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Abstract

The discovery of materials with a giant electrocaloric (EC) coefficient in the last decade triggered
the research community to explore the materials with high pyroelectric and electrocaloric
coefficient that revived the research on the development of EC-based solid-state cooling devices,
as alternatives of conventional vapor compression (VC)-based technology, which was abandoned
few decades back due to less pyroelectric and electrocaloric coefficient of then known materials.
Electrocaloric materials (ECMs) offer a great potential for solid-state cooling applications and
currently the research on the subject is being carried out in two different domains: the development
of new ECMs and design of EC-based cooling device. For the former, the characterization of the
EC effect is the key and several ECMs have been studied and reported for last 15 years where
primarily two methods are used for their characterization: direct and indirect methods. A
challenge, which is associated with the characterization of the ECMs, is that huge variations in the
coefficients of the electrocaloric effect (ECE) have been observed during characterization by these
two methods. For the latter, one of the problems in the development of EC-based solid-state
cooling device is the involvement of moving parts — either active components or cooling/ heating
fluids are moved physically to transfer heat from the source (cold end) to the sink (hot end). This
approach reduces the efficiency of EC-based coolers/ heat pumps and adds complexities limiting
their exploitation in small scale applications. In this research, the above mentioned issues with EC
cooling technologies have been addressed.

Indirect method that is based on the thermodynamic relations and direct method that is the direct
measurement of temperature change in dielectric materials upon application/removal of electric
field should give the same results in characterization coefficients for linear dielectric materials.
However, most ECMs are nonlinear in nature that causes the difference in the EC coefficient
obtained using direct and indirect methods. Moreover, the mechanical condition has a strong
influence on the EC coefficient, but during the measurements, either perfect constant stress or
constant strain condition cannot be achieved. Additionally, adiabatic process is needed, but it is
difficult to achieve, especially when dealing with the thin films where substrates act as thermal
anchors, and complete adiabatic conditions are not achievable. More importantly, giant EC

coefficient has been obtained in relaxor ferroelectrics, but the results from direct and indirect



methods show a huge difference. By fundamental physics, the relaxor ferroelectrics should not
have the EC effect. The fundamental factors behind these phenomena are discussed using
phenomenological theory by considering nonlinear effects, such as the electric field and
temperature dependence of the permittivity of the dielectric material. New relationships are
introduced. Based on these, a new EC-like phenomenon is studied that is independent of crystal
structure and becomes dominant at the higher electric fields that are involved in the EC
characterization.

On the device side, to address the issue of moving parts, a multilayer system of EC and non-EC
bodies is devised that is capable to achieve the directional heat flow without the involvement of
any moving parts in the system. In other words, all the bodies remain in thermal contact throughout
the heat conduction process in the system and no moving parts are involved. Two EC layers have
been sandwiched between source (SO) and sink (SI) and the heat is pumped from source to sink
in a complete silent operation. A thermal cycle (precisely an electric field cycle) is applied on the
EC layers alternatively in such a way that it creates a temperature gradient to achieve a directional
heat flow in a system of bodies (S/ECs/SO), that are otherwise in thermal equilibrium. Most of
the ECMs being anisotropic may be simplified to one dimensional case. So, the problem of one-
dimensional (1D) transient heat conduction within a multilayer system of four connecting bodies
(SI/ECs/S0O), in which two finite bodies that are EC, and two semi-infinite bodies that are non-EC,
has been solved analytically. The temperature of EC-bodies can be instantaneously changed by
external electric field to establish the initial temperature profile. Then, the temperature distribution
in the bodies as a function of time/space (1D) and the heat flux through the interfaces as a function
of time have been determined analytically. Each of these analytical solutions includes five infinite
summation series. It is proved that each of these series is convergent, and the sum of each infinite
series can be approximated and calculated using the first N terms of the series. The formula for
calculating the value of N is provided.

This idea of multilayer system of EC/non-EC bodies has been employed to achieve a directional
heat flow from source to sink with complete silent operation, i.e., without involvement of any
physical movements of the components, in an EC-based heat pump. For a sustainable operation, a
specially designed thermal cycle comprising of three steps is applied on EC bodies, where in first
step heat is pumped from source to sink and in the subsequent steps, EC bodies are recovered for

the next cycle. In these two steps, the net heat flow between SO and SI through the interfaces



cancels each other so the net heat transfer is the heat that was transferred in the first step. The
analytical solution has been implemented numerically for several scenarios depending on the
thermal properties of EC and non-EC materials and has been found that a huge thermal mismatch
between ECMs and SI/SO (i.e. low value of contacting coefficient), offers ideal conditions for the
continuous operation of heat pump. This novel approach can be a viable solution in thermal
management of high power density electronics and for portable medical applications.

Moreover, most of the typical ECE-based devices reported in the literature are either prototypes
or numerical simulations, so the performance of the device is mostly based on the experimental
results. The optimization of the devices requires that there must be some formulation so that the
EC devices can be designed for high efficiency and cooling power. During absorption of heat
(depolarization of ECM), the typical ECM is coupled with source on one side and there is air/ or
other material on the other side. On the other hand, during polarization, the ECM is coupled with
sink on one side and with air/other material on the other side to reject the heat. This scenario has
been solved analytically, and the transient solution for generalized initial conditions, and for bodies
with different thermal properties has been given that is much versatile and flexible to be used in
the thermal analysis of most of the ECE-based devices for the determination of relaxation time,

temperature profiles and heat fluxes.
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Chapter 1 Electrocaloric Effect: Theory, Characterization and Applications
1.1 Historical Background

Human civilization has evolved through a long history of struggle for food, shelter and against
natural calamities. Perhaps one of the greatest challenges, the humankind had to strive against, was
to save himself from severe environmental conditions and harsh climates, and this great motive of
survival, and desire for better living laid down the foundation of modern engineering of HVAC
(Heating, Ventilating and Air-conditioning). Vapor compression (VC) technology has served the
humanity for more than a century for air-conditioning, refrigeration, and heat pumping purposes.
The refrigerants, i.e., Freon gases like Chlorofluorocarbons (CFC) and Hydrochlorofluorocarbons
(HCFCs), to drive these systems, however, had a detrimental effect on environment, ozone
depletion potential (ODP), by depleting the atmospheric ozone layer. Ozone layer is a natural
barrier against ultraviolet (UV) radiation and human exposure to UV radiation can cause skin
cancers and other adverse medical issues'. In 1987, a convention called “Montreal Protocol on
Substances that Deplete the Ozone Layer*” and in 1997 “Kyoto Protocol to the United Nation
Framework Convention on Climate Change®” provided a route map to regulate these materials
and emphasized the importance to find the alternative new technologies for refrigeration and air-
conditioning. Hydrofluorocarbons (HFCs) were developed to successfully reduce the ODP but
they came with global warming potential (GWP)*.

Moreover, the ever-expanding microelectronics industry and the advent of the miniaturization of
the electronics as envisioned by Moore put forward a new challenge of cooling down the electronic
systems for sustainable and reliable operation and vapor compression-based technologies could
not offer a viable solution due to their limitations in scalability. The future of Moore’s prediction
of doubling of components in IC in every 18-24 months®> depends on the on-chip refrigeration
technology as increased thermal power generation in such small areas limits the performance if
not properly cooled. In addition, several emerging technologies also rely on the innovative cooling
technologies as a critical part of their systems design, i.e., superconductor-based technologies
require high-sensitivity cryogenic temperature control, the development of reliable and efficient
hybrid and electric vehicles, having performance equivalent to internal combustion engine

vehicles, suffers from excessive heat generated by a vehicle’s mechanical and electrical systems
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and electrolytic-based capacitors degrade their performance above 70 °C®, so reliable, efficient and
ecofriendly cooling systems are a dire need of industry.

