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Abstract

In this dissertation, we study several stochastic partial differential equations (SPDEs) in
the open and bounded domain D, subset of R? for d > 1, driven by a multiplicative noise. We
are interested in bounds and asymptotic properties of the random field solution.

We study the nonlinear stochastic fractional heat equation driven by three types of noise.
Existence and uniqueness of the solution is proved using a Picard iteration scheme. Upper and
lower bounds on all p moments, for p > 2, of the solution are obtained when the noise is
spatially homogeneous (or spatially colored) with the space correlation function given by the
Riesz kernel and when the noise is space-time homogeneous, with the time correlation function
given by the fractional Brownian motion (fBm) while the space correlation function is given by
the Riesz kernel in space. We also show that under exterior boundary conditions, in the long
run, the p"-moment of the solution grows exponentially fast for large values of the noise level.
However, for small values of the noise level, we observe eventually an exponential decay of the

p-moment of this solution.
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Chapter 1

Introduction

Stochastic Partial Differential Equations(SPDEs) have been studied a lot recently due to many
challenging open problems in the area but also due to their deep applications in disciplines that
range from applied mathematics, statistical mechanics, and theoretical physics, to theoretical
neuroscience, theory of complex chemical reactions [including polymer science], fluid dynam-
ics, and mathematical finance, see for example [23] for an extensive list of literature devoted to
the subject. On the other hand, SPDEs driven by a random noise which is white in time but col-
ored in space have increasingly received a lot of attention recently, following the foundational
work of [11]. One difference with SPDEs driven by space-time white noise is that they can be
used to model more complex physical phenomena which are subject to random perturbations.
Two phenomena of interest are usually observed when studying these SPDEs: “intermittency”
and “phase transitions”. See for example [1], [2], [3], [4], [16], [19] and [20] for the former
and [14], [18], [19], [26] and [38] for the latter.

In this thesis, we consider the fractional stochastic heat equation driven by a space-time
colored noise on D := Bx(0), the open ball of radius R centered at the origin in RY, d > 1,

with zero exterior Dirichlet boundary conditions:

duy(x) = —(=A)?uy(z) + o (u(2))F(t,x) €D, t>0,

(1.0.1)
u(z) =0 z € D°,



where a € (0,2], —(—A)*? is the L?>—generator of a symmetric a—stable process in R?

’killed” upon exiting the domain D and can be written in the form

(uly) = u(@))dy

(yeRdy—al>ey Y — [T

—(=A)2u(z) = c(a, d) lsiﬁ)l

The initial condition w(-) is a bounded and nonnegative function. The coefficient £ denotes
the level of the noise; 0 : R — R is a globally Lipschitz function satisfying some growth
conditions. When o = Id, the identity map, the resulting equation is called the Parabolic
Anderson Model (PAM) and has been studied extensively in [1, 2, 4]. The mean zero Gaussian

process F'is a space-time colored noise, i.e

E(ﬂu@F@@0:7@—$A@—yL (1.0.2)

where v : R — R, and A : R? — R, are general nonnegative and nonnegative definite
(generalized) functions satisfying some integrability conditions. The Fourier transform of the
latter, A = (it is a tempered measure. When v = §p and A = 9y, where ; is the Delta-Dirac
distribution, the noise is said to be a space-time white noise.

When v = 9, following Dalang [11], it is well-known that, if the spectral measure satisfies

condition (1.0.3) (known as Dalang’s condition):

1(¢)
1.03
Au+mw<m’ (103

then there exists a unique random field solution of (1.0.1). We provide the proof of existence
and uniqueness of the random field solution in Chapter 5.

Some examples of space correlation functions satisfying condition (1.0.3) include

e Space-time white noise: A = J, in which case p(d() = d¢ and (1.0.3) holds only when

a > d which impliesd = land 1 < o < 2.

e Riesz Kernel: A(z) = |z|™%, 0 < 8 < d. Here, u(d¢) = ¢|[¢|~@Ad(¢ and (1.0.3)

holds whenever 3 < a.



e Bessel kernel: A(z) = [° ynTﬂie_ye_%dy. In this case, u(d¢) = ¢(1 + |¢|?)~2d¢ and

(1.0.3) implies n > d — «.

e Fractional Kernel: A(z) = [[°, |z:?"2 u(¢) = c[[L, |a:|""*%d¢ and (1.0.3)

holds whenever Y% | H; > d — S

We refer the interested reader to [17] for more examples of such functions.

Since stable Lévy processes will be mentioned many times throughout this thesis, we give
a brief description of symmetric stable Lévy motions (processes) in the next few lines. For
more general and detailed results about stable processes, we refer the reader to [35]. The next
few definitions give an exposition to the Theory of Probability.

Let (2, F,P) be a probability space and let 13 be the Borel o— field on [0, c0).

Definition 1.0.1. A stochastic process, denoted X(w) or just Xy, is a map: R, x Q — R, that

is measurable w.r.t the product o — field B x F.

Definition 1.0.2. Two (stochastic) processes X; and Y, defined on the same index set T are
versions of one another if X; =Y; a.s foreacht € T.

In the special case that T = R? or R, we note that two continuous or right-continuous
versions X and Y of the same process are indistinguishable, in the sense that X = Y. In

general, the latter notion is clearly stronger.

Definition 1.0.3. Fix an arbitrary index set T C R. A filtration on T is a nondecreasing family
of o— fields Fy C F, teT.
We say that a process X is adapted to the filtration {F; }er if Xy is Fy— measurable for every

tel.

Definition 1.0.4. A (continuous-time) martingale is an integrable and adapted process M sat-
isfying, for all s <,

M, = E[M|F,] as.



Definition 1.0.5. A stochastic process { X }+>o is a one-dimensional Brownian motion or Wiener

process (started at 0) if
(1) Xo=0a.s.
(2) X; — X, is a mean zero Gaussian r.v with Var(X; — X;) = |t — s|

(3) forall s < t, Xy — X, is independent of 0(X,;r < s), where o(X,;r < s) is the smallest

o— field w.r.t which each X, is measurable, v < s.

Note also that for a Brownian motion, the covariance function is given by

1
Cov(Xt,X5> - §(t+s— \t—s|) 5.t > 0. (1.0.4)
Definition 1.0.6. A r.v X is said to be symmetric a— stable if there are parameters 0 < o < 2

and T > 0 such that its characteristic function is given by

0X -7
Ee”* =e ||,

and we will denote that by X ~ S(«, 7). Note that when oo = 2, X is a Gaussian r.v.

Definition 1.0.7. Let 0 < a < 2. A stochastic process {X,;}i>o is called symmetric a-stable

Lévy motion (process) if
(1) Xog=0a.s.
(2) X has independent increments.
(3) Xy — Xy ~ S(a, |t — s|'/*) forall s,t >0
When o = 2, this process correspond to the famed Wiener process or Browian motion.

Understanding the noise is essential in solving our main problem. Therefore, we give a
few details about the noise below.
Let .Z(R?) denote the ring of all Borel-measurables subsets of R? that have finite Lebesgue

measure.



Definition 1.0.8 (Wiener, 1923). A white noise on R? is a mean-zero set-indexed Gaussian

random field (GRF) {W (A)} sc ¢(ray with covariance
E(W(A)W(4)) = 14N 4] (4 € L(RY),

where | - | denotes the d-dimensional Lebesgue measure.

It is not hard to show that a white noise exists and is an L?({2)-valued countably-additive
measure on .Z(R?). It is actually possible to construct interesting processes from a white noise,

as shown in the next few examples. We also refer the reader to [23] for more examples.

Example 1.0.9. Let W denote a white noise on R. Then the map t — B; := W([0,1]) is a
one-dimensional Brownian motion for all t > 0. Clearly, B is a mean-zero Gaussian process
since W is. Therefore, we only have to check if its covariances function satisfies (1.0.4). W.l.o.g
pick O < s <t. Then

E(BtBs) - ’[O,t] N [O,s]‘ —s.
and this proves the desired result.
Another interesting process that can be constructed from a white noise a Brownian sheet.

Definition 1.0.10 (Cencov, 1956). A Brownian sheet indexed by R® is a mean-zero Gaussian

random field { B(x)},cra with covariance

E|B(x)B(y)| = [ (12l i ) T (i), . € R

=1
One way to show the existence of a Brownian sheet is to check that the identity in the definition

above is indeed a covariance function on R?. But the next example gives a more informative

method for proving the existence of such process.

Example 1.0.11. Let W denote a white noise on R and define B(z) := W (R(z)) for all
r € RY, where R(x) denotes the smallest aligned hypercube in RY that contains the origin

and x as its two extremal vertices, and whose faces are parallel to the axes- for example,



B(z) = W [0, 21] x [0,22] X -+ % [0,24]| if £1, 22, -+ , x4 > 0. Then, B defines a Brownian

sheet. Note also that a one-dimensional Brownian sheet is just a Brownian Motion.
The following Proposition shows that a Brownian sheet is the CDF of a white noise.

Proposition 1.0.12. /23] Let B denote the Brownian sheet that we just constructed from the

white noise W. Then for all ¢ € C3°(R?),

/gde: (—1)d/R MB(I)dI a.s,

a 0z -+ 01y

where the mixed derivative is interpreted in a ”generalized sense”.

Because a white noise is an L?(Q)-valued measure, it makes sense to imagine integrating
various functions against it (like in the Proposition above, for example). This turns out to be
the case, and the resulting L?((2)-valued integral is called a Wiener integral. The construction
of a Wiener integral is modeled on the the Lebesgue integration. We follow ideas from [23].

