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Abstract

In the 1950s, G. G Lorentz introduced the spaces A(a) and M(«), for 0 < o < 1
and showed that the dual of A(«a) is equivalent to M («) in his paper titled 'Some New
Functional Spaces’ (see [10]). Indeed, Lorentz mentioned that for the excluded value
a = 1, the space A(1) is L; and M(1) is L. In 2010, De Souza [4] motivated by a
theorem by Guido Weiss and Elias Stein on operators acting on A(«), showed that there
is a simple characterization for the space A(«) for 0 < o < 1. The theorem by Stein
and Weiss is an immediate consequence of the new characterization by De Souza. In this
work, we seek to investigate the decomposition of L; which is the case a = 1, and also
extend the result to the well-known Lorentz-Bochner space L*(p, 1) for p > 1, and X is
a Banach space, that is, the Lorentz space of vector-valued functions. As a by product,
we will use these new characterizations to study some operators defined on these spaces

into some well-known Banach spaces.
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Chapter 1

Introduction
1.1 Background

The Lorentz spaces, denoted L, ,, were introduced by G. G Lorentz in the 1950s and
they are generalizations of the traditional Lebesgue L, spaces. These Lorentz spaces
has been studied and generalized in many aspects by some authors. Examples of such
generalizations include the (weighted) Lorentz-Orlicz Spaces (see [18, 19, 20]), Lorentz-
Bochner Spaces (see [23]), Lorentz-Karamata Spaces (see [25]) and Lorentz Spaces with
variable exponents (see [26]). For the purpose of this work, we will restrict ourselves to
a special case of the Lorentz and Lorentz-Bochner Spaces.

We recall a few basic definitions, properties and notations. Throughout this work,

(T, M, 1) denotes a finite, complete, nonatomic measure space.

Definition 1.1. Let f be a real-valued measurable function defined onT’. The distribution

function of f is the function s : [0,00) — [0,00) defined by

pr(e) = p{z € T [f(2)| > a}), for a€]0,00).

Example 1.1. For any given measurable set A € M, the distribution function of f = xa
is given by pg(a) = p(A)xo) (). Indeed, we can easily verify that if f is nonnegative

simple function, that s,

£la) = > (@)
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where the sets A; are pairwise disjoint and a; > ay > -+ > a, > 0 then we have that

:“f(a) = ijx[aj+1,aj)(a>
=0

J
where b; = Z,u(Ak), forj=1,---,n, by =0 and ag = oo.
k=1

For more information about the distribution function, we refer the reader to [9].

Definition 1.2. Let f be a real-valued measurable function defined on T. The decreasing

rearrangement of f is the function f* defined on [0,00) by;
F1(1) = inffa = 0: pyla) < 1)

Remark 1.1. f* is a decreasing function supported in [0, u(T)].
Example 1.2. The decreasing rearrangement of f = xa is [*(t) = Xjo,uca) (t)

The following are some useful properties of the decreasing rearrangement for which the

details and other properties can be found in [9].
Proposition 1.1. For any measurable function f, we have
(1) f*(ns(a)) < o whenever o > 0.
(2) pp(f*(t)) < t, for all t > 0.
(3) f* is right continuous on [0,00). That is, tl_lgl+ () = f*(a), for any a € [0, 00).
(4)t<p({z €T |f(z)| = f7(t)}), since u(T) < oo.

(5) [1fllz., = £7(0).



Proposition 1.2. For any A € M and any measurable function f, we have

(fxa)"(t) < F(O)xpopucap(t), for all t€[0,00).

Proof. Given A > 0, we have that pr(\) = p({x € T : |f(z)| > A}). Thus, for A € M,

pixaA) = p{z € T [(fxa)(x)| > A})
= p({z e A:|f(z)[ > A})

< p{z €T [f(2)] > A}) = pp(N)

That is, pry, (A) < pg(N). Hence, for t > 0 we have that

C:={A>0:pur\) <t} C{A>0:pp, (N <t} =:D.

So, (fxa)*(t) =inf D < infC = f*(t). That is, (fxa)*(t) < f*(t), for t > 0. Now for
t > p(A), we have that given A > 0, pif,,(A) < p(A) < t. That is, pg,,(A) < t, for all

A > 0. Hence, (fxa)*(t) =0, for t > p(A) and thus,

(fxa) () < A ()xppuan(t), for all te0,00).

]

Proposition 1.3. For any a € (0,00), and measurable function f, there exist a measur-

able set A € M such that u(A) = a and

(fx2)"(8) = F*(O)xpa(t), for all tel0,00).



Proof. Let Ay ={x €T :|f(z)] > f*(a)} and Ay ={z € T : |f(x)| > f*(a)}. We have,

Ay C A and by (2) and (4) of Proposition 1.1, it follows that

p(Ar) = pp(f(a)) < a < p(Ay).

That is, p(A;) < a < p(Az). By the property of nonatomic measures, choose Ae M
such that A; C A C Ay and pu(A) = a. We claim that (fx7)*(t) = f*(t)Xp.a), for t>0.
To see this, first we observe that (fx;)*(t) < f*(t)xj0,a) by Proposition 1.2. To get the
reverse inequality, let t < a and note that f*(a) < f*(t). Thus, if f*(¢) < A then

f*(a) < A. Moreover, for A > 0 with f*(a) < A, we have

prA) = p{z €T :[f(x)] > A})
= p({z € A:|f(@)] > M) + p({z € A% |f(2)| > A})

= p({z e A:|f(z)] > \}), since A°C AS

= ljlfx,g(/\)

That is, pp(A) = ppy;(A), for A > 0 with f*(a) < A. Now, since f*(a) < [fxa,| < [fxal;
we have that f*(a) < (fx)*(t). Take A = (fx1)*({). By the above, we have that
pr((fxa)" () = v ((Fx2)7(F)) < T, by (2) of Proposition 1.1. That is, pp((fx 4)*(t)) <
t and so f*(t) < f*(ur((fx2)"(8))) < (fxa)"(t), by (4) of Proposition 1.1. Thus, f*(t) <

(fxz)*(t), for t < a. Hence,

(Fx2) () = [*(O)xpa(t), for all tel0,00).



The following is the definition of the Lorentz spaces.

Definition 1.3. Given a measurable function f defined on T and 0 < p,q < 0o, define

00 1 q 1/q
(Q/ (f*(t)tp) %) q € (0,00)
||f||L(p,q) - P Jo

sup tY/7 f*(t) g = 00
>0

The Lorentz space with indices p and g, denoted by L(p,q) or L,,, is the set of all

measurable functions f for which || f| ;. < oo

Remark 1.2. For 0 < p,q < 0o, the Lorentz space L(p,q) is a quasi-Banach space. The
special case with p = q, L(p,p) = L, the Lebesque space. The case ¢ = 0o, the Lorentz

space L(p,00) is the same as the weak L, spaces.

Of particular importance for this work is the case ¢ =1 and 1 < p < oco. That is;

1 [ 1
L(pJ)z{f:T—HR: ||fHL(p71):]3/0 f*(t)tpldt<oo} for 1<p<oo

Remark 1.3. The space L(p,1) is the space introduced in [10] by G. G Lorentz and
denoted A(a) with o replaced by 1/p. The case a = 1 gives the space of integrable
functions. That is, L(1,1) = Li. G. G Lorentz also showed in his paper that the dual
space (i.e, the space of all bounded linear functionals) of L(p, 1) is equivalent to the space
M(1/p) defined as follows;

1

M1/p)=<g:T—->R: |g :sup—/gtdt<oo
(/) { || ||M(1/p) u(A);éO,u(A)l/p A| ()| N()

for 1 < p < oo. It can also be easily verified that the space M(1/p) is equivalent to the

1 1
Lorentz space L(p', 00) where — + — =1, that is, p = —.
pop p—1



The following is a recall of the definition of bounded (continuous) linear operators.

Definition 1.4. Given two normed linear spaces (X.| - ||x) and (Y| - |ly), the map

T: X =Y is said to be a bounded linear operator if and only if
(1) T(ax + py) = oT'(x) + ST (y), for all z,y € X and a, f € R, and
(2) |T(z)|ly < M||z||x, for all z € X and some M > 0.

We define the space L(X,Y) by L(X,Y) ={T : X — Y : T is a bounded linear operator}
and endow it with the norm ||T|| = sup{||T(x)|y : ||z|]lx < 1}. IfY is Banach space
then L(X,Y) is a Banach space. The particular case where Y = R, the space L(X,R) is
called the dual space of X and denoted by X*.