It is an era of compactness and energy efficiency. About 17% of the total power production of the
world goes towards HVAC needs’. It is inevitable now that highly efficient, compact and
environment friendly cooling systems would be developed. Research community is determined in
developing new refrigeration techniques to limit, eliminate, and hopefully reverse the disastrous
environmental effects and to address the small-scale cooling issues. Liquids and solids are being
considered potential candidates for next generation refrigeration technologies not only because of
their higher energy density, low cost and eco-friendly nature but also for compact and vibration
free systems to fulfill the wide industry demand of efficient, flexible, small-scale and
environmental friendly refrigeration and cooling systems. In pursuit of alternatives for VC
technology, about twelve not-in-kind (NIK) technologies were considered to be the potential
candidates for next generation cooling, refrigeration and/or heat pumping systems®. The term NIK
refers to any technology for refrigeration and air conditioning that is not based on VC technology.
Keeping this in view, tremendous scientific efforts to explore the potential candidates were carried
out but most of them have not been proved more than a laboratory curiosity®. Thermoelectric (TE)-
based coolers offered advantages of small-scale manufacturing, spot thermal management,
flexibility, static-operation and durability, the biggest disadvantage associated with them,
however, was poor efficiency due to joule heating and high manufacturing costs making them far
less likely to be used for refrigeration purposes®'°.

In the recent years, the caloric refrigeration has showed a great potential to address these
challenges. Caloric refrigeration exploits the caloric properties of the materials with different type
of external stimuli to produce the thermal changes in materials, i.e., magnetocaloric (MC),
electrocaloric (EC), elastocaloric (eC) and barocaloric (BC)!'"!*. Among them elastocaloric and
barocaloric have not got much attention of the research community and still are in their novice
state. Magnetocaloric technology is playing a pivotal role in cryogenics applications and many
magnetocaloric-based systems were successfully developed and commercialized. The
involvement of high magnetic fields, however, has always been an issue and hindered their
scalability to be used in microelectronics and for IC thermal management®!®!>. The
miniaturization of magnetocaloric devices is a big challenge due to difficulty in producing

inexpensively sufficiently large magnetic fields in small devices and this limits their use in small
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scale application of microcooling and IC thermal management. For example, magnetic induction
higher than 1.8 T is very unlikely to be produced using permanent magnets’ and to produce
magnetic fields above 5 T, large and expensive superconductive magnets are required. Also, higher
costs and availability of rare earth metals to produce permanent magnets are major concerns.
Electrocaloric (EC) cooling has recently come forward to address the current challenges of
industry and is being considered a promising candidate for future solid-state cooling and
refrigeration. Electrocaloric effect (ECE) is not new to the science community, the idea was first
proposed theoretically by William Thomson in 1878 as converse effect of pyroelectricity '°. It was,
however, experimentally observed in Rochelle salt about 50 years later in 1930!7 and EC
temperature change was investigated experimentally in 1943'%. The results were not very
promising as only a minute temperature change of 0.003K was observed and then research on
electrocalorics (ECs) witnessed a long pause for next few decades and no considerable efforts were
carried out by the research community. One of the reasons was the industry demands for cryogenic
applications in the field of superconductors and MC cooling addressed and achieved these
scientific goals successfully. The first idea of the EC refrigerator was proposed in 1979'. Due to
much less EC coupling coefficients of then known electrocaloric materials (ECMs), however, they
were not considered alternative of MC and VC technologies so this field could not get considerable
attention of research community and was not much explored and abondended®. It was not until the
years 2006 and 2008, when the giant ECE in PZT thin films and PVDF polymers were reported,
respectively?’?!, they got attention again and triggered the research community to explore the ECE
in the next generation cooling devices??. After these breakthrough discoveries, an avalanche of
research publications was observed in which various organic and inorganic materials (i.e., both
normal ferroelectrics (FEs) and relaxor ferroelectrics (RFEs)) in the form of bulk ceramics, single
crystals, thick and thin films, and polymer thin films were investigated to achieve a high
temperature change (ATgc) upon the application of the external electric field?*?-%7,

The ECE is analogous to the magnetocaloric effect (MCE) except that in the case of EC material,
the temperature change is achieved by changing the external electric field instead of magnetic
field. In contrast to MCE, refrigeration using EC phenomenon offers easiness in producing higher
electric fields on much lower costs®* and has the potential to achieve the efficiency comparable to
MCE-based cooling devices’. This great advantage opens the possibility for miniaturization and

ECE-based devices can be tailored for almost any application in micro-robotics, microelectronics,
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and a broad variety of other niche applications. Besides, they also have strong potential to be used
in different standard cooling and heating devices, such as commercial refrigerators, heating pumps,
and air conditioners. Table 1.1 shows the efficiencies of some developed and developing solid-

state cooling technologies in comparison with conventional VC refrigeration technology®.

Table 1.1 Efficiency’and status of different cooling technologies®

Technology Efficiency (%) Status and Comments
Vapor Compression 20-50 Fully Developed, widely utilized, and optimized, Involves ODP and
(VO) GWP due to CFC and HCFC gases

Successfully Addressing Cryogenic Applications
Magnetocaloric Effect

(MCE) 60-70 Utilized in Cryogenic Application, Required Large Magnetic Field
and Large Magnets, Scalability is the issue.
Thermoelectric 10 60 years of extensive research has not delivered a practical and
(TE) efficient device; Easy to be miniaturized, Expensive to manufacture

Has potential to be manufactured in small scale

Small Effect in bulk materials

Electrocaloric Effect ] o
60-70%8 Large Effect in Thin Films

(ECE)
No commercial device is available, and research is going through

its evolutional stages

*Efficiency of a cooling device/ system is defined with respect to Carnot cycle efficiency, (Ref: section 1.4.5)

1.2 Fundamentals of Electrocaloric Effect (ECE)

Electrocaloric effect (ECE) is a physical phenomenon observed in dielectric materials in which a
dielectric material undergoes a reversible temperature change when it is subjected to the external
electric field”!%%. When an external electric field is applied on a dielectric material, an electric
polarization is induced due to the dipole orientation (alignment) that reflects the change in the
order degree of the dipoles, and the reverse effect happen when the electric field is removed
(randomness). Therefore, if an electric field is applied on a dielectric material adiabatically (AS =
0, where S is the entropy), the change in the polarization would result in a change in the
temperature of the dielectric as shown in Figure 1.1(b), whereas on the other hand, if the electric
field is applied on a dielectric material under an isothermal condition (AT = 0, where T is the

temperature), the change in the polarization would result in a heat exchange between the dielectric
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and surrounding as shown in Figure 1.1(c). The ECE is a reversible process and can be used for
cooling applications>’.

(b)
++++++t+ttttttttt+t s

Electric Field
Electric Field

E,>E, T,>T;

o

+++++++++ e+

Electric Field
Electric Field

A

Figure 1.1 A Schematic presentation of dipoles orientation in a dielectric material, (a). No electric field, (b).
External electric field applied adiabatically at constant strain, (c). External electric field applied isothermally
at constant strain, (d). External electric field applied adiabatically at constant stress, (e). External electric

field applied isothermally at constant stress

By physics, the ECE may be expressed by Eq. (1.1), where p;y, is electrocaloric coefficient, that
represents a change in entropy (S) of the dielectric material with external electric field (E,,) at
constant strain (x) and temperature. The dielectric materials where this phenomenon happens are
anisotropic in nature and the ECE is a vector quantity (first rank tensor), where m = 1,2,3

represents three crystallographic directions.

as
pm(T) = <E)” (m=1,2,3) (1.1)

The crystals based on their macroscopic symmetry have been divided into 32 point groups. The
symmetry of a crystal is related to symmetry of its physical property. It is a fundamental postulate
of the crystal physics known as Neumann’s principle. “The symmetry elements of any physical
property of a crystal must include the symmetry elements of the point group of the crystal®'”.
Among these 32 point groups, 11 are centrosymmetric and characterize no polar properties (i.e.
non-polar). The remaining 21 are non-centric point groups. 20 out of them, except cubic 432 point
group, can exhibit polar properties upon the application of external stress so they are piezoelectric

in nature. Among these 20 point groups, 10 point groups (6, 6mm, 4, 4mm, 3, 3m, mm2, 2, m, 1)

25



have unique polar axis and possess spontaneous polarization (electric moment per unit volume),
and this spontaneous polarization changes with the temperature of the crystal, which is called
pyroelectric effect (PEE). These polar classes are also referred to as pyroelectric classes®!™3.
Electrocaloric Effect (ECE) is the thermodynamic equivalent of pyroelectric effect. Moreover,
ferroelectric is pyroelectric when its spontaneous polarization can be switched using external

electric field.

