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Abstract

The principle of similitude is applied to liquid propellant rocket engine dry weight using a
statistical approach to produce a conceptual design level model. The argument of similitude is
extended from basic physics scaling to a statistically reliable prediction tool. Dry weight of the
engine is found to be well correlated with thrust for a wide range of designs, propellant
combinations and cycles. These statistically defensible results can be used for trade studies, reverse
engineering, explaining the relationships between engineering principles and performance, and
sizing in conceptual design. This thesis is an extension of a similar attempt [1] which addresses
the development of the model for liquid propellant rocket engine dry mass using a range of

mathematical/statistical approaches and presents the working model with associated results.
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CHAPTER 1

INTRODUCTION

1.1 Overview

Similitude is a foundational geometrically derived principle which drives mass to
performance efficiency of a wide range of systems. Similitude explains why scaled up engines are
more efficient while scaled down engines are less efficient, why large aircraft are dramatically
more stable in air disturbances than small aircraft, why the chamber pressure in solid propellant
rocket motor is nearly constant with length scale and many other conceptual rules. Similitude for
rocket engines has been explored by way of physics arguments by Barrere et al.[2]

While the concept of similitude applies in a simple, intuitive way to solid propellant rocket
motors, for liquid propellant rocket engines the same concept is less intuitive because of the lack
of a direct connection between the length scale of the thrust chamber and the turbo-pumps or other
pressurization hardware. Nevertheless, some fundamental physical scaling is fundamental and can
be extracted. For example, in combustion instability studies, it can be shown that in some cases,

the maximum change in pressure normalized by the average pressure scales with length scale.



From a design perspective, Barrere et al. [2] showed that combustor pressure ratios and
characteristic velocities can be scaled using a characteristic length nq as depicted in Figure 1. The
injection diameters can also be scaled using characteristic lengths and velocities. A relationship is
provided in Barrere for throat diameter scaling with length scale and the cooling systems size

scales linearly with length scale.

6 1 7
/
o pcM //,
| ) _
F:::N'I E Vc //
B | — ,
[ ‘ M 7
) P4
<
Vc 3 ~ 7 = —
= .3 _,-""
VcM d 5 02>
rd ‘,_—,\__-_.—l"
2 rd ,‘,4/
Vd ’.t"
277 = r=00
12 L PemfR (=) VA7)
& r=15!, n=03 :
\‘-_. n=@
01 2 3 4 5 6 7
l-‘d

Figure 1: The effect of Scale on pressures and velocities, for various assumptions regarding
the characteristic time [Barrere et. al. [2]]

While useful as design rules, these similitude arguments for liquid propellant rocket
engines have not been as extensively explored for large scale design as the similitude arguments
applied to solid propellant rocket motors, perhaps because the confluence of the similitude
arguments for liquid propellant rocket engines is not as transparent to the conceptual design
process for liquid propellant rocket engines. This work seeks to extend the classical arguments for
similitude to the conceptual design arena where similitude can be used for preliminary design mass
calculation which can be reduced to primarily a function of required thrust. This same concept, if

successful might be useful in efforts to reverse engineer existing liquid rocket systems.



Moreover, in the development of new technology for liquid propellant rocket engines, a
topological map of performance at different technology levels could be useful in making decisions
about power cycles, new/legacy manufacturing techniques, companion mechanical design and
costs. Some factors that influence the topology include specific impulse, basic propellant
properties, scale of the engine, nozzle expansion ratio, cycle and engine technology level to include
materials, manufacturing methods, design of components and chamber pressure. The following
section will provide a brief explanation of some fundamental parameters of the engine used in this

work.

1.2 Thrust

Thrust (T) is the force produced by a rocket propulsion system acting upon a vehicle. In
simple words, it is the reaction experienced by a nozzle structure due to the ejection of matter at
high velocity. In rocket propulsion relatively small masses are involved which are carried within
the vehicle and ejected at high velocities [3]. In a liquid rocket, stored fuel and stored oxidizer are
pumped into a combustion chamber where they are mixed and burned. The combustion produces
great amounts of exhaust gas at high temperature and pressure. The hot exhaust is passed through
a nozzle which accelerates the flow. Thrust is produced according to Euler’s formulation of
Newton’s second law of motion known broadly as the momentum equation of fluid dynamics. A

schematic of liquid rocket engine is shown in Figure 2.

V = Velocity
m = mass flow rate
p = pressure

Figure 2: Liquid Rocket Engine Schematic [4].
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The amount of thrust produced by a given rocket depends on the mass flow rate through
the engine, the exit velocity of the exhaust, and the pressure at the exit. The smallest cross-section
area of the nozzle is called the throat of the nozzle. Specific impulse is a broadly used a measure

of efficiency [4].
1.3 Specific impulse

Specific impulse (Isp) is a measure of how effectively a rocket uses propellant to produce
thrust. By definition, it is the total impulse (or change in momentum) delivered per unit of
propellant consumed [5] and is dimensionally equivalent to the generated thrust divided by the
propellant mass flow rate or weight flow rate [6]. If weight is used as the unit of propellant, then
specific impulse has units of time (seconds). The higher the specific impulse, the less propellant
is needed to produce a given thrust for a given time. In this regard a propellant is more efficient
the greater its specific impulse. Figure 3 shows a plot of the specific impulse for several types of
rockets. As noticed, chemical rockets have a limited range of specific impulse.
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Figure 3. Specific impulse compared with thrust for several propulsion systems [7].



1.4 Thrust to weight ratio

The ratio of thrust produced by a rocket engine to its dry weight is by definition thrust to
weight ratio. Thrust to weight ratio is a dimensionless quantity which can be used as a figure of
merit for comparing the performance of rocket. It can also be an indicator of the rocket’s
acceleration expressed in multiples of gravitational acceleration [3]. The thrust to weight ratio for
a rocket varies continually during operation due to progressive consumption of propellant. For a
constant thrust the maximum ratio is achieved just before the propellant is fully consumed. Each
rocket has a characteristic thrust to weight curve or acceleration curve. A high thrust to weight
ratio leads to high speed in the lower atmosphere which increases aerodynamic pressure and
heating. Lower thrust to weight ratio means the rocket will take longer to reach orbital speed which
leads to high gravity losses. For a takeoff from the surface of earth using thrust and no aerodynamic
lift, the thrust to weight ratio for the whole vehicle is generally slightly more than one for many
orbital launchers [3]. Figure 4 shows plot of thrust to weight ratio as a measure of gravitational

acceleration based on different propellant technologies.
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1.5 Engine power cycle

Unlike solid rocket motors, the propellants in a liquid rocket engine are not burned where
they are stored. A propellant transport mechanism from tanks to combustion chamber is equipped
preferably with pressure increase. Methods of moving a propellant are generally classified into
four main categories: pressure fed, turbopump gas generator, turbopump staged combustion and
turbopump expander cycle. The selection of a cycle depends on application or mission

requirements as one cycle is not universally applicable

1.5.1 Pressure fed cycle

The Pressurized gas fed cycle is the simplest cycle for rocket propulsion as it does not have
pumps or turbines. It relies on tank pressure to feed the propellants into the combustion chamber.
Performance is limited due to the size of the pressurant tank [8]. Also, relatively low chamber
pressure is used because higher pressure makes the tanks too heavy. The cycle is reliable and has
good throttleability. Depending on the type of propellant used the pump fed system can have one

or more storage tanks. Astris, kestrel and AJ-10 are some of the engines that use pressure fed cycle.