Fact: we can identify the L?({2)-valued measure W with an L?({2)-valued integral as follows:

Recall that a function h : R? — R is simple—in the Lebesgue’s sense— if
h(z) = Z cila, (7), where A; € Z(R?) are disjoint and ¢; € R.
i=1

Let .7 (R?) denote the collection of all simple functions on R?.

e Pick h € .7 (R?). Then,

n

W(h) == /de = /h(x)W(dx) = aW(4A)

=1

is linear in A (a.s), a GRF indexed by all elementary functions A. Moreover it is centered
and

W (M) 720y == E(IW (Rh)[?) = [12]I72 g (1.0.5)

Identity (1.0.5) is known as the Wiener isometry.



Next, define
W(h) := / hdW = / h(z)W (dz) forall h € L*(R?) by density.

The stochastic integral [ hdW is called the Wiener integral of the non-random function h €

L*(R?) against the white noise W . The following facts hold:

L*(RY) 3 hw W(h) € L*(Q)
is a GREF, a linear isometry ;

e EW(h) =0 forall h € L*(R%);

forall g, h € L?(RY),

COV( [ o /W> — [ storntoras

If h € L*(RY) and A € Z(R?), then we may write the definite stochastic integral of &

on A as follows:

/A hdW = /A h(z)W (dz) = / B Ad VY.

In this way, we can think of the Wiener isometry (1.0.5) as the assertion that the stochastic
integration map h — [ hdW is a linear isometric embedding L*(R?) — L?((Q2).

Next, as we shall see later in this thesis, the solution of (1.0.1) is a random field (RF).
Thus, we are interested in constructing an Ito-like integral to handle our computations. That is,
we wish to construct an Itd-like stochastic integral [ hUdW, where h € L*(R, x R?) is non-
random and V is a nice random field.” Now we sketch a construction of the ”"Walsh stochastic
integral” w.r.t the white noise W .This construction is taken from [23] and follows ideas from
[11, 37]. For this reason, the resulting integral is sometimes referred to as the ”Walsh-Dalang”

integral. We have the following facts:



If h € L*(R, x RY), then the Gaussian process
0<tr— Xi(h):= / hdW
(0,t) xR

is a continuous L*(Q)-martingale.

(t,x) — W(z) is an elementary random field if there exist 0 < a < b and an F,-
measurable r.v X € L?*(f2) and a non-random, bounded, and measurable function ¢ €
L?(R?) such that

Uy(z) = X1y (t)p(z), t>0, 2 €R%

A random field W is simple if there exist elementary random fields W), ... U™ with

disjoint supports such that ¥ = " | VACH

If h = hy(z) and W is elementary, then it is natural to define the stochastic integral

/ hUdW = X he(z)p(x)W (dt, dx).
(a,b] x R4 (a,b] x R4

Note that & is non-random, and the stochastic integral [ hW¥dIV is Wiener and it is well-
defined iff h;(x) () € L*([a, b] x R?). We can then approximate & by simple functions—
in the sense of Lebesgue—in order to see that in this case, the stochastic integral [ hUdW

is F,— measurable.

If ¥ is a simple random field, then

/ hUdW = Z / RO dWw.
=1

The defining properties of Wiener integrals imply readily that the preceding integral is

well defined. Moreover,

for every simple RF U,

E/h\IldW:()

8



e and more significantly, the following property holds:

E( /h\IIdW' ) / ds/Rd dylhs(y)PE(|P,]%). (1.0.6)

The identity (1.0.6) is a Hilbert-space isometry—known as the Walsh isometry— and has a char-

acter that is similar to the [t0 isometry in the theory of ordinary stochastic integration.
Now that we know the meaning of stochastic integrals appearing in the study of SPDEs,

we can now proceed to explore the problem of interest. But not before the following definition.

Definition 1.0.13. Assume v = 0y. Following Walsh [37], a random field {u;(x)}i~0zep IS

called a mild solution of (1.0.1) in the Walsh-Dalang sense if
1. uy(x) is jointly measurable int > 0 and x € D;

2. forall (t,x) € Ry x D, the stochastic integral

/ot /DpD(t 5T y>a(u8(3/))F(dy, ds)

is well-defined in L*(Q); Moreover,

sup sup E|u(2)|P < oo, forall p > 2; (1.0.7)
t>0 xeD

3. The following integral equation holds in L*(Q):

u () :( Duo +§/ /pp —s,x,Y)0 (us( ))F(dy,ds), (1.0.8)

where

(Goun) (0 := [ otz y)unl)dy

and pp(t,x,y) denotes the Dirichlet heat kernel of the stable Lévy process. It is the
transition density of the stable Lévy process killed in the exterior of D and the stochastic

integral is understood in the Walsh-Dalang sense (extended Ito sense).



Because the Dirichlet heat kernel will play a major role in the proof of our main results,

we give a few details about it. We define the “killed process’:

Xt t<TD
XP =

0 tZTDv

where 7p = inf{t > 0: X; ¢ D} is the first exiting time. Next, define
rP(t, 2, y) == E*[p(t — 70, X7p,9); ™0 < t].

Then

po(t,z,y) = p(t,x,y) —rP(t,z,y),

where p(t, ) is the transition density of the “unkilled process” X;. Note that p(t, x,y) is also
written p(¢, x — y) in some literature.

When a = 2, X; corresponds to a Brownian motion (B;);>o with variance 2t, and in this
case p(t, -) is explicitely given by

p(t,z,y) = (4rt)~ 2T forall z,y € RY (1.0.9)

When a € (0,2), then X, coincides with an «-stable Lévy process given by X; = Bg,,

where (.S;):>0 is an «/2-stable subordinator with Lévy measure

B a/2
T o)

No explicit expression is known for p(t, -) in this case, but the following approximation

$_1_a/21{m>0}d$.

holds:

t
. —dfac "
C} min <t Tz = et

t
) <p(t,x,y) < Cymin <t_d/0‘, |x—> (1.0.10)

— y|a+d

10



for some positive constants C'; and C5. See for example [9] and the references therein. One
important property of the heat kernel p(.) is the Chapman-Kolmogorov identity (also known as

the semigroup property), i.e

/ p(t,z, 2)p(s,y, 2)dz = p(t + s,z,y) forall 2,y € R and s,t > 0. (1.0.11)
Rd

It is an easy fact that pp(.) also satisfies the Chapman-Kolmogorov identity. Recall that the

Dirichlet heat kernel pp (¢, x, y) has the spectral decomposition

po(tz,y) =Y e ", (2)pu(y), forall z,y€ D, t>0,
n=1

where {¢,},>1 is an orthonormal basis of L?(D) and 0 < p; < pp < ... < p,, < ... isa

sequence of positive numbers satisfying, foralln > 1:

—(=A)*2¢,(x) = —pindp(z) €D
Pn(z) =0 v € D"

For all n > 1, it is well-known that

a/d

cn™ < p, < con®/? (1.0.12)

for some constants ¢y, co > 0. See for example [7, Theorem 2.3], for more details. Moreover

by [8, Theorem 4.2], for all z € D,
YR - |z))? < ¢y(z) < (R — |z|)*/?, forsome ¢ > 1. (1.0.13)
For example, when & = 2 and D = (—1,1), we getforn = 1,2, ...

On(x) = sin <n§(:p + 1)) and p, = (%)2

11



The following assumptions will be needed when proving the main results:
Assumption 1.0.14. v : R — R, is locally integrable.

Assumption 1.0.15. There exist constants C and Cy and 0 < 3 < «a A d such that for all
x € R4,

C1lz| ™ < A(x) < Colz| 7.

Assumption 1.0.16. There exist positive constants l, and L, such that for all x € R,
lolz| < o(x) < Ly|z|.
Assumption 1.0.17. There is € € (0, %) such that

xleane up(z) > 0,

where D, :== Bgr_(0)

Assumption 1.0.18. There exists a positive constant K such that

inf A(x) > Kpg

ZGD(

When the noise term is a space-time colored noise, the definition provided above for the
random field solution doesn’t apply. Therefore, a new approach is necessary in understand-
ing the solution. The following definition provides a different interpretation of the solution.

Unfortunately, this approach works only for the PAM.

Definition 1.0.19. Assume o = Id. An adapted random field v := {u;(x)}+>0.ep Such that
E[us(x)])? < oo forall (t,z) is a mild solution to (1.0.1) in the Skorohod sense if for any (t, ) €
R x D, the process {pp(t — s, z,y)us(y)Ipy(s) : s > 0, y € D} is Skorohod integrable with

respect to the Gaussian differential F(Js, dy) and the following integral equation holds:

w(z) = (Gpuo),(x) +€ / /D Polt — 5,2, y)us(5) P (55, 69). (1.0.14)

12



It is well-known that a unique mild solution (1.0.14) exists in the Skorohod sense provided
that the time correlation y is locally integrable and the space correlation A satisfies condition
(1.0.3). One of the time correlation functions that has received a lot of attention lately is the

correlation function of the so-called fractional Brownian motion (of index H.)

Definition 1.0.20 (Mandelbrot Van Ness, 1968)). A Fractional Brownian Motion with index H,

denoted fBm(H), is a centered Gaussian process { X }i>o with Xo = 0 and satisfying

E|X, — X,|* = |t — s]*!!, s,¢>0.

When a fBm(H) exists, its covariance is given by

1
Cov(X, X,) = §<t2H 482 |t — sy2H).

Therefore, a fBm(H) exists iff H € (0, 1). Note that a fBm(1/2) is a Brownian motion.
For the sake of simplicity and uniformity with other authors, we consider the time-correlation

function as
v(r) = Cyulr|*"=2, for H € (1/2,1) and Cy = H(2H — 1). (1.0.15)

We refer the interested reader to [1] and the references therein for more information about this
function. When handling the mild solution in the Skorohod sense, we shall make use of the
Wiener-chaos expansion.