Definition 1.5. Two normed linear spaces (X,| - ||x) and (Y, || - ||y) are said to be
equivalent if and only if a||z|ly < ||z||y < Bllzlly, for all x € X and some absolute

positive constants o and 3. We write X =Y to mean that X s equivalent to Y .

1.2 Preliminary Results and Motivation

Definition 1.6. The special atom space B(u,1/p) for 1 < p < oo is defined as;

B<u,1/p>={f:TaR:ﬂw:chmxAn(t) and Z|cn|<oo},

n>1 n>1

where the c¢,’s are real numbers, and A, € M for each n > 1. We endow B(u,1/p)
with the “norm” || f||B(u1/p) = infz len|, where the infimum is taken over all possible

n>1
representations of f.

Theorem 1.1. The space B(u, 1/p) is a Banach space with respect to the norm ||| 5,1 )

for1 <p< oo.



The proof of Theorem 1.1 for the case p = 1 is provided in the next chapter and very
similar to the general case. The following is the result obtained by De Souza in 2010

which gives the atomic characterization of L(p, 1) for p > 1.

Theorem 1.2 (De Souza,[4]). For 1 < p < oo, the special atom space B(u,1/p) is

equivalent to the Lorentz space L(p,1). That is, there exist absolute postive constants o

and 3 such that o ||f||B(u,1/p) < ||f||L(p7l) <p ||f||B(u,1/p)'

This characterization obtained by De Souza provides a simple proof of the theorem
by Guido Weiss and Elias Stein concerning linear operators acting on the Lorentz space

L(p, 1) which is stated below;

Theorem 1.3 (Stein and Weiss,[11]). If T is a linear operator on the space of measurable
functions and ||Txally < Mu(A)YP 1 < p < 0o, A € M where Y is a Banach space,
then T' can be extended to all L(p,1); that is T": L(p,1) = Y and T flly < M || fll10)-

Motivated by the result obtained by De Souza and Theorem 1.3, we seek to investigate
the situation for the case p = 1, and obtain similar results for the Lorentz-Bochner space,

that is, the case of vector-valued functions.

1.3 Outline of the Dissertation

In chapter 2, we will discuss the atomic characterization of L;. This will be done in
two parts. We will consider the case when uis the Lebesgue measure and when p is any
arbitrary measure. Chapter 3 extends the result by De Souza for the Lorent-Bochner
space. In chapter 4 we study some applications of these characterizations. Particularly,
we study the boundedness of some well-known operators acting on L; and the Lorentz-

Bochner space.



Chapter 2

The L, Space

Many authors have studied the atomic decomposition of Banach spaces of functions.
That is, they seek to determine if every element in the Banach space is of the form
Z Anay, where the \,’s are scalars with Z |An| < 0o and the a,, (called atoms) satisfy
ggrlne simple properties and belong to Som%:éiven subset of the Banach space under con-
sideration. This decomposition provides a better and easy understanding of the classical
results of these spaces, such as the dual representation, interpolation and some funda-
mental inequalities in harmonic analysis like boundedness of operators. For instance, R.
R. Coifman and many other authors have studied the atomic decomposition of the Hardy
HP spaces and its variants [27, 28, 29, 30, 31]. On the other hand, Coifman, Weiss and
Rochberg [32, 33] obtained decomposition theorems for the Bergman spaces. Recently,
De Souza [4] obtained a decomposition for the Lorentz-space L(p, 1) for p > 1.

In this chapter, we study an atomic characterization of the Lebesgue L, space. This

would be done in two parts; namely, the particular case with respect to the Lebesgue

measure and the more general case for any arbitrary finite measure space.

2.1 The Lebesgue measure case

For simplicity, we take T' = [0, 27]; our results will hold for any finite interval [0, a] as
well. The first observation towards the atomic characterization of L; is the relationship
between between the derivatives of Lipschitz functions and L.,. Indeed, as we will show

later, a function belongs to L., if and only it is the derivative of a Lipschitz function. It



became necessary to consider the derivatives of Lipschitz functions since they appear nat-
ural as the dual of a special atom space as we will see later. We give a little introduction

and properties of Lipschitz functions in the following;

A Brief Note on Lipschitz Functions

The Lipschitz space often denoted by Lip' is the space of real-valued functions f defined
on the interval [0, 2], for which |f(x+ h)— f(z)] < Mh for some positive constant
M. This space has been studied and generalized in several different ways. The first
generalization is to replace h with A* where 0 < a < 1 to obtain the so called Lipschitz
spaces Lip® of order a. Another generalization obtained by replacing h with a positive
function p(h) playing the role of a weight (See [3],[5]). Recently, De Souza in [4] gave a
generalization related to the space Lip® for general measures on subsets of the interval
[0,27] for 0 < o < 1. In this note, we are concerned with a similar extension we
denote by Lip(u, 1) related to the case a = 1, where p is a general measure on [0, 27]
with certain properties. In particular, we will show that Lip(u, 1) is L. However, its
representation give us an easy way to obtain the dual space of the generalized special
atom space B(u, 1) of the special atom space B to general measures p on [0, 27]. This
representation of L., provides a clear connection between the derivatives of Lipschitz
functions and L., functions as we will show later. We start with the definition of the
Lipschitz condition for some functions, which the reader can find in any undergraduate

or graduate text in Analysis, including [6].

Definition 2.1. A function f : D C R?> — R is said to satisfy the Lipschitz condition

with respect to x if there exists K > 0 such that

|f(t,x1) — f(t,22)| < K|xy — xaf, V(¢ 1), (t,22) € D. (2.1)



In ordinary differential equations, the Lipschitz condition is used in the existence and
uniqueness theorem: that is, if f : D C R? — R satisfies the Lipschitz condition in D

with respect to x, then the initial value problem

dr — f(t,x) for (t,x) € D

{E(to) = X9

has a unique solution in D. In analysis, any function that satisfies the Lipschitz condition
is said to be Lipschitz continuous or simply Lipschitz. It is known that functions with
bounded derivative are Lipschitz functions. Lipschitz functions are absolutely continuous.
A function f defined on the interval [a, b] is said to be absolutely continuous if and only

if there exist a Lebesgue integrable function g on [a, b] such that

f(z) = fla) + /r g(t) dt for all z € [a,b]

and where g = f’ almost everywhere. Thus, Lipschitz functions are almost everywhere
differentiable (e.g. f(x) = |z|, f(x) = sinz and so on). The next definition is a

generalization of Lipschitz functions, see [12], [6].

Definition 2.2. A function f :[0,27] — R is said to be a Lipschitz function of order «
if Vo € [0,27], and h > 0,

[f(z+h) = f(2)|
he

<M, forsomeM >0 and0<a<1.

10



Definition 2.3. We denote by Lip®, 0 < o <1 the space of all Lipschitz functions of

order o and endow it with the norm

xz€([0,27] he
h>0

Here the constants are identified as the zero vector.

Remark 2.1. [t is worth noting that if & > 1 then Lip® = {constant functions}

In this work, we are concerned with the case where @ = 1. That is, the space of
Lipschitz functions of order 1. The next definition is the space of derivatives of Lipschitz

functions of order 1.

Definition 2.4. We define the space (Lip*) as follows;
(Lip") = {g’ :SC0,2r] > R: g€ Lipl}
where the prime denotes the derivative. We endow (Lip')" with the “norm”
19/ lzipry = Ngllzipr, where g € Lip".

Theorem 2.1. ((Lip')', || - [[(zipty) is a Banach space.
Proof. The proof follows directly from the fact that Lip' is a Banach space. O
Proposition 2.1. (Lip')' = Lo with || fll, = £l ipy for every f € L.

Proof. Let ¢' € (Lip')’. We have that g € Lip" with ||g||rin < C < co. Thus, we have

lg(t +h) — g(t)|

<, forall tel0,2n] and h > 0.

11



Hence, |¢'(t)] < C, for almost all ¢ € [0,27]. Thus, ¢’ € Loo(X) and ||¢/||oc < ||9'[(Lipty -
To see the converse, let ¢ € Lo, C Ly, i.e g € Ly and define G : [0,27] — R by
G(t) = /tg(s)ds, for t € [0,27]. G is well-defined and Lipschitz with G'(t) = g(t) a.e.
Thus, g'€ (Lip!)' and gy < gl

[

Remark 2.2. Though we have seen in Proposition 2.1 that (Lip')' is the same as Lo, it
became necessary to consider the derivatives of Lipschitz functions as they appear natural
as the dual of the special atom space B (defined below) as we have shown in the following

results.

