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Abstract

We consider a special formulation of the Backus geomagnetic problem in two and higher
dimension. Given a domain 2 C R", we seek to determine whether there exists a unique
harmonic function u satisfying |Vu|> = P and 2 (|Vu|?) = ¢ on the boundary 92 for given
functions P and ¢ which we refer to as the Backus problem with expanded data. In two dimen-
sional case, for a function w satisfying the Laplace equation and the above boundary conditions,
we derive a system of ordinary differential equations for the tangential and normal components
of Vu with the coefficients in terms of P and ¢ on the boundary. We study the explicit so-
lutions of the ODE system and establish conditions for existence and uniqueness of solutions
for the problem involving the PDE on bounded domains. To achieve this goal we introduce
the notion of generalized Hilbert transform and use representation formulas for solutions of
the boundary value problems. In addition, we perform numerical experiments to corroborate
our well-posedness results. For the higher dimensional problem, our approach is markedly
different. For harmonic functions u in R™™!, we derive a quasilinear elliptic equation with co-
efficients involving the expanded data for the Backus problem satisfied by the restriction of u
on n-dimensional hyperplanes. The Leray-Schauder fixed point theory relates the solvability
of the Dirichlet boundary value problem to apriori estimates for solutions of a related family of
problems. This theory is not applicable to the derived equation directly due to the restriction on
the gradient of admissible function. To work around this restriction, we introduce a regulariza-
tion of the operator. The Apriori Estimates Program is fulfilled by establishing the comparison
and maximum principles, which allows the estimation of sgp |u| in terms of s(;g:) |u| and additive
constants; boundary gradient estimates, that is an estimation of S;lé) | Du| in terms of sgp |ul;
interior gradient bounds, by which we estimate Slglzp |Dul in terms of sgg) | Du| and Slglzp lul;
and Holder estimates for the gradient, that is an estimation of [Du],.q in terms of sgp | D
and sgp |u|. We eventually obtain the existence of solutions of the regularized equation with

Dirichlet boundary conditions.
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Chapter 1

Introduction

The geomagnetic and gravitational fields emanating from the Earth’s interior hold essential
information about seismic activities and the internal structure. Therefore detection and analysis
of the geomagnetic and gravitational fields play an important role in geophysical exploration.
The geophysical survey is the process of collecting systematic information and geophysical
data for spatial studies. The data may be collected from above and below the Earth’s surface
or from aerial, orbital, or marine platforms and such surveys may use a great variety of sensing
instruments. In geophysical surveys, the gravitational field in steady state can be measured
with accelerometers and its strength has usually been easier to measure with such devices than
its direction relative to the surface of the Earth because atmospheric refraction interferes with
accurate measurements of the shape of the surface. The introduction of scalar devices for
measuring the magnetic field, e.g. the nuclear precession magnetometer, has produced a similar
situation in geomagnetism which provides an accurate measurement of the magnitude of the
local magnetic field but gives no indication of its direction.

The geophysical problem was first considered by Backus [2]. He sought to use the sur-
vey data to determine the external field when such data consists of field magnitudes rather
than field components. Backus introduced the following mathematical formulation of the non-
linear boundary value problem: a function u known to be harmonic in a region {2 with smooth
boundary 0f2 needs to be determined from |Vu/|, the magnitude of the gradient of u, known on

du

011, rather than, for example, from 3 the normal derivative of u as in the classical Neumann

problem.
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Figure 1.1: Gravitational and Magnetic Fields of the Earth

Backus considered three types of domain {2: an open, bounded, connected set whose clo-
sure is simply connected, the exterior of the closure of such a set, and the half-plane. These
three cases are referred to as the interior, exterior and half-plane. In the two-dimensional inte-
rior problem, Backus [2] showed that for any points 2y, 21, - - - , 2, in (2, there exists precisely
one harmonic function u satisfying the boundary condition such that Vu has a chosen direc-
tion at zp, and u vanishes only at z1,--- , 2, in ). In dimension three or higher, no results
on existence or uniqueness for interior problem were obtained by Backus. Meanwhile, in the
exterior case, the solution can be shown to be unique under special conditions. One example
is when (2 is the exterior of an open, bounded, connected set, function u is harmonic in €2 and
vanishes at infinity, and % > 0 on 0f), then u is uniquely determined in €2 by the values of
|Vu| on 0. Another example is when (2 is the exterior of a sphere, u is a finite sum of exterior
spherical harmonics, and |Vu/| is known on 02, then u is uniquely determined in €2 except for
the sign. Finally, if 2 is any type of domain, u is harmonic in €2, and |Vu/ is known in €2, then
u is uniquely determined in €2 except for the sign. In the three-dimensional exterior case, the
uniqueness is not guaranteed. Backus gave an example [3] of two functions u and v that are
harmonic outside a solid sphere (2, vanish at infinity, satisfy |Vu| = |Vv| everywhere on 0f2,
and neither u + v nor u — v vanishes identically outside 2.

Lieberman [23] discussed the boundary regularity of solutions of the fully nonlinear bound-

ary value problem F'(z,u, Du, D*u) = 0 in Q, G(x,u, Du) = 0 on 9 for two-dimensional



domains (2. The Backus problem is a special case of this problem. The function F is as-
sumed uniformly elliptic and G is assumed to depend in a nonvacuous manner on Du. Lieber-
man proved the continuity estimates for first and second derivatives of « under hypotheses for
smoothness of ', G and 2.

Jorge and Magnanini [16] [24] studied the Backus problem for the exterior gravitational
field of the Earth further. They obtained the following uniqueness result: if two smooth func-
tions v and v satisfy Au = Av = 01in 2; Vu-Vu = Vv - Vo on 0L2; u, v are regular at infinity;
and u(z) = v(z) forz € M = {z € 9Q | £(u+ v)(Z) = 0}, then u = v in Q. Once these
conditions are satisfied, an explicit series solution for the geophysical problem was computed
and the convergence of this series solution was proved.

Diaz, Diaz, and Otero [6] [7] considered a nonlinear oblique derivative interior boundary
value problem suggested by the study of the Backus problem for the external gravitational

potential of the Earth. They focused on the simplest case of a sphere: the unit ball in R3. For

the boundary value in a special form of /(g2 — |Vul?);, where Vu denotes the tangential
or surface gradient of u, they showed the existence and uniqueness of viscosity solutions. For a
function that is harmonic outside a unit sphere (2, vanishes at infinity and | Vu| takes prescribed
value g on (2, the solution is not unique in general. Diaz, Diaz, and Otero [8] proved that
the solution is unique with the additional property that the radial component of the gradient
of w on () is nonpositive. If a solution u with this property exists, they showed that u is the
maximal solution of the Backus problem. Otero [25] proposed an existence program for the
Backus problem based on the establishment of a priori estimates in a Holder space. Under
certain hypothesis and simplifications, he obtained maximum modules and gradient bounds for
the solutions.

Holota [14] discussed the linear gravimetric boundary value problem in the sense of the
weak solution. He constructed a Sobolev weight space for an unbounded domain represent-
ing the exterior of the Earth and deduced the quantitative estimates for the trace theorem and
equivalent norms. In the generalized formulation of the problem a special decomposition of

the Laplace operator was used to express the oblique derivative in the boundary condition. The



main result concerns the ellipticity of a bilinear form associated with the problem under consid-
eration. He used the Lax-Milgram theorem to determine the existence, uniqueness and stability
of the weak solution of the problem.

Among related results, Kaiser [17] considered the geomagnetic problem in which the di-
rection of the gradient rather than its magnitude is assumed to be known on the boundary.
Kaiser was interested in the nonlinear boundary value problem in the exterior Viof a sphere
S9=1 in two and three dimensions (d = 2, 3). Given a direction field D: S¢~1 — R<, he sought
to determine all harmonic vector fields B: V¢ — R? with asymptotic behavior |B| = O(|z|~%),
6 € N\{d — 1,d — 2} for |z| — oo, which are parallel to D on S?!. For d = § = 3, this
problem is related to the problem of reconstructing the geomagnetic field outside the Earth
from its directional data measured on the Earth’s surface. For a fixed direction field D, the
set of harmonic vector fields B forms a linear space L(D). This space was described in the
two-dimensional case and its dimension was estimated in the three-dimensional axisymmetric
case. Introducing the rotation number p of a Holder continuous direction field D with respect
to S1, in the case d = 2, Kaiser [17] showed that dim L(D) = max{2(p—4)+1,0}. Similarly,
in the axisymmetric case for d = 3, he obtained the estimate dim L(D) < max{p — ¢ + 2, 0}.
Thus, in an axisymmetric setting with § = 3, uniqueness is guaranteed only for direction fields
with p = 2. Kaiser and Neudert [18] characterized the solution space V5 of the boundary value
problem as orthogonal complement of a certain set of functions determined by the vector field
D in an appropriate Hilbert space. They determined V7 and its dimension dim V5 for vector
field D in the case d = 2 and in the axisymmetric case d = 3.

Isakov [15] considered and stated the inverse problem of potential theory. Glotov [12]
considered a problem related to an inverse problem for the Poisson equation with point sources
on a disk or half plane in R?. He presented a method for converting the absolute value of the
gradient and its normal derivative to the Cauchy data, i.e., values of both the solution and its
normal derivative on the boundary of the half-plane. His approach is based on the study of a
linear system of ordinary differential equations corresponding to this problem. In the case of
the unit disk, the existence of periodic solutions is equivalent to a condition that corresponds to

having a finite number of monopoles and dipoles in the domain. He introduced an additional



constraint to guarantee the uniqueness of the solution (determined up to a constant). It was also
shown that this method can not be easily extended to three dimension.

One advantage of the approach introduced in [12] is that it allows us to estimate the number
of monopoles and dipoles in bounded domains. To fix the notation, let {2 be a bounded simply
connected domain in R? and consider the Poisson equation Au, = f in ) with the source term
f of the form f = Z]Ail a0, + Zjvzl b;Dj,; for some M, N € N; a; € R, 27 € Q for
j=1,---,Mand ¥ € R?, 9/ € Qforj=1,---,N, and where J, is the Dirac delta function
at z. Such a representation of f corresponds to monopoles of magnitude a; located at =7 and
dipoles oriented and scaled by b; and located at y/. As shown in [12], we have the following
estimate

1 P, 1 [

q
| Ly~ L gp<MtoN 1.1
o7 Juo2P T T2n ), 2P M (b

0
where P = |Dul* and ¢ = £ (| Dul?) on 0.
The problem that is considered in this dissertation is a variation of the interior Backus
problem on bounded domains. In addition to the magnitude of |Vu| on 02, we assume that we

are given the value of 2 (|Vu/?) on the boundary as in [12].

Problem Statement. Ler () be a bounded simply connected domain in R™ with sufficiently
smooth boundary. Given the values of P and q on 05), we seek to determine whether there

exists a unique harmonic function u defined in §) (or a neighborhood of 0X)) that satisfies

|Duf® = P,
on 0f). (1.2)

0
—(|Dul?) =
5, Dul”) = ¢,
We refer to this problem as the Backus problem with expanded data.

Remark. In the Backus problem with expanded data, we seek a harmonic function u, which
implies from estimate (1.1) that the numbers of monopoles and dipoles of the inverse source

problem are both zero. In order to guarantee that the given data (P, q) generates a harmonic



function in R?, we require that the following estimate holds:

1 27

q
- — dt <0.
2r Jo 2P T

This dissertation is organized as follows.

In Section 2.1, we start with a harmonic function v in R? satisfying the boundary con-
ditions [Du|? = P and 2 (|Dul?) = g, and derive a system of linear ordinary differential
equations

)= A 2(t) (1.3)

for the tangential and normal derivatives z(t) = (21(t), z2(t))T = (u,(7(t)), u, (7(t)))T, where
~ represents the parametrization of the boundary of the general domain and the entries of the

matrix A are functions of P and its derivatives, namely,

ap —as

a2

1 1
where a; = ﬁ(Pxx’ + P,y') and ay = ﬁ(nyl — P,2’) + 2'y" — y'2”. We have an explicit

representation of the solutions of the ODE system in complex form as follows,
2(t) = z1(t) +iza(t) = zoedo(@rtiaz)dr.
By matching the real and imaginary parts, we obtain

21(t) = 200/ P(t) cos i as(7)dr and z3(t) = 294/ P(t) sin i as(T) dr.

In Sections 2.2 and 2.3, we rewrite the well-known representation formulas for the solu-
tions of the Dirichlet and Neumann boundary value problems on the half-plane and the unit
disk in terms of the derivatives of solutions with the purpose to highlight the relation between
the representations of solutions for the two problems and motivate the introduction of the gen-

eralized Hilbert transform in Section 2.4.



In Section 2.4, with the help of the generalized Hilbert transform, we address the unique-
ness of harmonic functions w arising from the solutions of the ODE system on the boundary
of the general bounded domain. Specifically, we assume that (21, z3) is a solution of the ODE
system (1.3), and Hzo = z;, where H represents the generalized Hilbert transform. Under this
hypothesis, we show that there exists a unique (up to a phase) harmonic function u satisfying
|Dul?* = P and Z(|Dul?) = q on the boundary.

In Chapter 3, we introduce a numerical method for solving the non-linear boundary value
problem and present results of numerical experiments. An organizational workflow of experi-

ments mainly consists of these three steps:
e Generate the data from harmonic functions.
e Solve the ODE system.
e Use the solution of the ODE to solve the PDE.

To solve the ODE system, we use a Matlab boundary value problem solver implemented
in the function bvp4c. In order to represent the solutions z; and 25 of the ODE system as
functions of the parameter ¢ and supply them as data for the PDE problem, we scale z; and 2z,
to satisfy the condition 27 + 23 = P and then use the cubic spline interpolation with periodic
conditions (see Appendix B) to obtain continuous functions. In the last step, the PDE Toolbox
in Matlab is used to solve the PDE problem using the Finite Element Method (FEM). The
toolbox is designed to construct numerical solutions of problems on bounded domain in the
two-dimensional plane.

Three harmonic functions are considered in the examples:

o uy =y’ —a?,
o uy = 0.1(z% 4+ y?)® cos(10 tan™" (),

® Uy = Uy + U7.

