NRT. Similarly, we have (x(¢; ug, vo, Zo, yo), y(t; ug, Vo, To, Yo)) €
X for t € I(ug,vo, o, yo) NRT.

(2) By the continuity of II;(ug, vo, o, yo) With respect to initial conditions, it suffice to

prove that, if (u1,v1,21,71) <2 (u2, v2, T2, y2), then

I (ug, v1, 21, 1) << i (ug, va, T2, 42)

for t € RT N I(ug,v1,21,y1) N I(ug, v, x2,y2). We then assume that (ug, v, 21,11) <o
(ug, vg, o, y2). Fix any T € (0,00) N I(uy,v1,x1,y1) N I(ug,va, 9, y2). Assume there is
to € (0,T] such that

Hfo(ul, U1, L1, yl) Ko HEO(UQ, V2, T2, y2)'
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Then there is ¢, € (0, o] such that

(w1, v1, 21, 91) <Kz i (ug, va, T2, Ya).

for t € (0,tp), but

Hto(ub U1, X1, yl) K2 Hto(u2> V2, T2, 92)

Without loss of generality, we assume that

u(to; ur, v1, o1, Y1) = u(to; Uz, V2, T2, 42) or  v(to;ur,v1, T1, Y1) = v(to; Uz, va, Ta, Ya).

Observe that (u(t;uy, vy, x1,y1), 2(t; ur,v1,21,%1)) is a sub-solution of

U =uf(t,u) —eD(t)u+ p(t)v — a(t)x(t; ug, vo, T2, y2)u
(4.7)

0 =eD(t)u — p(t)v —§(t)v

for t € [0,to] and (u(t; ug, vo, T2, Ya), v(t; Uz, Vo, T2, y2)) is solution of (4.7) for ¢t € [0,%o]. It
then follows from strong comparison principle for cooperative systems of ordinary differential

equations, we have

u(to; ur, v1, 21, 1) < ullo; Uz, V2, Ta,y2) and  v(to;uy, vi, 1, Y1) < v(lo; Uz, V2, Ta, Yo ).

This is a contradiction. Hence

(w1, v1, 21, 91) < y(ug, v2, T2, 42)

for t € RT N I(uy,vi, @1, 41) N I(uz, vo, T2, Y2). O

Proposition 4.1.5. Consider (4.1),

67



(1) For any given (ug, vo, To,Yo) € X+ x X T and t € RT N I(ug, vo, o, Yo),

u(t; o, vo, To, Yo) + v(t; o, Vo, Lo, Yo) + (t; to, o, To, Yo) + y(¢; uo, Vo, Lo, Yo)

6max + fmax 2 5max + Gmax 2
B+ fos? | B + g
4]\415m1n 4]\4’25m1n

< max{ug + vo + o + Yo,
where dpin = Mingeg 0(t), Omax = Maxer d(t),

fmax = I?eaRX ’f(tv 0)’7 Gmax = I?ea]RX ‘g<t7 0)’7

and
M, = min {1fu(tu)l}, Mp= min dlg.(tu)]}
(2) For any given (ug,vo, To,Yo) € X x X, II;(ug, vo, To, Yo) exists for all t > 0.
Proof. (1) First, for simplicity in notation, let u(t) = u(t; ug, vo, o, Yo ), v(t) = v(t; ug, vo, o, Yo),
z(t) = z(t; ug, vo, To, Yo), and y(t) = y(t; uo, vo, To, Yo). Let
W (t) = u(t) +v(t) + x(t) + y(@).

Using mean value theorem, we get

W) = a(t)+ o)+ @) +yt)
< OOW + (0(t)u+uf(t,u)) + (zg(t,x) + 0(t)x)

S _6minW + (5max + fmax)2/4M1 + (5max + gmax)2/4M2- (48)

The rest of the argument is similar to Proposition 4.1.3.

(2) Tt follows from (1) and fundamental theory of ordinary differential equations. [
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4.2 Asymptotic dynamics

In this section, we study the asymptotic dynamics of (4.1) as well as the asymptotic
dynamics of (4.2) and (4.3). The main results of this section are stated in the following

theorems.

Theorem 4.2.1. (1) Consider (4.2). If (0,0) is a stable solution of (4.2) , then it is

globally stable.
(2) Consider (4.3). If (0,0) is a stable solution of (4.3), then it is globally stable.

