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Abstract

Algebra is the foundational mathematics course that students take as they begin
their high school career and is often difficult for the average learner. In order for students
with disabilities and those with mathematics difficulties to meet the high expectations of
future mathematical courses, providing quality instruction by implementing evidenced
based practices within the inclusive setting is essential to improving the academic
achievement of students in courses such as algebra. The concrete-representational-
abstract (CRA) sequence is an evidenced based practice that is proven effective in
increasing students’ mathematical skills. The development of a modified version of the
CRA sequence, the concrete-representation-abstract-integration sequence (CRA-I), was
shown to be effective in teaching advanced mathematics skills to three students with
disabilities (Strickland, 2012). However, the research in teaching secondary students with
disabilities advanced mathematical skills is lacking. Therefore, this study investigated if
receiving supplemental algebra instruction using the CRA-I sequence, a graphic
organizer, the BOX Method, and mnemonic instruction would affect students’
performance in multiplying binomial expressions to form quadratic expressions and
transforming quadratic expressions into factored form. Similar to previous CRA
research, this intervention taught students two mnemonics, FACTOR and HUMP BACK
FACTOR, to develop procedural fluency in the transformation of quadratic expressions
into factored form. There was no current research that implemented the use of CRA-I and
mnemonic strategy instruction for advanced algebra skills, although CRA and mnemonic

instruction is shown effective for improving basic algebra skills.
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Chapter 1. Introduction

A shift in the focus of how to provide high quality education for all began in the
United States in the mid-1980s when schools failed to prepare students to compete
against their counterparts across the world in reading and mathematics (Brownell, Ross,
Colon, & McCallum, 2005). In the decade prior, students with disabilities acquired rights
to receive a free and appropriate education with the passage of the Education for all
Handicapped Children Act in 1975. The passage of this law opened the doors for all
students to receive a free and appropriate education. This was the beginning of inclusive
education. As schools began to provide inclusive educational settings to all students,
parents and educators across the nation saw that all students, not merely those with
disabilities, were not learning and educators failed to provide adequate instruction.
Subsequent educational laws such as No Child Left Behind (NCLB, 2001) and the Every
Student Succeeds Act (ESSA, 2014) focused on increasing the standards for students and
ensuring that students received effective instruction to increase student academic growth.
The shift and focus on high quality instruction to meet more rigorous standards led to the
development of the Common Core State Standards Initiative (CCSSI, 2010). The CCSSI
published standards in 2010 and by 2013 forty-five states, the District of Columbia, and
several U.S. territories adopted the standards for full implementation (CCSSI, 2010).
There are forty-one states, the District of Columbia and several U.S. territories that are
implementing CCSSI (CCSSI, 2019). Therefore, the majority of students across the
nation must meet more rigorous standards. For students with disabilities, the Individuals
with Education Act (IDEA) of 1990 and 2004 emphasized the requirement that students

with disabilities have equal access to the general education curriculum and are served in
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their least restrictive environment (Strickland & Maccini, 2013). Therefore, students
with disabilities are also held to the same standards.

Most states in the U.S. adopted the Common Core State Standards (CCSS) with a
purpose to identify standards that would prepare students to be college and career ready,
develop higher order thinking skills, prepare students to succeed globally, and implement
practices that are research based and evidenced based (CCSSI, 2001). Specifically, in the
area of mathematics, the CCSSI standards requires that a greater emphasis is put on the
development of students’ conceptual understanding in basic mathematical skills (Watt,
Watkins, & Abbitt, 2016). Beginning in a third-grade, the CCSS focuses on the
development of reasoning skills beyond computation only. Students develop numerical
and multiplicative reasoning skills in addition to the early development of reasoning in
algebra. Effective instructional practices at the elementary level must develop students’
computation skills, specifically in numerical computation, through the use of
manipulatives to build conceptual understanding of mathematical concepts and relate
them to the real world (Pratt, 2018, Scheuremann, Deshler, & Schumaker, 2009). The
CCSS focuses on developing these mathematical skills through a progression that builds
conceptual understanding so students can find more success in problem-solving,
computation, and procedural knowledge (CCSSI, 2001).

As a response to the need for educational reform, several organizations provided
guidance to address the growing needs of students. Specifically, the National Council for
Teachers of Mathematics (NCTM) responded to the call to improve mathematics
instruction by publishing the Principles and Standards for Mathematics in 1989 (NCTM,

2014). Since then, NCTM published an updated version in 2000 and the Principles to
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Actions in 2014, imploring educators to develop students’ understanding and reasoning in
mathematics though the use of a variety of tools and hands-on activities not only in
elementary school but throughout grades K-12 (Pratt, 2018). Furthermore, the NCTM
(2014) provided guidance to educators to meet the demands of students who come from
culturally, linguistically, and economically diverse backgrounds, all which impact student
success.

Researchers, such as Witzel, Smith, and Brownell (2001) and Miller and Hudson
(2006), responded to the call for more researched based interventions to improve student
learning. Witzel and colleagues demonstrated that students with disabilities who struggle
with mathematics benefitted from hands-on experiences and strategy instruction to build
conceptual knowledge and increase skills in more advanced mathematical concepts.
These hands-on experiences, according to Witzel et al. (2001), allowed students to
develop conceptual understanding of the operations, numerical symbols, and abstract
equations. Miller and Hudson (2006) identified that the use of multiple representations
was an important step in helping students with disabilities develop conceptual
understanding in the mathematics classroom. In addition, Miller and Hudson (2006)
identified the concrete-representational-abstract sequence (CRA) as an instructional
approach that provided students with opportunities to engage in instruction that used
multiple representations and provided hands-on experiences for students. The CRA
sequence is a three-step process and students learned to progress through skills going
from concrete application to abstract application. During the first step students learned to
use objects during the concrete phase to learn mathematical concepts. During the second

step, representational, students learned to use picture representations of mathematical
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concepts. Lastly, during the third step, abstract, students learned to use numbers and
symbols to represent mathematical concepts.
Statement of the Research Problem

Research regarding effective interventions to develop advanced algebra skills for
secondary students with disabilities is lacking. There were two studies conducted with
secondary students with disabilities using strategies including graphic organizers and the
explicit inquiry routine (EIR) to improve mathematical performance of secondary
students with disabilities (Ives, 2007; and Scheuermann et al., 2009). There were only
three studies that investigated using the concrete- representational-abstract (CRA)
sequence with secondary students to teach basic algebra concepts. Maccini and Ruhl
(2001), Maccini and Hughes (2000), and Witzel, Mercer, and Miller (2003) illustrated
that supplemental CRA instruction was an effective way of increasing algebra skills for
students with disabilities and who struggle in mathematics.

Strickland and Maccini (2012) further extended the line of CRA research and
investigated teaching mathematics skills to solve more complex algebraic problems.
Strickland and Maccini (2012) used a modified version of the CRA sequence, the
concrete-representation-abstract-integration sequence (CRA-I), to teach mathematics
skills to solve complex algebraic problems involving quadratic expressions. Strickland
and Maccini implemented the use of a graphic organizer and CRA-I to teach students to
multiply linear expressions embedded within word problems. This is the only research
conducted investigating improving students with disabilities mathematical skills beyond
linear equations. Therefore, as a response to these findings in literature, the development

of this study focuses on the implementation of mnemonic instruction and graphic
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organizers taught using CRA-I sequence to multiply linear expressions to form quadratic
expressions and to transform quadratic expressions into factored form. In addition, this
study focuses on improving students’ accuracy and investigating whether students will
generalize their skills to word problems.
Justification for the Study

ESSA (2014), NCTM (2000), and the National Mathematics Advisory Panel
(NMAP, 2008) emphasized the need to provide effective interventions for students in
mathematics during the school day in order to impact instruction. NMAP (2008) stated
that algebra teachers should be prepared to meet the needs of students who lack basic
skills in algebra such as the commutative property, distributive property, solving
algebraic equations, and transforming algebraic equations. The NCTM (2014) Principles
to Actions identified eight mathematics teaching practices that all effective mathematics
teachers should use daily when providing instruction. These teaching practices include:
(a) establishing clear goals, (b) promoting problem-solving and reasoning, (c) making
connections through the use of mathematical representations, (d) engaging in meaningful
mathematical discourse, (e) purposeful questioning, (f) developing conceptual
understanding to build procedural fluency, (g) consistently support productive
mathematical struggle, and (h) elicit and use student ideas. Furthermore, NCTM (2014)
stated that the use of manipulatives across grades k-12 is a necessity for improving
student success in solving complex algebraic problems.

Watt et al. (2016), conducted a systematic review of literature and identified five
effective algebra interventions for teaching students within the domains of the common

core state standards. Watt and colleagues identified CRA, tutoring, mnemonic instruction,
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enhanced anchored instruction, and graphic organizers as effective interventions for
teaching students with mathematical difficulties. Most studies found in the review used a
combination of interventions to improve learning. Ives (2007) implemented the use of
graphic organizers taught within strategy instruction in mathematics classrooms for
students in the seventh through twelfth grades to learn how to solve systems of linear
equations. This study found a higher level of conceptual understanding for solving
systems of linear equations with students who used graphic organizers compared to those
who did not use graphic organizers. Scheuermann et al. (2009), investigated students’
performance in solving one-variable equations embedded within word problems using the
explicit inquiry routine (EIR) which combines mathematical teaching approaches such as
CRA and explicit instruction. Students in this study improved in solving one-variable
equations presented in a variety of word problems.

Maccini and Ruhl (2001) and Maccini and Hughes (2000) used the CRA sequence
in combination with mnemonic strategy instruction to improve basic algebra skills in
students with disabilities. In both studies, students learned the STAR strategy to create
and solve linear equations from word problems within the CRA sequence. Maccini and
Ruhl (2001) investigated the effects of CRA strategy and the mnemonic strategy on the
problem-solving performance of secondary students with disabilities to improve the
algebraic subtraction of integers embedded within word problems. Maccini and Hughes
(2000) extended this line of research and implemented the CRA sequence and the
mnemonic strategy to improve students’ performance in solving algebraic word problems

involving the addition, subtraction, multiplication, and division of integers. Witzel et al.

15



(2003) implemented the CRA strategy and taught a group of students how to solve linear
equations for one variable.

In the Strickland and Maccini (2012) study, students learned advanced algebraic
skills using the CRA-I sequence in combination with a graphic organizer. The students in
the Strickland and Maccini (2012) study learned binomial multiplication using the CRA-I
sequence and a graphic organizer, The BOX Method, following the acquisition of
conceptual knowledge of binomial multiplication. The graphic organizer helped students
build conceptual understanding and develop procedural fluency in binomial
multiplication. Therefore, to develop advanced algebraic skills, effective instructional
interventions must be used in combination to provide students with the greatest
probability of acquiring and maintaining skills.

The use of mnemonic strategy instruction in combination with the CRA sequence
was effective for students with disabilities when teaching basic algebraic skills (Maccini
& Hughes, 2000; Maccini & Ruhl, 2001; Witzel et al., 2003) As evidenced in studies
conducted by Maccini and Hughes (2000) and Maccini and Ruhl (2001), when CRA
instruction included mnemonic strategy instruction, students learned to develop a plan to
perform operations on algebraic concepts. In addition, mnemonic instruction helped to
improve students with disabilities’ memory issues by drawing on their strengths rather
than weaknesses by making connections to familiar and meaningful concepts (Scruggs &
Mastropieri, 1990). Therefore, these methods may improve student performance when

attempting more complex algebraic problems.
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Purpose of the Study
The purpose of this study was to determine if receiving supplemental algebra

instruction using the CRA-I sequence, graphic organizers, and mnemonic instruction
would affect students’ performance in multiplying binomial expressions to form
quadratic expressions and transforming quadratic expressions into factored form. Probes
assessed accuracy in binomial multiplication, quadratic transformations into factored
form when the coefficient in the first term is equal to one, and quadratic transformations
into factored form when the coefficient in the first term is more than one. The
generalization probe determined if any skills learned in the intervention would transfer to
word problems.

Research Questions

1. What are the effects of instruction using the concrete-representational-abstract-
integration strategy (CRA-I) and a graphic organizer, the BOX Method, on
students’ accuracy in multiplying binomial expressions to form quadratic
expressions?

2. What are the effects of instruction using the mnemonic strategy, FACTOR, taught
within the CRA-I strategy on students’ accuracy in completing problems
involving the transformation of quadratic expressions into factored form when the
coefficient in the first term is equal to one?

3. What are the effects of instruction using the mnemonic strategy, HUMP BACK
FACTOR, taught within the CRA-I strategy on students’ accuracy in completing
problems involving the transformation of quadratic expressions into factored form

when the coefficient in the first term is more than one?
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4. What are the effects of the CRA-I strategy and the mnemonic instruction on
students’ generalization to problems including word problems involving the
multiplication of binomial expressions and transforming quadratic expressions
into factored form?

Definition of Terms
Algebraic Expression: a mathematical sentence which contains at least one variable and
symbols. EX: On+5 (4x+3) -2x.
Binomial: an algebraic expression representing the sum or difference of two terms.
Binomial multiplication: The multiplication of two binomials.
BOX Method: A graphic organizer with a four-quadrant representation to teach students
to organize and self-monitor computations when performing binomial multiplication and
transformation of quadratics into factored form.
Coefficient: a number placed in front of a variable that indicates that the number
(constant) is multiplied to the unknown quantity.
Combine Like Terms: also known as simplifying algebraic expressions, is the process
of adding the coefficient of like terms.
Constant: A number that is not in front of a variable. The known number in an algebraic
expression.
Denominator: the bottom number in a fraction; the divisor.
Expression: a mathematical sentence without an equal sign.
Equation: a mathematical sentence with an equal sign.
Factor: a number or algebraic expression that is multiplied by another number or

algebraic expression to acquire a product.
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Factored Form of Quadratic Expressions: A polynomial expression written as the
product of two binomials. Transform into factored form refers to the transformations of
functions.

Factoring: The process used to write a polynomial expression as a product of its factors.
Integer: a positive or negative whole number that is not a fraction.

Inverse Operations: Operations that undo each other. For example, the inverse operation
of addition is subtraction.

Leading Coefficient: The coefficient of the first term.

Like Terms: Terms that have the same variable raised to the same power (exponent).
Linear Expression: A polynomial expression written in standard form with the highest
power being 1. For example, 2x+3 is a linear expression because the power on the term
2x is an understood 1.

Monomial: an algebraic expression with one term that is either a number, a variable or a
product of a number(s) and variable(s).

Numerator: the top number in a fraction.

Numerical Expression: a mathematical sentence which contains numbers and symbols
representing operations. EX: 9+5 or (4+3) -2

Polynomial- an algebraic expression consisting of more than one monomial term or the
sum or difference of monomial terms. For example, 3x+2y-4 or 3x*+2x+2.

Quadratic Expression: A polynomial expression written in standard form with the
highest power being 2. For example, 2x>+3x+6 is a linear expression because the power

on the term 2x2 is 2.
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Standard Form of a polynomial: a polynomial expression containing variables with
exponents (powers) that are written from highest exponent (power) to lowest exponent
(power).
Terms: a number, variable, or the product of a number and variable that are separated by
addition or subtraction. For example, in 2x*+3x+6 there are three terms. 2x? is one term.
Trinomial: an algebraic expression representing the sum or difference of three terms.
Variable: a symbol that represents one or more numbers, most often a letter such as x
Limitations of the Study
The current study is limited in the number of participants. There were two
participants, so the results of this study cannot be generalized. In addition, the students
received the intervention individually in a separate setting. Therefore, it is unclear how
effective the intervention is when delivered to a group of students in the general
education setting. Furthermore, the study does not compare the intervention to another
form of instruction. Therefore, the effectiveness of the intervention compared to others
cannot be determined. The researcher implemented all of the lessons in the intervention.
Therefore, it cannot be determined that the same results would be achieved if a teacher
implemented the intervention.
Summary
This study sought to extend previous research conducted by Strickland and
Maccini (2012). Similar to the previous study, this study taught algebra skills through the
use of the CRA-I strategy to move students through the sequence of skills and work with
quadratic expressions within in the appropriate pace of the algebra curriculum. Unlike the

previous studies, this study introduced the use of the graphic organizer, the BOX Method,
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during the first lesson of instruction to make connections earlier between conceptual
understanding and procedural fluency. Furthermore, the intervention taught students two
mnemonics, FACTOR and HUMP BACK FACTOR, to develop procedural fluency in
the transformation of quadratic expressions into factored form. There was no current
research that implemented the use of CRA-I and mnemonic strategy instruction for
advanced algebra skills, although CRA and mnemonic instruction is shown effective for
improving basic algebra skills. In addition, previous studies focused on developing
conceptual understanding through the context of word problems, however, this current
study focused on using array representation to build conceptual understanding of the
multiplication and the distributive property to increase student accuracy in binomial

multiplication and transformation of quadratics into factored form.
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Chapter 2. Review of Literature
Introduction

Mathematics is often difficult for the average learner and the level of difficulty
increases as students matriculate through high school mathematics courses such as
Algebra, Geometry, and Algebra 2 (Strickland, 2017). Currently, students with
disabilities are expected to enroll in courses beyond Algebra 1 and to meet rigorous
standards for mathematical coursework (Strickland, 2017; Strickland & Maccini, 2010).
In addition to meeting the minimum course requirements for high school mathematics,
students with disabilities and those with mathematical difficulties who have a goal of
enrolling in a 2- or 4-year post-secondary education program will need to enroll in
courses in high school that will make them college ready. Courses such as Algebra 2,
Pre-calculus, and Calculus are all mathematics courses that will benefit students in high
school and make them college ready, especially for students wanting to pursue careers in
the Science, Technology, Engineering, and Mathematics (STEM) field (Wade, Sonnert,
Sadler, & Hazari, 2017). However, many students, especially those with disabilities and
mathematics difficulties, are not prepared to enroll in advanced high school mathematics
courses nor college mathematics courses, and many are unable to be successful once
enrolled in these courses.

According to the National Council of Teachers of Mathematics (NCTM, 2000), if
students want to be successful in college mathematics courses, educators must be trained
to provide students with the skills to develop conceptual understanding and procedural
fluency in mathematics while in high school (NCTM, 2000). When students are not

provided with instruction that develops conceptual understanding and procedural fluency,
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they will often have to enroll in remediation courses while in college. According to the
Remedial Coursetaking at U.S. Public 2- and 4-Year Institutions: Scope, Experiences,
and Outcomes Statistical Analysis Report (Chen, 2016) from those individuals enrolled in
2-and 4-year post-secondary institutions between 2003-2009, 59.3% of students enrolled
at 2-year institutions and 32.6% of students enrolled at 4-year institutions were enrolled
at some point in remedial mathematics courses during their post-secondary enrollment.
In addition, researchers have found that college professors believe that often students are
unable to gain success in college-level mathematics courses because they have had a lack
in instruction that develops students’ ability to understand concepts and make
connections to the appropriate procedures to use (Wade et al., 2017). According to
research conducted by Wade and colleagues, the result of lack of instruction in
developing conceptual understanding is that many students must then alter their career
plans and pursue other fields that do not require the more advanced college mathematics
courses.

Therefore, to meet the high expectations of future mathematical courses,
providing quality instruction to a group of diverse learners by implementing evidenced
based practices within the inclusive setting is essential to improving the academic
achievement of students in mathematics courses such as algebra (Strickland, 2014).
Algebra is the foundational mathematics course that students take as they begin their high
school career and is the course that continues to build conceptual knowledge and
procedural fluency for students to be able to pursue more advanced mathematics courses.
This chapter presents research regarding algebra interventions that improved algebraic

skills of secondary students with disabilities and secondary students who struggle in
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mathematics. This literature review is presented in the following major sections: algebra
skill development, mnemonic strategy instruction, and CRA for algebra. The CRA
section is divided into two segments: CRA for basic algebra concepts and CRA-I for
complex algebra concepts.

Research Regarding Effective Strategies to Develop Algebraic Thinking

The NCTM (2000) standards emphasized the need for all students to receive high
quality mathematics instruction that provides access to the general education curriculum.
Students in the secondary setting often struggle with making the connection between
arithmetic and algebraic thinking. According to Cai, Lew, Morris, Moyer, Ng, and
Schmittau (2005) students in the United States (U.S.) are often not introduced to the
formal use of algebraic thinking skills until the eighth and ninth grade. This lack of
formal instruction in the use of algebraic thinking skills until later grades results in
students who struggle in secondary mathematics when asked to apply algebraic thinking
skills fluently. Cai et al. (2008) identified that curriculum should promote algebraic
thinking skills in the elementary grades. However, when students are unable to learn
essential skills of algebraic thinking in the elementary grades, quality instructional
practices at the secondary level become vital to the future success of secondary students
with mathematics difficulties.

Maccini, Strickland, Gagnon, and Malmgren (2008) identified six mathematical
principles and practices that would improve the performance of secondary students with
mathematical difficulties. These practices included explicit/direct instruction, strategy
instruction, real-world activities, technology, graduated instructional sequence, grouping

for instruction, and other approaches to adapting instruction including cue cards, graphic
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organizers, and monitoring of academic tasks (Maccini et al., 2008). Results from
Maccini and colleagues’ study were consistent with results found in Gagnon and Maccini
(2007), a study on highly effective special education teachers in the inclusive setting and
are consistently identified in research as effective in improving secondary students’
mathematical skills.