The next definition is the definition of the special atom space which is a slight modifi-

cation of the space introduced by De Souza in [4].

Definition 2.5. The special atom space is the space B of functions defined by

B = {f 2[0,27] - R f(t) = chixln(t), and Z|Cn| < oo}

n>1 ‘[”| n>1
where the c,’s are real numbers, xi, 1is the characteristic function of the interval I,, in

[0,27] and |I,| denotes the length of the interval.

oo

We endow B with the “norm” ||f||g = inf Z |c,,| where the infimum is taken over all
n=1

the representations of f.

Theorem 2.2. (B, || - ||g) is Banach space.

Note that Theorem 2.2 is a particular case of Theorem 2.8 in Section 2.2 and the proof

is similar up to minor modifications. The next results are special cases of much general

12



results obtained in Section 2.2, showing that the (Lip')’ is the dual space of the special
atom space B. First, we give a Holder’s type inequality between the space of derivatives

of Lipschitz functions and the special atom space B.

Theorem 2.3 (Holder’s type inequality).
If f € B and ¢’ € (Lip")', then

2

[ 0] < 171101 gy

Proof. Let g € Lip', we observe that

lg(t +h) = g(t)]
> < ”g”Lipl’ for all t € [0,27] and

h > 0. Thus |¢'(t)] < HgHLipl’ for almost all ¢ € [0,27]. Now let f € B with
1
f(t) = chmX]n(t), and Z len| < o0,
n>1 " n>1

we have that

/O27r f(t)g'(t)dt = /027r Z (cnﬁg’(t)xln(t)) dt.

n>1

Thus

/ %f(t)g’(t)dt‘ < Slalgy [ Wl

n>1

1 _ ,
< Slalylloly, e @1 oy
< <Z|Cn|> HgHLipl‘

n>1

13



Taking the infimum on the R.H.S. of the latter over all representations of f, we have

2

[ o] < 151801

]

Remark 2.3. Theorem 2.3 implies that, given any g € (Lip') the map ¢ : B — R
defined by

2m
o= [ rwga. foral feb
0
is a bounded linear functional. That is, ¢ € B*.
The next result gives a characterization of all bounded linear functionals defined on B.

Theorem 2.4 (Duality).
The dual space B* of B, is equivalent to (Lip')'. That is, ¢ € B* if and only if there

2
eaists f € (Lip') so that 6() = [ f@)g/ @), ¥F € B and |l = 1] 10y
0

2T
Proof. <=. Fix ¢’ € (Lip')’ and define ¢,(f) = f(t)g'(t)dt for all f € B. ¢, is a

linear map on B, and |¢,(f)| < ||f||B||g'||(Lip1),, byOTheorem 2.3. Hence ¢, € B*

—. Consider the map v : (Lip')’ — B* defined by ¥(¢') = ¢,, ¢, defined as above.
We want to show that 1) is onto, i.e. given ¢ € B*, there exists ¢’ € (Lip')’ such that
¢ = ¢y. Let ¢ € B*, and define g(t) = ¢ (x(04). t € [0,27].

Claim: g € Lip" and hence ¢’ € (Lip")".

In fact, observe that

g(t + h) - 9(75) = ¢(X(0,t+h] - X(o,t}) = ¢(X[t,t+h])«

14



Thus

9t + 1) = g()] = [o(Xpern)| < €l [Ixeesnill B < 0] 5+R.

It follows that

l9(t+ h})L —IOL 45 < 00, VR > 0.

Hence the claim is proved. Thus, we have that ¢'(¢) exists almost everywhere.

This implies that

Now since

Xiat)(t) = X[0.5(t) — X[0,0)(t) for a < b,

we have that

¢(X[a,b]) = ¢(X[0b])—¢()([0a}) since ¢ is linear
2
= / g ()Xo (t dt—/ g’ (t)X[o,q) (t)dt
0 0

21
= / 9'(t) (X0 (t) — Xjo,0 (1)) dt
0

2
= / g X la, b] t
0

1 EU |
—_ = "(t t)dt.
¢ (b — aX[a,b]) /0 — ()X [a) (1)

Therefore

15



For f Z cn XIn ) with Z |en| < o0, we have

n>1 n>1

k
) = Jim fi(t) where fult) =3 IL (1), k € N.

For each k € N,

o(fi) = ¢<ch|[—1n|xfn>

Lo
= ; m (xt,)
k 1 27
= > ¢ T X1, (1)g' (t)dt
= / (Z Cn|I ’XI ) ( )d
- / " ft)g (.

That is,

2

o(fr) = | fu(t)g (t)dt.

0

Now since ¢ € B*, it follows that
klim o(fr) = o(f)-
—00

On the other hand, we have that

/0 " fu)g (1)t - / " g (1)t

16



To see this, let hi(t) = fi(t)g'(t) and pi(t Z len| = |[ ‘ (t)|x1, (t). We observe that
|hi(O)| < pr(t) forall keN and tel0,2n].

In addition,

0 <pi(t) < ppsi(t), for te[0,2r] and pg(t) = p(t) := Z ]cn\u—l’]g’(t)len(t).

n>1

So by the Monotone convergence theorem (see [8], page 83), we have that

2w
[ mttar s [T piarin= Z|cn\|]|/|g Oldt < lgllzip Y feul < c0.
0

n>1

That is

/ pr(t dt—>/ t)dt < oo.
0

Hence by the Dominated convergence theorem (see [8], page 89), we have that

2T 2T
im [ h(t)dt = / lim f (1) dt.
0 0

k—o0 k—oo

/0 " fu)g (1)t / " (g (1)t
_ / " (0)g (t)dt

Thus

Hence

17



That is, ¢ = ¢,. Therefore, 9 is onto. In addition we have,

|ollB- = sup [6(f)] < |ll(Lipry by the Holder’s inequality.
A<t

That is
ol < 9"l zipry -

1
On the other hand, for f,(t) = 7 Xlwa-+h] (t), h >0, we have f, € B with

1 [27 A ) —
”Mbglam¢@0:gé WMW@j@ﬁ:EA 9%m:9@+2 9(z)
This implies that
B) —
o()] = LEE ZIEN

Taking the supremum over z € [0,27] and h > 0, we obtain ||g|| i, < ||¢]/5+. So that

ol = llg'llwipy

Remark 2.4. By Proposition 2.1 and Theorem 2.4, we deduce that B* = L.

Theorem 2.5. The special atom space B is continuously contained in Ly and

Iy <Cllfllg, for feB

18



Proof. Let f € B with f(t) Z cn XIn ) and Z |cn| < oo and consider

n>1 n>1

/ Wldt <3 Jeal o /1 dt =3 Jea] < 0.
0 |1] =

n>1

So f € Ly and || f], < ||fll5. for f€B.
O

The following theorem is a classical result in Functional Analysis, which can be found

in [7] (see page 160).

Theorem 2.6. Let X and Y be two normed linear spaces, and let T € L(X,Y). Let T*
be the adjoint operator of T defined by T*f = foT for all f € Y*. Then

(1) T* e LIY*, X*) and [|T*]| = [T

(2) T is injective if and only if the range of T is dense in Y. In addition, if X andY

are Banach spaces then T* is invertible if and only if T is invertible.
Now, we have the following situations;
(1) B C Ly with ||f|l; < ||fllg, for f € B by Theorem 2.5.
(2) B* = Ly by Remark 2.4.

(3) B is dense in L;. This can be verified with standard techniques and a corollary of

the Hahn-Banach Theorem.

As a consequence of these facts and Theorem 2.6, the embedding operator I : B — L

defined by I(f) = f is a Banach space isomorphism. So, we have the following result;
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Theorem 2.7. B = L, with equivalent norms, i.e, there exist f € B < f € L; and

allfllg < Wl £ B fllg form some absolute positive constants o and [5.
In the following section, we extend this result for arbitrary measures which is the case

p =1 in the result obtained by De Souza [4].

2.2 Extension to Arbitrary measures

Here we consider a general nonatomic, finite measure space (T, M, 1) where T' C R.
The next definition is a natural extension of the special atom space B to general measures

which was first proposed by De Souza in [4].