Theorem 4.2.2. (1) Consider (4.2). If (0,0) is unstable, then there exists a solution
(u*,v*) € Xt which is periodic with period T and is globally asymptotically stable

with respect to perturbations in X .

(2) Consider (4.3). If (0,0) is unstable, then there exists a solution (z*,y*) € Xt which

is globally asymptotically stable with respect to perturbations in X .
Theorem 4.2.3. Consider (4.1). For any given (ug,vo, To,%) € X+ x X, there is a
periodic solution (w**(t),v**(t),x™(t),y™*(t)) of (4.1) such that

tim [T, (g, 00, 70, 90) — (™ (1), v™*(£), 2™ (1), 5" (1))] = 0.

t—o00

Observe that, if (0,0) is an unstable solution of (4.2) (resp. (4.3)), then (u*,v*0,0)

(resp. (0,0,z* y*)) is a periodic solution of (4.1).

Theorem 4.2.4. Consider (4.1). Suppose that f(t,u) = a1(t) — by (t)u and g(t,z) = as(t) —
ba(t)x, where a;(t) and bi(t) are positive, continuous and periodic functions with period T .
Assume that a;(+), b;(+), D(+), 0(+), p(+), and q(-) are fired and (0,0) is an unstable solution of
(4.2) and (4.3). Then (4.1) has a unique time periodic solution (u**(t), v**(t), z**(t), y**(t))(€

Xt x Xt provided that p(t), q(t), a(t) and b(t) are sufficiently small.
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To prove the above theorems, we first prove a lemma.

We introduce the so called part metric in X1 as follows.

Definition 4.2.1 (Part metric). For (u1,v1), (ug,ve) € X T,
p((ug,v1), (ug,v2)) = inf{lnaja > 1,u;/a < uy < aup,v1/a < vy < avg}.

Note that if a,, > 1, wy/a, < us < anug, v/, < ve < a,uv; and o, — «, then

ur /o < ug < auy and v1/a < vy < avy. Hence
p((ur,v1), (ug,v2)) = min{lnaja > 1,u1/a < uy < aug, vy /a < vy < avg}.

Lemma 4.2.1. (1) Consider (4.2). For any (uy,v1), (u,v2) € X p((uy(t),v1(t)),
(ug(t),ve(t))) decreases as t increases, where (u;(t),v;(t)) = ((u(t;us,v;), v(t;us,v;))

foriv=1,2.

(2) Consider (4.3). For any (x1,11), (x2,y2) € X, p((x1(t),y1(t)), (z2(t), y2(¢))) de-

creases as t increases, where (x;(t),y;(t)) = ((x(t; i, v3), y(t; xi,y;)) for i =1,2.

Proof. (1) For given (uy,v1), (ug,v9) € X*T and a > 1, suppose that

1
a(ul,vl) <5 (ug,v2) <y afuq, v).

Then

(u(t; ug, va), v(t; uz,v2)) <1 (u(t; au, avr), v(t; auy, avy))

for t > 0. Next, we show that

(u(t; auy, avy), v(t; auy, avy)) <5 a(u(t; ug, v1), v(t; ug, v1))
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for t > 0. Let 4y (t) = auy(t; uy,v1) and 1 (t) = avi(t; ug,v1). Then

= auy(t)f(t,u) — D(t)auy(t) + p(t)avi(t)
> (8)f(t an(t) — D()a(t) + p(t)vn(t)
at) = D()a(t) — (p(t) +6(t))0u(t)

(4.9)
By strong comparison principle,
(u(t; auy, avy), v(t; auy, avy)) K1 aug(t), vi(t))
for t > 0. Therefore,
(u(t; ug, v2), v(t; ug, v2)) <1 a(u(t; ur,vy1), v(t; ur,v1))

for t > 0.

Similarly, we have
1
a(u(tQUhUﬁaU(t;UhUl)) < u(t; ug, va), v(t; uz, v2))
for t > 0. It follows that

p((ur(t),vi(t)), (ua(t), va(t))) < p((ur,v1), (uz,v2))

for ¢ > 0 and then p((uy(t),v1(t)), (ua(t), ve(t))) is strictly decreasing as ¢ increases.