One instructional method, graphic organizers, was effective in improving
mathematical skills for secondary students in Ives’ (2007) study. According to Ives
(2007), the use of graphic organizers in the secondary setting for students with
mathematical difficulties was a useful technique used primarily in literature to improve
reading comprehension. The researcher suggested that graphic organizers should be used
in higher level mathematics courses so that students gain a broader understanding of the
mathematical symbols, expressions, and equations and relations that exist between these
mathematical concepts. According to Ives, graphic organizers provided students with a
way to represent complex mathematical concepts graphically. Essentially, Ives conducted
a study that compared groups of students’ abilities to solve systems of two linear
equations with two variables and systems of three linear equations with three variables.

Ives (2007) sought to answer three questions. The first question asked if students
with learning disabilities or attention deficit disorder would perform better on the skills
and concepts after learning to use a graphic organizer to solve two linear equations in two
variables. The next question asked if there were a difference between the performance of
those in the graphic organizer group (treatment) and the control group two to three weeks
after instruction had ended. Finally, the author investigated whether the study could be

replicated using the graphic organizers to solve three linear equations in three variables.
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In order to address the research questions, the researcher conducted two studies
and used a two-group comparison experimental design to analyze the data. Using this
type of design allowed the researcher to determine if there were differences observed in
the groups as well as the effectiveness of using the graphic organizer to teach students
with mathematical difficulties how to solve the two types of systems of linear equations.
The first study answered the first two research questions. The second study answered the
first and last research questions. The setting for the study was a private school for
students with learning disabilities in grades six through 12. For the first study, there were
26 participants with 14 participants in the graphic organizer group and 16 participants in
the control group. For the second study, there were a total of 20 participants with 10
participants in each group. In both studies, participants included students with attention
deficit hyperactivity disorder and learning disabilities in reading, language, mathematics,
and written ability.

The researcher developed a graphic organizer used in both studies that students
used to learn to solve systems of linear equations. The graphic organizer consisted of a
chart organized with two rows by three columns, with each column labeled III, II, and I.
The first study focused on students learning how to solve two linear equations in two
variables; therefore, they used only the first two columns (II and I). In the second study,
students used all three columns and rows because students completed complex systems of
linear equations. Using the graphic organizer, students worked in a clock-wise motion
from cell to cell using the column headings as a guide. They worked from left to right to
eliminate variables and solve the system of equations (Ives, 2007). The top row of the

graphic organizer guided students as they eliminated the variables according to the
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column heading. For example, the students began in the first cell that has a III as the
heading. The graphic organizer prompted the student to reduce the system of equations
with three variables in the first cell to a system of equations with two variables in the cell
under heading II. The last cell on the top row had a one heading and prompted the student
to solve the system of equations with two variables in the previous cell for one variable
and place the solution in the cell with heading I. The bottom row guided students to solve
the equations for the variables using the column headings to determine the number of
solutions for each cell. For example, once the student completed the top row, the student
placed the solution from the cell on the top row in column I in the cell on the bottom row
under column I. Next, the graphic organizer prompted the student to move to the next cell
on the bottom row in column II and substitute the solution to the variable from the
previous cell into the equation on the top row in column II. Once the student completed
the problem, the student had two solutions on the bottom row in column II. The students
continued this until they solved all variables.

The researchers used three measures with content related to prerequisite skills,
justification skills, and classroom instructional objectives to collect data in the study. The
prerequisite skills test measured the extent to which students were adequately prepared
for the lessons. The content skills test assessed students’ justification of procedures used
to solve systems of equations as well as their ability to solve for systems of equations.
Finally, the last measure used in the study was an end-of-unit test that the teachers
developed and gave prior to and after the study concluded. This measure assessed the

content covered in class during the time of the study.
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The researcher developed the lesson plans that included strategy instruction.
According to Ives (2007), strategy instruction included verbal modeling, dialogue, and
rich explanations (Ives, 2007). The teachers used direct instruction that included
feedback, asking questions, and giving probes. Lesson one focused on providing students
with an assessment and review of prerequisite skills. Lessons two and three provided
students with the introduction to simple linear equations leading to working with a
variety of systems of linear equations. Although the researcher began with structured
lesson plans, they revised the lesson plans throughout the study based on the needs of the
students. Revisions in the lesson plans were consistent across all the courses. The
researcher included advance preparation procedures in which he attended all of the
classes where the study was going to be implemented in order for the students to become
familiar with him.

The study began with administration of the Test of Prerequisite Skills. Then
instruction began with a review of the pre-requisite skills. After this review, the
researcher implemented the lessons according to the lesson plan procedures. On the last
date of instruction, the researcher administered students the Test of Content Skills. Two to
three weeks after instruction, the students completed the content assessment again. The
researcher administered the teacher-generated unit test one week after instruction.

The researcher analyzed the data with an analysis of variance (ANOVA) to
compare group means on the teacher-generated and content skills tests (Ives, 2007).
Results from the teacher-generated test in study one indicated that there was a statistical
difference observed in the group means of the graphic organizer group and the control

group. For the graphic organizer group, the group means were significantly higher than
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the group means for the control group and there was a medium effect size observed. On
the content skills test, the researcher garnered two scores from the assessment. First, the
researcher analyzed the scores from the concepts section followed by an analysis of
scores from the solving systems section of the assessment. Results for the first section
score, the concepts section, indicated that the group means for the graphic organizer
group were significantly higher on the posttest and the follow-up test compared to the
group means for the control group. There was a large effect size on both the posttest and
the follow-up test. However, on the solving systems section of the posttest and follow-up
test, there was not a statistically significant difference in the group mean scores for the
graphic organizer group and the control group. Therefore, results from study one
indicated that students in the graphic organizer group’s performance improved more than
students’ performance in the control group. In addition, students in the graphic organizer
group had a better conceptual understanding of the content and maintained these skills
two to three weeks after instruction ended.

Results from study two addressed research questions one and three. Question one
investigated whether students who received instruction using graphic organizers
outperformed those who did not receive instruction using a graphic organizer. Question
three investigated if results from the second study were replicated from the first study.
Study two had a smaller sample size and therefore it was expected that statistical analysis
would not yield any statistically significant results due to the reduction in power. To deal
with this, the researchers used a “what if analysis”. Results from the data analysis using
the what if procedure yielded statistically significant results with a large effect size. The

researchers used visual analysis of bar graphs to answer the third question and identify if
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results from the first study were replicated in study two. Visual analysis of the graphs
confirmed that results from study one in study two. Visual analysis also confirmed that
for every assessment measure the graphic organizer group outperformed students in the
control group. However, the researcher also noted that there was not any statistically
significant difference in the group means in study one on the teacher generated test.

Results from Ives’ (2007) study showed the promising benefits of using a graphic
organizer to teach students with mathematical difficulties in the secondary setting.
Results from the study provided evidence that students who used a graphic organizer had
better conceptual understanding of mathematical concepts and skills compared to those
who did not use a graphic organizer. Students who used graphic organizers consistently
solved systems of equations with a higher accuracy rate than those who did not use
graphic organizers. The use of the graphic organizers also suggested that students who
had other difficulties, such as in language and writing, benefitted from having a way to
organize the vocabulary and language often used in instruction in the secondary
mathematics classroom.

Graphic organizers were shown as effective for students with mathematics
difficulties who also experienced language and writing deficits because they helped
students better understand the meaning of the mathematics they learned. However,
utilizing one representation to teach new mathematical concepts and skills cannot
promote generalization of skills (Miller & Hudson, 2006). Miller and Hudson’s (2006)
first guideline for helping students better understand the meaning of mathematics was use
a variety of representations to convey the meaningfulness of the mathematics learned.

The use of a variety of representations in the mathematics classroom was important
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because it promoted the development of conceptual understanding. The National Council
of Teachers of Mathematics (NCTM, 2000) identified conceptual understanding as a
main goal of mathematics instruction.

Array representation and area models used in the elementary level when teaching
multiplication promotes multiplicative understanding and algebraic reasoning (Day &
Hurrell, 2015). According to Day and Hurrell, array representations and area models of
multiplication promote the understanding of multiples, factors, and makes comparisons
from the concrete level to the abstract level easier. In addition, the use of array
representation fosters the understanding of the commutative property, which states that
with addition or multiplication the order of the terms does not matter because the results
will be the same. Barmby, Harries, Higgins, and Suggate (2009) stated that array
representations develop a greater depth of conceptual understanding and procedural
knowledge in students. Furthermore, the CCSS identified in the third-grade students
must receive instruction on using array representation and area models of multiplication
to develop students understanding of the distributive property (Kinzer & Stanford, 2014).

The use of array representation must be implemented in mathematics instruction
for secondary students especially those who failed to acquire fluency in multiplication at
the elementary level. According to Kinzer and Stanford (2014), the distributive property
is the center of multiplication and area models of multiplication are effective instructional
methods for developing algebraic reasoning. However, mathematics teachers lack
thorough understanding of why multiplication is performed and how multiplication is
performed (Pratt, 2018). There is a lack of conceptual understanding of multiplication,

relations, and connections to other mathematics concepts. Therefore, Pratt (2018)
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investigated whether developing preservice mathematics teachers’ understanding of
multiplication as area models would foster conceptual understanding for the
multiplication of integers and binomials and impact future instruction. Results from the
study illustrated that after implementing the use of area models of multiplication and
manipulatives, most participants’ conceptual understanding of multiplication changed.

Specifically, Pratt (2018) implemented a collective case study that spanned three
academic years. Using a design approach, each year the researcher planned a series of
tasks where participants engaged in multiplication of integers and binomials. These
scaffolded tasks throughout the year progressed participants from multiplying integers to
multiplying binomials. At the end of the academic year the researcher reviewed the
activities and changed the focus of the tasks in year two. During the second year the
focus shifted to scaffolding the development of the participants’ conceptual
understanding. First, participants engaged in using area models of multiplication to
develop understanding of whole number multiplication. These tasks used whole numbers
and binomials then participants transitioned to multiplication of integer sets. Based on the
findings from the second year, participants in the third year followed the same
implementation plan; however, algebra blocks and base ten blocks supported instruction.
The researcher modeled whole numbers with base ten blocks and algebraic
representations with algebra blocks prior to engaging in tasks involving multiplication of
integers and multiplication of binomials. Comparisons between the whole number and
binomial representations and then participants engaged in the remainder of the tasks of
the study. Participants in the third year showed the most growth in conceptual

understanding, illustrating the significant impact that a variety of representations,
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including area models of multiplication and manipulatives, have in developing
conceptual understanding of multiplication. Although research says that multiple
representations are effective in developing algebraic reasoning skills in secondary
students, mnemonic strategy instruction is also a practice found to be effective in
providing high quality instruction for students with disabilities in the inclusive setting
(Mastropieri & Scruggs, 1998; Scruggs et al., 2010). Specifically, mnemonic instruction
helps to improve students with disabilities” memory issues by drawing on their strengths
rather than weaknesses by making connections to familiar and meaningful concepts
(Scruggs et al., 1998). Therefore, secondary mathematics instruction must implement
additional strategies, such as mnemonic instruction, to teach students more complex
algebraic skills.
Research Regarding Mnemonic Instruction

Mnemonics are strategies or procedures that improve memory (Scruggs et al.,
2010). Mnemonic strategies are highly effective in improving the amount and length of
time students store and recall information (Mastropieri & Scruggs, 1998). According to
Mastropieri and Scruggs, mnemonic strategies were most successful when new
information is related to information already stored in one’s long-term memory.
Mnemonic strategy methods include the keyword, peg word, reconstructive elaborations,
and letter strategies. Letter strategies are the most familiar to students and include
mathematics strategies such as FOIL and PEMDAS.

Mnemonic strategies were shown effective for students with and without
disabilities as well as in a variety of content areas (Mastropieri & Scruggs, 1998).

Maccini et al. (2007) conducted a systematic review of literature on mathematics
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interventions for secondary students with disabilities. Mnemonic instruction was an
efficient and effective method for teaching mathematics concepts to secondary students.
One study included in the review targeted secondary students with disabilities and taught
students the LAP mnemonic to improve skills in addition and subtraction of fractions
(Test & Ellis, 2005). The LAP mnemonic means: “Look at the sign and denominator. Ask
yourself the question, Will the smallest denominator divide into the largest denominator
an even number of times? Pick your fraction type” (Test & Ellis, 2005). Instruction with
the LAP mnemonic strategy improved students’ accuracy in adding and subtracting
fractions.

Another study with secondary students in mathematics focused on problem
solving and used a mnemonic strategy called SOLVE (Freeman-Green et al., 2015). The
SOLVE strategy means: “Study the problem, Organize the facts, Line up a plan, and
Examine your results” (Freeman-Green et al., 2015). The nine lessons in the intervention
was implemented using explicit instruction. There were eight phases of the intervention
which included the following: (1) pretest, (2) describe, (3) model, (4) verbal practice, (5)
controlled practice and feedback, (6) advanced practice and feedback, (7) posttest
procedures, and (8) maintenance and generalization procedures (Freeman-Green et.al.,
2015). Once students completed all phases of the intervention they took a standardized
assessment. This study illustrated that students with disabilities can develop problem
solving skills using mnemonic strategies taught with explicit instruction. The use of the
SOLVE strategy in this study further illustrated that when students learned strategies that
taught how to develop, create, and execute a plan, while also self-monitoring one’s own

behaviors, they were more successful in learning how to solve word problems. Although
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mnemonic instruction is effective in developing procedural fluency in students there is a
need for evidence of effective practices that improved secondary students with
disabilities and math difficulties in developing more complex algebraic skills. According
to Maccini and colleagues (2008) The concrete-representational-abstract sequence (CRA)
was a three-step process and students learned to progress through skills going from
concrete application to abstract application. The CRA sequence includes many
characteristics that are aligned to the NCTM standard of using hands on activities. In
addition, CRA research in algebra implemented mnemonic instruction within the CRA
sequence to develop procedural knowledge after acquiring conceptual understanding.
Therefore, the remaining major sections will review research in the area of the CRA
sequence of instruction for secondary students with disabilities.
Research Regarding CRA for Mathematics

Maccini et al. (2007), Watt et al. (2016), and Marita and Hord (2017) reviewed
literature regarding effective mathematics instruction for secondary students with
disabilities. Findings from these reviews of literature demonstrated the effectiveness of
the concrete-representational-abstract sequence. Studies included in the reviews used
concrete objects and pictorial representations to develop conceptual understanding in
various mathematical skills prior to engaging in abstract instruction. Peterson, Mercer,
and O’Shea (1988) conducted the initial research on the CRA sequence. The study
investigated the effect of teaching students with disabilities place value using the CRA
sequence compared to teaching students with disabilities place value at the abstract level
only. The researchers also investigated the effects of the CRA sequence on the

maintenance and generalization of the skills.
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There was a total of twenty-four (24) participants in the study. All participants
were elementary or middle school students with a learning disability. There were twenty
(20) male and four (4) female participants with ages that ranged from eight (8) to thirteen
(13). All of the participants received instruction for mathematics in the special education
classroom. The classroom teachers implemented the intervention in their classrooms.

The study consisted of three phases that included teacher training, instruction,
and post treatment. During the teacher training phase of the intervention five teachers
participated in training workshops. During the training workshops, the teachers reviewed
research on effective teaching, direct instruction model, and concrete-to- abstract
teaching (Peterson et al., 1988). In addition, during the trainings the researcher modeled
examples and non-examples of concrete-to-abstract teaching and one of the scripted
lessons. The teachers then modeled one of the scripted lessons. Prior to implementing the
lesson in their own classroom, the teachers demonstrated mastery of the instructional
procedures.

There was a total of nine instructional lessons implemented during the instruction
phase of the intervention. Each lesson was ten (10) to fifteen (15) minutes in length and
was delivered to groups of three students. The nine lessons followed the direct instruction
model which included, (a) an advanced organizer, (b) demonstration and model of skill,
(c) guided practice, and (d) independent practice. During the instruction phase of the
intervention, the only difference in instruction between the treatment group and control
group was the inclusion of manipulatives and pictorial representations during the

concrete and representational lessons of the intervention. The control group received all
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nine lessons during instruction at the abstract level while the treatment group received
three lessons at each level of instruction (concrete, representation, and abstract).

The first three lessons during the instruction phase of the intervention taught the
skill at the concrete level using manipulatives that included blocks, place value strips, and
place value sticks. During these lessons, participants used the concrete objects to develop
conceptual understanding of place value. The next three lessons were implemented
during the representational level. During the representational level of instruction
participants created pictures to represent and demonstrate place value. The
representational level served as the bridge between the concrete level and the abstract
level. The final three lessons of the intervention taught the skill at the abstract level.

The final phase of the intervention was the posttreatment phase. During this
phase each participant completed a post-test that assessed skill acquisition and
generalization. One week after the administration of the post-test, participants completed
another assessment of maintenance, which again assessed skill acquisition and
generalization.

A multivariate analysis of variance (MANOVA) procedure tested the effects of
the intervention (CRA) on place value acquisition and place value generalization.

Results from the MANOVA generated a significant main effect for treatment (F (2, 21) =
4.49, p <.05). Follow-up tests were conducted utilizing the univariate analysis of
variance procedure. Results from the follow-up tests generated a significant main effect
for place value acquisition (F (1, 22) = 8.79, p <.01). Therefore, students who received
the intervention demonstrated understanding of place value of ones and tens better than

students who did not receive the intervention. There were no significant effects for place
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value generalization on the follow-up tests (F (1, 22) = 1.66, p > .05). Therefore,
participants in both groups performed similar when identifying place value in multi-digit
numbers.

Results from Peterson et al. (1988) illustrated that mathematics instruction using
the concrete-representational-abstract sequence was more effective than abstract only
instruction. This study was the first to demonstrate the use of concrete objects and
pictorial representations to facilitate skill acquisition and maintenance. Furthermore, this
was the first study to suggest that additional research in the future should focus on
teaching new skills using the CRA sequence to validate the strategy’s effectiveness.

Since the initial study on CRA research, several studies have extended the
strategy to other mathematic skills including basic facts (Miller & Mercer, 1993),
addition and subtraction with regrouping (Flores, 2009; Flores 2010; Kaffar & Miller,
2011) multiplication and division (Harris, Miller, & Mercer, 1995; Milton, Flores,
Moore, Taylor, & Burton, 2019), and multiplication with regrouping using the partial
products algorithm (Flores, Moore, & Meyer, 2020).

Research Regarding CRA for Basic Algebraic Problem Solving

Prior to the year 2000, there was a lack of research regarding effective problem-
solving instruction for students with disabilities in algebra (Maccini & Ruhl, 2001).
Therefore, Maccini and Ruhl developed a new way for students to make meaning of
beginning algebra topics within word problems using CRA. In this pilot study, Maccini
and Ruhl investigated the effects of implementing explicit, strategic instruction with a

problem-solving strategy to solve algebraic problems that involved the subtraction of
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integers. The researchers also intended to improve the participants’ abilities to generalize
skills to more complex problems involving the subtraction of integers.

The participants in Maccini and Ruhl’s (2001) multiple-probe design study were
three eighth-grade students with specific learning disabilities (SLD) who had a history of
difficulties in mathematics. The researchers implemented the intervention for 20-30
minutes during study sessions outside of the general education class (Maccini & Ruhl,
2001). Students began the study in baseline and completed probes that comprised of five
problems assessing their ability to subtract integers and solve word problems involving
the subtraction of integers. Each of the students completed four probes sporadically
during baseline to determine the need for intervention and to assess students’
performance stability. When the students’ performance was stable, the first student began
the first phase of intervention. When the first student improved and the researcher
observed stability of data points during this phase of instruction, the second student began
the first phase of instruction. The third student entered the first phase of instruction once
the second student improved and the researchers observed stability in his performance
during the first phase of instruction. There were three phases of instruction for each
student and each moved from one phase to the next based on individual mastery defined
as 80% mastery on two consecutive test probes. The students’ progression through each
phase was not dependent upon other students (Jitendra et. al., 1999). A description of
instruction and the three phases follows.

The students learned a mnemonic strategy to create mathematical equations from
word problems. The strategy prompted students to: Search the word problem, Translate

the words in picture and mathematical expression form, Answer the problem, and Review
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the solution (STAR). The STAR strategy included the use of the CRA sequence of
instruction, self-monitoring strategies, and general problem-solving skills. The
researchers explicitly taught the STAR strategy through three phases of instruction within
the CRA sequence. Each of the instructional lessons consisted of the components of
explicit instruction. Explicit instruction was identified as an essential element in
promoting understanding of challenging concepts for students with disabilities (Miller &
Hudson, 2006). Miller and Hudson stated that explicit instruction provided students with
prerequisite skills and motivation to be successful in learning new mathematical
concepts. Explicit instruction also gradually increased the student responsibility for
performance away from teacher demonstrations (Miller & Hudson, 2006). The
instructional lessons in this pilot study included the following components: advance
organizer, model, guided practice, independent practice, posttest, and feedback/rewards
(Maccini & Ruhl, 2001). The researchers adapted the six components from the
instructional procedures outlined in the Strategic Math Series (Mercer & Miller, 1991).

The advance organizer identified the new skill, provided students with a rationale
for learning the new skill, and made connections to skills learned in previous lessons to
the current lesson. During modeling, the researcher used think-aloud techniques to
demonstrate how to complete problems using the prompts in the STAR strategy. The
researcher first modeled how to ask and answer questions about the problem using the
prompts from the strategy with one to two problems. Next, the researcher modeled how
to use the STAR strategy with three problems while also involving the students in the

process. Guided practice consisted of students receiving three problems to practice the
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strategy while the researcher assisted as needed. The level of assistance that students
received during guided practice was eventually faded.