1.5.2 Gas generator cycle

The gas generator cycle is a power cycle of a (usually) bipropellant rocket engine. It is also
called open cycle as it taps off a small amount of fuel and oxidizer from the main flow to feed a
burner called the gas generator. The hot gas from this generator passes through a turbine to
generate power for the pumps that send propellants to the combustion chamber. The hot gas is then
either dumped overboard or sent into the main nozzle downstream. The amount of thrust produced
can be controlled by controlling the flow of propellants into the combustion chamber. The
propellants are commonly burned at a less than optimal mixture ratio to keep the temperature low

for the turbine blades. Most rocket engines in this cycle use regenerative cooling to cool the nozzle



and combustion chamber, increasing efficiency and allowing higher engine temperature [9].
Figure 6 shows the schematics of a gas generator cycle. F-1, J-2, Merlin, RD-108, RS-27, Viking

are some of the engines that use gas generator cycle.
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Figure 6. Schematic of a Gas Generator Cycle Engine [10].



1.5.3 Staged combustion cycle

The staged combustion cycle is a power cycle of a bipropellant rocket engine. It is also
called closed cycle. The propellants are burned in stages, a preburner burns tapped off propellant
producing an oxidizer or fuel rich hot gas mixture that is mostly unburned vaporized propellant.
This hot gas is then injected into the combustion chamber after passing through the turbine. Figure
6 shows a simple schematic of a staged combustion cycle engine. All of the propellants are burned
at an optimal mixture ratio in the combustion chamber and hence can be used for high power
application. Higher chamber pressure generally leads to a smaller and lighter engine to produce
the same amount of thrust. RD-180, SSME, AJ-26 are some of the engines that use staged

combustion cycle.

Staged Combustion
FUEL OXIDIZER
Fuel Oxidizer
<'| Turbopump Turbopump
i | I 1
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Nozzle
Extension

Figure 7. Schematic of a Staged Combustion Cycle Engine [10].



1.5.4 Expander cycle

The expander cycle is a power cycle of a bipropellant rocket engine. The cryogenic fuel is
used to cool the combustion chamber aiding in phase change of the fuel which is then passed
through the turbine before being injected into the combustion chamber to be burned with oxidizer.
As in staged combustion there is no preburner and all of the propellants are burned at an optimal
mixture ratio. Figure 8 shows a typical schematic of closed expander cycle. RL-10 and its variants

use expander cycle.

Expander Cycle (closed)
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Figure 8. Schematic of an Expander cycle Engine [closed] [10].



CHAPTER 2

DATA DESCRIPTION

2.1 Overview

The full data set is included in Appendix A [11-47]. The data consist of qualitative variables
(engine name and engine cycle) and quantitative variables related to performance (thrust, specific
impulse, engine dry weight, thrust to weight ratio) from 211 liquid rocket engines. Table 1, below,
summarizes the various engine types in the dataset, with respect to cycle and ISP level. There is
only one count in electric pump fed as it is a relatively new type with low power application.
Clearly, gas generator and staged combustion engines are the most common with expander cycle
and pressure fed engines following behind. Table 2 contains summary statistics of the various

performance variables in the data set.

Table 1: Frequencies of Engine types based on cycle and isp level

Cycle Count Isp level
Electric Pump Fed 1 343

Expander 18 335-470
Gas Generator 119 246-476
Pressure Fed 14 263-324
Staged Combustion | 59 237-485
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Table 2: Summary Statistics of Performance Variables

Variable N Mean Std. Dev. | Min Max

Thrust 211 1021.5 | 1856.513 | 5.3 17633

Dry weight | 211 1160.4 | 1819.612 | 21.8 11703

TWR 211 77.219 |45.11281 | 4.751 415.705

ISP 211 351.2 62.47185 | 237 485

2.2 Data Characterization

A range of variables traditionally considered to be of first order importance to rocket engine
design are examined for variability in the data set. Clearly the data considered contain a range of
engines scattered through the traditional design space.
2.2.1 Boxplot

Boxplot diagram is a graphical method typically depicted by quartiles and inter quartiles
that helps in defining the upper and lower limit of data. Boxplot is also known as box and whisker’s
plot. It is a standardized way of displaying the distribution of data based on a five-number
summary. The top and bottom lines of the rectangle are 3 and 1 quartiles (Q3 and Q1),
respectively. The length of the rectangle from top to bottom is the interquartile range (IQR). A line
inside the box shows the median, which is not necessarily central. The top whisker (upper inner
fence) denotes the maximum value or 3 quartile plus 1.5 times the interquartile range
(Q3+1.5*IQR). The bottom whisker (lower inner fence) denotes the minimum value or 1% quartile

minus 1.5 times the interquartile range (Q1-1.5*IQR). The data points lying outside this inner
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whisker are called mild outliers. Values outside the range [(Q1-3*IQR), (Q3+3*IQR)] or outer
fences are known as extreme outliers. Boxplot can also tell us if our data is symmetrical, how
tightly the data is grouped and if the data is skewed [48-50]. Figure 9 shows the boxplot of principle

design variables from the dataset.

Engine Dry Weight THRUST

T T T T T T T T T T T
0 2000 4000 6000 8000 10000 12000 0 5000 10000 15000

Weight in Kg Thrust in KN
Specific Impulse Thrust/Weight Ratio
T T T T T T T T T T
250 300 350 400 450 0 100 200 300 400
ISP in seconds TWR

Figure 9: Boxplot of data topology based on principle design variables

We can see that the data for engine dry weight, thrust and thrust weight ratio is skewed to
the right. Data is more centrally distributed for specific impulse. For engine dry weight, thrust and
specific impulse the data to the right of median is more dispersed. Thrust to weight ratio has a
centrally located median line which indicates an equally dispersed data on either side of the median
line. Engine dry weight, thrust and thrust to weight ratio has few outliers beyond the upper
fence/maximum line which is because the majority of the data is distributed towards the left
extreme. Specific impulse has no outliers; hence a central and even dispersion of data is observed.