Definition 2.6. We define the space B(u, 1) as

B(u,1) = {f T R: [(t) ch Sxa () and Z|cn|<oo}

n>1 n>1

where the c¢,’s are real numbers, and A, € M for each n > 1. We endow B(u,1)

with the “norm” || f| 1) = infz len|, where the infimum is taken over all possible
n>1
representations of f.

Remark 2.5. The space B(u, 1) is the case p =1 in the space B(u,1/p) by De Souza.
Theorem 2.8.

() 1| Iy s @ norm of B(u, 1)

(b) (B(u, 1), - [[Bu1)) is @ Banach space.

The proof of Theorem 2.8 is similar to the one obtained by De Souza but we produce

it here for completion.
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Proof. (a) To show that || - || p(,,1) is @ norm, observe that || f|| p(.,1) > 0,Vf € B(u, 1) and
f = 0 implies that || f||p(.,1) = 0. On the other hand, suppose | f||p(.,1) = 0. We want
to show that f =0, u a.e. Let (cur)nren be a sequence of real numbers and (A )n ken

1
be a sequence of measurable subsets of X such that f(t) = E cnkmx 4,, () with
M\ Ank
n>1

Z |cnk| < oo for each k € N and Z |cak| — 0 as k — 0o0. So we have for each n € N,
n>1 n>1
|enk] = 0 as k — oo. Thus, the coefficients of the representations of f converges to zero

and hence f =0, p a.e.

For a« € R and f € B(u,1) with f(t) ch 4, (t) and Z len| < 00, we have
n>1 n>1
Z ozcn X 4, (t) and this implies that
n>1

lafllpgy = inf> Jac|

n>1

= lalinf )" e

n>1

= ol | fllBu1)-

Finally, for f,g € B(u,1), to show that |[f + gllsey < [[fllBwr) + [19]B), let

e > 0 be given and let (cn)neN and (b,)ny be sequences of real numbers such that

ch L(t) and g(t Zb XBn t), for some sequence (A, )nen
n>1 n>1
and (By)nen in ./\/l, and such that Z len| < HfHB(u,l) +€/2, Z 1bn] < 19l Bu1) + €/2
n>1 n>1

Note that we can write

(f+9)t Zd D!

n>1
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with Z |d,,| = Z |cn| + |bn| where

n>1 n>1

cn if n is even

bny1 if n is odd

and

A% if n is even

BnTH if n is odd

It follows that

If + gy < D ldal

n>1
= 2 leal+ 2 _Ibil
n>1 n>1

A\

| fllBeu) + 19l Bu) + €

Thus since € is arbitrary, we have

1f + 9llBery < N flBeyy + 19l B

(b) To prove completeness, it suffices to show that for any sequence (f,)m>1 € B(u, 1),

we have

1Y fllsen < D 1l

m>1 m>1
Note that given ¢ > 0 and for each m > 1, there are sequence real numbers (¢, )

and sequence of sets A,,, € M such that f,,(t) = Z "X 4,,, (t) With Z e, | <

n>1 ( mn) n>1

Cm
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||fm||B(M71) + 2% It follows that

Sl < 3 Wl + €3 5 = 3 Wl + €.

m>1n>1 m>1 m2>1 m>1

Since € is arbitrary, it follows that

H Z meB(u,l) < Z ||fm||B(u,1)-

m>1 m>1

The next definition, is the candidate for the dual space of B(u,1).

Definition 2.7. Define the space Lip(p,1) as

Lip(p, 1) = {g :[0,27] = R

%A) /Ag(t)du(t)‘ <C<oo, YAEM, u(A)+# o} |

Endow Lip(u, 1) with the “norm”

9l 1,; = sup —
Lip(u) u(A)£0 H(A)

/ g(t)dﬂ(t)’-

Remark 2.6. This space Lip(p, 1) as we shall show later is Lo,. However, the representa-
tion of the norm provides an easy way to see the connection between the derivatives of Lip-
schitz functions and L. functions. Indeed, we observe that if we take . =Lebesgue mea-

sure and the measurable sets to be intervals then we have a more general representation

/ ¢ (B)dp(t)
A

1
of the norm on (Lip')'. That is if g € Lip* and A = [z, z+h] then ——

p(A)
lg(z +h) — g()]
. .
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Lemma 2.1. If g € Lip(u,1) and A € M then

[UMQWM@)SMQQWﬂme@~

Proof. Let g € Lip(u,1) and A € M. Now let A, ={t€ A:g(t) >0} and A_ = {t €
A :g(t) < 0}. We have that A_ A, e M, A=A, UA_and A, NA_ =(. Now

consider

[ lotolaute) - / 0= [ ataut)
IRE ‘!AsﬂﬂMﬂ

p(A )HQHLlpul "_M(A—)Hg”Lip(u,l)

IA

IN

= w9l Lipgur

That is,

lAmmwmwSMMMNUWMy

Hence the Lemma is proved. O

Theorem 2.9.
(a) || - || Lip(u1) @ @ norm on Lip(p, 1).

(0) (Lip(ys. ). | i) is Banach space.

Proof.

(a) To show that | - || Lip(u,1) is @ norm, first observe that ||g||Lip(u,1) > 0, Vg € Lip(p, 1).

9(t)du(t)

A

g(t)du(t) =0, VA e M with u(A) # 0. This implies that g =0, p© — a.e.
A

Now suppose ||g||Lip(u1) = 0. Then =0, VA e M with u(A) # 0. Thus
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For a € R and g € Lip(u, 1), we have

1
lagllLipy = sup —=
o051) w(A)#£0 M(A)

/ ag(t)dmw\

/ g<t>du<t>]
/ g(t)du(t)‘

1
= sup o] —=
w(A)#£0 1(A)

1
= |a| sup ——
1(A)#£0 M(A>

= lalllgllLipgu)-

Finally, for f,g € Lip(p,1) and A € M with u(A) # 0, we have

1

p(A)

/ <f<t>+g<t>>du<t>] < lf f(t)du(t)‘Jrﬁ / g(t)du(t)'

< N fllzipquy + 9 Lipga)

A

Taking the supremum on the L.H.S of the above inequality, we get

If + 9llzivuy < 1Nl zipuny + 1191l Lip(u1)-

Thus || - || zip(u,1) is @ norm on Lip(p, 1). To complete the proof, we need to proved that
Lip(u, 1) is complete. In order to do so, it is sufficient to prove that for any sequence

(gn)nen C Lip(p, 1) such that Z |90l Lip(u) < C < 00, we have

n>1

Zgn € Lip(p,1) and | ZgnHLip(uJ) < Z 19nll Lip(u,1)-

n>1 n>1 n>1
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Let A € M with u(A) # 0. We have that
Z gn(1)

S \/
A n>1

< / S 1gn(®)] du(t)

n>1

-y / g (8)ldu(t)

n>1

dp(t)

/A S ga(H)du(t)

n>1

< S () galliper) by Lemma 2.1

n>1

/Zgndu < Z||gn||up(u71) < C < oo. Hence Zgn € Lip(p,1).
A

n>1 n>1 n>1

Taking the supremum on the L.H.S of the latter over all A € M with u(A) # 0, we have

1
That is, ——
p(A)

I Zgn”Lip(u,l) < Z 190l Lip(u,1)-

n>1 n>1

Theorem 2.10. Lip(u,1) = Lo with ||gll (1) = 19]l-

Proof. To see this, we first observe that if g € L., then, we have for any A € M with
1(A) # 0,

1

p(A)

1 1
/A g(t)dm\ <5 / 9(01du(t) < gl o / Ldu(t) < [lgll.

So, g € Lip(p,1) and ||g|zip(u1) < [|9lloo- On the other hand, given g € Lip(p, 1) and

A € M with pu(A) # 0, we obtain from Lemma 2.1 that

/A 9OIdi(t) < 1A 9L i,
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By Proposition 1.3, there exist a measurable subset A of T with z(A) = j(A) such that

n(A)
/ g (t)dt = / lg(t)|du(t), where g* denotes the decreasing rearrangement of |g|.
0 i

n(A)

Thus, / g (t)dt < u(A)||g||Lip(# 1y by Lemma 2.1. Since g* is a decreasing function
0 )

n [0,00), we have that g*(u(A4)) < g¢*(t) for all ¢t € [0, u(A)]. Hence, g*(u(A))u(A) <

u(A)
| 90t < WA glLipguny S0 97 () < gllipg.y- Let a(4) > 0 to obtain
0
9°(0) < 19Lipgesy: Bt lglloe = 97(0). Thus, g € Loe, and hence [lglloe = 911
O]

In the following results, we show that the dual space of B(u, 1) is equivalent to Lip(u, 1).