Following guided practice, students demonstrated their understanding of concepts
learned during independent practice. During independent practice, students completed
problems without any cues or prompts. Next, the students completed a post-test that
consisted of five problems. If students did not master 80% accuracy on two consecutive
probes then students were provided with modeling or guided practice of additional
problems as needed. In the final component of the lesson, feedback/rewards, the
researchers provided students with positive and corrective feedback. The five-step
process to giving corrective feedback included both the researcher and student
documenting student performance, targeting error patterns and incorrect responses,
modeling procedures for error correction, practicing procedures for error correction, and
closing session with positive feedback. Occasionally, students earned edible rewards for
displaying on-task behaviors.

The researchers used explicit instruction to teach each level of CRA. There were
three instructional phases. The three instructional phases were concrete application, semi-
concrete application, and abstract application. Phase one, concrete application, provided
students with instruction on using the first two steps of the STAR strategy, search the
word problem and translate the words in picture form. During the concrete application
phase of instruction, the students used algebra tiles as concrete manipulatives. In this
phase, students learned self-monitoring and problem-solving techniques that cued them to
translate the equations into a visual representation using the algebra tiles. Students

learned during the first step, search the word problem, how they must carefully read the
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problem first. Once they carefully read the problem, students learned to self-regulate
their thinking by using self-questioning techniques. Finally, students learned to write
down the facts from the problem as a problem-solving technique. The teacher modeled all
of the strategies and techniques using think aloud strategies during instruction. During
the next step, translate the words in picture form, students learned to represent the
equations identified in the word problems using the algebra tiles. Students then solved
the equations using the algebra tiles.

In the next phase, semi-concrete or representational, students reviewed the first
two steps of STAR. There were the same instructions for the first step, search the word
problem. However, for the second step, translate the words in picture form, the students
translated the words into drawings of the algebra tiles on paper instead of using the
manipulatives. During this step emphasis was on students’ performance in creating
drawings of the algebra tiles on paper rather than the manipulation of the algebra tiles.
Students created drawings of the algebra tiles to represent equations, then solve the
problems with the pictorial representations. In the final phase of instruction, abstract,
students used the two remaining steps of STAR, answer the problem, and review the
solution. Within these steps, students learned how to apply integer rules for addition and
subtraction to solving the problem and checking the solution. The third step, answer the
problem, provided students with a flowchart of integer rules that students used to apply
the rules when subtracting integers. The students practiced using the flowchart to apply
the integer rules to a variety of problems. The final step, review the solution, taught

students how to review the correctness and reasonableness of the solution to the problem.
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Maccini and Ruhl (2001) trained two graduate assistants to complete reliability
checks to establish intervention fidelity. These reliability checks observed how well the
instructor followed the intervention procedures, as well as how students were scored on
the measurement tools. The researchers conducted reliability checks on a total of 20% of
lessons within each phase of the intervention. The intervention procedures reliability
scores were 96%, 97%, and 80% respectively for the testing sessions, think- aloud
protocol, and instructional procedures. The researchers also conducted interrater
reliability on scoring procedures. Interrater reliability for scoring tests and strategy use
were 95% and 82%. Furthermore, measures of social validity were conducted to
determine participants opinion of the efficiency, effectiveness, and acceptability of the
intervention. After students completed all instructional phases, they completed a Likert-
scale questionnaire to gather data on their opinions of the intervention. The results
showed that the students believed that the strategy was effective in improving their skills
in solving word problems involving the subtraction of integers.

To determine student growth, the researchers developed measurement tools to
assess: (a) percent strategy use, (b) percent correct on problem representation, and (c)
percent correct on problem solution. Results of Maccini and Ruhl’s (2001) study
indicated that all students improved in representing and solving algebraic word problems
involving the subtraction of integers. All students increased their performance on percent
strategy-use from baseline through each instructional phase. Students’ percent of strategy
use increased from a range of 13%-46%. Data for percent accuracy on problem
representation illustrated that all students increased their mean scores from baseline

through all instructional phases as well. The students’ mean difference in percent
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accuracy on problem representation scores ranged from 38.25 percentage points to 72.5
percentage points. All students increased their percent accuracy on problem solution with
increases of 43.5%, 50.5%, and 69%. Therefore, the researchers demonstrated a
functional relation between the intervention and students’ percent strategy use, percent
correct on problem representation, and percent correct on problem solution with
demonstrations of effect across all three students at three different points in time.

The students completed generalization and maintenance probes following mastery
on problem representation in the last phase of the intervention. The researchers assessed
generalization tasks with items that were similar and more complex. For example, on the
near transfer generalization tasks, items were similar in the structure/type of problem as
seen in instruction, however there were different storylines used in the word problems.
On the far transfer generalization tasks, items were structurally different in that students
solved for an additional unknown quantity. On the near transfer generalization probes
students’ accuracy on problem representation ranged from 64%-80% with a mean
accuracy of 73%. Students’ accuracy on problem solution on the near transfer
generalization probes ranged from 50%-81% with a mean accuracy of 67%. On items that
were more complex and different from those presented in instruction, the students did not
show as much success as they illustrated on near transfer generalization probes. Students’
accuracy on problem representation ranged from 0%-44% with a mean accuracy of 29%.
Students’ accuracy on problem solution on the far transfer generalization probes ranged
from 7%-40% with a mean accuracy of 28.7%. The students completed maintenance

tests two and three weeks after instruction and they continued to show an increase in their
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performance from baseline. Each student maintained 100% accuracy on problem
representation and problem solution on the maintenance probes.

Results of Maccini and Ruhl’s (2001) study indicated that students with SLD can
be successful in learning how to represent word problems that include the subtraction of
integers through the use of the CRA sequence combined with explicit instruction and
problem-solving strategies. This pilot study was the first in the literature that illustrated
that secondary students with SLD could learn algebraic skills through the use of the CRA
sequence and self-regulation training. This study demonstrated the benefits of concrete
and pictorial representations to teach complex problem solving including algebraic skills.
The study provided a foundation for further CRA and strategy instruction research to
improve the mathematical skills of all students.

To further extend the research conducted by Maccini and Ruhl (2001), Maccini
and Hughes (2000) conducted a study that also used the CRA sequence and the
mnemonic strategy, STAR, to teach problem solving skills to students in a high school
setting. They extended Maccini and Ruhl’s study by including multiplication and division
of integers along with addition and subtraction.The purpose of this study was to
investigate the effects of instruction using CRA and STAR on students’ performance in
solving algebraic word problems. In this study, six high school students with SLD in
mathematics participated in the intervention for 20-30-minute sessions that were outside
of their general education class. The criteria for participation was: (a) inclusion of
mathematical goals on their I[EP’s, (b) scores of less than 80% on a pretest, and (c¢)
needing specific help in acquiring mathematical skills in order to progress to advanced

mathematics courses.
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The researchers used a multiple-probe design. Students began in baseline in which
they completed a minimum of four probes given intermittently to determine students’
accuracy in problem representation and problem solution. Once one group of students
had a stable baseline of less than 80% accuracy on the dependent measures, they moved
to the instructional phases while the remaining students stayed in baseline. Once the first
group demonstrated 80% accuracy on two consecutive probes in the first instructional
phase, the second group moved to the instruction phases. The researchers used the same
procedures for the second group. Students moved through the instructional phases as a
group once students showed mastery of 80% or higher for two consecutive probes.

The researchers gathered data on students’ use of think-aloud strategies while
solving the problems using audio recordings of sessions. The researchers developed
think-aloud protocols to measure students’ ability to use the think-aloud strategies
without prompting as well as to determine the teacher’s reliability and fidelity in
modeling the think-aloud strategies. Students in this study followed similar instructional
phases as in Maccini and Ruhl (2001) with important differences. First, all instructional
lessons followed the explicit lesson framework with six critical components: (1) advance
organizer, (2) describe and model, (3) guided practice, (4) independent practice, (5) post-
test, and (6) provide feedback (Maccini & Hughes, 2000). The researchers in this study
emphasized student feedback. Student feedback was not only positive, but also
corrective. Feedback followed five steps that included the students graphing their
performance, targeting specific areas of weaknesses, model and re-teaching, practice, and
positive feedback. This study added materials and supports to instruction that were

different from Maccini and Ruhl (2001). Maccini and Hughes (2000) study provided
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students with a sheet that showed the steps and sub steps of the STAR strategy. The
students also had a work mat that provided a visual representation of positive and
negative numbers.

Within the instructional lessons, the researchers taught students the steps of the
STAR strategy through concrete, semi-concrete, and abstract phases. Specifically, when
students learned the second step in the STAR strategy, translate into picture form, they
learned to use the algebra tiles with the work mats to show a physical representation of
the equation during the concrete phase (Maccini & Hughes, 2000). During the semi-
concrete phase, the students learned how to use the structured worksheet to use drawings
of the algebra tiles to represent the equation. Finally, the students learned the final two
steps during the abstract phase and translated representations into an algebraic equation.

The researchers implemented several measures to establish intervention fidelity.
The researcher trained a graduate student to complete reliability checks and conducted
reliability checks on 25% of the instructional phases of the intervention (Maccini &
Hughes, 2000). Results for probe sessions and think-aloud procedures were 99.4% and
97% respectively. Intervention fidelity for instructional procedures received 100%. The
researchers conducted interrater agreement on all probes during all phases of the
intervention with an agreement of 93%. The researchers also measured social validity by
giving students and teachers a questionnaire to determine their perspectives on the
intervention. In addition to the Likert-scale questions, the students and teachers also
responded to open-ended questions.

The researchers gathered data on percentage of strategy use, accuracy of problem

representation and solution, accuracy on generalization and maintenance tests, and social
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validity (Maccini & Hughes, 2000). Results showed an increase in students’ percentage
of strategy use when using all integer operations to solve algebraic word problems. Upon
entering the first instructional phase, students showed increases in their performance on
strategy usage and responded to the intervention immediately. For example, during
baseline for multiplication of integers, students’ average use of the strategy was 29% and
increased to 70% during concrete instruction, 67% at semi-concrete instruction, and 79%
at abstract instruction. This trend continued for all other integer operations for strategy
usage.

The students’ percentage accuracy on problem representation also improved.
Visual analysis showed immediate effects when students entered concrete instruction;
their accuracy on problem representation improved. The mean percentage correct during
baseline for all phases ranged from 10.04%-33.38% and increased to a range of 93%-
97% during concrete instruction. Semi-concrete and abstract instruction showed the same
results with students’ mean accuracy on problem representation having a range of 90%-
100%. Percentage accuracy on problem solution improved a great deal from baseline
through the instructional phases. Student averages ranged from 90.1%-98.9% by the end
of the abstract instructional phase. Generalization assessments on test problems similar to
those in the instructional phases and more complex than the problems seen previously
showed favorable results as well. For the generalization tests on similar problems,
students’ percentage of accuracy scores were 64.3% on average and 72.5% on average
for problem representation. Student performance on more complex problems was an
average of 52% for mean percentage accuracy and 61.3% average for problem

representation. Maintenance probes occurred up until10 weeks after the intervention. On
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average students’ percentage correct was 75% and 91% for problem solution. Visual
analysis of each of the students’ data path indicated a functional relation between CRA,
STAR and student performance. The researchers observed an immediacy of effect,
increase in trend, and increase in level for each student after implementation of the
intervention. This was maintained throughout the implementation of the remaining
phases of the intervention.

Overall, students benefitted from receiving instruction using CRA and the STAR
strategy. Maccini and Hughes (2000) extended literature by including multiplication and
division into word problem instruction. This study replicated previous research indicating
that secondary students with SLD can develop algebraic skills through the use of the
CRA sequence and a mnemonic to solve problems using basic algebra. Results from both
studies indicate the promising benefits for educators to implement strategies such as these
to improve the mathematical skills of students with SLD.

Research Regarding CRA for Solving Linear Equations

In response to Maccini and Ruhl (2001) and Maccini and Hughes (2000), Witzel,
Mercer, and Miller (2003) designed an intervention to extend the line of research by
addressing more advanced algebra skills. These researchers believed that Maccini and
Ruhl’s and Maccini and Hughes’s use of the CRA sequence did not adequately address
the needs of students with SLD struggling with algebra concepts. Therefore, Witzel et al.
developed a new way for students to make meaning of both beginning and advanced
algebra topics using the CRA sequence. The CRA strategy used in this study taught
students a five-step progression of skills to solve linear equations. Students used CRA to

reduce expressions, use inverse operations, solve for variables that were negative or in
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the denominator, complete transformations on one side of the equal sign, and complete
transformation across the equal sign.

Witzel et al.’s (2003) study used a pre-post-follow up design to determine the
extent of students’ growth achieved using the CRA strategy compared to traditional
abstract instruction. In contrast to the previously mentioned studies that employed single
case designs, Witzel et al. investigated the growth of 34 matched pairs of sixth and
seventh grade students who had a learning disability or were labeled as at risk for algebra
failure. In the treatment group and the comparison group, the matched student pairs
displayed similar characteristics such as achievement in previous math courses,
achievement on state assessments, age and grade level, the at-risk or disability label, and
accuracy within one item on the pre-test. The students in both the treatment and
comparison groups received instruction in inclusive settings with students with and
without disabilities.

Teachers provided instruction to both groups of students during 50-minutes
classes and used explicit instruction. The researchers defined explicit instruction as the
following steps: introduce the lesson, model the skill, conduct guided practice, and
provide independent practice (Witzel et al., 2003). The instructional lessons followed this
progression of skills: reducing expressions, inverse operations, negative and divisor
variables, variables on one side, and variables on both sides. The teachers of the
treatment group provided instruction using manipulatives (concrete) and pictures
(representational), while the teachers of the comparison group used only traditional
abstract instruction using just numbers and symbols. All students in both the treatment

and comparison groups used the same materials and questions throughout instruction.
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The researchers developed an assessment tool and described the process through
which they ensured the validity of the test items. The researchers began with 70
questions that went through an expert review. After the expert review, the researchers
asked 32 students who had successfully completed pre-algebra with a “C” or better to
complete 63 questions deemed valid by the expert reviewers. After students completed
the items, the researchers determined that 27 questions had medium difficulty. The
researchers used these items to as their assessment tool. To ensure that the teachers
implemented the intervention with fidelity, the researchers observed each teacher four
times throughout the intervention utilizing a researcher-developed fidelity checklist. The
researchers observed each teacher during each phase of the intervention on how well the
instructional components were delivered, with all teachers showing that the intervention
was delivered to fidelity.

Witzel et.al. (2003) used repeated measures analysis of variance (ANOVA) to
observe the interaction between two levels of instruction, CRA and abstract only, and
three levels of occasions, pretest, posttest, and follow-up. Results from the study
indicated that there was a significant difference in student achievement from the pre-test
to post-test to follow-up. Results from the follow-up analyses indicated that students who
received the CRA strategy outperformed similar students who received traditional
abstract-only instruction on both the post-test and follow-up test after three weeks. The
authors also conducted an error analysis from the assessments and identified that both
groups had difficulties with negative numbers. Error analysis of the examinations also
illustrated that the abstract group struggled more with solving equations with variables on

both sides of the equal sign compared to the experimental group.
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Results from this study further extended the line of research in Maccini and
Ruhl’s (2000) study that showed the CRA and strategy instruction was effective in
teaching students how to solve complex algebraic problems that go beyond solving
simple equations using inverse operations. Students learned to use CRA to solve
algebraic problems where multiple variables were present on both sides of the equal sign
and students had to use multiplication and division to solve for variables where the
coefficient is greater than one. Results from this study provided teachers with further
evidence that incorporating instructional lessons that presented mathematical concepts in
a CRA sequence is more beneficial than abstract only instruction.

Research Regarding Modifying CRA Algebra Instruction

Research conducted by Maccini and Hughes (2000), Maccini and Ruhl (2001),
and Witzel, Mercer, and Miller (2003) showed the positive outcomes for using CRA in
algebra instruction for students with disabilities and mathematical difficulties. These
studies illustrated that students can learn various algebraic skills that include using CRA
for basic algebra and linear equations. However, students with disabilities will require
that future interventions address the need to improve students’ ability to acquire more
advanced algebraic skills, such as working with quadratic equations. According to
Strickland and Maccini (2013), students with disabilities are required to be exposed to the
general education curriculum and therefore will have to learn more advanced skills to be
college and career ready. Strickland and Maccini (2013) also stated that the Organizing
Instruction and Study to Improve Student Learning IES Practice Guide (Pashler, et al.,
2007) suggested that students should learn abstract and concrete representations together

to help make the transition to abstract notation only smooth and to generalize concepts to
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other novel situations. Therefore, a modification of the CRA method, the concrete-
representation-abstract-integration (CRA-I) sequence, addressed the need for students to
acquire more advanced algebra skills and to make a smooth transition to abstract notation
only (Strickland & Maccini, 2012). Through this modification, students learned concepts
by simultaneously being taught to use concrete representation, pictorial representation,
and abstract representation when learning a new skill.
Research Regarding CRA-I and Quadratic Equations

Prior to the year 2012, only three studies used CRA to teach students algebra
concepts. These studies focused on improving basic algebra skills and working with
linear equations. Therefore, Strickland and Maccini (2012) conducted a study using the
modified version of CRA, CRA-I, with a purpose to examine the effects of CRA-I on
secondary students with SLD’s ability to multiply linear algebraic expressions to form
quadratic expression that were embedded within contextualized area word problems.
Three male students in eighth and ninth-grade who attended a non-public day school for
students with SLD participated in the study. The researchers used a multiple-probe across
students design to determine students’ ability to perform multiplication on linear
expressions to form quadratic expressions, maintain the skills learned three to six weeks
after the study, and transfer these skills to more complex and novel problems such as
factoring quadratic expressions. The researchers also sought to investigate the benefits
and usefulness of the strategy for the participants.

Participants received all instruction from the primary researcher individually in an
office outside of their mathematics classroom (Strickland & Maccini, 2012). The study

began with the administration of probes to establish baseline data. The researcher
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administered the tests individually and gave students a calculator, pencil, paper, and
algebra tiles during the testing sessions. The researcher provided no prompts and only
read word problems when requested. Students moved from baseline to the intervention
phase once the researcher observed a stable baseline and trend. The first student only
established two data points during baseline and the researchers moved him to intervention
phase early due to his low performance and time constraints imposed in the study. Once
the first student completed all instructional lessons and showed a response to the
intervention during the additional domain probes, the next student moved from baseline
to instruction. After completing all instructional lessons, this student completed probes to
determine his response to the intervention and the final student moved from baseline to
intervention. After all students completed instruction and domain probes, they entered
into the generalization and maintenance phases of the intervention.

The researchers developed the instructional lessons that consisted of an
introductory lesson and three target lessons. The introductory lesson was a 30-minute
lesson that focused on the participants’ understanding the use of the Algebra Lab Gear
(Picciotto, 1990) algebra tiles to form linear expressions as well as ensuring students
understood how to solve area word problems using whole numbers. The target lessons
were 40-minute lessons broken into the following objectives: multiplication of linear
expressions with positive terms only with the use of algebra tiles, multiplication of linear
expressions with positive and negative terms using algebra tiles, and multiplication of
linear expressions with positive and negative terms using the box method graphic
organizer (Strickland & Maccini, 2012). The researcher implemented all lessons using

explicit instruction. First, the researcher provided an activity that activated the
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participants’ prior knowledge and provided them with instruction on prerequisite skills
needed for the lesson. Next, the researcher modeled completing a problem using think
aloud and questioning strategies. The third step was guided practice in which students
completed a similar problem. During guided practice, the researcher prompted the student
as needed to ensure the student completed the problem successfully. Lastly, the
researcher reminded the student of the lesson objective and asked the student to complete
independent practice of the target skill.

Lessons one and two focused on how to use the algebra tiles and pictorial
representations to multiply two linear expressions. According to Strickland & Maccini
(2012) these lessons focused on procedural knowledge of using the algebra tiles to
determine the correct answer. Materials for the lessons included algebra tiles, corner
piece, and lesson worksheets. Lesson worksheets consisted of an area word problem, a
blank table, a section to sketch the blocks, and a section to write the quadratic equation.
The students learned to first identify and write the two linear expressions as the
dimensions, length and width, of a room. Next, the students used the algebra tiles and the
corner piece to multiply the two linear expressions. The “t” shaped corner piece
organized the algebra tiles and prompted students to multiply. The students learned to
place the linear equations on the outside of the corner piece to represent the dimensions.
As the students multiplied the linear equations they placed the algebra tiles in the area
inside of the corner piece. This area represented to answer to the problem. In addition,
students learned to sketch the algebra tiles on the worksheet while also physically
manipulating the algebra tiles. Finally, students used abstract notation to write the area

equation as a quadratic equation.
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Lesson three focused on students’ transition from using the algebra tiles and
drawings to using the Box Method. The Box Method was described as a graphic
organizer that is divided into boxes to organize terms when multiplying linear
expressions. During lesson three, the researchers introduced the box method to the
students through a discussion that explored the natural relationship between the box and
the algebra tiles (Strickland & Maccini, 2012). The researchers followed four
instructional procedures to guide students through the lesson and discussion. First, the
researchers required the students to complete a problem using the algebra tiles. Next, the
students placed the algebra tiles on the box template, then wrote the abstract notation for
the algebra tile in the corresponding box. Finally, students constructed their own box and
multiplied the two linear expressions. In addition, the researcher provided participants
with incentives for completing probes that included one dollar given towards a gift card
for each completed probe.