This dispersion of data is visualized in Fig10 through histograms.
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Histogram of Dry Weight Histogram of Thrust
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Figure 10: Histogram showing data dispersion of key design variables

Histogram confirms our inference of boxplot indication that engine dry weight, thrust and

thrust to weight ratio are skewed to the right. We can see the number of data points indicated above

each bar confirming that most of the data is concentrated within a certain range on the left of the

graph. Specific impulse has almost centrally distributed bars which indicates dispersion of most of

the data points around the center confirming boxplot inference. The statistical summary of boxplot

for each design variable is summarized in table 3.
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Table 3:

Statistical summary of boxplot

Variable N Min. Q1 Median | Q3 Max. Outliers
(Q1-1.5*IQR) (Q3+1.5*IQR)

Engine dry | 211 -1179 274.5 643 1243.5 2697 19

weight

Thrust 211 -1260.5 99.1 467 1005.5 2365.1 15

Specific 211 | 205 310 337 380 485 0

impulse

Thrust 211 -30.54 46.473 72.219 97.815 174.828 4

weight ratio

All the variables have 211 data points without any missing values. Engine dry weight has
a lower inner fence of -1179 and upper inner fence of 2697. There are 19 data points beyond this
upper inner fence and hence they are treated as outliers. Thrust has a lower inner fence of -1260.5
and upper inner fence of 2365.1. The 15 data points beyond the range of inner fences are treated
as outliers. Specific impulse has a lower inner fence of 205 and upper inner fence of 485 which is
equal to the maximum value of specific impulse from the dataset. There are zero outliers which is
confirmed by the boxplot and histogram data dispersion. Thrust weight ratio has a lower inner
fence of -30.54 and upper inner fence of 174.828 with 4 data points beyond this range. The number
of outliers can be reduced by assuming that the values within the range of outer fences have no
effect on the data during analysis. The number of outliers gets reduced to 10 in engine dry weight,
12 in thrust and 2 in thrust weight ratio. Further details about the effect of remaining outliers can

be found from detailed analysis in next chapter. Also, next chapter explores a range of critical
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variable combinations through data visualization and a regression model is built for the

combinations to explain their correlation through statistics.
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CHAPTER 3

DATA ANALYSIS

3.1. Overview

Data analysis is the process of systematically applying statistical or logical techniques to
inspect, cleanse, describe, illustrate and model the data with goal of discovering useful
information. To achieve a similitude-based approach at a system level, the range of data was
collected for liquid rocket systems from around the world, systems of a variety of cycles, propellant
combinations, manufacturing approaches and designers. This data was collected from a range of
sources including Sutton’s [11].

Data of engine performance and dimensional parameters were collected from various
sources for more than 600 different liquid rocket engines. Since not every information about every
single engine is available in the free web and also based on the necessary performance parameters
the collected data was cleansed and condensed to about 211 engines. These include some of the
famous engines like F-1, RD-180, RL-10 etc. The dataset consists of a mix of liquid propellant
rocket engines from various countries like United States, Russia, United Kingdom, Germany,
France, China, India, etc. Also, the engines have range of manufacturers from government
organizations like NASA, ESA, ISRO to contractors like Aerojet Rocketdyne, Pratt & Whitney
and private developers like SpaceX, Blue Origin etc.

All these organizations have their own propellant combinations, manufacturing approaches
and designers, despite the physics being the same this difference in approach in building a fully
functional rocket engine is bound to have some effects on the performance of the engine if we
compare two engines of same thermodynamic cycle for a similar application. The engine in the

dataset have a cocktail of applications ranging from being the main engine of the core stage to

16



being used in the final stage. The application of these engines greatly determines their performance
characteristics. For example, an engine like F-1 which is used as the main engine in Saturn V
produces high thrust and weighs heavier because it propels a heavy launch vehicle from the grasp
of earth’s gravity into space. An engine like CE-20 is used in the third stage of a GSLV MK |11
for in-space propulsion purposes has a low thrust value and low engine weight because of its place
of application. Both the engines use the same gas generator cycle, since the place of application is
different there is the extremities in the performance of these engines. These extremities in data
could have some effect in our analysis. Previous chapter provided a preliminary understanding of
the data through boxplots and histograms where we found some outliers which can be explained
based on the previous example. To fully understand our data and obtain a statistically defensible
relationship between performance variables these 211 data points are statistically explored further
through data visualization and a regression model. A range of critical design variable combinations

is explored, and a thrust weight comparison is considered for the purpose of demonstrating success.
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3.2 Data Topology by Cycle

The summarized engine parameters are classified based on power cycle as described in
chapter 1. Power cycle serves as an excellent factor for subgrouping the data, providing a better
perspective into the dataset. Figure 11-12 shows the data spread based on cycle. Data is split into
groups based on which operating cycle each engine uses and a boxplot for cycle is represented to
visualize the data spread. We can see most of the engines from the dataset either use gas generator
cycle or staged combustion cycle. Pressure fed and expander cycle have very few engines and
there is only one data point in electric pump fed engines since it is a relatively newer concept. It
will be unreliable to model each cycle individually as the number data points for each cycle is not
comparable. Better results can be obtained by using a multiple regression approach for our analysis

based on cycle.
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Figure 11: Engine dry weight and thrust based on cycle

18



Specific Impulse by Cycle
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Figure 12: Specific impulse and thrust weight ratio based on cycle.

3.3 Weight - Thrust Analysis

As mentioned previously, engine dry weight-thrust combination is the main focus of our

analysis. Figure 13 shows a scatter plot of engine dry weight against thrust. On a normal plot we

cannot clearly say there is a linear relationship between the two variables. But from figure 14 we

can see how the engine dry weight values are linearly distributed as a function of thrust on a log-

log scale. This gives further motivation to continue with this analysis.
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Figure 13: Scatter plot of Thrust and engine dry weight
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Figure 14: Scatter plot of thrust and engine dry weight on a logarithmic scale.
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3.3.1 Correlation Test

To further confirm the relationship between thrust and weight a correlation test was run
between the variables. The correlation between two variables can be found from their correlation
coefficient which can be obtained from correlation analysis. There are different methods to
perform a correlation analysis. Pearson correlation is used to measure the linear dependence
between two variables. It is also known as a parametric correlation test because it depends on the
distribution of the data [51]. It can be used only when two variables are from normal distribution.
If the correlation coefficient is close to 1, it would indicate that the variables are positively linearly
related, and the scatter plot falls almost along a straight line with positive slope (as seen in Figure
14). From the test, on a logarithmic scale the correlation coefficient between thrust and weight is
0.9284549 which shows how strongly the two variables are linearly related. Also, this means our

data can be further analyzed through linear regression.

3.4 Linear Regression

Linear regression is used to predict the value of an outcome variable based on one or more
input predictor variables. The aim is to model a linear relationship between two variables by fitting
a linear equation to observed data. One variable is considered to be an explanatory variable, and
the other is considered to be a dependent variable. Linear regression is the most commonly used
type of predictive analysis. This mathematical equation can be generalized as follows:

Y =Bo+PurxX+e

Where, fo is the intercept and 1 is the slope. In simple terms, they are the regression coefficients.
¢ is the error term, the part of Y the regression model is unable to explain [52-53].