We measure the error in approximating the boundary data P with the solution of the ODE

system . and u,,, namely we compute ||uZ-+uZ— P||2(5q) and estimate its rate of convergence.
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In order to estimate the error of the approximation, we tabulate the values of the error u — wu,
in the L?-norm and H'-norm for different values of the space discretization parameter. Here
u denotes the exact values of the harmonic solution on the boundary mesh points and © =
cos « - uq + sin « - vy 1s an approximate solution with u4 and v, being the solutions of Laplace’s
equation with Dirichlet boundary conditions f(f 21(0)df and fg 2(0)d6, respectively and «
being the optimal phase. We next estimate the rate of convergence in the L*-norm and H'-
norm of u — u,.

In Section 4.1, we start with a harmonic function v in R"*!, and obtain a quasilinear
equation involving Du, the tangential gradient of u, in n-dimensional hyperplanes. Specifically,

we show that Du satisfies

Du 1 oq

+ —_
VP—[Dul? 2P —|Duf?

This is a second order equation. We confirm its ellipticity by computing the eigenvalues of this

Qu = div

=0, in R" (1.4)

operator.

By Leray-Schauder Theorem, the solvability of the Dirichlet problem, Qu = 0 in (2,
u = ¢ on 05, in the space C>%((2) is thus equivalent to the solvability of the equation u = Tu
in the Banach space B = C1#(Q), where T : v — w is defined by letting v = Tv be the
unique solution in C%?(Q) of the linear Dirichlet problem. Theorem 4.3 in Section 4.1 reduces
the solvability of the Dirichlet problem to the apriori estimates in the space C**(Q) of the
solutions of a related family of problems. In practice, it is desirable to break the derivation of

the following Apriori Estimates Program into four stages:

1. Estimation of sup |u.
Q

2. Estimation of sup |Du| in terms of sup |u.
G Q

3. Estimation of sup |Du/| in terms of sup | Du| and sup |u.
Q 09 Q

4. Estimation of [Du]g.q in terms of sup | Du| and sup |u.
Q Q

We point out some challenges in applying Theorem 4.3 to the quasilinear equation (1.4)

and motivate the forthcoming regularization. The purpose of the regularization is to allow | Du|

8



to take arbitrarily large values. Given € > 0, we consider the following equation in divergence

form:
Du 1 oq
O.u = div 4o — 0, (1.5)
& (z,|Dul) 2 C(x,|Dul)
where )
 (5.1) P—|p*+elpl |p]* <P,
e\&L,P) =
o L
([p|? — P +¢p] ’
and
)
P —|p* +elp| |p|* <P,
Ce(xap) =
elp| Ip|* > P.

Notice that £.(x, p) is continuously differentiable as a function of = and p and &.(x, p) is con-
tinuous as a function of x and p. Also we note that taking the limit as € — 0 in the coefficients
& and (., we recover the operator @ in (1.4) for |p|> < P. We prove in Lemma 4.4 that the
operator (). is uniformly elliptic in €2.

We propose to study the well-posedness of the regularized quasilinear equation by follow-
ing the Apriori Estimates Program for regularized quasilinear equation (1.5) with the intention
to pass to the limit as ¢ — 0 to obtain the well-posedness of equation (1.4).

In Sections 4.6 and 4.7, we develop the structure conditions and then obtain two versions
of the maximum principle: one for the divergence form and another for the non-divergence
form. These results allow the estimation of sgp |u| in terms of s;lé) |u| and additive constants,
which is Stage 1 in the Apriori Estimates Program.

In Section 4.8, we show that if u € C?(f2) satisfies Q.u = 0 in ), then w = Dyu is a

solution of the linear elliptic equation

Using that L is strictly elliptic in €2 and has bounded coefficients, we verify the Holder estimate

AK“—KQ@

D a; <C 7K7_7
D < O, K, 55, 55



which is an estimation of [Dul,.q in terms of sup |Du| and sup |u|. The constant C' does not
Q Q
depend on ¢ and this is Stage 4 in the Apriori Estimates Program.
In Section 4.9, we impose an additional constraint on the domain {2 to satisfy an exterior

sphere condition. With this assumption, for the constant

L 2 |DP@)| | ql)
= zeg{\/ﬁ’ VP JPap 2 p(;p)s}’

we derive the estimate

lp| - A+1[b] <p-&

that holds for all (z, z, p) € QxR xR" with |p| > u. We therefore assert the boundary gradient
estimate for general domains

sup |Du| < C(n, pu, ®,0),
oN

which is an estimation of sup | Du| in terms of sup |u| with the constant C' not depending on «.
o0 Q

This is Stage 2 in the Apriori Estimates Program.

) .. .. o (min(A, A,) min(N, N
In Section 4.10, we calculate an explicit positive constant ¥ = min { ( 31 ) , (A1, X0) }

3 1
AL AP (2X,)1
on R for which the estimate

a’ (z,p)&&; = Diji(xap)&fj > vl¢f
holds. In addition, we verify that
D,A., B.=o(lp|) as|p| — oc.

We confirm that the choice of function A, insures that the operator is uniformly elliptic in €2 in
the sense that

|DpAa(.iL",p)| <

where

max (A1, A,)  max(N, \)) }

W= max{ 3 )T ;
A2 AZ(2), — 2P)1

10



is a positive constant on R. By verifying the more general condition
9(x,p) = |DeAc| + | Be| < u(1 + [pl)?,
we finally arrive at the global estimate
sgp |Du| < C(n, p, v, sgp |A(z,p)|, 08, |¢|2.0)

which is an estimation of S?Zp | Dul in terms of S;Qp | Du| and Slglzp |u|. This is Stage 3 in the
Apriori Estimates Program. We point out that unlike in the previous stages, we have not been
able to establish that bound on |Du/| in 2 is independent of ¢.

Based on the theorems we develop in the previous sections, in Section 4.11 we obtain
the apriori estimate in terms of the boundary value of Dirichlet problem for the regularized

operator.

11



Chapter 2

Backus Problem in Planar Domain

In this chapter we focus on the Backus problem with expanded data in planar domains. Suppose
Q) is a bounded simply connected domain in R? and u is a function in C%(Q) that satisfies

Au = 01n € and let

P = |Dul?,
2.1)
8 2

At each point zy € 0f), we select 7 to be the unit vector tangent to 02 at x, with the
counter-clockwise orientation, and v to be the outward pointing unit normal to 02 at x,. We
parametrize the boundary 02 by the arc length ~ : [0, 7] — OS2, here T is the period of v, so

that v(¢) = (z(t),y(t)) in coordinate form and we set

2(t) = (a(t), ()" = (u-(v(1)), u (v(1)))"

2.1 Transformation to ODE

We start by transforming the values of |Du| and | Du|?) given on the boundary into the

5

boundary data for linear problems. In the derived system of ordinary differential equations that
affords this transformation, z; and z, will play the role of unknowns.

First, we expand z in Cartesian coordinates as follows
21(t) = Vu -7 = Dula(t),y(t) - (@ (0),y/ (1) = s - 2 + 1y -y

25(t) = Vu-v = Dule(t). y(t) - (y (1), —2'(8) = u, - yf — 1, - .

12



Taking the derivatives of P = |Du|* = u? + u; with respect to z and y, we have
Py = 2(ugtyy + uylyy),

Py = 2(ugtiay + tyyy).

Using the fact that u is harmonic, we get
Uy Py — uy Py = 2(u Uy — uzuyy) = 2Puy,,

uy Py +u, Py = 2(u§uxy + Uyy) = 2Py,

or, equivalently,

1 1 1
Uggy = ﬁ(“mpm —uyPy), gy = ﬁ(ume tuehy), Uy = ﬁ(uypy —uzPy). (2.2)

Taking the derivatives of z;(¢) and z5(¢) with respect to ¢ and using (2.2), we have

Z1(t) = Uga (x')2 + u;,;yx/y/ + upx” + uwyl’,y/ + Uyy (y/)Q + uyy"
1

1
= ﬁ(u:cpﬂc - uyPy)((x/)Q - (y/)2) + — (uy P + ul’Py)x/y/ + upx” + uyy”

P

1
_(Pxxl + Pyy/) (uwml + uyyl) -

=3p Py — Pya')(upy — uyx’) + uzz” + uyy”,

1
75!
and

Zy(t) = Uga'y' + uﬂcy(y/)2 + uyy” — uzy(x/)z - uyya:/y/ - uyx”

1 1
= — 5P+ P = () + 5 (aPe = Py + wy — e
1

1
— ﬁ(ny/ — P’ ) (upx’ + uyy') + == (P’ + Py ) (uzy’ — uy’) + ugy” — uya”.

2P

We rewrite the equations for z(t) = (21(t), 22(¢))? in the vector form as follows:
2(t)=A-2(t) +b (2.3)

13



where

1 | P’ + P,y —(Py — P, - uyx” + u,y”
5P v By — Bl and b = vy (2.4)

7

A=
Py — Py’ P+ Py uy" — uyx

The next step is to rewrite (2.4) in terms of local coordinators (7, ) at each point (x, y) on

the boundary 0f2. Taking the derivatives of P with respect to 7 and v respectively, we obtain

P,=VP.-1=(P,P) («".y)y=P.-2"+ P, -y,

P,=VP-v=(P,P) (y,—a')=P,-y —P,-2".

Recognizing P, and P, as the entries of the above matrix fl, we can write it in terms of P, P,

and P, as follows:

~ 1 PT _PI/ 1 PT —q
A= — = (2.5)
If 0F) is parametrized by the arc length, we represent b in the form b = B - z with
B 1 x/x// _"_ y/y// y/x// _ x/y// 0 y,I” _ x/y//
N (33’)2 + (y’)2 x’y” _ y’a:” o'z + y/y// B l’/y” _ y/x// 0
then equation (2.3) can be rewritten in the homogeneous form
2(t) = A 2(t) (2.6)
where
L(P iL‘/+Py/) _L(P y’—Px’)—l—y’x”—a:’y”
A i+ B 2P " Y 2P Y
1 1
ﬁ(P$y/ _ Pyl,l) + 'T/y” _ y/x// ﬁ(Pxxl + Pyy/)
(2.7)

Next, we consider two special cases of {2 and compute the corresponding matrices A of

the homogeneous systems.
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Example 1. Lez Q2 be the unit disk B1(0). We parametrize the boundary 0B, (0) by x(t) = cost

and y(t) = sint, and simplify the matrix (2.7) to get

1 1 P q
P’ + P (P — Pa)—1 A |
1 1 q P, -
—(Pyy' — P’ 1 P, P, 1 —

The domain in this example will be employed in the numerical studies in Chapter 3.

Example 2. Letr Q be the half-plane R?. The boundary, i.e., x-axis can be parametrized by

x =t andy = 0. The matrix A is simplified to

1 P, P

=55 (2.9)

~P, P,

Suppose u is a solution of the PDE problem (2.1). In general, z(t) = (z(t), 22(t)) =

(ur((t)), u,(y(t))) are T-periodic if and only if

T T
/ ai(t)dt =0 and / as(t)dt = 2nm (2.10)
0 0
for some integer n, which is shown in [12], where

1 1
a; = ﬁ(Px:)s’ + P,y') and ay = ﬁ(ny/ — P’ +a'y" —ya”

are the entries in the first column of matrix A defined in (2.7).

Theorem. Given P € C'*(99), ¢ € C*(09Q), suppose (2.10) holds. Then z = (z1, 29) defined
by

= 29/ P(t) cos T)dr and z9(t) = 2o/ P(t) sin [ as(7) dr,

is a solution of (2.6).
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Proof. We will show that the expressions of z; and z» are a solution of (2.6) by direct substitu-

tion into the equations. First we note that
/P _ e%lnP _ efot %dT _ efga]_(T)dT.
Therefore,

¢ t

21(t) = zgedo g (1) - cos/ as(T) dr — z9+/ P(t) sin/ as(T) dr - as(t)
0 0

t

= ay(t) - zo\/ P(t) cos/ as(T) dr — as(t) - zo\/ P(t) sin/0 as(T) dr

[e=]

= ay (t)Zl (t) — (lg(t)ZQ(t).

Similarly,

Z(t) = zoedo @i 1n/ T) dT + 200/ P(t) cos | as(7T) dT - as(t)
t

= ay(t) - z0\/ P n/ as(T) dr + ag(t) - zo\/ P(t) cos [ as(7) dr
0

= a1 (t)29(t) + az(t)z1(1).

[e=]

Thus z is a solution of the ODE system (2.6). O

Remark. Suppose u satisfies Au = 0 in Q and (21(t), 22(t)) = (w-(y(t)), u, (y(t))). Then it

has the following averaging properties:

T T
/ 2 (t)dt =0, and / 2o(t)dt = 0. (2.11)
0 0

where T' is the period of .

The first equation is due to the fundamental theorem of line integrals and the second one
is obtained from the divergence theorem.
In the next two sections, we rewrite the well-known representation formulas for the so-

lutions of the Dirichlet and Neumann boundary value problems in the half-plane and the unit
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disk in terms of the derivatives of solutions. The purpose of these sections is to highlight the
relation between the representations of solutions for the two problems and motivate the intro-
duction of the generalized Hilbert transform in Section 2.4. A systematic study of the Dirichlet-
to-Neumann map and the Neumann-to-Dirichlet map, in the framework of linear relations in

Hilbert spaces, is presented in [4].

2.2 Linear boundary-value problems on half-plane

Suppose that u is a solution of Laplace’s equation Au = 0 with the Dirichlet boundary condi-

tion g on the half-plane R?, that is,

Au=0 inR2,

u=g on IR3 .

This solution  is given by the Poisson formula for half-plane as follows for z = (1, z5) € R%:

u(z) = ﬁ/a 9() dy. (2.12)

T Jor2 |z —yl?

For the Dirichlet boundary condition we set ¢’ = z; and, assuming that z; vanishes at

—o0, we have g(y1) = [”!_z(s) ds. Then Poisson’s formula (2.12) becomes

T3 9(y1)
u(zx) = ) R
R Yy

1 Y1
1 / 21(s) ds dy,

T el —yl? S

1

X2

S
_ T2 — _dy d
T R21(8>/5 w—yP

To compute the inside integral, we change the variable and let ;1 — y; = x5 tan6, then

|z — y|> = 23 tan 0 + 23 = 23 sec? §. We have dy; = —xy sec? 0 df and

& 1 117 /T — S
/ Lo =[5t (T
s |x yl T2 2 )

17



Thus

u(z) = /R [% + %tan1 (96136—_2%)}21(%) dyy .