The researchers conducted inter-rater reliability on 33% of all domain probes to
ensure that the intervention measures were scored consistently. Inter-rater reliability was
100% after differences were discussed. The researcher also conducted social validity
measures to determine the usefulness of the intervention, how the students enjoyed using
the intervention, and areas of improvement for the intervention. Participants completed a
questionnaire for social validity with Likert-scale and open-ended questions and results
indicated that all participants enjoyed the intervention and found it useful. Suggestions
for future improvement included spending more time on the topics. The researchers
conducted treatment fidelity on one-third of the instructional lessons in the intervention.

The researcher trained two observers to complete fidelity checklist to ensure the
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intervention was implemented to fidelity. Results indicated that the intervention was
implemented to fidelity 100% of the time with 100% interobserver agreement.

The researchers used visual analysis to analyze students’ data. They determined
that there was a functional relation shown between CRA-I and multiplying two linear
expressions to form quadratic equations. Visual analysis identified an immediacy of
effect upon entering each instructional phase, with a strong effect, and a percentage of
non-overlapping data points at 100% (Strickland & Maccini, 2012). Therefore, the results
of the intervention indicated that the use of the CRA-I is a very effective intervention for
these participants. This study extended the line of research in using CRA for more
complex algebraic concepts and introduced a more effective way of implementing the
CRA sequence.

Research Regarding CRA-I and Factoring Quadratic Equations

To further extend Strickland and Maccini’s (2012) research, Strickland and
Maccini (2013) conducted a study using CRA-I and the Box Method to improve students’
conceptual understanding of quadratic expressions. Like Strickland and Maccini (2012),
the researchers used a multiple-probe design to investigate the effects of CRA-I; however
in this study, the researchers went across two groups of students. In addition, this study
targeted students with mathematical difficulties, unlike in the Strickland and Maccini
(2012) study that focused on students with learning disabilities. The purpose of this study
was to investigate students with mathematical difficulties’ development of skills to
transform quadratic expressions into factored form, maintenance of skills learned four to
six weeks after the intervention ended, transference of skills to more complex problems,

and the extent that CRA-I and the Box Method were found useful.
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There was a total of five participants in the study. Two participants were in group
one and three participants were in group two. In addition, three of the participants had a
learning disability. The study took place in a private high school during the students’
scheduled Algebra II mathematics class. The students received all phases of the
intervention outside of their mathematics classroom in an alternate setting. The study
consisted of two phases: baseline and intervention. The researchers developed domain
probes and used parallel versions for baseline and post-test measures. During the baseline
phase, two teachers at the school administered the baseline probes and gave students a
calculator, pencil, paper, and algebra tiles during the sessions. The test administrators
provided no prompts and only when requested read word problems. Each group moved
from baseline phase to intervention phase after the researcher observed a stable level and
trend during baseline. The researcher defined stability as all students in the group
performing at 60% or below on at least two baseline probes with limited variability and
no significant increase in scores (Strickland & Maccini, 2013). The intervention phase
consisted of nine instructional lessons. At the end of each lesson, the students completed
lesson probes to assess student progress towards lesson objectives. Each group
progressed from one lesson to the next once all students in the group attained 80%
mastery on the lesson probe. Once the first group completed all instructional lessons and
attained mastery on the lesson probes, the next group moved from baseline to
intervention. After both groups completed instruction and post-test domain probes, they
entered into the generalization and maintenance phases of the intervention.

The researchers developed the nine instructional lessons in the intervention and

organized each lesson into four parts. The four parts of the lesson were: introduce and
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activate prior knowledge, investigate the problem, practice the problem, and close and
summarize main ideas. The researchers conducted each of the nine instructional lessons
in 45-minute sessions. In addition to the nine instructional lessons, the researchers
developed an introductory lesson that was implemented prior to the nine target lessons.
Like the introductory lesson in the previous study, Strickland and Maccini developed a
45-minute lesson to review prerequisite skills and introduce students to the Algebra Lab
Gear (Picciotto, 1990) manipulatives. Lessons one through four of the instructional unit
focused on multiplying linear expressions to form quadratic expressions while lessons
five through nine focused on factoring quadratic expressions (Strickland & Maccini,
2013). Lessons one through three were like the lessons in the Strickland and Maccini
(2012) study. Lessons one and two focused on students engaging in multiplying the linear
expressions using the algebra tiles and pictorial representations and lesson three focused
on students’ transition to abstract notation only using the Box Method.

The researchers developed lesson four as a bridge between lessons one through
three and lessons five through nine. Lesson four focused on finding solutions to
contextualized area problems. In lessons five and six the students learned to factor
quadratic expressions using the algebra tiles and pictorial representations. Students
learned how to represent the quadratic expression using the algebra tiles and manipulated
the tiles inside of the corner piece until all the tiles formed a square. After completing the
square, the students observed the layout of the algebra tiles on the inside of the corner
piece and determined the two linear expressions that created the quadratic expression.
While manipulating the algebra tiles the students also created pictorial representations.

In addition, during lesson six, students wrote the problem solutions in abstract notation.
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In lesson seven, students discovered the rules to factoring by investigating the impact of
changing values in the linear (middle) or constant (last) term of the quadratic expression.
Lesson eight focused on students’ transition to using the Box Method to factor the
quadratic expressions. During lesson nine students displayed their factoring skills using
abstract notation only.

The researchers conducted treatment fidelity on 33% of the instructional lessons
to ensure that the intervention was implemented as intended. The researcher created a
fidelity checklist and trained two observers to complete treatment fidelity observations.
Results indicated that the intervention was implemented to fidelity 100% of the time with
100% interobserver agreement after differences were discussed. The researchers
conducted inter-rater reliability on 33% of all domain probes, lesson probes, and transfer
probes to ensure that the intervention measures consistently. After differences were
discussed, inter-rater reliability was 100%. Lastly, the researcher conducted social
validity using a Likert-scale questionnaire to determine the extent that students found the
intervention useful. Results indicated that all students found the intervention to be useful.

Strickland and Maccini (2013) used visual analysis to analyze students’ data and
they determined that there was a functional relation shown between CRA-I, the Box
Method and transforming quadratic expressions to factored form. Visual analysis
identified an immediacy of effect upon entering the instructional phase. The researchers
observed the percentage of non-overlapping data points at 100%. Results also indicated
that students increased accuracy on tasks and maintained skills four to six weeks after the
intervention ended. In addition, results indicated some students transferred skills to other

algebraic tasks. Results of the intervention indicated that the use of CRA-I and the Box
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Method were effective for these participants. The students in this study demonstrated the
impact that CRA-I and the Box Method had on development of conceptual understanding
of quadratics and students’ skills in transforming quadratic expressions into their factored
form. In addition, this study extended the line of research in using CRA-I and the Box
Method for complex algebraic concepts.

As evidenced in these studies CRA instruction can be effective in improving
student success with more complex algebraic concepts. Students who received instruction
using the CRA sequence were more successful when attempting more complex algebraic

problems.
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Chapter 3. Methodology
Method
Participants

Two twelfth grade students, Susie and Carly participated in the study. The
criteria for participation were: (a) a history of failure or low achievement in mathematics;
(b) recommended by his or her teacher as a student who would benefit from the
intervention; (c) signed parent consent and student assent; (d) identified as a student with
a disability according to the eligibility determination of the state education system; and
(e) scored 50% or less on researcher made pre-test. The researcher sent parent consent
letters and an information sheet home with students enrolled in an algebra 2 co-taught
mathematics course. The researcher did not contact parents to return consent forms.

Both students received instruction in the general education classroom for
mathematics instruction and were scheduled into a reinforced instruction class one block
per day to provide additional support for deficits in mathematics. Both students qualified
for special education services under the category of Other Health Impairment. The
participants attended a regular public high school. The school did not receive Title 1
funds and consisted of a population of 1,992 students. Student characteristics and school
demographics are described in table 1 and table 2.

An on-site teacher participated in the study and received training on the
intervention and how to assist with giving assessment probes throughout the intervention.
The researcher delivered all instructional lessons to the students individually in a resource

classroom and administered the majority of the probes.
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Table 1

Participant Characteristics

Cognitive Math
Name Age Grade Eligibility Race Ethnicity Ability*  Achievement®
Carly 18 12 OHI African Non- 68 69
American Hispanic
Susie 19 12 OHI White Non- 70 64
Hispanic

a. Standard score on the Stanford- Binet Intelligence Scales, Fifth Edition (Roid &

Pomplun, 2012).

b. Total Broad Math standard score on the Woodcock Johnson III Test of Achievement

(Woodcock, McGrew, & Mather, 2001)

Table 2

School Demographics by Race and Ethnicity ?

% American % Native
Group Total % % Asian % Black/ Indian/ Alaska Hawaiian/ %White % Two
Hispanic African Native Pacific or more
American Islander
All 1,992 11.35 <1 22.19 <1 <1 66.67 <1
Students
Students w/ 131 13.74 0 40.46 5.34 0 45.80 0

Disabilities

a. 2018-2019 School year
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Setting

The study took place in a high school in a rural town in the Southeastern United
States. The researcher implemented the intervention during the participants’ scheduled
remediation block in a special education resource room. This allowed for a minimal loss
of instructional time. The remediation block was a total of 86 minutes.The researcher
provided the intervention to the participants individually. The researcher was a certified
special education teacher with seven years of teaching experience.

Materials

Materials for the intervention consisted of the Algebra Lab Gear (ALG)
manipulatives (Picciotto, 1990), assessment sheets, learning sheets, lesson plans,
FACTOR and HUMP BACK FACTOR mnemonic cue cards, TI- 30XS calculator, and
pencils. The ALG manipulatives were effective for use with improving students’
algebraic skills when working with quadratic expressions (Strickland & Maccini, 2012;
Strickland, 2017). The manipulatives represented the terms x2, x, and a constant number.
A large blue square tile represented the x2, a blue rectangle represented the x, and a small
yellow square represented the constant. The length of the x tile was the same length as
the x? tile and the width of the was the same as the constant tile. The ALG manipulatives
also consisted of a concrete piece in the shape of a lower-case . The concrete piece
organized the tiles during multiplication.

The researcher created the lesson plans, assessments, learning sheets, and cue
cards. Lesson plans provided an overview of lesson objectives and a script with
suggestions for implementation. Instructional lessons consisted of the components of

explicit instruction (Maccini & Hughes, 2006) and included the following components:
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(a) advanced organizer, (b) model/demonstration, (¢) guided practice, (d) independent
practice, and (e) feedback. FACTOR and HUMP BACK FACTOR mnemonic cue cards
consisted of the steps used to implement the strategy when used to solve factoring
problems.

Learning sheets were guides to the instructional lessons and consisted of (a)
problems that assessed pre-requisite skills, (b) guided practice problems, and (c)
independent practice problems. Lessons one through three involved the use of the ALG
tiles and concrete piece. Learning sheets for lesson one included three pre-requisite
skills/review problems, four guided practice problems, and five independent practice
problems. Each section consisted of written directions. Directions for pre-requisite
skills/review were Simplify the following polynomial expressions by combining like
terms. Blanks spaces were underneath each problem to write the final answer. Directions
for guided practice and independent practice problems were Use your Algebra tiles,
drawings, and/or graphic organizer to multiply binomials. There were two rows with two
problems each in the guided practice section. There were three rows with two problems
in the first two rows and one problem in the last row in the independent practice section.
Blank spaces and a drawing of the concrete piece were underneath each problem. These
were places to write the answer and organize drawings of the pictorial representations.
Each problem consisted of positive terms only.

The learning sheets for lesson two included two pre-requisite skills/review
problems, four guided practice problems, and five independent practice problems.
Directions for each section were Use your Algebra tiles, drawings, and/or graphic

organizer to multiply binomials. Each problem consisted of positive and negative terms.
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Lesson three learning sheets consisted of two pre-requisite skills/review problems, two
guided practice problems, and five independent practice problems. Directions for pre-
requisite skills/review were Use your Algebra tiles, drawings, and/or graphic organizer
to multiply binomials. Directions for guided practice and independent practice problems
were Use your graphic organizer to multiply binomials. Each problem consisted of
positive and negative terms. The spaces underneath the problem included the BOX
Method graphic organizer. The graphic organizer was the shape of a square split into
four quadrants.

Learning sheets for lessons four through six consisted of the same items described
above. Lessons four and five included three pre-requisite skills/review problems, four
guided practice problems, and five independent practice problems. Blanks spaces were
underneath each problem to write the final answer and did not include the concrete piece
pictorial representation or the BOX Method graphic organizer. Directions for pre-
requisite skills/review were Identify the factors for the following numbers. Remember
factors are numbers multiplied together to produce the number given. Factors can be
positive or negative. Directions for guided and independent practice were Use your
Algebra tiles, drawings, and/or graphic organizer to factor quadratics. Lesson six
learning sheet included two pre-requisite skills/review problems, two guided practice
problems, and five independent practice problems. Directions for pre-requisite
skills/review were Use your Algebra tiles, drawings, and/or graphic organizer to factor
quadratics. Directions for guided and independent practice were Use your Algebra tiles,
drawings, the graphic organizer and/or the FACTOR mnemonic cue card to factor

quadratic expressions. The FACTOR cue card stated: Form parenthesis; Add variables to
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the parenthesis; Check signs of the constant ¢ then of bx, then add signs to the
parentheses (If “c” is “+c” then add the signs in front of bx to both parentheses. If “c” is
“-¢” then add a + to one parenthesis and a — to the other parenthesis); Think of factor
pairs of ¢; Observe factor pair of ¢ that adds to bx; Record your answer by putting factors
from the factor pair in the parenthesis matching the correct signs. Steps to the FACTOR
strategy are in Table 3.

Lessons seven and eight consisted of the same items described above. Lessons
seven and eight included four pre-requisite skills/review problems, two guided practice
problems, and five independent practice problems. Each problem in lesson seven
consisted of positive terms. Each problem in lesson eight consisted of positive and
negative terms. Directions for pre-requisite skills/review were Simplify the fractions.
Directions for guided and independent practice were Use your Algebra tiles, drawings,
the graphic organizer and/or the HUMP BACK FACTOR mnemonic cue card to factor
quadratic expressions. The HUMP BACK FACTOR cue card stated: Hand ‘a’ to ‘c’ by
multiplication; Undo ‘a’ from the beginning; Move ‘a’ * ‘c’ to the end by rewriting the
problem; Proceed to F.A.C.T.O.R; Bring ‘a’ back to each binomial’s constant and create
a fraction; Assess the fraction for simplification; Carry the denominator to the binomial’s

variable; and Kick back and record your answer. Steps to the HUMP BACK FACTOR

strategy are in Table 4.
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Table 3

Steps of FACTOR Strategy

Steps Description of FACTOR

Step 1 Form parenthesis

Step 2 Add variables to the parenthesis

Step 3 Check signs of the constant ¢ then of bx, then add signs to the
parentheses (If “c” is “+c” then add the signs in front of bx to both
parentheses. If “c” is “-¢” then add a + to one parenthesis and a — to
the other parenthesis)

Step 4 Think of factor pairs of ¢

Step 5 Observe factor pair of ¢ that adds to bx

Step 6 Record your answer by putting factors from the factor pair in the

parenthesis matching the correct signs
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Table 4

Steps of HUMP BACK FACTOR Strategy

Steps Description of HUMP BACK FACTOR

Step 1 Hand ‘a’ to ‘c’ by multiplication

Step 2 Undo ‘a’ from the beginning

Step 3 Move ‘a’ * ‘c’ to the end by rewriting the problem

Step 4 Proceed to F.A.C.T.O. R

Step 5 Bring ‘a’ back to each binomial’s constant and create a fraction
Step 6 Assess the fraction for simplification

Step 7 Carry the denominator to the binomial’s variable

Step 8 Kick back and record your answer

Instructional Procedures

Instructional sessions were thirty to forty-five minutes, scheduled four days per
week. In addition to mathematics instruction in the general education classroom, the
students received remediation during a regularly scheduled reinforced instruction class.
The study lasted five weeks.
Multiplication of Binomial Expressions

Prior to lesson one, the teacher implemented an introductory lesson. The
introductory lesson began with an advanced organizer that introduced the topic and stated
behavior expectations. Specifically, the advanced organizer included the teacher and
student reading and signing a learning contract that stated their commitment to learning

the new skills. Next, the teacher modeled how to combine like terms to demonstrate the

69



use of the algebra tiles. Specifically, the teacher modeled how to simplify the
expressions 4x + 7x, 6 + 2x +6x + 7, and 4x? + x + 2x? + 3. When the teacher modeled
4x% + x + 2x% + 3+6x, she represented each term with the ALG tiles. The teacher
demonstrated by counting out four x? tiles, one x tile, two x? tiles, three yellow tiles, and
six x tiles. Next, the teacher discussed that to simplify the expression the students must
combine like terms. The teacher discussed and demonstrated grouping all x? tiles, x tiles,
and constant tiles. The teacher then demonstrated ordering the tiles from largest to
smallest. The teacher wrote the term underneath each grouping. For example, she wrote
4x? underneath the x? tiles, 7x underneath the x tiles, and 3 underneath the constant tiles.
Finally, the teacher discussed writing operation symbols to separate the terms. The
teacher pointed to the 7x tiles and discussed that the 7x and 3 were positive terms. The
teacher explained that because the terms were positive that she placed a “+” symbol in
front of the term. Then, the teacher wrote a “+” symbol in between the first two terms,
4x? and 7x, and the last two terms, 7x and 3. Finally, the teacher demonstrated reading the
expression.

During guided practice, the student used her own ALG tiles. During these
problems, the teacher guided the student through the steps and the student repeated the
teacher’s actions. The teacher provided prompts when needed and asked questions that
engaged the student. The student identified like terms and demonstrated combining like
terms using the ALG tiles. During independent practice, the student combined like terms
and simplified expressions independently. After independent practice, the teacher scored
the five problems and provided feedback to the student. If the student incorrectly

answered a problem the teacher reviewed the problem with the student.
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Lessons one through three followed the same format as the introductory lesson.
Lesson one introduced the student to the multiplication of binomial expressions. The
advanced organizer consisted of an overview of the lesson, behavior expectations, and
review problems of the pre-requisite skill for the lesson, review of combining like terms.
After the advanced organizer, the instructor modeled the steps to complete the problem.
First, the teacher modeled how to use the ALG tiles to multiply integers. For example, the
teacher modeled 2 X 4 with the ALG tiles and concrete piece. To begin, the teacher led a
discussion on the shape of the concrete piece and pointed to the top corner where the two
sides of the concrete piece created an “x”” which prompted multiplication. The teacher
discussed that the multiplicand and multiplier were placed on the outside of the concrete
piece and that because of the commutative property changing the position did not change
the problem. The teacher then modeled 2 X 4 and placed two yellow constant tiles on the
top of the concrete piece and four yellow constant tiles on the side of the concrete piece.
The teacher demonstrated the commutative property and placed the four yellow constant
tiles on the top of the concrete piece and the two yellow constant tiles on the side of the
concrete piece. At the end of the discussion the teacher returned the tiles to their original
position. Next, the teacher performed multiplication using the concrete pieces. The
teacher discussed as she placed tiles inside of the concrete piece that the objective was to
create a square on the inside. The teacher discussed that each constant was broken into
1’s and that to multiply 2 X 4 using the structure of the shapes of the concrete piece on
the inside to multiply. The teacher demonstrated that 8 yellow constant tiles completed
the square on the inside of the concrete piece. Lastly, she placed 8 yellow constant tiles

on the inside and led a discussion on the area on the inside of the concrete piece.

71



Next, the teacher modeled the multiplication of binomial expressions to form
quadratic expressions with positive terms. Examples of the representational and abstract
phase of binomial multiplication are in Table 5. As the instructor modeled using the ALG
manipulatives, she also modeled how to draw the representations of the ALG on the
worksheet and how to translate the ALG manipulatives and drawings to abstract notation
using the BOX Method graphic organizer. For example, the teacher modeled
(x + 1)(x + 3) by placing 1 green x tile and 1 yellow constant tile on the top of the
concrete piece and 1 green x tile and 3 yellow constant tiles on the side of the concrete
piece. The teacher also created pictorial representations and wrote x + 1 on the top of
the graphic organizer and x + 3 on the side of the graphic organizer. Next, the teacher
placed 1 x? tile on the inside of the concrete piece. The teacher then led a discussion on
the area on the inside of the concrete piece. The teacher drew 1 x?tile and wrote x? in the
first quadrant on the graphic organizer. Next, the teacher placed 1 x tile next to the x?
tile, drew 1 x tile, and wrote 1x in the second quadrant on the graphic organizer. The
teacher then placed 3 x tiles underneath the x? tile, drew 3 x tiles, and wrote 3x in the
third quadrant on the graphic organizer. Next, the teacher placed 3 constant tiles
underneath the 1 x tile and next to the 3 x tiles to complete the square. The teacher drew 3
constant tiles and wrote 3 in the last quadrant on the graphic organizer. Finally, the
teacher discussed how to write the final answer. The teacher wrote under the ALG tiles
while she discussed and illustrated combining like terms with the ALG tiles. The teacher
drew a circle around the drawings of the x tiles to group them and illustrate combining
like terms. She then wrote the answer underneath the drawing. Lastly, the teacher circled

the 1x and 3x in the graphic organizer and wrote a + in the middle and indicated the
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operation of addition and combining like terms. The teacher then wrote the final answer
underneath the graphic organizer.