Graphical analysis and correlation study in the previous sections have helped us in

understanding the variables. Scatter plot, box plot and correlation test has helped in better
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visualization of the data. From these we can conclude that the data is normally distributed and
linearly correlated, thus ready for a regression model.
3.4.1 Weight ~ thrust linear model

In analysis not shown here, it was established that the relationship between thrust and
weight is strongly log-log linear. Figure 15 represents a logarithmic scatter plot of thrust and

weight with a linear fit to the data as determined from the regression analysis.

Thrust-Weight model- Fitted

log{Engine dry weight)
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|
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Figure 15: Weight as a function of thrust fitted with a regression line.

The coefficient of determination for this model is R? = 0.8852, which indicates a strong fit,
i.e., 88.52% of the variability in log W is explained by its linear relationship to log T. This is a
general linear model for all 211 data points of thrust and engine dry weight. Since it can explain

88.52% of variance in the data, the model is acceptable. The model can be further validated through
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residual plots. Residual analysis plots are a very useful tool for assessing aspects of veracity of a
linear regression model on a particular dataset and testing that the attributes of a dataset meet the
requirements for linear regression.

General procedure after fitting a regression model is to check its residual plots [54-55].
Residual plots can help us check if we violate any assumptions of regression model. Residual
values are displayed on the y axis and the fitted values are on the x axis. If the plots do not display
any unwanted patterns, then our regression model is valid and the statistical values we obtain from
it can be trusted. Figures 16 shows all the residual plots. In the first plot for residuals vs fitted
values there are no underlying or obvious patterns. While it is slightly curved towards the right
side the residuals are equally spread around the horizontal line without a distinct pattern. This is a
good indication that the relationship between engine dry weight and thrust is nonlinear.

Residuals should be normally distributed in a Q-Q plot. If residuals follow close to straight
line on this plot, it a good indication that they are normally distributed. For our model, the Q-Q
plot shows good alignment to the line with few points at the top slightly offset. Scale location plot
tests the linear regression assumption of equal variance (homoscedasticity) i.e. that the residuals
have equal variance along the regression line. It is also called the spread-location plot. The
residuals should occupy equal space above and below the line and along the length of the line. For
our model the residuals are reasonably well spread above and below the horizontal line however

there are fewer points with slightly less variance at the beginning of the line.
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Figure 16: Residual plots of weight thrust linear model

Residuals vs Leverage plot can be used to find influential cases in the dataset. An influential
case is one that, if removed, will affect the model so its inclusion or exclusion should be
considered. An influential case may or may not be an outlier and the purpose of this chart is to
identify cases that have high influence in the model. Outliers will tend to exert leverage and
therefore influence the model. An influential case will appear in the top right or bottom left of the
chart inside a red line which marks Cook’s Distance. Our model does not have any point inside
this line however there is one point that is away from the rest of the data cluster. Upon further
exploring the residual plots, the data points (18,44,121,122,124,192) has been found to have some
influence on the model. Referring back to the data set revealed these data points to be containing
extreme values which automatically make them outliers. The model was updated by removing
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these datapoints and the coefficient of determination R? increased to 0.898 which means the model

can now explain 89.8% variability in the data. Clearly there are no heteroscedasticity or

recognizable patterns in our residual plots. This means the general linear regression model built

for engine dry weight and thrust is valid. A histogram of residuals from a linear model should

show a normal distribution of residuals which is verified from figure 17 showing the residual

histogram for our linear model.
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Figure 17: Histogram of residuals.

regression analysis on the log values resulted in the following log-log linear

log W = 2.05995 + 0.72328*log T 1)

By exponentiation of both sides of the equation (1), the following non-linear relationship

is established between thrust and weight,

W = 7.84558 * T072328 )
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An interesting attribute about the dataset is that the performance variables can be grouped
based on cycles as seen earlier in data visualization through boxplots based on cycles. Since they
don’t have comparable amount of data points they can’t be modelled individually as the results
based on fewer data points cannot be relied upon. So, the dataset is kept as a whole, and a multiple
linear regression model is developed based on engine power cycles. Multiple linear regression is
an extension of linear regression which attempts to model the relationship between two or more
explanatory variables and a response variable by fitting a linear equation to observed data. Every
value of the independent variable x is associated with a value of the dependent variable y. This
mathematical equation can be generalized as follows:

Y =Po+ P X+ P2*X2 +P3*Xs +Pa*Xa +......... +e
Where B terms are the regression coefficients, X terms are the predictor variable, Y is the response

variable and ¢ is the error term [56].

Weight thrust model based on cycle
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Figure 18: Engine dry weight as a function of thrust based on cycle.
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Similar procedure is followed as in a simple linear regression model and the following fit
is obtained as shown in figure 18. The data is modelled as a whole, and a fit is generated in a single
plot for different cycles. The coefficient of determination for this model is R? = 0.8904, which
indicates a strong fit, i.e., 89.04% of the variability in log W is explained by its linear relationship
to log T based on engine cycle. General procedure after fitting a regression model is to check its
residual plots. To validate the model as we did for the general regression model for the dataset we
rely on residual plots. The residual plots for the regression model based on cycle is shown in figure
19. Inthe first plot for residuals vs fitted values there are no underlying or obvious patterns. While
it is slightly curved towards the right side, the residuals are equally spread around the horizontal

line without a distinct pattern.
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Figure 19: Residual plots for multi regression based on engine cycle.
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Residuals should be normally distributed in a Q-Q plot. If residuals follow close to straight
line on this plot, it a good indication that they are normally distributed. For our model, the Q-Q
plot shows good alignment to the line with few points at the top right slightly offset. Scale location
plot tests the linear regression assumption of equal variance (homoscedasticity) i.e. that the
residuals have equal variance along the regression line. It is also called the spread-location plot.
The residuals should occupy equal space above and below the line and along the length of the line.
For our model the residuals are reasonably well spread above and below the horizontal line
however there are fewer points with slightly less variance at the beginning of the line.

Residuals vs Leverage plot can be used to find influential cases in the dataset. An influential
case is one that, if removed, will affect the model so its inclusion or exclusion should be
considered. An influential case may or may not be an outlier and the purpose of this chart is to
identify cases that have high influence in the model. Outliers will tend to exert leverage and
therefore influence the model. An influential case will appear in the top right or bottom left of the
chart inside a red line which marks Cook’s Distance. Our model does not have any point inside
this line however there are couple of points that are away from the rest of the data cluster. Upon
further exploring the residual plots, the data points (18,28,27,73,104,106,192) has been found to
have some influence on the model. Referring back to the data set revealed these data points to be
containing extreme values which automatically make them outliers. The model was updated by
removing these datapoints and the coefficient of determination R? increased to 0.906 which means
the model can now explain 90.6% variability in the data. There are no heteroscedasticity or
recognizable patterns in our residual plots. This means the multi linear regression model built for

engine dry weight and thrust based on cycle is valid. A histogram of residuals from a linear model
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should show a normal distribution of residuals which is verified from figure 20 showing the

residual histogram for our linear model.
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Figure 20: Histogram of Residuals

The regression analysis on the logarithmic data split based on cycles resulted in a log-log
linear model which can be interpreted and classified into sub models representing each engine
cycle. The equations from the sub model for each engine cycle is represented in the following
general form as shown in Table 4.

