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Abstract

This dissertation studies the derivations of some subalgebras of the Lie algebra of block
upper triangular matrices. Specifically, we study the derivations of the Lie algebra of strictly
block upper triangular matrices and the Lie algebra of so-called dominant upper triangular
(DUT) ladder matrices, which are block upper triangular matrices that take zero on some
preset nonconsecutive diagonal blocks.

The dissertation consists of six chapters. Chapter 1 provides a brief introduction, back-
ground information, and some related literatures to the topics to be studied.

In Chapter 2, we introduce the definitions and basic properties of matrices, ladder
matrices, and Lie algebras. We also describe some linear transformations between matrix
spaces that satisfy certain special properties. These linear transformations will appear in
the derivations of Lie algebra to be studied.

Chapter 3 provides an explicit description of the derivations of the Lie algebra N of
strictly block upper triangular matrices over a field F.

In Chapter 4, we completely characterize the derivations of the Lie algebra M, of
dominant upper triangular (DUT) ladder matrices over a filed F with char(F) # 2. In
exploring the results, we obtain some properties of these Lie algebras and their derivations.

Chapter 5 discusses the derivations of the Lie algebra [M,, M| for the so-called strongly
dominant upper triangular (SDUT) ladder £ over a field F with char(F) # 2, 3.

The final chapter provides some potential future research directions on those Lie algebras

that we study in this dissertation.
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Chapter 1

Introduction

Let (g,[, |) be a Lie algebra over a field F or a ring R. A derivation of g is an F-linear

map (resp. an R -linear map) f : g — g that satisfies

FX,Y]) =[f(X), Y]+ [X, f(YV)] for all X,Y € g.

Let Der(g) denote the set of all derivations of the Lie algebra g, which itself forms a Lie
algebra with Lie bracket defined by [f,g] = fog—go f for all f,g € Der(g) [17, p.15].
The Lie algebra Der(g) is called the derivation algebra of g. The dissertation is a study
of the derivations of some subalgebras of the Lie algebra of block upper triangular matrices.
The subalgebras we study include the Lie algebra of strictly block upper triangular matrices
and the Lie algebra of so-called dominant upper triangular (DUT) ladder matrices, which
are block upper triangular matrices that take zero on some preset nonconsecutive diagonal
blocks.

The derivations of Lie algebras play an important role in disclosing the structure of
Lie algebras. On the other hand, by Ado-Iwasawa theorem, every finite dimensional Lie
algebra over a field can be realized as a matrix Lie algebra [1, 12]. In recent years, sig-
nificant progress has been made in studying the derivations and generalized derivations of
Lie algebras (esp. matrix Lie algebras) over a field or a ring. Here is some of the progress:
Chen determined the structure of certain generalized derivations of a parabolic subalgebra
of the general linear Lie algebra gl(n,F) over a field F with char(F) # 2 and |[F| > n > 3
[6]. Brice described the derivation algebras of the parabolic subalgebras of a reductive Lie

algebra over an algebraically closed field of characteristic zero and over the real field, and



proved the zero-product determined property of such derivation algebras [4]. Let R be a
commutative ring with identity. Cheung characterized proper Lie derivations and gave suf-
ficient conditions for any Lie derivation of a triangular algebra over R to be proper [7]. Du
and Wang investigated the Lie derivations of 2 x 2 block generalized matrix algebras over R
[9]. Wang, Ou, and Yu described the derivations of intermediate Lie algebras between the
Lie algebra of diagonal matrices and that of upper triangular matrices in gl(n, R) [28]. Wang
and Yu characterized all the derivations of parabolic subalgebras of gl(n, R) [27]. Ou, Wang,
and Yao described the derivations of the Lie algebra of strictly upper triangular matrices in
gl(n, R) [23]. Ji, Yang, and Chen studied the biderivations of the algebra of strictly upper
triangular matrices in gl(n, R) [15]. More recently, Benkovi¢ described the Lie derivations
and Lie triple derivations of upper triangular matrix algebras over a unital algebra [3]. There
are some other results on the Lie triple derivations of certain matrix Lie algebras, such as the
algebra gl(n, R) [18], the algebra of upper triangular matrices of gl(n, R) [2], the parabolic
subalgebras of gl(n, R) [20], and the algebra of strictly upper triangular matrices of gl(n, R)
[29].

Let IF be a field, let M,,,, be the set of all m x n matrices over [F, and put M,, := M,,,,.
Let NV denote the set of all strictly block upper triangular matrices in M, relative to a given
partition. Then A can be viewed as a Lie subalgebra of M, with the standard Lie bracket
[X,Y] = XY —YX. In the first part of the dissertation, we study the derivations of the
Lie algebra N over F (Theorems 3.2 and 3.14). The motivation for this work comes from
Ou, Wang and Yao’s work on the derivations of the Lie algebra of strictly upper triangular
matrices in gl(n, R), where R is a commutative ring with identity [23]. The results that we
obtain on the derivations of A/ could be viewed as extensions of Ou, Wang and Yao’s results
in the special case R =TF.

The derivation algebras Der(N') for all possible A/ constitute an important family of
the derivation algebras of nilpotent Lie algebras. First of all, each N is a direct sum of

root spaces in the root space decomposition of sl(n,F) or gl(n,F), so that ' and Der(N)



have elegant graded structures relative to the roots. Secondly, a derivation f € Der(g) of
a Lie algebra g always maps the center Z(g) into itself. There is an induced Lie algebra

homomorphism ¢ : Der(g) — Der(g/Z(g)), f + f, defined by

fla+7Z(g)) == f(a) +Z(g) for f € Der(g), a € g.

The Ker ¢ consists of all f € End(g) such that Ker f D [g,g] and Im f C Z(g). Moreover,
Der(g)/ Ker ¢ is isomorphic to a subalgebra of Der(g/Z(g)). If g is nilpotent, then g/Z(g) ~
ad g is isomorphic to a subalgebra of the specific Lie algebra N of strictly upper triangular
matrices in End(g) [10, Engel’s Theorem]. Therefore, knowledge of Der(N') would be helpful
to explore the derivations of an arbitrary nilpotent Lie algebra.

The notion of ladder matrix, introduced by Brice and Huang in [5], generalizes the
notion of block upper triangular matrix. A ladder matrix is, roughly speaking, a matrix that
has zero entries outside of a ladder shape region determined by a set £ of matrix indices,
called a “ladder.” When a given ladder L is “upper triangular,” the set M, of all ladder
matrices corresponding to L is a Lie algebra with respect to the standard Lie bracket.

Classical examples of ladder matrix Lie algebras include the Lie algebras of block upper
triangular matrices and of strictly block upper triangular matrices, M, , embedded in the
upper right corner of M, (when p < n and ¢ < n), and M, itself. Nevertheless, not much
work has been done on ladder matrix Lie algebras in general. A non-classical example of
a ladder matrix Lie algebra arises from the nilpotent Lie algebra g constructed by Dixmier
and Lister [8], to disprove the converse of a statement of Jacobson [13]. The corresponding
derivation algebra Der(g) is well-embedded in a special nilpotent ladder matrix Lie algebra.
Let T, denote the space of upper triangular matrices in M,. In [14], it is shown without
a formal introduction that any subset M, of T, consisting of ladder matrices is a subspace

invariant under the triangular matrix similarity.



In the second part of the dissertation, we define two special types of ladders, namely
“dominant upper triangular” (DUT) and “strongly dominant upper triangular” (SDUT). We
give an explicit description of the derivations of the Lie algebra M, of DUT ladder matrices
over a field F with char(FF) # 2 (Theorem 4.4), and the derivations of the Lie algebra [M, M,]
associated with an SDUT ladder £ over a field F with char(F) # 2,3 (Theorem 5.8).

In general, a derivation of a Lie algebra stabilizes each subalgebra appearing in the
derived series of the Lie algebra. Moreover, the derived series of a non-solvable Lie algebra of
upper triangular ladder matrices terminates at the Lie algebra [M,, M,] for a certain SDUT
ladder £. Therefore, knowledge of the derivations of the Lie algebras [M,, M ] associated
with SDUT ladders £ are useful in finding the derivations of non-solvable Lie algebras of
upper triangular ladder matrices.

The organization of this dissertation is as follows. In Chapter 2, we introduce ladder
matrices and basic Lie theory, and determine some linear maps between matrix spaces that
satisfy certain special properties. In Chapter 3, we completely characterize the derivations
of the Lie algebra N of strictly block upper triangular matrices in M, over a field F. In
Chapter 4, we characterize the derivations of the Lie algebra M, of DUT ladder matrices in
M, over a field F with char(IF) # 2, and give some examples and applications. In Chapter
5, we discuss the derivations of the Lie algebra [M,, M,] associated with an SDUT ladder
L over a field F with char(FF) # 2,3. Finally, in Chapter 6, we give some future research

directions.



Chapter 2

Preliminaries

In this chapter, we introduce background information and notation needed throughout
the dissertation. We also describe some linear transformations between matrix spaces that

satisfy some special properties.

2.1 Matrices

Let m and n be positive integers and let F be a field. The set of all m x n matrices
over F is denoted by M,, ,.(F), and M, ,(IF) is abbreviated to M, (F). If F is known, M, (F)
is further abbreviated to M, and M,, ,(F) to M,,,. Matrices are usually denoted by capital
letters. A submatrix of a matrix A € M,,, is a matrix that can be obtained by deleting
some rows and columns of A.

Let [n] :=={1,2,--- ,n}. An ordered partition of [n] is a sequence (n1,ng, - -+ ,n;) such
that t,ny,--- ,n; € Z* and 22:1 n; = n. If (ny,ng, -+ ,ny) is an ordered partition of [n],
then a matrix in M,, can be partitioned into a ¢ x ¢ block matrix (or partitioned matrix)

such that the (7, j) block has the size n; x n;. Explicitly, a matrix A € M,, can be viewed in

the following block matrix form according to the given ordered partition (nq,ng,- - ,n;)
of [n]:
A Ap Ay
Agp Agy -0 A
A= ' , Aij S Mni,an 1,J € [t]
| Atl At2 Att i




A matrix A € M, of the form

A11 * *

A= 0 A22
*
0 e 0 Att

in which A; € M,,, i € [t], with Z§=1 n; = n and * denotes any entry, is called block
upper triangular. Similarly, we can define block lower triangular, strictly block

upper triangular, and strictly block lower triangular.

2.2 Ladders and Ladder matrices

Fix afield F. Let M, denote the set of all nxn matrices over F. Let £;; € M,, denote the

matrix with the only non-zero entry 1 in the (7, j) position. Recall that [n] := {1,2,--- ,n}.

Definition 2.1. A subset {(i1,71), -, (is,Js)} of the set [n] x [n] is called a ladder of size
n if

I <lg < -+- <l and T <ga << Js.

Given a ladder £ = {(i1,j1), -+, (is,7s)} of size n, a matriv A = (a;;) € M, is called an

L-ladder matrix if

a;; #0 = there exists { € [s] such that i <1, and j, < j.

The set of all L-ladder matrices is denoted by M.

Explicitly, M, consists of matrices in M,, that have nonzero entries only in the upper

right direction of some (i, j;) in L.

Definition 2.2. A ladder £ = {(i1,j1), -, (is,Js)} of size n is called



e upper triangular: if iy < joi1 for 0 € [s — 1], equivalently all “inner corner entry
positions” (ig, jor1) (£ € [s — 1)) of matrices in My are located on the strictly upper

triangular part;

e dominant upper triangular (DUT): if j, < iy < joiq1 for € € [s—1], equivalently L
is upper triangular and all “outer corner entry positions” (ig, jo) (¢ € [s]) of matrices

i My are located on the lower triangular part;

e strongly dominant upper triangular (SDUT): if j, < iy < jyu1 for £ € [s — 1],
equivalently L is upper triangular and all “outer corner entry positions” (iz, ji) (£ € [s])

of matrices in M, are located on the strictly lower triangular part.

When L is upper triangular, a matriz in M, is called an upper triangular ladder matrix.

Similarly for the others.

In [5], Brice and Huang proved that if £ is an upper triangular ladder of size n, then
M with matrix product is a subalgebra of M,,. Naturally, M, with respect to the standard
Lie bracket [X,Y] = XY — Y X is a Lie subalgebra of M,, (aka. gl(n,F)), in which we call
M, a Lie algebra of upper triangular ladder matrices.

Given a ladder £ = {(i1, 1), - , (is, Js)} of size n, the matrices in M, may be viewed

as block matrices by dividing the rows and columns after those indexed by the set

({ilai27 e ais} U {]1 - 17j2 - 17 T 7js - 1}) \{O,R} (2'1)

Suppose matrices in M, are partitioned into ¢ x ¢ block matrix form according to (2.1).

We define the block index set of matrices in M, as
Q(L) :={(i,4) € [t] x [t] : the (i,7) block of a matrix of M, is nonzero}.

We call an element of 2(£) a block index. The block index set (L) collects the positions

of possibly nonzero blocks of matrices in M;. Denote by Mg the set of all block upper

7



triangular matrices in M,, with the same block matrix form as M. The set My is itself a set

of ladder matrices for a special DUT ladder B. Obviously, Q(B) = {(i,j) : 1 <i < j < t}.

Example 2.3. Consider the ladder £ = {(1,1), (4,3),(5,5)} of size 7. By definition 2.2, L
is a DUT ladder. The matriz form in M, is given in Figure 2.1(a). Figure 2.1(b) indicates
the block matrix form in M, obtained by dividing the rows and columns after those indexed
by (2.1):

({1,4,5}U{1-1,3-1,5-1})\ {0,7} = {1,2,4,5}.