Following modeling, the student and teacher engaged in guided practice. During
guided practice, the student used her own ALG tiles, drawings, and/or the graphic
organizer. During these problems, the teacher guided the student through the steps and
the student repeated the teacher’s actions. The student demonstrated multiplying terms
and combining like terms using the ALG tiles. The teacher asked questions that engaged
the student and prompted the student to explain her thinking. When working on the third
and fourth examples, the teacher asked the student to verbalize her thinking as she
performed the tasks. When the student did not explain the step although she correctly
performed the step, the teacher orally explained the step. When needed, the teacher
provided additional prompts. During independent practice, the student multiplied
binomial expressions with positive terms independently. After independent practice, the
teacher scored the five problems and provided feedback to the student. If the student
incorrectly answered a problem the teacher reviewed the problem with the student.

Lesson two introduced the student to the multiplication of binomial expressions
with positive and negative terms. The advanced organizer consisted of review problems
of the pre-requisite skill for the lesson, multiplication of positive and negative integers.
After the advanced organizer, the instructor modeled the steps to complete the problem.
First, the teacher introduced a new concept, zero pairs. She then modeled how to create
zero pairs with positive and negative integers. To begin, the teacher explained to the
student that 1 + (-1), 1-1, and -1 + 1 equal zero. She demonstrated creating zero pairs

with opposite integers, such as 1 and -1, 4 and -4, and 5 and -5 using the ALG tiles. Next,

73



she demonstrated addition equation such as 4 + -3 = . For example, she placed 4
yellow constant tiles on the table and 3 yellow constant tiles with the negative sign on
top. The teacher demonstrated creating zero pairs and explained that when you have a tile
left over that is the answer. She then completed the addition equation 4 +-3 = 1.

Next, the teacher modeled how to multiply binomial expressions to form
quadratic expressions with positive and negative terms. The procedures for multiplication
of binomial expressions with positive and negative terms were the same as lesson one,
with one difference in the procedure for combining like terms. When the teacher modeled
combining like terms she explained that the x term would create zero pairs. For example,
when the teacher modeled (x + 1) (x — 2) with the ALG tiles, she removed one zero pair
(1x and -1x) from the concrete piece and placed them to the side and pointed to the -1x
tile left. The teacher then wrote x? — x — 2 underneath the ALG tiles. On the pictorial
representation the teacher demonstrated crossing out the zero pairs and on the graphic
organizer the teacher modeled adding the two numbers. After modeling, the guided
practice and independent practice followed the same procedures in lesson one.

Lesson three transitioned students from the use of ALG manipulatives and
pictorial representations to the use of the BOX Method graphic organizer only. The
advanced organizer consisted of review problems of the pre-requisite skill for the lesson,
multiplication of binomial expressions with positive and negative terms. After the
advanced organizer, the teacher modeled the multiplication of binomial expressions with
positive and negative terms using the BOX Method only, referring to the ALG
manipulatives and/or drawings as needed. After modeling, the guided practice and

independent practice followed the same procedures in lessons one and two.
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Table 5

Examples of Representational and Abstract Phase of Binomial Multiplication

Problem Representational Phase Abstract Phase

X +1

—10ad

” X x? +1x
C—i0 3 f3x +3
 —
C——10 —x2 4 4x+3

(x+1D(x+3)

Oo0

r+Dx-2) —O

X xz/ +1x

O
O

a0

Transformation of Quadratic Expressions when a=1

Lessons four through six transitioned to a new skill, the transformation of
quadratic expressions into factored form when a=1. Lessons four through six followed
the same format as lessons one through three. Lesson four consisted of the transformation
of quadratic expressions when a=1 and ¢ was positive. The advanced organizer included a
review identifying factors of numbers, which was the pre-requisite skill for the lesson.

After the advanced organizer, the teacher modeled the steps to the problem using
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manipulatives, drawings, the BOX Method graphic organizer. The teacher began with a
discussion the standard form of a quadratic expression, ax’+bx+c. Next, the teacher
modeled the steps. For example, when the teacher modeled the steps to factor x2 + 5x +
6, the teacher represented each term with the ALG tiles first. Next, she explained that the
objective was to determine the two binomial expressions multiplied to form the quadratic
expression. The teacher led a discussion on the characteristics of the ALG tiles and
concrete piece while she modeled how to use the ALG tiles to determine the factored
form. The teacher placed the x? tile inside of the concrete piece, drew the x tile, and
wrote x? in the first quadrant in the graphic organizer. Next, she placed the constant tiles
in various row and column order and explained the importance of the constant. Finally,
she demonstrated completing the square with the x tiles based on the constant tiles row
and column order. Once the teacher completed the square she placed the ALG tiles on
the top and bottom of the concrete piece, drew the pictorial representations, and wrote

(x + 2)(x + 3) on the graphic organizer. The teacher then provided guided practice and
independent practiced using the same procedures previously described.

Lesson five focused on the transformation of quadratic expressions when a=1 and
¢ was negative. Lesson five followed the same procedures as in lesson four, however
when the teacher modeled the steps to the problem she reintroduced the concept of zero
pairs. For example, when the teacher modeled x2 + x — 6 she demonstrated that there
was no way to place the ALG tiles inside of the concrete piece to form a square. The
teacher explained that zero pairs of x’s that were taken out during multiplication were
brought back to complete the square during factoring. The teacher placed zero pairs

inside of the concrete piece one at a time until she completed the square. Furthermore, the
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teacher led a discussion on and related the organization of positive and negative x terms
to the previous multiplication lessons.

Lesson six transitioned the students from using the ALG manipulatives, pictorial
representations, and graphic organizer to using a mnemonic strategy. The strategy was:
Form parentheses; Add variables to the parentheses; Check signs of the constant ¢ then of

[P

bx, then add signs to the parentheses (If “c” is “+c” then add the signs in front of bx to
both parentheses. If “c” is “-c¢” then add a + to one parenthesis and a — to the other
parenthesis); Think of factor pairs of ¢; Observe factor pair of ¢ that adds to bx; Record
your answer by putting factors from the factor pair in the parenthesis matching the correct
signs (FACTOR). The teacher demonstrated factoring with the strategy. For example, to
transform x2 + 11x + 28 into factored form the teacher orally discussed each step. The
teacher said, “The first step is to form parentheses. That means that we create two pairs of
parentheses.” The next step is to add variables to the parentheses. The teacher stated,
“The variable is x”. The next step is to check the signs of c. The teacher said, “C is
positive therefore we must put the sign in front of the bx term, +, in both parentheses”.
The next step is to think of factor pairs of c. The teacher stated, “Our c is 28. The factor
pairs of 28 are 1 and 28, 2 and 14, and 4 and 7”. The next step is to observe factor pairs
of ¢ that add to bx. The teacher stated, “The factor pairs must add to the bx. The bx is
11x so our factor pairs must add to 11. The only factor pair that add to 11 are 4 and 7
because 1+28=29 and 2 +14 = 16”. The last step is to record your answer by putting
factors from the factor pair in the parenthesis matching the correct signs. The teacher

demonstrated writing the answer (x + 4)(x + 7). The teacher modeled additional

problems with positive and negative terms. During guided practice and independent
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practice, the student practiced the strategy with positive and negative terms. Examples of
the abstract phase of transformations of quadratic expressions into factored form when a

= 1 using the FACTOR strategy are in Table 6.
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Table 6

Examples of Abstract Phase of Transformation of Quadratic Expressions when a = 1

Problem Abstract Phase
x?+11x + 28
x2 + 11x + 28 il
Form parenthesis ( ) ( )
Add variables to the
parentheses (X ) (X )
v *[f “c” is “+¢” then add the
Check signs of the constant ¢ signs in front of bx to both
then of bx, then add signs to (x + ) (x+ ) parentheses.
the parentheses *If “c” is “-c” then add a + to
¢ one parenthesis and a — to the
other parenthesis
Think of factor pairs of ¢ 28
1*28
Ob fact ir of ¢ that .@2*14
serve factor pair of ¢ tha
adds to bx ¢
Record your answer by
putting factors from the (x + 4) (x + 7)
factor pair in the parenthesis
matching the correct signs
x?—2x—15
x?—2x—-15 L

Form parenthesis

Add variables to the
parentheses

Check signs of the constant ¢
then of bx, then add signs to
the parentheses

Think of factor pairs of ¢

Observe factor pair of ¢ that
adds to bx

Record your answer by
putting factors from the
factor pair in the parenthesis
matching the correct signs

¢ *If “c” is “+¢” then add the
_ signs in front of bx to both
( x+ ) (X ) parentheses.
*If “c” is “-c” then add a +
¢ to one parenthesis and a — to
the other parenthesis
-15
1*-15

(x+3)(x—2)
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Transformation of Quadratic Expressions when a > 1

Lesson seven introduced a mnemonic strategy to transform quadratic expressions
into factored form when a > 1 and c is positive. The strategy was: Hand ‘a’ to ‘c’ by
multiplication; Undo ‘a’ from the beginning; Move ‘a’ * ‘c’ to the end by rewriting the
problem; Proceed to F.A.C.T.O.R; Bring ‘a’ back to each binomial’s constant and create
a fraction; Assess the fraction for simplification; Carry the denominator to the binomial’s
variable; and Kick back and record your answer (HUMP BACK FACTOR). The teacher
modeled the strategy. For example, to transform 2x2 + 11x + 15 into factored form the
teacher orally discussed each step. The teacher said, “The first step is to hand ‘a’ to ‘c’ by
multiplication. This means that we must multiply our ‘a’ and ‘c’” . The teacher
demonstrated circling the coefficient in the first term, 2, then creating a hump and
crossing out the 15. The teacher wrote 30 next to the 15. The next step two steps are to
undo ‘a’ from the beginning...; move ‘a’ * ‘c’ to the end by rewriting the problem. The
teacher stated, “The next two steps are performed together”. The teacher modeled
rewriting the problem as x% 4+ 11x + 30. The next step is to proceed to FACTOR. The
teacher said, “We have created a new expression where we can use the FACTOR strategy
that we learned”. The teacher demonstrated using the FACTOR strategy and wrote
(x + 5)(x + 6). The next step is to bring ‘a’ back to each binomial’s constant and create
a fraction. The teacher stated, “The a = 2. The constant in our first binomial is 5 and the

constant in the second binomial is 6. We create a fraction with the 2 as the denominator.
5 65 . .
The new constant terms are > and 5 - The next step is to assess the fraction for

simplification. The teacher demonstrated using the calculator to determine if the fraction

was simplified using the fraction function on the calculator. The teacher demonstrated
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that g was already simplified and that g was simplified to 3. The next step is to carry the

denominator to the binomial’s variable. The teacher said, “The denominator in the first
binomial is 2 so we write that in front of the x. Our second constant simplified to a whole
number so the denominator is 1.” The last step is to kick back and record your answer.
The teacher demonstrated writing the answer (2x + 5)(x + 3). The teacher modeled
additional problems with positive and negative bx terms. During guided practice and
independent practice, the student practiced the strategy with positive and negative bx
terms.

Lesson eight consisted of practice with the HUMP BACK FACTOR mnemonic
strategy to transform quadratic expressions into factored form when a > 1 and c is
negative. The procedures for this lesson were the same as lesson seven. The teacher
modeled problems with positive and negative bx terms and negative ¢ terms. During
guided practice and independent practice, the student practiced the strategy with positive

and negative bx terms and negative ¢ terms.
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Table 7

Example of Abstract Phase of Transformation of Quadratic Expressions when a > 1

Problem

Abstract Phase

2x% 4+ 11x + 15

Hand ‘a’ to ‘c’ by multiplication

Undo ‘a’ from the beginning and ...
Move ‘a’ * ‘c’ to the end by rewriting
the problem

Proceed to F.A.C.T.O.R
F

Bring ‘a’ back to each
binomial’s constant and
create a fraction;

Assess the fraction for
simplification

Carry the denominator to the
binomial’s variable

Kick back and record your answer

2x% 4+ 11x + 15

v
2+11x+/1/§30

v

x?+11x + 30

v
C ) C )

v

(x )(x )
v

(x+ )(x+)

30
120
2%15
3%10

%”‘ED

(x+5)(x+6)

5¢ 6
(rrz)e+2
v
(x+;)(x+§)
v
(x+E 2

'

(2x +5)(x +3)
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Assessment Tools

The researcher developed assessment tools from the high school mathematics
curriculum. The researcher developed a pool of 45 questions. Each probe consisted of
one sheet of paper with fifteen problems. There were five problems in each section of the
assessment requiring students to demonstrate their ability to multiply binomial
expressions, factor quadratic expressions when the coefficient “a” is one, and factor
quadratic expressions when the coefficient “a” is more than one. Assessments consisted
of positive and negative terms. Assessments only differed in the terms used. Each item on
the assessment received 1 point for each correct answer and 0 points for each incorrect
answer.

For content validity, the researcher distributed the pool of questions to three high
school algebra teachers for expert review. All of the teachers earned a master’s degree
from an accredited university. Teaching experience ranged from seven years to twenty-
seven years. The teachers scored each problem for content relevance and difficulty level.
The teachers rated content relevance as: 1= not relevant; 2= somewhat relevant; 3= quite
relevant; and 4= highly relevant (Davis, 1992). To compute the item-level content validity
index (I-CVI), the researcher computed the number of experts giving a 3 or 4 (dichotomizing
the ordinal scale into relevant and not relevant) and divided that number by the total experts
(Polit and Beck, 2006). All expert reviewers rated the questions as relevant to binomial
multiplication and quadratic transformations into factored form. The I-CVI for the pool of
questions was 1.00.

The teachers rated the difficulty level as: 1= easy; 2 =medium; and 3= difficult.
The researcher required a consistency of two of the three raters on the difficulty level for

each item. The experts consistently rated the difficulty level of the items. All three raters
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rated twenty-eight (28) of the items consistently as: 9- easy; 4-medium; and 15- difficult.
Two of the three raters rated seventeen (17) of the items consistently as 14-medium and
3- difficult. Based on teacher ratings, the researcher did not remove any problems from
the pool of questions.
Teacher Training

The researcher provided one-to-one instruction to an on-site teacher prior to
implementation of the intervention. The researcher provided the teacher with three one-
hour training sessions on the procedures of the intervention and how to administer
assessment probes. During the training sessions, the researcher modeled assessment
procedures. The teacher then modeled the procedures and received feedback for
improvement. The researcher used the treatment fidelity checklist and rated the teacher
on the following: a) all materials ready prior to lesson; b) provided necessary instruction
to start the probe and explained what he/she would do and why; ¢) monitored work,
provided verbal prompts only, and did not offer answers; and d) closed with a positive
statement about performance in the feedback process and mentioned future lesson and
expectations. When the teacher received a rating of 100% on the treatment fidelity

checklist, the study began.
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Research Design

The research design for this study was a multiple-probe across behaviors design
(Horner & Baer, 1978). According to Horner and Baer, the multiple-probe design was an
adequate choice because of the design’s ability to be implemented over an extended
period of time when conducting multiple baselines. Furthermore, using a well-designed
multiple-probe design meets the quality indicators according to the CEC Standards for
Classifying the Evidence Base of Practices in Special Education (Cook et al., 2015). The
researcher observed the effects of (a) CRA-I and a graphic organizer, the BOX Method,
across multiplying binomial expressions to form quadratic expressions, (b) CRA-I and
the FACTOR mnemonic strategy on the transformation of quadratic expressions into
factored form when the coefficient in the first term is equal to one, and (c) CRA-I and the
HUMP BACK FACTOR mnemonic strategy on the transformation of quadratic
expressions into factored form when the coefficient in the first term is more than one. All
of the participants began at baseline until they reached stability. The researcher defined
stability as no more than 20% variability from the mean of baseline. Once each
participant showed stability in baseline, the participants received the first phase of the
intervention, multiplying binomial expressions to form quadratic expressions. The
researcher continued to collect baseline data on the other two behaviors. Once the
participant achieved three (3) successful probes at 80% accuracy or above, the
participants received the second phase of instruction, transforming quadratic expressions
into factored form when the coefficient in the first term is equal to one using CRA-I and
the FACTOR strategy. The researcher continued to collect baseline data regarding the

third behavior. Once participants achieved three (3) successful probes at 80% accuracy or
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above during the second phase, participants received the third intervention phase of
instruction, transforming quadratic expressions into factored form when the coefficient in
the first term is more than one using the HUMP BACK FACTOR strategy. Once
participants achieved three (3) successful probes at 80% accuracy or above and the
generalization phase began. During the generalization phase, participants received a
probe with word problems involving the multiplication of quadratic expressions and
transformation of quadratic expressions into factored form.

Treatment Integrity and Inter-Observer Agreement

The researcher conducted treatment fidelity through direct observation of the
implementation of the intervention using video recording. According to Lane et al.
(2004), this is the most direct method to ensure that the intervention was implemented to
fidelity. Video recording only consisted of recording the participants’ work and responses
during the implementation of the lesson components, limiting the amount of identifiable
information from being present on the video. Smith, Saunic, and Taylor (2007) identified
five measures to ensure treatment fidelity for evidenced-based practices. According to
Smith et al., it is important that beginning procedures are explicitly outlined prior to
implementing the intervention. During implementation of the intervention the teacher
recorded all lessons.

The researcher and a graduate student familiar with the study conducted treatment
integrity on 30% of all lessons across all phases using an integrity checklist developed by
the researcher (Horner et. al, 2005; What Works Clearing House, 2010). According to
What Works Clearing House (2010) high quality single case design research must

conduct treatment integrity on at least 20% of all sessions. The treatment integrity
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checklist consisted of nine questions rated by checking yes or no. Behaviors assessed
included preparation of materials, implementation of components of explicit instruction,
implementation of the phases of instruction, and student engagement. The researcher
compared the results from the observers’ checklist and assessed for agreement.

The researcher conducted inter-rater agreement on 80% of the assessment probes
given across each phase. According to Horner et al. (2005) it is important to assess inter-
rater agreement frequently to ensure that the dependent variables are being assessed
consistently. Two raters, the researcher and a graduate student familiar with the study,
conducted the inter-rater agreement. The researcher calculated the agreement using the
point-by-point ratio. To calculate, the researcher calculated the total number of
agreements and divided the number of agreements by the total number of agreements and
the total number of disagreements. Then the researcher multiplied the number by 100.
Social Validity

The researcher administered a social validity survey to the participants and
determined the usefulness of the intervention. The participants completed a survey after
instruction on the last lesson of the intervention. The student survey consisted of 21

questions with yes and no questions and open-ended response type questions.
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Chapter 4. Effects of CRA-I, FACTOR, and HUMP-BACK FACTOR
Results

The researcher used a multiple-probe across behaviors design to evaluate the
effects of (a) CRA-I and a graphic organizer, the BOX Method, across multiplying
binomial expressions to form quadratic expressions, (b) CRA-I and the FACTOR
mnemonic strategy on the transformation of quadratic expressions into factored form
when the coefficient in the first term is equal to one, and (¢) CRA-I and the HUMP
BACK FACTOR mnemonic strategy on the transformation of quadratic expressions into
factored form when the coefficient in the first term is more than one. The researcher used
visual analysis to interpret data. The researcher noted the following upon visual
inspection: percent of overlap between baseline and treatment, level and trend of data
paths, immediacy of effect, and the number of data points from the beginning of the
intervention to criterion. Figures 1 and 2 display results for Susie and Carly.
Baseline Data

Prior to the intervention, students completed baseline probes together. Susie’s and
Carly’s baseline were stable across all behaviors. The researcher defined stability as no
more than 20% variability from the mean of baseline. On all three baseline probes, both
students scored zero problems correct. After baseline, the researcher began the
intervention using the CRA-I sequence, a graphic organizer, the BOX Method, and

FACTOR and HUMP BACK FACTOR mnemonic strategies.
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Percent Correct

Percent Correct

Percent Correct

Susie

Baseline
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Baseline
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Intervention Maintenance

CRA-I and FACTOR

Baseline

Intervention Generalization Maintenance

CRA-I and HUMP BACK
FACTOR

Figure 1. Susie’s Results
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Performance after Instruction

Susie: Susie reached criterion for binomial multiplication after three probes (80%
accuracy or above on three probes). There was an immediate effect observed after
baseline with an increase from 0% to 80%. The level for the first phase was 93.3% with a
range from 80% to 100%. The data showed an increasing data path. There were no
overlapping data points. Percent of non-overlapping data (PND) (Tawney & Gast, 1984)
from baseline to binomial multiplication was 100%. For the second behavior,
transformation of quadratic expressions into factored form using CRA-I and the
FACTOR mnemonic strategy, Susie reached criterion after three probes. There was an
immediacy of effect observed after baseline with an increase from 0% to 100%. The level
for the first phase was 100% with a range from 100% to 100%. The data showed an
increasing data path. There were no overlapping data points. PND from baseline to
transformation of quadratic expressions into factored form using CRA-I and the
FACTOR mnemonic strategy was 100%. For the third behavior, transformation of
quadratic expressions into factored form using CRA-I and the HUMP BACK FACTOR
mnemonic strategy, Susie reached criterion after three probes. There was an immediacy
of effect observed after baseline with an increase from 0% to 100%. The level for the
third phase was 93.3% with a range from 80% to 100%. The data showed an increasing
data path. There were no overlapping data points. PND from baseline to transformation
of quadratic expressions into factored form using CRA-I and the HUMP BACK