1 — U
T2

1 — U
X2

Lett = tan~! ( ), which is equivalent to tant = . Taking the derivative

) dt T —
with respect to x5, we have sec? ¢ i L 5 h

1’2 x2

which implies that

dt. ri—y1 T —W 3 1=

dry  aZsec’t 2 Jr—yl2 |r—y)*

Computing the derivative of u on OR? with respect to v, we have

L 1 T~
u, () = xlzlgoum(x) = 56121%0 AT—E z1(y1) dys. (2.13)

Next we consider the Neumann problem in the half-plane. Suppose that v is a solution of

Laplace’s equation Av = 0 with the Neumann boundary condition, that is,

Av=0 inRZ%,

o _
ov

72 onJRZ.
This solution v is derived in Appendix A and given by Dini’s formula for half-plane as follows:

v(r) = —2/ P(x,y)2(y) dy (2.14)
oRZ.

where

B(r,y) = Bz — y) = 5 log(x — )

is the fundamental solution of Laplace equation so that formula (2.14) becomes

vla) = 1 [ Tog(le = yza(on) din

18



Taking the derivative of v on OR? with respect to 7, we have

: L. T =Y
orle) = Ay on () = 2 0 fe T — P

In summary, the representations of solutions of Dirichlet and Neumann problems yield

1 _
uy(z1,0) = —= lim DT h

d
T 20 Jp |z — y|? “1lyn) dys,

and

1 _
vr(21,0) = = lim L

7 A o=y )

If the solutions of the Dirichlet and Neumann problems are identical, i.e. © = v, then we must

have

zg:—lP.V./Moly7
n RL—Y

and
1
== P.V./ 2) 4
R

7 x—y

Recalling the definition of Hilbert transform

Hf(x) = 1 P.V. ) dy,

m RT Y

we can write these relations as
%Zl = —Z9 and HZQ = Z1.

This connection gives us a motivation to use Hilbert transform to connect z; and 25 as a condi-

tion for the existence and uniqueness of the solution.

2.3 Linear boundary-value problems on unit disk

In this section, we follow the same calculations as in the previous section to obtain the results

on unit disk. Suppose that v is a solution of Laplace’s equation Av = 0 with the Neumann
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boundary condition on the unit ball B;(0), that is

Av=0 in B(0),

v
% = Z9 on 8B1(O)

The solution is given by Dini’s formula for the unit ball

e pa— / log(|z — y)g(y) dS(y). 2.16)
8B4 (0)

™

The derivation of this formula also appears in Appendix A where = (1, x2) = (pcos @, psin )

is an arbitrary point in the unit disk (0 < p < 1) and y = (y1,y2) = (cost,sint) is a point on

(T2, —11)

the unit circle. Moreover, w = 7]
T

is a unit vector orthogonal to the vector connecting
the origin and the point .

P . — . .
Suppose Z(Z1,Z2) is a point on the vector w, then 2z = cw where c is a scalar, which

implies
1
(T1— 11,09 — x9) = m(twm —twy),
and then
i’lzilfl—i-tﬂ and IEQZIEQ—tﬂ.
|z |z
Taking the derivative of v with respect to 7, we have
Do(z) - w = i V&) —v(@)
t—0 t|w|
.1 log(|z — y|) — log(|z —
L g(|z — yl) —log(] y\)ZQ(y) dS(y)
=07 Jap, (0) t{wl
2 2
T2 T
(orion)'s (o)
! S N LR CORTA
— lim — / L0 2 b 22(y) dS(y)
t—0 27T 0B1(0) t‘W|
2 2
T2 I
(roion)'s oo
1 i wi o)
_ 1 lim S Uil e 22(y) dS(y)
21 JoB, (0) 10 t|w|
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p (BT oy (Tay2 =Ty
ER EwA

t

ot <$?+$5) 49 <M)
Bk 2]

1 . {bg [1 * (1 —y1)* + (22 — yo)?

=0 o2 (T + T5 Lo T1Y2 — Tl
|| 7]
(1 —y1)? + (v2 — 2)?

1 T -z
_ ! / T =TV ) dS(y)
T JoB(0) 2] - [z =y

next, we parametrize the boundary 0B;(0) by angle 6 to obtain

1 [ 1 psin(0 —t)
D W= —— — t) dt
o) w w/o 2+ 1= 2pcos(o— 1) 21 %

in the Principal Value sense. Letting p — 1, we have

, 1 [ 0—t
v-(0) = lim Dv(z) - w = —%/0 cot (T) 2o(t) dt.

|z|—1

_ 1 im (1 —y1)* + (w2 — y2)? .
B ,A&mﬁ [ 1+ 3 >] )

2.17)

(2.18)

The integral in formula (2.18) is in the principal value sense and it represents the Hilbert trans-

form H on the unit circle of z, [19]. If the solutions of the Dirichlet and Neumann problems

are identical, then the relation in (2.18) can be written as Hz, = z;. Similarly, starting with

a solution of Laplace’s equation with the Dirichlet boundary condition, we verify the relation

Hzl = —Z29.

2.4 Generalized Hilbert Transform and the Main Result

We start by extending the notion of Hilbert transform to the general domain. Suppose that 2 is

an arbitrary C?“ bounded domain in R2. According to the standard elliptic theory [11], given

f € CY(Q), there exists a unique solution v € C>(Q) of the following Dirichlet boundary
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value problem for the Laplace equation:

Au=0 in Q,

u= [y f(s)ds on o,

We define the generalized Hilbert transform H: C*(9Q) — C1*(99) by setting

_ Ou

Hf—g.

(2.19)

The main result of this section is the following existence and uniqueness theorem for the

Backus problem with expanded data on bounded planar domain.

Theorem. Suppose P € C1*(00), g € C*(0N). Let 2 = (21, z3) be a solution of the ODE
system (2.6) where A is given by (2.7). Suppose that 3 (ty) + z3(to) = P(to) for some to. In
addition, assume that Hz, = —zo, where H is the generalized Hilbert transform (2.19) on 0.

Then there exists a unique (up to a phase) function u that is harmonic in ) and such that
2 9 2
|Du|* = P and a—]Du| =q on 0N.
v

Proof. Let u be the unique solution of Laplace’s equation with Dirichlet boundary condition

generated by z1,

Au =0 in €2
(2.20)
u=— fot z1(s)ds  on O9.
By construction u, = z; on 0f2 and, based on the assumption Hz; = —z29, we have u,, = 25 on
00, Let w(t) = 23(t) + 235(t) for t € [0, T). Then, from (2.7), we get
. . . ) 2 P (t)
W(t) =221 (t)Z1(t) + 229(t) 22(t) = 2a1(t)z1(t)” + 2a1(t)22(t)” = 2a;1(t)w(t) = w(t) - P
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This is a separable ODE for w. Combining with the initial condition P(ty) = 23 (to) + 23(to),

we have

|Dul® = u2(t) + ul(t) = 27(t) + 23(t) = P(t) ondB,(0) fort € [0,27].

Taking the derivatives of u, with respect to 7 and v, we have

Upy  Ugy x
/ / 12 /1 12
Urr = ($ 7?/) : = Uge T~ + 2U;,;yl’ Yy + UyyY
/
Uzy Uy Y
Upy U Y
’o Tz Yy 11 2 2 10
UTV_(w7y> = Uz LY +uxyy — Ugyl ~ — UyyT Y -
/
Ugy  Uyy -
Then
: . / / 2 /! /2 1 ! " /!
21 = Ur = %(uxl‘ +uyy ) = Uz~ + 2U$y$ Y F Uy ™+ UT FUYYT = Upr + U+ UyY
Similarly,
-_~_d / no__ 10 2 2 1 " "
Zo = Uy, = %(uzy — Uy®") = U 'Y + Uy Y™ — Uy — Uy 'y = ury — uyr” + uyy”.

Solving for w,, and u,,, we get

J— PT
Urr op 21 2P 22,
Uru—ﬁ'zl—Fﬁ 22,
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and therefore

a 2 _ g 2 2

= 2Ur Uz + 2Uy Uy,

= 2UrUry — 2UpUrr

P, P,
:221(%‘214‘@'22) —222(—-21—1'22)

Hence the solution u of (2.20) is the desired solution of the Backus problem with expanded

data. The uniqueness follows from well-posedness of the Dirichlet problem.
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Chapter 3

Numerical Studies

In this chapter, we report on the results of some numerical experiments with the goal to cor-
roborate our well-posedness result in 2D. An organizational workflow of experiments mainly

consists of the following three steps:
e Generate the data from harmonic functions.
e Solve the ODE system (2.6).
e Use the solution of the ODE to solve the PDE.

We use Matlab, specifically the Boundary Value Problem solver for ordinary differential
equations and the Partial Differential Equation Toolbox to complete the task.

The domain §2 being considered in this chapter is the unit disk B;(0). To solve the
system of ordinary differential equations, the function bvp4c with periodic boundary con-
ditions may be considered as an alternative to dsolve. The former one has the function call
bvpdc (odefun, bcfun, solinit) where odefun is a handle for the function that
evaluates the right-hand side of the differential equations that is obtained from equation (2.6)
and matrix A is defined in (2.7); bcfun is a handle for the function that computes the resid-
ual in the boundary conditions and, in our experiment, we enforce the periodicity of solutions,
that is, we require that z1(0) — z1(27) = 0 and 25(0) — z3(27) = 0; solinit is a structure
containing the initial guess for a solution and we choose the constant values z; = 1 and 29 = 0.

In order to represent the solutions z; and 2 of the ODE system as functions of the angle ¢

and supply them as data for the PDE problem, we first scale z; and 25 to satisfy the condition
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22+ z5 = P and then use the cubic spline interpolation with periodic conditions. Suppose s;(t)
is a cubic polynomial interpolation in each of the subintervals [t;, ¢;11]. The conditions to be

satisfied by the cubic spline s;(t) are as follows:

Si(tiy1) = s (tigr), i=0,...n =2,
7 (tip1) = S;,_|_1(ti+1)7 1=0,...n—2,

with two more conditions sy (to) = s,_,(t,) and s (to) = s _,(t,) arising from the periodicity.
The details of the construction are provided in Appendix B.

In the next step, the Partial Differential Equation Toolbox uses the Finite Element Method
(FEM) for problems defined on bounded domain in the two-dimensional plane with the equa-
tion in divergence form —V - (¢Vu) + au = f. In the Finite Element Method, a complicated
geometry of an arbitrary smooth domain is approximated by a collection of subdomains by gen-
erating a mesh. For instance, we can approximate the computational domain {2 with the union
of triangles. The main idea in the Finite Element Method is to convert the original differential
(strong) form of PDE

—V - (cVu)+au=f

into an integral (weak) form

/((CVU) Vv + auv — fo)dr — / (—qu + g)vds = 0,
Q o9

where v € C} () is an arbitrary test function, and replace the infinite-dimensional linear prob-
lem with a finite-dimensional version by taking the finite-dimensional subspace to be a space

of piecewise polynomial functions, that is, expand u in a basis of elements ¢1, ¢o, ..., PN as
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follows

u(w) = > Vo)

and obtain the equations

i (/Q((CV%)V@M@@MH/

J=1 o

that hold for ¢ = 1,2, ..., N. Using the notations
i — / (cV;) - Vésda,
Q

M, = / abitndz, Qi — / 165 uds,
Q o0

Fz':/f@dﬂ?, G = goidz,
Q

o

we rewrite the system in the matrix form

(K+M+Q)U=F+G.

. Q¢j¢z’d5> U; = /Qfﬁbzdx + /69 goid.

3.1)

(3.2)

(3.3)

We can apply this algorithm to solve the Dirichlet and Neumann boundary value problems.

However, the finite element matrix for the Neumann problem is close to singular. We there-

fore add the condition fQ Uy, AT = fQ ug dz to the finite element matrix to resolve the non-

uniqueness, where u,, and u, are solutions of Laplace’s equation with Neumann and Dirichlet

boundary conditions z; and |, z(6)d6.

Now we describe the results of numerical experiments. We consider three harmonic func-

tions
o uy = y? — 12,

o up = 0.1(z* 4+ y*)® cos(10 tan~' (),

® Uy = Uy + U7.
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The function ug is a harmonic polynomial of order 2 with unit magnitude; u; is the real part of
a complex analytic function z'0 with the magnitude one order less than that of u, and relatively
high frequency oscillations; u; models the combination of the background field of v, and the
perturbation of u;.

The boundary values P = |Du|? and ¢ = 2 |Dul? of such three functions are computed

explicitly as follows:

u | ug=y*—a® | up = 0.1(z* + y*)® cos(10 tan" (¥))

P 4 1

q 0 18

U Ug = U + Uy

P | 5—4{(z* — y*) cos(10tan*(¥)) + 2y sin(10 tan~*(£))}

q | 26 — 40{(x* — y?) cos(10tan""(¥)) + 2zysin(10 tan~'(£))}

In numerical experiments, P and ¢ on the boundary are computed numerically.

In order to estimate the error of the approximation, we compare u — 1, in the L?(Q)-norm
and H'(Q)-norm where v, denotes the exact values of the harmonic solution on the boundary
mesh points and © = cos « - ug + sin « - vy 1S an estimation, where u, and v, are solutions of
Laplace’s equation with Dirichlet boundary conditions fg 21(0)df and fot 29(0)d0, respectively
and « is the optimal phase which is described later.

The L?(2)-norm of a function v in the form (3.1) can be computed as follows,

Z?]

lullZ = /Q u(z)[*dz = /Q D Uidn(@)dz =3 (0u(x), 6;(@))Uil; = U MU,

where M = (¢;(z), ¢;(x)) = [, di(x)¢;(x) dx is the mass matrix.
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Similarly, the H'(Q)-norm of such function u can be represented as follows,

ullzn = [IVullz2 + [[ullz> = /Q(IW| + |u(@)]")dz
:/Q[ZUiV@(x)]Q"’[Z Ui@(f’@)]QdﬂU
= Z Voi(x), Vo (@) Uil + D _{6i(x), 65(2)) Uil

= U (K + M)U,

where K = (V¢;(z), Vo;(x)) = |, Véi(2)Vo;(x)dx is the stiffness matrix.