The matrices in My are clearly conformal to this block matriz form, in the sense that if a
matriz in My has a nonzero entry in the (i, j) block then every matriz whose nonzero entries

are located in the (i,7) block is in M. The block index set Q(L) of matrices of My is

QL) = {(ZJ) 1<i<j< 5} \ {(272)7 (575)}'

* ok ok ox ok ok ok

0 O*x * x *x = '6T6T;7;T;T;7;A
0 0% * x % x 'GT()T?;T;T??
0 Of*x * % x =% 010 1% k1 %1% %
000 O]x * [070,0 0,%,% x|
0000000 0700 0100 0]
00 0O0O0O0OTO© 0 000 000 O
(a) matrix form of M, (b) “block matrix form of

M,

Figure 2.1: Ladder £ = {(1,1), (4,3),(5,5)} of size 7

Finally, Mg is the set of block upper triangular matrices according to the partition in

Figure 2.1(b), and Q(B) = {(i,7) : 1 <i < j <5}.

The different kinds of ladder £ could be easily distinguished by the block matrix form

of M, and the corresponding Mpg:

e [ is upper triangular if and only if M, C Mp;



e £ is DUT if and only if for every (i,7) € Q(L) there exists an integer k such that
(k, k) € Q(L) and i < k < j;

e L is SDUT if and only if £ is DUT, and every nonzero diagonal block of a matrix in

M, has size greater than 1.

The next theorem completely characterizes DUT ladders in terms of the block matrix

form of matrices in M, obtained by (2.1).

Theorem 2.4. 1. Let L be a ladder of size n, and the matrices in My have at X t block

matriz form obtained by (2.1). Then L is DUT if and only if

QL) ={(6,7) 1 <i<j<t3\{(,7) | i € S}

for a certain subset S C [t] that consists of some non-consecutive integers. In particu-

lar, if L is DUT, then (i,j) € Q(L) for every i,j € [t| with i < j.

2. Equivalently, a ladder L of size n is DUT if and only if M, consists of block upper
triangular matrices of M, that have zero submatrices on some preset non-consecutive

diagonal blocks, according to a given ordered partition of [n].

Proof. Tt suffices to prove the first statement. Let £ = {(i1,71), -, (is,Js)} be a ladder
of size n. Let {k;---,k;_1} be the corresponding set given by (2.1), which determines an
ordered partition (ky, ks — ki, -+, ki—1 — kt—2,m — ki—1) of [n], and the corresponding ¢ x ¢
block matrix form of matrices in M,,. The set Mg of block upper triangular matrices is a set

of ladder matrices for the ladder

B = {(kla 1)7 (k% kl + 1)7 T (ktfla kt72 + 1)7 (n> ktfl + 1)}

Clearly, Q(B) = {(i,j) |1 <i < j <t}
Suppose Q(L) = Q(B) \ {(i,7) | i« € S} where S is a subset of [¢t] that consists of

some non-consecutive integers. Then M, C Mg. On the other hand, each pair (ig, j,) € £

9



is the position of the most lower-left entry of the (p,q) block of matrices in M, for some
(p,q) € QL). If p < q, then any of (p,p),(p+ 1,p+1),---,(q,q) is not in Q(L), which
contradicts the assumption of Q(L). Therefore, p = ¢q. Then £ C B. Since B is DUT, it is
clear from the definition that £ is also DUT.

Now assume that £ is DUT (one may refer to Example 2.3 for the following argument).
Then QL) C {(i,7) : 1 < i < j < t}, and for every (i,7) € (L) there exists an integer
p such that (p,p) € Q(L) and i < p < j. Hence every (ig,jo) € L is the position of
the most lower-left entry of a diagonal (p,p) block of matrices for some (p,p) € Q(L£). So
(i¢,J0) = (kp, kp—1 + 1) (set ko := 0 and k; := n). If there exists i € [t — 1] such that neither
(2,4) nor (i + 1,4 4+ 1) is in Q(L), then (4,7 + 1) is not in Q(L). Then k; cannot be the
row position (resp. k; + 1 cannot be the column position) of the most lower-left entry of a
diagonal (p, p) block for any (p,p) € (L), which means that k; is not in the set (2.1). This
is a contradiction. Similarly, if there exists (4, j) € [¢] x [t] such that i < j and (i,7) € Q(L),
then none of (i,4), (i + 1,94+ 1),---,(4,7) is in Q(L), which leads to the same contradiction.
Therefore, we must have Q(L) = {(i,7) : 1 <i < j <t} \{(i,i) | i € S} where S is a subset

of [t] that consists of some non-consecutive integers. O
A direct consequence of Theorem 2.4 is the counting of sets of DUT ladder matrices.

Corollary 2.5. Let (F)2, = (1,1,2,3,5,--+) be the Fibonacci sequence.

1. Given a t X t block matriz form in M,, the number of M, corresponding to a DUT

ladder L associated with this block form equals F}s.

2. Given n € Z*, the number of My such that L is a DUT ladder and My C M, equals

F2n+1-

Proof. 1. Let b; denote the number of M, corresponding to a DUT ladder £ associated
with the given ¢t x t block matrix form in M,,. Clearly by = 2 = F3 and by = 3 = Fj}.

It suffices to prove that the sequence (b;) satisfies the same recursive formula as (Fy,2)

10



does, that is,

bt - bt—l + bt_Q. (22)

By Theorem 2.4, b; equals the number of ways to choose non-consecutive diagonal
blocks in a given t x t block form. If the first diagonal block is chosen, then the second
one should be skipped, and there are b,_s ways to choose the remaining diagonal blocks;
if the first diagonal block is not chosen, then there are b,_; ways to choose the remaining

diagonal blocks. Therefore, (2.2) is true.

2. Given t € [n], there are (_]

t—l) ways to partition matrices of M, into a t x ¢t block form;

each block form corresponds to Fy,o sets M, of DUT ladder matrices. Put r; := %‘F’

and ry 1= 1_2‘/5 and note that r; and ry are the roots of 22 — z — 1 = 0. The Binet’s

Fibonacci number formula says that

L

= ry— —r..

NG
Therefore, the number of M, such that £ is a DUT and M, C M,

& n—l) "\ (n—1 1o, 1,
- ()= (0 (-
— (t—l —\i—1 V5 V5

1
NG

= (L) =y ()" = — [rP0)" T = r3(r3)" ] = Fanaa O

2.3 Lie algebra

A vector space g over a field IF, with a product g x g — g, denoted by (X,Y) — [X,Y]
and called the Lie bracket of X and Y, is called a Lie algebra over F [10, p.1] if the

following axioms are satisfied:
1. The Lie bracket is bilinear.

2. [X,X]=0forall X €g.

11



3. The Jacobi identity [X, [V, Z]] + [, [Z, X]] + [Z,[X, Y]] = 0 holds for all X,Y, Z € g.

A classical example of a Lie algebra is the general linear algebra gl(1") consisting of all

linear operators on a vector space V with the Lie bracket defined by

[X,Y]=XY —YX forall X,Y €gl(V).

The set M,, of n x n matrices over IF can be viewed as a Lie algebra, denoted by gl(n,F),

with the Lie bracket defined by

(X,Y]=XY —YX forall X,Y € M,.

Let g and b be Lie algebras over a field F. A linear transformation ¢ : g — b is called

a Lie algebra homomorphism if

ol X,Y] = [p(X),p(Y)] forall XY €g.

By the bilinearity of the Lie bracket and the Jacobi identity, the linear transformation

ad : g — gl(g) defined by

ad X(Y):=[X,Y] forall XY eg

is a Lie algebra homomorphism and therefore a representation of g, called the adjoint
representation of g. The adjoint representation is important in the study of Lie algebras.

The Lie algebra g is said to be abelian if [X,Y] =0 for all X,Y € g. A subspace s of
g is called a subalgebra or Lie subalgebra if [X,Y] € s for all X,Y € s; it is called an
ideal if [X,Y] €sforall X €egand Y € s.

12



For later use we mention a couple of notions, analogous to those which arise in group

theory. Let s be a subalgebra of g. The normalizer N(s) of s is defined by

N(is)={X eg:[X,Y]es foral Y es}.

The centralizer Z(s) of s is defined by

Z(s)={X eg:[X,Y]=0 foral Y es}.

Both N(s) and Z(s) are subalgebra of g.
It is natural to study a Lie algebra g via its ideals. Define a sequence of ideals of g

(the derived series) by

09 =g, gV =1g,9], g¥ =[gP,gY],- -, g = [gFV g*).

We call g solvable if gi*) = 0 for some k [10, p.10]. For example, the Lie algebra of upper
triangular matrices in M, is solvable.

Define a sequence of ideals of a Lie algebra g (the lower central series) by

g is called nilpotent if g& = 0 for some k [10, p.11]. For example, the Lie algebra of strictly
upper triangular matrices and the Lie algebra of strictly block upper triangular matrices in
M,, are nilpotent. It is easy to check that g*) C g* for all k, and it follows that nilpotent

Lie algebras are solvable.

13



2.4 Derivations of Lie algebras

Recall that a derivation of Lie algebra g over a field I is an F-linear map f : g — g that
satisfies

fUX,Y) =[f(X), Y]+ [X, f(Y)] foral X,Y €g.

The collection Der(g) of all derivations of g is a Lie algebra with the Lie bracket [f,g] =
fog—go fforall f,g € Der(g). Certain derivations of g arise quite naturally, as follows. If
X €g,Y — [X,Y]is an endomorphism of g, which we denote ad X. Then, ad X € Der(g),
because of the Jocabi identity. Derivations of this form are called inner, all others outer.

The collection ad(g) of all inner derivations of g is an ideal of Der(g) [10, p.8§].

2.5 Some linear transformations between matrix spaces

The purpose of this section is to describe some linear transformations between matrix
spaces that satisfy certain special properties. These results will be useful in the study of
derivations of matrix Lie algebras. Recall that [n] := {1,2,-- ,n}. Let ES7™ € M,,., denote

the matrix with the only non-zero entry 1 in the (p, ¢) position.

Lemma 2.6. If linear transformations ¢ : M,, , — M,, , and ¢ : M, , — M, , satisfy that
»(AB) = Ap(B) forall Ae M,,,, BeM,,,

then there is X € M, , such that (C) = CX for C € M,,,, and p(D) = DX for D € M,,,.

Proof. For any j € [n] and B € M,,,

S(E\"™ B) = E{™ o(B).

1y

14



All such Eﬁm)B span the first row space of M,,,. So ¢ sends the first row of M,,, to the

first row of M,,,. There exists a unique X € M, , such that
EI™Mo(B) = o(E™B) = U™ BX,  forall je[n], B € M,
Therefore, p(B) = BX. Then ¢(AB) = Ap(B) = ABX for any A € M,,,, and B € M,,,.

All such AB span M, ,. So ¢(C) = CX for all C' € M,,,. O

Lemma 2.7. If linear transformations ¢ : M,, , — M, , and ¢ : M,, , — M, , satisfy that
¢(BA) =p(B)A  forall Ae M,,, Be€ M,,,

then there is X € M, ,, such that ¢(C) = XC for C € M,,, and (D) = XD for D € My, ,.
Proof. The proof (omitted) is similar to that of Lemma 2.6. O

Lemma 2.8. Suppose I is an arbitrary field. If X € M,, andY € M, satisfy that XA = AY
for all A € M, ,, then X = AI,,, and Y = X, for certain A € F.

Proof. For any (i,7) € [m] x [n],

XEI™ = EI™Y.

v

Comparing the (4, )" entry, we get ;; = y;;. Comparing the (p, j)*" entry for p # i, we get

)th

xp; = 0. Comparing the (i, )™ entry for ¢ # j, we get 0 = y;,. Therefore, X = A, and

Y = A\, for some )\ € F. O

Lemma 2.9. If linear transformations ¢ : M,, , = M,, , and ¢ : M, ,, — M, ,, satisfy that
®(A)B = Ap(B) forall AeM,,,, BeM,,,

then there is X € M, , such that ¢(C) = CX for C € M,,,, and p(D) = XD for D € M,,.

15



Proof. For any j € [p] and any E,(;lm) € M,,,

o(E)EGY = BB,

mp)

which shows that the only possibly nonzero row of gb(Efj ) is the first row. So ¢ maps the

first row of M,,, to the first row of M,,,. There exists a unique X € M, , such that

EIMPo(BYY) = g(EYEYY = BESP X B forall j € [p], EWY € My,

1j

Therefore, gp(E,(;lm)) = XE,(;ZW) for all E,(C(lm) € M,,. So ¢(B) = XB for B € M,,. Then
¢(A)B = AXB for any A € M,,,, and B € M,,,. Hence ¢(A) = AX for all A€ M,,,. O

Lemma 2.10. If linear transformations f : My, — My, g : M, — M, 4, and h : My, —

M, , satisfy that
f(AB) = g(A)B+ Ah(B) forall A€ M,,, BeM,,, (2.3)

then there exist X € M,,Y € M,,Z € M, such that

f(C¢) = XC+cCYy  for CeM,,, (2.4)
g(A) = XA+ AZ for Ae M,,, (2.5)
hB) = BY —ZB  for Be M,,. (2.6)

Proof. For any n € [p], j,k € [q], m € [r], EPD) ¢ M, , and E,qu) e M,,,

nyj m
FEGES) = o B EL + BB, 27

nj km

We further discuss (2.7) in two cases:
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1. j # k: the left side of (2.7) is zero and

9g(BIED = —BIh(ES)). (28)
2. j = k: the left side of (2.7) is f( ) '), and according to (2.7), the only possibly

nonzero entries of f (En%)) are

FEY,, = g(BE®),  forall iclp|, i#n; (2.9)
FEPY, = WEY),  forall clr], {+£m: (2.10)
FEED 0 = g(BED) 4 h(E) . (2.11)

Next we define a linear transformation f’: M, , — M,, such that property (2.3) still
holds. For C € M,,, let

Zf zlE(pp) c+C Z f(E 1k IKE(TT) _f( i )110 (2.12)

,7€([p)] kle(r]

Then for any n € [p], m € [r] and E&) € M

p,T

f(EP) 11E (r) E(pr) pr EF N, B
11 nm

i€(p] Ler]

which implies that the only possibly nonzero entries of f’ ( )) are

FEED),, = fEYD), = f(BE)),, for i € [p], i # n, (2.13)
FETN . = FBE) = fF(BED)0 for Cefr], C#m,  (2.14)
FEDN = FES )+ FEE ) 10— FET )0 = FEE)m, (2.15)
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where the last equality in (2.13), (2.14) and (2.15) is by (2.9), (2.10) and (2.11) respectively.