FACTOR mnemonic strategy was 100%.
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Carly: Carly reached criterion for binomial multiplication after three probes (80%
accuracy or above on three probes). There was an immediacy of effect observed after
baseline with an increase from 0% to 80%. The level for the first phase was 86.7%. with
a range from 80% to 100%. The data showed an increasing data path. There were no
overlapping data points. PND from baseline to binomial multiplication was 100%. For
the second behavior, transformation of quadratic expressions into factored form using
CRA-I and the FACTOR mnemonic strategy, Carly reached criterion after three probes.
There was an immediacy of effect observed after baseline with an increase from 0% to
100%. The level for the first phase was 100% with a range from 100% to 100%. The
data showed an increasing data path. There were no overlapping data points. PND from
baseline to transformation of quadratic expressions into factored form using CRA-I and
the FACTOR mnemonic strategy was 100%. For the third behavior, transformation of
quadratic expressions into factored form using CRA-I and the HUMP BACK FACTOR
mnemonic strategy, Carly reached criterion after three probes. There was an immediacy
of effect observed after baseline with an increase from 0% to 80%. The level for the first
phase was 93.3% with a range from 80% to 100%. The data showed an increasing data
path. There were no overlapping data points. PND from baseline to transformation of
quadratic expressions into factored form using CRA-I and the HUMP BACK FACTOR

mnemonic strategy was 100%.
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Generalization Performance

The researcher collected generalization data the day after the intervention ended.
Susie completed a probe with three (3) word problems involving the multiplication of
binomial expressions and transformation of quadratic expressions into factored form.
Susie scored 0% correct for multiplication of binomial expressions, 100% for
transformation of quadratic expressions into factored form when a =1, and 100% for
transformation of quadratic expressions into factored form when a > 1. Carly completed a
probe with word problems involving the multiplication of binomial expressions and
transformation of quadratic expressions into factored form. Carly scored 100% correct for
multiplication of binomial expressions, 100% for transformation of quadratic expressions
into factored form when a =1, and 100% for transformation of quadratic expressions into
factored form when a > 1.
Maintenance Performance

The researcher collected maintenance data one to nine weeks after instruction
ended for each behavior. The researcher collected Susie’s maintenance data for binomial
multiplication nine weeks after instruction ended, transformation of quadratic expressions
into factored form when a = 1 four weeks after instruction ended, and transformation of
quadratic expressions into factored form when a > 1 two weeks after instruction ended.
The researcher collected Carly’s maintenance data for binomial multiplication seven
weeks after instruction ended, transformation of quadratic expressions into factored form
when a = 1 three weeks after instruction ended, and transformation of quadratic
expressions into factored form when a > 1 one and a half weeks (12 days) after

instruction ended. Susie completed a probe for all three behaviors. Susie scored 80%
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correct for multiplication of binomial expressions, 80% correct for transformation of
quadratic expressions into factored form when a =1, and 60% correct for transformation
of quadratic expressions into factored form when a > 1. Carly completed a probe for all
three behaviors. Carly scored 100% correct for multiplication of binomial expressions,
80% correct for transformation of quadratic expressions into factored form when a =1,
and 60% correct for transformation of quadratic expressions into factored form when a >
1.
Treatment Integrity and Inter-Observer Agreement

The researcher conducted treatment integrity on 30% of all lessons across all
phases using an integrity checklist developed by the researcher. The researcher and a
graduate student familiar with the study conducted treatment integrity through
completion of the checklist and direct observation of the implementation of the
intervention using video recording. To calculate inter-observer agreement for treatment
integrity, the researcher calculated the total number of agreements and divided the
number of agreements by the total number of agreements and the total number of
disagreements. Then the researcher multiplied the number by 100. Treatment integrity for
multiplication of binomial expressions was 100%, for transformation of quadratic
expressions into factored form when a =1 was 100%, and for transformation of quadratic
expressions into factored form when a > 1 was 100%. The agreement between observers
was 100%.

The researcher conducted inter-rater reliability on 80% of the assessment probes
given across each phase. Two raters, the researcher and a graduate student familiar with

the study, conducted the inter-rater agreement. The researcher calculated agreement using
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the point-by-point ratio. To calculate inter-rater reliability, the researcher calculated the
total number of agreements and divided the number of agreements by the total number of
agreements and the total number of disagreements. Then the researcher multiplied the
number by 100. Inter-rater reliability was 100% for each behavior for both students.

Social Validity
The researcher administered a social validity survey to the participants and

determined the usefulness of the intervention. The participants completed a survey after
instruction on the last day of the intervention. The student survey consisted of questions
with yes and no type questions and open-ended response type questions. Susie and Carly
indicated that the strategies were useful and improved their skills in binomial
multiplication and quadratic transformations. Both students indicated that they liked
using the ALG tiles during instruction. Susie stated that the Box Method strategy as her
favorite part about learning how to multiply and factor, while Carly stated that learning
about all of the strategies as her favorite part. When asked if they thought other students
should learn the FACTOR and HUMP BACK FACTOR strategies, both students agreed
that the strategy should be taught to other students and that the strategies made factoring

problems easier.
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Chapter 5. Conclusions and Recommendations
Discussion

The purpose of this study was to investigate the effects of the CRA-I sequence
and the BOX Method graphic organizer, CRA-I and the FACTOR mnemonic strategy,
and CRA-I and the HUMP BACK FACTOR mnemonic strategy on students’
performance in binomial multiplication and the transformation of quadratic expressions
into factored form. The research design for this study was a multiple probe across three
behaviors. The researcher showed a functional relation between the CRA-I sequence and
algebra performance with effects shown across three different behaviors at three different
points in time. The students increased their accuracy in the areas of binomial
multiplication, transformation of quadratic expressions when a = 1, and transformation of
quadratic expressions when a > 1. The students generalized their performance to the
transformation of quadratic expressions embedded within word problems. Carly
generalized her performance to multiplication of binomial expressions embedded within
word problems. The students maintained their performance for binomial multiplication,
transformation of quadratic expressions when a = 1, and transformation of quadratic
expressions when a > 1 one to nine weeks after instruction ended.
Findings Related to CRA-I with the BOX Method, FACTOR, and HUMP BACK
FACTOR and Algebra

The findings in this study are important because two secondary students with
disabilities and a history of mathematics difficulties learned complex algebraic skills and
maintained the skills over time. According to the NCTM, secondary mathematics
instruction must develop conceptual understanding and procedural fluency in

mathematics trhough the use of a variety of tools and hands on activities (NCTM, 2000).

96



NCTM also recommends that mathematics strategies build upon student’s prior
knowledge. This study used a variety of tools and strategies including, the CRA-I
sequence, graphic organizers, and mnemonic strategy instruction, and developed
conceptual understanding and procedural fluency in binomial multiplication and
quadratic transformations. In addition, this study consisted of daily pre-requisite skills
problems to relate skills previously learned in mathematics courses and instructional
lessons in the intervention.

During baseline both students demonstrated some knowledge of multiplication
and the relation between multiplication, the distributive property, and binomial
multiplication. However, students did not demonstrate knowledge of the steps to
complete the problem. When Susie and Carly completed factoring problems, they
recognized that the variable x appeared in the expression twice and performed the steps to
solving multi-step equations. However, it was apparent that both students lacked
conceptual understanding because they could not differentiate between unlike terms and
did not recognize that each term represented different quantities. Furthermore, neither
student differentiated between the factoring problem types and completed all factoring
problems by solving for the variable x.

During the binomial multiplication phase, students did not experience difficulty
with the transition to abstract notation and preferred the BOX method when constant
terms were too large, such as in (x + 8)(x + 9) and (x + 7)(x + 6).This was similar to
the findings in Strickland’s (2014) case study. Strickland (2014) conducted a case study
analysis and investigated one student’s use of CRA-I and a graphic organizer, the BOX,

to perform binomial multiplication and to transform quadratic expressions into factored
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form. Strickland discovered that although the student resisted giving up the use of ALG
manipulatives, when presented with problems with large terms, the student eventually
used the graphic organizer to complete the problems instead of the manipulatives. Susie
and Carly also resisted giving up the use of the manipulatives. During the lessons, Susie
performed calculations using the manipulatives, then would check her answer with the
graphic organizer and calculator. When presented with problems that included larger
terms, Susie did not attempt to represent the multiplication of the constant terms using the
manipulatives. Instead, she used the calculator to compute the constant terms.
Eventually, Susie resorted to using the graphic organizer and calculator only to complete
the problems. Carly transitioned to using the graphic organizer without difficulty
although she consistently referred to the manipulatives when completing the problems.
Specifically, when combining like terms Carly consistently referred to creating zero pairs
to perform addition of positive and negative integers. She would then use the calculator
to check her computations.

Furthermore, in this study students’ access to a calculator limited the effect of
computational errors in the addition and multiplication of positive and negative integers
on students’ procedural fluency. Both students preferred to use the ALG tiles when all
terms were positive and resorted to the BOX method and used the calculator to check
computations when computing problems with positive and negative terms. Susie
received four lessons during this phase. Susie preferred to complete problems using the
ALG tiles and the BOX method. The researcher drew this conclusion about her
preference because she rarely drew representations. During all lessons she used the ALG

tiles and used her manipulatives to check her computations prior to using the calculator.
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Carly received four lessons during this phase. Carly never drew representations and
preferred to use the ALG tiles until the third lesson. Carly used both the calculator and
ALG tiles to check her computations; however, when she received instruction in lesson
three, she used her calculator to check her computations. Both students improved
significantly from baseline to the first phase of the intervention. Susie scored 80%,
100%, and 100% on her probes following instruction and this trend continued throughout
the intervention. Carly scored 80%, 80%, and 100% on her probes following instruction
and this trend continued throughout the intervention.

During the second and third phases of instruction, transformation of quadratic
expressions into factored form when a =1 and transformation of quadratic expressions
into factored form when a > 1, the FACTOR and HUMP BACK FACTOR strategies
provided students with procedural knowledge to complete complex algebraic problems.
The FACTOR and HUMP BACK FACTOR strategies cued students to think about the
steps to complete the problems and assisted in the successful completion. This study
extends research by Strickland and Maccini (2012) in the use of CRA-I to improve
performance of complex algebra skills for students. Strickland and Maccini taught
students how to perform binomial multiplication and quadratic transformations into
factored form embedded within word problems. The researchers used the CRA-I
sequences and the BOX method graphic organizer and developed students’ conceptual
understanding through area representation. This present study did not embed binomial
multiplication and quadratic transformations into factored form problems within word

problems. Conversely, the researcher focused on developing students’ conceptual
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understanding through array representation and used the graphic organizer and mnemonic
instruction to develop procedural knowledge.

Furthermore, this study extends research by Maccini and Hughes (2000), Maccini
and Ruhl (2001) that illustrated the use of CRA with mnemonic strategy instruction were
effective for basic algebra skills instruction. Both students improved significantly from
baseline to intervention in both phases. Both Susie and Carly scored 100% on all three
probes following transformation of quadratic expressions into factored form when a =1
instruction and this trend continued throughout the intervention. Susie scored 80%,
100%, and 100% on her probes following transformation of quadratic expressions into
factored form when a > 1 instruction and this trend continued throughout the intervention.
Carly scored 80%, 100%, and 100% on her probes following transformation of quadratic
expressions into factored form when a > 1 instruction and this trend continued throughout
the intervention.

During the generalization probe Carly demonstrated success with binomial
multiplication embedded within word problems. Both Carly and Susie demonstrated
success with quadratic transformations into factored form embedded within word
problems, although they did not receive explicit instruction on these problem types. In the
Strickland and Maccini (2013) study, the researchers explicitly taught the steps to create
binomial expressions embedded in word problems and focused on area representation of
real word problems. However, in this study the researcher explicitly taught students
binomial multiplication and quadratic transformations through array representation to
develop conceptual understanding and used a graphic organizer and mnemonic strategies

to develop procedural fluency. When completing the generalization probe, Carly

100



demonstrated conceptual understanding of quadratic expressions in several ways
although she did not receive formal instruction. First, when performing binomial
multiplication Carly drew a square to represent the dimensions of the room described in
the word problem. Once Carly labeled the dimensions she correctly wrote two binomial
expressions. After Carly created the binomial expressions, she drew the BOX method
graphic organizer and completed the problem successfully. Although Susie was not
successful on the generalization probe with binomial multiplication, she attempted to
create a quadratic expression using the units in the problem. Neither student drew
representations when completing the quadratic transformation problems to demonstrate
conceptual understanding, however both students illustrated the use of the mnemonic
strategies to complete the problem.

This study is consistent with the Strickland and Maccini (2012, 2013) studies on
the effectiveness of CRA-I and the BOX method graphic organizer of the intervention
over a period of time. The study extends the study to the effectiveness of CRA-I and the
FACTOR and HUMP BACK FACTOR mnemonic strategy on complex algebraic skills
over a period of time. Susie and Carly showed a high level of retention of the material on
the maintenance probes. Nine weeks after instruction ended, Susie scored 80% correct on
binomial multiplication. Seven weeks after instruction ended, Carly scored 100% correct
for multiplication of binomial expressions. After further analysis through visual
inspection of student work, Susie’s error occurred in multiplying positive and negative
terms, although she performed the steps to binomial multiplication correctly. Four weeks
after instruction ended, Susie scored 80% correct for transformation of quadratic

expressions into factored form when a =1. Three weeks after instruction ended Carly also
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scored 80% correct for transformation of quadratic expressions into factored form when a
=1. Both students made errors in the determination of the correct positive and negative
factors. For example, Susie correctly performed the steps to the FACTOR strategy,
however instead of writing (x + 5)(x — 1), she wrote (x + 1)(x — 5). Four weeks after
instruction ended on transformation of quadratic expressions into factored form when a >
1, Susie scored 60% correct. Twelve days after instruction ended on transformation of
quadratic expressions into factored form when a > 1, Carly scored 60% correct. Again,
both students performed the steps to the HUMP BACK FACTOR strategy correctly and

only made computational errors.

102



Limitations and Suggestions for Future Research

The research design of the study presented limitations because no comparisons
are made between CRA-I, the BOX method, FACTOR instruction, and HUMP BACK
FACTOR instruction and another form of mathematics instruction. Therefore, there may
be other instructional programs or strategies that are more effective. In addition, the
researcher implemented all of the lessons in the intervention. Therefore, replication with
other teachers, researchers, and instructors in a variety of settings is necessary to validate
these results. Furthermore, there were only two participants in the study. The participants
showed improvement with the instruction however, these results cannot be generalized.
Therefore, additional research is required to generalize the results for students’ binomial
multiplication and transformation of quadratic expressions. In addition, the students
received the intervention individually in a separate setting. Therefore, it is unclear how
effective the intervention is when delivered to a group of students in the general
education setting.

Additional research replicating this intervention with a larger group of students is
needed. This study needs to be replicated with a variety of researchers, teachers, and in a
variety of settings to determine the effectiveness of this intervention. Furthermore, this
intervention should be replicated and compared to other mathematical strategies and

interventions.
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Conclusions and Recommendations

The No Child Left Behind Act (NCLB; 2002) and the Every Student Succeeds
Act (ESSA; 2014) required that students with disabilities meet the same standards as their
peers. The Individuals with Education Act (IDEA) of 2004 emphasized the increasing
need for high quality instruction that provided equal access to the general education
curriculum for students with disabilities. Research on effective secondary mathematics
instruction illustrated the need to use a variety of tools and strategies so that students can
develop skills in complex concepts (Watt et al., 2016) and that these interventions must
be implemented during the school day to impact instruction (NMAP, 2008). Although
research illustrated the need for effective intervention for students across grades k-12,
students with disabilities continue to struggle with gaining advanced mathematical skills.

Teaching advanced mathematical concepts to students with disabilities is a
difficult task. Teachers must be adequately trained and exhibit a comfortability level
with teaching the content. The National Council of Teachers of Mathematics (NCTM,
2000) stated that educators must be trained to provide students with the skills to develop
conceptual understanding and procedural fluency in mathematics while in high school
and when educators are not adequately trained students often enrolled in more
remediation courses in college (NCTM, 2000). The NCTM consistently emphasized the
need for developing conceptual understanding and procedural fluency throughout the
Principles and Standards for Mathematics (2000) as well as the Principles to Actions
(2014). This current study examined the CRA-I, graphic organizer, FACTOR mnemonic,
and HUMP BACK FACTOR mnemonic instruction for students with disabilities who

struggle in mathematics. The following research questions were examined:
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. What are the effects of instruction using the concrete-representational-abstract-
integration strategy (CRA-I) and a graphic organizer, the BOX Method, on
students’ accuracy in multiplying binomial expressions to form quadratic
expressions?

. What are the effects of instruction using the mnemonic strategy, FACTOR, taught
within the CRA-I strategy on students’ accuracy in completing problems
involving the transformation of quadratic expressions into factored form when the
coefficient in the first term is equal to one?

. What are the effects of instruction using the mnemonic strategy, HUMP BACK
FACTOR, taught within the CRA-I strategy on students’ accuracy in completing
problems involving the transformation of quadratic expressions into factored form
when the coefficient in the first term is more than one?

. What are the effects of the CRA-I strategy and the mnemonic instruction on
students’ generalization to problems including word problems involving the
multiplication of binomial expressions and transforming quadratic expressions

into factored form?

The independent variables in this study were CRA-I, the graphic organizer,

FACTOR, and HUMP BACK FACTOR. The dependent variables were the percent of

problems correct on binomial multiplication, transformation of quadratic expressions into

factored form when a =1, and transformation of quadratic expressions into factored form

when a >1 probe. The researcher used a multiple-probe across behaviors design to

determine the effectiveness of CRA-I, the graphic organizer, FACTOR, and HUMP

BACK FACTOR instruction with secondary students with disabilities who struggle in
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mathematics. The researcher showed a functional relation between the CRA-I sequence
and algebra performance with effects shown across three different behaviors at three
different points in time with two participants. Additionally, the students generalized the
skills learned to quadratic transformations embedded within word problems. Lastly, both
students maintained the skills learned over time.

It is recommended that prior to instruction that the teacher assess students’ fluency in
addition, subtraction, multiplication, division, and simplifying fractions. A pretest of
students’ integer skills is also warranted. Although students used calculators in this
current study, the time to complete problems were lengthen because students could not
easily recall multiplication facts. Students made computational errors when simplifying
fractions during the HUMP BACK FACTOR strategy. Therefore, if students do not have
these skills, teachers should use other CRA materials to reteach these skills prior to
implementing complex algebraic instruction.

Furthermore, it is recommended that future research teaches differentiation between
problems types as well as problem-solving skills. Student must develop the knowledge
and ability to apply skills to more in-depth problem types (Freeman-Green et al., 2015).
Hudson and Miller (2006) identified schema-based instruction as an effective strategy to
improve the problem-solving abilities of students with disabilities. Schema-based
strategies used representational instruction, such as diagram mapping, to enable students
to see patterns and relations in problems, which lead to the ability to translate words into
mathematical symbols and find a solution (Jitendra, Hoff, & Beck., 1999). Therefore, it

is recommended that future research continue to develop strategies so secondary students
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can be successful in acquiring advanced mathematical problem-solving skills and

teachers are adequately equipped with the tools for effective instruction.
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Appendix 1

Parental Permission/Consent Form

x|

AUBURN

UNIVERSITY

Carece 0o Enncaring
DEPARTMENT OF

SPECIAL EDUCATION, REHABILITATION, AND COUNSELING

NOTE: DO NOT SIGN THIS DOCUMENT UNLESS AN IRB APPROVAL STAMP
WITH CURRENT DATES HAS BEEN APPLIED TO THIS DOCUMENT.

PARENTAL PERMISSION/CONSENT
For a Research Study entitled:
“Effects of 2 Strategy te Increase Mathematics Skalls with Students Who Struzsle”

Your child is invited 1o participate in 2 research study to exammne the effects of a strategy to
enhance student’s performance in solving problems that inclnde the multiplication and factormg
of palynomial expressions. The study 13 bemg condacted by Ms. Alexcz: Moore, Doctoral
Student, and Dr. Marzaret Flores, Professor in the Aubum University Department of Specal
Education, Rehabiltation and Counseling. Your chuld was selected 2z a pozzible purticipant
because ke or she is emolled n a mathematics class, may have a specific learming disability, may
be an Enzhsh Langnage Leamner, has a had a history of difficulties in mathematics, and was
recommended by his/her teacher. Since your chuld 15 aze 18 or youngzer, we must have youw
permission to inchude him/her 1n the stady.

If you decide to allow your chuld o particppate 1 this research study, your child’s total ime
comumitment will be approximately twelve to fiffeen hows over the cowrse of eight weeks.
Instruction will tzke place in your child’s regular dassroom duning regnlar reinforcad instroction
ture. Instruction wall be provided by your child’s claszrcom teacher and eack leszon will be
tharty mimutes m length  Your chuld wall recerve mstruction three tumes per week and will rot
mi:s any work as thiz izstructioa will be a part of the regular routine of the clazzrocm.
Insauction will involve solving problems that invelve multiplying ard factoring of pelynomial
expressions using objacts, pictures, and numbers. Durng this time, your child will be zsked o
leam a strategy and use the strategy to solve these expressions. Atthe conclusion of the
mstucton your child will be asked to complete a quashonnairs to share his or her expenence
The risks associated with participating in this study are minimal ri<k or discomfort. To mirimize
these nsks, we will lcok for sizns of mereased amaety or discamfort ard the student wall be
removed from the actvity if such s1zns are observed Discomdort will be munimized by
prepanng students pror to daily mstruchon, providing verdal cues and manipulatives about the
instructional achvities inchuded in the leszon. All documents gathered from the stady will be
stored m a locked file cabinet and all identifiable information will be removed 1o reduce the risk
of breach of confidenhality. In addifion. 1n an effort to reduce the nks associated with coercion
students and parents zhould be reminded that partictpahion in tha: study 13 volhuntary and
participation czn be withdrawn at any time. Finally, portions of lessons will be video recorded
and video consent cax be found on the Video Consent Raleaze Form.