Recall that the covariance given by (1.0.2) is a mere formal notation. Let C5°(R, x R?)
be the space of test functions on R, x R?. Then on a complete probability space (2, F,P), we
consider a family of centered Gaussian r.v indexed by the test function {F (p),p € C3° (R4 x

R%) } with covariance

BFFW] = [ etaulsnlt - 90 - pdodydeds. (1010

13



We write equation (1.0.16) formally as (1.0.2). Let H be the completion of C°(R . x RY) w.r.t

the inner product

(,V)n = /R o(t, 2)(s,y)y(t — s)A(x — y)dzdydtds.

i xR2d
The mapping ¢ — F(p) € L*(Q) is an isometry which can be extended to H. We denote

this map by

Fio)= [ plto)F(dds), pet.
]R+><Rd

Note that if ¢, 1) € H,

E[F(o)F ()] = (@, ¥)x.

Furthermore, H contains the space of measurable functions  on R, x R? such that

/R2 o lo(t, )0 (s, y)|y(t — s)A(x — y)dedydtds < co.
+><

For n > 0, denote by H,, the n'* Wiener-chaos of F'. Recall that Hj is just R and for n > 1,
H,, is the closed linear subspace of L?(2) generated by the random variables

{H,(F(h)), h € H, |h||lx = 1} where H, is the n'"* Hermite polynomial. For n > 1, we
denote by H®"(resp.H™) the n'* tensor product (resp. the n'* symmetric tensor product) of
H. Then, the mapping I,,(h®") = H,(F(h)) can be extended to a linear isometry between H"
(equipped with the modified norm v/n! ||.]|22¢=) and H,,, see for example [29] and [31] and the

references therein.

14



Consider now a random variable X € L?(2) measurable with respect to the o—field F*

generated by F'. This random variable can be expressed as
X = E[X] + Z In(fn)v
n=1

where the series converges in L?(2) and the elements f, € H™, n > 1 are determined by
X. This identity is known as the Wiener-chaos expansion. Please refer to [29] and [31] for a
complete description on the matter.

With everything set, we can now state state and prove or main results. But before we jump
into this important aspect of this work, we give a detailed organization of this dissertation. The
rest of thesis is organized as follows: in Chapter 2, we state our main results when equation
1.0.1 is driven by a space-time white, Chapter 3 is devoted to case where the noise is white
in time and colored in space while Chapter 4 deals with the space-time colored noise case.
Finally, all our main results including the existence-uniqueness result are proved in Chapter 5.
We close this dissertation with concluding remarks in Chapter 6. Also throughout this work,
the letter ¢ (upper or lower case) with or without a subscript is a positive constant whose value

is not of primary interest for this dissertation.
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Chapter 2

Fractional Stochastic heat equation driven by a space-time white noise.

We first study the fractional stochastic heat equation (1.0.1) driven by a space-time white noise,

i.e, we look at the equation

Suy(x) = —(—A)*uy(z) + Eo(u(x))W(t,z) z €D, t>0,

w(z) =0 z € D°,

where 0 < a < 2 and the noise term W has the following covariance structure:

E(F(t, 2)E (s, y)) = o(t — 5)d0(z — ),

and ¢ is the Delta-Dirac distribution.

In [18], the authors considered the following stochastic heat equation,

Ovur(z) = Lug(x) + Eo(uy(x)) F (¢, ),

(2.0.1)

(2.0.2)

(2.0.3)

where £ = A is the Dirichlet Laplacian on Br(0), the ball of radius R centered at the origin.

Under some appropriate conditions, it was shown that the long time behaviour of the solution

is dependent on the noise level, that is on the values of £&. More precisely, it was shown that

for large values of £, the moments of the solution grow exponentially with time while for

small values of £, the moments decay exponentially. In [30], the author found explicit bounds

for the p'* moments of the solution to (2.0.1) with 0 < « < 2, also proving the dichotomy
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phenomenon described above. In this chapter, we extend the results obtained in [18] for the
fractional Laplacian operator. We first obtain the results for the second moment of the random
field solution and then extend it to higher order moments (greater than 2). We are also interested

in the effect of the noise level £ on the [expected] energy of the solution.

2.1 Main results

Theorem 2.1.1. Suppose that o satisfies Assumption 1.0.16. Let u,(x) be the unique mild so-

lution of equation (2.0.1), then there exists &y > 0 such that for all ¢ < & and x € D,

1
—00 < hmsup;logE|ut(x)|2 < 0.

t—o00

Fix ¢ > 0, then there exists &, > 0 such that for all ¢ > & and x € D,

? < oo.

1
0 < liminf — log E|u(x)
t—oo T

Remark 2.1.2. It is not hard to see that & < &. Otherwise there will be an obvious contra-
diction in Theorem 2.1.1. In Remark 5.3.3, we provide some estimates for &y and & defined

above.

As in [18, 24], we define the [expected] energy of the solution at time ¢ by the following
quantity,

1/2
£(€) = (E||ut||iQ(D)) . 2.1.1)

The study of & (&) as £ gets large was initiated in [24, 25]. In [24], it was shown that & (&)
grows like cet' as ¢ gets large. However, the next corollary shows that £ (&) exhibits a behavior

similar to that of the second moment of the solution of (2.0.1).

Corollary 2.1.3. With &y and &, as in Theorem 2.1.1, we have

1
—oo < limsup —log &(&) <0 forall &£ <&

t—o0 t

17



and
o1
0< hgnmfglogé't(ﬁ) < oo forall & >&.
— 00

The following Theorem provides an extension of the results in Theorem 2.1.1 to higher

moments:

Theorem 2.1.4. Suppose that o satisfies Assumption 1.0.16. If u, is the unique mild solution to

(2.0.1), then for all p > 2, there exists {y(p)> 0 such that for all ¢ < &(p) and x € D,

1
—00 < limsupglogE|ut(x)|p <0.

t—o0

On the other hand, for all € > 0, there exists & (p)> 0 such that for all £ > &,(p) and x € D,
|
0 < liminf —log E|u(x)]? < oo.
t—oo T

In the next Chapter, we consider the main equation driven by a noise that is white in time

and colored in space. Many similarities with the space-time white noise case are observed.
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Chapter 3

Fractional Stochastic heat equation driven by a spatially-colored noise

In this section we consider equation (1.0.1) driven by a noise that is white in time but colored

in space, i.e, we are looking at:

dup(x) = —(=A)?uy(z) + o (u(2))F(t,x) €D, t>0,

(3.0.1)
u(z) =0 z € D°,
where 0 < a < 2 and the noise term F has the following covariance structure:
E(F(t, 2)E (s, y)) — 5ot — $)A(z — ) (3.0.2)

We can state the main results in this section.

3.1 Main results

Theorem 3.1.1. Suppose that A satisfies Assumption 1.0.18 and o satisfies Assumption 1.0.16.
Let u,(x) be the unique mild solution to (3.0.1), then there exists £ > 0 such that for all £ < &

andxz € D

1
—00 < limsup;logE|ut(:p)|2 < 0.

t—o00

On the other hand, for all € > 0, there exists £3 > 0 such that for all £ > &3 and x € D,

1
0 < liminf — log E|u:(7)|* < oc.
t—oo
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As defined previously, see for example [18, 24], we define the [expected] energy of the

solution (of equation 3.0.1) at time ¢ by

1/2
(€)= (EHutHig(D)) . 3.1.1)

Unsurprisingly, the dichotomy phenomenon is again observed with the energy of the solution,
just like in the case where equation 1.0.1 is driven by a space-time white noise. We provide this

result below:

Corollary 3.1.2. With & and &3 as in Theorem 3.1.1, we have

1
—oo < limsup —log&(§) <0 forall &< &

t—o00 t

and
|
0< h{nmfglog&(g) < oo forall & >&.
— 00

More importantly, Theorem 3.1.1 can also be extended to the case p > 2, offering again

another similarity with the space-time white noise case.

Theorem 3.1.3. Suppose that A satisfies Assumption 1.0.18 and o satisfies Assumption 1.0.16.
Let u.(x) be the unique mild solution to (3.0.1), then for all p > 2 there exists &(p) > 0 such

that for all £ < &(p) and x € D
) 1
—o0 < limsup — log Eju(x)|? < 0.
t—o0 t

On the other hand, for all € > 0, there exists {3(p) > 0 such that for all § > &3(p) and x € D,

1
0 < liminf —log E|u:(x)|? < oc.
t—oo T
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We conclude this section with special case of equation 3.0.1 when the space correlation
function satisfies Assumption 1.0.15. In this case, explicit bounds for the p"* moments of the

solution are found. The next Theorem provide these details:

Theorem 3.1.4. Suppose that A satisfies Assumption 1.0.15 and o satisfies Assumption 1.0.16.
Then forallt > 0 and p > 2, there exist positive constants c1, ca(«, 5,d, 1, ), Cy and Coy(cv, 3, d, L)

such that for all ¢ > 0 and § > 0,

2a 20 20,
t| cog@—P — ) ) t(C ga—B 2P _(1-6 >
c’fep (CQ ") < int E|uy(x)]? < sup Eluy(z)P < Cfep e ;
xzeD

x€D,

where z, is the constant in the Burkholder-Davis-Gundy’s inequality.

This theorem also provides an extension to [15] where similar bounds were obtained but
only for the second moments of the solution to equation (1.0.1). This theorem also shows that
the rate at which the moments of the solution to equation (1.0.1) exponentially grow or decay
depends explicitly on the non-local operator —(—A)%/2, the noise level ¢ and the noise term
via the quantity £ -7, This result provides an extension to [30] where the author used equation
(1.0.1) with ¢ = Id, an essential assumption when using the Wiener-Chaos expansion in the
proofs. However, the proof we provide for this theorem uses a different argument. Moreover,

this Theorem implies Theorems 3.1.1 and 3.1.3.
a—p

Note that in Theorem 3.1.4, when § < (MI/C(p, 6)) **, then the solution u is not weakly-

intermittent. However, quite the opposite situation occurs for the same random field v when

&> (w/Cw) ™

2
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Chapter 4

Fractional Stochastic heat equation driven by a space-time colored noise

In this section, we consider equation (1.0.1) driven by a space-time colored noise, whose covari-
ance function is given by (1.0.2). Several papers have examined SPDEs driven by a space-time
colored noise: we cite for example [1, 2, 4, 20, 21]. The time correlation function considered
in most cases is the fBm(H) and the space-correlation functions include the Riez Kernel, the
fractional Brownian motion (please see P. 2-3 of this thesis). However, all these problems were
considered on the spatial variable space RY. In our case, the time correlation function is the
fBm(H) and the space correlation function is the Riez kernel. The Theorem below provides the

details.