1.3 Theory of Electrocaloric Effect (ECE)

A general theory for microscopic explanation of ECE has not yet been fully developed!'®2%%.

Macroscopically this phenomenon can be understood using standard thermodynamic relations.
Dielectric, piezoelectric, and pyroelectric properties of homogeneous dielectric materials may be
expressed by three independent variables each chosen from three conjugate pairs of variables
(Ep, D), (wau) & (T, S). These conjugate pairs can be used to express electrical, mechanical
and thermal work in the dielectric materials, respectively. Since E,, and D,, are vectors (three
components), and X, and x,, are tensors (six components), it should be realized that to express the
energy state of a crystal, ten variables (nine plus temperature/entropy) are required. There exists a
unique function of these ten variables called thermodynamic potential or free energy function?.
For instant, choosing Dy, x,,S as independent variables, gives us internal energy — a
thermodynamic potential that can be an easiest starting point to understand the ECE

thermodynamically.
1.3.1 General Thermodynamics

Mathematically, ECE may be understood using laws of thermodynamics. That is, according to the
first law of thermodynamics: the change in the internal energy (dU) per unit volume of a piece of
a dielectric material because of external electrical work (Swy = E,,dD,,) and mechanical work
(6bwg = E,,dD,,), can be expresses as:

dU =TdS — X,dx, + E,,dDy, (1.2)
ds = % (second law of thermodynamics)

En: Electric field (V/m) vector (1% rank tensor)
Dy: Electric displacement (C/m?) vector (1% rank tensor)

X,;: Stress (Pa = N/m?) matrix (2" rank tensor)
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xy: Strain Matrix (2™ rank tensor)

T: Temperature (K)

S: Entropy (J/K)

There are eight ways to choose independent variables from three pairs of variables that constitute
eight thermodynamic potentials shown in Table 1.2. Reader is referred to classical books on

ferroelectricity for details®*>4+36,

Table 1.2 Thermodynamic potentials®>’

Thermodynamic Independent
Potential Variables Definition Differential Form
Internal Energy S, %y, Dy U dU =TdS — X,dx, + Ep,dDy,
Helmholtz Free Energy T,x,, Dy A=U-TS dS = =8dT — X, dx, + E,dDp,
Enthalpy S, Xy Em H=U+X,x, — EDpy dH =TdS + x,dX,, — Dp,dE,,
Elastic Enthalpy S, Xy, D H =U+X,x, dH; =TdS + x,dX, + E,,,dD,,
Electric Enthalpy S, %y, Em H, =U—-E, Dy, dH, = TdS — X, dx, — Dy dE,,
Gibbs Free Energy T,Xy, Em G=U-TS+X,x, — Ep,Dp, | dG = —=SdT + x,dX,, — D, dE,,
Elastic Gibbs Energy T, Xy, Dy G, =U-TS+X,x, dG, = —SdT + x,dX, + Ep,dD,,
Electric Gibbs Energy T,x,, En G,=U-TS-E,D, dG, = —=SdT — X, dx, — Dy, dEp,

1.3.1.1 Primary Pyroelectric Effect

Considering T, x,, E;,, as independent variables, the natural thermodynamic potential is electric

Gibbs energy that can be given as,

dG, = —SdT — X, dx,, — Dy dEp, (1.3)

Differentiating a thermodynamic potential with respect to one independent variable, we get the

dependent variable of the corresponding conjugate pair, So from Eq. (1.3),

G aG
( 2> — D, <_> - _x, (@)
0E,, xT dx, i oT

=-§

x,E

Differentiating again,

0°G, \ (aDm> %G, \ (65)
OTOEm) ~ \ 0T g OEmdT ) ~ \0En/ .,

Electric Gibbs energy, being an exact differential, gives
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(%)M =pm(T) = (%)X'T (1.4)

This is called primary pyroelectric effect. That is, change in electric displacement of dielectric
material with temperature at constant strain. It is also called true pyroelectricity®'. Based on
Neumann’s principle, only pyroelectric materials exhibit the pyroelectric effect. Right hand side
of Eq. (1.4) is called electrocaloric effect, that is, change in entropy of dielectric material with

temperature, so pyroelectric effect and electrocaloric effect (ECE) are thermodynamically equal.
1.3.1.2 Secondary Pyroelectric Effect

If T, X, Ep, are taken as independent variable, the natural thermodynamic potential is Gibbs free
energy that can be given as,
G(T,X,E) =U—TS + X,x, — Ey Dy, (1.5)
Taking differential of Eq. (1.5), we get
dG = dU —TdS — SdT + X, dx, + x,dX, — Ep,dD,, — Dy, dE;,
Putting Eq. (1.2) in Eq. (1.5), we get
dG =TdS — X, dx, + E;,dDy, — TdS — SdT + X, dx, + x,dX,, — EpdDy, — DppdEyy,

dG = —5dT + x,dX,, — D, dEy, (1.6)
Similarly, differentiating Eq. (1.6) with respect to independent variables,
G ) ( G ) G
B () (D,
aT XE aXu TE # aEm X,T "
Differentiating again
< 0%G > B ( oS ) < 0%G ) B (6Dm)
0E,,0T X 0Em/y ¢ 0TOE,, X oT /xk
Gibbs free energy, being an exact differential, gives
aS ) ¥ (6Dm>
Py = == 1.7
(aEm er T NAT i (1.7)

This is secondary pyroelectric effect, that is, change in electric displacement of dielectric with
temperature at constant stress. Right hand side of Eq. (1.7) is electrocaloric effect, that is, change
in entropy of dielectric material with external electric field, so both effects are thermodynamically
equal. It has been observed that relative differences between primary and secondary pyroelectric

effect can be very high (of the order of 100%). For example, the primary and secondary
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pyroelectric coefficient can have different signs. In other words, the experimental measuring
conditions play an important role in the results for the characterization of the pyroelectric effect as

well as of electrocaloric effect.
1.3.1.3 Relationship between Primary and Secondary Pyroelectricity

Several classical books have discussed the relative difference of the properties of the materials at
different measuring conditions®'*®. The relation between primary and secondary pyroelectricity
using the method adopted by Nye®! has been determined.