(2) It can be proved by the similar arguments as in (1). O
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Next, we recall some convergence results from [34]. Consider tridiagonal competitive or

cooperative system of differential equations of the form,

(

= filt,y1, y2)

v = ft;yj-1,Y5,¥j11), 2<j<n-—1 (4.10)

\y.n = fn(t; Yn—1, yn)a
where f; are continuous and periodic in ¢ with period 7" and are C* in y;.

Lemma 4.2.2. Suppose that O is a nonempty open subset of R™ and there are §; € {+1,—1},

1 <i<n-—1, such that

Ofir
Oy

5 Of,

0Yit1

>0

for (t,y) € R x O. Suppose also that the coordinate projections O; C R? of O onto the
(y1,y2)- plane, O, of O onto the (Yn—1,Yn)- plane, and O; of O onto the (y;—1,Y;, Yj+1)-
space, 2 << j < n — 1, are nonempty conver subsets. Then for any bounded solution

(y1(t), y2(t), - -+ ,yn(t)) of (4.10) in O, there is a periodic solution (yi*(t),ys*(t), -, y=*(t))
of (4.10) such that

t—o0
Proof. See [34, Theorem 2.2]. O

Proof of Theorem 4.2.1. (1) Let O = X+*. For any given (ug,v9) € Xt \ {(0,0)},
(u(t; ug, vo), v(t; ug,v9)) € O and is bounded. By Lemma 4.2.2, there is a periodic solution

(u*(t),v*(t)) of (4.2) such that

lim [(u(t; ug, vo), v(t; ug, vo)) — (u*(t),v*(t))] = (0,0).

t—o00
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Now for (ug,v9) € O with uy < 1 and vy < 1,

lim (u(t; ug, vo), v(t; ug, vo)) = (0,0).

t—o00

Then by Lemma 4.2.1, we must have

(u(£),v" (1)) = (0,0).

(2) Tt can be proved by the similar arguments as in (1). O

Proof of Theorem 4.2.2. (1) As in the proof of Theorem 4.2.1, let O = X**. For any given
(ug,v0) € XT\{(0,0)}, (u(t;ug,vo),v(t; ug,vp)) € O and is bounded. By Lemma 4.2.2, there

is a periodic solution (u*(t),v*(t)) of (4.2) such that

lim [(u(t; uo, vo), v(t; ug, vo)) — (w*(t),v*(t))] = (0,0).

t—o00

Since (0,0) is unstable, we must have

(W' (t),v*(t)) € X+

for t € R. It then remains to show that (4.2) has only one periodic solution in X 7.
Assume that (uf(t),v](t)) and (us(t),v3(t)) are two periodic solutions of (4.2) in X 7.

By Lemma 4.2.2, we have

p((ui(t), v (1), (us(t), v3(t))) = 1

for all ¢ € R and then
(ui(t), v1 (1) = (u3(t), v3(1))-

(1) is thus proved.
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(2) It can be proved by the similar arguments as in (1). O

Proof of Theorem 4.2.5. First, let y; = v, yo = u, y3 = x, ys = y. Then (4.1) becomes

(

71 = €D(t)y2 — p(t)yr — 0(t)1n

U2 = Yo f (£, y2) — €D (t)y2 + p(t)y1 — a(t)y2ys
(4.11)

Us = y39(t,ys) — D(t)ys + q(t)ys — b(t)y2ys3

ya = D(t)ys — q(t)ys — 0(t)ya.

\

Equation (4.11) is the same form as (4.10). The theorem then follows from Lemma

4.2.2. [l

Proof of Theorem 4.2.4. First, by Theorems 4.2.1-4.2.3 and the assumptions of Theorem

k% kK kk

4.2.4, (4.1) have periodic solutions (u™,v**, z™* y**) and (u¥*, vi*, %, y7*) such that

— b

(= (), v (), (), y= (1)) <o (ui (1), v (1), 57(8), ¥ (1))

for any ¢t € R and for any other periodic solution (u**, v**, **, y**) of (4.1), there holds

(= (8), 0= (), (), y = () <o (u™ (1), 0™ (2), 2™ (8), y™ (1)) <o (ui'(2), vF (1), 23°(1), ¥ (1))

for any t € R. Moreover, it is not difficult to prove that there are K* > 0, k* > 0 and €* > 0

such that

for any ¢t € R provided that p(t), q(t),a(t), b(t) < €.