4.1 Main result

Theorem 4.1.1. Assume o(x) = x, v satisfies assumption 1.0.14 and A satisfies Assumption
1.0.15. Then for allt > 0 and p > 2, there exist constants Cy and Cs(«, [3) such that for all

E>0andd >0,

o 2Ha—B 2«
Cop| (p—1)a=Ft a=F ga=0 —(u1—d)t

sup E|u,(2)[” < Cfe
zeD

With all the Assumptions in Theorem 4.1.1 valid, We also conjecture that

2Ha — (8

— > 1
a—pf

1
li{ninft—plogE\ut(x)P >0 forallz € D., where p=
—00
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Though this bound might not be very sharp, to the best of our knowledge, this dissertation is
the first ever to examine the moments of the solution of SPDEs driven by such type of noise
in bounded domains. Notice again the dependence of moments with the noise level. Note that
Similar results were obtained in [1, 20] but on the whole Euclidean space R<.

Define the p'" upper Liapounov moment of the random field u := {u; (%) };~0.ep at ¥ € D as

1
~(p) := limsup i log E|u.(zo)|P forall p e (0,00).

t—o00

Following [16], the random field w is said to be weakly intermittent if:

forallz € D, 7(2) > 0and 7(p) < oo forall p € (2,00).

It is said to be fully intermittent if:

p— m is strictly increasing forall p > 2 and z € D.
p
If (1) = 0 and u > 0, then weak intermittency implies full intermittency. Intuitively, full

intermittency shows that for p > ¢,

o o)l
im sup =
Pl Tutt. ],

where [|ul|,, denotes the norm in L7(2). In other words, for p > g, asymptotically, the p'" mo-
ment of v is significantly larger than its ¢ moment. This suggests that the random field © may
take very large values with small (but significant) probabilities, and therefore it develops high
peaks, when ¢ is large. We refer to [6, 16] for a detailed explanation of this phenomenon. Theo-

rem 4.1.1 combined with the conjecture right below shows in fact that u is weakly-intermittent

2Ha—f3
a—p

for all £ > 0 since > 1.

We are now ready to prove our main results.
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Chapter 5

Proofs of the main results

5.1 Existence and uniqueness for the solution

The proof for the existence of a solution of equation (1.0.1) driven by a space-time white noise
or when the noise is white in time and colored in space follows a Picard’s iteration scheme. We
follow ideas from [15, 23]. The details are provided below:

Let u)(z) = Gpug(x) and forn > 1,

@) = (Gow) @+ € [ [ oot =700 (2 0) Flds. ).

The stochastic integral is well defined even when the correlation function is restricted to D.

This fact actually follows from Walsh [37]. Let D, (¢, z) = u}"!(x) — u?(x). It follows that

Dutse) =€ [ [ oot =s.5.0) [o(u) — o ()] Flds. ).

Now using Burkholder’s inequality and Assumption 1.0.16, we get

t
E|D,(t,z)|" < C,&P L [/ / pp(t —s,2,y)pp(t — 5,2, 2)A(y — 2)
0 D2
p/2

x supE[D,,_1(s,y)] 2dydzds

yeD
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Now let

¢
H,(t,z) = sup sup E‘Dn(t,x)rg and F(t) = / / pp(t—s,z,y)pp(t—s,z, 2) N(y—=z)dydzds.
o Jp?

zeD 0<t<T

Note that

F(t) < /000 /Rd iy p(t — s, x,y)p(t — s, x,2) ANy — z)dydzds
(©)

1
Sc/ )
ge 1+ [C|®

Thus, F'(t) < oo whenever Dalang’s condition (1.0.3) holds. Note also that, combining the

semigroup property of the Dirichlet kernel with Lemma A.0.3,
G(t) = [ppp(t —s,2,y)pp(t — s, 2, 2)dydz < oo for 0 < ¢ < T. We now use Holder’s

inequality to obtain

t
H,(t,x) < C P LP F(t)P/> / H,_1(s)ds. (5.1.1)
0

Thus, by Gronwall’s lemma, Lemma A.0.9, we have Y~ H,(t) < oo. Therefore, u}(z)

converges in L*(P) to some u; () for each ¢t and x. This also proves that

n—oo

lim /Ot /DpD(t — s,x,y)a(us(y))W(ds,dy) = /Ot /DpD(t — s,x,y)a(us(y))W(ds,dy).

where the convergence holds in L?(P). This proves that v is a solution to (1.0.1) when the noise
term is either a space-time white noise or white in time and colored in space.

For the uniqueness, assume that v and v are both solution of (1.0.1) driven by a space-time
white noise and noise that is white in time and colored in space, both satisfying the integrability

condition (1.0.7). We show that one these solutions is a modification of the other.
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Let D(z,t) = uy(x) — v4(x). Then,

D(t,z) = f/ot/DpD(t —5,7,Y) [U(Us(?J)) — U(Us(y))}F(dS,dy).

Using Assumption 1.0.16, we get

2 t 2
B <@L [ [ polt - s 0)pot - 5., A0 — ) supE| Dls. ) dydzds.
0 D2

yeD

Now, set H(t) = sup supE|D(s, x)|2 It follows that
0<s<txzeD

H(t) < C€eL2 /tH(s)N(t — 5)ds,

where

cr~ e when A = §;

N(r) <
cor~P/® when A satisfies Assumption 1.0.15.
Now choose and fix some ¢ € (1,2) and let r be its conjugate exponent, i.e ¢~ + r~1 = 1.
Next, Apply Holder’s inequality to find that there exists some constant A = Ar(&, L,), such

that uniformly forall 0 <t < T,

¢ 1/r
H(t) §A</ Hr(s)ds> :

Finally, apply Gronwall’s Lemma with a; = as = --- = H" to find that H(¢) = 0 and this
concludes the proof.

With the existence-uniqueness result out of the way, we can now focus on proving our
main results. The following estimates on the Dirichlet heat kernel will be used significantly

when proving Theorems 2.1.1, 2.1.4 and 3.1.1.
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5.2 Some estimates

The estimates in this section are mainly taken from [9]. They will be used a lot in the proof of

Theorems 2.1.1,2.1.4, 3.1.1 and 3.1.3.

t

m). (521)

_d
po(t,z,y) <t A
We will often use the above inequality in the form of pp (¢, x,y) < c1p(t, z — y).

e Fixe > 0andletzx, y € D, then for all ¢t < €,

_d t
pD(t,I',y) > 02<t a A m) (522)
e There exist £y > 0 and p; > 0 such that,
cre Mt < pp(t,z,y) < cpe ™ for t > tg. (5.2.3)

The upper bound is valid for any x, y € D while the lower bound is only valid for

x,y € D, withe > 0.

We first consider the case where equation 1.0.1 is driven by a space-time white noise.
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5.3 The space-time white noise case

Recall that equation 1.0.1 driven by a space-time white noise has a unique solution only when
d =1land 1 < a < 2. So we will assume that these two conditions hold throughout this

section. Also, [18] have covered the case o = 2, so we will focus only on the case 1 < o < 2.

Lemma 5.3.1. There exists a constant K, ,,, . depending only on v, (1, and o such that for all

v € (0,u1) and x € D, we have

o0
/ eV'op(t, x, z)dt < Koy o
0

Proof. We begin by writing

o) to 0
/ e’ pp(t,z, z)dt = / e’ op(t,x, z)dt + / e’ pp(t, z, z)dt,
0 0

to

where % is as in (5.2.3). Now using (5.2.1), we have

to to 1
/ e'pp(t,z, x)dt < 03/ eVt adt.
0 0

It is now clear that the above integral has an upper bound depending on v . Next, since v < 1,

we can use (5.2.3) to write

/ evtpD(t7 x7 x)dt S Cx / 6_(,“1—’0)tdt

to to

C
< 6

T v

Combining the estimates, we obtain the result. L]

Lemma 5.3.2. Let v € (0, 1) and x € D. Then there exists a constant c,, ., depending on ji;

and a such that for all t > 0
/ evtpD(ter y)dy S C,LL17a'
D
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Proof. Again fix t as in (5.2.3).

For 0 < t < ty, we have

And for t > t; we use (5.2.3) to get

/ e'pp(t, z,y)dy < cpe” 17V,
D

The result now easily follows from the two inequalities above.
We are now ready to prove our main results in this section.

Proof of Theorem 2.1.1. Using (1.0.8) and the Walsh isometry, we have

E|uy(z)]* = )(gDuo)t(x)’2+§2 /Ot/DpDz(t_S,x,y)E\g(us(y))fdyds,

from which we obtain

Elu(@)* 2 [(Gpuoh(z)]

Using Assumption 1.0.17, we have for € > 0 small enough,

wwmmszwmw@w@

D

2 / Uo(Q)pD <t7 xz, y)dy
D

Z Cle_pdta
whenever ¢t > ty with ¢y as in (5.2.3) and z € D.. This immediately gives

1
ligninf%logIEL|u,5(:1€)|2 > —o0 for xze€D..
—00
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We now look at the upper bound. We will assume that v € (0, 244 ). From (5.3.1) and Assump-

tion 1.0.16, we have

2 t
Blu(o) < |(Gouh(@)| + €L [ [ polt = s.2,0)E|u)duds
0 D

= ]1 + 12.