A small change in the electric displacement of a dielectric material may be given as,

oD, aD,, dD,,
dDm(E, T’ x) B (aEn )xT dEn " ( aT )x,E dT " <axﬂ >TE dx#

The strain may be expressed as a function of E,, T, X, as follows,

dx,(E,T,X) = 0% dE,, + 0%y aT + 0% dx
s LA mNeE,) T ) ox,)

Pyroelectric measurements are done at constant Electric Field, i.e., dE = 0, so

ab,,(E, T )—(aDm> dT + 9Dm d
m ) ;x - 6T E,x axu . xy_

dx,(E,T,X) (ax"> dr + <ax“> dx
xu L, =\ S v
oT EX 0X, TE

oD, oD\ [ [0x, ox,
dD,,(E,T,x) = (F)E,x dT + <E>TE <(ﬁ . dT + 9X, . dX,

Differentiating with respect to T keeping X constant

dD,,(E,T,x) B <6Dm> N aD,, 0x,
oT -\ T Jg, \0x, oT
E X , T,E E X

dD 0X 0x
X _ X m M H
Pm—Pm+(aXﬂ> (axv> (6T>
T,E T,E E X

T,E E

ay (1.8)

Where d77;1u is piezoelectric matrix (3" rank tensor), CL‘,E is elastic stiffness matrix (4™ rank tensor)

pr)r(l =pm + drTnuCuv

and a"f is thermal expansion coefficient matrix (2" rank tensor). Relation (1.8) may be understood

31,36

better using the Heckmann diagram shown in Figure 1.2. Two terms on the right side of Eq.
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(1.8) represent two paths in Heckmann diagram for change in electric displacement with
temperature; the direct path shows the displacement change with temperature when volume of the
material is fixed, i.e. constant strain, whereas in the second path, the material is free to deform,
i.e., constant stress. The temperature will cause a thermal expansion in the material, that in turn
will change the electric displacement by piezoelectric effect, so an additional pyroelectricity has
produced in the material. This secondary pyroelectricity is sometimes referred to as false
pyroelectricity of first kind®!*°. Moreover, for a dielectric material that has no piezoelectric effect,

the difference between primary and secondary pyroelectricity would be zero.

Figure 1.2 Heckman diagram for primary and secondary pyroelectricity

Several ferroelectric and non-ferroelectric materials showing primary and secondary
pyroelectricity have been summarized in Table 1.3.
Table 1.3 Primary and secondary pyroelectric effects of several pyroelectric materials at RT*
2Calculated
Experimental Value . x
Materials Type | Symmetry %) Secon}t{lary Effect Primary Ef_gect Pm)
C m2/K (pm - pm) (llC m /K)
nC m/K) uC m¥K)
. Poled
PbZro.5:Tig.4303 . 0 m -50 +60 -110
Ceramic
PbZrossTionsOs | L0 | oo 268 377 -305.7
Ceramic
BT Poled 1 o m 2200 60 260
Ceramic
BaxNaNbsO;s 5SC 2mm -100 +41.7 -141.7
TGS SC 2 -270 -330 +60
SBN SC 4mm -550 -48 -502
PVDF Organic 2mm =27 -13 -14

T

F : T,E
* Calculated using dy,,, ¢,y and a,f values

®Single Crystal
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From Table 1.3, it may be observed that the primary and secondary effects are of the same order
in most cases. It means that the measuring conditions play an important role in the

characterization**?

and the value of the pyroelectric coefficient is strongly dependent on the
mechanical condition. The negative value of pyroelectric effect shows that the electric
displacement/polarization decreases with increasing temperature. In other words, from
electrocaloric point of view, the entropy of the dielectric material decreases with applied electric

field that is the diploes arrange themselves when dielectric is subjected to external electric field*’.
1.3.1.4 Measurement of Electrocaloric Effect

As we have already discussed that the experimental conditions are important in characterizing the
EC materials. EC characterization may be done at either constant strain or constant stress
conditions like pyroelectric measurements

Constant Strain Conditions:

At constant strain (dx = 0), the entropy of a dielectric material as a function of electric field and

temperature can be expressed as*’,

3s 3s
dS(E,T) = <_6Em>x By + <ﬁ)x,E dT (1.9)

If the electric field is applied on the dielectric material isothermally (dT = 0), then the change in

entropy of the materials is called isothermal entropy change and is expressed as,

AS j - (_as ) dE
iso = 1.10
iso £ 0 Em ot m ( )

From the definition of primary pyroelectricity from the Eq. (1.4), Eq. (1.10) becomes,

AS —sz(aDm) dE (1.11)
LSso El aT XE m .

From the application point of view, it is the change in temperature that is important rather that

change in the entropy with applied electric field. So, applying electric field on a material

(65) JE. = (65) T
OEm/ . 1 ™ \OT kg

Differentiating above equation with E at constant strain,

(65) B (65) <6T)
0E,, T 0T/, g \OE, x

adiabatically, we get

S
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Using Maxwell’s relations** of the definition of the pyroelectricity, we get

aD,\ _ (3S\ (0T
(7). =~ )., Gro).,
oT\ _  (dD,\ (0T

Grn)., =), ).,

Heat capacity at constant electric field and strain is defined as,

<6S> 3 C*E
oT/wg T

Putting this relation in above equation, we get

<6T) _ T <6Dm>
OEm/,s  CXE\ QT Jyp

The adiabatic temperature change of a dielectric materials at constant strain conditions can be

given as,

T (F2,0D
AT, = — f ( m) dE (1.12)
@ CxE) \OT )y

Constant Stress Conditions:

Similarly, from the definition of the total entropy as a function of electric field and temperature at

constant stress may be gives as,

aS aS
dS(E,T) = <ﬁ) dE,, + <ﬁ) dT
m’x,T X,E

From the definition of secondary pyroelectricity from the Eq. (1.4), the following relations may be

determined,

AS —sz<aDm) dE (1.13)
iso B, oT XE m .

Heat capacity at constant electric field and stress is defined as,

(65) B cXE

T)yg T
T (%2 /0D
AT, = — ( m) dE (1.14)
ad CX,E]E1 T Jxg ™

Egs. (1.11) — (1.14) are the foundations of the characterization of the ECMs by indirect method
(section 1.3.3.1). From these equation, it can be obviously seen that to obtain a large isothermal

entropy change (AS;y) and a large adiabatic temperature change (A7,q) in a dielectric material, a
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high pyroelectric coefficient (i.e., EC coefficient) is required, i.e. a strong temperature dependence
of the polarization of a dielectric material under a constant electric field*'%?°. Egs. (1.11) & (1.12)
give the isothermal entropy change and electrocaloric temperature achage at constant strain
conditions, whereas Egs. (1.13) & (1.14) give these changes at constant stress. Egs. (1.12) and
(1.14) show that a high temperature change (ECE) may also be achieved if the heat capacity of the
dielectric material is small. For cooling applications, however, as we will see later, that high values
of both isothermal entropy change and adiabatic temperature change are required*’. The relation
between heat capacities at constant strain (mechanically clamped) and stress (mechanically free)
conditions* is given as,
C¥F — CXYE =TafclFal (1.15)

. . . . TE - . .
Where ocE / aE is thermal expansion coefficient matrix (2" rank tensor), and C,v 1s elastic stiffness

matrix (4™ rank tensor). The pyroelectric coefficient p,, is a material property of 1 rank tensor.
For a ferroelectric material, its Gibbs free energy can be further studied using Landau, Ginzburg

and Devonshire (LGD) theory.
1.3.2 Thermodynamics of Ferroelectrics — Landau, Ginzburg and Devonshire Theory

Although the general thermodynamics is enough to define and describe the pyroelectric effect and
ECE, it does not give further information or details of the pyroelectric effect. To further study the
pyroelectric effect, a phenomenological theory known as LGD phenomenological theory*® may be
used. LGD got the name due to significant works by Landau*’ who originally described the second
order phase transitions of the order parameter (i.e. polarization) in ferroelectrics, Ginzburg and

48,49

Landau who added the order parameter gradient terms in the free energy relation, and

Devonshire’!

who successfully described the temperature dependence of dielectric properties in
barium titanate (BT) and extended the theory to first order phase transition.