Therefore, f' = f on each E®) ¢ M, , and thus on the whole M, ,. Denote

X =Y FEED — (B 0L, Y=Y fER)LE]. (2.16)
]

i,J€[p kLe(r]

We get f(C) = f'(C) = XC + CY for C € M,,. So (2.4) is done. Now for A € M, , and
Be M,,, by (2.3),

g(A)B + AR(B) = f(AB) = XAB + ABY = (g(A) — XA)B = A(BY — h(B)).

Applying Lemma 2.9 to ¢ : M, , — M, , defined by ¢(A) = g(A) — XA and ¢ : M, — M,
defined by ¢(B) = BY — h(B), we will find Z € M, such that

g(A) — XA = ¢(A)=AZ for Ae M,,,

BY —h(B) = @(B)=Z4B  for B€ M,,,

which imply (2.5) and (2.6). O
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Chapter 3

Derivations of the Lie algebra of strictly block upper triangular matrices

In this chapter, we explicitly describe the derivations of the Lie algebra N of strictly
block upper triangular matrices in M, over a field F. In the rest of this chapter, we fix
a t x t block matrix form of matrices in M, corresponding to a given ordered partition

(n1,ng,- -+ ,ng) of [n]. We first introduce some notations.
Definition 3.1. 1. Let Mg denote the set of all block upper triangular matrices in M,,.

2. Let M;; denote the set of all submatrices in the (i,j) block of matrices in M,. The
(i,7) block of a matrix A € M, is denoted by A;; or (A);;. If A € M, is not given, A;;

may refer to an arbitrary matriz in M;.

3. Let M" denote the set of matrices in M, that take zero outside of the (i, j) block. For
a matriz B € Mjj, let B denote the embedding of B into MY by placing B on the
(i,j) block. If B € M;; is not given, BY may refer to an arbitrary matriz in MY.

A notation of double index, say M;;, may be written as M, ; (resp. M as M"7) for

clarity purpose.

3.1 Derivations of N for char(F) # 2

In this section, we give an explicit description of Der(N) for the Lie algebra N over F
with char(IF) # 2. The Lie algebra Mp is the normalizer of N in M,, by direct computation.

For any X € Mjp, the adjoint action

adX N =N, Y [X,Y]
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is a derivation of A/. Now we state our main theorem of this section.

Theorem 3.2. Suppose char(F) # 2. Then every derivation f of the Lie algebra N can be

(not uniquely) written as
fo= adX +gut e + 0, (3.1)

where the summand components are described below:
1. X € Mg is a block upper triangular matriz in M,.

2. o1 € End(N) satisfies that Ker py; contains [N, N] = @ M and Tm @y, s
l<itl<j<t

contained in the center Z(N) = M of N.

3. 32 = 0 unless the (1,2) block of a matriz of N has only one row, in which ¢3? € Der(N')
such that 32 (M?) C M? and ¢33 (M¥) = 0 for the other M C N'; the explicit form

of 3?2 is given in Lemma 5.6;

/. ¢tl’—tl_§ = 0 unless the (t — 1,t) block of a matriz of N has only one column, in which
@101 € Der(N) such that ¢ 2 (M!™1) € MUY and ¢7,51(MY) = 0 for the other

M C N; the explicit form of qb'i_tl_i is given in Lemma 3.7.

The cases t = 1 and t = 2 are trivial. So we assume ¢ > 3 in the following discussion.
Before proving the Theorem 3.2, we present several auxiliary results on the images f(M¥)
for f € Der(N) and M% C N. We do not assume char(F) # 2 in Lemmas 3.1 — 3.10. The
next lemma concerns the range of f on superdiagonal blocks of matrices of A except for

M2 and ML

Lemma 3.3. For f € Der(N) and 1 <k <t —1,

FMPE) € ZMP’“% Z MM+ LN (3.2)

q=k+1
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In other words, the image f(MF*1) is located on the k-th block row and the (k+1)-th block

column of matrices of N as well as in the center Z(N') = M.

Proof. Given any APl e MFHFL it suffices to prove that f(AM1),. =0 for i < j, i # k,
Jj#k+1,and (i,7) # (1,t). Either i > 1 or j < t. Without loss of generality, suppose j < t
(similarly for @ > 1). Then for any A% € M7, the (i,t) block of f([AMFF1 ATY]) is

0= f([AMET AT)y = [F (AR, ATy, 4 [ARERL F(AT)]5e = fAPETY) (A7),

where the last equality is by the assumptions on 4, j. Therefore f(A®*1),; = 0. O

Now consider the range of f on M'? and M*~! for f € Der(N). The case char(F) # 2

would be simpler in the following lemma.

Lemma 3.4. Let f € Der(N). Then

t

fFMP) C S MY M M, (3.3)
q=2
t—1

FIMITHCOY T M M M (3.4)
p=1

Furthermore, when char(F) # 2, the (3,t) block of matrices in f(M'?) and the (1,t — 2)

block of matrices in f(M'™11) are zero.

Proof. The case t = 3 is obviously true. We now assume that ¢ > 4.
To get (3.3), we prove that f(A'?);; = 0 for any A2 € M 1 < i < j, and (4,5) ¢

{(2,1),(3,t)}. Either i > 3 or j < t.

1. Suppose j < t. Then for any A%t € Mt

0= f([A™, A"}y = [F(A7), ATy + [AT2, F(A)]ir

Therefore, 0 = f(AlQ)z‘j(Ajt)jta and thus f(AlQ)ij =0.
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2. Suppose 3 < i. Then for any A% € M3,

0= f([A", A%))s; = [f(A™), A%y, + [A7, F(AM)]s;.

Therefore, 0 = —(A3)3; f(A'?);;, which implies that f(A'?);; = 0.

Overall, (3.3) is done.
Next, when char(F) # 2, we show that f(A'?)s; = 0. For any A% € M?3,

0 = f([A" [A" A%y
= [F(A7), [A™, A%y + [AT [f(A™), A% + [T [AZ, F(A%)]1

= —2(A")12(A%) 93 f(A")3.

Since char(F) # 2, 0 = (A")15(A?)3f(A'?)3;. Given A'?) the matrix (A'?)13(A%*)g3 for
any A% € M? could be any matrix in M3 with rank no more than rank A'2. Therefore
f(A2)3 = 0.

The proofs of (3.4) and f(M'~1t);, 5 =0 when char(F) # 2 are similar. O

Definition 3.5. Given i,j € [t], p € [n], q € [ny], let El} € M, denote the matriz with the
only nonzero entry 1 in the (p,q) position of the (i,j) block. Clearly Ef}{[ € M¥Y. The matriz

E;',{'] is called the (p,q) standard matriz of MY.

The next two lemmas explicitly describe the (2,t) block of matrices in f(M?'?) and the

(1, — 1) block of matrices in f(M' ') for f € Der(N).

Lemma 3.6. For f € Der(N), the image f(M'?)y has the following properties, according

to the row size ny of the (1,2) block.
1. Ifny > 2, then f(M'?)y = 0.

2. If ny =1, then {E}} | i € [no]} is a basis of M'?; the i-th row of f(E\7)s is equal to

the j-th row of f(Ei?)a for anyi,j € [no).
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Conversely, any f € End(N) that satisfies f(MY) = 0 for MY C N with (i,5) # (1,2),
f(MI2) C M2 and the above hypothesis, is in Der(N).

Proof. Let f € Der(N).

1. When n; > 2, it suffices to prove that f(E}?)y = 0 for any i € [n4],j € [ns]. Since

ny > 2, we can choose r € [ny] — {i}. Then for any s € [ny], E!? € M'? and

0=f(E: EfDe = [f(BL), Efhe + (B2 F (B

rSs?

= (B )ef (B + (EDef (B

Therefore, (Eﬂf)lgf(E}f)gt = (E}j?)lgf(E}f)Qt. Comparing the r-th rows on both sides,
we see that the s-th row of f(E}?)y is zero. Since s € [ng] is arbitrary, we have

f(Eile)Qt =0.

2. Suppose n; = 1. The case ny = 1 is trivial. Now we assume that n, > 2. For any

J € [no], we can choose i € [ny] — {j}. Then

0= f(IE, B = [F(E), Exflu + [y, f(E3)

= —(E2)1af (B2)o + (B2 1o f (E2)a.

Therefore,

(Ei)1f (Bif)a = (Eif)2f (B} )

Comparing the first rows, we see that the i-th row of f(E} )gt is equal to the j-th row

of f(Ei?)a for i # j.

The last statement is easy to verify. O]

Lemma 3.7. For f € Der(N), the image f(M'™1),, | satisfies the following properties,

according to the column size ny of the (t — 1,t) block.
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1. If ny > 2, then f(M™1), 1 =0.

2. Ifny =1, then {E; " | i € [ny_1]} is a basis of MV the i-th column off(Ej-l_l’t)lyt_l

is equal to the j-th column of f(ES " )1_1 for anyi,j € [ny_1].

Conversely, any f € End(N) that satisfies f(M™) =0 for MY C N and (i,5) # (t — 1,t),
JMITEY C MY and the above hypothesis, is in Der(N).

Proof. The proof (omitted) is similar to that of Lemma 3.6. O
Next we consider the range of f on the other blocks of matrices in N.
Lemma 3.8. For f € Der(N), i,j € [t] and j > i + 1, the image f(MY) satisfies that:

1. If char(IF) # 2, then

fMT) C iMW’JrZMiq. (3.5)

2. If char(IF) = 2, then (3.5) still holds for (i,7) & {(1,3),(t — 2,t)}, and

t

fM®) € Y MM M (3.6)
q=3
t—2

M) C Y M MU (3.7)
p=1

Proof. First assume char(F) # 2. Let j =i+ k, k > 2. We prove (3.5) by induction on k.

1.k = 2 : Mbit2 — MEHL A L2 [Mi’”l,./\/l”l’”Q]. For A+l ¢ Mo+ and

i+1,i42 i+1,i4+2
A eM ,

f([Ai’i+1,Ai+1’i+2]) _ [f(Ai,i+1)’Ai+17i+2] + [Ai,i-&-l?f(Ai-i-l,i-i-Q)]

i—1 i
c Mi,i+2+ZMp,i+2+ Z M (3.8)
p=1 q=1i+3

where the last relation is by Lemmas 3.3 and 3.4. Thus k = 2 is done.
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2. k = ¢ > 2 : Suppose (3.5) holds for all k < ¢ where ¢ > 2 is given. Now M®+t =

M2 A2+ [Mi,i+2’Mi+2,i+Z]. For any A+2 € Mii+2 and A2+ ¢ Mi+2ite,

f([Ai’i+2, Ai+2,i+€]) — [f(Ai’i+2), Ai+2,i+€] + [Ai,i—i-Z’ f(Ai+2,i+£)]

i—1 t
c Mi,i+€_'_ZMp,i+Z+ Z Mi,q (39)

p=1 q=i+0+1
where the last relation is by induction hypothesis, the case k = 2, and Lemmas 3.3

and 3.4. So (3.5) is true for k = /.

3. Overall, (3.5) is true for all k.

Now consider the case char(F) = 2. We get the same relation (3.8) except for i = 1 and
1 =1t — 2, according to Lemma 3.4. For ¢ = 1, by Lemmas 3.3 and 3.4,
¢

f([A12,A23]) _ [A12,f(A23)]+[f<A12),A23] c ZM1q+[M2t+M3t,A23] C ZM1q+M2t-

q=3 q=3

We get (3.6). Similarly, we can get (3.7). The relation (3.9) is unaffected by (3.6) and (3.7)

when ¢ =1 or (i,¢) = (t —4,4). So the induction can be proceeded for char(F) = 2. O

Now the range of f € Der(N) on M% C A is limited. The next lemma explicitly
describes the f-images of each M% C A in almost all nonzero blocks. It essentially implies
that the f-images on these blocks are the same as the images of the adjoint action of a block

upper triangular matrix. Denote the index set

Qe={(p.g) €[t] x[t] [p <3 \{(1, ¢t =1),(1,1),(2,1)}. (3.10)
Lemma 3.9. Let f € Der (N). Then for any (p,q) € Q, there exists X, € My, such that

f(AP)ig = —(AP)p Xy for all AT € MP C N, (3.11)

F(AY)y; = Xp(A¥)g;  for all AY € MY C N (3.12)
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Proof. Given p < ¢ in [t], we prove (3.11) and (3.12) in the following steps:

1. We prove (3.12) for (¢,7) = (¢t — 1,¢). Then 1 < p <t —1. For A" 4 € MLt and
AP ¢ MP,

0 = f(A" ATM])y = [f(AP), A7y + [AT, FATM)]y

= f(Alp)l,tfl(AtiLt%fl,t + (Alp)lpf(Atil’t)pt-

Therefore,

—F(AP)y (AT, = (AW), f(AT1),,.