To do this, we recall the following result in Analysis which can be found in [7], page 55.

Theorem 2.11. Suppose that {f,} is a sequence in Li(u) such that Z/ | fuldp < 0.

n>1

Then an converges a.e to a function in Ly(p), and / and,u / fndp.

n>1 n>1

As a consequence of Theorem 2.11, we have the following result.

Lemma 2.2. Let (¢,)nen be a sequence of real numbers such Z len| < 00, (An)nen
n>1
be a sequence of measurable subsets of T and g € Lip(u,1). For each n € N, define

Ly( ,and/Zh )dp(t) Z/

n>1 n>1

( XAn( )g(t). Then Zh” converges a.e to a function in

n>1

Proof. Let n € N and consider

/T ha(Dldu(t) = / |cn|@x,4n<t>|g<t>|u<t>
1
e / lo(0)ldutr)

’Cn‘HQHLjp(H’l) < 00, by Lemma 2.1

IN
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Thus, h, € Li(p) and

Ej/Wh )l du() <wmmme1<§jwa><mm

n>1 n>1

The conclusion follows from Theorem 2.11 O

Similar to the case of the Lebesgue measure, we have the following Holder’s Type

Inequality for the special atom space B(u, 1) and Lip(u,1).

Theorem 2.12 (Holder’s Type Inequality).

If f € B(p,1) and g € Lip(p, 1), then

1<wmwmmm

Proof. Let g € Lip(p,1) and f € B(u, 1) with f(t) ch ) and Z len| <

n>1 n>1

[ tattaun = [ (e @mﬂww

n>1

o0, we have

It follows that

w\sZﬁw /m\w

n>1

< Cn| ——— g by Lemma 2.1

n>1

HgHLip(u,l) (Z ‘Cn’) :

n>1

28



Taking the infimum over all possible representations of f, we have

' < Il I ingn

Theorem 2.13 (Duality).
B*(u,1) = Lip(p, 1) with equivalent norms, that is, ¢ € B*(u, 1) if and only if there
exists g € Lip(u, 1) such that o(f / ft)g(t)du(t), Vf e B(u,1). Moreover,

lell = Mgl ip)-

Proof.

“«=" Fix g € Lip(p, 1) and define ¢, : B(p1,1) — R by
/ F(Og(t)du(t), Vf € B(u.1). (2.2)

Then clearly ¢, is a linear map and by Theorem 2.12, we have

[0 ()l < 17019l ipgn1)- Thus g € B*(, 1).

“=" Consider the map 1 : Lip(u,1) — B*(u, 1) define by ¥(g) = ¢, where ¢, is defined
as in (2.2). We want to show that ¢ is onto. Let ¢ € B*(u,1). Define A : M — R by
AMA) = p(xa), VA € M. We observe that

AA)] = leOxea)l < llelllixall sy < llelluA).
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Thus, if u(A) = 0 then A(A)

= 0 and thus A << p. Hence by the Radon-Nikodym

Theorem, we have that \(A) = / gdp for some g € Ly(p). In particular, g € Lip(u, 1)

since / gdp = p(xa) implies
A

/ gdp
A

1(A)

So we have

2

That is,

A
/A gdu‘ < lllli(A). Thus

< |ll| < o0, VA€ M with u(A) # 0.

(xa) = / gdp = / gxadp.
A T

o(xa) = / xa()g(B)dp(t).

1
Now, given f € B(u,1) with f(t) = ch—XAn(t) and Z |cn| < oo, we have that

1(An)

n>1 n>1

o(f)=¢ (Z CH@XAH) = ch@go()mn), since p € B*(u,1). So we get,

n>1

n>1

o) = ey [0 = 3 [ (evmn o) duty
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That is,

fn = 3 [ (e duto

_ /T 3 <cnﬁx,4n(t)g(t)> du(t), by Lemma 2.2

n>1 n

-/ (ch@x%@)) 9(t)du(t)

n>1

= [ f®)g(t)dp(t).

T

Thus
o(f) = / £ (g ()du(t)

This shows that ¢,(f) = ©(f), Vf € B(p,1) and for some g € Lip(p,1). That
is, ¥(g9) = ¢, = ¢ . It follows that the inclusion map i : Lip(p,1) — B*(u,1)

is a bijection. Thus, B*(u,1) = Lip(p,1). Moreover, it follows from the inequality

(< Nl BGen 9]l i) that

el = sup  [o(H)I < lgllLipgu)-
£l 5w,y <1

Let A € M with u(A) # 0, and let f = X4. We have that f € B(u,1) with

(A)

1 1
s €1 and o) = / Xalgdute) = — / g(t)dp(t).

Thus
1
el =~ ] / g(t)cm(t)] < Il
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Taking the supremum on the L.H.S over all A € M with p(A) # 0, we have

91l zipgu1y < llpll, and hence [l = [|gl| Lipgu.1)-

Remark 2.7. Theorem 2.10 and Theorem 2.13 implies that B*(j1,1) = L.
With similar arguments as the Lebesgue case, we have the following result;

Theorem 2.14. B(i,1) = Ly(n) with m |[fllpy < I, < Mfllpg. Jor some

absolute positive constants m and M.

An application of this characterization of L;(u) is considered in Chapter 4
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Chapter 3

Lorentz-Bochner Space
3.1 Background, Preliminary Definitions and Notations

The Bochner spaces, denoted by LP(X), (where (X, |-||y) is a Banach space ) are a
generalization of the classical LP spaces to functions whose values are in X. That is,
LP(X) consist of all functions f with values in X and whose norm || f|| belongs to
the classical LP space. It is this generalization that led to a similar extension for the
Lorentz spaces known as the Lorentz-Bochner spaces which we will denote in this note
by L*(p, q).

We let (T, M, 1) denote a complete, finite and nonatomic measure space, (X, | |x) a
Banach space and X* the (real) dual space of X with the dual norm || ||, given by
[l = sup{le@)] « lallx < 1} = sup{$:@) : allx < 1}, for every ¢ € X*. Tn the

following, we recall some basic definitions.

Definition 3.1. The canonical duality paring (-,-) : X* x X — R is given by (¢, z) =
W(x) for all v € X* and all x € X. We have the following Cauchy-Schwartz type

inequality; (¢, x)| < ||Y]l«||lx||x for Y € X* and z € X.

Definition 3.2. We say that a function ¢ : T — X* is w*—measurable if the real-valued

function t — (¢(t), x) is u—measurable for all x € X .
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Definition 3.3. Let m : M — X* be a vector measure (an X*-valued measure). The

total variation of m, denoted by |m||, is define as

Imll(A) = sup Y _ [[m(A)]s,
i=1
where the supremum is taken over all the partitions A = U} | A; of A into a finite number
of disjoints measurable sets, for all A € M.
We now recall the formal definition of the Lorentz-Bochner spaces.
Definition 3.4. For 1 < p,q < oo, we define

00 q 1/q
q « 1\ dt
11 GL (o) $) 7 rspa<e
LX(pq) —

Stgloat”p I1f11% () 1<p<oo, q¢=00

where the function ||f||x : T — R is defined by || f|x(w) = ||f(w)|x and g* denotes
the decreasing rearrangement of |g|. The Lorentz-Bochner space with indices p and q,

denoted LX(p,q), consist of all X -valued functions f such that HfHLX(p’q) < 00.

The Lorentz-Bochner space, like the Bochner spaces, has most of the properties of the
classical Lorentz spaces. For example, they are Banach spaces and the (real) dual of
LX(p,q) is the Lorentz-Bochner space LX"(p/,q') with }D —i—}% = 1 and % + & =1. Of

particular interest to this work is the case with 1 < p < oo and ¢ = 1. That is the space

1 [ . 1_
LX) = {757 X Uflovg = 5 [ 10 ar < oo
0

34



whose dual is given by the space
DX 0.00) = {057 5 X ol g = supt o 0) < o0},
>

where the ¢’s are w*—measurable. In the next section, we discuss the atomic character-

ization of the space LX(p,1) for 1 < p < 0.

3.2 The Atomic Characterization of the Lorentz-Bochner Space L*(p,1)

To begin with, we give the definition of the special atom space for vector valued func-

tions.