Table 4: General form of Sub model for engine cycles

Engine Cycle General Equation

Expander Cycle Log W = (Bo+ B2)+ Br*log (Thrust)
Gas Generator Cycle Log W = (Bo+ B3)+ 1 *log (Thrust)
Pressure Feed Cycle Log W = (Bo+ B4a)+ B1*log (Thrust)
Staged Combustion Cycle Log W = (Bo+ Bs)+ B1 *log (Thrust)
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Table 5: Coefficient value for each cycle

Coefficient Estimate
Intercept Bo 1.33361
Thrust 1 0.69909
Expander B2 0.81822
Gas generator B3 0.88178
Pressure feed Ba 0.73538
Staged combustion Bs 0.97164

Table 5 summarizes the coefficient values for each cycle which can be substituted in the

general equation. This will give us an equation to predict engine dry weight based on a given cycle.

By exponentiation of both sides of the equation in Table 4, the following non-linear relationship

is established between thrust and weight based on cycle as shown in Table 6. The equation obtained

from the model can be used to predict engine dry weight for a given thrust.

Table 6: Equations to predict weight for a given thrust based on engine cycle.

Engine Cycle

Logarithmic Equation

Predictive Equation

Expander Cycle

Log W = (1.33361+ 0.81822)+
0.69909*log (Thrust)

W = 8.60058*Thrust?-699°

Gas Generator Cycle

Log W = (1.33361+ 0.88178)+
0.69909*1og (Thrust)

W = 9.16498* Thrust®-69909

Pressure Feed Cycle

Log W = (1.33361+ 0.73538)+
0.69909*log (Thrust)

W = 7.91682*Thrust?-6990°

Staged Combustion Cycle

Log W = (1.33361+ 0.97164)+
0.69909*log (Thrust)

W = 10.0267*Thrust®-6990°
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3.5 Predictive Modeling

Predictive modeling is the process of building a model to predict future outcomes using
statistical techniques [57-58]. The model is setup by creating a training data set and testing data
set. The training data set consists of the 80% of the data from our dataset and is used to develop
the model. The model is setup in such a way that it chooses the same random data every time
which helps us in maintaining a constant dataset. Remaining 20% of the data constitutes the test
data set which are solely used for evaluating the performance of the model. Regression model
between engine dry weight and thrust is built using the training dataset. This regression model is
similar to the model we built in the previous section and can be verified in the similar way. Figure

21 shows a linear model fitted to our training data.

Linear Model Fitted to Data
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Figure 21: Linear model fitted to training set.
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The coefficient of determination for this model is R? = 0.8778, which indicates a strong fit,
i.e., 87.78% of the variability in our dataset is explained by the model. Similar to previous sections
the residuals of the model can be checked to validate it further. From figure 22 we can clearly see
that there are no patterns in our data, and it spread relatively evenly along the horizontal. Normal
Q-Q plot shows that the distribution is normal. Histogram of residuals from figure 23 confirms
normal distribution as we can see clearly a normal distribution of residuals around zero and the
model can be used to proceed further. There are no anomalies in our model, and this can be used

for predicting engine dry weight.
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Figure 22: Residuals of training data
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Histogram of resid(engine_fit)
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Figure 23: Histogram of residuals for training data.

Now the remaining 20% of data in the testing set is used to make the prediction based on
the above model. This will reveal the accuracy of the model we built. A linear fit to the predictive
model produced a coefficient of determination R? of 0.9009 which implies the model can explain
90.09% of variance in the data and its prediction is quite accurate. Since our model is log based
the predicted values are log based as well. This value can be exponentiated to find out the actual
value of engine dry weight. Predicted value and the actual values is plotted as shown in figure 24

to check for linear spread of data. As we can see the data is spread linearly
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Figure 24: Actual value vs Predicted value

There are couple of other methods to estimate the accuracy and error percentage of our
predictive model. Min/Max accuracy will find out the accuracy of each row. It takes for each row
the ratio of minimum and maximum of the prediction result. For a perfect model this measure is
1. Taking the mean of this measure over the entire model gives us the accuracy rate of each row
which can be considered the accuracy rate of the model. Our predictive model has a min/max
accuracy of 0.9582 or our model prediction is 95.82% accurate. Mean absolute percentage error is
the average of absolute percentage errors which is the measure of the prediction accuracy of a
model. MAPE value for our model is 0.04279 or 4.28% which indicates our model has an error

percentage of 4.28% in its prediction of engine dry weight.
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Similar model is built based on cycles. Regression model between engine dry weight and

thrust is built using the training dataset. Figure 25 shows a linear model fitted to our training data.

Linear Modlel Fitted to Data
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Figure 25: Linear model fitted to training set based on cycles.

The coefficient of determination for this model is R? = 0.8858, which indicates a strong fit,

i.e., 88.58% of the variability in our dataset is explained by the model. Similar to previous sections
the residuals of the model can be checked to validate it further. From figure 26 we can clearly see
that there are no patterns in our data, and it is spread relatively evenly along the horizontal. Normal
Q-Q plot shows that the distribution is normal. Histogram of residuals from figure 27 confirms
normal distribution as we can see clearly a normal distribution of residuals around zero and the
model can be used to proceed further. There are no anomalies in our model, and this can be used

for predicting engine dry weight.
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Figure 26: Residuals of training data.
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Our predictive model has a coefficient of determination R? = 0.899 for the test data which
explains 89.9% of the variability. Model has a min/max accuracy of 0.95867 or our model
prediction is 95.87% accurate. Mean absolute percentage error is the average of absolute
percentage errors which is the measure of the prediction accuracy of a model. MAPE value for our
model is 0.04237 or 4.24% which indicates our model has an error percentage of 4.24% in its

prediction of engine dry weight.

3.5.1 k-fold Cross Validation

Determining the accuracy or prediction error of the model on predicting the outcome for
new unseen observation is a good way to check the performance of the model. Cross validation is
a technique to evaluate a predictive model by partitioning the original data into training set to train
the model and a test set to evaluate it. In a k-fold cross validation, the original sample is partitioned
into k equal sizes. A single subsample is retained as the validation data for testing the model and
remaining k-1 subsamples are used as training data. The cross-validation process is repeated k
times with each of k subsamples and exactly once on the validation data. K results from the folds
are averaged to produce a single estimation. Advantage of this method is that all observations are
used for both training and validation, and each observation is used for validation exactly once [59-
60].

R-squared, Root Mean Squared Error (RMSE) and Mean Absolute Error (MAE) are used
to measure the regression model performance during cross validation. The main goal of cross
validation here is to make sure the data is not overfitted or underfitted. 10-fold cross validation of
the simple linear model produced a R-squared of 0.8926, RMSE of 0.3894 and MAE of 0.30386.