It the suffices to prove that

(uZ (), = (1), 2Z(1), y= (1) = (w3 (1), v (1), (1), 7 (1))



for any t € R. Assume that

(= (8), v (), (), y= () # (ui(8), v (), 27 (), y27 (1)

Then by strong comparison principle,

(u(2), v (1), a7 (1), y™ () <o (i (t), 0" (¢), 27 (1), ¥ ()

for any ¢t € R. Observe that

d . u(t) v (t) o (t) - -

i = OO~ 0) + 0 (ui* b (t)) +a(t) (z7(8) — 2 (1))
and

) - yo () v @) -

i e = O EEO ) +a) (%= " o (t)) (1) (2 (1) — 27 (1))
Hence
QTR Ty

(4.12)

and

/0 ba(t) (27 (1) — 27 (1) )t + /0 q(t)(yzgt) —yzit;)dw /O b(t) (w5 () — ™ (8)) dt = 0,
Observe that

; /0 D(t) (u (£) — u(8)) dt = /O (p(t) + 5()) (7 (8) — v (1) )t
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and

/0 D(t)(z*(t) — 2*(t))dt = /0 (q(t) + (1)) (y™(t) — yi* () dt.

We then have

(Pmin + (5min)/0 (v (t) — v (t))dt < €Dax i (ul(t) —u™(t))dt (4.14)
and
(Gmin + 5min)/0 (¥ (t) =y (t))dt < Dpax i (x=(t) — 227 (t))dt. (4.15)

Let K* = max{u*(t),v*(t), z*(t),y*(t)|t € R}. By (4.14), we have

|v t) = v ()] + [ul (t) — uZ (8)[Jdt

%
=|E
N
/\ \

6l)max T *ok *k
S +1> /0 (W (1) — u™ (t))dt.

By (4.15), we have

‘/ i i)dt’<qmax/0T
<t / T Ol — O]+ y Ol (6) — ()
q‘“"K / [y () — (O] + |75 (1) — 27 (8) e

qmaXK* Dmax T
< 1 ) — 2% (t))dt.
< (qmmwmm* )/o (= {f) = 23 (0)

y=r )z (t) — 2 )y (8)
7 (D (D) a

Then by (4.12), we have

pmaXK* GDmax /T Kk *k /T *ok Kk
b1 min — 1 t) — uw*())dt < Gpax () — 2 (¢))dt
i = P o )| () () S |2 (0) 23 (0)
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By (4.13), we have

b QmaxK*( Dma:v +1)i| /T< **<t> **(t))dt < b /T( **(t> **(t))dt
max €r_ — T S Omaz u —Uu_ .
% (k*)2 Gmin + 5min 0 + 0 +
It then follows that
1 max](>|< Dmaa: bmaw
a— bl,min - p(k*)2 ( 6 + 6 ] + 1)] S q o+ D )

which is impossible when a(t), b(t), p(t), and ¢(t) are sufficiently small. The theorem is thus

proved. O
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Chapter 5

Concluding Remarks and Open Problems

In this dissertation, we studied the coexistence states and convergence of nonnegative
solutions to the competition systems with immigration and time periodic dependence. We
first investigated the coexistence and uniqueness of the Voterra-Lotka competition systems of
ordinary differential equations with positive sources. It is not only an important preparation
for proving asymptotic behavior of nonlocal dispersal systems, but also of great biological
interest in its own.

Applying the comparison principle to sub- and super-solution as well as the part metric
technique, we obtained the existence, uniqueness and global stability of one species nonlo-
cal case with inhomogeneous boundary condition. The continuous coexistence of nonlocal
dispersal system can be understood as the strong positive sources near the bounded domain
will allow both species to survive no matter how strong the competition is between the two
species. Notice that such continuous coexistence in the homogeneous boundary case requires
other conditions on coefficients as indicated in the first chapter. The uniqueness of global
stable coexistence state can be achieved using the technique employed in [5] which is true if
the competition is weak.