Definition 3.5. For p > 1, we define the space AX(p, i) as follows;

AX(p, ) = {f T X f(1) =Y aaxa,(t) and Y Jaallxpu(A)7P < oo} ,

n>1 n>1

where the z,’s are in X, and A, € M for each n > 1. We endow AX(p, n) with the
“norm” || f|| ax () = inf Z 20| x 11 (An) P, where the infimum is taken over all possible

n>1
representations of f.

Remark 3.1. This space is an extension of the space B(u,1/p) introduced in [4] by De

Souza for vector-valued functions.
Theorem 3.1. (AX(p, p), | - [|ax(pp)) is @ Banach space.

The proof of this theorem is similar to the real-valued case studied in [4] by De Souza
up to slight modification and therefore omitted. The next definition is the candidate for

the dual space of AX(p, ).
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Definition 3.6. We define the space M (p, X*) as follows;

*\ __ . *. 1
M(p, X7) = {cb T X% s o [ ol < oo},

where the ¢’s are w*—measurable and we endow it with the "norm”

ol = s i | ottt
Remark 3.2. The space M(p, X*) is an extension of the space M(«) with o = 1/p
introduced in [10] by Lorentz for vector valued functions.
Theorem 3.2. (M(p, X*), || - ||m@p,x+)) is a Banach space.
Proof. Let (¢,)nen be a sequence in M (p, X*) such that i”?anM(p,X*) < oo. It

n=1

suffices to show that Zgbn converges in M(p, X*). To do this, first we observe that

n=1
| 3 henldnt®) = 3 [ IuOllu) < 3 Ionllasgxn (D) < o0. Thus, we
n=1 n=1 n=1
have that Z |pn(t)|l« < 00 p—a.e t € T and since X* is a Banach space it follows that
n=1

S o7 é(t) converges in X* and || Y ¢a(t)lls < Y ¢n(t)lls p—aet € T. Now, let
n=1 n=1
A € M with u(A) # 0 and consider

/A DACIRTCEDS / 16al1x < 3 6l asgooxmyps( AV

Thus

1 > i
peu D SCCIRICED BT WASETEE
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Hence qun converges in M (p, X*) and || ZngMpX* < Z Pl m (o, x4 - O

n=1 = n=1

Remark 3.3. Indeed, we observe that for any Banach space X, the space M (p, X), p €
[1,00) defined by

p(A)£0 H

M(p,X):{fiT%X; sup ﬁ/AHf(t)deu(t)<oo},

endowed with the norm

gy = st g JNECIRTe

u(A

is a Banach space. Similar to the real-valued case, we also have that

M(p, X) = L¥(p', 00)

1
with equivalent norms where — + — = 1.

p
The following result is a Holder’s Type inequality involving the spaces A (p, u) and
M(p, X™).

Theorem 3.3 (Holder’s Type Inequality). If ¢ € M(p, X*) and f € AX(p, ), then

/T<¢(t),f(t)>du(t)‘ < (8l L ax -

Proof. Let ¢ € M(p, X*) and f € AX(p, u) with f(¢) Z%XAn , and Z |2 x 12 (A) P <

n>1 n>1

00. So /T<¢(t) /Z , Tn)Xa, (D)du(t). It follows that
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[0 5| = [ ST1000, 0 v 0ty
Znaznnx /1ol
< (Z ||xn||xn<An>1/p) 6l

VAN

Taking the infimum on the R.H.S over all possible representations of f, we have

/T<¢(t),f(t)>du(t)‘ < @llarxn 1 fLax -

[

The above result implies that for any given ¢ € M(p, X*) the map I' : AX(p, ) — R
with T'(f) = / (o(t), f(t))du(t) is a well-defined bounded linear functional. To charac-
T

terize all bounded linear functionals defined on A* (p, 1), consider the following theorems;

Theorem 3.4 (Radon-Nikodym type II). If m : M — X* is a vector measure and m
s absolutely continuous with respect to p, then there exists ¢ : T — X*, w*-measurable

satisfying the following three conditions;

(1) The function t — ||é(t)]]

. s p—measurable and belongs to Ly ()

(2) For all x € X and all A € M

(3) For all A€ M, |lml| (A / TOIRTO

38



The proof of Theorem 3.4 is outside the scope of this work and can be found in [13],

page 22.

Lemma 3.1. Let (x,)nen be a sequence in X, (Ay)nen be a sequence in M with Z |l (AP <
n>1

oo and ¢ € M(p, X*). For each n € N, define h,, : T — R by h,(t) := (¢(t), zn)xa, (T).
Then h,, € Li(p),n € N and Z |l < o0

n>1

Proof. Let n € N. Observe that h,, is y—measurable ( since ¢ is w*—measurable ) and
consider |h, (£)] = [(¢(1), 2n)| X4, (t) < [[2nllx 0@, xa,(8), t € T. Thus
[ ®1due) < ol | BN dn0) <l p(A) 7 [0l < o0 That i

hy, € Lyi(pe) and Z [hally < (Z [nllx p(A Up) ||¢||M(p,X*) < 00

n>1 n>1

As a consequence of Theorem 3.1 and Theorem 2.11 we have that

Xt =3 )

n>1 n>1

Theorem 3.5 (Duality). (A% (p, u))* = M(p, X*); that is, T € (AX(p, p))* if and only

if there exists a unique ¢ € M (p, X*) such that

r(f) = / (1), F(O)du(t).

for all f € AX(p, ). In addition, ||T||, = 10 e, x+)-

Proof.
“«<=": Follows from Theorem 3.3.
“==": Let I' € (A%¥(p,u)) and consider the vector measure m : M — X* associated

with I defined by m(A)(z) = I'(xx4), for all A € M and all x € X. We observed that
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P(axa) < [D@xa)l < 01 lexallax - But lexallax g, < 2l p(A)7. So we get
that T'(zxa) < |||l p(A)YP|T||,, for A € M and z € X. In particular, we have that
for each A € M, the set {T'(zx4) : ||z]|x < 1} is bounded above by u(A)Y? [T, .
Claim: Given A € M, we have that ||m|| (A) < u(A)Y?||T,.

Justification: It suffices to show that z”: m(A)|l, < u(A)YP T, for any partition

i=1
A=Ur A Ay e Mand A;NA; =0, # j. To see this, consider

Solm(All, = Y sup {lm(A) (@) s ol < 1}

el <13

= > sup{|(zxa,)
i=1
= > sup{l(axa) : Jally <1}, since T € (A¥(p,p))"
i=1
= sup {Z P(zxa) : llzllx < 1}
i=1

= sup {I'(zxa) : [lzllx <1}

p(A)P T, -

IN

Thus, » [lm(A;)l, < p(A)V?|T|], and hence ||m]| (A) < pu(A)Y?|T||,. Therefore, m
i=1
is absolutely continuous with respect to p. So let ¢ : T" — X* as in Theorem 3.4. By

condition (3) of Theorem 3.4, we have that for each A € M with u(A) # 0,

/A|I¢(t)|l*du(t) = [Im]| (4) < p(A)||T], .

So,

W/Al\cﬁ(ﬂ!l*du(t) < |IT|l, < oo.
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Hence ¢ € M(p, X*) and [|@| ;¢ x+) < [IT'[[, . Now, by condition (2) of Theorem 3.4, we
have that I'(xx4) = m(A)(x) = /(qb(t),x)d,u(t) = /(qb(t),xXA(t»du(t). That is,
A T

D(aya) = / (6(8), x4 (0)) ().

Let f € AX(p, ) with f(t) Z%XA ) and Z |0l 5 (A,)YP. We have that

n>1 n>1

0(f) = r(anXAn> = T (zaxa,) Z/ )s Tnxa, (1)) dp(t)

n>1 n>1 n>1

= Z/ ), with h, asin Lemma 3.1

n>1

= [ X m(oduty /Z ),z (D) dp(t)

n>1 n>1

= / (1), T an (£))dpalt)

n>1

- / (O(t), F(O)du(t).

Thus,
I = [ (ot SO0
Now. [1()| = | [ @00 FO)0)| < Bl FLax g, by Theorem 3.3 and el
T
I, < N9l as(p,x+)- So we have [[T|[, = [|¢][ 5, x+)- This completes the proof. O

In the following we will show that AX(p,u) = L*(p,1) for p > 1, with equivalent
norms. That is, there exist absolute positive constants a and 8 such that o || f]] yx(, ) <

1l zxpry < BUfllax(,)- The first observation is that M(p, X*) = LX"(p', 0), where
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1/p+1/p' =1 and thus (LX(p,1))* = (AX(p,u))*. In the next theorem, we will show

that A% (p, u) is continuously contained in LX(p,1).