In particular, the error estimates take the form

to\»—t

[l — el |2 = [(u = ue) "M (u = ue)]?,

and

VI

[l — el & [(u = ue) " (K + M) (u—ue)]2.

We note that the solution of (2.1) is not unique due to an additive constant and an arbitrary
constant phase. We apply vertical and phase shifts to u before evaluating the error.

In order to determine the additive constant, we ensure that f B1(0) ugdx = f B1(0) U dx
and [ (o) Vadz = s, (0) Uedx by shifting uq and vy vertically. Suppose that 5, (0) UedT =

i) B1(0) (uq + c¢)dx, then the additive constant c is calculated as follows

. S (e —ua)dz (1 1T M(ue — ug)

Jplde (L. DTM(L,. 1)

Similarly, if fBl(O) Uedr = fBl (0)(vd + d)dz, we have

d— fBl(O)(ue - vd)d:c _ <1’ e 1>TM(ue — v))
 Jeelde (L DML 1)

We update uy and v, with ug + ¢ and vy + d, respectively.
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To match the phases for u and u., we optimize the phase of u by minimizing the L?()-
norm of the difference (cos« - ug + sin« - vg) — u, with respect to « in the interval [—7, 7].
For calculated local minimizer o, we update u = cos « - ug + sin « - v4. In Table 3.1, we list

the L%(2)-norms and H'(2)-norms of the three test functions u, in the approximation by w.

Table 3.1: Approximation errors in L*(Q) and H'(Q)

Ug Ul U2
Hyaw | LP(9) H'() L}(Q) H'(Q) L*(Q) H'(Q)
0.1 [435-10°*[1.05-1079% ] 1.05-1079% [ 4.92-1079%2 | 6.60 - 107 | 2.42 .10~
0.05 |1.18-107%]6.02-107% | 1.16-107% | 9.37-1079 | 1.66 - 10792 | 6.75 - 10792
0.025 | 2.77-107% [ 2.86-1079 [ 4.55-1079 [ 4.18-107% [ 3.38 - 10793 [ 1.61 - 1072
0.0125 [ 7.70-107% [ 1.47-1079 [ 1.29-10"% | 2.26- 1079 | 1.48- 1079 | 2.69- 10703

With the decreasing mesh size, L*(2)-norms and H'(2)-norms become smaller and L?-

norms deceases much faster than H'-norms. Notice that the error of function u; is significant

when the mesh size is relatively large.

Next, we estimate the rate of convergence v for L?-norm and H'-norm of u — u,.. Assume

that the norm satisfies the relation

llu — te||r2 or t = C+ (Hpaz)?-

(3.4)

for some constants C' and . To estimate -y, we take the natural logarithm on both sides in (3.4)

to get

log ||u - ue||L2 or HT ~ IOgC +- logHmaa:

Setting y = log ||u — uc||, z = log Hynae Bo

log C' and 8, = =, we recover y using

linear regression for

y:ﬁo+51‘$+67

where ¢ is the error term.
Starting with a set of 4 observed values of x and y given by (x1,41), (z2,v2), (z3,93)

and (x4,74). Using the simple linear regression relation, these values form a system of linear
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equations and represent these equations in matrix form as

-?Jl- -1 901-
Y21 |1 2 . Bo
Y3 I a3 b
| Ya | |1 2]
-yl- -1 $1-
LetY = V2 , X = Lo , B = bo . The relation becomes Y = X B.
Ys L a3 b
Ya L ay

In Matlab, we computé B us_ing the m1divide operator as B = X\Y. The estimate of
parameter -y is the second element in vector B. The estimated rates of convergence ~y for the

L?-norm and H'-normof u — u, are summarized in Table 3.2.

Table 3.2: Rates of convergence in L?(992) and H*(92)

Y Uo Uy U9
L2(09) | 1.9549 | 3.3662 | 4.8629
H'(09Q) | 0.9558 | 1.4489 | 3.1510

The graphs in Figure 3.1 are log-log plots where mesh size is on the horizontal axis, the
error is on vertical axis, and the slopes correspond to the rate of convergence. The slopes are

greater for L?-norm than H'-norm.

Table 3.3: Approximation errors in L?(99))

Hmaa} Ug Uy Uz

0.1 |4.0021-107% | 2.0656 - 1079 | 8.2328 - 10~
0.05 | 6.5553-107% [ 1.9216-107°2 | 1.0405 - 10!
0.025 | 4.8555-107°7 | 5.4880 - 10~%* | 4.3205 - 10772
0.0125 | 3.6481 - 10797 | 7.9137- 10" | 7.9447 - 10~
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L%(2) and H'(0) Errors in U,

L2() and H'(©) Errors in u,

L%(2) and H'(©) Errors in u,

Figure 3.1: Linear regression on errors and mesh size
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We also measure the error in approximating the boundary data P with the solution of the
ODE system u, and u,, namely, we compute ||[uZ + u? — P||12(s0) and estimate the rate of

convergence for this norm.

Table 3.4: Rate of convergence in L*(09)

B Ug Uy U2
Huz + u,% — pHLz(ag) 3.4053 | 3.9180 | 6.1217

We note that, as expected, the solution of the ODE system is close to the boundary data P,

especially with relatively small mesh size.
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Chapter 4

Quasilinear Elliptic PDE for Backus Problem in Higher Dimension

4.1 Dimension Reduction

In this section, we derive an equation involving Du, the tangential gradient of , in n-dimensional

hyperplanes. Suppose
u e C*(RY) satisfies Au=0 in R}
Denote by A}, the Laplace operator in R¥, namely, let

k
Aku:ZDjju, kE=n,n+1.

Jj=1

We also denote

Au = Ayu,

so that the Laplace equation in R""! becomes
An+1u = Au + Dn+1,n+1u = 0.
Write [Dul? = 377 | (Dju)? and let

P := |Dul? + (Dy11u)* 4.1)
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Taking partial derivatives with respect to x; in equation (4.1), we obtain

2DjuD,~ju + 2Dn+1an+17iu = DZP7 1= 1, e, Ny
2DiUDi,n+1u + 2Dn+IUDn+1,n+1u = Dn+1P =4,
where, here and throughout, the summation from 1 to n is assumed for repeated indices.

Multiplying the last equation by D,, ;1 and replacing in it the terms involving the partial

derivative with respect to z, 1, we arrive at
Du(D;P — 2DjuD;ju) + 2(P — |Dul?*)(—Au) = gD, 1u.
Rearranging the terms further, we obtain

1
(P — |Dul*)Au + DyuDjuD;ju — §DiPDZ-u + gO'\/P — |Dul>=0 4.2)

where o = sign D, ju. Note that this equation involves explicitly only the partial derivatives
with respect to zq, ..., x,.

We can transform (4.2) to the divergence form of this equation in R":

D 1
Qu = div I (Y (4.3)

VP—1|Dul? 2P —|Dul?

Note that the left hand side of this equation is defined only when | Du|? < P.

4.2 Legendre Transform

We investigate the equation (4.2) in the case when n = 2 with a technique called Legendre
transform. This technique is used to convert quasilinear systems of PDE into linear systems,
by reversing the roles of the dependent and independent variables.

Assume that in region  C R?, we can invert the relations

p1 = Ux1($1,$2), D2 = U;zz(fl,@),
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to solve for

Xy = 371(2917192), To = xz(p1,p2).

Define

v(p) =x-p— u(x(p)),

where x = (21, x5) and p = (p1, p2). Upon substituting into the equation (4.2), we arrive at

(P - p% - pg) JVpops — 2P1D2J Vppy + (P - p% - pg) JUpypy

1 1
— 5Pyt — 5P+ gm [P—p2—p2=0. (44)

The detailed derivation of equation (4.4) appears in Appendix B.
Equation (4.4) is non-linear because of the presence of J = 4, Ug,q, —u? . . In addition,
the boundary conditions are not easily transformed by this technique. For these reasons, the

Legendre transform approach is not pursued further in this dissertation but we state equation

(4.4) for the record.

4.3 Definitions

In this section, we recall the ellipticity of second order, quasilinear equations of the form Qu =
0 where

Qu = a"(x,u, Du)Djju + b(x, u, Du), (4.5)

and x = (x1,...,2,) is contained in a domain 2 of R", n > 2. The coefficients of ), namely
the functions a(z, z, p) and b(x, z, p) are assumed to be defined in Z C Q x R x R™. We

recall the following definitions:

Definitions [11, p.259]. Let % be a subset of Q) xR xR™. Denote by A the maximum eigenvalue

of [a” (x, z, p)] and by \ the minimum eigenvalue of [a" (x, z, p)].

o The operator Q is elliptic in % if the coefficient matrix [a* (xz, z,p)] is positive definite

forall (z,z,p) € %.

o The operator () is uniformly elliptic in % if A/ is bounded in % .
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o If Q is elliptic (uniformly elliptic) in the whole set {2 x R x R", then we say that () is

elliptic (uniformly elliptic) in €.

4.4 Leray-Schauder Estimates

In this section, we recall how the solvability of the classical Dirichlet problem for quasilinear
equations is reduced to the establishment of certain apriori estimates for solutions. This re-
duction is achieved through the application of topological fixed point theorems in appropriate
function spaces.

The Brouwer fixed point theorem can be extended to infinite dimensional spaces with

primarily applications in Banach spaces as follows:

Theorem 4.1 (Schauder Fixed Point Theorem) [11, p.279]. Let G be a closed convex set in
a Banach space B and let T be a continuous mapping of G into itself such that the image T'G is

precompact. Then T has a fixed point.
For later purposes we note the following extension of Theorem 4.1.

Theorem 4.2 (Schaefer’s Fixed Point Theorem) [11, p.280]. Let T be a compact mapping of

a Banach space B into itself, and suppose there exists a constant M such that

||zlls < M

forall x € B and o € |0, 1] satisfying x = oTx. Then'T has a fixed point.

In order to apply Theorem 4.2 to the Dirichlet problem for quasilinear equations, we fix a
number 3 € (0, 1) and take the Banach space B to be the Holder space C**(Q). Let Q be the
operator given by (4.5) and @ is elliptic in Q. We also assume, for some o € (0, 1), that the
coefficients a”/, b € C*(Q) x R x R™), that the boundary 952 is of class C*¢, and ¢ € C>*(Q).
For all v € C1#(Q), the operator T : v — u is defined by letting u = T'v be the unique solution

in C%*%(Q)) of the linear Dirichlet problem,

aij(x, v, Dv)Djju+ b(x,v,Dv) =0in ), u = ¢ on J). (4.6)
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The solvability of the Dirichlet problem, Qu = 0in £, u = ¢ on 91, in the space C*>%(Q)
is thus equivalent to the solvability of the equation u = T'u in the Banach space B = C1#(Q).

The equation v = ¢T'u in B is equivalent to the Dirichlet problem
Qou = a”(z,u, Du)Diju + ob(z,u, Du) =0inQ, u = ¢ on JQ. 4.7

By applying Theorem 4.2, we arrive at the following criterion for existence.

Theorem 4.3 [11, p.281]. Let () be a bounded domain in R™ and suppose that () is elliptic in
Q with coefficients a”, b € C’a(Q XRxR"),0<a<1 Lt dQ € C** and ¢ € C*“. Then,
if for some 3 > 0 there exists a constant M, independent of u and o, such that every C** ()

solution of the Dirichlet problems, Q,u = 0inQ, u = o¢ on 9, 0 < o < 1, satisfies
[ullcre@) < M,

it follows that the Dirichlet problems, Qu = 0 in Q, u = ¢ on %), is solvable in C**(Q).

Theorem 4.3 reduces the solvability of the Dirichlet problem Qu = 0 in §2, u = ¢ on 02
to the apriori estimates in the space C'**(Q) of the solutions of a related family of problems. In
practice it is desirable to break the derivation of the apriori estimates into four stages:

Apriori Estimates Program
1. Estimation of sup |u|;
Q

2. Estimation of sup |Du/| in terms of sup |ul;
B Q

3. Estimation of sup |Du| in terms of sup |Du| and sup |ul;
Q ) Q

4. Estimation of [Du]g.q in terms of sup | Du| and sup |u.
0 Q

We will consider these stages starting from Section 4.6 and establish the apriori estimates for a

family of operators that approximate (4.3) and constitute its regularization.
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4.5 Regularized Quasilinear Operator

The standard approach summarized in Theorem 4.2 is not applicable to the quasilinear operator
defined in (4.3). For this operator, the admissible set is constrained by the domain of definition
of the coefficients. Namely, the function u, for which the operator is defined, must have values

(x,u(x), Du(z)) in the set
U = {(z,z,p) €AxRxR": P(x) > |p|*}.

The set % is not a linear space. Moreover, the operator 7' : v — u where u is defined as the
solution of (4.6) is expected to map %/ into itself. We see that this is not the case, at least for

arbitrary chosen data in the following example.

Example. Letn =1, P =1, 0 = 1 and ¢ = 16 cos x. Then (4.6) becomes

Uze (1 — vi) + vium +8cosxy/1 —v2 = uy, +8coszy/1 —v2=0. 4.8)

Notice that for v = sinx € %, the solution of (4.8) is given by u = sin 2x. However, we note

thatu & % .

In view of this example and the degeneracy of equation (4.3), we recognize the need to
regularize the problem and construct approximate solutions. The idea is that in an appropriate
regime, the approximate solutions will converge to the solution of equation (4.3).

Thus we seek to preform the stages outlined in the Apriori Estimates Program for the reg-
ularized problem and amend the Program with an additional step of showing the convergence
of the approximate solutions. We propose to study the following regularized form of (4.3).
The purpose of this regularization is to expand the set of admissible functions u in equation
(4.3) and include functions with arbitrarily large values of |Du|. Let ¢ > 0 and consider the

following equation in divergence form:

Du oq

. 1
Qeu = div £6<x’ |Du|) + §<E(£B7 |DU,|)

=0, 4.9)
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where
4

(2. P—1p|*+elp| |pf* <P, ‘o
e\&L,P) = ( . )
Tl e p
LIp|2 — P +¢lp|
and
4
P—|p|*+elp| |pf* <P,
C(z,p) = (4.11)
elp| Ip|* > P.