Using Lemma 5.3.2, we have

2
Il S 026_”

vt
/ e2pp(t,x,y)dy
D

< cge V.

We then look at the second term /5. Using Chapman-Kolmogorov’s identity and Lemma 5.3.1,

we have

t
I =Lk / / e Ipd (t — 5,2, y)e  E|us(y) |*dyds
0 D

t
<@Lz swpsupc Blu(o) [ [ e s p)dyds
t>0 xeD 0 JD

t
< EL2e V'supsup e”t]E|ut(:c)|2/ e”pp(2s,z,x)ds
t>0 z€D 0

< Kmm,aéQLie’”t sup sup e”’E|uy(z)[?.

t>0 xeD

Combining the inequalities above, we have

supsup e"'E|u; (z)[* < 3 + Ky py o2 L2 sup sup e E|ug ()] (5.3.3)
t>0 z€D t>0 zeD

We now choose &, such that for & < &, we have K, ,, «£?L2 < % This immediately gives

1
lim sup . log E|uy(z)|* < 0.

t—o00
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We have thus proved the first half of the theorem. For the second half, we look at the following
Laplace transform,

I, ::/ e " inf Eluy(z)|* dt.
0

z€D,

Again, using (5.3.1) and Assumption 1.0.16, we have

2 t
Blu(@) 2|(Gpuo)i@)] + & [ [ po?(t = .. )Blu.(y)Pdyds.
0 JD

From the inequality above, we have I,, > J; + Jo, where J; and .J; are respectively the Laplace
transforms of the first and second term of the display above. We look at J; first. Note that for

fixed € > 0,

inf (Gpuo)i(z) > / uo(y)pp(t, 2, y)dy

z€D, .

> ¢, inf .
> ¢y inf po(t, z,y)

Using (5.2.3), for t > t,, we have

2

(Gpug)e(z)| dt

0
Ji > e Y inf
to €D,
036_(U+2U1 )to

v+ 2

For the second term, we obtain

Jo > §2l§Iv/ ™™ inf P (s, x,y)dy

to €

—(v+2p1)to
RO
U+ 2
Combining the inequalities above yields
—(v+2p1)to —(v+2p1)to
3 4 A—
U+ 24 U+ 2
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We can now choose &; large enough so that for all £ > &, we have

—(v+2u1)to
L,>9 yor. (5.3.4)
U+ 24

which gives us [,, = co. This proves

1
lim inf ~ log E|u,(z)|* > 0.

t—oo T

The fact that
.1 9
liminf — log E|u;(x)]* < oo
t—oo T
easily follows from the ideas in [16, 23]. We leave it to the reader to fill in the details. O]

Remark 5.3.3. From the proof above, we can get some estimates for & and &;. In fact, from

~1/2
inequality 5.3.3 , it is enough to set £y = <2K’U7M1Lg> . In a similar way, choosing &, =

to(v 2
<2(v+2u1)6 of +2#1)) will suffice in Theorem 2.1.1.

csl2

Proof of Corollary 2.1.3. The proof follows essentially from Theorem 2.1.1 and the definition

of the energy of the solution together with the following estimate

D, inf Eluy(2)[2 < / Ejuy(2)[2dz < | D] sup Ejuy ()2
xeD. D xeD

]

We now prove the result for higher moments. The proof is similar to that of Theorem

2.1.1.

Proof of Theorem 2.1.4. Since & > 1, using Jensens inequality we get

/2
<]E|ut(x)|2>p < Eluy(z)P. (5.3.5)
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This means that E|u;(z)|? will also grow exponentially if E|u;(z)|? does. So by Theorem 2.1.1,

it follows that for all £ > &;(p), and z € D,
0 < limint = log E|us(z)]?
1%1_1}(1)21 ; og LU\ X )|™.
Again following the ideas of Foondun and Khoshnevisan [16], we can prove that
lim inf ! logE P
iminf - log |us(2)]P < 0.
Next, in order to prove
) 1
lim sup i log E|us(z)|P < 0,

t—o00

we choose v € (0, 2p;) and define the following norm:

= sup sup eUTpt]E|ut(x) P
t>0 zeD

[l

Its clear that if we show ||u|| < 00, the result will follow.

p7v7a

Since p > 2, we have

p

lug ()P :‘ (gDuo)t(x) +§/0 /DpD(t — s, x,y)a(us(y))W(dy, ds)

<,

(QDuo)t(-iE)’p + &

|

/gt /DpD(t — 5,2, y)0 (us(y)) W (dy, ds)

Now using the Burkhdlder’s inequality combined with Assumption 1.0.16, we get

t p/2
(gDUO)t@)’p +§”L§</O /Dp%(t - S;x,y)Elus(y)IQdyds> ]

Z:Kl + KQ.

Elu(2)? Szp[

Since ug 1s bounded, using Lemma 5.3.2,
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p

put

K1 S 066_T

vt
/ e2pp(t,z,y)dy
D

_ pvt
<cre 2.

Next, using again the Chapman-Kolmogorov’s identity combined with Lemma 5.3.1, we have

t p/2
K, =§pL§< / / e pi(t — s, , y)e“(”)E\us(y)!Qdyds>
0 D

p/2
S||U||p,v,a§pL§€‘( 6“51:% t— s,:v,y)dyds>

<lu

p/2
pﬂmﬁpo;e_ ( e”pp(2s,x x)ds)

P
<|ull, o EP LR K2,

p)v7a

Combining the estimates on K and K5, we get

Eluy(2)]” < cre™ 5 + ||l , (LR 5 K,

p7v7a

from which it follows that

p
[ull e < €7+ csllull, 08" Lo Km0

pU,x — p,U,

ya
So if we choose ¢ small enough so that cs€? 5. K i, o < 1, then we will have [[ul|,,,, , <

Finally, combining (5.3.2) and (5.3.5), we get

p

Blu(@)” > (Blu)?)" > (Gouol(e))"
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But it is well know that (Gpug)(x) decays exponentially fast for large time, it follows that

E|u(x)[? cannot decay faster, so by a similar argument to the case p = 2, we get

1
lim sup 7 log E|u(z)|P > —o0,

t—o0

forall £ < &(p) and z € D. O

5.4  The spatially homogeneous noise case

While one can expect that the proof of Theorem 3.1.1 follows easily from that of Theorem

2.1.4, the noise term is now colored in space. Thus the proof is harder and requires a new idea.

Lemma 5.4.1. Let v € (0, 2/11). Then there exists a constant c,, ,,, depending on v and (i, such

that

/ evt/ pD(t7$lay1)pD(t7 x27y2)A(yl - y2)dtdy1dy2 S Cv,uu (541)
0 D2
forall v\, xo, Y1, yo € D.

Proof. We again use (5.2.3). So we fix t; accordingly. We begin by splitting the integral as

follows:

po(t,x1,y1)pp(t, 2o, Y2 ) A(yr — yo)dtdy,dys

2

to
:/ @Ut/ po(t, z1,y1)pp(t, T2, Y2)A(yr — y2)dtdy,dys
0 D

0o
/ evt
0

S—

2
+/ evt/ po(t, x1,51)pp(t, 22, y2 ) A(yr — yo)dtdy dys
to D2

+ 1.
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I, can be bounded as follows: we use (5.2.1) to obtain

to
I < GUtO/ €_Ut€m/ po(t, x1,y1)pp(t, 2, y2) A(y1 — y2)dtdy:dy;
0 D2

The last inequality holds since Dalang’s condition (1.0.3) holds here.

For I, we use (5.2.3) to write

Iy S/ e” sup pp(t,x1,y1)pp(t, T2, yo) dt/ Ay — y2)dyrdys
to y1,y2€D D?

< cz/ e~ Gm=vtgy
0

Combining the above estimates yields the desired result. [

Lemma 5.4.2. Fix ¢ > 0. Then, there exist ty > 0 and a constant c, ,, , such that for all

v >0,

/ e_ytpD (ta Ty, yl)pD (tv T2, y?)dt > Co,pu1,to >
0

whenever 11, T2, Y1, Y2 € D.. The constant c,,, 4, depends on v, p, and .

Proof. Using (5.2.3), we have

/ eivtpD@axl?yl)pD(tax?ayZ)dt Z / eivtpD(ta xlayl)pD<t7$2>y2)dt
0 to

o

> 03/ e Ve 2ml gy
to

636_(U+2N1)t0

U2
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Proof of Theorem 3.1.1. Using the mild formulation of the solution and Assumption 1.0.16, we

obtain

Bl = [Gouna)| +€ [ [ pole = s.00p0lt = 5,300 01,02
x Elo(us(y1))o(us(y2))|dy:dyads
< [Gou @ +€22 [ [ pote—sammnlt = 2.0 —
X Elus(y1)us(y2)|dyrdyads
=1L+ L.
Pick v € (0, 2p;) and tg as in (5.2.3). As is the proof of Theorem 2.1.1, we have

I, <cie™™ whenever t > t,.

We now bound 7, using Lemma 5.4.1.