Theorem 3.6. The space AX(p, 1) is continuously contained in LX(p,1) with

1 x gy < N1 ax

for1 <p< 0.

1 [ 1
lzllx xa() = llzllx xpouant). Thus |lexallpxpy = = ]| x Xiou(ay ()t dt =
(».1) P Jo
lall (A7, That is, axall,xg = lolly p(A)7. Now, let f € AX(p,p) with
F&) = waxa,(t) and Y [lzally p(An)? < co. That is, > [[@nXanllixp, < 00

n>1 n>1

Proof. First, we observe that given x € X and A € M, we have (||xxallyx)*(t)

n>1

Thus, f(t) = anXAn(t) converges in LX(p,1) and 1l px oy < Z [0l (AP
n>1 n>1
Taking the infimum over all the representations of f, we get || f|| x (1) < [[fllax ) for

1<p<oo.

We therefore have the following situations:

(1) A% () € L¥(p. 1) and [l < 1L g for 1< p < cx.
(2) (AX(p, )" = (L¥(p, 1))*, since M (p, X*) = LY (p,00), 1/p+1/p" = 1.
(3) AX(p, ) is dense in LX(p,1). Easily verified with standard technique.

As a consequence of these facts, the embedding operator I : AX(p, u) — L*(p, 1) defined

by I(f) = f is a Banach space isomorphism. Thus, we have the following result.
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Theorem 3.7. A% (p, ) = L¥(p,1) with equivalent norms, for 1 < p < oo. That is,

f € AX(p> H’) — f € LX(pal) and o ||f||AX(p,p) < ||f||LX(p71) < 5 ||f||AX(p,u) where o

and 3 are absolute positive constants.

Remark 3.4. Theorem 3.7 implies that given f € L*(p,1), p > 1, we have that
F) =Y waxa,(t) with Y [lenllx p(A)? and ||l g0 = it Y [l p(A0)"P.

n>1 n>1 n>1
As we shall see in the next chapter this characterization gives a way to extend the result

by Stein and Weiss for operators defined on measurable vector-valued functions. This

provides a simple way to study the boundedness of operators on LX(p,1).
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Chapter 4

Applications

4.1 Application of the Atomic Characterization of L,

In this section, we use the characterization of L, to show that the study of the bounded-
ness of linear operators defined on L; reduces to the study of the action on characteristic
functions. More specifically, we will study the boundedness of the Multiplication and
Composition operators defined into other Banach spaces such as the Lebesgue L, and
Lorentz L(p, 1) spaces for p > 1. The following result is the result by Stein and Weiss

given in Theorem 1.3 for p = 1.

Theorem 4.1. If T is a linear operator on the space of measurable functions and
IT(xa)lly < Mp(A),A € M where Y is a Banach space, then T can be extended to
all Ly; that is T : Ly = Y and |T(f)|ly < M ||fl,-

Proof. Define T : Ly — Y by T(f) = ZCnT(XAn) for every f € Ly with f(t) =

n>1
ch ) and Z |cn| < co. We have that T' is well-defined on L; and it is
n>1 n>1
linear. Now consider, || T(f)|ly < Z|Cn| HT Xa)lly- So. IT(H)lly <MY el

n>1 n>1

Taking the infimum on the R.H.S over all representatmns of f, weget |T(f)|ly < M| fl1-

]

Remark 4.1. As mentioned earlier, Theorem 4.1 shows that to study the boundedness of
an operator defined on Ly it is enough to study the action on the characteristic function

of a measurable set as we shall see in the following examples.
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4.1.1 Multiplication Operator on [,

The Multiplication operator, defined as the point-wise multiplication by a measurable
function, is one of the commonly studied operators. It has been studied by many authors
in the past decades, especially on the Lebesgue and Lorentz spaces, and their variants.
For more information, we refer to [15, 16, 17, 21, 22, 23, 24]. In this section, we study
the multiplication operator defined on L; into the Lebesgue space L, and the Lorentz
spaces L(p,1) for 1 <p < co.

Let g : T'— R be a measurable function and Y be a Banach space of functions defined

on T'. The Multiplication operator M, : L1 — Y is defined as follows;

My(f)=g-f, for fel

where ¢ - f is the point-wise product of g and f, that is, (g - f)(t) = g(t) - f(¢t) for t € T.
We recall the following Banach spaces, which is a generalization of M («a) introduced

by G. G Lorentz in [10] and denoted M («,p) for 0 < a <1 and 1 < p < oo:

p

Remark 4.2. M(a,1) = M(a) and thus M(1,1) = Ly

Theorem 4.2. The multiplication operator My : Ly — L,, for p > 1 is bounded if and

only if g € M(1,p) and |[My| = llgll1s1,)

Proof. Suppose g € M(1,p) and let A € M. Consider

p
1M, ()| (/ o()a(t) Pdu(t ) (/ 9(8) Pt ) < 119lar 1A,
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That is,

1My (xA)ll, < Ngllasa p) #CA)-

So by Theorem 4.1, we have that |[My(f)[|, < [[gllps1 ) /][, for all f € Ly and
1Ml < N9l ara )

Conversely, suppose M, is bounded, that is ||My(f)[, < [[Mg| [[f]l, for all f € Li. In
particular, for any A € M with p(A4) # 0, we have ||[My(xa), < [[M,]| [[xall,- That is,

0P < Ml (A)
(/ storanc)

So,
p
s —(/|g Pt ) < 1M, < o0
;ﬁo#

Hence, g € M(1,p) and |[gl[y;1 ) < [Mll- Thus, [|Mg]| = llglla1 )
]

Remark 4.3. In particular, the multiplication operator My : L1 — Ly is bounded if and
only if g € Lo and || M|l = [|gl[

To study the multiplication operator M, : L1 — L(p,1), we consider the following

space;

1 w(A) L
Alp)=129:T = R; |gllap = sup —/ g )ty ldt <
{ A0 20 p(A) Jo

Remark 4.4. A(p) C Lo, and A(1) = L.
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Theorem 4.3. The multiplication operator M, : Ly — L(p,1), for p > 1 is bounded if

and only if g € A(p) and || My|| = [|g]la()-

Proof. Suppose g € A(p) and let A € M. By Proposition 1.2, we have (gxa)*(t) <

g () X[o,ucap(t), for all t € [0,00). Consider

1 > * 11 1 wA) * 13
1,000l = / () O < / g (Ot
0 0

So,

1Myl o1y < 1191l agp) 1(A)-

Hence, by Theorem 4.1 we have |[My(f)|l 10,1 < [19llagy /]I, for all f € Ly and

[ M| < ”g”A(p)

Conversely, suppose M, is bounded, that is | My(f)[l ;1) < [[Ml[[[f]l; for all f € L.
Let A € M with p(A) # 0. By Proposition 1.3, choose A € M with pu(A) = pu(A) and

(9x2)"(t) = g*(t)x[0,ua))(t), for all t € [0,00). Now consider,

1 #(A) % 1_q 1 o « 19
! / gl = / (6" (E) Xy (1)) £t
P Jo P Jo
1 [ . 1
S DR
P Jo

= My ()l oy
< [IMllxxlly

= [[My] (A)
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So, we have

1 n(A) . -
(Sl‘l)liom/ g ()trdt < [[My|| < o0
o 0

Thus, g € A(p) and [|gl|x() < [Ml|. Hence, [[My[| = 9]l a) O

4.1.2 Composition Operator on [,

Just as the multiplication operator, the composition operator has also received con-
siderable attention over the years. In this section we study the boundedness of the
composition operator define on L in to L, and L(p, 1).

Given a measurable and non-singular function ¢g : " — T and a Banach space Y, the

composition operator Cy : L; — Y is defined by;
Cy(f)=fog, forall fel,

where f o g is the composite of f and g.

Remark 4.5. We observe that for any ACT and g: T — T, xaog = Xg-1(a), where

g~! denotes the pre-image of A under g,that is, g7'(A) = {t € T : g(t) € A}.
Theorem 4.4. The composition operator Cy : L1 — L,, 1 <p < oo is bounded if and

only if p(g= (A)YP < Cu(A) for some C >0 and all A € M, and

-1 1/p
IColl = sup IV
1(A)£0 p(A)

Proof. Suppose g satisfies the condition p(g~(A))Y/? < Cu(A) for all A € M and some

C > 0. So, we have [|[Cy(xa)ll, = [[xg-1], = g™ (AP < Cu(A). Thus,

p

ICy(xa)l, < Cp(A), for all A€ M
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Hence, [|Cy(f)I], < ( sup w

\fIl., f € Li by Theorem 4.1 and
umzo (A ) !