Applying Lemma 2.9 to ¢ : My, — My, defined by ¢(C) = —f(C*?);,; and
0 M1 — My defined by (D) = f(D"1),;, we will find X,,;—; € M, such
that f(At_l’t>pt = Xp’t,1<At_1’t)t,17t for all At_l’t € Mt_l’t.

2. Similarly, we can prove (3.11) for (i,p) = (1,2) via Lemma 2.9. In other words, for
2 < g < t, there is —Ya, € My, such that f(A"?);, = —(A"?);Ys, for all A2 € M™2.

3. Now we prove (3.12) for (¢,7) # (t — 1,t). Then ¢ <t —1. Given any j' > j in [t], we
have M% = MY M = [M% MIT']. Then for A% € M% and A € M7,

AP AT )y = LAY AT ]y = [F(AY), A7 ]y + [AY, (A )]y = AWy (A7)

Applying Lemma 2.7 to ¢ : M,y — M, defined by ¢(C) = f(C%"),; and ¢ : My; —
M,; defined by ¢(D) = f(D%),;, we will find X,, € M,, such that f(A¥),; =
Xpg(A%),; for all AY € M% and (¢, j) # (t — 1,1).

4. Similarly, we can prove (3.11) for (i,p) # (1,2) via Lemma 2.6. In other words,
there exists —Y,, € M,, such that f(A"P);, = —(A"P);,Y,, for all A? € M? and
(i,p) # (1,2).
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5. Finally, for any A? € MP AY € M% we have i < p < q < j, [A?, A¥] = 0, so that

0 = f([A7 AY])y; = [f(AT), AV];; + [A7, f(AY)];
= f(AP)iq(AY)q; + (AP)ipf (AV),
= _(Aip>ipyzz>q(qu)qj + (Aip)ipoq<AQj)qj'
Therefore, X, = Y,,. The equalities (3.11) and (3.12) are proved. O
The next lemma concerns the derivations with image in the center of N.

Lemma 3.10. Suppose f € End (N) satisfies that

FN) CZN) = MY, Kef2 NN = Y MY

i jEt]i+1<]
Then f € Der(N).

Proof. The f satisfying the above conditions also satisfies the derivation property:

FINSNT) = 0= [f(N), N+ [N, F(V)]. U

Now we are ready to prove Theorem 3.2.

Proof of Theorem 3.2. By Lemma 3.9, for (p,q) € Q we can find a matrix X,, € M,, that
satisfies (3.11) and (3.12). Let X?9 := (X,,)?? € MP4, and let

Xo:= Y X" e N, fy=f-adX, € Der(N). (3.13)

(p,q)EQ

The equalities (3.11) and (3.12) imply that

foM®);y =0 forall MPCN,  fo(M%P),; =0 forall MY CN. (3.14)
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By (3.2), (3.5), and Lemma 3.4 for char(F) # 2, for any M* C N, the only possibly nonzero

blocks of matrices of fo(M?%) are the (7,7) block and the following:
1. the (1,t) block when 7 =i+ 1, and
2. the (2,t) block when (7, j) = (1,2), or
3. the (1, — 1) block when (4, j) = (¢t — 1,1).

Define ¢57, ¢, € End(\) such that for A € N,

2 (A) = fo(A¥)* = f(A), (3.15)

BL(A) = oA = fAT (316)
Then Lemmas 3.6 and 3.7 show that ¢37, qzﬁ_tl_tl € Der(N). We get a derivation
fuo=fo— 08 — oM = f —ad Xo — 68 — oM (3.17)

Define ¢1; € End(N) such that for A € NV,

t—1 t—1

<P1t(A) — Zfl(Ai,i—i-l)lt _ Zf(Ai’H_l)lt. (3.18)

i=1 =1

Then Lemma 3.10 implies that ¢, € Der(N). We get a new derivation
for=fi—pu=f—adX,— %?—¢t17_tl_’§—g01t (3.19)

where fo(M7) C MY,
To get (3.1), it suffices to prove the following claim regarding f»: there exist X% € M"

for i € [t] such that for each k € [t — 1], the derivation

k+1

z(k) = fo — ZadX”

i=1
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satisfies that fQ(k)(./\/lpq) =0for 1 <p<q<k+1. The proof is done by induction on k:

1. k =1: For any A2 € M'? and A% € M?3, we have

BAZAR) s = BAZ, A% = [(A2), AB)5 + (A2, f(4%)]13

= fz(Alz)lz(A%)z?, + (A12)12f2(1423)23- (3.20)
By (2.5) in Lemma 2.10, there exist X' € MM and Y?* € M?? such that
f2(A12>12 — (X11A12 4 A12Y22)12.
Define X22 := —Y?2 € M?2. Then
f2(A12)12 — (X11A12 - A12X22)12.

Let f := f, —ad X' — ad X22. Then f{"(M"2) = 0. The claim holds for k = 1.

2. k= 2: Applying (3.20) to f2(1):
f2(1)(A12A23)13 _ 2(1)(A12)12(A23)23 + (A12)12f2(1)(A23)23 _ (A12)12 2(1)(1423)23.

By Lemma 2.6, there exists Y3 € M3 such that fi"(A3);; = (AB3Y3¥),; and
FSD(A2)55 = (ABY33)55. Define X33 := —Y# € M. Then fi(A'3),5 = (—ABX3),,
and f2(1)(A23>23 = (—ABX33),y3. Let f2(2) = f2(1) — ad X33, Then f2(2)(/\/lpq) = 0 for

1<p<qg<3.Sok=2is done.

3. k= > 2: Suppose the claim holds for all £ < ¢ where ¢ > 2 is given. In other words,
there exist X% € M for all i € [(] such that fi'" := f, — 3¢ ad X' satisfics that

£V (MP7) = 0 for 1 < p < g < € Similar to (3.20), for any p € [ — 1], AP € MPY,
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204+1 2,0+1
A eM ,

BRAPARN) = AT AP (A in + (AP fs D (AT

= (APefy (A e
By Lemma 2.6, there exists Y14+ ¢ ML guch that
fz(e_l)(Ap’ZH)p,eﬂ = (AP’ZHYHMH);),ZH for all p € [¢].
Define X441 -— _y LA ¢ AL Then
fz(g_l)(Ap’ZH)p,éﬂ = (_AP’EHXHMH)p,EH for all p € [¢].

Let fi7 := {7V —ad X6+ Then f{%(MP41) = 0 for p € [(]. So k = is proved.
Overall, the claim is completely proved; in particular, fQ(t_l)(/\/ ) =0. Let X := Xy +

St X then we get (3.1). O

3.2 Derivations of N for char(F) =2

When char(F) = 2, Der(N) is not completely described by Theorem 3.2. In fact,

Lemmas 3.4, 3.8, and [23, Section 2(D)] motivate us to construct the following example.

Example 3.11. Suppose char(F) = 2. Let N consist of strictly upper triangular matrices
in My. So N has a basis B := {E12, E13, Eva, Eas, Eay, Esq}, where E;; denotes the matriz
in My that has the only nonzero entry 1 in the (i,j) position. Define f € End(N) by
f(Eh2) := —Es4, f(Er3) := Eay, and f(E) := 0 for all other matrices E € B. We prove that

f(E EN) =[f(E), E]+ [E, f(E)] (3.21)
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for any E,E' € B, so that f € Der(N'). There are only two cases where one side of (3.21)

is possibly nonzero:
1. {E,E'} = {Eny, Bz}, where f([E, E')) = f(Ers) = Ea, [f(E), E'] + [E, f(E')] = Ea.
2. {E,E'}y = {E9, E13}, where f([E,E']) =0, [f(E),E'| + [E, f(E")] = 2E1, = 0.
Therefore, f € Der(N). However, f can not be written as in (3.1).

In Section 3.1, Lemmas 3.4 and 3.8 have special statements for char(F) = 2, while
Lemmas 3.3, 3.6, 3.7, 3.9, 3.10 remain unchanged. The following two lemmas completely

describe the images of a derivation on additional nonzero blocks when char(F) = 2.

Lemma 3.12. For f € Der(N), the images f(M'2)3 and f(M?™3)y satisfy the following

properties, according to the row size ny of the first block row.

1. If ny > 2, then

fFMP2)3 =0, JIMP)y = 0. (3.22)

2. If ny =1, then M has a basis {E\} | i € [no]} and M has a basis {E{} | j € [ns]};

the i-th row of f(E1})a is equal to the j-th row of f(E\?)s for anyi € [no] and j € [ns].

Conversely, any f € End(N) that satisfies f(MY) = 0 for MY C N and (i, 5) € {(1,2),(1,3)},
f(M?2) C M3 (M) C M?, and the above hypothesis, is in Der(N).

Proof. Suppose f € Der(N). Given E}? € M™ and E;}? € M",
0= fES, B =B, f(BX)+ [F(ED), BN = (B )12f (BY)a — (BX)1sf (B )se-

Therefore,

(B )12 f(Br)n = (B:d) 13 f (B st (3.23)
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L. If ny > 2, then for a fixed E;? € M", we can choose r € [n1] \ {i}. Comparing the
r-th rows in the equality (3.23), we see that the s-th row of f(E}?)s is zero. Then

f(E}})sy = 0 since s is arbitrary. Similarly, f(E}3)s = 0. We get (3.22).

2. If ny = 1, then s = r = 1 in (3.23), which implies that the j-th row of f(E]3)s; is equal

to the s-th row of f(E[7)s.

Conversely, suppose f € End(N) satisfies that f(M%¥) = 0 for MY C N and (i,5) &
{(1,2),(1,3)}, fF(M2) C M3 f(M'3) C M?, and the hypothesis in Lemma 3.12 (1) or
(2). When ny > 2, f = 0; when n; = 1, f satisfies (3.23) for i = r = 1 and all j € [ny],

s € [n3]. In both cases, f satisfies the derivation property and thus f € Der(N). O

Lemma 3.13. For f € Der(N), the images f(M™5), o and fF(MT2Y), 1 satisfy the

following properties, according to the column size n; of the last block column.

1. If ny > 2, then

FMT )= 0, FMTH) 0 =0, (8:24)

2. Ifny =1, then M= has a basis {Ej; ' | i € [ne_1]} and M'=>! has a basis {Ej;>" |
J € [ni—a|}; the i-th column of f(E;l_z’t)Lt_l is equal to the j-th column of f(E5 ") 141_s

for any i € [ny_1] and j € [ni_a).

Conversely, any f € End(N) that satisfies f(MY7) = 0 for MY C N and (i,j) &€ {(t —
Lt), (t —2,8)}, f(MI7B) C MBE=20 f(MET2Y) C ML and the above hypothesis, is in
Der(N).

Proof. The proof (omitted) is similar to that of Lemma 3.12. O

Now we are able to describe Der(N) for the case char(F) = 2.
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Theorem 3.14. When char(F) = 2, every derivation f of the Lie algebra N can be (not

uniquely) written as
fo= adX +ou+ 65 + O+ sty T U, (3.25)

-1, S 12;13
where the summand components X, p1;, ¢a2, @1,y are described in Theorem 3.2, and ;5

t—1,6t—2,t ‘ ,
and ¥y, 37 1 are determined as follow:

1. 2,053213 = 0 unless the first block row of matrices of N has only one row, in which

Uary € Der(N) maps M2 to M3, M to M?, and the other M7 C N to 0; the

explicit form of w;igf s given in Lemma 3.12;

2. ﬁ_tl_;tff_tl = 0 wunless the last block column of matrices of N' has only one column, in
which @Di_tl_;tl_f_tl € Der(N) maps M1t to MBE2 M2 to MY and the other

M4 C N to 0; the explicit form of wi;i;ﬁ;{ﬁ is given in Lemma 3.18.

Proof. Given f € Der(N'), we can proceed the proof of Theorem 3.2 up to (3.14). Then we
define ¢, 1, U512 € End(N) such that for A € N,

SAA) = S (AR = FA 4 AR,

Ei;tl;?_a(A) — fO(Atfl,t)l,th + f0<At72,t)1,t71 _ f(Atfl,t)l,th + f(Ath,t)l,tfl.

Both linear maps are derivations by Lemmas 3.12 and 3.13. Subtracting them from f, we

can continue the remaining proof of Theorem 3.2. ]
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Chapter 4

Derivations of the Lie algebra of dominant upper triangular ladder matrices

In this chapter, we explicitly characterize the derivations of the Lie algebra M, of ladder
matrices in M,, associated with a dominant upper triangular (DUT) ladder £ over a field
F with char(F) # 2, and provide some consequent results. Recall that £ is a DUT ladder
of size n if and only if M, consists of block upper triangular matrices in M, that have
zero submatrices on some preset non-consecutive diagonal blocks, corresponding to a given
ordered partition of [n| (Theorem 2.4). In the rest of this chapter, we fix the ¢ x ¢t block

matrix form of matrices in M,, determined by £ through (2.1).

4.1 Properties of the Lie algebra of DUT ladder matrices

We describe some properties of the Lie algebra of DUT ladders matrices in this section.
We adapt the notations Mg, M;;, and M* in Definition 3.1 here. Recall that (L) and
Q(B) denote the block index set of matrices of M, and Mp, respectively. We now introduce

some new notations.

Definition 4.1. 1. In My, let Iy, denote the identity matriz, sl the set of traceless

matrices, respectively.
2. Let I* € MF* denote the matriz with the submatriz Iy, in the (k, k) block.