This theory can also be used to explain EC entropy change in ferroelectric and antiferroelectric
(NOT relaxor ferroelectrics) materials induced by the order-disorder transition near the phase-
transition temperature!%*!2_ In this section, G vs. D, Ps vs. T curves are discussed that can define
the permittivity, polarization and pyroelectric coefficient, below and above the ferroelectric-to-
paraelectric phase transition temperature (i.e. Tc ) for both 1% and 2" order phase transitions and

then ECE may be determined from these curves indirectly.
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Under constant stress conditions, the elastic Gibbs free energy (G1), which is a function of T and
D, can be used (see Table 1.2). For most ferroelectrics, the difference between D and P is very
small so that P and D are treated as the same and interchangeable in most texts. Use of both D and
P has been reported in several texts. Also, for simplicity, Dm/Pm is considered only in one
crystallographic direction (spontaneous polarization occurs in that direction only) and the electric
field is restricted only in the same direction, so electric displacement (polarization) tensor may be
reduced to a scalar property (Dm/Pm = D/P)*. Here P has been used as the original theory has used
P, LGD theory assumes that free energy may be written in a simple polynomial form using the

Taylor series as,

1 2 1 4 1 6

Where a = (T — T,)/fS, where the Ty is Curie-Weiss temperature and is related to the phase
transition temperature Tc (i.e. Curie Temperature) between the ferroelectric-to-paraelectric
phase®?3*. B (>0), & and { are phenomenological coefficients and are assumed as temperature
invariant, and G;|p—o = G1. The details of the theory may be found in the classical books on
ferrolectricity®>*74+33, ¢ is always taken as positive for the divergence issues. & can be either
negative or positive. If § is positive, the phase transition between the ferroelectric and paraelectric
phase is second order and Tc = To. If € is negative, the phase transition between the ferroelectric

(FE) and paraelectric (PE) phase is first order and Tc > To.
1.3.2.1 Second Order Phase Transition (> 0)

Second order phase transition is defined as a transition where entropy and polarization change
continuously across the phase transition point (i.e., Tc). Important relations for both below and
above the phase transition temperature are summarized below>>,

For Paraelectric Phase (T > T¢)

Above Tc, the paraelectric phase is the stable phase and the material loses its spontaneous
polarization (i.e., P = 0), it is obtained:

X _ a_E _ 1 _(T_TO)_(T_TC) 1.17
KTX_(aP)X,T_eX'T_ B B -

This is Curie-Weiss law. Some generic curves for an arbitrary ferroelectric material are shown in

Figure 1.3.

For Ferroelectric Phase (7 < T¢)
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In thermodynamic equilibrium, (aa—D) = E, from Eq. (1.16)
T

E=aP+&P3+(P5 (1.18)
Eq. (1.18) gives the relationship between polarization and electric field in the ferroelectric phase
and is called equation of state.
For T < T, a is negative and ferroelectric phase is stable. From (1.18), it may be found as (P, =
P) in the absence of electric field

;T8 +V§2 —4a (1.19)

P,
S 2(

P? > 0 holds only if & < 0 as { > 0 always.
The reciprocal permittivity (dielectric constant) of the ferroelectric material below the phase

transition,

TX_(aE) 1 (TO—T)_Z(TC—T)
X,T B

= Gp),, T T g 5 (1.20)

Spontaneous polarization in the ferroelectric phase gives the dielectric contribution to the entropy
near the phase transition. So from Eq. (1.16) as &, ¢ are independent of temperature, dielectric

contribution to entropy at the zero field** may be given by Eq. (1.21), where P = P,

S—(aGl) _ p2 (aa) B 1 p?
- aT P_ aT P_ Zﬁ S (1.21)
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Figure 1.3 Typical curves for second order phase transition®2, (a). Free energy vs P, (b). Temperature

dependence of spntaneous polarization, (c). Temperature dependence of reciprocal permittivity

1.3.2.2 First Order Phase Transition (¢ < 0)

In this first order phase transition, the entropy and polarization change discontinuously cross the
phase transiton®’. In the following, some results are being summarized. The details may be found
in the classical books on ferroelectricity>>#+33,

For Paraelectric Phase (7> T¢)

Above phase transition temperature, the permittivity may be written simply using Devonshire

approximation, the reciprocal permittivity above Tc may be determined using Eq. (1.24) as,

KX = Ei,T _ ;TO) (1.22)
For Ferroelectric Phase (T < T¢)
Now Eq. (1.16) becomes as follows.
G, =Glo+laP2+lfP4+1(P6 (1.23)
2 4 6
Where again by the basic Devonshire assumption that a = (T;TTO) near the phase transition. The

dielectric equation of state may be written as,
E =aP + &P3 + (P> (1.24)
In the FE phase, the polarization without electric field becomes may be determined from Eq. (1.24)

and it is called spontaneous polarization.

_—EHE-4a
==

P? (1.25)

In this case, as @ < 0 and ¢ > 0 always, so only the +ve part of the radical holds.
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%
Te=To+ 5~ (1.26)

In the above equations, f > 0, £2 > 0, { > 0, so Tc > To as shown in the Figure 1.4.

Reciprocal permittivity below Tc is given as,

X,T _ 1 (Tx - T)

= 7= ; (1.27)

K

The relation (1.27) shows that permittivity in the case of first order transition is discontinuous but

finite as shown in Figure 1.4c. The discontinuous change in polarization causes a discontinuous

96,

change in entropy. From Eq. (1.23) we can find S = ( pye

) = % LP¢ at To. Since the dielectric
P

entropy becomes zero (or no contribution in entropy due to dielectric behavior) in the nonpolar
phase, so the entropy discontinuity at To may be given as (1.28)*. In other words, if we go from
the FE-to-PE phase, this is the entropy that decreases and that causes temperature change in the

material.
1
AS = EﬁPOZ (1.28)
Some typical graphs in the first order transition are shown in Figure 1.4

} P, KX

P e B
T,
(a) (b) (c)

Figure 1.4 Typical curves for first order phase transition, (a). Free energy vs P, (b). Temperature

dependence of spontaneous polarization, (¢). Temperaure dependence fo reciprocal permittivity

As discussed above, paraelectric phase does not exhibit the pyroelectric effect. The pyroelectric

coefficient of ferroelectric phase for the ferroelectric materials can be calculated using Eq. (1.18)

9D

and (1.24) by the definition: p;, = ( pye

) . This is what usually reported for the pyroelectric
E=0

coefficient of ferroelectric materials.
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pr’fl=(%) =—ll—€ +1l

9T /=0 ¢ m (1.29)

The variations of the temperature dependence of polarization and Curie point with electric field
for second order and first order phase transition are in Figure 1.5 (a) and (b), respectively. In the
second order transition, for electric fields E > 0, there is no well-defined curie temperature and the
curve becomes smooth as shown in Figure 1.5 (a). For first order phase transition, the curie
temperature increases with the electric field and at some point, the vertical line of the first order
transition (FE-PE phase transition) disappears and above that point both phases may be present.
This temperature is called critical temperature Tcp and the corresponding electric field is called
critical electric field Ecp as shown in Figure 1.5 (b).

For understanding the physics behind this phenomenon and for mathematical relations of
temperature dependence of Curie temperature and polarization, the reader is referred to the books

on advanced ferroelectricity.

pi(a)

Figure 1.5 Temperature and electric field dependence of polarization of normal ferroelectrics, (a). Second

order phase transition, (b). First order phase transition?*

1.3.3 Electrocaloric Characterization

Reliable EC characterization is required to exploit this physical phenomenon for solid-state
cooling applications and for fundamental understanding of ECE in different materials. Over the
years, research community has developed two main approaches, i.e., indirect, and direct methods,
to determine the EC coefficient of a material. Indirect method is based on the thermodynamic
equations derived based on Maxwell relations (section 1.3.1.4), whereas in the direct method, the
temperature change in the EC material upon the application of electric field is measured directly

using thermal devices. That is, the heat generated in the dielectric material upon the application of
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external electric field is measured. A brief introduction of these approaches is given here for a

quick reference. The reader is referred to the literature for details>>>>.