I < §2L(276_Ut sup sup e“tI[-Z|ut(x)|2 e“t/ pp(t,z,y1)pp(t, z,y2)A(y1 — y2)dyrdysdt
t>0 zeD 0 D2
2

< L2V sup sup eV E|uy () ]2
t>0 z€D
Using the two bounds above, we can use the arguments of the first part of the proof of Theorem

2.1.1 to show that

1
lim sup ~ log E|u(7)|* < 0.
t—o00 t

The first part of our first theorem also gives us

1
litrninfglogE|ut(x)|2 > —oo for x€ D..
—00
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We now turn our attention to the final part of the proof. To this aim, fix v, e > 0 and consider

the following Laplace transform:

T, = / e inf Ejuy(2)us(y)|dt.
0

z,y€De

From the mild solution, we have

E(ut(xl)ut(@)) = (Gpuo)t(z1)(Gpuo)(22) + 52/0 /1:)2pD(t — 8,71,Y1)

X pp(t — 5,72, y2) A(y1 — yz)E<U(US(y1))U(U5(y2))>dyld92d8- (5.4.2)

Now using again Assumption 1.0.16, we have

E (Jue(n)u(z2)l) = |(Gpuo)i(:)(Gpuo) (x2)
+&2 /Ot /D2 po(t = 8,21, y0)pp(t — 8,22, Y2) My1 — o) E|us(y1 )us(y2) | dyr dyads

= Jl + J2.
We bound .J; first by using Assumption 1.0.18.

t
Jo > leiKR/ /2PD(75 — 5,21, y1)Pp(t — 8, T2, Y2) E(|us (Y1) us (y2)|) dyr dyadss
o Jp2

t
> 035213—KR/ inf pp(t —s,21,91)pp(t — 5, 22, Y2 ) E(|us(y1)us(y2)|)ds.
0

Y1, Y2€ D

Using these estimates, we have

JU Zj1+j27
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where J; and J, are the Laplace transforms of J; and J, respectively. As in the proof of

Theorem 2.1.1, we have

Ji 2/ e " [(Gpuo)i(x1)(Gpuo) (x2)|dt
0
C4ef(v+2/"‘1)t0

for xq, x5 € D..
v+ 2m 1, T2

j2 can be estimated using Lemma 5.4.2 as follows.

- 2l2 6_(U+2#1)t0
Jo > KpJy———.
9 > c5€ 'R v+ 200

We therefore have

—(v+2u1)to —(v+2u1)to
g, > A ePRRI S
U+ M1 v+ 2,&1

Therefore there exists {3 > 0 such that we have J, = oo for all £ > &3. Using the ideas above,

we have

00 . ) 67(v+2,u1)t0
e "Eluy(x)|*dt > cs KrJ,—— for z € D,.
| e Bl P > kel

Therefore for all £ > &3, we obtain
/ e ' E|uy () [2dt = oo,
0

which implies that

o1 2

liminf — log E|u,(z)|* >0 for z € D..

t—oo
Again the ideas of [16] give

1
lim inf ~ log E|u,(z)|* < oo.
t—oo
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The first step of theorem is therefore proved. [
The proof of Corollary 3.1.2 is omitted since it is similar to that of Corollary 2.1.3

Proof of Theorem 3.1.3. We follow the same ideas as in the one dimensional case.

By Jensens inequality, we have

/2
<E|ut(x)|2>p < Eluy(2)[". (5.4.3)

This means that E|u;()|? will also grow exponentially if E|u;(z)|? does. So by Theorem 3.1.1,

it follows that for all £ > &3(p), and = € D,
0 < liminf ! logE P
< liminf > log lug ()P
The same Jensens inequality and Theorem 3.1.1 shows that for £ small enough and x € D,
) 1
lim sup — log E|u(x)[P > —o0.
t—o00 t
Again following the ideas of Foondun and Khoshnevisan [16], we can prove that
.1
lim inf — log E|u:(z)|? < oo.
t—oo T
Finally, to prove
) 1
lim sup — log E|u:(z) |’ < 0,
t—o00 t

we choose v € (0, 2p;) and define the following norm:

= sup sup eUTm]E]ut(x) P
t>0 z€D

el 0.0

Its clear that if we show ||u|| < 00, the result will follow.

p7v7a
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Since p > 2, we have

p

|ug ()P :| (gDuo)t(m) —l—f/o /DpD(t —s,, y)a(us(y))F(dy, ds)

<C,

/ot /DpD(t — 5,2,y)0 (us(y)) F(dy, ds)

(gDU0>t(£l?)‘p + &P

|

Now using the Burkholders inequality combined with Assumption 1.0.16, we get

p

E|u(z)[P Szp[ (gDUO)t<x)

t p/2
+§pLg</O /DQpD(t—s,x,y)pD(t—S,x,z)A(y—Z)E|us(y)us(z)]dydzds> ]

= K1

+ K.

In our quest for upper bounds for K; and K , we use the boundedness of uy and Lemma 5.3.2

to get,

p

put

K1 S 016_T

/ e pp(t, ,y)dy
D

put

< c9e” 2 provided that v € (0, 2p).

Next, using Lemma 5.4.1, we have
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t p/2
Ky —€'L? ( / / It — 5,2, y)polt — 5,2, 2)A(y — z)e-“<t-s>ﬂf:|us<y>us<z>|dydzds>
0 D2

weD

t p/2
:w;e—”?( Iy e“<t—s>pD<t—s,x,wpD(t—s,x,z)A(y—z)e“supmus(w)dedzds)
0 D?

t p/2
§Hu||p’v’a§pL§ef% (/0 /1:)2 e”pp(s,x,y)pp(s,x, 2)A(y — z)dydzds)

<l WP L™ .

p7v7a

Combining the estimates on K; and K5, we get

v vt P
Elug ()| < Czef%t + ”“’|p,u,a§pLg€J7t05,m,
which yield
p
[l < €24 Ml (P LE-CEpn -
P
So if we choose ¢ small enough so that £”Licd,,, < 1, then we will have [Juf], , , < oo.

and this concludes the proof.

]

We shall need the following estimates to prove Theorem 3.1.4 (and Theorem 4.1.1). The

first two follow from applications of Theorems A.0.5 and A.0.4.

Proposition 5.4.3. Fix e € (0, %) Then for any x,y € D, such that |x — y| < t'/*, we have

pp(t,x,y) >t~V "t forallt >0

and some positive constant c.
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Proof. We first prove the Lemma for o = 2. Assume |z — y| < v/t. We apply Theorem A.0.5

to get

1At 1A td/2

2 [E
ZCQ@'“lt{ min (1, %) ethl{t<1} + min (1 € > 7C1 1{t>1}}

|z—y® ey lzmul? y\2
_ e . ey lE= y\
= 026 'ult{thl{t<E2} +€ tl—‘,-—d/Zl{EzSt<1} + min (1, 62)6 ! 1{t>1}}

polt. ) 20, m< (x)on(y >>_

2
> 036_“1tt_d/2{1{t<e2} + %1{e2§t<1} + C(E)td/21{t21}}
> Cye /2,
Note the use of (1.0.13) in the second inequality above since x,y € D.. This proves the

inequality for o = 2.

Now suppose 0 < o < 2. Assuming |z — y| < t'/*, we apply Theorem A.0.4 to get

T . . —d/a t
PbD (t x y) >C e Ht [m (1’ ¢1\§Z)> min (1’ (bl(\/§)> min (t d/ ’—|x — y|a+d> 1{t<1} + ¢1(x)¢1(y)1{t21}]
>Che MY min (1 i) min | ¢4 - 1 + 1>
=02 - ) ‘x — y‘a_,_d {t<1} {t>1}
>l tt : —d/a t 1 e —d/a ; 1
>Cse min | ¢ , W {t<ear} + — ; min | ¢ , m {ea<t<1}
+ €a1{t21}}
. /e atd € t/a otd
:Cgefﬂlttf /e min 1, —|x — y| 1{t<ea} + — : min 1, —|5L’ — y’ l{eagt<1}

+ €atd/a1{t21}}

(67

— - (e} € o (e}
= Cye it/ {1{t<ea} + ?l{ea§t<1} + et l{tZI}}

Z O4€_M1tt_d/a.
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Again note the use of (1.0.13) in the second inequality above. This concludes the proof. [

Lemma 5.4.4. For all 6 > 0, there exists c3(5) > 0 such that for all x, w € D and s,t > 0,

—B/a
/ pp(t,z,y)pp(s,w, 2)A(y — 2)dydz < coe”(10)m(ts) (s + t)
DxD

Proof. As usual, we first prove the result for « = 2. By Theorem A.0.5, we have

/ (s, y)pp (s, w, 2)Aly — =)dyd=
DxD

_01@ _62@
mm<Lﬁﬁﬁﬂ@>mm(L¢mw@@ve e s
xD

1At 1As 1TAtY2 1A 592

< Cle—u1(t+5) /
D
< Cze_ul(Hs){ /d dp<t’ z, y)p(S, w, z)A(y - Z)ddeI{t<1,s<1} + /dp(ta xz, y)A(y - Z)dyl{t<1,szl}
RexR R
+ /dp<3> w, 2)A(y — Z)dzl{t21,3<1} + >, 521}}
R
= C2eul(t+s){ / p(t+s,2—w, Z/)A(Z/)dyl{t<1,s<1} + / p(t, =, y)A(y — Z)dyl{t<1,321}
R4 x R4 Rd
+ / p(s,w, z)A(y — Z>d’21{t21,s<1} + g, 321}}
Rd
< Cgeﬂn(ws) {cl(t + 3)76/21{t<17s<1} + CQtiﬁ/Ql{t<Lle} + C387B/21{t21,s<1} + Cl{tzl, 321}}
s\ B/2 t\ B/2
= Cg@fﬂl(tJrS) (t —+ 8)5/2{011{t<175<1} + Co (1 -+ ;) 1{t<1,521} -+ C3 (1 -+ g) 1{t21,$<1}
+ (4 5) 1z, 321}}

< Cre10mt+9) (1 4 6)=8/2 forall § > 0.