Notice that £ (x, p) is continuously differentiable as a function of = and p and (.(x, p) is

continuous as a function of x and p. Indeed,

2
Ot(w,p) _ | Pt P < P,

or &2|p|2D, P
(Ip[* = P +€[p])?

p|* > P.

_ 2 <
— . = 3152 — 23| P
o 2P
(Ip[* = P +¢lpl)
Therefore
lim 0% =D,P= lim 86&,
lpl2—»P~ Ox pl2—P+ Ox
O€. &
lim § —c—2V/P= lim § ,
lpl2—P- Op lp|2—P+ Op
and

lim (. =¢vP= lim (.
p|2—P~ |p|2— P+

We note that taking the limit as ¢ — 0 in the coefficients £, and (., we recover the unregularized

operator @ in (4.3) for |p|* < P.
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The corresponding non-divergence form of (4.3) is as follows:

If | Dul? < P,

3

P —|Dul? +¢|D )A (1—
(P~ IDuf* + elDul ) du + 2[Dul

) DZUD]U,D”U

1
— 5DiPDuu+ %a\/P “|Dul? +¢[Du[ =0 (4.12)

If | Duf? > P,

eP &2

<|Du]2 — P+ €|Du]) -e|Du| - Au + (|D_u| -5

) DZUDJUD”U

1
— 5DiP <[ Du] - Dyu + ga -e|Du| - /[Dul> — P+ ¢|Du| =0 (4.13)

Lemma 4.4. The operator (). defined as (4.12) and (4.13) is uniformly elliptic in Q) with

\ min{P — [p|* + ¢|p|, P + 3¢|p|} Ip)?> < P,
min{(|p|* — P +¢lp|) - elpl. elp® + L%|p|*}  |p|* > P,

and
\ max{P — [p|*> + ¢|p|, P + 3¢|p|} p|* < P,

max{(|p|* — P +¢|p|) - elpl, elp|® + 3|p|*} |p|* > P,

Proof. We first identify the coefficients of (). as follows:

We compute for |p|? < P,

i €
() = 0 (P = ol + elpl) + (1= 5 )i

and

1 q
be(w,p) = =5 DiP - pi + 50\/13 — [p|* + €lp).
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We compute for |p|* > P,

y eP &
a(x,p) = 0y - (|p|2 - P+ €|p|> -elp| + <H - 5)1% - Dj,

and

1 q
be(w,p) = =5 DiP - lp| - pi + S0 - €lp| - VIpl? = P +¢lpl.

We claim that the eigenvalues of matrix A = [a¥ (z, p)], when |p|* < P, are given by
9 1
AM=-=XN_1=P—|p|®+¢|p| and )\n:P+§5|p|

and the corresponding eigenvectors are

L L L P
_Pb2 _bs _bn Pn
y4 b1 P P2
1 0 0 Pn
V1 = 0 , Uy = 1 ) ey Up—1 = O y Un =
Pn—1
Pn
0 0 1
L i L i B i i 1 |
Moreover, .
A PAgel A P—pf +elpl
AN P—|p2+e¢ PN 1 ’
] p| P+ §€|p|

A
and 3 is bounded in either case.

On the other hand, when |p|? > P, we claim the eigenvalues of matrix A are

1
M=-=X\_q = <|p|2 - P+ €|p|> -glp| and N, = ¢|p|® + 552|p|2
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and the corresponding eigenvectors are

L L L P
_b2 _bs _bn Pn
b1 h Y4 P2
1 0 0 Pn
U1 = 0 3 Uy = 1 9y ey Up—1 = O ) Up =
Pn—1
Pn
0 0 1
L J L J | J _ 1 _
In addition,
2 3, 1 9 1
(b= P+elpl) el p  elpP 45
— = or = 2

1 N )
elpl? + Ze2lpl? A (1P = P elpl) <l

A
and 3 is bounded above by 1 in both cases.

To verify that these are indeed eigenvalues and eigenfunctions of matrix A with p =

(p1, .. ,Dn), We write
b2 D3 _Pn P1]
1 0 0o P2
Pn
E=lv v oooovar =] 4 1 g P
Pn
| 0 0o . 1 1]
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The diagonal of matrix D;, i = 1,2 consist of the eigenvalues of A. For |p|> < P,

For |p|”

S
I

P —|p|* + elp] 0
0 P — |p* +€lp|
D1 —
0 0 .. P—
0 0
> P,
(Ipf> = P+ &lpl) - =lp) 0
0 (Ipf2 = P+ elpl) - =lp|
0 0
0 0

Next, we compute

E'Dl =

and

E'.D2 ==

[ P P
—(P=lpl2+elpl) - 2 (P ol +elpl) - 22
Y41 P1
P —Ip]* +elpl 0
0 P —|p]* +e¢lpl
0 0

44

p2 P3
—(Ip? = P+elpl) -elpl - 22 (Il = P+elpl) - elpl - 2
p1 P1
(Ipl? = P +elpl) - <lp| 0
0 (Ipl? = P+ <lpl) - lp
0 0

0 0
0 0
p|* + elp| 0
1
0 P+ —¢|p|
2~
0 0
0 0
(Ipf> = P+ &lpl) - =lp) 0
1
0 elpl® + 5%Ipl*

Pn 1 P17
—(P =P +elpl) -2 (Pt gelpl) -
D1 2 DPn
1
0 (P + f€|p|) Pz
2 Pn
1 ;
0 (P + f€|p|> s
2 Pn
) 1
P — |p|* + ¢[p| P+ 5elp|

P 1 P17
—(Ipl? = P+elpl) -elpl - 2= (elpl® + Se2pl?) - 2
p1 2 P
1 P2
0 (elpl?® + S=21pl?) - 22
2 p

1
0 (elpl® + 5<2IpI) - 22
2 p

. 1
(Il = P+<lpl) - =lp| elpl? + 5<2Ipl?




Moreover, we have

i D2 D3 DPn 1 pl-
—(P=lpl+elpl) - 22 —(P=lpP+elpl) - 22 (P lpltelpl) 2 (Pt gelpl) 2
P1 P1 p1 2 Pn
1
P —Ip|> +elp| 0 0 <p+,€‘p|>.pi
2 Pn
A-E = 1 D3
1 0 P —|p? +elp) 0 (P+ 5e\p|) s
Pn
9 1
i 0 0 . P — |p|* + ¢|p| P+ §5|p\ |
and
[ (2 . P2 (2 . . p3 (1512 _ . . Pn 31 o 9\ P1]
(Il = P elpl) -elpl - 72 = (pl? = Pclpl) elpl - %o = (1l = Pelpl) elpl - (<lpl? + 5<% lpl?)
1
(Ipl? = P+elpl) - <lp| 0 0 (elpP + Se2Ipl?) - 22
— 1
Ay E = 0 (\p|2 -P+ e|p\> ~elpl 0 (E\JDI3 + 562\pl2> C=
1
I 0 0 o (IpP =P telpl) - <lpl elpl? + 5<%l
so that

A-E=FE-D;, i=12

This identity confirms that the columns of E are the eigenvectors of A and with corresponding
eigenvalues of the diagonal of D. Since all those eigenvalues are positive and % is bounded,

the operator (). is uniformly elliptic in €.

Corollary 4.5. The operator () defined in (4.3) is elliptic in

U ={(x,z,p) e QxR xR": P(x) > |p[2},

but not uniformly ellptic.
Proof. By taking the limit as ¢ — 0 in the coefficients &. and (. of the operator ()., we conclude
that the eigenvalues of A are

)\I:>\1:"':)\n_1:P—|p|2, and A:/\n:P
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A P
Since A > 0, @ is elliptic in %, but N P—||2 1s not guaranteed to be bounded. [
—p

4.6 Comparison and Maximum Principles for Divergence Form

In this sections, we pursue the estimates of solutions of ().« = 0 using the divergence structure
of this operator per Stage 1 in the Apriori Estimates Program.
Recall that the operator () is of divergence form if there exists a differentiable vector

function A(x, z,p) = (A'(x,2,p), -+, A"(x, 2, p)) and a scalar function B(z, z, p) such that
Qu = div A(x,u, Du) + B(z,u, Du), foru € C*(Q). (4.14)

Furthermore, a function u, weakly differentiable in €2, satisfies Qu > 0 (= 0, < 0) in Q if

the functions A%(x, u, Du), B(z,u, Du) are locally integrable in 2 and
Qu,p) = /[A(x,u, Du) - Dy — B(z,u, Du) - ¢] de < 0 (=0, >0) (4.15)
Q

for all non-negative ¢ € C().

The divergence form of the quasilinear operator (). in (4.9) is written out explicitly as

follows:
Q-u = div A (z, Du) + B.(x,Du) =0
where p
P p|? < P,
VP = Ip]* +<lp|
A (x,p) = (4.16)
. 2_p
p-/Ip] + e[p| PP > P
\ elp|
and
1 oq 9
s p S P7
2 P —|p|> +€p| I
B.(x,p) = (4.17)
1 oq 9
-2 P> P
22l P

‘We notice that
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e As shown in Section 4.5, A is continuously differentiable with respect to p,
e A. is independent of z,
e B., being independent of z, is non-increasing in z for fixed (z, p) € Q x R™.

These observations allows us to conclude the following theorem that requires that the first

condition and any one of the second or third conditions are satisfied.

Theorem 4.6 (Comparison Principle) [11, p.268]. Suppose u, v € C'(Q) satisfy Q.u > 0,

Qv < 0inQand u < von IS Then it follows that v < v in €.

The comparison principle, Theorem 4.6, was proved in [28]. Certain structure conditions
are essential for establishing the maximum principle for equation in divergence form. The first

condition takes the form

( 2
bl pper
VP = [p]* + €lp]
pA(:B7p) = Z |p|O¢_aa’ (418)
2—P+e
VT =Py
\ €
. pl?
r € Q,p € R”for some o > 1, a > 0. For |[p|* < P, the infimum of
VP = [p]* + €lp]

[p[* S
VP —IpP +elpl — VP
first case in (4.18) holds if a = sup v/ P(x).

N
On the other hand, for |p|? > P,

attained at |p|> = 0, which yields

. Therefore the inequality for the

3
plVIpl? = P +elpl _ IplVelpl _ Ipl2 NI
> > |p|>

£ 5 NG

Hence the inequality for the second case in (4.18) holds if a > 0, a = % ande < 1.
Combing the two cases, (4.18) holds if a = sup\/P(z) and @ = 2. For the sake of
€
Lemma 4.7 and Theorem 4.8 below, we note that o > 1.
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The second structure condition is as follows:

1 oq
o ) |p|2 <P
2P — |p* +¢lp|
B(xz,p) signz = A (4.19)
1 oq
ST pl* > P
( 2¢lp|
9 . 1 oq : .
x € Q,p € R". For |p|* < P, the supremum of B(x,p) signz = PR is attained
— P glp
at either |p|? = 0 or [p|*> = P, that is,
1 q 1 1 q 1
——=<b d - <b
op =" MLm=
1 ¢ (z
here b = -
WheTE iﬁg{w? (@) 452P }
1o
For |p|? > P, the supremum of B(z, p) signz = §|_q‘ is attained at |p|* = P, that is,
ep
1 q 1
_ < bg)
2e/P

1 q(x)
whereb—ilelg{4€2p( )}

1¢? 1 2
Hence the inequality (4.19) holds if b = ilelg 1 ]%2((2)) ¥ ggg()x)

Once the structure conditions (4.18) and (4.19) are verified to hold, the development below

is along the lines of the derivation of global estimates for weak solutions of linear elliptic

equations.

Lemma 4.7 [11, p.271]. Let u € C°(Q) N C*(Q) satisfy Q.u = 0 in ). Then we have
supu < C’{||u+Ha +a+b} +supu’,
Q G

where C' = C(n, a, |Q]).
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Using Lemma 4.7 and the fact that (). satisfies the structure conditions (4.18) and (4.19)

with a > 1, we derive the following apriori estimates for solutions of (). u.

Theorem 4.8 (Maximum Principle) [11, p.272]. Let u € C°(Q) N CY(Q) satisfy Q.u = 0 in
Q. Then we have

supu] < Ca+b) + sup u,
Q 09
where C' = C'(n, a, |$|).

The technique of proof was demonstrated in [27]. This is an estimation of sup |u| in terms

Q
of boundary data and an additive constant. It has a disadvantage that the constant term depends
on £. We still choose to include it here for the sake of comparison with the non-divergence

case.

4.7 Comparison and Maximum Principles for Non-divergence Form

In this section, we obtain the estimate of sup |u| using the non-divergence structure of the op-
Q

erator (). that is independent of . Operator (). appears in the non-divergence form as follows:

( 1
(P | Duf? + g\Duy)Au v (1 . L) DsuDjuDiju — =D;PDiu
+ ga\/P —|Dul? + €| Dul,
qu = P 2
(\Du|2 — P+ 6\Du|) -¢|Dul| - Au + <5— — 5—) DyuDjuD;;u
[Dul 2 p2 > P
1
— —D;P -¢|Du| - Dyu + %a -¢|Dul| - /P — |Dul? + ¢|Dul,

. 2

From this representation, we note that

the operator (). is locally elliptic with respect to either u or v;

the coefficients a* are independent of z;

the coefficient b, being independent of z, is non-increasing in z for each (z, p) € Q x R";

the coefficients a* (z, p) are continuously differentiable with respect to the p variables in

Q x R,
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The comparison principle for linear operator has the following extension to quasilinear

operator (.. This extension requires that all of the above conditions hold.

Theorem 4.9 (Comparison Principle) [11, p.263]. Let u, v € C°(Q) N C2%(Q) satisfy Q.u >

Q:v in ), u < v on OS). It then follows that uw < v in ().

Using Theorem 4.9, we can derive the quasilinear extension of the apriori bound, which
also illustrates the significance of the function &. In the general form (4.5), & is defined as

follows:

&(x, z,p) = a”(x,z,p)p; - p;- (4.20)

Lemma 4.10. Let & be the scalar function defined in (4.20) for the operator Q. i.e.,

€ 1
(P = 1o+ lpl) 1o + (1= 5 ) pl" = Plp? + SelpP, b2 < P,
@@( ) _ 2\p| 2

b eP g2

1
QW—P+mﬂmﬁ+Gﬂ_5ywzdw+§ﬁw,@P>R

Then there exist non-negative constants (i1 and 15 such that

b(z,p) signz _ pulp| + po
E(x,p)  —  p*

(xz,p) € Q@ x R".