3. Let sI* denote the set of traceless matrices of MF~.
A notation of double index, say M;;, may be written as M, ; (resp. M as M) for

clarity purpose, as in Chapter 3.
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The normalizer N(M,) and the centralizer Z(M,) of subalgebra M, in M, are:

N(M;) = {AeM,:[A B]e€ M, for all B e M.},

7(Mz) = {A€M,:[A B]=0forall Be M.

They are explicitly described by the following two lemmas.

Lemma 4.2. If L is a DUT ladder of size n, then N(M;) = Mg, the algebra of block upper

triangular matrices in M,.

Proof. We first show that N(M,) C Mg. Suppose on the contrary, there is A € N(M,) such

that the (7, ) block A;; # 0 for some 1 < j < i <t. There are two cases:

1. i > j+1: We have M7T1 C M, by Theorem 2.4. So [A, B/t € M, for B/t ¢

Mt However, its (4, j + 1) block is

([A, B )i ja1 = [Aij, (BT 55a] = A (B0 # {0},

which contradicts to the DUT assumption of L.

. i = j + 1: By Theorem 2.4, either M% C M, or M1+t C M. Without loss of
generality, suppose M7 C M. Then [A, B¥] € M, for B/ € MJJ. However, its (i, j)
block is

([4, BY])i; = Ay(BY);; # {0},

which contradicts the DUT assumption of L.

Therefore, A € Mg and thus N(M,) C Msp.

For any (4, j) € [t] x [t] with i < j, the possibly nonzero blocks of matrices in [M%, M]

are those (i,q) blocks with ¢ > j and (p,j) blocks with p < 4, all of which belong to M.

Hence Mg C N(My). O

35



Lemma 4.3. Let L be a DUT ladder of size n, (L) the block index set of matrices of M,

and I, the identity matriz in M,,.
1. If both (1,1) and (t,t) are not in Q(L), then Z(M;) = FI,, + M.
2. Otherwise, Z(My) = FI,.

Proof. Clearly Z(M;) € N(M,). The possibly nonzero blocks of any A € Z(My) are A;;
for some 1 < i < j <t If A; # 0and 2 < i < j, then M5 C M,, and we can find

Bi=bi ¢ ML guch that

(B, ADicrg = [(B™)ic14, Aig) # 0,

which contradicts to the assumption A € Z(Mg). Thus A;; = 0 forall 2 <7 < j < t.
Similarly, A;; = 0 for all 1 < ¢ < 57 <t —1. So the only possibly nonzero blocks of
A € Z(Mg) are Ay and Ay; for i € [t].

If (1,1) € Q(L), then 0 = [I'Y, Ay = [I11, Ais] = Ay Similarly, (¢,¢) € Q(L£) implies
that A, = 0. If neither (1,1) nor (¢,¢) is in (L), then M C Z(M) by direct computation.

Now for any ,j € [t] with i < j and BY € MY C Mg,

0= ([A, BY))y = Aiu(BY)y; — (BY)i; Aj;.

Applying lemma 2.8, we find A € F such that A;; = A\[;; and A;; = \[j;.

In summary, Z(M;) is described by the statements 1 and 2. O

4.2 Derivations of the Lie algebra M, of DUT ladder matrices

We introduce the main theorem of this chapter here and provide some consequent results.

Note that the adjoint representation ad : M, — Der(M,) defined by ad A(B) = [A, B|
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induces a Lie algebra homomorphism
ad(-)|ar, : N(Mg)/Z(Mg) — Der(Mg), X — ad(X)|u,,
which will be used in the next theorem. Denote by ad(s)|a, the set of all ad(X)|y,. for

X esands C N(ME)/Z(ME)

Theorem 4.4. (Main theorem) Suppose char(IF) # 2. Let £ be a DUT ladder of size n with
the corresponding t X t block matrixz form of matrices in M, determined by (2.1). Then the

derivation algebra Der(My) can be decomposed as follow:

Der(M;) = ad(N(Mg)/Z(Mz))|a, x D (4.1)

= (ad(M;) ® D) x B ad(M*) |, (4.2)

(k,k)€QBNQ(L)
where the normalizer N(My) and the centralizer Z(M;) are described by Lemmas 4.2 and
4.3, respectively, and
D= {¢ € End(M;) : Keré D [Mg, M, Tmé C Z(M) N M} (4.3)
Moreover, both ad(My) and D are ideals of Der(M).
Explicitly, we have the following cases:

1. If Q(L) = Q(B), i.e. M is the Lie algebra of block upper triangular matrices in M,

then every f € Der(M;) corresponds to an X € Mg/FI,, and ¢1,--- ,¢;, € F, such that

flA)=adX(A)+ | Y atr(Aw) | L, for A€ M. (4.4)
(k,k)eQ(L)
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2. If Q(L) # Q(B) but at least one of (1,1) and (t,t) is in Q(L), then every f € Der(M;)

corresponds to an X € Mg/FI,, such that

f(A) =ad X(A) for Ae M. (4.5)

3. If both (1,1) and (t,t) are not in (L), then every f € Der(M,) corresponds to an
X € Mg/(FI,, + M) and Y™ € M for each (k,k) € Q(L), such that

fA)=adX(A)+ > w(Aw)Y"™  for Ae M, (4.6)
(k,k)eQL)

A detailed proof of Theorem 4.4 will be given in Section 4.3. The special case M, = Mz
is included in a paper of Dengyin Wang and Qiu Yu [27, Theorem 4.1]. Moreover, Daniel
Brice has obtained a formula similar to (4.1) for the derivation algebra of the parabolic

subalgebra of a reductive Lie algebra over a C-like fields or over R [4].

Example 4.5. Theorem 4.4 is not true when char(F) = 2. Consider My = My with the
basis B = {En1, B2, Ea1, Eas} where E;; denotes the matriz in My that has the only nonzero
entry 1 in the (i,7) position. Define f € End(Mg) by f(E12) = Eo and f(E;;) = 0 for

(1,7) = (1,1),(2,1),(2,2). It is straightforward to verify that
fEEN) = [f(B), BT+ [E, f(E")] (4.7)

for any E,E" € B, since there are only two cases that either side of (4.7) is nonzero:
{E,E'}y = {E\1, E1a} or {Es, Ea}. Therefore f € Der(M). However, f is not an element
of ad(N(Mpg)/Z(Mp))| s, X D in (4.1).

Corollary 4.6. Suppose char(F) # 2. Let L be a DUT ladder of size n. If Q(L) # Q(B),
then every f € Der(Mg) maps MY C Mg for (i,7) € QL) to a sum of MP? C M, for

some (p,q) € QL) such that p <i<j <gq.
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Proof. The corollary is a direct consequence of Theorem 4.4(2) and (3). O

In general, Corollary 4.6 may not be true if £ is not a DUT ladder which can be seen

via the following example.

Example 4.7. Suppose F is an arbitrary field. Let £ = {(1,2),(3,4)} be a ladder of size 5.
Then L is not DUT ladder. The Lie algebra M, has the following block form:

0fai2 aiz|as ais

0 0 0 o4 Q25

010 0 |ass ass , Qi € IF.

So My has a basis B = {E\a, Ers, Eva, E15, Eoq, Eos, Esy, E55} where E;j denote the matric

in Ms that has the only nonzero entry 1 in the (i,j) position. Given a,b € F, define f €

End(M.) by
0[0 0/0 0 0/0 0/0 0
0[0 0/0 0 0/0 0|a b
f(E2):=10/0 0|la b |, f(E):=] 0000 0 |,
010 0/0 0 0/0 0/0 0
010 0/0 0 0/0 0/0 0

and f(E) =0 for all other matrices E in the basis B. We prove that

f(EE)) =[f(E),E+[E,f(E)] foral E,E'€B, (4.8)

so that f is a derivation of Mz. On one hand, [E, E'] € span{E\y, E15} and thus f([E, E']) =
0; on the other hand, in (4.8), [f(E),E'] # 0 or [E, f(E')] # 0 only when {E,E'} =
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{E12, E13}, for which the equality (4.8) is easily verified. Therefore, f € Der(M,). However,
f maps M2 into M?.

An important family of ladders is that of “1-step” ladders £ = {(i, j)} of size n. Many 1-
step ladders are DUT. The derivations of the Lie algebras M, associated with these ladders

over F with char(F) # 2 are explicitly characterized in the following example by using
Theorem 4.4.

Example 4.8. Suppose char(FF) # 2. Let £ ={(i,7)} be a 1-step ladder of size n.

1. Ifi < j, then My is abelian and it is straightforward to check that every endomorphism

of M, is a deriwation.
2. If i =n or j =1, then there are three cases:

(a) If i =n and j =1, then My = M, and Der(M,) = Der(M,,).

(b) If i #n and j = 1, then we can consider

Ay Agg
M, = € M, : Ajy € My, Aip € Mis o, and
0 0
X1 X
Del"(Mg) = ad X1 € M117 X2 € M127 Xog € M22
0 X
M
(¢c) If i =n and j # 1, then we can consider
0 A
ML: = GMnZAm EMlQa AQQGMQQ ,cmd
0 Ay
X X
Der(ML) = ad Xy € Mll, Xp € M127 Xog € Moo
0 X9
M,
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3. Ifn>1>j>1, then we can consider

0 A Ags
M, = 0 Agy Aos | €M, Ay € My5 ¢, and
0 0 0
X1 X Xis 00 Y
Der(M;) = ad 0 Xy Xog X q Sy fr(A) =tr(A2) [0 0 0
0 0 Xs3 e 0 0 O

where Xz‘j S Mz‘j and Y € Mis.

Note that the cases (2) and (3) are direct consequence of Theorem 4.4.

4.3 Proof of Theorem 4.4

We give a proof Theorem 4.4 here. In the rest of this section, we assume that F is a
field with char(FF) # 2, and £ is a DUT ladder of size n. Recall that EY denote the (p,q)
standard matrix in M*“ (Definition 3.5).

Before proving the Theorem 4.4, we first present several results on the images f(M%¥)
for f € Der(M;) and M% C M,. The next lemma concerns the f-image of some special

matrices on the diagonal blocks of matrices of M.

Lemma 4.9. For f € Der(M), the f-images of I'*, Ef; € MM satisfy that

k—1 t
FUM), FEE) € > M+ Y MM 4 (Z(Mg) N M) (4.9)
i=1 j=k+1
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where (by Lemma 4.5)

;

FI, if QL) =Q(B);
Z(Mg) MMz = MM if (1,1) € QL) and (t,t) & QL): (4.10)

0 otherwise.

\

Proof. We prove (4.9) for f(I**) here, and the case of f(ELF) is similar.

1. First we investigate f(/**);;. When k < j,

FAM )y = F(I AN = (), ANy + [, F(AM))

= SU™) (A — (A f ()5 + AN )y
Therefore
FU) (A gy = (AW f(IMF); for AW e MM,

Lemma 2.8 implies that f(I**).; = Ay, and f(I**);; = M;; for a A € F. The same
equation holds for k£ > j. In the situation Q(L) # Q(B), there exists (p,p) ¢ Q(L),

which forces f(I*),, = 0 and thus f(I**),; = 0 for all j € [¢].
2. Next we prove that f(I**),; =0fori < j, i #k,j#k, and (i,5) # (1,¢). Eitheri > 1
or j < t. Without loss of generality, suppose j < t (similarly for i > 1). Then

FUI™, A7)0 = [F(I%), A7 + [T, F(AM)] (4.11)

(a) If k # t, then (4.11) becomes 0 = f(I**);;( A7), for any A7t € M. So f(I*);; =
0.

(b) If k = t, then (4.11) becomes

—F(A)i = F(I)i (A7)0 = F(AT)
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Again we get 0 = f(I*);;(A7");, and thus f(I**);; = 0.
3. Finally, if (1,1) € Q(L) or (¢,t) € Q(L), say (1,1) € Q(L), then for any (k, k) € QL)
and k & {1,t},

0= f([[H,Ikk])lt — [f(fll),lkk]lt + [[Haf([kk)]lt — f([kk)lt-

Lemma 4.3 implies (4.10). Therefore, (4.9) is proved. O

For (p,q) € (L), we have

sPP. ifp=g¢;
MPEA [Mp, M) =

MPLif p < q.
Next we investigate the image of f € Der(M,) on each block in [M, M,].

Lemma 4.10. For f € Der(Mg), (p,q) € QL), and AP? € MPI N [Mg, M|,

p—1 t
FIAP)y € MPIL S M9+ Y MY (4.12)
i=1 Jj=q+1

Proof. There are two cases for (p,q) € Q(L):
1. p=¢q: Then MPIN[Mg, M| = sl =[PP s[PP]. For BP? CPP ¢ s[PP
f(B™,C7)) = [f(B),CP] + [BY, f(C™)]. (4.13)
Since f(BPP) and f(CPP) are block upper triangular matrices, the nonzero (4, j) blocks

of the right side of (4.13) satisfy that p =i < j or ¢ < j = p. Thus (4.12) holds in this

case.
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2. p<q Then MPIN[Mg, M;] = MPL. Let ¢ = p+ k and we prove (4.12) by induction
on k. For better display, we also use {-}" here to denote the embedding of M;; to

MT C M,

(a) k= 1: By Theorem 2.4, at least one of (p,p) and (p+1,p+1) is in (L£). Without

lost of generality, suppose (p,p) € Q(L). Then for APPTL € MPPTL

FOAPPEL) = f([r, APPHY)

= [f [pp)JAp,erl] + []ppjf(Ap,erl)]

p—1 ) t ) p—1 )
= Z {f([pp)ip(Ap,p+l)pyp+l}Z:P‘H + Z {f(Ap,erl)pj }PJ i Z {f(Ap,erl)ip}w
i=1 Jj=p+1 i=1

where the last equality is given by Lemma 4.9. Therefore,

FOAPPEY 3 LFAPP) N =S (1) Ay Y7+ D (AP, 1
i=1 i=1 Jj=p+1

On one hand, as char(F) # 2, the nonzero blocks on the left side of the above
equality are those of f(APPT1); on the other hand, the right side of this equality
has nonzero (i, j) blocksonly for 1 <i <p—1<p+l=jori=p<p+1<j<t.
So k =1 is done.