Note the use of (1.0.9) in the second inequality, the Chapman-Kolmogorov identity (1.0.11) in

the first integral in the third inequality and Proposition A.0.8 in the fourth inequality.
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The proof for the case 0 < o < 2 follows a very similar argument. By Theorem A.0.4, we

have

/ Pt y)pp (s, w, 2)Aly — =)dyd=
DxD

- S : —d/«o t . — o S
< Cpe it ){ /DXD min (t d/ 7m> min (s d/ ’m> Ay — z)dydz1<q 51y

t
in [ s~ ———— | A(y — 2)dydz=1 1
+/DxDmm (5 " Tw —z|0‘+d> (y — 2)dydzlp>1,s<1y + cli>1,6>1)
< Cge—u1(t+s){ / p(t,z,y)p(s, w, 2) Ay — 2)dydzlpaq saay + / p(t, 2, y)A(y — 2)dylcr s>1)
R4 x R4 Rd
+ /dP(Sa w, 2)A(y — Z)dzl{t21,5<l} + >, s>l}}
R
= CQG_M(HS){ / pt+s,2—w, y)A(y)dyl{t<1,s<l} +/ p(t, =, y) Ay — Z)dyl{t<1,321}
R x R4 Rd
+ /dP(Sa w, 2)A(y — 2)dzly>1 <1y + s, s>1}}
R
< 046_“1(t+5){01(t + S)_B/al{t<1,s<l} + Czt_B/al{Kl,szl} + C3S_B/a1{t21,s<1} + cly>1, >3 }
s\ B/ t\ B/
< Cye ) (¢ 4 5)_ﬁ/a{011{t<1,3<1} + 02<1 + Z> Liciso1y + C3<1 + g) Ls1s<1y
+ (t + S)B/Oél{tZL 521}}

< Cge= 1=t (¢ 1 g)=F/e forall § > 0.

Again notice the use of (1.0.10) in the second inequality, the semigroup property (1.0.11) in
the first integral in the third inequality and Proposition A.0.8 in the fourth inequality. This

concludes the proof. O]
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Lemma 5.4.5. Suppose a > 0 and ( > —1. Then

¢
]5(@, b) = / |:<T2 — 7“1)(7”3 — /]"2) “ee (b — Tn):| drldTQ e dTn
{a<ri<rg<--<rp<b}

DA+ (b= a)"0F9)
B F(n(1+¢)+1)

where 1'(.) is the Euler’s gamma function.

Proof. We shall consider two cases here:

When a = 0, this is just [4, Lemma 3.5].

Assume now that a > 0, then integrating iteratively yields:

starting with

T2 - 1+¢
—r))dr = M.
/a (7"2 7‘1) T 1+C

Next,
rs rs—a
/ (7”2 — CL>1+C(T3 — Tg)cdrg :/ T%JFC(T’:)) —a — Tg)CdT’Q
a 0

=(rs— @™ B((1+ ) +1.C+1),

T2
rs—a

where we have used successively the change of variables 7o — 79 — a and o — and

B(.,.) is the Euler’s Beta function, i.e

1
B(e,d) = / w1 —w) " tdu, ¢>0,d>0.
0

Continuing this way, we end up with
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1

I3(a,b) ¢

B<(1+C)+1,C+1>B<2(1+C)+1,§+1>---B((n—2)(1+C),C+1>

b
X / (rn — a)" VIO (5 —r Vodr,

(b — a)"+9)
1+¢

B((1+C)+1,C+1>B<2(1+C)+1,C+1>---B((n—Q)(1+C),§+1>

X B((n— 1)(1+¢),c+1)

The fact that I'(z + 1) = 2I'(2) for all z > 0 together with B(c,d) = % concludes the

proof. []
The following result is essential for the proof of the lower bound in Theorem 3.1.4.

Proposition 5.4.6. Fix ¢ > 0. Let u be the solution of (1.0.1) with~v = y. Then for all x € D,

we have

o0

o /) (557
E\ut(x)\zzce”“ltzwfla) (%) ,

n=1

for some positive constants ¢ and C = C(«, 3, d)

Proof. By squaring the mild solution (1.0.8), we get

E|ut(x)|2 = (gUO)f('T> + 52/0 /D2 pD<t - 5%, y)pD(t -5, Z)E‘U(Us(y))o-(us('z)) |A(y - Z)ddedS'

Now using Assumption 1.0.16, we get

Bl 2 (Gu)} () + €5 [ [ polt = s.op)plt = 5.0, 2)BJu(y)us ()] Aly - 2)dydzds
0 Jpz2

But we also have from the mild solution and Assumption 1.0.16 that
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E|us (y)u8(2)| >E [us (y)US(Z)}

>(Gu0), 0)(0u), () + € [ [ pos = s1mmlpn(s = 5122 Blus () ()

X A(yl — zl)dyldzldsl.

Thus, combining this inequality with the previous one, we get

E|us ()| Z(guo)f(g;) + leg/o /D2 pp(t — s,z y)pp(t — s, z, z)’ (Guo) (y)(Guo) ( ‘A — 2)dydzds

2 t s
+ <€2l¢27> / / pD<t_Sax>y)pD(t_Sax7z)/ / pD(S_317y7y1)pD<8_5172721)
0o Jp2 0 Jp2

X E|u51(y1)u51(21)‘/\(y1 — 21)dy1dz1dsydydzds.

Continuing this iteration and possibly relabeling the variables, we end up with

Elu(2)]? > (Gu)’ +n§; (c22)" / / | I/ ? I/ . [ (Gu0), () (@),

X HPD Si—1 — Siy Yir, Yi— )pD<3i 1 = Siy R Ri— 1)1\( i — yi>dyz'dzid3i

>(Guo)! +i // / / i~ (Guo),, (yn)(Guo), (2n)

X HPD Si—1 — Si, yz’>?/z‘—1)pD(Si—1 — Siy 2iy Zi—l)A( XTi — yz’)dyidzidsi
i=1

where we have set 1y := =z =: zg and sy := t. Now for z € D, and for: = 1,2, ..., n, choose

x; and y; such that

(i1 —s)'/® (si-1 — i)'/
7 € B 5 — N B i—1,
Y (5'3' 3 Yi—1 3

and
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. _ e \1/a . _ e\«
e B<x<81%>> . B<ZH, %)

1/a

so that

1/a.

2 — Zie1| < (Si—1 — ;) and |y; — yi—1| < (si1 — 55)

Furthermore,

2 — il < (sim1 — si)M™.

These estimates will ensure that, forall i = 1,2, ..., n,

(si—1—53)

Po(Sic1 — Siy Yir Yio1) > Ci(si—1 — Si)_d/ae_’“ ;

pp(Sic1 — Siy ziy zie1) > Ca(si—1 — Sz‘)_d/ae_”l(si_l_si)

and

Ay — 2z) > Cs(s4-1 — Si)fﬁ/a

for some positive constants C, C5 and C', thanks to Proposition 5.4.3 and Assumption 1.0.15.

Moreover, since the initial solution u is bounded, using Lemma A.0.2, we get

(guo)sn(yn) (gu0>sn(2’n) > Cye 2,

Combining these estimates yields

Bluy(2)? >Cse20 3 (£222)" / / /
n=1 On(t) JA1xBy J A2 x B>

o / H(Szel — 51) " (sim1 — 80) Y dyidzids;
ApxBn i=1
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Where O,,(t) := {(so,sl, s Spe1) ERY 159> 81> 0> 5,0 ¢,

Si_1—8i 1/ Si_1—8i 1/
Az:{yZGB('xv( 13) )HB<%—17( 13) )}
and B; := {Zz e B <x7 _(Sil—gsi)l/a_> NnNB (Zi—l, _(Sil—gsi)l/a_> }

It is not hard to see that Volume(A;) A Volume(B;) > Cg(s;_1—s;)¥* foralli = 1,2, ..., n.

Taking into account the latter gives

Eluy(z)[* >Cre™21! Z (52@)71/ H(Sifl — s:) P/ds;
n=1 On(t) =1
) <09§2g§>ntn(1fﬂ/a)

- 086_2H1t E

n—1 F(n(l —B/a)+ 1>

5 C(9 - CQ(Qaﬁ) > 07

where we have used Lemma 5.4.5 with @ = 0 and b = ¢. Finally applying Stirling’s approxi-

mation A.0.1 from Proposition A.0.6 yields the desired result. [

Proof of Theorem 3.1.4. For the upper bound, we combine the Burkholder-Davis-Gundy’s, Minkowski’s

and Jensen’s inequalities after taking the p"* power of the mild solution to get

Eluy(2)?

< 2p_1{ ((gDuo)t(ﬂU))p

t p/2
+e2 ( | [ oot =semmnte = sz 00 - z>E|a<us<y>>o—<us<z>>|dydzds> }

< 2p1{ <(QDU0)t($)>p

' 2 p/2
+ gng(/o <sup]E]a(us(y))]p> / /D2 pp(t — s, z,y)pp(t — s,x,2)A(y — z)dydzds> }

yeD
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Where 2, is as in Theorem 3.1.4, See for example [16]. Note that we have also used the

following fact straight from Holder’s inequality:

1/2}

Elo (us(5))ous(2))] < [(Blo (w@)[*) " (Elo (u(2)]?)

< sup]E‘a(uS(y))IQ.
yeD

Because uy is bounded, using Assumption 1.0.16 and Lemma A.0.3, we get

/Ot <Sup Ela(us(y))|p> " /D2 po(t —s,2,9)pp(t — 5,2, 2) Ay — 2)dydzds

yeD

t 2/
< Lg/ (sup E|us(y)|1’> p/ pp(t — s, z,y)pp(t — s, 2, 2)A(y — 2)dydzds
0 D2

yeD

t
<12 / F(s)e@mle=s) (4 _ gy=Blagy
0

2/p
where f(t) := (sup E\ut(m)\p) . Thus, defining a new function F'(t) := e(=9mt f(¢),
z€D

we get forall £ > 0,

F(t)<ca+ 02522'13 /t F(s)(t — s)P/ds.
0

Finally applying Proposition A.0.1 with p = 1 — 5/« yields the desired upper bound.