For the model based on cycle the R-squared was 0.9004, RMSE was 0.382 and MAE was 0.3018.
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Generally, the R-squared value should be as high as possible, RMSE and MAE values should be
as low as possible. There is no overfitting of data in either model and the linear model based on
cycle is slightly better based on the validation result.
3.6 Quadratic Model

It is always in our curiosity to find better things. Though our linear model has a good
performance there is always room for improvement. So, we’ll see if a quadratic model fits our data
better. The model is setup in similar ways to a linear model that in it is essentially a linear model
in two variables, one of which is the square of the other. We used the thrust term to predict weight
in our linear model [61-63]. In addition to this we include a thrust? term to our linear model which
makes it a quadratic model. The equation of such regression is of the following form:

Y = Bo+ Pr*X1+ B2 *X1?

Quadratic Model Fitted to Data
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Figure 28: Quadratic fit for engine dry weight and thrust regression model
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A quadratic fit to our data is shown in figure 28. This model is similar to the first regression
model where the fit was made to all the data points. The coefficient of determination R? for our
model with a quadratic fit is 0.8948 or it can explain 89.48% of variance between engine dry
weight and thrust. This value is slightly better than the linear model. The model can be further
validated by checking the residual plots shown in figure 29. The equation to predict weight from
the model is as follows:

Log W = 3.402858 + 0.242749 *log Thrust + 0.040654 *(log (Thrust))?

Based on logarithmic power rule the above equation can be simplified.

Log W = 3.402858 + 0.242749 *log Thrust + 0.040654 *(log (Thrust))?
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Figure 29: Residual plots of quadratic model
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Residuals should be normally distributed in a Q-Q plot. If residuals follow close to straight
line on this plot, it a good indication that they are normally distributed. For our model, the Q-Q
plot shows good alignment to the line with few points at the top right and bottom left slightly
offset. Scale location plot tests the linear regression assumption of equal variance
(homoscedasticity) i.e. that the residuals have equal variance along the regression line. The
residuals should occupy equal space above and below the line and along the length of the line. For
our model the residuals are reasonably well spread above and below the horizontal line however
there are fewer points with slightly less variance.

Residuals vs Leverage plot can be used to find influential cases in the dataset. An influential
case is one that, if removed, will affect the model so its inclusion or exclusion should be
considered. An influential case may or may not be an outlier and the purpose of this chart is to
identify cases that have high influence in the model. Outliers will tend to exert leverage and
therefore influence the model. An influential case will appear in the top right or bottom left of the
chart inside a red line which marks Cook’s Distance. Our model does not have any point inside
this line however there are couple of points (96 and 192) that are very close to the Cook’s Distance
line. These two points could have slight influence on the model. Our dataset is such that contains
extremities of data as explained earlier. So, this influence is neglected as our model has a
satisfactory performance. Goodness of our model can be verified from the histogram shown in

figure 30 as it shows a normal distribution of residuals around zero.
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Figure 30: Histogram of residuals for quadratic model.

As we did in linear regression model the dataset can be sub-grouped into engine cycles to
perform a multiple regression analysis. In this case it is going to be a multiple quadratic regression
analysis. Quadratic fit for our model based on engine cycle is shown in figure 31. The equations
from the sub model for each engine cycle is represented in the following general form as shown in

Table 7.

Weight thrust quadratic model based on cycle
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Figure 31: Quadratic model based on engine cycle.
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Table 7: General form equations from quadratic model based on engine cycle

Engine Cycle

General Equation

Expander Cycle

Log W = (Bo+ B3)+ Bz *log (Thrust) + B2 *(log(Thrust))?

Gas Generator Cycle

Log W = (Bo+ Pa)+ 1 *log (Thrust) + B2 *(log(Thrust))?

Pressure Feed Cycle

Log W = (Bo+ Bs)+ P1 *log (Thrust) + B2 *(log(Thrust))?

Staged Combustion Cycle

Log W = (Bo+ Be)+ P1 *log (Thrust) + B2 *(log(Thrust))?

The coefficient of determination for this model is R? = 0.9036, which indicates a strong fit,
i.e., 90.36% of the variability in log W is explained by its linear relationship to log T based on
engine cycle. The residual plots for the regression model based on cycle is shown in figure 32. In
the first plot for residuals vs fitted values there are no underlying or obvious patterns. While it is
slightly curved towards the right side, the residuals are equally spread around the horizontal line
without a distinct pattern. Residuals should be normally distributed in a Q-Q plot. If residuals
follow close to straight line on this plot, it a good indication that they are normally distributed. For
our model, the Q-Q plot shows good alignment to the line with few points at the top right slightly
offset. Scale location plot tests the linear regression assumption of equal variance
(homoscedasticity) i.e. that the residuals have equal variance along the regression line. The
residuals should occupy equal space above and below the line and along the length of the line. For
our model the residuals are reasonably well spread above and below the horizontal line however

there are fewer points with slightly less variance at the beginning of the line.

42



Residual Plot Residual Plot

Residuals vs Fitted w Normal Q-Q
- 2

w M 2 o
g = _ o é o
g 3 - of 2
el _ 5 o -

| 2

- T T T T T T 2 77

4 5 6 7 8 g -3 2 1 0 1 2 3
Fitted values Theoretical Quantiles
Residual Plot Residual Plot

2 o Scale-Location i Residuals vs Leverage
S o 5 Py 0
= = 192
@ . a2 7 :
= = | = o — 3
é - .g o\
=] - T Y7 85
= = d
5 2 S ¥ - Cofit's distance il
w 3] [ I T T T
=

0.00 0.05 0.10 0.15 0.20

Fitted values Leverage

Figure 32: Residual plots for quadratic model based on cycle

Residuals vs Leverage plot can be used to find influential cases in the dataset. An influential
case is one that, if removed, will affect the model so its inclusion or exclusion should be
considered. An influential case may or may not be an outlier and the purpose of this chart is to
identify cases that have high influence in the model. Outliers will tend to exert leverage and
therefore influence the model. An influential case will appear in the top right or bottom left of the
chart inside a red line which marks Cook’s Distance. Our model does not have any point inside
this line however there is a point that is almost on the Cook’s Distance line and two more points
which are away from the data cluster. These points could have some effect on our model. Hence
all three points (1,96,192) were excluded from the regression model. The coefficient of
determination R? increased slightly to 0.9157 i.e. the model can explain 91.57% of variance in our
data which is a very good fit. The new residual plot is shown in figure 33 has no deviations and
the residuals are verified by histogram of residuals as shown in figure 34.
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Figure 33: Residuals of refined quadratic model.
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Figure 34: Histogram of residuals.
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Table 8: Coefficient value for each cycle

Coefficient Estimate
Intercept Bo 3.037496
Thrust B1 -0.029107
Thrust? B2 0.060431
Expander B3 1.175450
Gas generator Ba 1.267294
Pressure feed Bs 0.831252
Staged combustion Be 1.341817

Table 8 summarizes the coefficient values for each cycle which can be substituted in the
general equation. This will give us an equation to predict engine dry weight based on a given cycle.
By exponentiation of both sides of the equation in Table 7, the following non-linear relationship
is established between thrust and weight based on cycle as shown in Table 9.