Proof. We compute

(1
—=D;P - p; + g0\/]3 — |p|?2 +¢<lp]
2 2 , P> <P,
b(z,p) - [p]* P+ 5elpl
Ty q
& (x,p) —3D:iPelp| - pi+ 5o elpl VPP = P+elpl
i o P> P
elpl® + e |p[?
\ 2

When |p|? < P,
1 q :
—5DiP - pi+ 50/ P = [p]* +lpl <IPPLpi VP el |DP| ., g
I =" 2P 2 1 = 2P '
P+ selpl P+ Selp] 2P
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When |p|? > P,

1pp.p 42 5_p DP
sDiP - pi + 20\/Ipl +€lp|  DPL-Jpl | aVIpP +<lpl _ |DP) L4
= 2 1 ~ 9/P VP
2lp . |p|2+§5|1’| 2 2

1
2 _
Ip|> + 2€Ipl

|DP(z)]

|DP(z)| q(z)
If we choose (11 = sup ——— and py = su { + },
Tl 2P(@) P T e \a/Pe) | 2P
b - |p|? b i
then we obtain j |p| + po > w? or equivalently, (z.p) sign = < talp) ;LMQ'
&(z,p) & (x,p) Pl

]

For the uniformly elliptic operators ()., the inequality in Lemma 4.10 is equivalent to a

condition of the form

b(x,p) sign z "
MED) SEE ol 4y () € QxR

Based on Lemma 4.10, we arrive at the following Maximum Principle.

Theorem 4.11 (Maximum Principle) [11, p.264]. Let u € C°(Q) N C2(Q) satisfy Q.u = 0 in
Q. We have

sup |u| < sup|u| + Cuy  where C' = C(u;, diam Q).
Q G)

This is another estimation of sgp |u| in terms of the boundary data and an additive constant
that does not depend on €.

The derivation of estimates in Theorem 4.8 and Theorem 4.11 is done using the standard
theory for elliptic equations. We would expect that the divergence structure affords stronger

estimates but, in our case, the non-divergence structure yields a more favorable outcome.
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4.8 Holder Estimates for Divergence Form

In this section, we return to the divergence form of the elliptic equation (4.9):

Q-u = div A (z, Du) + B.(x,Du) =0

where A.(z,p) and B.(z,p) are as in (4.16) and (4.17). We copy the representations here for

the reader’s convenience.

D p|? < P,
VP —IpP? +¢lp|
A€($,p) =
\ 8|P| ’
and
1 oq 9
a P S P7
2 P — |p|> +<|p| i
BE(.T,])) -

1 oq
- |p|2 > P.
2¢lp|

We note that the regularization that we choose ensures that the coefficients are sufficiently
smooth across the transition |p|?> = P for all ¢ > 0, namely, A, € C'(Q x R") and B. €
Co(Q2 x R™).

In this section, we derive interior and global Holder estimates for the derivatives of solu-
tions of quasilinear elliptic equations (4.9) in a bounded domain 2. These estimates correspond
to Stage 4 in the Appriori Estimates Program. We follow the standard elliptic theory and outline
the main steps in proving these estimates for the sake of completeness. Also the linear elliptic
equation (4.21) below will reappear in the derivation of the interior gradient bounds in Section
4.10.

If u € C*(Q) satisfies Q.u = 0 in ©, we have

/Q{Aa(:r, Du) - D¢ — Bo(z,Du) - (}dz =0 V¢ € CH(RQ)
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Fixing k, replacing ¢ by D, and integrating by parts, we then obtain
/{ (Dy,AlL(z, Du) - Djju + 6, AL(x, Du) - Di¢ + Be(z, Du) - Dy(}dr =0

where ;. is differential operator defined by 6, A’(z, p) = D,, AL(z,p).

Hence, writing
a(x) = Dy, Al(z, Du()),  file) = AL(x, Du(2)) + 6, B:(x, Du(x)),
we have that the derivative w = D, u satisfies
/Q(aiijw + fi(z)) - Di¢dz =0 V¢ € CHQ) 4.21)
that is, w is a solution of the linear elliptic equation
Lw = Di(@ Djw) = —D; fi. (4.22)
The operator L is required to be strictly elliptic in {2, that is, there exists a constant A such that
a(z)&&5 > NEP, Vo e Q, £ € R™ (4.23)
We also assume that L has bounded coefficients, that is, for some constants A, we have
Z ¥ (2)[> < A2 (4.24)

The following two theorems are used as prerequisites for obtaining Theorem 4.14 below.

Theorem 4.12 [11, p.200]. Let operator L satisfy conditions (4.23), (4.24), and suppose that
[P e LYQ), i = 1,...,n for some ¢ > n. Then if u is a W"(Q) solution of the linear

equation Lu = D, f in €, it follows that u is locally Holder continuous in (), and for any ball
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By = Bg,(y) C Qand R < Ry we have

osc u < CRY(Ry“sup |u| + k)
Br(y) Bo

where C = C(n,A/), q, Ro) and o = a(n, A/ ), q) are positive constants, and k = \7'||f||,.

By taking Ry = d in Theorem 4.12 and estimating sup |u/| in terms of its L” norm, we
Bo

have the following interior Holder estimate for weak solutions of equation (4.22).

Theorem 4.13 [11, p.202]. Let operator L satisfy conditions (4.23), (4.24), and suppose that
fie LYQ), i = 1,...,n for some q > n. Then if u is a W?(Q) solution of equation

Lu = D, f in Q, we have for any ) CC

ulxr) —u
lloeon = suplul + sup DU o+ 0
Q ewe, ety T =Yl

where C = C(n,A/), q,d), d = dist(Q,09Q) and a« = a(n, A/\, q) > 0, and k = \7||f]],.

In the linear elliptic equation (4.22), by replacing (2 if necessary by a strictly contained
subdomain, we can assume that L is strictly elliptic in € and that the coefficients a/, f{ are
bounded, that is, the hypotheses of Theorem 4.12 and Theorem 4.13 are satisfied. The deriva-
tion of Theorem 4.14 and Theorem 4.15 are based on [21] and [22]. Accordingly, choosing A,

Ak, pg so that
)‘K < /\(.l’,p), AK > Dpj|A2(x7p)|7 j207¢ > |5kAZe<x’p)| + |52B5<l’,p)|7

forall x € Q and |z| + |p| < K, we obtain the following interior estimate.

Theorem 4.14 [11, p.320]. Let u € C?(Q) satisfy Q.u = 0 in Q where Q. is elliptic in Q
and is of divergence form with A, € C'(Q x R"), B. € C°(Q x R™). Then for any for any

Q' cc Q we have

[Duacy = sup |Du(z) — Du(y)|

<Cd,
z,ye | r#y |fl§ - y|a
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where

Ak

C=0CnK,—,—
(n7 ’/\K’)\K’

diam 2),

K = lu|i,o = Sgp(IUI + [ Dul),

d = dist(Q,09), a = a(n, A_K)
Ak

In order to extend Theorem 4.14 to a global Holder estimate in €2, we recall that (). is
elliptic in Q with A, € C'(Q x R"), B, € C°(Q x R™), that 9Q € C? and that u = ¢ on 9%
where ¢ € C*(Q).

By replacing u with u — ¢, we can assume without loss of generality that u = 0 on 0f).
Since 99 € C?, there exists for each 2y € 92 a ball B = B(z) and a one-to-one mapping )

from B onto an open set D C R" such that
Y(BNQY) CRY, P(BNON) C IRY,

Y e C*(B), v 'eC*D).

Writing y = ¢(z), v(y) =uo ¢ (y), Bt = BNQ, DT = ¢(B"), we have D, v = 0
ondDTNORY, k=1,...,n—1.

Then equation Q.u = 0 in B is equivalent to the equation
Q.v = D,,A'(x, Du) + B.(z, Du) = 0 (4.25)

in D* where x = ¢)~!(y) and the functions A, and B. are given by

. y; _ 0 ( Oy
Al = AT B, =— A’ + B..
¢ Oz, ° Oy (&m) et

The derivatives w = D, v k = 1,...n — 1 are generalized solutions in D of the linear
elliptic equation
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The operator L is strictly elliptic in D with bounded coefficients a”/ and f;. We thus

have for any D’ CC D,

[w]a;D’ﬁD‘*' = [Dykv]a;D’ﬂD"" S C k = 1, o — 1, (426)
where
Ak px . / + Ak
C=Cn,K,—,—,Q,d), K =|u|1.q, d=dist(D'ND",0D), a = a(n, —).
Ak Ak ’ Ak

The remaining derivative D,, v can be estimated as follows. Let yo € D' N D*, R < %l,

Bsr = Bor(yo), 1 € C}(Bsr) and let ¢ be a constant such that

w(yo), if Bop C Dt
C =

0, if Bop NOR™ £ 0

Setting ¢ = n*(w — ¢) for w = Dyv, k = 1,...,n — 1, then ¢ € W,*(D*). By

substitution into (4.21) with Q = D+, we then have

/ (@ Djw+ fl) - Di*(w —¢) dy = / (@ Djw+ f}) - (N> Dyw + 2n(w — ¢)Dyn) dy = 0,
D+ D+

which implies

/ . n*a" DiwDjw dy = +{277(w — )@ DinDjw + n* fiDyaw + 2n(w — ¢) fiDin} dy
D D

= | Al2n(w- c)a’ DinDjw| + |n? fy Diw| + |2n(w — ¢) fyDin|} dy,
D
so that, by the Schwarz inequality and the ellipticity of L, we obtain
[ ey <c [ GF P dy
D+ D+

where C' = C(n, K, ’;—g, %,Q)
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Suppose 7 is chosen in a way such that 0 < 7 < 1,7 = 1 in B,(y) and [Dn| < Z. We

thus obtain by (4.21),

/ Dwl dy < CR™2(R? + sup(w — c)%) < CR™2+20,
Br

Baor

where C' = C(n, K, /;—K, L€ €2, d). Therefore we have
K K

/ |Dyjvl* dy < CR"2H2 (4.27)
Br
provided j # n. We solve equation (4.25) for D,,,v so that we can write

Dy =0b0"Dyv+b, i=1,....n, j=1,...,n—1,

y A
for certain functions b/, b bounded in terms of D, K, )\—K and éf—K Hence by (4.27) we have
K K

/ |Djv|* dy < CR™*2* i=1,...,n,
Br

we can conclude that the estimate (4.26) is also valid for £ = n. Returning to the domain (2 by

means of the mapping 1)}, we thus have
[Du]azno < C, (4.28)

for any concentric ball B CC B, where C' = C(n, K, /A\—ﬁ, ’;—i, ), B'). By choosing finitely
many points xo € 92 and balls B’ covering 0f2, we obtain the following global Holder estimate

from Theorem 4.14 and inequality (4.28).

Theorem 4.15 [11, p.323]. Let u € C*(Q) satisfy Q.u > 0 in Q where Q. is elliptic in Q and
is of divergence form with A, € C*(Q x R"), B. € C°(Q2 x R™). Then if 02 € C* and u = ¢

on O where ¢ € C?(S2), we have the estimate

[D’LL] Q= sup ]Du(x) B Du<y)’
7 z,y€Q, zy |z —yl|*

<C,
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where

A
O =0 K25 M5 08), K = |ulug, ®= |6 a=aln,

Ak
) /\K7 )\K

Q).
)\K’)

Theorem 4.15 is used to estimate [ Du),.; in terms of sup | Du| and sup |u| and the constant

Q Q
C' in the estimate does not depend on ¢. Since ellipticity and regularity of functions A, and B.
are the only requirement for the Holder estimates of the gradient, the standard elliptic theory

applies.

4.9 Boundary Gradient Estimates

The boundary gradient estimates developed in this section are the implementation of Stage 2
of the Apriori Estimates Program. These estimates are tied through the classical maximum
principle to natural choices of barrier functions discussed below.

Recall that the operator (). defined in (4.9) is an elliptic operator of the form
Qeu = a” (v, Du)Dyju + b.(z, Du)

where b, (z, p), being independent of z, is non-increasing in 2. Suppose thatu € C?(2)NC°(Q)
satisfies Q.u = 0 in §2. Suppose that, in some neighborhood .4/~ = .4, of a point z, € 0f),

there exist two functions w® = wZ € C?(A N Q) N CH(A N Q) such that

() £ Q.w* <0 in 4/ NQ
(ii) wi(xo) = u(xy)

(i) w™ (7)) < wu(r) <wt(z), €N NQ).

It then follows from Theorem 4.9 that

w(z) <ulr) <w'(z) forallz € A/ NQ,
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and hence by (i)

w™(x) —w (z0) < w(z) —u(zg) _ wh(x) —wh(xg)
|z — x| I 7 |z — x|

Consequently, the normal derivatives of w™ and u satisfy
xg). (4.29)

We call the functions w™ respectively upper and lower barriers at , for the operator (). and
function uw. Their existence at all points x, € 02, implies the desired boundary gradient
estimate for u satisfying QQ.u = 0.

Suppose that €2 satisfies an exterior sphere condition at a point xq € 0f) so that there
exists a ball B = Bg(y) with zp € BN Q = BN JO. Let us define the distance function

d(z) = dist(z,0B) and set w = v(d) where ¢ € C*[0,00) and ¢’ > 0. We have for any

ue CHQ) N C2(Q),

Q-w = a?(z,u(z), Dw)D;jw + b.(z,u(z), Dw)
=¢'a? Dyd + —=& + b, (4.30)
VD oy
-1 w//
"N+ -——=&+b.
e

n
<

the last inequality follows from tr(AB) < A(A)tr(B) where A = [a¥] is a real symmetric
matrix and B = D;;d is a positive semidefinite matrix.