For the lower bound, we combine Proposition 5.4.6 and Proposition A.0.7 with v = O‘T_ﬁ > 0,

together with Jensen’s inequality to get the expected bound. ]

5.5 The space-time colored noise case

We would like to point out that at the time this thesis was written, we were only able to prove
the upper bound result in Theorem 4.1.1 but we conjecture that the lower bound is true. Thus,
we only provide the proof for the upper bound in this section. The existence-uniqueness result

is proved along the way.
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Proof of Theorem 4.1.1. The solution to (1.0.1) (when ¢ = Id ) when it exists, has the follow-

ing Wiener-chaos expansion in L?(()) :

_ ig”[n(hn(.,t,x)), (5.5.1)
n=0

where [ is the identity map on R and /,, denotes the multiple Wiener integral with respect to
Fin R} x D™ for any n > 1, and for any (4, ...,%,) € R}, z1,...,z, € D, and for each (¢, x),
hn(.,t,x) is a symmetric element in H®". To find an explicit expression for the kernels, we

follow ideas from [21, Section 4.1] as follow:

Substituting equation (5.5.1) into the Skorohod integral in equation (1.0.14), we get

/Ot/DpD<t—S,I,y)Us( )VF(8s, 8y) = / / (pp(t — 5,2, 9)ha(., 5,9)) F (65, 6y)

= Z [n-i-l (pD(t - S5, y)hn(> S, y)>7
n=0

where pp(t — s, x,y)h,(., $,y) is the symmetrization of the function

pp(t—s,2,y)h, (81,21, 82,2, , Sp, Tn, S, y) in the variables (s1, x1), (S2,22), -+, (Sn, Tn), (8, Y),
1.e.,
1
pD(t - S5,7, y)hn( >S7y) = n——l—l [pD(t - 5,7, y>hn(317$17 52,2, ySn, Tnp, S7y)
+ ZpD<t — 55,7, yj)hn(sla T1,82,T2, 3 S5j—1,Tj—1,5,Y,Sj+1,Lj+1," ' ;Sn, Tn, S5,

Hence, equation (1.0.14) is equivalent to equation (5.5.1) with hq (¢, z) = (Guo).(z) and

—_—

hn-l—l(wtux) :pD(t_87x7y)hn('asay>' (552)
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The adaptability property of the R.F w implies that h, (s, z1, S2, T2, , Sp, Tn, S, y) = 0 if

s; > t for some j. This leads to the following formula for the kernels h,,, for all n > 1:

n

1
hn(tbmlv cees Ty T, t,x) = nl HpD(tT(i-i-l) — br(i)s Tr(it+1) xT(i))(guo)tT(l)(ﬂfT(l))> (5.5.3)
Ti=1
where 7 denotes the permutation of {1,2,--- ,n} suchthat 0 < ;1) <t;) < -+ < trm) <,

with 7,41y =t and T, 41) 1= T.

This shows that there exists a unique solution to equation (1.0.14) and the kernels of its
Wiener-chaos expansion are given by (5.5.3). In order to show the existence of a solution, it
suffices to check that the kernels defined in (5.5.3) determine an adapted random field satisfying

the conditions of Definition 1.0.19. This is equivalent to showing that for all (¢, z) we have

> & (.t @) |3 < 00 (5.5.4)
n=0
In which case,
Eluy(z)]* =Y & nl{|hn (., t, )|50n-
n=0

To show (5.5.4), we start with

1 n
n'th(Jt’m)HQ n :_/ / pD(tTi 1 _t7i7‘rTi 1 7xTi)<guO)t7. (le )
Ll A Dan (1) = br(i)s Tr(i41), o) o (T
X HPD<3L(H—1) — Su(i)s Yo(ir1)s Yu(i)) (GU0) s, oy (Yu(1)) H’V(tz' — 5i) H A(z; — y;)dxdydtds
i=1 =1 =1
(5.5.5)

Notice that, for simplicity, we write dt = dt,...dt,, ds = ds;...ds,, dx = dx;...dz, and

dy = dy;...dy,, and the permutations 7 and ¢ of {1,2,--- ,n} are such that

0< lr) <tre) <+ <trm <t and 0 < Su1) < Syz) << Sym) <t
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with tT(n—i—l) = Si(n+1) = t and Tr(n+1) = Yu(n+1) = T

Now apply Lemma 5.3.1 iteratively to get

n n

1 (o —B/a

n!||hn (., t,$)||i®n < mcle . Wlt/[ 2 ny(ti — 5;) H <t'r(i+1) + Sy i4+1) — (tr@p) + «S)(i))) dtds.
: Ot =1 i=1

It follows that

! 2 1 —(2=8)mt - - e
(5t @) || en < —‘C’le v(t; — ;) H ( F(i+1) (i)> dtds.
n. [Ovt]Zn =1 =1
We first take care of the integrals f[o t]n vt — s;)ds. Fori=1,2,-

/O s — 51)ds, = /t tit o (r)dr
S/_(:v(r)dr—i—/otv(r)dr.

since ~y satisfies Assumption 1.0.14. Therefore, setting x(t fo ~(r)]dr, we have:

" - —B/e i —B/a
AT =1 i=1 R Lty

R@)nn!C{H&tn(l—B/a)

= I(n(l—B/a)+1)’

1= Cl(a7ﬁ>'

Note the use of Proposition 5.4.5 with @ = 0 and b = ¢ in the second inequality. Now using

Stirling’s approximation (A.0.1) from Proposition A.0.6, we have forn =0,1,2, - --

o0 ((1152/1) ntn(l—ﬁ/a)
2n 2 —(2-46
>l < Cor O Y A

n>0

This proves (5.5.4).
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Moreover, using Minkowski’s inequality and the equivalence of norms in a fixed Wiener chaos

space, it follows that

(E|ut(x)|p)1/p < i(p 1) <n!|]hn(.,t,x)|!§[®n)l/2
n=0

0 n/24n(a—pB)/2a
—(1— /2t

< Cye 170t E (p—1) /25 _(n|>(a75)/2a :
n=0 ’

Finally, using Proposition A.0.6 with v = (a — 3)/2c and with
t

K(t) = QCH/ P22 — Oy
0

yields the desired upper bound in Theorem 4.1.1 . ]
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Chapter 6

Concluding remarks

In this thesis, we investigate the SPDE (1.0.1) driven by three types of noise: a space-time
white noise, a spatially-colored noise and a space-time colored noise. In the first two cases, a
phase transition phenomenon was observed for the p'* moments of the solution, with p > 2:
while another physical phenomenon— intermittency— was observed for the third type of noise.
We also noted that the moments of the solution of the equation driven by the first two types of
noise exhibit a similar behavior.

In the near future, in addition to our current research, we plan to investigate the following
problems: inverse problems for SPDEs, inverse problems for PDEs and numerical approaches

to solve these problems.
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Appendix A

Some useful results

We compile in this section some results from other authors that we have used in our paper.

Proposition A.0.1. [ 15, Proposition 2.5] Let p > 0 and suppose that f(t) is a locally integrable

function satisfying

fit) <e + /i/ot(t —8)" f(s)ds forall t>0,

where ¢y is some positive constant. Then, we have

1/p

ft) < cpe (ropn) s forall t >0,
for some positive constants co and cs.

Lemma A.0.2. [30, Proposition 3.1] For any € € (0,3), there exist positive constants c,(c)

such that for all x, w € D.andt > 0,

a)/ pp(t,z,y)dy > cre .

If we further impose |z — w| < t'/%, then there exists a positive constant c(€) such that

b) / Pt 2,y po(t w, YAy — 2)dydz > cpe-2itP,
Dex D

Lemma A.0.3. [30, Proposition 3.2] For all § > 0, there exists c3(0) > 0 such that for all

r, w e Dandt >0,
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a)/ pp(t,z,y)dy < ce™!
D

b) / ot 2, y)pp(t,w, 2)Aly — 2)dydz < cpe”Ftg=hle,
DxD

Theorem A.0.4. [9, theorem 1.1] Assume o € (0,2). There exists a positive constant C' such

that forall x,y € D andt > 0,

tl s . o —dja t
Clem [mln <1, (ble)) min (1, gbi%)) min (t d/ ,W)l{t<l} + ¢1($)¢1(y)1{t21}]

S pD(t>xay) S

T _y|a+d

Ce it [min (1, gblﬁ)) min (1, ¢1\%)) min (t‘d/a, %)hm} + ¢1(m)¢1(y)1{t>1}]

Theorem A.0.5. [34, theorem 2.2] Asume o« = 2. Then there exist positive constants c1, C, co

and Cy such that for all x,y € D and t > 0,

\z7y|2 ‘I*?’AQ
: Pr(@)P1(y) | e : o) (y) \ e 7
Clmln (171—/\2'; (& W SpD(t,I7y) SCQIIIIH 171—/\2'; e W

Proposition A.0.6. /2, Lemma A.1] For any v > 0,

> xk C1$1/V
E (kj‘)l’ < (e , x>0,
k=0

for some constants ¢, (v) and Cy(v) > 0.

Moreover,

I(nt+1) ~ Cu(nl)", 7> 0, (A.0.1)

where C,, is such that \™" < C,, < \" for some \(«, ) > 1.
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Proposition A.0.7. /3, Lemma 5.2] For any v > 0,

for some constants ¢, (v) > 0 and co(v) > 0.

Proposition A.0.8. /1, Lemma 2.2] For any t > 0 and w € R,

/ e_t|“|a|w — U|_d+BdU < Kd7a75t_5/°‘,
]Rd

where
|U|—d+,8
Kiop = sup/ ——dv.
o weRd JR 1+|W—U|a
Lemma A.0.9. [12, Lemma 6.5] Suppose ay,as,--- : [0,T] — R, are measurable and non-

decreasing. Suppose also that there exist a constant A such that for all integers n > 1, and all

t €[0,7],

1 () < A /O t an(s)ds.

Then,

(At
(n—1)!

a,(t) < ay(T) foralln > 1 andt € [0,T].
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