(b) k = ¢: Suppose the statement is true for all k < ¢ where ¢ > 2. Now MPPH =

[MP,ZH-I’ Mp-i—Lp—M]’ and

FUBPPH, P = [F(BrH), €] 4 [P, (et

By induction hypothesis, f(BPP*!) has nonzero blocks only on the p block row
and the (p+1) block column in the upper right direction of (p, p+1) block, so that
[f(BPP+Y) CP+LPH] has nonzero blocks only on the (p + ) block column above

the (p,p+¢) block and on the (p,p+¢) block. Similarly, [BPP*L, f(CPTLPH4)] has
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nonzero blocks only on the p block row to the right of the (p,p + ¢) block and on
the (p,p + ¢) block. So (4.12) is true for k = ¢.

(c) Overall, (4.12) is verified for all the cases. O

Now we are ready to prove Theorem 4.4. The basic idea is to explore what remain in

Der(Mp) after factoring out ad (N(Mg)) |, = ad (Mp) |ar.. Given X € Mg, A € M,

adX(A)= Y > [XP A7)

(p,a)€AB) (i,5)€Q(L)

A summand [X??, AY] is nonzero only if i = g or p = j. In other words, ad X?? has nonzero
action only on the ¢ block row or the p block column of A. It motivates us to investigate

the relationship of f(A®) and f(A%) for given f € Der(M,) and 1 <p < ¢q <t.
Proof of Theorem 4.4.

1. If Q(L£) = Q(B) i.e. M is the Lie algebra of block upper triangular matrices of M,
by [27, Theorem 4.1] and the assumption char(F) # 2, every f € Der(M) corresponds

to X € My and p € M,* such that
f(A) =ad X(A) + u(A)I,.

Then p([Mg, M¢]) = 0 by derivation property. All M% with i < j are in [M., M¢].
So (1(A) = D 4epg M(A™). Recall that the (p,q) standard matrix in M¥ is denoted by

Ei. Given k € [t], we have AF — tr(A)Eff € [M,, M,] so that

b (AH) = (A (B
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Denote ¢, = p (Eﬁk]> Then
f(A) =adX(A)+ | ) atr(A*) | I,.
ke(t]
This is (4.4). The formulae (4.1) and (4.2) for Q(L£) = Q(B) immediately follow.

2. In the remaining of the proof, we assume Q(L) # Q(B), so that matrices of M, have

at least one zero submatrix on diagonal blocks.

Suppose (k, k) € Q(L). For any A, B € My, A* B* ¢ M* and
FUA™, B = [f (A" ik, (B) 1] + [A™, (B )]

So f(-F)er 1 Mup — Mya, (A — AFF s F(AFK),), is a derivation of Myy. Since
char(F) # 2, according to [27, Corollary 5.1] !, there is X3, € My, and A, € F such
that

FAMY e = [ Xigy (A ] + At (AM) Iy, for AF* ¢ MFE,

We prove that A\, = 0 for all k. Recall that E;g denotes the (p, ¢) standard matrix in

MU Tf we set up A¥* = E¥F. On one hand, the (1,1) entry of
FETD ik = [Xiws (BT )ik] + Me L
equals A\x. On the other hand, for any ¢ € [t] with ¢ > k,

FEWDke = FUEL, Bk = [F(ERY), Efilee + (B3, f(E1D)]ke

= FED)(BDre = (BYDnf (B e + (B3 ) f (E17 e

Der (gl(m,F)) has additional elements when char(F) = 2 and m = 2 [27, Corollary 5.1].
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Therefore,

FER ) e (Bf ke = Tk — (B i) (B ke + (EDief (B )ee.

Comparing the (1, 1) entry of both sides, we see that the (1, 1) entries of f(E})g and
f(E¥)4 are equal. The same result holds for £ < k. By assumption Q(£) # Q(B),
there exists (¢,¢) ¢ Q(L), where f(E)y = 0. Hence A, = 0. Overall, for any
(k,k) € Q(L), there exists Xy € My, such that

A = [Xar, (A¥)j]  for all A € My,

. Given p,q € [t] and p < ¢, we claim that there exists X,, € M,, such that

J(AP)iq = ad Xpg(A®)p,  for any (i,p) € Q(L), and (4.14)

f(qu)pj = ad qu(qu)qjv for any (Q7j) € Q(ﬁ) (4'15>

There are several situations:

(a) Suppose (q,7) = (t,t) € Q(L). For any A, B € My, A" B € M and

FA", B )y = [(A®), B+ [A", F(B)p = F(A)e (B — F(B)u Al

Recall that I** denote the matrix of M** with the identity matrix I; in the
(k, k) block. Set B = I". Then f(A"), = f(I")(A")y for A" € M™. Denote
Xpt = f(_[tt>pt € Mpt' We have f(Att)pt = Xpt(Att)tt and so

f(Att)pt = ad Xpt(Att)tt fOI‘ all A = (Att)tt - Mtt-
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(b) Suppose (i,p) = (1,1) € Q(L). Similarly, let Yy, := —f(I'!);, € My, then
f(AH)lq = —<A11)11Y1q = ad }/iq(All)ll fOI' all A = (All)n € Mu.

(¢) Suppose (q,7) € QL) \ {(t,t)}. Either ¢ < t or j < t. Without loss of generality,
suppose j < t. Let j' := j + 1. Then (4,5),(q,5), (p,7),(p,7)) € QL), and
MY = MIMIT = MY, MIT]. For A € My, A% € M¥Y; B € My, B €
M7’ and

FAYBIT) o0 = [([AY, B7))y0 = [f(AY), B ]+ [AY f(B7 )] = f(AY),;(BY) 0.

Applying Lemma 2.7 to ¢ : My — M, defined by ¢(C) := f(C%"),; and
¢ : My — M,; defined by p(D) := f(D%),;, we can find X,, € M,, such that
F(AD)p; = Xpg(AY)y; for A = (AY)y; € My, and f(FY'),50 = Xpg(FY')gy for

F= (qul>qj’ € Mg;. In particular, X,, is independent of j. So
f(qu)pj = ad qu(qu)qj for A= (qu)qj € M,;.

(d) Suppose (i,p) € QL)\{(1,1)}. Eitheri > 1 or p > 1. Without loss of generality,
suppose i > 1 (similarly for p > 1). Let i’ :=i—1. Then (¢, 1), (¢, p), (4,q), (', q) €
Q(L), and M?P = MU IMP = [M¥', M?]. For B € My;, B'" € M"%; A€ My,
AP € M® and

FBY AP = [(IB APy = [F(B), AP]ugt[BY, f(AP)] g = (B')ari f (AP,

Applying Lemma 2.6 to ¢ : My, — My, defined by ¢(C) := f(C"?)y, and
¢ M, — M,, defined by ¢(D) := f(D®),,, we can find Z,, € M,, such
that f(A’Lp)’Lq = (Aip)iprq for A = (Aip)ip c Mip’ and f(Fi/p>i/q = (Fi/p>i/prq
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for F = (F'P)y, € My,. Define Y,, := —Z,, € M,,. In particular, Y,, is

independent of i. So
f(AP);, = ad Yy (AP);,, for A= (A7), € M,
(e) Given any (i,p), (¢,7) € Q(L), we have [A" A%] = 0, so that

0 = f([AP AY]);; = [f(AP), A¥];; + [AP, f(AY)];
= f(Aip)iq<qu>qj + (Aip)ipf(qu)pj
= _<Aip)iprq(qu)qj + (Aip>ipoq(qu)qj'
Therefore, X, = Y,,.

Overall, we successfully find X,, € M,, that satisfies (4.14) and (4.15). Let X?? =
(Xpg)P? € MP1.

4. From 2 and 3, we can construct a matrix in M:

Xo = Y XM 3y xm

(k,k)EQ(L) 1<p<q<t

Define the derivation

f1 = f —ad Xo. (416)

Then for any (k, k) € Q(L), 1 <p<q<t, and (i,p),(q,5) € QL), we have

Si M) =0, frlM®);y =0, fr(M®),; = 0.
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By Lemmas 4.9 and 4.10, f; belong to the following set:

Dy :={g € Der(M) | g(M") € Z(M) N M for (k, k) € Q(L),
g(MPT) C MP9 for 1 <p < q <t} (4.17)
It remains to describe the subalgebra Dgy of Der(M;).
. Given f' € Der(M;), p,q € [t] with p < ¢, and k € [t] with p < k < ¢, Lemmas 4.9

and 4.10 imply that

fl(ApkAkq)pq = f/([Apkv Akq])pq = [f/(Apk>7 Akq]pq + [Apkv f/(Akq>]pq
= [ A) k(A ) g + (A7) f (A g (4.18)
This formula will be frequently used in the following computations.

. We prove the following claim regarding f; defined in (4.16): there exist Y% € M for
i € [t], such that for each k € [¢], the derivation f*) := (fl —yF ad Y”)

has the
M
images
P (M) = (M), for (g,9) € L), g < k;
(4.19)
AP (M) =0, for (p,q) € QL) 1<p<q<F
Moreover, Y € FI* whenever (i,7) € Q(L).
The proof is proceeded by induction on k:

(a) k=1 and 2: There are two subcases:

o If (1,1) € Q(L), we let Y =0 € M so that f") = f,. By (4.18),

fl(l)(AHAm)m _ fl(l)(An)H(Alz)m 4 (A11)11f1(1)(A12)12 _ (An)nfl(l)(Au)u-
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By Lemma 2.6, there exists Z** € M?2, such that fl(l)(A12)12 = (A2Z%%),.
Define Y2 = —Z%. Then f{”(A"%) = —(A2Y2),. Let f* = fiV -
ad Y22, Then f*(A2) = 0. If furthermore (2,2) € (L), then by (4.18),

0= f1(2)(A12A22)12 _ 1(2)(A12)12(A22)22 4 (A12)12f1(2)(A22)22 _ (A12)12f1(2)(A22)22.
Thus
0= fP(A)0 = f1(A)g — (Y2, AP])gp = —([Y 2, A%2))s.

So Y?2 € FI*2 and f1(2) (A%2) = f1(A??). The claim holds for k = 1, 2.

o If (1,1) & Q(L), then (2,2) € Q(L) by Theorem 2.4. By (4.18),
filAPA®) 15 = [1(A)19(A%) 92 + (A?)12f1(A%) 22 = f1(A™?)12(A%)g0.

By Lemma 2.7, there exists Y11 € M such that f1(A?);, = (YHA2),.
Let Y2 =0e M2, fV = f, —adY!, and f? = V) — adY?2. Then the

claim holds for £ =1, 2.

(b) k = ¢ > 2: Suppose the claim holds for k = ¢ —1 > 2. So there exist Y!! €
M YL e MELEL guch that £ = f; =3 ad Y satisfies (4.19)
for k = ¢ — 1. Clearly fl(gfl) € Dy. For any p € [¢ — 2], by (4.18),

R AP A = FED (AP, (AT g+ (AP ATV (A

_ (Ap,zfl)plilfl(f—l)(Affl,fhil’e.
By Lemma 2.6, there exists Z* € M, such that
£, = APz, forall pell—1].
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Define Y* = —Z%. Let fl(e) = fl(ﬁ_l) —adY*. Then fl(é)(Apz) =0 forp e [¢—1].
In the case (¢,0) € Q(L), by (4.18),

0= fl(g)(Az_leM)Z—l,é — fff)(Ag_l’e)z—l,e(AM)ee + (Az_lx)f—l,ffl(e)(AM)M

= (Az_l’e)e—l,szf) (A%) g0

So
¢

0= 1(13)<AM)M _ <f1 _ Zad Y”) (A”)a; _ _([Yee’ AM])M

i=1
Thus Y¥ € FI% and f{”(A%) = f,(A%). The claim is proved for k = /.

(¢) Overall, the claim holds for every k € [t].

7. The derivation f) = fi=>"_ ad Y7 sends each M** for (k, k) € Q(L) to Z(Mg)NM,

and MP? for 1 <p<qg<tto0. Forany A, B € M,
AP(A, BY) = [17(A), Bl + A, £(B)] = 0.

Therefore, f{" € D for D defined in (4.3). Every ¢ € D satisfies ¢([A, B]) = 0 =
[0(A), B] + [A, ¢(B)] for A, B € M;. Thus D C Der M. So far we have

Del"(Mg) = (ad MB) ’Mﬁ + D.

If (1,1) € Q(L) or (t,t) € QL), then Z(Mz) N M, = 0 implies that D = 0. We get
(4.5).

If neither (1,1) nor (¢,t) is in Q(£), then Z(M.) N My = M. The set {EW | (k, k) €

(L)} spans a subalgebra complement to [M,, M;] in M. By a similar calculation as
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in 1, one can show that for any ¢ € D and A € M,

SA) = DY s(A) = D t(AM)e(EL).

(k,k)eQ(L) (k,k)eQL)

Denote Y := ¢(EM) € M for (k, k) € Q(L). We get (4.6).