Table 9: Equations to predict weight for a given thrust based on engine cycle.

Engine Cycle Logarithmic Equation

Expander Cycle Log W = (3.037496+ 1.175450) -0.029107*log (Thrust) +
0.060431*(log(Thrust))?

Gas Generator Cycle Log W = (3.037496+ 1.267294) -0.029107*log (Thrust) +
0.060431*(log(Thrust))?

Pressure Feed Cycle Log W = (3.037496+ 0.831252) -0.029107*log (Thrust) +
0.060431*(log(Thrust))?

Staged Combustion Cycle Log W = (3.037496+ 1.341817) -0.029107*log (Thrust) +
0.060431*(log(Thrust))?
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Since we have a slightly better performing model than the linear model, we can use this to
build a predictive model similar to the earlier one and check which one has better performance.
The model is setup by creating a training data set and testing data set. The training data set consists
of the 80% of the data from our dataset and is used to develop the model. The model is setup in
such a way that it chooses the same random data every time which helps us in maintaining a
constant dataset. Remaining 20% of the data constitutes the test data set which are solely used for
evaluating the performance of the model. Regression model between engine dry weight and thrust
is built using the training dataset. This regression model is similar to the model we built in the
previous section and can be verified in the similar way. Figure 35 shows a quadratic model fitted

to our training data.

Linear Model Fitted to Data
104
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Figure 35: Quadratic model fitted to training data.
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The coefficient of determination for this model is R? = 0.8806, which indicates a strong fit,
i.e., 88.06% of the variability in our dataset is explained by the model. Similar to previous sections
the residuals of the model can be checked to validate it further. From figure 36 we can clearly see
that there are no patterns in our data, and it spread relatively evenly along the horizontal. Normal
Q-Q plot shows that the distribution is normal. Histogram of residuals from figure 37 confirms
normal distribution as we can see clearly a normal distribution of residuals around zero and the
model can be used to proceed further. There are no anomalies in our model, and this can be used

for predicting engine dry weight.
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Figure 36: Residual plots of quadratic predictive model.
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Figure 37: Histogram of residuals.

Now the remaining 20% of data in the testing set is used to make the prediction based on
the above model. This will reveal the accuracy of the model we built. A linear fit to the predictive
model produced a coefficient of determination R? of 0.9301 which implies the model can explain
93.01% of variance in the data and its prediction is quite accurate. Since our model is log based
the predicted values are log based as well. This value can be exponentiated to find out the actual
value of engine dry weight. Predicted value and the actual values is plotted as shown in figure 38

to check for linear spread of data. As we can see the data is spread linearly.
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Figure 38: Actual vs Predicted value

There are couple of other methods to estimate the accuracy and error percentage of our
predictive model. Min/Max accuracy will find out the accuracy of each row. It takes for each row
the ratio of minimum and maximum of the prediction result. For a perfect model this measure is
1. Taking the mean of this measure over the entire model gives us the accuracy rate of each row
which can be considered the accuracy rate of the model. Our predictive model has a min/max
accuracy of 0.9616 or our model prediction is 96.16% accurate. Mean absolute percentage error
is the average of absolute percentage errors which is the measure of the prediction accuracy of a
model. MAPE value for our model is 0.03946 or 3.95% which indicates our model has an error
percentage of 3.95% in its prediction of engine dry weight.

When compared with predictive model of linear regression the quadratic model fits our
data slightly better and the predictions are also slightly better. This argument can be verified
through k fold cross validation. A 10-fold cross validation for a simple quadratic model had a R-
squared of 0.8958, RMSE of 0.3759 and MAE of 0.293. The quadratic model based on cycles had
a R-squared of 0.90775, RMSE of 0.3676 and MAE of 0.289. These results show that the quadratic

model based on cycles has a slightly better prediction capability.
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Chapter IV

Physical interpretation of the model through dimensional analysis

4.1 Overview

With the advent of very large liquid propellant rockets, it has become necessary, if possible,
to derive a rational scaling theory for design of liquid propellant rocket engines including various
components that goes into it. This could enable a relatively simple and economical initial tests to
be carried out on small scaled models using scaled parameters of propellant mass flows, pressure
etc., and from these tests predict operating and design data for the full-scale rocket. Due to the
complexity involved the similarity criteria should extend over several non-dimensional
parameters, but it is still possible to evolve relatively simple rules for correlating the design and
performance of the model and large-scale motors [64]. This chapter attempts to discuss and
establish such practical feasibility of such scaling rules.

Dimensional analysis can be used to reduce such a complex physical problem to a simple
form prior to obtaining a quantitative answer. The principal use of dimensional analysis is to
deduce from a study of the dimensions of the variables in any physical system certain limitations
on the form of any possible relationship between those variables. This method is of great generality
and mathematical simplicity. At the heart of dimensional analysis is the concept of similarity. In
physical terms, similarity refers to some equivalence between two things or phenomena that are
different [65]. Our model proved a relationship between weight and thrust and this can be proved

mathematically by dimensional analysis.
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On traditional liquid-fueled launch vehicles, the engines themselves tend to weigh about twice
as much as the payload being delivered to orbit. At launch, they are required to produce a thrust
slightly larger than the total weight of the vehicle. If they could produce this same thrust while
weighing much less, this weight savings could be used to increase the mass of the payload. There
are two ways that the thrust-to-weight ratio can be increased for a given propellant combination.

1. Higher combustion chamber pressure will lead to a smaller engine for a given thrust level.

2. By making the engine smaller at constant chamber pressure, the thrust-to-weight ratio will

increase, everything else being equal. This is because the thrust produced is proportional
to the throat area, while the weight of the engine is proportional to its volume. For perfect
scaling, the ratio of the throat area to the overall volume will increase as the rocket is made

smaller.

4.2 Scaling Laws

The scaling of parameters of interest can reveal the underlying physics behind the statistical
analysis of a system’s descriptors. The data analysis has shown compellingly that broadly
speaking there is a power law relationship between the weight (mass) of a liquid rocket engine
core and the thrust produced. Specifically, the relationship is essentially:

W =KT% (4.1)

meaning that thrust scales to a higher degree with length scale than weight.

Weight scales with volume which scales as length scale (I) cubed. Thrust is more nuanced.
One way to represent thrust is using the thrust coefficient.

T = CxP,A* (4.2)
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In Equation 4.2, Cr is thrust coefficient, Po is Chamber stagnation Pressure and A" is the
nozzle throat area. For solid rocket motors the gas is generated by burning propellant at high
pressure in a static, confined chamber and it can be shown that with conventional burn rate models,
chamber pressure is independent of length scale and thrust is left to scale with throat area (length
scale squared). Many additional conclusions follow from some simple similitude arguments for
solid motors; however, for liquid engines, the high pressure, high enthalpy gas must be generated
using turbomachinery and the turbomachinery is in part the weight that is being modeled using
statistically defensible analysis with a simple basis function. For this arrangement in which a gas
is generated by turbomachinery, the pressure must be maintained by the function of the
turbomachinery. The amount of power produced by the turbomachinery is linearly proportional
to the pressure, in fact. To explore this idea, consider a gas being driven through a nozzle by a

piston/cylinder arrangement as shown in Figure 39.