In the cancer model, we have extended the results of periodic perturbation by Freedman
and Pinho to a more general setting. When the cancer model is in absence of tumor cells and
radiated tumor cells, we give the proof of global existence using the comparison principle for
cooperative systems. The convergence follows from a result discovered by Smith (in [34]).
The uniqueness of periodic positive coexistence is further discussed in this dissertation.

Some related problems that remain open are
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Open problem 1. We proved that in the time independent case, (1.1) has a unique co-
existence state provided that d; or ds is sufficiently larsge. In the periodic case of (1.1),
it remains open whether d; for + = 1,2 are large enough in some sense will guarantee the

uniqueness of the coexistence state or not.

Open problem 2. It is proved in this dissertation that any coexistence state of (1.2)
is continuous provided that the inhomogeneous boundary conditions hi(x) and ho(z) are
sufficiently large in certain sense. It remains open whether (1.2) has a unique coexistence
state provided that hi(x) and hy(x) are sufficiently large. It also remains open whether
coexistence states of time periodic two species competition systems with nonlocal dispersal
and inhomogeneous boundary conditions are constinuous provided that the inhomogeneous

boundary conditions are sufficiently large in certain sense.

Open Problem 3. Recall in the periodic cancer model (4.1), we proved in the special case,
that is, f(t,u) = a1(t)—b1(t)u and g(t, z) = az(t) —ba(t)x, the uniqueness of positive periodic
solution provided that (0,0) is an unstable solution of (4.2) and (4.3) when p(t), q(t), a(t)
and b(t) are sufficiently small. It remains open whether we can get some conditions on f (¢, u)

ad g(t,x) in the general case that will result in a unique positive stable periodic solution.

79



1]

[10]

[11]

[12]

[13]

Bibliography

C. Alvarez and A.C.Lazer, An application of topological degree to the periodic compet-
ing species problem, J. Austral. Math. Soc. Ser. B, 28 (1986), 202-219.

S. Ahmad On the nonautonomous Volterra -Lotka competition equations, Proc. Amer.
Math. Soc., 117 (1993), pp. 199-204.

Peter N. Brown, Decay to uniform states in ecological interactions, SIAM Journal on
Applied Mathematics, 38 (1980), pp.22-37.

P. Bates and G. Zhao, Existence, uniqueness and stability of the stationary solution to
a nonlocal evolution equation arising in population dispersal, J. Math. Anal. Appl. 332
92007), 428-440.

Chris Cosner, A. C. Lazer, Stable Coexistence States in the Volterra-Lotka Competition
model with Diffusion, SIAM Journal on Applied Mathematics, 44 (No. 6) (1984), 1112-
1132.

C. Cortazer, M. Elgueta, and J.D. Rossi, Nonlocal diffusion problems that approximate
the heat equation with Dirichlet boundary conditions, Israel J. of Math., 170 (2009),
53-60.

J. Coville, On a simple criterion for the existence of a principal eigenfunction of some
nonlocal operators, J. Differential Equations 249 (2010), 2921-2953.

J. Coville, On uniqueness and monotonicity of solutions of non-local reaction diffusion
equations, Annali di Mathematica bf 185 (3) (2006), pp. 461-485.

H.I. Freedman and G. Belostotski, Perturbed models for cancer treatment by radiothe-
raphy, Differential Equations and Dynamical Systems, 17 (2009), 115-133.

H. I. Freedman, S.T.R. Pinho, Stability criteria for the cure state in a cancer model with
radiation treatment. Nonlinear Anal. Real World Appl. 10 (2009), no. 5, 2709-2715.

H. I. Freedman, S.T.R. Pinho, Persistence and extinction in a mathematical model of
cellpopulations affected by radiation. Period. Math. Hungar. 56 (2008), no. 1, 25-35.

K. Gopalsamy Global asymptotic stability in an almost-periodic LotkaVolterra system,
J. Austral. Math. Soc. Ser. B, 27 (1986), 346-360.

K. Gopalsamy, X.Z. He Oscillations and convergence in an almost periodic competition
system, Acta Appl. Math., 46 (1997), 247-266.

80



[14]

[15]

[16]

[17]

[18]

[19]

[21]

[22]

[24]

[25]
[26]

[27]

[28]

[29]

G. Hetzer and W. Shen, Convergence in almost periodic competition diffusion systems,
J. Math. Anal. Appl. 262 (2001), no. 1, 307-338.