Recall that, for the special choice (4.8) of operator ()., we have
2 1 3 2
Plpl* + gelpl*  Ipl* < P

éb(x7p) = aij(xvp)pi P =
1
elpl + 5%lpl" [pl* > P,
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Moreover, we obtained the estimate in Section 4.7

b(x,p) < %-g(x,p) (x,p) € 2 x R",

with the choice of j1; and ps as follows:

Pl o [ PP@) L a)
S O NG REN ot

Recall that in the case [p|* > P, A = A\, = (|p|* = P +¢€lp|) - elp| or A = N\, =

elp|® + 3e2p|® I A = Ay,

palp| +
o At 16 = 1ol (I? = P+ elpl)elpl + P22
palpl +p2

<elpl* +pl* + mE

(z,p).
IfA =)\,

pa|p| + pro
pa|p| + iz
‘p|2 ' éa(xap)

1
pl- A+ (6] = Ipl - (clpl + 5%l +

1
§6@P+§¥@P+

In both cases, we derive the following estimate

2 2
ol A1 < 2 Ep) + (B + L2 8p) < (L +22) S(a,p)

p [l 1o VP P
2 | |DP(x)] q(x)
Therefore for the constant 1 = su {\/ﬁ , + + }, we have
b b VP /PP 2 /Py
pl-A+[p[<p-& (4.31)

for all (x,z,p) € Q x R x R™ with |p| > p.
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Since |p| = |Dw| = /| Dd| = ¢/, we have
YA+ <p-E (4.32)
provided ¢' > p = (M) where M = sup|ul. Using (4.30) and (4.32), we obtain
Q

,L/}//
(¥)?

Q5w<< +1/><§

—1
where v = <1 + TLT) 1. Consider the function ¢ given by
1
Y(d) = - log(1 + kd)

and the neighborhood A = A;, = {z € Q|d(z) < a}, for some a > 0. Clearly ¢)" =

—v(¢')? in 4. Moreover,
1 . vM
P(a) = —log(l1+ ka) = M if ka=¢e" —1
v

and

k k
/ — > .
V=205 2 v ke R 0Y
ok
I/BVM

>, ifk > pve’™.

Consequently, if k£ and a are chosen to satisfy the relations

k> pve™, ka=e'M -1,

the function w* = 1)(d) is an upper barrier at z for the operator Q. and the function u provided

u = 0on 4 NOSL. Similarly the function w~ = —1(d) is a corresponding lower barrier. Hence
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if also Q.u = 0 in €2, we obtain from (4.29) the estimate
| Du(o)| < ¢'(0) = pe”™.

We can therefore assert the following boundary gradient estimate on general domains.

Theorem 4.16 [11, p.337]. Let u € C%(Q) N CY(Q) satisfy Q.u = 0 in Q and u = ¢ on ).

Suppose that ) satisfies a uniform exterior sphere condition and ¢ € C*(Q). Then we have

sup |Du| < C
o0

where C = C(n, M, u(M),®,5), M = sup |u|, & = |¢|2.0 and 0 is the radius of the exterior
0

spheres.

This estimate is used to approximate boundary gradient sup | Du| in terms of sup |u|. The
G Q

constant C' does not depend on ¢.

4.10 Interior Gradient Bounds

In this section, we are mainly concerned with the derivation of apriori estimates for the gra-
dients of solutions of quasilinear elliptic equations. That is Stage 3 in the Apriori Estimates

Program. Let u € C?((Q) satisfy the divergence form equation
Q.u = div A.(z, Du) + B.(x, Du) = 0,

where the vector functions A, € C'(Q x R") and B. € C°(Q2 x R") are defined in (4.16) and
(4.17) in the domain 2.

It was shown in Section 4.8 that the derivatives Dyu is a solution of the linear elliptic
equation

Lu := Di(@"Dju+ fi) =0, (4.33)

where

a”(z) = D,,Al(z, Du(x)),
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fi(z) = 5kA2(x, Du(z)) + 6; B.(z, Du(z)).

We compute D), A’(x,p) for A, given in (4.16) as follows:

€
(05 (P = [p|* +elpl) + (1 = 5 )pap;
2[p| p2< P
b Al (P = |p|> + elpl)? o
Al(z,p) =
03 (2 = P+-lp) - =lpl ) + (T = 5 )pivs
1P| 2 2> P.
\ e2lp*(|p|? — P+ <lp|)>
In the proof of Lemma 4.4, we show that
£
i, An) € < [85(P = ol + elpl) + (1 = 5 nwen 665
5 1 o
where \; = P — |p|* +¢|p| and A\, = P + §6|p|. Similarly,
! / 2 2 ep 52
min(X, 0,) - J6F < (8 ((pl” = Pt elpl) - <bol) + (37 = 5 o] 65
/ 2 ! 3 1 2|,]2
where \| = <|p| — P+ 5|p|> -¢|p| and X, = e|p|® + 3¢ Ip|*.
Combining (4.34) and (4.35), we obtain
[ min(\;, A,)
min (A,
A—llélz p|* < P,
0" (x,p)&i&; = Dy, ALl p)éi&; 2 (;/ ")
min (A}, A,
—r P el > P
22N

which implies that there exists a positive constant  on R such that

(x p)£l€J D Al<$>p)§i€j = V’aza
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for all ¢ € R™, (z,p) € Q x R™ and v is computed explicitly as follows

min(Ay, A,) mm()\’l, )\’n)}

y:mln{ 3 )

where (' is a constant. Taking the limit ¢ — 0, we have

i C
v =inf —,
Q /P
which is a constant independent of ¢, provided that P is bounded away from zero.
A global gradient bound for (). can then be derived under the additional structure condi-

tions:

D,A., B.=o(lp|) as|p| — oc. (4.37)

These conditions are verified by computing D, A, and recalling B.:

L 'QDmP s P<P
2(P — |p|*> + ¢lp)>
D, A (z,p) =
—p; - D, P
p 1 |p|2 > P7
2e[p|(|p]* — P +¢lp|)>
and
! o , p*P <P
P — |p|? +€|p|
B5<J],p) —
1 oq 9
PSR p > P7
27lp) I

We set M = sup |u|, M; = sup|Du| and apply the maximum principle to the equation
) Q

(4.21) in the domain Q = {2 € Q| |Du| > \/_} Thus we obtain

sup |Dyu| < sup | Dyul + C|| fillg
%
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forq > n, k =1,...n, where C = C(n,v(M),q,|Q?]). Taking ¢ = oo and using conditions

(4.37), we therefore have
sup |Du| < C(sup | Dul + (M)
Q o0

where o (t) = o(t) as t — oo. Consequently, an apriori estimate for M; follows.

Theorem 4.17 [11, p.374]. Let u € C*(Q) satisfy Q.u = 0 in the bounded domain ) and the

structure conditions (4.36) and (4.37) are satisfied. Then we have the estimate
sup |Du| < C(1 4+ sup |Dul)
Q G)

where C' depends on n, v(M) and the quantities in (4.37).

The global gradient bound for solutions of the divergence structure, Theorem 4.17, is due
to [26]. Instead of pursuing global bound further, at this stage, we now turn to a consideration of
interior gradient estimates for uniformly elliptic equations. The estimates follow the standard
theory of elliptic equations. We present a simplified treatment of interior gradient bounds taking
into account the fact that the operator Q). (x, z, p) does not depend on z, but only on z and p.

We first observe that the operator (). is uniformly elliptic in €2 in the sense that

| DpAc(z,p)| < p (4.38)
for all (z,p) € Q x R™, where
A1y A AL
o= maX{maX( 317 )’ H’laX( 1 n) }

3 1
A? AZ(2), — 2P)i

is a positive constant.

Conditions (4.36) and (4.38) imply respectively the inequalities

p- Ag(l‘,p) — D As(l‘70) > |p|27
(4.39)

[AL(z,p) — ALz, 0)] < - (1 +[p]),
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Finally we take, in place of (4.37), the more general condition
9(w,p) = [DpAc| + [ B| < (1 + [p])” (4.40)

for all (z,p) € © x R™ Conditions (4.36), (4.38), (4.40) can be regarded as natural for
divergence structure operators. The derivation of an apriori interior gradient bound under these
conditions is accomplished in three stages:

(i) Reduction to an LP estimate. We replace the function ( in (4.21) by ( Dyu and sum the

resulting equations over £ to get
/Q (@’ Djpu + f{) - Di(¢Dyu)dx = 0
Setting v = | Du|?, we obtain
/Q (@ DypuDjju dz + /Q (%aiijv + Dyufi)Di¢ dx + /Q CfiDiu dr = 0
Hence by Young’s inequality, we have
/Q(a"ipjv +2Dyufi)Di¢ dr < %/QC/\‘I(f,i)Z dx (4.41)

The following interior estimate for weak subsolutions of linear equations is applicable to

inequality (4.41).

Theorem 4.18 [11, p.194]. Let L be a linear operator satisfying conditions (4.23), (4.24), and
suppose that f* € L1(Q), i = 1,...,n for some q > n. Then if u is a W?(Q) subsolution

(supersolution) of equation Lu = D; f in ), we have, for any ball Bor(y) C Qandp > 1
sup u(—u) < C(R™?|lu® (u”) |2 (o) + k(R))

Br(y)

where C = C'(n, A/, q,p).
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Applying this theorem to v = |Du|? and operator L defined in (4.33) and using (4.40),

we have for any ball Bog = Bag(y) C Q and ¢ > n, the estimate

sup v < C{R™2|10l| 2oy + 1|1 + [Du) | a(sam }
RrR\Y

where C' = C(n,v(M), u(M), q,diam Q), M = sup |u|. Consequently for sufficiently large
Bar(y)
p we have

sup v < C(n,v(M), u(M), diam Q,R_”/ vP dx). (4.42)
Bar(y)

Br(y)

(i1) Reduction to a Holder estimate. We utilize the weak form of equation
[ @D+ i) D=0 ¥ e Cie)
that is
Q.1,0) = [ (Al Du)Do— Bule. Du)) da =0 Vo ECHR)  (443)
From (4.39), we obtain that the function A. satisfies

|A(z,p)] < - (1+pl)
(4.44)

p- Az, p) > p|? —

for all (z,p) € Q x R", where
w1 = sup{y, |A(z,0),p- A(z,0)} and v, =v

are both positive constants.

Next, we substitute into (4.43) the test function

¢ = n*[u—u(y)).
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where ) € C}(Bag), Bar = Bar(y) C Q, to get

/QA -n*Du dr = — /Q A - 2nDn(u(x) — u(y)) de + /Q Bn?(u(z) — u(y)) d.

Using (4.40) and (4.44) we thus obtain

" / 2| Duf? d < i / 7 de + / Plu(z) — u()|(1 + |Dul)® de
Q Q Q
+ 2 / inDn| [u(x) — u(y)|(1 + | Dul) dz

gu1/n2 dm+3uw(R)/n2(1+\Du|2) da
Q Q

+s(R) [ 1D do+ 3l B) [ (14 Duf?) do
Q Q

< 1 / W i+ 401+ ) (R) / (1 + | Duf?) de
Q Q

+mw(R) [ Dol da.
Q

where w(R) = sup |u(z) — u(y)|. Hence if R is chosen small enough to ensure that
Bar

%1

“(B) < 8(u+ 1)’

we have

/ 72| Duf? dr < C / (2 + w(R)|DyP) de,
Q Q

where C' = C'(u, pi1, 11 ). Replacing the function 7 in (4.45) by

nv(ﬁ+1)/27 B >0,
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where v = |Dul?, we obtain the estimate

1
/n2|Du|25+4 dr S C/ [n2|Du|2,3+2 +W(R)|D77 X U(’B+1)/2 + ﬁ%nv(ﬂ—l)/QDUP] dx
Q Q

2
< [ [ipue o+ wimyo?) + L wmype oo
Q

+ w(R)| Dy - vB*2(8 + 1)nuB=Y2Dyl| da.
By Young’s inequality, we have

/ w(R)|Dn - vPY2(8 4+ 1)uB=Y72 Dy| dx
Q

1
<3 / W(R)[DnP|DuP?* + (8 + 12w(R)iPo | Dof? de.
(9]
‘We thus obtain

/ 772|Du’25+4 dr
Q

< C’/ [|Du|2<ﬂ+1>(n2 +w(R)|Dnl?) + (B + 1)°w(R)y*0" ! [Dol*| dx.  (4.46)
Q

To estimate the last term on the right hand side of (4.46), we choose in (4.41)

that is,

DN | —

/(aiijv + 2Dkuf]z)(277Dz77'Uﬁ + nQﬁvﬁ_lDﬂ}) dx S / 772U5)\_1(fli)2 dx
a Q

or, equivalently,

/aijnzﬁvﬁ_lDiijv dx S/
Q

( —2a"7Djv - Dy’ — 4nDm” - Dyufi
Q

. 1 .
— 260" Dyv - Dyufi + 50 A7 f,;)‘z) dz.
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Using conditions (4.36), (4.38) and (4.40), we obtain

v [ 1o Do do < [ (2| Dl Dol + 4e? [ Dl| D1+ Dl
1
+ 20507 Dol | Dulp(1 + |Dul)? + SrPo?X~ (1L + | Dul)?) d
<C [ (m?IDullDel + (1 + |Dul)* " D + e Do)
Q

T (14 |Du|)4vﬁ> dz, (4.47)
where C' = C(u, ). Hence, by Young’s inequality, we have
/Qmﬁ|Dn\|Dv| dr < %/Q(n%ﬁ—l\mﬁ + 0T D) dx (4.48)
and

/ (1+ |Dul)* (| Dy| + BiPo® | Dol) de
Q

1
< 5/(1 + [ Dul)?(07n* + 0% | Dn? + prPo” Y Dof? + gnPo® ) da. (4.49)
0
Putting together (4.47), (4.48) and (4.49), we thus obtain
[ DeP de < C [ (L4 DU+ Dl 4 DaP)ds, @50)
0 0

where C' = C(u, v, 3). Consequently, by substituting sufficiently small w(R) in (4.37) and

using (4.46), we arrive at
[ Dul s <€ [ P+ Dul)? 4 DL+ D) do
Q Q
where C' = C'(u, v, 3). Replacing 1 by 7°*2 and using Young’s inequality, we then obtain

/ (1 + | Dul)P* de < C,
Q
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2
where C' = C(p, v, i1, v1, B,sup |Dn)|). In particular, if n = 1 on Bg(y) and |Dn| < I it
follows that, for p > 1,

/ (1+ |Dul)? de < C, @51)
Br(y)

where C = C(u, v, 1,1, p, R7'). Combining the estimates (4.42) and (4.51), we obtain for

any ball By = Bg,(y) C €2 the estimate
|Du(y)| < C (4.52)

where C' = C(n, jt, v, pi1, v1, o, [u]ay), and

that is, the derivation of an interior gradient bound is reduced to the existence of an interior
Holder Estimate for u.
(iii) A Holder estimate for weak solutions of equation (4.40). We write inequalities (4.44)

together with the condition on B. in (4.40) in the form

|AL(z,p)] < aolp| + X,
p-A(z,p) > wlpl* — x4 (4.53)
| B:(z,p)| < bolp|* + X7,

where

ap =1, vo=uv1, bo=p, X= sgp(ul, V).

are positive constants. The estimates of Theorems 4.19, 4.20 and 4.21 for uniformly elliptic

divergence structure equations were substantially developed by [20] and [21].