The Auburn University Institutional
Review Board has approved this
Document for use from by Conve s, Audinses, AL 363455222 Telmgdvmen K4-844-T67, Fan: 2M4-044-7677

_mm_]%um 8/21/2019 wow.anbuin edw/serve
268 MR 1808 <o
Protocol # Page 10f2 Participaat [nitials:
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If your chald parhicrpates i this study, your chuld can expect to umprove huzber moth zkolls i
solving problemss, workicg with penbers and vanables and wing 2 arategy 1o halp with
understandmz. Wa cazmot proexize you that your child will rescive any or all of the benafitz.

1f you change your mund about your chuld 's parbagetion, your child can be wathdrawn from the
study at aey e Yowr cild’s participatien is cawpletely vedaatary. If vou choose to withdaw
your chuld your ckald’s data can be wathdrawm as long as it 15 :dentfiable. Your decizon 2bout
whethes ce not to allow your chuld o paticipate or fo sop parhcipating will not jeopadze you
um&llsmm“ﬁwUm\“w,ﬁn&pmdSpcdmm

Rehainbitation, Counsshng or your schoal system.

Any infoemation chtained in comnecticn with this stody will reeaim confidannal The daa
collected wall be protected by Masgaret Flores and Alexcia Moore. Findmpzs from €z study may
be publbed m an aducstional jomma) or presented st 3 confermnce Your chald wall not be

If you have gueaticns about your chuld's nights a6 3 ressareh pamicipant, you may contact the
Anbum University Offics of Humae Subjects Rewsareh or the Insnsutional Review Bazed by
phone (334-844-5966) or email at haubiec @anbwn edy or IRBChair @aubwm edu.

Having read the information provided, you must decide whether or not you wish for your child o
pabopate m ths research study. Your sizmatere mdcated your walkngnes: to allow wour chuld
o partxcipate. A copy of tha documsest wall be xives to you o keep. I 2t 2oy fuze you hanw
questions about the study plaice contact Alexeia Moces or Di. Maagaset Flores by phoma at
(G39)-844.7676 or by emasl at 2m 002 4o geomal aubun. edu or waaf)] Ganbam ede

Parene/Guardicn Sigranme Iovessasecr Obteang Consent- Sinange

Chald's Name

Co-Investigator Siznatare Date

The Aubura Usiversity lmtitutionsl e, A, AL SYSHAZIE Triep bome S3-44- )4 Par- S5434TTT
Keview Scard han spproved tha www.auburs.edu/eere

Document for use from

ABRU01E e 82120109 Fape 2afl
Protocel & __18-208 MR 1008
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AUBURN

UNIVERSITY

ot vk oF FEnlicarioNn

DIEFPARTMIENT OF
SPECIAL EDOCATION, REHABZITATION, AND COUNSILING

NOTE: DO NOT SIGN THIS DOCUMENT UNLESS AN IRB APPROVAL STAMP WITH CURRENT
DATES HAS BEEN APPLIED TO THIS DOCUMENT.

mu-mmmms&mmsmmw

Your child is invited to participate m a reszarch study to examme the effects of a strategy to enhance student’s
performance in solving problems that mclude the multiplication and factoring of polynomial expressions. The
study is being conducted by Ms. Alexca Moare, Doctoral Student, and Dr. Margaret Flores, Professor in the
Aubum University Department of Special Education, Rehabilitation, and Counseling. Your child was selected
s a possible participant because he or she is enrolied in 2 mathematics class, may have a specific leaming
disability, may be an English Language Leamer, has a had a history of difficulties in mathematics, and was
recommended by his’her teacher. Since your child is age 18 or younger, we must have your permission to
inchade him/her in the study.

If you decide to allow your child to participate in this research study, your child's total time commitment will be
approximately twelve to fifteen hours over the course of eight weeks Instruction will take place in your child's
regular classroom during regular reinforced instruction time Instruction will be provided by your child's
classroom teacher and each Jesson will be thirty mimutes in lensth  Your child will receive instruction three
times per week and will not miss any work as this mstruction will be a part of the regular routine of the
classroom. Instruction will involve solving problems that involve multiplying and factoring of polynomial
eXpressions using objects, pictures, and mumbers. During this time, your child will be asked to leam a strategy
and use the strategy to solve these expressions. At the conclusion of the instruction your child will be asked to
completz a questionnaire to share his or her experience with using the new strategy.

The nisks assocated with participating in this study are minimal risk or discomfort. To minimize these risks, we
will Jook for signs of increased anxiety or discomfort and the student will be removed from the activity if such
signs are observed. Discomfort will be minimized by preparing students prior to daily instraction, providing
wverbal cues and manipulatives about the instructional activities included in the lesson. All documents gathered
from the study will be stored in a locked file cabimet and all identifiable information will be removed to reduce
the nisk of breach of confidentiality. In addition, in an effort to reduce the risks assodated with coercion
students and parents should be reminded that participation in this study is voluntary and participation can be
withdrawn af any time  Finally, portions of lessons will be video recorded and video consent can be found on
the Video Consent Release Form.

Rewrw hears o b i P*ldz Pasticipent Ininals
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If your child participates in this study, your child can expect to improve his’her math skills in solving problems,
working with oumbers and variables and using a strategy to help with understanding We cannot promise you
that your child will receive any or all of the benefits.

If you change your mind about your child’s participation, your child can be withdrawn from the study at any
time. Your child's participation is completely vohmtary. If you chooss to withdraw your child, your child's
chnmbewuhdnwnaslmgasm;mnﬁable Your decision about whether or not to allow your child to
participate or to stop participating will not jeopardize you or your child's future relations with Aubum

University, mwawmmmc«mc)mmm

Any information obtained i connection with this study will remain confidential The data collected will be
protectad by Margzaret Flores and Alexcia Moore. Findings from this study may be published in an educational
Jjournal or presented at a conference. Your child will not be identified personally.

If you have questions about your child's rights as a research participant, you may contact the Auburm University
omce«mmsumm«ummmmwpm(summ«mﬂa
hsubjec@aubum edu or IRBChair@auburn edu

Having read the information provided. you must decide whether ar not you wish for your child to participate in
this ressarch study. Your sigmature indicated your willingness to allow your child to participate. A copy of this
document will be given to you to keep. If at any time you have questions about the study please contact Alexcia
Moore or Dr. Margaret Flores by phone at (334)-844-7676 or by email at 2i0024 gitizermail auburp edy or
R0l ganbam oy

Parent Guardiaz Sigmahos Inestmter Cbaning Consent- Simature
Printed Name Printod Name

Dam Dam

Child"s Name

Co-Investigator Signature Darz

The Auburn University institutional
Page 2012 Review Board has approved this
Document for use from
08012019 _to_07/31/2020
Protocol # __18:268 MR 1808
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Appendix 2

Student Assent Forms

x4

AUBURN

CNIYEREASLY

“n ID.:' ln- l Jlll*l nv
SPRCIAL ROUCATION RSO RE TTATION, AND OO0UNSEL NG

NOTE: DO NOT SIGN THIS DOCTUMENT UNLESS AN IRB APFROVAL STAMP
WITH CURRENT DATES HAS BEEN APPLIED TO THIS DOCTUMENT.

Student Avent
For a Research Stody entitied:
“Effects of a Stratezy to Increase Mathemakics Skills with Students Who Strazgle™

1 agree to be 1n thus study about mulcphymz and factonaz complex algebraic problems. My
(mother fathes paoeats zuarcion) knows about this study 2ad (she'be/they) s2id St T could be m
it The culy peopls who will know what T sy and do ia e study willl be the people in charze of
1he smady

T will lears moce showr mulciplying and facoeing complex algsbesic probisms. Esch &y, my
Teacdar of the Aubum reactsr will wach me cos-on-006 of 13 s suall group Ths will M foe 30

mlnuwed snd sach week T will mde s chort e sbout whar T learned [ chooss o be 3 peat of tis
group sed 1 can dacids 0ot 10 be s pan of Ir a1 say tme. ATl of the informsmon shout xe sad my
msdemacical dkills will be kept by e Avburn eacher and will oot be dlured with sayoos alie
No oae oumsids of my matamancs group will kpow sboar xy mathamarical dkillc

IO wrise xoy name oo fs pags Mue wesas Rarl e page wis sed (LY mwe o me) aod thar T sgree
10 be io e cudy. Thsve beca 00l whse will Xappea 10 e and ur (1T S0k 10 801 10 be o this
smudy, st all Thave o do i wll e perios o chargs.

1 velmzarily agree 10 take Part m ©x shove described mesearch smay:

Prxoted Name- Participant Date
Prioted Name- Researcher Date
Sigmaturs of Rezearcher Date

DD doy Uarten Notvnem, A WAL AT, Tolapnmncr SLLRLLTNT 0 bae CALXAL AT®
wow subare ednivare

The Asbern Ustversiy

Peview Board has spproved this Poze | of |
Document for use from
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A

AUBURN

UNIVERSITY

ot vak oF FnlicarioN
DIEFARTMENT OF

SPECIAL EDOCATION, RENABEUTATION, AND COUNSILING

NOTE: DO NOT SIGN THIS DOCUMENT UNLESS AN IRB APPROVAL STAMP WITH CURRENT
DATES HAS BEEN APPLIED TO THIS DOCUMENT.
Student Assent
For a Research Study enfitled:
“Effects of a Strategy to Increase Mathematics Sldlls with Students Who Struggle”

I agree to be in this study about multiplying and factoring complex algebraic problems. My
(mother/father/parents/zuardian) knows about this study and (she/he/they) said that I could be m it The only
people who will know what I say and do in the stady will be the people in charge of the study.

I will Jearn mare about nultiplying and factoring complex alzebraic problems. Each day, my teacher or the
Auburm teacher will teach me one-on-one or in a small group. This will last for 30 mimates and each week I will
take a short test about what I leammed I choose to be a part of this group and I can decide not to be a part of it at
any time. All of the information about me and my mathematical skills will be kept by the Aubum teacher and
will not be shared with anyone else. No one outside of my mathematics group will know about my mathematical
skills.

If T write my name on this page that means that the page was read (by me'to me) and that I agree to be in the
study. I have been told what will happen to me and that if I decide to not to be i this study, that all I have to do
15 t2ll the person in charge.

I voluntarily agree to take part in the above described research study:

Printed Name- Participant Date
Participant Signature Date
Printed Name- Researcher Date

Siznature of Researcher Date

The N iy —
T A oy

P’ldl o e e e

Ce——t
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Appendix 3

Video Release Permission Forms

s |

AUBURN

UNIVIRNITYE

LT -lh&“‘l AT
SPTCIAL FDUCATION, KEMARILITATION, AND COUNT D
NOTE: DO NOT SICN THIS DOCTUMENT UNLESS AN IRB APPROVAL STAMP
WITH CURRENT DATES HAS BEEN APPLIED TO THIS DOCTUMENT.

VIDEO RELEASE - MINOR
For a Research Study entitled:
“Effects of a Stratezy to Lncrease Mathematics Shall: with Students Who Struz=le”

During your cluld's parscipation i this rescarck stady, “The effects of a mnemonse strategy
andmuubnh:nhls‘illhnhgwdn-ﬂmhnglzphmlo
wuldply and factor polynemisl saxprecdons™, your child will be videotapad.  Yowr ageanwe
an the Informed Conert zrves us permrsson to do 0.

Youwr ageatae on the: document grves vs parmuszzon fo uze the videotape(s) for the addinonal
purpezes of pubbcation 1o scholwiy jowrnals and presentations at conferences beyond the
imenadiate needs of this stody.  These videotzpes will not be dectroyed at the end of this recearch
Mﬂbm&&m,mmzmdmwdmm‘ Video iecarding wall
only comast of recording munanal meges of your chald and wll focus on gathenecg informshon
rezarding your cheld s work and responses dunng the mplementation of the l=sson componeots
thus lmatins the smount of idectficble mformation from bemg present on the vadeo.

Parent/Cuardian Pormizton:

1 give my permicsion for videotape: produced im the rmdy, “The effects of 2 maamonic
strategy and CRA-T to wach tradenr: with karning disabilides and Foglich language
learners to wultiply and facter pobwomial expressions”, nhich contyin images of my child,
to be used for the purposes listed abeve, and to also be retained for three yearson a
password encrypted flash drive.

Parent ' Guardian's Printad Name Pareat Guandian s Signanme Date
Mizer's Printed Name Miner'z Signohoe Date
TIovestyzstor”s Printed Neme Iovestizator’s Seznstur= Date
0 Hadey Cowims, Anmn, AL WA 8225, Tiephvnmss SLLRLL TN P 19600077
The Autasn Undverd ty inatftational www anhurs edn/vare
e et o v Pazelofl

Featocol #_ 10208 MR 1000
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AUBURN

UNIVEERNITTYT

LOnl lw&i I K]la\l 0N
SPECIAL FDUCATION, REHABLITATION, AND COUNSFLING
NOTE: DO NOT SIGN THIS DOCUMENT UNLESS AN IRB APPROVAL STAMP WITH CURRENT
DATES HAS BEEN APPLIED TO THIS DOCUMENT.

VIDEO RELEASE - MINOR
For 2 Rezearch Study entitled:
“Effects of a Strategy to Increasze Mathematic: Skills with Student: Who Struggle”™

Dunag your child’s participation in this research study, “The effects of 2 manemonic strategy and CRA-Ite
teach students with learning dizabilities and Eaplich langusge learners to multiply and factor polynomial
expressions”, your child will be videotaped. Your signature on the Informed Comseat gives us parmission to
do s0.

Your signatare om this document @ives us parmuission to use the videotape(s) for the additional parposes of
publication i scholarly journals and prescatations at conferances beyond the immediate needs of this study.
These videotapes will not be destroyed 2t the end of this research but will be rotained for three years an a
password sacrypted flash drive. Video recording will cnly cozsist of recording minimal images of your child
and will focus on gathering information regarding your child's work and respenses during the implemaentation
of the lesson compozsnts thus Bmiting the amount of ideatifiable information from being present oa the video.

Parent/Guardias Permission:

I give my permission for videotape: produced in the study, “The effects of 2 mnemonic strategy and
CRA-I to teach students with learning dizabilities and Englizh language learners to multiply and factor
polynomisl expreszion:”, which contain images of my child, to be used for the purpozes listed sbove, and
to also be retained for three years om a password eacrypted flash drive.

Parent'Guardian”s Printed Name Paront/Guardian's Signature Date

Miner's Printed Name Minor's Signatare Date

Investigator's Printed Name Investigator's Signatare Dato

Thee Assars Undwarcsy intinus anal
Page lofl Raviow Board has apprownd s
Cocarwa for use From

Prosccol #__10-200 MA SN

123
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AUBURN

URIVERSIYY

n ‘*AR‘ 1-1.6,- na
TPRCAT IDUTATION, BRRARE ITATION, AND OOUNSEL NG

NOTE: DO NOT SICON THIS DOCUMENT UNLESS AN IRB APPROVAL STAMYP
WITH CURRENT DATES HAS BEEN AFPLIED TO THIS DOCUMENT.

VIDEO RELEASE - ADULT
For a Research Study sntitled:
“Effects of a Stratezy to Increase Mathematics Slalls with Stadent: Who Strugzle®

Dwriog your participation in this ressarch smdy, “The effacts of 2 muaemonic strategy and
CRA-1to teach =tudents with learning disabilitie: and English lanzaage learners to
maltply azd factor polymomial expression:”, you will be videotped. Your signamure oo 2@
Tuformed Cosenr gives w peaniscion 1o do so

Your mznatare on this documant mves s Parmussion o use the videotspe(s) for the addincaal
purposss of publicarion in «choluly jownsls aad préssnsgions a1 confarsacs beyond s
imrzaciate peeds of thas study. These videotapes will oot be destroyed a the ead of this research
but will be retamed for three years on 2 password cocrypted flack dnve. Video rocordiaz mall
only consist of recording manimal images of the smdeats and will focus on Zathering iaformation
regardimg your sudeats’ wock and responses during the implementstion of the lesson
conzponent: thus Lamiang the amoun: of idextifizbie micrmanoxs from being prasent on the video.

[n additaon, the folloveng persoms will have acces: to the tapes: Me. Alowenr J. Moore aad Dr.
Margaret Flores.

Your Permascion:

T give my permission for videotapes produced in the study, “The efTects of 2 mosmonic
strategy and CRA-1 to teach studeat: with learning disabibtie: and Enghish languagze
lesraers to multiply and factor polymomial expressiens”, to be mied for the purpose:s Lsted
above, and (o also be retaimed for (hyee years om 2 password encrypted flash drive.

Participact’s Pringed Name Participast’s Sizastare Date
Izvestazatoc’s Prated Name Invesazaor's Siznature Date
The Aubarn L g ol
Review Soard has spproved this
Docurment for use from

082172018 4+ 82172019
Protecol® __1 1

Paze e |

S Hader Comter. Anbem, AL MASLAIY Talnphone: 1680401 Fax $14348 AT
vev. ssbera.sduienic
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AUBURN

UNIVERNMIYTTY

“””ﬂﬁiﬂf itla\l oN
SPECIAL FDUCATION, REHABLITATION, AND OOUNSELING
NOTE: DO NOT SIGN THIS DOCUMENT UNLESS AN IRB APPROVAL STAMP WITH CURRENT
DATES HAS BEEN APPLIED TO THIS DOCUMENT.

VIDEO RELEASE - ADULT
For 2 Rezearch Study entitled:
“Effects of 2 Strategy to Increase Mathematics Skill: with Students Who Struggle”

During your participatica in this research study, “The effects of 2 mnemonic strategy and CRA-I to teach
m&cn-ﬂkﬂnngdulﬁnu-ndhgﬁllnmkmcuh-lhﬂynlﬁww
expression:”, you will be vidootaped. Your signatare o the Informed Consent gives us parmission to do so.

Your signatare om this document gives us parmuission to use the videotape(s) for the additional parposes of
publication = scholarly journals and presentations at conferences beyond the immediate needs of this study.
These videotapes will not be destroyed 2t the and of this research but will be rotained for three yoars an a
password flash drive. Video recording will only comsist of recording minimal images of the stadsnts
and will focus on gathering information regarding your stadeats” work and responses during the implemsatation
of the lesson componsnts thus Bmiting the amount of ideatifiable information from being present oa the video.

In addition, the following persons will have access to the tapes: Ms. Alexcia J. Moare and Dr. Margaret
Flores.

Your Permiszion:

I give my permission for videotapes produced in the study, “The effects of 2 mnemonic strategy and
CERA-I to teach students with learning dizabilities and Englizh language learners to multiply and factor
polynomisl expreszions”, to be used for the purposzes listed above, and to also be retained for three years
on a pazsword eacrypted flash drive.

Participant’s Printed Name Participant’s Sigmature Date

Investigator's Printed Name Investigator's Signatare Date

The Aubars Usheacdty rodurionsl
Ml‘l Rt BOSrC DAk 2pprownd Thic
Cocmmewe for xe o

Prosocal ¢ __10-208 ML 1008
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Appendix 4

Adult Consent Forms
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AUBURN

UNINEIRsIYTY

Caorrpoe e Faincaviea
DEPARTVENTOF

SPECIAL FDUCATION, WA‘.'ICM,A)D OOXABE.MNT

NOTE: DO NOT SICN THIS DOCUMENT UNLESS AN IRE APPROVAL STAMP
WITE CURRENT DATES HAS BEEN APPLIED TO THIS DOCUMENT.

ADULT CONSENT
¥or a Research Study entitled:
“Effects of a Strategy (o Increase Mathematics Skills with Students Who Struggle”™

You are mvited to partcipate in a research study to examme the effects of a stratezy to enbaxce
stadent’'s performazce ia solving problems that inclade $he multiphcation azd factoning of
polynomssl expressions. The stady is being coaducted by Ms. Alexcia Moore, Doctoral Stndent,
and Dr. Margare: Flarss, Profecsor in the Anbura Univeraty Departmant of Spacial Educaton,
Rehabiitanon, and Commselinz. You were selected as 3 possible particypant becsuss you are 3
special ammcanon collaborarive eacher Who has hid expenencs Co-teachmg 12 the msthemancs
gepenl educarion Classroom, 5 curently aching in a resource remediagon (1assroom seqmng,
and are age 19 or oXler.

If you decida to parhicipats 1a thic recearch study, your totl ams commimmen: will be
approginesgely 20-25 houwrs over 2 course of rwelve weeks. During s time, you will be asked
[0 Jeam & suategy and use e swaRgy 0 teach studears how o selve complex algsbraic
protlems. You will be previded witk one-to coe professional development en implerzentins the
strategy % enhance studext’s periormance i solving preblems that include the multiplication
and factorng of polynomual expressions. Instraction will take place ia your classroom durms
regulor reinforced instruction time. Eoch lesson will be thirty muimates in length snd provided
throe Oma: per woek. The mmctructon will be a part of the regular routine of the classroom and
caz be delrvered 1 an mdmidusl sethag or cmall gromp wettmg. At the conclucion of the
msuction you will be asked 1o complete 3 questonname to share your axpeneace with nang the
DEW STTRIRZY.