In all the cases, the equations (4.5) and (4.6) as well as (4.4) imply (4.1) and (4.2) by

a easy computation. So Theorem 4.4 is completely proved. ]
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Chapter 5
Derivations of the Lie algebra [M., M| associated with a strongly dominant upper

triangular ladder £

Recall that a ladder £ = {(i1,71), -, (is,s)} of size n is called strongly dominant
upper triangular (SDUT) if j, < iy < jeyq for £ € [s — 1] (Definition 2.2). In this chapter,
we give an explicit description of the derivations of the Lie algebra [M,, M,] for an SDUT
ladder L of size n over a field F with char(F) # 2,3. The Lie algebra [M,, M| consists of
matrices of M, that have a submatrix of zero trace on every diagonal block. In the rest of
this chapter, we fix the ¢ x ¢ block matrix form of matrices in M,, determined by £ through

(2.1). Let us make the following notation.

Definition 5.1. Given an upper triangular ladder L of size n, let M2 denote the Lie subal-

gebra of My consisting of matrices that have zero trace on every diagonal block.

Any derivation of a Lie algebra g preserves derived series of g. Given an upper triangular

ladder £, the derived series of M/ is

B3
v
=
\V
=
v

k k-1 k-1
Mg=M;">M;"BM7" B>, Mé):[Mé ),Mé )]'

The following observations are straightforward in the view point of block matrix form:
1. When k£ > 1, each M [(:k) = Mgk for some upper triangular ladder £ contained in L.

2. The Lie algebra M/, is non-solvable if and only if its derived series terminates at a

nonzero MP , where L, is the maximal SDUT ladder contained in £. Precisely,

E* == {(ifajf) el ’ i@ > ]E}
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Example 5.2. In Mg, the forms of My, My, and M?. associate with an upper triangular
ladder £ = {(2,1),(3,3),(4,4),(7,6)} of size 8 are illustrated below. In particular, we see
that L. ={(2,1),(7,6)} is an SDUT of size 8.

0
M, Mg, Mﬁ*
| | | | | | | | | | | | | | |
ook ok ok kR kK koK ok ok ok ok k| ok @ ko ok kR ko kX
| | | | | | | | | | | | | | |
**:*:*:*:* *:* **:*:*:*:* *:* *—a:*:*:*:* *:*
7777\77\77\77\7777\ 777777 \77\77\77\7777\77 77777\77\77\77\77777\77
Dok Dok |k |k % | % P01 0101 % %1% 01010 % % 1%
I I o A P [ D I [, e P
| | | | | | | | | | | | | | |
Lok ok ko ok Kk 10,0 % ko 10,0 % k%
- —F ===l === =4 = - F=-=-l-—l-=-—=4=-1 | |----- F-F=l-=l- ===+ -
| | | | | | | | | | | | | | |
| | \0\* *\* | | \0\* *\* | | \0\* * \*
[ I e e N I I I R I B R A | I I e e I
Lo R B Lo b
| | | | | | | | | | | | | | |
I I I Ik ok 1ok I I I Ik ok 1ok I I I Ix —b 1 x
R N N S U RN I N U U S N R [ Lo - - - — 1 _
| | | | | | | | | | | | | | |
| | | | |k | | | | \O | | | | \0

The above observations indicate that the structure of Der(M) associated with an SDUT
ladder £ will be useful in finding the derivations of non-solvable Lie algebras of upper trian-

gular ladder matrices.

5.1 Some linear transformations between matrix spaces sl,, and M, ,

In this section, we describe some linear transformations between matrix spaces sl,, and
M., ,, that satisfy some special properties. Let Eé@””) € M, denote the the matrix with the
only nonzero entry 1 in the (p, ¢) position. We first give two lemmas similar to Lemmas 2.6

and 2.7.
Lemma 5.3. Suppose n > 2. If linear transformations ¢ : My, , — My, , and ¢ : sl, — M, ,
satisfy that

®(AB) = Ap(B) forall Ae M,,,, BEesl, (5.1)

then there is X € M, , such that $(C) = CX for C € M,,,, and p(D) = DX for D € sl,,.
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Lemma 5.3 is very similar to a special case (p = n) of Lemma 2.6, except that the
domain of ¢ is sl, instead of M, , = M,. The proof of Lemma 5.3 (omitted) is totally
parallel to that of Lemma 2.6, using the key fact that {ESW)B | j € [n], B € sl,} still spans

the first row space of M,,,. Similarly, we have the following lemma.

Lemma 5.4. Suppose n > 2. If linear transformations ¢ : M, , — M, , and ¢ : sl, = M, ,,
satisfy that

¢(BA) =¢(B)A  forall A€ M,, B e€sl, (5.2)
then there is X € My, ,, such that ¢(C) = XC for C € M, , and o(D) = XD for D € sl,.
Next we give two lemmas related to the Lie bracket operation.

Lemma 5.5. Suppose char(F) # 2,3. If a linear transformation ¢ : sl, — M, ., satisfies
that

S(AB — BA) = Ap(B) — BH(A), for all A, B € sl,, (5.3)
then there is X € M, , such that ¢(C) = CX for C € sl,.

Proof. The case n = 1 is obviously true. We now assume that n > 2. Let {E;; | 7,7 € [n]}
be the standard basis of M,,. Then sl,, has the standard basis {E;; | i,j € [n],i # j} U{H; |
i € [n—1]}, where H; := Ej;; — Ei41,41. We have M,, = sl, ® FE;;.

First we prove that the only possibly nonzero row of ¢(E;;) (i # j) is the i-th row, and
the only possibly nonzero rows of ¢(H;) = ¢(Ey; — Eiv1,41) (i € [n—1]) are the i-th and the
(7 4+ 1)-th rows.

Suppose i, j € [n] with ¢ < j. Denote E := E;;, F := Ej;, and H := E;; — Ej;. Then

20(E) = ¢([H, E]) = HY(E) — E¢(H)  — (2, — H)¢(E) = —E¢(H).

When char(F) # 2,3, the matrix 27, — H = diag(2,2,---,1,---,3,---,2) is invertible and
i j

diagonal. The matrix (21, — H)™! is again diagonal with 1 as the i-th diagonal entry. So we
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have

¢(E) = —(2, — H)"'E;¢(H) = —E;¢(H).

In particular, ¢(E;;) = ¢(E) has zeros outside of the i-th row. Similar argument works for
Eji'

For Hl = E” — Ei—l—l,i—l—l; we have

o(H;) = ¢([Ez',z'+1, Ei+1,i]) = Ei,z'+1(/5(Ez'+1,z') — Ei+1,i¢(Ez',i+1)-

Therefore, ¢(H;) has zeros outside of the i-th and the (i + 1)-th rows.
Next we extend the map ¢ from the domain sl,, to the domain M,, such that property

(5.3) still hold in M,,. Define the linear transformation ¢* : M,, — M,, ,, as follow:

ot (A) = ¢(A), for A € sl,,;

¢+(E11) = E12¢<E21)~

Then ¢t is an extension of ¢ from sl,, to M,. To verify (5.3)-like property for ¢ in M, it

suffices to prove the following equality for all A in the standard basis of sl,,:

¢ (EnA— AEn) = End*(A) — Ap™ (En) = End(A) — AE1¢(Ea). (5.4)

1. A= Ey;, 1#j € [n]: the left side of (5.4) is ¢ (E1;) = ¢(E4;). The right side of (5.4)
is F11¢(E4;). Both sides are clearly equal since ¢(E};) has zero entries outside of the

first row.
2. A= E;, 1# i€ [n]: the proof is similar.

3. A=E;;, 4,5 € [n]\ {1}, i # j: both sides of (5.4) are zero.
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4. A= Hy = Ey; — Ey: the left side of (5.4) is zero. The right side of (5.4) is

E11¢(Hl) - H1E12¢<E21) = E11¢(Hl) - E12¢(E21)-

We have

_2¢(E21) = ¢([H1; E21]) = H1¢(E21) - E21¢(H1) = _¢(E21) - E21¢(H1)7

where the last equality holds since ¢(F2;) has zeros outside of the second row. There-

fore, ¢(Fa21) = Eo1¢(H1), and the right side of (5.4) is

E11¢(Hl) - E12¢(E21) = Ell(b(Hl) - E12E21¢(H1) = 0.

So both sides are equal.
5. A= H;, i € [n— 1]\ {1}: Both sides of (5.4) are clearly zero.

Overall, (5.4) is proved. We have

¢T(AB — BA) = A¢*(B) — B¢t (A), for all A, B € M,,. (5.5)

Finally, let B = I, in (5.5), then

0=A¢"(I,) = L.¢"(4) = ¢"(4)=A¢"(L,).

Setting X := ¢7(1,,), we get ¢(A) = AX for all A € sl,. O
Similarly, we have the following result.

Lemma 5.6. Suppose char(F) # 2,3. If a linear transformation ¢ : sl, — My, ,, satisfies
that

®(AB — BA) = ¢(A)B — ¢(B)A, for all A, B € sl,, (5.6)
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then there is X € My, ,, such that ¢(C) = XC for C € sl,.

The statements of Lemmas 5.5 and 5.6 also hold when char(F) = 2, but the proofs
should be adjusted slightly. We will not need the case char(FF) = 2 here. The following

counterexample shows that Lemma 5.5 is not true when char(F) = 3. Likewise for Lemma

5.6.

Example 5.7. Suppose char(F) = 3. In M,, let H := Eyy — Ey, and ¢ : sly — M, the

linear map given by
¢(Lha) = Eo, ¢(Ear) := 0, o(H) :=0.
Then ¢ satisfies (5.3) since

(b([H; EIQ]) == 2¢(E12> == 2E21 = _E21 = H¢(E12) - E12¢(H)7
O([H, Ea]) = —2¢(En)=0=Ho(En) — End(H),

O([Erz, En]) = ¢(H) = 0= E¢(En) — Ea1¢(Eh).
However, there is no X € My such that ¢(FE12) = Foy = E12X.

5.2 Derivations of the Lie algebra M} associated an SDUT ladder £

In this section, we state the theorem about the derivations of the Lie algebra M} asso-
ciated with an SDUT ladder £ over a field F with char(FF) # 2,3. We recall that the Mz

denote Lie algebra of block upper triangular matrices in M,,.

Theorem 5.8. Suppose char(F) # 2,3. Let L be an SDUT ladder of size n. Then every
derivation f € Der(M2) can be extended to a derivation f* € Der(M;) such that e = £

In particular, there exists a block upper triangular matriz X € Mg such that

f(B)=ad X(B)=[X,B],  forall B¢& M. (5.7)
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We can write

Der(My) = ad(N(M¢)/Z(M¢))|ao. (5.8)

The proof of Theorem 5.8 will be given in next section, after we present several auxiliary

lemmas and their proofs.

Example 5.9. When char(F) = 2 or 3, we show by counterexamples that Der(M?) is not in
the form of (5.8).

e char(F) = 2: Let My = My, so that M2 = sly. Let f be the derivation of My given in
Example 4.5, that is, f(E12) = Ean, and f(E;;) =0 for (i,7) € {(1,1),(2,2),(2,1)}.
Then f|a, is a derivation of sly. However, there is no X € Mg = My such that

flotz(Br2) = [X, Ena].

e char(F) = 3: Let L ={(2,1)} be a ladder in My. Then MY consists of matrices in My

that takes the following forms:

aix Qa2 Az Aaig
Q21 —a11 Q23 A4
, a;; € F.
0 0 0 0
0 0 0 0

So Mg has a basis B = {EH - EQQ, Elg, Elg, E14, E21, E23, E24}. Deﬁne f € El’ld(Mg)
by f(E12) := Eay, and f(E) = 0 for all other matrices E in the basis B. We prove that

f(E, ET) = [f(E), E'] + [E, f(E')] (5.9)

for any distinct E,E' € B, so that f € Der(M2). The only case that the left side or

the right side of (5.9) is nonzero is {E, E'} = {Ey1 — Fa, E12}, in which

f([E, El]) = 2f(E12) = 2Eyy, [f(E)> El] + [E, f(El)] = —Fay.
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Since char(F) = 3, the equality (5.9) holds for this case. Therefore, (5.9) holds for
all {E,E'} C B, and f € Der(M?). However, there is no matriz X € My, such that

f(Erw) = [X, Bl

5.3 Proof of Theorem 5.8

The main goal of this section is to prove Theorem 5.8. We adapt the notations Mz,
Mij, M sl and s™ in Definitions 3.1 and 4.1 here. Recall that Q(£) and Q(B) denote
the block index set of matrices of M, and Mg, respectively.

We first present several results on the images f(sI**), f(M%¥) for f € Der(M?2) and

slFF MY C M.

Lemma 5.10. Suppose char(F) # 2. Then for any f € Der(M2):

F(st*y C s[’“’“+ZM”“+ Z MM for (K k) € QL); (5.10)
j=k+1
p—1
FMP) O MPTLY M Z MPI for 1<p<q<t. (5.11)
1=1 Jj=q+1

The proof below is similar to that of Lemma 4.10, with some slight adjustments.
Proof. Given (k,k) € Q(L), we have [sI** sl**] = sl** in M2. For Ak B*r ¢ g(**,
k—1

f([Akk Bkk]) [f(Akk) Bkk]—i-[Akk,f(Bkk)] € ﬁ[kk—i-z./\/llk—i- Z ng

Jj=k+1

So (5.10) is done.