1.3.3.1 Indirect EC Measurements by Maxwell Approach

Egs. (1.12) and (1.14), shown again here, derived by Maxwell relations, are used to determine the

ECE indirectly depending on the measuring conditions like constant strain and constant stress

respectively.
e[ (22) e
Eq x,E
AT,y = — CZ'E f ” (65)7’,”) dE,, (1.14)
E, X,E

By experimentally determined a;)—Tm, one can use Eq. (1.12) or (1.14) to calculate AT,,4. This is

called as the indirect method to determine the ECE. That is, in indirect approach, ECE of a
dielectric_material is determined/calculated from the temperature dependence of the polarization
under a constant electric field, i.e. P(T,E). For this purpose, electric field dependence of
polarization is measured under isothermal conditions (PE loop) and then the temperature
dependence of the polarization is measured at constant electric field. The mechanical conditions
clamped or free, on the sample are also important so that respective heat capacity must be used for
reliable calculations. Typical steps used to measure the ECE indirectly are shown in the Figure 1.6

(2)— ().
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Figure 1.6 Typical steps for indirect EC measurements, (a). Typical PE curves, (b). Temperature dependence
of polarization at constant electric field, (c). (OP/0T)k as a function of temperature at different constant

electric fields, (d). (OP/0T)e functions obtained by appropriate curve fitting'°

1 Plotting the hysteresis loops (aka P-E curves) of the dielectric material (polarization vs electric
field) at different temperatures as shown in Figure 1.6 (a).

2 Plotting the polarization as a function of temperature at constant electric field as shown in
Figure 1.6 (b), and the P (T, E) is determined. There are two polarization values for a single
field due to hysteresis effects, the average value of P is normally taken for further calculations.

3 The temperature variations of (0P /0T ) are then plotted for different constant fields as shown
in Figure 1.6 (¢).

4 Smooth (0P /0T)g functions at a given temperature are then obtained by appropriate curve
fitting as shown in Figure 1.6 (d).

5 These functions are then used in Egs. (1.12) or (1.14) for each particular temperature in order

to evaluate ATgc (T) as shown in Figure 1.6 (d) (inset).
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Figure 1.6 shows the steps in the indirect method to determine ECE where no transition in
involved. The indirect method involves highly complicated functions when the phase transitions
between ferroelectric to paraelectric phase are involved in the temperature range where the

characterization is being carried out™

. Without electric field, the phase transition temperature is a
well-defined point in both types of transitions (first and second order) as shown in Figure 1.5 but
in the presence of electric field, the well-defined phase transition point vanishes as may be
observed in Figure 1.5 (b), so this method should be used with extreme caution especially taking
derivatives (0P /0T)g in the vicinity of phase transitions and for nonergodic systems'®*®, Figure
1.7 shows the typical steps in EC characterization where phase transition is involved.

00 ;n]?‘ —
\1\\ \?\<

osl \ / N /

P (arbitrary units)
(dP/dT) . (arbitrary units)

(dP/dT) . (arbitrary units)

cp

Figure 1.7 Typical steps for indirect characterization of ECMs where phase transition is involved (first order

in this case)*

These complications have been discussed in phenomenological theory by Landau and Devonshire

as discussed in section 1.3.2.
1.3.3.2 Direct Measurements

Indirect measurement techniques have long been used to find the EC coefficients in materials. The
uncertainties, however, in some cases were observed when indirectly measured results were
validated by the direct measurements. These uncertainties may occur if the indirect approach is
not properly used and due to discontinuity in the case of first order transition at critical point.
Secondly the heat capacity is strongly T and E dependent, but in the relations (1.11) — (1.14), itis

normally taken out of the integral as constant®

. This gives a major drawback to the indirect
methods as heat capacity is highly dependent on the temperature and even electric field. To address
these issues, the establishment of a direct measurement method was realized inevitable so that the

results may be reported with extended confidence and reliability.
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Direct measurements may be subdivided into two categories namely thermometric and
calorimetric based on the condition that electric field is either applied adiabatically or isothermally.
Thermometric measurement is the measurements of the EC temperature change (ATkc) directly
using thermocouples and thermistors upon the application/ removal of electric field adiabatically
on the dielectric material®>, while calorimetric measurement is the measurement of the heat
exchange between the dielectric material and surrounding when external electric field is applied
isothermally. A brief introduction to the direct methods is being given here as a quick reference.
For in-depth understanding, the reader is referred to the literature!%2%-5%53,

Differential Scanning Calorimetry (DSC):

Differential scanning calorimetry (DSC) is by far the most used calorimetric technique for precise
EC measurements. Modifications are required to the commercially available calorimeters — that
are designed to determine zero-field heat capacity — to apply the electric field to the sample. The
working principle of the DSC is that a constant heat flow is applied to a reference sample (whose
heat capacity is known) and to the sample under test. After the thermal equilibrium in achieved,
the electric field is applied/ removed on the sample and the heat flow into and out of the sample
under test is measured isothermally. Under applied electric field, the sample generates heat and
exchanges it with the environment, which is detected as an exothermal peak, whereas upon
removal of electric field, the endothermic peaks are measured. The heat flow Q inside/ outside the
sample as a function of time is shown in Figure 1.9. The height of the exothermic/ endothermic
peaks corresponds to the EC temperature change, and the total heat flow is determined by time
integrating these peaks. The entropy change is calculated using the relation AS = Q/T and EC
temperature changes is often calculate using AT = TAS/C(0), where C(0) is zero-field heat
capacity — an unrealistic assumption®>. This method has advantages of relatively good sensitivity
and optimally designed DSC can perform high sensitivity measurements of 0.2 uW and enthalpy
change measurements of about 0.01J/g>2. DSC works well with the bulk materials where relatively
high heat flows are involved, it shows, however, some limitation in dealing with thick and films
where extremely small heat flows are involved. Longer times are normally required to bring the
sample and apparatus in thermal equilibrium, which makes this technique slower®!%2*->> Heat
dissipation through the leads, and the internal joule heating that cause difference in the

endothermic/ exothermic peaks are associated issue with this technique?*->2.
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Figure 1.8 Schematic of a modified DSC for direct Figure 1.9 EC Measurements using typical DSC

EC measurements> .
technique’>>’

High Resolution Calorimetry (HRC):
In this technique, high resolution measurement under enhanced thermal shielding are used to
measure the temperature of the sample under adiabatic conditions®?. Extra arrangements are made
in the conventional calorimeters to apply high voltage electric signal to the sample, which adds
complexities to the system. With proper arrangements, temperature changes as low as 10 K may
be measured®®. As no calorimeter can be a perfect insulator, so an important condition is that heat
capacities of the thermocouples, holders, electrodes, and heaters etc. should be negligible as
compared to specimen. For this purpose, the thermal mass of the specimen is kept large compared
to thermal mass of the environment to minimize the measurement error?>. The long electrical
pulses are usually applied to allow the thermal relaxation of the sample temperature back to the
bath temperature. as shown in Figure 1.11°2. In case of thin films, the internal relaxation happens
quickly, and the thin film releases/absorbs its heat to/from the substrate in the order of few
milliseconds and this thermally equilibrium system, comes in equilibrium to the external bath in
much longer time scale. The final EC temperature change is measured using relation (1.30)'%°2.