Theorem 4.19 [11, p.379]. Let u € C1(Q) be a weak solution of Q.u = 0 in the domain ) and

suppose that Q). satisfies the structure conditions (4.53). Then for any ball By = Bg,(y) C 2
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and R < Ry, we have the estimate

osc u < C(1+ Ry“My) R,
Br(y)

where C' = C(n, ag, by, 1, X, Ro, My) and o = «(n, ag, by, vy, My) are positive constants and

My = sup |ul.
By

Combining Theorem 4.19 with estimate (4.52), we arrive at the following interior gradient

estimate.

Theorem 4.20 [11, p.379]. Let u € C*(Q) satisfy Q.u = 0 in the domain ) and the structure

conditions (4.37), (4.38) and (4.40) are fulfilled. Then we have the estimate
[ Du(y)| < C,
My
for any y € Q, where C' = C(n,,u, v,sup |A(z,p)| ), and My = sup |u| and d =
Q

" d Ba(y)
dist(y, 09).

We conclude from the interior estimate and the boundary Lipschitz estimate the following

global estimate.

Theorem 4.21 [11, p.380]. Let u € C*(Q) N C°Q satisfy Q.u = 0 in the bounded domain
and the structure conditions (4.37), (4.38) and (4.40) are fulfilled. Assume also that ) satisfies
a uniform exterior sphere condition that u = ¢ on 9S) for ¢ € C*(Q). Then we have the
estimate

sup |Du| < C
Q
where C = C(n7 H, vV, Sup |A(l’,p)‘, aQu ‘¢|2Q)
Q

This theorem provides the estimation of sup |Du| in terms of sup |Du/| and sup |u|. We
Q ) Q

note that the constant C' is not guaranteed to be independent of ¢.

72



4.11 Existence for Regularized Problems

In this section, we assemble the results from previous sections for the regularized equation in

divergence form:
Du oq

1
e =di =
Qe = D) | 26w, 1Dul)

=0,

where £, and (. are given by (4.10) and (4.11) respectively.
Recall taking the limit as € — 0 in the coefficients & and (. for the case |p|> < P, we

recover the ill-posed operator ) defined in | Du|? < P:

Du 1 oq

+_
VP—|Dul? 2P —|Duf?

Based on Theorem 4.11, Theorem 4.15, Theorem 4.16 and Theorem 4.21, we obtain the

Qu = div =0.

following estimate for the regularized operator:

Theorem 4.22. Let u. € C*(Q) satisfy Q.u. = 0in Q and u. = ¢ on O where ¢ € C%(Q).

Suppose that () satisfies a uniform exterior sphere condition, we have the estimate

[Duc|ga < Crsup |uc| + Co = Cysup |¢] + Cy
o0 o0

where
Cy = Ci(n, v, pa, pio, p13, p1a,2),  Cy = C’z(n,sgp |A(z,p)|, |$|2s 6, Q),
v = min { min()\;’ )\”) ! ml/Ill(Xp X:) }7 M1 = max { maX(/\éh /\n> ) ,Ilnaxo\llv )\;z) 3 }7
Alz )\12 (2A;L)Z /\12 /\12 (2)\77, . 2P>Z

_ 2 |[DPE)] _ al@)
= (VP 75+ TR )

L DP@L o DP@)| | gl)
pa=sup pry and = s { o et

Taking the limit of as ¢ — 0, we obtain that v is bounded which is illustrated in Section

4.10, and that ps, pg and p4 are independent of . We cannot guarantee that 141 is bounded as
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¢ — 0 to establish the bound for C'; defined in Theorem 4.22, but p; is bounded for a fixed ¢

as in the following theorem.

Theorem 4.23. Suppose that () satisfies a uniform exterior sphere condition and let ¢ > 0.
Suppose that u. € C*(Q) satisfies Q.u. = 0in Q and u. = ¢ on I where ¢ € C%(2). Then
we have

uellcrs) < M,
where M = M (n,Q, P, q, ¢, ¢).

Combing Theorem 4.3 and Theorem 4.23, we obtain the following existence theorem for

the regularized problems.

Theorem 4.24. Suppose that ) is a bounded domain in R™ and satisfies a uniform exterior
sphere condition and 090 € C*® and ¢ € C**. Then it follows that the Dirichlet problems,

Q.u. = 0in Q, u. = ¢ on O is solvable in C**().
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Appendix A

Dini’s formulas for half-plane and the ball

First we derive the Dini’s formula for the half-plane [5]. Let 2 be a bounded domain in R
Suppose that the function u € C?(Q2) N C*(Q). Then the following Riemann-Green formula
holds,

du(y)

(Gl 0y 25 ) 261 )

14

w) = = [ Gl uty) dy + |

o0

) dS(y), (A1)

where G(y,7) = ®(x —y) +§(y), x € Q,y € Q,x # y, §(y) is an arbitrary harmonic function
in {2 and

B~ y) =~ log(lx — y))

Now take €2 to be the upper half-plane ]Ri. For x = (z1, x5), define the reflection of = by

a* = (x1, —x3). Then the function

1 N
Gly,2) = 5 [log(lo — yI) + log(a” — y1)

is the Green’s function for the Neumann problem on the half-plane.
oG

The outward normal v to R? is v = (0, —1) and the normal derivative of G is — =

ov
1
oG = 0. Clearly, G(y,z) = ——log(|z — y|) for y = (v1,0).
dys T

Therefore (A.1) gives a representation of solution of the problem

, ou
Au=0 inR%, 5, =" on OR?,

79



in the form

wa) = | Glnah)ist) =~ [ oo —udhm)dn. (a2

This is Dini’s formula for the half-plane.
Next we consider the Dini’s formula for the ball [10] [13]. Suppose that v is a solution of
Laplace’s equation Av = 0 with Neumann boundary condition on a ball B,.(0) with the center

at the origin and radius r, that is

Av=0 1in B,(0),

v
i h  on 0B,(0).

Using polar coordinates (r, §) rather than rectangular coordinates and Fourier series, we
construct a harmonic function v on B,(0) satisfying the Neumann condition.

Suppose the function A(r, §) has the Fourier series expansion

h(r,0) = % + Z a, cos(nf) + Z by, sin(nd),

n=1 n=1

where
1 27
ag = —/ h(r,0)do = 0,
T Jo
1 2m
ap = —/ h(r,0)cos(nf)dd n > 1,
T™Jo
1 2w
b, = —/ h(r,0)sin(nf)dd n > 1.
T Jo

Let z = pe' be an arbitrary complex number where 0 < p < r and 0 < 6 < 27, then
2" = pte™ = p"cos(nf) + ip"sin(nfd). Since the real and imaginary parts of an analytic
function are harmonic, p" cos(nf) and p" sin(nf) are harmonic on R?,

It can be shown that
v(p,0) = vo + Z app” cos(nb) + Z Bnp" sin(nd)
n=1 n=1
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is a harmonic function.

Moreover,

—U

aa (r,0) = gv(r, 0) = Z na, ™t cos(nd) + Z nB,r™ ! sin(nd).
v P n=1 n=1

) a b . .
Choosing o, = %, and 3, = — T, it appears that Neumann boundary condition
Ov . . ) . .
o h is satisfied. Then harmonic function v can be rewritten as

v

'

— [an cos(nb) + by, sin(nd)].

P
nrh

v(p,0) = vy + Z
n=1

Since

cos(ng) cos(nd)h(r, ¢)do

A=
O\w
3

an, cos(nd) + b, sin(nb) =

sin(ng) sin(nd)h(r, ¢)do

_l’_
5 |

O\m
3

cos[n(¢ — 0)|h(r, ¢)de

|
| =

O\M
3

[ + 7@ n(r, 6)dep

I
¥ =
o\w
3

and it implies that

. 1 « p" o in(¢p—0) —in(¢p—6)
.0 =t 5> / [0 1 = OOh(r, 6)d

2 o in(¢p—0 > —in(¢—0
Yo+ 27 Jo [an n< r + an n r (r,0)de

Using the fact that log(1 —z) = — > | ~_, we have
n

r 2 7,2
o(p.0) = v+ o / 108 (=gt ) )
21
d log(r? — 2pr cos(¢ — 0) + p*)h(r, p)do

21 Jo

(A.3)
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This is Dini’s formula for the ball in polar coordinates .This formula in rectangular coordinates
takes the form
r

v(x) = vy — 7= log(|lz — y|)h(y) dS(y). (A4)
27 JaB, (0)

where * = (x1,22) = (pcosf, psinf) is an arbitrary point in the disk (0 < p < r) and

y = (y1,y2) = (rcost,rsint) is a point on the circle.
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Appendix B

Periodic Cubic Spline Interpolation

This is a variation of the cubic spline interpolation introduced in [1]. Suppose we are given

data values (t;, z;), 1 =0, 1,...n, where

M=ty <t1 < - <tp1<t,=m, and Zz:f(tz)

for some function f that may not be explicitly available and we are looking for a spline function
v(z) that satisfies v(t;) = z; foralli = 0,1,... n.

Suppose s;(t) is a cubic polynomial interpolation piece in each of the subintervals [¢;,t;,1].
Then s;(t) can be patched together to form a continuous global spline v(t) which satisfied

v(t) =s;(t), t; <t <tiy1,i=0,1,---n — 1, where

Moreover, we supplement the conditions to be satisfied by any cubic spline

5i(tiy1) = f(tiy1), ©1=0,...n—1, (B.2b)
S;(ti_;,_l) = S;+1(ti+1), 1= O, oo — 2, (B2C)
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s/ (ti1) = sty (i), i=0,...n—2, (B.2d)

with periodic boundary conditions s{,(t9) = s,,_,(t,) and s;(to) = si_(tn).

n—1

The conditions (B.2a) immediately determine

Denote h; = t;11 —t;,4 = 0,...,n — 1, then conditions (B.2b) give

Plugging in the values of a; and dividing by h;, we have

ftig) — f(t)

bi + hic; + hid; =
+ hici + h; A

= fltitiva], i=0,...,n— 1. (B.3)
From (B.1b) and (B.2c), we get the condition
bi + 2hici + 3h2d; = by, i=0,...,n—2.
Likewise, from (B.1c) and (B.2d), we get
¢i+3hid; =civq, 1=0,...,n—2.

Note that we can extend the above two conditions to the case ¢ = n — 1 by defining b,, =
V' (t,) = sy(to) and ¢, = 20" (t,) = L7 (o).

We can obtain

and then yields

h; .
bi = flts, tis1] — 3(201 +ciy1) 1=0,....,n—1.
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Eliminating b; and d; and rearranging the terms, equation (B.3) reads

hi_lci_l + Q(hi_l + hZ)CZ + hici-i-l = 3(f[t,, ti+1] — f[ti—ly ti])7 7 = 0, e, — 1. (B4)
The periodic condition s{(ty) = s/ _,(t,) implies that
Cp, — Cp—
Co = Cp—1+ 3hn—1dn—1 =Cp_1+ 3hn—1(—1) = Cp.
3hn—l
The other periodic condition s{,(ty) = s/, (t,) gives us
bO = bn—l + th—lcn—l + 3hi_1dn—1
and is equivalent to
2¢o(hn—1 + ho) + hoc1 + hn—1cn—1 = 3(f[to, t1] — fltn—1,1tn]). (B.5)
We write equations (B.4) and (B.5) in matrix form to obtain
Q C= (ba
where
Q(hnfl + ho) ho hnfl
ho 2(ho 4+ h1) hl
Q= ,
hn73 Q(hnf?) + hn72) hn72
hn—l hn—Q Q(hn—Q + hn—l)
c= (o1, s Cneg 1)’ and ¢ = (¢o, ¢1,- - , Pp—2, dn—1)" ,and where ¢); is a shorthand
for

Yo = 3(flto, ta] — fltn-1,tn]),
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Vi = 3(f[ti, tiva] — fltioa, ti)),
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Appendix C

Legendre Transfrom

The general Legendre transform is outlined in [9]. Here we apply the transform to the following

special case.

Equation (4.2) in R? can be rewritten as

2 2 2 2
(P = Up — um2>uzl$1 + 2u$1u$2u$1$2 + (P — Ug — um)umm

1 1
— §leux1 — §Px2u$2 + %U‘ [P—uZ —uZ =0.

Assume that, in region 2 C R?, we can invert the relations

p1 = le(xhxz), P2 = ng(xbxz);

to solve for

Ty = 351(]01,]92), To = 1’2(111,172)-

By Hodograph transform, we get

Uz iz = ‘]xQ,Pw Uz iz = _J‘rl,Pz

Ugomy = _‘]'TZPN Uzomy = Jxl,,m

as long as J = = detD*u = Uy, g, Uy, — uim 7 0.

Define
v(p) = x-p—u(x(p)),
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where X = (1, x2) and p = (p1, p2). We then arrive at

Up, = X1 + P1T1,p, + P2l2p; — Uy Tip, — UzyT2p, = T,

Upy = P1T1,py, + T2 + P2l2py — Uz Tlpy — Uy T2 p, = T2,

that is,

T2py = Upapps  Llpy = Upypy AN T = Uy,

We discover that )

Uz = JUP2P2

Ugyzy = — JUplpz

Upozy = valpl

\

Upon substituting into the equation (4.2), we derive for v the equation

(P - p% - p%) ‘]Upzpz - 2p1p2va1p2 + <P - p% - pg) valpl

1 1
— §Pvp1p1 — §Pvp2p2 + gm/P —p?—p3=0. (C2)

The transformed equation (C'.2) is non-linear in the new variables p;, p,. The power of the
Legendre transform is to obtain a linear equation from a non-linear one. This technique does
not seem to attain a simple equation out of equation (C.1). For this reason, we do not pursue

this direction any further.
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