Piston Choked Nozzle
Vpiston g
P F())’ TO Flow
Throat;Area A* |

Figure 39: Piston/Cylinder arrangement.

Consider the equilibrium case in which a given piston speed correlates to an equilibrium
pressure and nozzle flow rate. If the piston speed increases, the chamber pressure and thus the
nozzle mass flow will increase (from isentropic nozzle flow theory). The power would then

increase as well.
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The case of interest in the similitude analysis is the condition in which the pressure and
throat area are specified for a prescribed (known) thrust. In that case the power required to drive
the piston and thus supply the nozzle with hot gas at pressure Po is equal to the piston area
multiplied by the linear speed of the piston. Dimensionally this is I*/time. Therefore, the size of
hardware required to drive the nozzle with a prescribed chamber pressure scales with length scale
cubed. This consistent for example with the idea that the power of a piston engine is related to the
volumetric displacement of the engine for a given design. Since the thrust demands pressure with
hardware associated with length scale cubed multiplied by a characteristic (throat) area of length
scale squared, the length scale required for thrust is of degree 5, or

T = Po (order 13) x A" (order 1% or T is order I ®

This implies that weight (order 1 ®) should equal thrust (order I °) raised to the 3/5 or 0.6
power. The statistical analysis arrived at weight equals thrust raised to the 0.7 power, very
consistent with the foregoing dimensional analysis given the assumptions involved including the
fact that the turbopump hardware was lumped with the nozzle and other hardware.

Being able to understand and use the basic scaling laws is a very powerful tool.
Dimensional analysis of other parameters showed that mass flow rate is proportional to area and
as the area increases mass flow rate increases as L'°. Power required by the turbopump is
proportional to cube of mass flow rate which means that as the power required increases, the mass
of the turbopump increases by a factor of 3 (Power = M3).

Also, the weight of the pump casing is proportional to the radii of pump impellers. Impeller
weight is proportional to the square of its radii. The turbine weight depends on the rotational speed
and its inversely proportional [66]. The overall weight for a given propellant mass flow mainly

depends on the rotational speed which is fixed by conditions in the pump normally dependent on
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the oxidant pump. The higher the oxidant density results in higher rotational speed and hence
results in smaller dimensions and weight. This can be illustrated by comparing turbo pumps
required for the same rocket engine performance, but using different oxidants entailing different
fuel/oxidant mixture ratios [66]. If data can be compiled for all these different relations, it can be
visualized, and a model can be built to establish a statistically defensible relationship which can

make the process of designing a liquid propellant rocket engine much simpler and economical.

4.3 Practicality of the Scaling Laws

As is often the case, reality and practicality get in the way of theory. According to our
argument above we can use multiple engines instead of a single engine approach for the core stage.
This approach was used to varying degrees in both the US and Soviet moon programs. The first
stage of the Saturn V was powered by five F-1 engines, saving about half the weight of an
equivalent single engine according to the above argument. The Soviet launcher was to be powered
by about 25 engines [65]. By the arguments above, one would have expected that together they
weighed about a fifth of an equivalent single engine. The rocket never had a successful flight as
there were a number of single engine failures that led to failure of the launch system. A system
with a large number of engines has the capability to provide redundancy in that the loss of thrust
from one could have only a small effect on total thrust level. However, if the failure of one engine
cannot be contained, additional engines will multiply the number of single point failure modes for

the launch system, leading to significantly reduced overall system reliability [65].

Other practical issues arise as well. One must justify the additional complexity required in

the pluming and control of many versus few engines. Additionally, the traditional view is that there
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is a minimum chamber residence time required for complete combustion in rocket engines, which
does not scale with size. This means that one cannot perform an exact scaling of the engines

without sacrificing efficiency, something launch vehicle designers are quite loathed to do.

Cost is another concern. Using traditional manufacturing methods, the cost of producing
one half-size engines is probably not much less than the cost of producing a full-sized engine, as
in a perfect scaling each of the pieces would have to be reproduced at half-scale. The cost of a
smaller engine might even exceed that of a larger one as it becomes harder to reproduce the detail
of the original pieces at smaller and smaller scales. Eventually, limits in fabrication technology
would prevent one form successfully making the smaller engine. In any case, the cost per unit

thrust of an engine would certainly increase [65].

It is quite clear that the reduction in scale of rocket engines is not a so-called ‘silver-bullet’
automatically leading to better system performance. As is usually the case, a high-level system
trade-off is required in choosing the appropriate number and size of engines for a given propulsion
system. The new concept of rockets which are micro-fabricated from silicon-carbide appear
provide substantial benefits to the scaling laws [65]. Also, advancements in manufacturing
techniques like 3D printing, emergence of better class of materials with maximum utilization, costs
could be driven down. It is when we will see the full benefits of scaling laws in terms of cost

savings, reducing the development costs significantly.
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CHAPTER V

CONCLUSION

Relationship between engine dry weight and thrust which was revealed through the
visualization of our data has been explored further through regression models with satisfactory
results. All four models are a good fit to our data and each one is slightly better than the other. All
the models can satisfactorily predict engine dry weight given a thrust value. Especially the models
based on cycle have a slightly better prediction accuracy than the regression model applied to the
data as a whole. We can compare the two regression models based on cycles and look at their
prediction interval. Figure 40-41 shows the prediction interval of model based on cycles.
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Figure 40: Prediction interval for linear model.
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Figure 41: Prediction interval for quadratic model.

Both the models do a good job of prediction and the quadratic model is slightly better than
the linear model. Still, both can be used to predict engine dry weight and it is only a matter of
preference in choosing between both. Since the model is log based there tends to be slight
variations in range of the predicted values when they are exponentiated to the raw scale. This can
be attributed to the variety of engine data that was collected from all over the world. This tends to
have some effects in terms that each of these engines have their own design process, material
selection, manufacturing approaches depending on their country of origin and the year in which

they were developed.
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Engines developed in the 60’s tend to have used traditional manufacturing methods and
materials than the one’s developed in the 2000’s. There has been immense advancement in
manufacturing processes and available materials. Advanced engines of today built entirely using
3D printing is most likely to weigh much less than the same class of engine built using traditional
manufacturing methods. Despite these differences our model does a good job of predicting the
engine dry weight as verified through dimensional analysis. As discussed in the previous chapter,
the relationship between other parameters can be explored further provided the availability of
enough data. If a statistically defensible relationship can be established between those parameters,
scaling laws can be robustly applied to the design of liquid propellant rocket engines which could

very well save millions of dollars during the development phase of a new engine.
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