Y:Cp
Cy¢

ATy; = AT (1.30)

Where CI‘; is the heat capacities of the sample without electrodes, wires, thermistors, and the
electrodes and Cgc is the heat capacity of sample with electrodes. The entropy change is

determined by Eq. (1.31)
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AT,
S= _’”CPT £C (1.31)

A typical error in case of thin/thick films is 10% and in bulk materials is about 1%
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Figure 1.11 Typical EC measurements using

Figure 1.10 Schematic of an adiabatic calorimeter>>  adiabatic calorimetry (AC)*>

Fast Thermometry Approach/Infra-red Photometry:

Conventional calorimetry techniques provide reliable results in bulk, thick and thin films. This
technique is, however, slow and involves longer time periods for external thermal relaxation as
discussed above. Calorimetry techniques have limitations in measuring very quick and online
adiabatic temperature changes in thin films solely upon the application of electric field. Also, the
spatial variations in the thin films has become a big concern as it provides information about the
film quality®?. To tackle this problem, high speed infra-red thermometry technique has been
introduced by S Lu. et. al®®. An IR sensor is used to measure the temperature of the thin film as
shown in Figure 1.12. This technique was applied on the relaxor terpolymer, P(VDF-TrFE-CFE)
and the results were compared to the conventional calorimetric technique as shown in Figure 1.13.
These two results which have come from two completely different testing methodologies have a
great agreement which shows its validation®8. This technique has shown very impressive results
to find the special resolution of thin films. This great feature can be exploited to maintain the

10,52,59

quality of this films and to measure ECE across the film as shown in Figure 1.14.
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Figure 1.12 Direct ECE measurements using IR Figure 1.13 Comparison of ECE obtained by HRC
thermometry>® and IR thermometry>®

A drawback associated with this technique is that a high accuracy and high speed IR camera is
required as the temperature changes vanish too quickly due to high thermal coupling of thin films
with substrate®®. A properly calibrated IR thermometry can deliver results with 10% accuracy>>.
IR thermometry is an excellent and quick technique to measure the surface temperature. It does
not, however, give any information about the thermal gradients inside the material. In designing
the ECE-based devices, the information about the internal temperature profile is necessary for
finding the thermal relaxation times of the materials involved, for the application of thermal cycle
and for the heat fluxes inside the devices so that the performance of the device may be calculated.
Currently most of the devices are only conceptual or simulation based or prototypes. A relationship

between the interface temperature and the body temperature is certainly needed, but not exist. An

analytical solution may provide the answer for this.
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Scanning Thermal Microscopy (SThM):

As it is already mentioned that in thin films, the thermal relaxation occurs so quickly that there is
very short time to measure the temperature change. Several efforts have been carried out to
enhance the time response of the thermometer to measured high dynamic temperature variation in
thin films. In this context, the exploitation of the change in resistivity of very thin electrode
attached to the thin film has been reported®. A thin-film metal thermometer is attached to the EC
thin films whose resistance changes with temperature as shown in Figure 1.15. The EC temperature
change can be monitored during the application and removal of electric field on thin films. As the
mass of this metallic thin film is very low so sufficiently low response time can provide reliable

estimate of the temperature change2¢!,

(@)
Copper block

/—— Ni-based electrode

&—— Doped BaTiO,

Kapton tape

Heater wire

Reference thermometer

o—— Terminal Sample thermometer

Figure 1.15 (a). Thin resistive electrode as temperature sensing element, (b). Temperature sensing element on

an MLC

C. Molin et. al. compared all the direct methods in characterization of PMN-PT MLCs are found
results that were very much similar®.
In short, measurement of ECE in thin films was a major concern due to bulky nature of

thermocouples and other thermometers so these bulky thermocouples were replaced by much
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sophisticated and sensitive thermistors which had the capability to sense temperature variation in

much higher resolution? so the use of the direct measurement techniques is on rise now.
1.3.3.3 Comparison of Indirect and Direct Methods

Although indirect method is still the mostly used method for EC characterization, but recently
several comparative studies on the EC characterization for the reliability concerns of the results
have been reported®>®°. For some cases, a good agreement is observed in the EC coefficient
measured by both direct and indirect methods for ferroelectric materials as shown in Figure 1.16,
but clear and unignorable difference can be observed sometimes, as shown in Figure 1.17 specially
at higher temperatures. Figure 1.17 shows the comparison of EC results measure by direct and
indirect methods where exo and endo represent the exothermal and endothermal peaks upon the

applications and removal of external electric field during the direct measurements.
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Figure 1.16 Direct and indirect measurement in Figure 1.17 Comparison of directly and indirectly
PMN-PT single crystal® measured ECE in NKN®

In the relaxor ferroelectrics (RFEs) and antiferroelectrics (AFEs), however, significant differences
have been observed in the measurements of direct and indirect methods®® as shown in Figure 1.18
and Figure 1.19°%%¢  Moreover these disagreements in coefficients become pronounced specially
when ultrahigh electric fields are involved®. For example, Figure 1.19 shows a comparison of
direct and indirect measurements of a standalone thick film of 4-6 um of PVDF relaxor polymer.
It may be noticed that at the field of 70 MV/m, in the vicinity of 310K, the ECE of about 3.7K
(blue triangles) by the direct measurement and about 0.9K (blue hollow circles) by the indirect
measurements has been determined and the ECE is about 4 times greater in case of direct

measurements. Figure 1.18 shows the results of EC characterization of PLZT bulk ceramics by
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using both direct and indirect methods (Maxwell and LGD techniques). from Figure 1.18 (b), it

may be clearly noted that at 300 K, the difference is much bigger! In an AFE PLZT, ECE measured

at 3MV by direct method (purple triangle) is about 4 times greater that value deduced by the

Maxwell relation (Red continuous line).
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Figure 1.20 Comparison of direct and indirect ECE

measurements in BST bulk ceramics®’

Several studies have revealed the reasons behind this disagreement and indicated that

thermodynamic theories are based on ideal conditions of single crystals and ergodic states

21,23,56,66

whereas the RFEs are nonergodic materials®®. Some authors have reports that AFE and RFE

materials are not in thermal equilibrium, but the Maxwell’s equations are derived for thermal



equilibrium. It was found that relaxor ferroelectrics are not at equilibrium state, so the Maxwell
equations cannot be used®”. One of the other several reasons behind the discrepancy is that
Maxwell relations are derived based on the linear relations, and the nonlinear and higher order
coupling coefficients have been neglected in the calculations whereas in RFEs the nonlinear effects
are also strong (i.e., electrostriction), so these parts must be considered to find the entropy change
specially when higher electric fields are involved. Moreover, in the characterization, perfect
constant stress and constant strain conditions are not achievable with high accuracy especially in
the case of thin films where the substrate act as thermal anchors and perfect adiabatic conditions

are difficult to achieve.

Sometimes clear and unignorable difference in direct and indirect measurements are observed in
normal FEs as well as shown in Figure 1.20 in case of BST bulk ceramics where a difference of 3
— 4 times has been reported®’. It may be inferred from the above discussed results that there is
some strong mechanism that is being ignored in derivation of equation for indirect method and
that mechanism needs to be addressed so that an agreement between these two approaches may be

achieved for reliable EC measurements.
1.3.4 Classification of Electrocaloric Materials (ECMs)

In last two decades, a great deal of research on ECE has been done, especially on the development
of ECMs. Many ECMs with strong ECE have been reported. These ECMs may be categorized
based on several parameters like organic and inorganics, polycrystalline and single crystals, and
bulk and think/thin films, and on crystal structures. By the structure, all reported ECMs with a

strong ECE can be classified into ferroelectric, antiferroelectric and relaxor ferroelectrics.
1.3.4.1 Normal Ferroelectric (FE) Materials