-1(4 1/p
ICy < sup PN
w(A)#£0 1(A)

Conversely, if C;, : L1 — L, is bounded, then for any A € M with p(A) # 0, we have

1Cs(xa)ll, < 1C]l Ixall,
That is,
(g™ (AP < ||Cyll (A)

So,

—1 1/p -1 1/p
sup g (A <||Cy|| < 00, and thus ||Cy|| = sup ulg (A"
w(A)#£0 M(A) w(A)#£0 M(A)

]

Theorem 4.5. The composition operator Cy : Ly — L(p,1), 1 < p < oo is bounded if
and only if p(g~ (A))Y/? < Cu(A) for some C >0 and all A € M, and

-1 1/p
IColl = sup LD
1(A)£0 p(A)

The proof of Theorem 4.5 is similar to that of Theorem 4.4 and therefore omitted.
In the next section we study the Multiplication and Composition operators on the

Lorentz-Bochner spaces LX(p, 1).
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4.2 Application of the Atomic Characterization of the Lorentz-Bochner Space
L*(p,1)

As a consequence of the characterization given in Theorem 3.7, we have a simple way
to study the boundedness of operators defined on the Lorentz-Bochner space LX (p, 1) for
p > 1. First, we have the following result which is an extension of Theorem 1.3 by E.

Stein and G. Weiss for Lorentz-Bochner spaces.

Theorem 4.6. Let T be a linear operator defined on the space of measurable vector-valued
functions into a Banach space Y such that |T(zxa)|ly < M ||z|x (2(A)YP, 1 < p < o0,
v € X and A€ M. Then T can be extended to all LX(p,1); that is T : LX(p,1) = Y
and [|T(f)lly < M| fllpx ) for all f € L¥(p, 1).

Proof. Indeed T' can be extended to all of LX(p,1) as follows; T : L¥(p,1) — Y with
)= ZT(anAn),f € L*(p, 1) with f(t) Zl’nXA and Z 20 || 5 (AP < 0.

n>1 n>1 n>1
T is well-defined on L¥ (., 1) and [IT()lly < S 1T Gxca )y < MY ol w4
n>1 n>1
That is, |T(f)lly <MY |zallxc #(Aa)"? and so [T(f)lly < M| f ]| px -
n>1

O

Thus, to study the boundedness of a linear operator defined on L*(p, 1) it is enough
to study the situation for f = xx4, for x € X and A € M as we shall show with the
multiplication and composition operators. These operators have been studied by many
authors in particular by Arora et al in [23]. However, we believe that our technique and
simplicity of our approach is worth noting to enrich the subject. To do this, we first
consider the following definitions.

Let B(X) ={L: X — X : L is linear and bounded} with norm ||L|| = sup{||L(z)|| y :

|z||y = 1} for L € B(X). For a strongly measurable function u(-) : 7" — B(X), define
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[uG)l : T = R by [Ju()|[ (w) = [lu(w)] and [Ju(-)(z)[| X : T = R by [Ju(-)(@)[[y (w) =
|lu(w)(z)||y for w € T and x € X. We define the spaces M7 (B(X)) and V, as follows;

1 w(A) L
MP(B(X)) =L u(): T — B(X) : ||ull,» = su —/ w(H)|FW)tr ! dt < oo
1 (B(X)) { () (X) = Mwll e g0 M(A)Ijéopu(A)l/p ; Ju()I” (¢) }

and

- /p
plg~ ()
Vo=<9g:T—T:|g|,, = sup {— <00 g,
P { Ve p(A)#£0 p(A)

where ¢ is non-singular and measurable.

Remark 4.6. We note that M} (B(X)) = Ly (B(X)) with ullar sy = Nl sx))-

This is an extension of the result obtained by De Souza et al and we refer the reader to

[24].
For a strongly measurable function u(-) : T — B(X), the Multiplication operator
M, : L*(p,1) = L(T, X) is defined as

(M, f)(w) = u(w)(f(w)), forall weT,

where L(T, X)) is the space of all measurable functions from 7" to X. For a non-singular
measurable function g : T — T, the Composition operator C, : L*(p,1) — L(T, X) is
defined as

(Cyf)(w) = f(g(w)), forall weT.

Theorem 4.7. The multiplication operator M, : LX(p,1) — L*(p,1) is bounded if and

only if u € M7 (B(X)). Furthermore,

IMull = llull s sex))
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Proof. Suppose u € MY (B(X)) and let f = xxa for A € M and z € X. Tt is straight

forward to see that ||[Myzxaly (£) < [JuC)|I" (¢) |zl x Xo,u4)) (t) and thus

1 n(A) . 1
Muaxallxg < 5 ol / lu()I* (85 dt.
0
Hence, it follows that

IMuxall px gy < lullappscoy il m(A)77.

Thus, by Theorem 4.6, we have that

IMufllx ) < llullae i) 1 fllx g,y , forall fe L¥(p,1) and [ M,] < [l arp 5x)) -

Now suppose that M, : L*(p,1) — L*(p,1) is bounded. Let A € M with u(A) # 0.

Given € > 0, choose z() € X with Hx( = 1 such that

)HX
() < JJuC) (o) +e

It follows that,

O (1) < ) @e) [ (¢/2)+ e, for >0

So,

w(A) - w(A) . 14
Lo @e a < [T ol 26 e
()2
— g / u()(ze)

*

()t dt+ peu(A)P

1_
« DXy (Otp ™ dt + pepu(A)?.
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Choose A € M with p(A) = p(A)/2 such that

*

+ X0, ()

() @)l x)"(0) = [Ju(-) (@)

Thus, we have

w(A) - 00 -
/0 luC)[* ()t dt < 21/p/0 (JuC) @)l x2)* @ dt + pep(A)?

_ 21/7’/ () x| ) @ dt + pep(A)»
0

= p2'/? HMux(-)XAHLX(p,l) + pep(A)'?

< p2YP || M, || Hx(.)HXu(fl)l/p—i—peu(A)l/p, since M, is bounded

= pu(A)P(|Mu] + e).

Hence,

—1 e 31 d M,|| +
u(H|F (t)te~ t < w €.

Letting e — 0, we get that u € MY(B(X)) and [[ul| yp5(x)) < [[Mul|. Thus,

[ M| = HUHMf(B(X))-

]

Theorem 4.8. The composition operator Cy : L~ (p,1) — L*(p,1) is bounded if and

only if g € V,,. Furthermore,

1Cll = lglly,
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Proof. Suppose g € V,,. Let A € M,z € X and consider (Cyaxa)(w) = xg-1(a)(w), w €

T and thus [[Coazxally (6) = [zl x X[0,u(5-1(a)))- SO,

1 [ N 1_
ICaxallixn = / ICyxall’y ()51 dt

1 w(A)
— el [ a
0

p
= lzllx (u(g™t (A))7.

So, we have that
ICsexallpxyy = Il x (ulg™ (AP, and thus [|Cozxallox gy < N9l ]y n(A)7.
Hence, by Theorem 4.6, we get

ICof Il gy < N9l 1l gy - forall f € L¥(p,1) and [[Cyll < [lg]ly, -

Conversely, suppose C, : L (p, 1) = L¥(p, 1) is bounded, and let A € M with u(A) # 0

and z € X with ||z||, = 1. We have
1Cqaxallpx 1y < 1G]l 2]l x p(A)YP, since C, is bounded.
That is,
2]l x (g™ (NP < NIl 2]y n(A)Y7.
Hence, we have

(g ()M
) =1al

So, we conclude that g € V,, and |[g[ly, < [|Cy|. Thus, [[Col| = [|g]ly. - O
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4.3 Conclusion

A decomposition of the Lebesgue space Li, and the Lorentz-Bochner space LX(p,1)
for p > 1 has been studied in this work. It is worth noting that these decompositions
are in terms of characteristic functions of measurable sets. These decompositions are
used to study the boundedness of some linear operators defined on the spaces into other
Banach spaces. The computations provided are quiet simple and straightforward since
we only have to consider the action on characteristic functions which are simple functions
to deal with. Similar decompositions will be studied for other well known Banach spaces

in future work.
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