Georg Hetzer, Tung Nguyen, and Wenxian Shen, Coexistence and extinction in the
Volterra-Lotka competition model with nonlocal dispersal, Commun. Pure Appl. Anal.
11 (2012), no. 5, 1699-1722.

L.G. Hanin, L.V. Pavlova, and A.Y. Yakovlev. Biomathematical problems in optimiza-
tion of cancer radiotherapy. CRC, 1993.

M. A. Horn and G. Webb (eds.), Mathematical Models in Cancer, Discr. Contin. Dy-
nam. Systs., B4, (2004)

Morris W. Hirsch, Systems of differential equations which are competitive or coopera-
tive. I. Limit sets, SIAM J. Math. Anal. , 13 (1982), 167-179.

Morris W. Hirsch, Systems of differential equations that are competitive or cooperative.
II. Convergence almost everywhere, SIAM J. Math. Anal. , 16 (1985), 423-439.

Morris W. Hirsch, Systems of differential equations which are competitive or coopera-
tive. III. Competing species, Nonlinearity, 1 (1988), 51-71.

V. Hutson, S. Martinez, K. Mischaikow, and G.T. Vickers, The evolution of dispersal,
J. Math. Biol. 47 (2003), 483-517.

Chiu-Ken Kao, Yuan Lou, and Wenxian Shen, Random dispersal VS. non-local disper-
sal, Discrete And continuous Dynamical Systems 26 (2010), no. 2, 551-596.

L. Kong, Nar Rawal, and W. Shen, Spreading Speeds and Linear Determinacy for Two
Species Competition Systems with Nonlocal Dispersal in Periodic Habitats, preprint.

A.Leung, Equilibria and stabilities ofr competing-species, reaction-diffusion equations
with Dirichlet boundary data, J. Math. Anal. Appl., 73 (1980), 204-218.

J.M. Smith. Mathematical Ideas in Biology, Cambridge Univ. Press, London, 1968.

P. de Mottoni and A. Schiaffino, Competition systems with periodic coefficients: a
geometric approach, J. Math. Biol. , 11 (1981), 319-335.

C.V. Pao, Coexistence and stability of a competition-diffusion system in population
dynamics, J. Math.Anal. Appl., 83 (1981), 54-76.

L.G. de Pillis, W. Gu and A. Radunskaya. Mixed immunotherapy and chemotherapy
of tumors: modeling, applications and biological interpretations. Journal of theoretical
biology, 238(4): 841-862, 2006.

L.G. de Pillis and A. Radunskaya. A mathematical tumor model with immune resistance
and drug therapy: an optimal control approach. Journal of Theoretical Medicine, 3:79-
100, 2000.

81



[30]

[31]

[32]

[33]

[34]

[35]

S.T. R. Pinho, H.I. Freedman and F. Nani. A chemotherapy model for the treatment of
cancer with matastasis. Mathematical and Computer Modelling, 36(7-8): 773-803 2002.

Q.L. Peng, L.S. Chen Asymptotic behavior of the nonautonomous two-species Lotka-
Volterra competition models, Comput. Math. Appl., 27 (1994), 53-60.

John Smillie, Competitive and cooperative tridiagonal systems of differential equations,
SIAM J. Math. Anal. , 15 (1984), 530-534.

Hal L. Smith, Monotone Dynamical Systems, An intoduction to the Theory of Compet-
itive and cooperative Systems, Mathematical Surveys and Monographs, 41. american
Mathematical Society, Providence, RI, 1995.

Hal L. Smith, Periodic tridiagonal competitive and cooperative systems of differential
equations, SIAM J. Math. Anal. 22 (1991), no. 4, 1102-1109.

W. Shen and A. Zhang, Spreading speeds for monostable equations with nonlocal dis-
persal in space periodic habitats, Journal of Differential Equations 249 (2010), 747-795.

W. Shen and A. Zhang, Stationary Solutions and Spreading Speeds of Nonlocal Monos-
table Equations in Space Periodic Habitats, Proc. Amer. Math. Soc., 140 (2012), no.
5, 1681-1696.

R. T. Skeel. Handbook of Cancer Chemotherapy. Number v. 236 in Handbook of Cancer
Chemotherapy. Lippincott Williams& Wilkins, 2007.

82