Tha ncks ssxocisted with parbeipanag m fuc sudy are mimamal nsk or discomfort. To amzaimize
thess risks, we will look 107 51205 0f IMCTR3sad AAXISTY OF ASCOMOrT and you will be removed
fom 1he acTVITY If such signs ate obsatved. Discomfort will be mmemizad by PTEPATINE you
prior 10 insouction by providiag professional development aad timely faadback 0 suppor b2
Implemenzarion of he insouctional lessons. All documents gaibered from e study will be
stored i a locked fle cabinet and all xdeatifizble information will be removed to reduce the risk
of breach of confidentinlity. In addition, iz an effort to reduce the nisks associated with coercion
you are remunded that participation in this study 1= voluntary and participation can be withdrawn
at swy tme. Finally, portions of Jessons will be video recorded and video comsext can be found
on the Video Consent Ralaase Form
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If you participate 1 this study, you can expect to lezm a new strategy to improve your smadents’
methemarical skills in solving problemws, working with aumbers and vaiables and using a
stratezy © belp with understanding We cannot promise that you or your students will receive
any or all of the benefits.

If you change your mind about your participation, you can be withdrawn from the stedy at any
time. Your paracipation is compleely voluntary. If you choose to withdrew, your data can be
wihdrawn 25 long as 1t 1s idennfable. Your decision about whether of Dot to Paricipate of to
stop participating will not jeopardize your fi lations with Auburn University, the
Departmant of Special Education, Rehabilitation, Counseling or your school system.

Arxy informstion obtained in connection with this stady will remsin confidential. The data
collected will be protected by Margaret Flores and Alexcia Moorz. Findinzs from this study may
be publiched 1n an educational jouraal or presented it a coaference. You will not be ideatified
pecsoaally.

If you have questions about your s rights is aresearch participant, you may contact the Auburn

University Office of Human Subjects Research or the Instimtionz] Review Board by phene (334-
844-5966) oc email at hsubjec/@auburm. eda or IRBChar@auburn eda.

Havingz read the information provided, you must decide whetker or not you to participate in this
research study. Your siznature indicated vour willingness to participate. A copy of this
document will be given to you to keep. If at any time you have questons adout the smdy plzase
coatact Alexcia Moore or D1. Margaret Flores by phons at (334)-844-7676 or by email at
Aim0024@tigernail aabum edu or mm 0] Gaubum edy.

Particioars Signaturs Invesigans Obtsining Conzant. Signatire
Printe¢ Name Printed Name

Date Date

Co-Investigstor Signamre Date
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AUBURN

UNIVERSITY

COLLEGE O0F ENDCATION
DEPARTMENT OF
SPECIAL EDUCATION, REHABILITATION, AND COUNSELING

NOTE: DO NOT SIGN THIS DOCUMENT UNLESS AN IRB APPROVAL STAMP WITH CURRENT
DATES HAS BEEN APPLIED TO THIS DOCUMENT.
ADULT CONSENT
For a Research Study entitled:
“Effects of a Strategy to Increase Mathematics Skills with Students Who Struggle”

You are invited to participate in a research study to examine the effects of a strategy to enhance student’s
performance in solving problems that include the multiplication and factonng of polynomial expressions. The
study 1s being conducted by Ms. Alexcia Moore, Doctoral Student, and Dr. Margaret Flores, Professor in the
Aubum University Department of Special Education, Rehabilitation, and Counseling. You were selected as a
possible participant because you are a special education collaborative teacher who has had expenence co-
teaching in the mathematics general education classroom, 15 cuarently teaching in a resource/remediation
classroom setting, and are age 19 or older.

If you decide to participate in this research study, your total time commitment will be approximately 20-25
hours over the course of twelve weeks. During this ime, you will be asked to leam a strategy and use the
strategy to teach students how to solve complex algebraic problems. You will be provided with one-to one
professional development on mmplementing the strategy to enhance student’s performance in solving problems
that include the multiplication and factoring of polynomial expressions. Instruction will take place in your
classroom during regular reinforced instruction time. Each lesson will be thirty minutes in length and provided
three imes per week. The mnstruction will be a part of the regular routine of the classroom and can be delivered
in an individual setting or small group setting. At the conclusion of the instruction you will be asked to
complete a questionnaire to share your expenence with using the new strategy.

The nisks associated with participating in this study are minimal nisk or discomfort. To minmmize these nsks, we
will look for signs of increased anmxety or discomfort and you will be removed from the activity if such signs are
observed. Discomfort will be minimized by preparing you pnior to instruction by providing professional
development and timely feedback to support the mplementation of the instructional lessons. All documents
gathered from the study will be stored in a locked file cabinet and all identifiable information will be removed to
reduce the nsk of breach of confidentiality. In addition, in an effort to reduce the nsks associated with coercion
you are reminded that participation m this study 1s voluntary and participation can be withdrawn at any time.
Fmally, portions of lessons will be video recorded and video consent can be found on the Video Consent
Release Form.

e - _tmn Page 1 of2 Participant Initials:
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If you participate in this study, you can expect to learn a new strategy to improve your students’ mathematical
skills in solving problems, working with mumbers and vanables and using a strategy to help with understanding.
We cannot promise that you or your students will recetve any or all of the benefits.

If you change your mind about your participation, you can be withdrawn from the study at any time. Your
participation 1s completely voluntary. If you choose to withdraw, your data can be withdrawn as long as it 15
identifiable. Your decision about whether or not to participate or to stop participating will not jeopardize your
future relations with Aubum Unrversity, the Department of Special Education, Rehabilitation, Counseling or
your school system.

Any information obtained m connection with this study will remain confidential The data collected will be
protected by Margaret Flores and Alexcia Moore. Findings from this study may be published in an educational
journal or presented at a conference. You will not be identified personally.

If you have questions about your s nights as a research participant, you may contact the Aubum Unmiversity
Office of Human Subjects Research or the Inshtutional Review Board by phone (334-844-5966) or email at
hsubjeci@aubum.edu or IRBChair(@aubum.edu.

Having read the information provided, you must decide whether or not you to participate in this research study.
Your signature indicated your willingness to participate. A copy of this document will be given to you to keep.
If at any time you have questions about the study please contact Alexcia Moore or Dr. Margaret Flores by phone

at (334)-844-7676 or by email at 2im0024 @tizermail auburm edy or munfl0] @auburp edy.
Participant Signature Invesngator Obtaining Consent- Signature
Printed Name Printed Name
Date Date
Co-Investigator Signature Date
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Appendix 5

Binomial Multiplication Learning Sheets

Lesson #1

Name

Lesson 1 Learning Sheet|
Pre-Requisite Skills/Review problems: Simplify the following polynomial expressions by combining like terms.
L.x+4x 2 3x+5+2¢ 3.2x% + 4x + 6x°

Guided Practice Problems: Use your Algebra tiles and/or drawings to multiply binomials.

L(x+1)(x+3) 2 (x+2)(x+1)
I(x+3)(x+2) 4. (x+1)(x+5)

[
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Lesson #1

Name

Lesson 1 — Learning Sheet 1
Directions: Use your Algebra tiles and/or drawings to multiply monomials and binomials.

L(x+1)(x+3) 2. (x+2)(x+2)
3. (x+1D)(x+4) 4. (x+5)(x+2)

Lesson #1
Name

50(x+4)(x+3)
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Name

Lesson 2 Learning Sheet
Pre-Requisite Skills/Review problems: Multiply.
Lx+2)(x+4) 2(x+3)(x+1)

N I

Guided Practice Problems: Use your Algebra tiles, drawings, and/or the graphic organizer to multiply monomials and binomials.

L(x—1)(x—-5) 2.(x+3)(x—-2)
3.(x—-3)(x—-2) 4. (x+1)(x—6)

- T
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Lesson #2

Name

Lesson 2 — Learning Sheet 1
Directions: Use your Algebra tiles, drawings, and/or the graphic organizer to multiply binomials.

L@x+3)(x-1) 2. (x—=5(x+2)

3. (x—1(x—4) 4. (x—2)(x—2)
Name, Lesson #2
5.x—4)(k+3)
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Name

Lesson 3 — Learning Sheet
Pre-Requisite Skills/Review problems: Simplify the following polynomial expressions by multiplying.

Lx+1D)x+7) 2. (x+3)(x—2)
Guided Practice Probl Use your graphic organizer to multiply polynomials.

.(x+4H)(x—-2) 4. (x+6)(x—1)
Name

Lesson 3 - Learning Sheet 1

Directi Use your graphic organizer to multiply binomials.
L(x+6)(x—1) 2. (x—4)(x+2)
3.(x-3)(x—-2) 4. (x-D(x-1)
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Lesson #3

Name

50x=7)(x+4)
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Appendix 6

Quadratic Transformations into Factored Form when a =1
Learning Sheets

Name Lesson #4

Lesson 4- Learning Sheet
Pre-Requisite Skills/Review problems: Identify the factors for the following numbers. Remember factors are numbers multiplied

together to produce the number given.

1. 20 2. 100 3.36

Guided Practice Problems: Use your Algebra tiles, drawings, and/or the graphic organizer to factor quadratic expressions.

1. x2—7x+6 2. x2+8x+15
3.x2+5x+6 4. x2—16x+15
Name Lesson #4

Lesson 4-Learning Sheet 1

Directions: Use your Algebra tiles, drawings, the graphic organizer and/or the FACTOR mnemonic cue card to factor quadratic

expressions.
1. x> +5x+4 2. x2+7x+10 3. x2—-8x+12
4. x2-5x+6 5.x2-2x+1
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Name

Lesson #5
Lesson 5 Learning Sheet
Pre-Requisite Skills/Review problems: Identify the factors for the following bers. R ber factors are bers multiplied
gether to produce the ber given. Factors can be positive or negative.
1. -10 2.-45 3.-81
Guided Practice Problems: Use your Algebra tiles, drawings, and/or the graphic organizer to factor quad p
L. x2+2x—-15 2. x2-2x—15
3.x*-5x—6 4. x*-2x-15
Name
Lesson #5
Lesson 5-Learning Sheet 1
Directions: Use your Algebra tiles, drawings, and/or the graphic organizer to factor quadratic expressions.
Lx*+3x—4 2. x2+3x-18 3. x%+4x — 45

4. x*-2x—8 5. x2—11x—12
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Name Lesson #6

Lesson 6-Learning Sheet

Pre-Requisite Skills/Review problems: Use your Algebra tiles, drawings, the graphic organizer and/or the FACTOR mnemonic cue card
to factor quadratic expressions.

. x4 11x + 28 2.x% + 14x — 32

Guided Practice Problems: Use your Algebra tiles, drawings, the graphic organizer and/or the FACTOR mnemonic cue card to factor

quadratic expressions.

3. x%—6x—27 4. x% —10x 425

Name Lesson #6

Lesson 6- Learning Sheet 1

Independent Practice: Use your Algebra tiles, drawings, the graphic organizer and/or the FACTOR mnemonic cue card to factor

quadratic expressions.

1. x2+3x—4 2. x2—12x —13 3. x2+7x+10

4. x> —11x +18 5. x2 4+ 10x + 16
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Appendix 7

Quadratic Transformations into Factored Form when a > 1
Learning Sheets

Name Lesson #7

Lesson 7- Learning Sheet

Pre-Requisite Skills/Review problems: Simplify the following fractions.
6 5 4
1. 1z 2. 3 3. 2 4.

N

Guided Practice Problems: Use your Algebra tiles, drawings, the graphic organizer and/or the HUMP BACK FACTOR mnemonic cue

card to factor quadratic expressions.

1. 9x2 —9x + 2 2. 6x2+37x+6

Name

Lesson 7- Learning Sheet 1
Independent Practice: Use your Algebra tiles, drawings, the graphic organizer and/or the HUMP BACK FACTOR mnemonic cue card

to factor quadratic expressions.

1. 3x% + 16x + 21 2. 2x2 +9x+ 10 3. 6x2—13x+6

4. 2x>—-5x+3 5. 3x2 —19x + 20
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Name Lesson #8

Lesson 8- Learning Sheet
Pre-Requisite Skills/Review problems: Use your Algebra tiles, drawings, the graphic organizer and/or the HUMP BACK FACTOR

mnemonic cue card to factor quadratic expressions.

1. 5x* +9x + 4 2.3x2-11x+ 6

Guided Practice Problems: Use your Algebra tiles, drawings, the graphic organizer and/or the HUMP BACK FACTOR mnemonic cue

card to factor quadratic expressions.

. 3x*-2x-21 2. 9x% +16x -4

Name

Lesson 8- Learning Sheet 1 Losssz 73
Independent Practice: Use your Algebra tiles, drawings, the graphic organizer and/or the HUMP BACK FACTOR mnemonic cue card

to factor quadratic expressions.

1 4x*+7x -2 2. 6x2+x-2 3. 12x% +5x -3

4.5x*-7x -6 5. 3x%—4x-15
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Appendix 8

Mnemonic Strategy- FACTOR

Form parenthesis.
Add variables to each parenthesis.

Chcck signs of the constant ¢ then of bx

. If“c™ is "+c”, put the sign in front of
and add to the par enthesis. “bx" in both parentheses.

If“c™ is “-¢”, put a “+" and +-+ in cach
parcnthesis.

Think of factor pairs of c.
Obscrvc factor pair of c that adds to bx.

Rccord your answer by putting factors

from factor pair in parentheses matching the
correct signs.

141



Appendix 9

Mnemonic Strategy- HUMP BACK FACTOR

Hand “a” to “c” by multiplication.

Undo “a” from the beginning and...

Movc “a” * “c” to the end by rewriting the problem.
Procccd to FA.CT.OR

F.A.C.T.O.R

Bring “a” back to each binomial’s constant and create
a fraction.

Asscss the fraction for simplification.
Carry the denominator to the binomial’s variable.

Kick back and record your answer.
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Appendix 10

Pretest
Name Pretest
Pre-Test
Multiply Polynomials:
1. (2x+1) (4x+2) 2. (2x +2) (x-4)
3. (x4 (x+5) 4. (x-1)(x-2)
5. (3x+1)(x-8)
Factor Polynomials:
6. x*4+5x+6 7. x*~6x+8 8 x*4+4x~5
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Name

9. x*=9x~10

12,4+ 11x+ 7

15. 26 - 4x - 6

10.x*+ 11x + 28

13.8x* - 73x +9

144

11 3x3 +2x - 16

14. 2+ 13x + 15
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Appendix 11

Intervention Probes

Name
Probe £2
Multiply Polynomials:
I (x+4)(x+3) 2 (x+T)(x+4)
3 Bx=1)(x~2) 4 (x+3)}(x~8)
5. (4x+3)(6x=9)
Factor Quadratic Expressions:
6. x*+9x+20 7. x4 bx~7 8 x*=13x+136
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Name

9. x*—x-=12

12.5x2 +x-6

15.9x* - 49x - 30

10. x* 4 11x = 60

13.8x* - 13x- 6
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Probe #2

11. 2% - 9x +10

14.3x* +20x + 12



Name

Probe #
Multiply Polynomials:

. Bx+2)(x+2)

3 (Ax+3)(x—-1)

5. (Bx—6)(x—4)

Factor Polynomials:
6. x*+3x-10 7. x*+6x+9

147
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4. . (x=-3)(x-95
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Probe

Name
9. x*-2x-15 10. x* = 8x + 15 11.2x2+ 7x +5
12.4x2-12x+ 9 13. 2x2+ 9x +10 14 10x2+ 11x+ 3

15. 6x% 4 19x + 14
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Name

Probe #
Multiply Polynomials:
. (x+4)(x+3) 2. (x+NDN(x+4)
3. (x—-1)(x—-2) 4 (x+3)(x—4)
5. (x+3)(x—2)
Factor Quadratic Expressions:
6. x*+9x+20 7. x*+6x-7 8. x*—-13x+36
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Probe #

Name
9 x*-x-12 10.x% + 11x — 60 11.2x% - 9x +10
12.5x* +x-6 138 - 13x-6 14.3x* + 20x + 12

15.9x* — 49x - 30
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Name

Probe #
Multiply Polynomials:

1. (x+2)(x+2)

3. (x+3)(x-1)

5. (x—6)(x—4)

Factor Polynomials:
6. x*+3x-10 7. x*+6x+9
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Name Probe #

9. x*-2x-15 10. x* — 8x + 15 1.2+ 7x +5

12.4x7 - 12x+ 9 13.2x3 + 9x +10 1410 + 11x+ 3

15. 6x% + 19x + 14
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Appendix 12

Generalization Probe

Name Generalization Probe
Generalization Probe

Directions: Use any tools or strategies to solve the problems.
1. The shape of a parking garage is a square. The owners want to expand the parking garage so that the length is longer by 3 feet and the

width is 6 fect wider. Write a polynomial expression to express the arca of the new parking garage. Remember length x width = arca.

2. The arca of a rectangular garden is x? + 13x + 42 fi2. If the width is (x + 6) ft what is the length of the garden?

3. The arca of a bathroom is 2x? + 11x + 15 ft2. What is the length and width of the bathroom?
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Appendix 13

Maintenance Probe

Maintenance Probe

Multiply Polynomials:
1. (x+1) (x+2) 2. (x+2)(x-4)
3. (x+4) (x+5) 4. (x-1)(x-2)

5. (x+1)(x-8)

Factor Polynomials:
6. x*+5x+6 7. x*—6x+8 8 x*+4x-5
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Name

9. x*=9x~-10 100+ 11x+ 28 1.3 +2x - 16
12,473+ 11x+7 1387 - 73x+9 14.2x* + 13x + 15
15.2x* —4x-6
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Appendix 14

Treatment Fidelity Checklist

CRA Treatment Integrity Checklist: Multiplying Polynomial Expressions

Date:

Instructor Behavior Yes

No

1
2

All materials ready prior to lesson

Provides necessary instruction to students to start the
lesson or gives an advance organizer, tells the student
what he/she will be doing and why.

Teacher demonstrations are accurate according to
intervention procedures.

e Concrete: uses ALG manipulatives to
demonstrate operation according to description
in manual.

e Representational: uses drawings to represent
the operation.

e Abstract: Uses BOX METHOD to accurately
represent the operation and thinks aloud when
solving problems.

Engages students in instruction during demonstration
and guided practice by prompting their participation by
asking questions, etc.

During independent practice, instructs students to solve
problems without guidance.

Monitors the students’ work during independent
practice while they solve problems without guidance.
Provides verbal prompts only if the student has
difficulty. Does not offer answers.

The instructor will close the lesson with a positive
statement about the student’s performance in the
feedback process, reviews lesson, and mentions future
lesson and expectations.

Follows lesson plans and paraphrases suggested script
with materials.
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CRA Treatment Integrity Checklist: Transformations of Quadratic Expressions into
Factored Form
Date:

Instructor Behavior ‘ Yes No

1 All materials ready prior to lesson

2 Provides necessary instruction to students to start the
lesson or gives an advance organizer, tells the student
what he/she will be doing and why.

3 Teacher demonstrations are accurate according to
intervention procedures.

e Concrete: uses ALG manipulatives to
demonstrate operation according to procedures
in manual.

e Representational: uses drawings to represent
the operation.

e Abstract: Uses FACTOR and HUMP BACK
FACTOR accurately and thinks aloud when
solving problems.

4 Engages students in instruction during demonstration
and guided practice by prompting their participation by
asking questions, etc.

5 During independent practice, instructs students to solve
problems without guidance.

6 Monitors the students’ work during independent
practice while they solve problems without guidance.
Provides verbal prompts only if the student has
difficulty. Does not offer answers.

7 The instructor will close the lesson with a positive
statement about the student’s performance in the
feedback process, reviews lesson, and mentions future
lesson and expectations.

8 Follows lesson plans and paraphrases suggested script
with materials.
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Appendix 15

Social Validity Survey

Student Name

Yes, I agree

No, I do NOT
agree

Before I learned about multiplying binomial
expressions using algebra tiles and drawings, |
thought multiplying polynomial expressions were
hard.

During multiplication lessons, I did not like using
algebra tiles.

Using algebra tiles made solving multiplication
problems easier.

Before I learned about multiplying binomial
expressions using algebra tiles and drawings, |
thought multiplying binomial expressions were
easy.

I liked using algebra tiles and drawings to solve
multiplication problems.

Multiplication lessons were too long.

Before I learned about factoring quadratic
expressions using algebra tiles and drawings, |
thought factoring quadratic expressions were hard.

Using the FACTOR and HUMP BACK FACTOR
mnemonics made factoring problems easier.

Before I learned about factoring quadratic
expressions using algebra tiles and drawings, |
thought factoring quadratic expressions were easy.

10.

During factoring lessons, I did not like using
algebra tiles.

11.

I think other students should learn to solve
problems involving factoring of quadratic
expressions with the FACTOR and HUMP BACK
FACTOR mnemonics.

12.

Using algebra tiles made solving factoring
problems easier.

13.

Factoring lessons were too long.

14.

I think other students should learn to solve
problems involving multiplying and factoring
quadratic expressions with algebra tiles and
drawings.
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15.

I liked using algebra tiles and drawings to solve
factoring problems.

16.

After learning about multiplying and factoring
quadratics expressions with the instructor, [ am
better at solving problems with the multiplication
and factoring of quadratic expressions.

17.

I have used what I learned about multiplying and
factoring quadratic expressions in other classes.

18.

After learning about multiplying and factoring
quadratic expressions with the instructor, I still
have a hard time solving problems with multiplying
and factoring quadratic expressions.

19.

Multiplication and factoring lessons using algebra
tiles and drawings were boring.

What was your favorite part about learning how to multiply and factor quadratic
expressions?

What part of learning how to multiply and factor quadratic expressions did you not like?
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