Given 1 < p < ¢ < t, we prove (5.11) by induction on ¢ := ¢ — p:

1. £ = 1. Here (p,q) = (p,p+ 1) € Q(L). By Theorem 2.4, at least one of (p,p) and

(p+1,p+1)isin Q(L). Without loss of generality, suppose (p,p) € Q(L). Let {-}¥
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also denote the embedding of M,; to M C M,,. For AP € slPP| APPTL € MPPHL

FLAPPAPPEL) = f([APP, APPH]) = [f(APP), APPT]  [APP, f(APPHD)] (5.12)

p—1 t
c Mp,p+l+ZMi,p+l+ Z MPI
i=1

= AT (A7) P (A S

Recall that Ep* 1 denote the (k,j) standard matrix in MPP*!1. To get (5.11) for
g —p = 1, it remains to prove that f (Eﬁ;p +1)ip = 0 for any given standard matrix

1. .
10/ Lin MPP1 and i € [p]. There are two cases:

e i € [p—1]: (5.12) shows that for AP € s[P? and APPT € MPPTL
FLAP AP, = (AP, (A7), (5.13)

Since £ is SDUT ladder, the size of the submatrix in the (p,p) block of matrices

in sIP? is m x m such that m > 2. So we can choose s € [m] \ {k}. Then
FER i = FBREL )i = —F (B )in( B (5.14)
However, we also have

0 = FUER EXP T )ipin
= [F(BEPY), BPP Y + [BRPHY F(EPP ]
= A (BR s — FOERP ) (BRP )i
= (BB B )y per — FER (B )i (by (5.14))

= _2f(Efy"erl)ip(Eg}PH)p,pH-
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Since char(F) # 2, the k-th column of f(Efj’.pH)ip must be zero. Then (5.14)

shows that f(E]IS;‘p+1)ip = —f(Efij)ipEzg = 0.

i = p: (5.12) shows that for AP € sIPP and APPT! € MPPTL
FLAPPAPTEE) = [(APP)yp, f(APPHD) ] = (APP)pp f(APTTT) — FLAPPHE) (AP .

In particular, for r € [m] \ {k}, we have E}? € sI”” and

PR n = FEEL Yo = (B anf (EL Vo — FEL ) oo (B - (5.15)

Denote

A= |:az'j:| = f(Eg;p-'_l)pp'
mxm

(5.15) implies that all nonzero entries of A are located in the k-th row and the
r-th column. If m > 3, we can replace r by any s € [m]\ {k,7} in (5.15) to show
that all nonzero entries of A are located in the k-th row. In both m = 2 and

m > 3 cases, we have

A= (E)mA + ar (E7)pp- (5.16)

Applying (5.15) twice, we get

A = (B fE ) = [ER s (B £EL )]
= (BimwA = (B AER ) = (B mAER )pp + AER )
= (A= an(BD)pm) = (ER)m{ (B ppA + are (B2} (B ) pp
—(ER ) AR ) + AER)pp - (by (5.16))

= A= an{(E)pp + (B} — (ER) e A(ER ) pp + ACEL) pp-
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Therefore,
arr{(Eff)pp + (EZZ)pp} + (Eflf)ppA(EZf)pp = A<Eff>pp-

Comparing the (k, k) (resp. (r,r), (k,r)) entry, we get a,. = 0 (resp. ap = 0,
agr = 0). Since r € [m] \ {k} is arbitrary, we have f(ngH)pp =0.
The case ¢ =1 is done.
2. Suppose (5.11) is true for all ¢ < k. Now for any (p,p + k) € Q(L), we have

[MPPHLAPTLPTR] = AMPPHR in M2 and by induction hypothesis,

f(Ap,p+lAp+1,p+k) — f([Ap7p+17Ap+l,p+k]) — [f(Ap7p+1)’Ap+17p+k] 4 [Ap,erl’ f(Ap+l,p+k’)]

p—1 t
c Mp7p+k+ZMi7p+k+ Z MPI
i=1 j=p+k+1

Therefore, (5.11) is true for £ = k.

3. Overall, (5.11) is proved for all (p,q) € Q(L) with p < q. O

Lemma 5.11. Suppose char(F) # 2,3. Let f € Der(M2). Then for any 1 < p < q < t,

there exists X,q, € My such that

F(AP)iy = ~(A%)y) Xy, for all (i,p) € QL) and A € M”11 M, (5.17)

f(qu)pj = XPQ<qu>QJ7 for all (Qaj) S Q(E) and AY € MY Mg' (5'18)

The proof below is similar to that of (4.14) and (4.15) inside the proof of Theorem 4.4.
Proof. Given p < ¢ in [t], we consider the following four situations:

1. Suppose (q,7) = (t,t) € Q(L). For any A" B € sl*,

FA", B )y = [F(A®), B+ (A, F(B) e = FA (B — F(B (A
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Applying Lemma 5.6 to the map ¢ : sly — M, defined by ¢(C) = f(C™),, we can
ﬁnd Xpt S Mpt SUCh that f(Att)pt = Xpt(Att)tt fOI' Att € ﬁ[tt.

2. Similarly, when (i, p) = (1, 1), there exists Y3, € My, such that f(A");, = —(A")11Y),

for A € s(*.

3. Suppose (q,7) € QL), (¢,7) # (t,t). Then ¢ < t. Given any j < j' in [t], we have
(7.9 (@:3): (0, 7). (p,J") € QL), and MY = MUMI" = [MY, MIT].

e If g =4, then for A% € §199 and A € ij,’
FIATAT) o = FLAY, AT]) 5 = [F(AD), AT |yt [AY ) F(AT )]y = F(AY )5 Ay,

Applying Lemma 5.4 to the map ¢ : M, — M, defined by ¢(C) = f(C¥),;,
and ¢ : sl,, = M,, defined by ¢(D) = f(D%),;, there exists X,, € M,, such
that f(AY),; = Xpg(AY)y; for AY € sl and f(AY'),;0 = Xpg(AY")y for any

4" > jin [t] and any A% € M9’

e If ¢ < j, then for A% € M% and A € M’/ we still have
FIATAT) 0 = F(IAY, AT)) 50 = [F(AD), AT ]yt [AY f (AT )]0 = FIAY)5 (A7) 150

Applying Lemma 2.7, there exists a (unique) X,, € M,, such that f(A%),; =
Xpg(A9),; for all j > ¢ in [t] and A% € M%Y.

4. Suppose (i,p) € QL) and (i,p) # (1,1). Similar to the proceeding argument, there
exists —Y,, € M,, such that f(A"?);, = (A?);,Y,, for (i,p) € Q(L) and AP € M.
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5. For any (i,p), (q,7) € Q(L), we have [A?, A%] = 0. So

0 = f([A7 AY])y; = [f(AT), AV];; + [A7, f(AY)];
= f(AP)iq(AY)g; + (AT)ipf (AV)y;
= _(Aip%prq(qu)qj + (Aip)ipoq<AQj)ip'
Therefore, X, = Y. O
Now we are ready to prove Theorem 5.8.

Proof of Theorem 5.8. Recall that E}f denote the (¢,¢) standard matrix in M**. We have

the Lie subalgebra decomposition

My = span{E | (k, k) € Q(L)} x M2.

Given f € Der(M2), we define fT(A) := f(A) for A € M2. The next step is to define
fT(EYF) for each (k, k) € Q(L) appropriately so that f* € Der(M.). We will let

k—1 t
FRE) € stF Y MF+ Y MmN
i=1 j=k+1

and define the nonzero blocks of f*(E) as follow.

1. The (k, k) block: it is easy to see that f(-**)ux : sl — sha, (A — AR — F(AR),,),
is a derivation of sly;. Since char(F) # 2, there exists Xy € sl such that f(AM),, =

[ Xk, (AFF),0] for ARF € sIF* . Define

FHE ke = [ X (B k. (5.19)
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2. The (i, k) block, i < k: by Lemma 5.11, there exists X;;, € My such that f(AM);; =
Xir (AR for any (k,j) € Q(L). Define

FHEMY g = X (B for alli € [k —1]. (5.20)

3. The (k,j) block, k < j: by Lemma 5.11, there exists Xy; € My; such that for all
(i,k) € Q(L) we have f(A*);; = —(A™*); X};. Define

FHEN Y = —(EfF) Xy forall k< j <t (5.21)

The above process uniquely defines a linear map f* € End(M,) such that |y = f.

Next we verify that f+ € Der(M,). It suffices to prove that for every (i,7) € Q(L),
FHBSE, A]) = (£ (), A9 4 [(B), [H(A7)] forall AY € MIAMEL  (522)
Denote

k—1 t
XP= XMy X Y XM (5.23)
1=1

j=k+1
where X* := (X )" € slf* X = (X3)* € M* and X% = (Xy;)® € M*. Then
(5.19), (5.20), and (5.21) imply that fT(EY) = [X*, Ef¥]. So (5.22) is equivalent to

FUBE, A9)) = [[X*, EF), AY) 4 [BSE, f(A)] for all A% € MY QMY (5.24)

We will prove (5.24) for each block (7, j) € Q(L):

1. (k,k) € Q(L): the matrices X** X (i < k), and X" (k < j) satisfy that
F(ARR) = [XF AR for all AF* € s,

where X* is given by (5.23). Therefore, (5.24) is true for (i,7) = (k, k) € Q(L).
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2. (k,j), k <j<t: when (i,j) = (k,j), we have
it AY] = Eff AY = By Exf AV = [Ey [B5f, AY]).
So (5.24) is equivalent to the following equalities:
F(1B, (B, AV])) = ([X*, Eyy], AY] + [y, f(AY))

= f(ER)ETAY + B f(E)AY + By By f(AY) = XY, Ef]AY + By f(AY)

— [f(EMERF AR 1 ERY (B AN = [XF BRI AR (for all AN € MM

= f(ER)ET + ELf(Ey) = [X*, EiY]

= [X° ER]EY + B X By = (XY, By
The last equality is obviously true.

3. (i,k), 1 <i < k: similarly, we can prove (5.24) for the case (i,7) = (i, k).

4. (i,7) € QL), i # k, j # k: the left side of (5.24) is zero. We investigate the right side
of (5.24) in three cases:

(a) i < j < k: the only possibly nonzero block in the right side of (5.24) is the (i, k)
block, which is

[X*, By, A% + (BT, F(AY)]in = —(AY)y [ X5, Bl — F(AY )i (17 )i
= —(AY)[X*, Biy]je + (A7) X (B ), (by Lemma 5.11)
= — (A7) (X7 i (B e + (A7) X (B ) (by (5.23))

=0.

So (5.24) is done for this case.
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(b) k < i < j: similarly, we can prove (5.24) for this case.

(¢) i < k < j: the right side of (5.24) is
(X", Biy), AY] + [BRT, f(AY)] = 040 =0.

So (5.24) holds.

Overall, we have proved (5.24). Therefore, f* € Der(M,) and f*|y0 = f. By Theorem 4.4,
there is X € Mg such that f(B) = [X, B] for all B € M. O
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Chapter 6

Future research topics

In this chapter, we discuss some potential future research directions on those matrix Lie
algebras that we have studied in this dissertation.

Other than the Lie algebras of block upper triangular matrices and strictly block upper
triangular matrices, not much work has been done on the Lie algebra M,/ of upper triangular
ladder matrices. Many interesting research directions arise on this topic, for examples, the
description of Der(M/) in terms of Levi-decomposition and root space decomposition of
M, the study of Lie triple derivations of My, extensions of these results to semisimple or
reductive Lie algebra, etc.

For most upper triangular ladders £, the complete description of Der(M,/) remains an
open problem. The explicit description of the derivations of the Lie algebra M, for an DUT
ladder matrices has been given over a filed F with char(F) # 2 (Theorem 4.4). However,
we have not investigated the char(F) = 2 case. Example 4.5 suggests that Der(M,) has
some additional elements when char(F) = 2. In the future, I would like to continue my
investigation on Der(M,) when char(F) = 2, as well as the study of Der(M/) for other
upper triangular ladders £’.

A Lie triple derivation (or simply triple derivation) of Lie algebra g is an F-linear

map f: g — g that satisfies

XY 200 = [F(X), IV, 2+ (X LF(Y), 2] + (X T f(2))]

forall X,Y,Z € g.
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The triple derivations of Lie algebras are apparently a generalization of its derivations.
It is easy to show that every derivation of Lie algebra is a triple derivation. However, the

converse statement is in general not true, which can be seen via the following example.

Example 6.1. Let g be a Lie algebra of strictly upper triangular matrices in Ms. So g
has a basis B = {Eho, Ers, Eos}, where E;; denotes the standard matriz in Ms that has
the only nonzero entry 1 in the (i,7) position. Define f € End(g) by f(FEa3) := Fas, and
f(E) := 0 for all other matrices E € B. Since [g,|g,0]] = 0, it is straightforward to check
that f is a triple derivation of g. On the other hand, f([Fi2, F2s]) = f(E13) = 0 and
[f(E12), Ess] + [Evg, f(Ea3)] = [Era, Eas] = Eis. So f is not a derivation of g.

The triple derivations of matrix Lie algebras have been extensively studied over a ring
R [2, 18, 20, 29]. In [29], Wang and Li explicitly described the triple derivations of the
Lie algebra of strictly upper triangular matrices over a commutative ring R with identity.
However, no work has been done on the triple derivations of the Lie algebra of strictly block

upper triangular matrices. At this point, we want to ask the following question.

Question 6.2. Can we extend Wang and Li’s result in [29] on triple derivations of the
Lie algebra of strictly upper triangular matrices to the Lie algebra of strictly block upper

triangular matrices?

As we mentioned earlier, many interesting questions on the Lie algebra of upper trian-
gular ladder matrices remain to be addressed. The triple derivation is one of them but it
seems a lot of works are needed to be done to have a complete description of them. In the
next step, I would like to study the triple derivation of the Lie algebra M, of DUT ladder

matrices. This Lie algebra satisfies the following Lie bracket relation

(Mg, Mc| = [Mg, [Mc, Mc]]

by a direct computation. This suggests the following question.
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Question 6.3. Does the Lie algebra M, of DUT ladder matrices have any triple derivations

other than derivations?
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