FEs are the organic and inorganic polar materials that show a spontaneous polarization that can be
by reversed by inverting external electric filed®. As mentioned in Section 1.3, all FEs exhibit a
phase transition between their ferroelectric and paraelectric phase at a temperature called Curie
temperature®. In their ferroelectric phase, an ECE is expected, but no ECE is expected for
paraelectric phase. Near this phase transition, a high ECE may be achieved due to very strong
temperature dependence of Ps polarization. The phase transition temperature increases with

electric field applied on the material as shown in Fig. 1.18.
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Both organic and inorganic FEs in the form of thick and thin films, bulk ceramics and single
crystals have been researched over the years. In inorganic family, bulk ceramic materials
(thickness: t > 100 um) due to their high thermal mass are considered promising candidate to be
exploited in the development of ECE-based cooling devices. These systems include barium titanate
(BT), lead zirconate titanate (PZT), barium strontium titanate (BST), Ammonium-based and
glycine-based sulfates and selenates, etc. A limitation, however, associated with bulk materials is
their failure at higher electric fields before reaching the saturation (i.e. dielectric strength
limited)?, due to the fact that the breakdown field of a dielectric material decreases with increasing
thickness. Other associated issues with some bulk ceramics are conductivity and joule heating
caused by electronic and/ or ionic leakage currents at higher electric fields. For example,
Ammonium-based and glycine-based sulfates and selenates have shown higher ECE but have high

ionic current as well”®

. Thin films (t < 1pm), on the other hand, offer a great potential to sustain at
the extremely higher electric fields, but a major problem associated with them is low specific heat
(low thermal mass) and can pump less heat during the thermal cycle resulting in less cooling
power. Development and characterization of the thin films has some associated challenges like
smooth film thickness, film orientation, thermal clams and misfit strains, etc.?>.

To overcome the issued associated with bulk and thin film, thick ceramic films (10pm <t <100um)
in the form of multilayer capacitors (MLCs) structures have been reported’!”>. MLCs can have
large thermal mass as compared to thin films and at the same time can sustain higher electric fields
to generate higher ECE "*. EC change of 1.8 K in BT based MLCs at the electric field of 17.6Mv/m
has been reported. Pb (Sco.sTao.5)O3-based MLCs were investigated to get much higher ECE of 2.3
K275, This makes them a strong candidate to be used in the new generation electrocaloric
refrigeration and cooling devices.

To further enhance the range, organic ferroelectric like polyvinylidene-fluoride (PVDF)
copolymers and terpolymers are the most researched organic materials for EC applications because
of their high dielectric strength, high flexibility, high electric resistance, and low joule heating.
The application of electric field on P(VDF-TrFE) films at the temperatures around the ferroelectric
transition induces a large entropy change. An entropy change of 56 J/kgK?! has been observed in
polymers which is much higher than 10 J/kg K for oxide (PZT) films?. The high entropy change
in polymers films is indebted to its ability to withstand extremely high electric field of 209 MV/m

t76

which is several times higher than the breakdown field for oxide films. The EC Coefficient™ (i.e.,
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AT/AE) — a parameter to judge the suitability of a material for ECE-based cooling devices — of the
polymer films is, however, small as compared to oxides, making them unsuitable for EC cooling
applications. Figure 1.21(a) and Figure 1.21(b) show the temperature change in the reported
materials and the AT/AE values of several EC systems, respectively. It is evident from these figures
that despite to the fact that thin films show high ECE due to their ability to sustain high electric
field without breakdown failure, still thin films are not considered good candidate for development
of the EC-based cooling device?> due their low thermal mass. The best materials for the
development of the EC coolers are still bulk ceramics in spite of their inbuilt limitations of
dielectric breakdown at relatively lower electric field?*. Moreover for a piratical high performance

EC cooling device, high entropy change is also required along with high ECE®.
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Figure 1.21 (a). EC coefficient for several organic and inorganic ECMs, (b). AT/AE vs electric field for several

organic and inorganic ECMs

1.3.4.2 Antiferroelectric (AFE) Materials

Antiferroelectric behavior is normally observed in inorganic materials whereas and
antiferroelectric organic materials are very rare. The dielectric properties of antiferroelectric
materials can be significantly enhanced at a high field due to the electric field induced transition
from an AFE-to-FE phase’’. Antiferroelectric (AFE) materials exhibit low coercive fields and
dielectric losses (at low field), as well as a high saturated polarization. The high saturation
polarization originates from the field-induced AFE-FE phase transition, that is, realignment of
antiparallel dipoles under an external electric field’®. The characteristic P-E double hysteresis
loop, a typical for AFEs, is shown in Figure 1.22. AFEs undergo a phase transition under zero

electric field from a high-temperature unpolarized state to an anti-parallel state (AFE phase) where
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two adjacent dipoles are in opposite direction that cancel each other resulting no macroscopic
polarization (i.e. zero spontaneous polarization). Thus, the material goes from ordered to
disordered phase (i.e. Or from ordered state to another ordered state with different order degrees)
when electric field is applied adiabatically. That is, the dipolar entropy increases leading to a
negative ECE (ATgc < 0)!°. Physically it can be described as that AFE in stabilized with a nominal
entropy and when electric field is applied, the local dipoles will rotate in the direction of electric
filed until local domains switch from AFE to FE and the system becomes disordered>®. Unlike
normal FEs, the electric field induced macroscopic polarization may decreases with decreasing T
resulting in negative ECE!?. There are conflicting results in the literature where positive and
negative ECE of same AFEs materials have been reported’”®? (see Table 1.4 for details). The
reasons behind it may be the unjustified nature of antiferroelectricity and wrong curve fitting of

(0P /0T) g without considering the temperature and field dependence of heat capacity>>.
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Figure 1.22 A typical P-E loop for AFEs Zirconate (PBZ) - An AFE material®’

1.3.4.3 Relaxor Ferroelectric (RFE) Materials

Relaxor ferroelectric (RFE) materials or relaxor ferroelectrics (RFEs) or simply relaxors are a
special category of both organic®® and inorganic ferroelectric materials>® that have high dielectric
constant and exhibit a broad peak in the dielectric constant vs temperature curve®*. They normally
show neither a spontaneous polarization nor a phase transition to ferroelectric phase but undergo
a phase transition to ferroelectric phase under an electric field. Therefore, their phase transition is
called as diffused phase transition (DPT) without a well-defined Curie temperature'%*. Although

RFEs don’t belong to the 10 non-symmetric polar point groups, yet they can exhibit, piezoelectric
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and electrocaloric effect due to their unique mechanism of dielectric relaxation®*%*. The key to the
relaxation behavior is the formation of polar nanoregions (PNRs) above the temperature of
permittivity maximum in the relaxors. These PNRs bring extra contribution to entropy change that
leads to the enhanced ECE®*%*, At lower temperature, there is a strong frequency dispersion of
dielectric due to freezing of the fluctuation of these PNRs®. High ECE is observed in REFs over
a broader temperature range whereas, while a high ECE is only observed in normal FEs over a
narrow temperature range (i.e., a few degrees) as shown in Figure 1.25 and Figure 1.27
respectively. The temperature dependence of the permittivity for a RFE and normal FE are shown
in Figure 1.24 and Figure 1.25 showing clearly a broad peak and sharp peak respectively. This
special character of RFEs make them a strong candidate for ECE-based devices, so several RFEs
like PMN, PMN-PT, PLZT, PSN, and PST have been extensively studies®3>%¢ But it has to be

mentioned that there is no pyroelectric effect observed in RFEs.
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Figure 1.24 Broad peak in permittivity vs
electric fields for PMN-0.13PT — A RFE with a

temperature in typical RFEs (PMN-0.13PT)%’
permittivity peak temperature of 48°C%’

Although high EC performance has been observed in the REFs, the physics behind the phenomena
is still an open question since the structure of REFs does not belong to any of ten polar point groups

required for pyroelectric crystals.
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1.3.4.4 Highly Researched EC Materials and Current Status

Since the breakthrough discovery of giant ECE in organic and inorganic thin films, considerable
research activities have been carried out to develop materials with giant ECE that resulted in an
avalanche of research publications in which several monolithic and single crystal ceramics, thick
and thin film ceramics, polymer thin films and relaxor ferroelectrics were investigated to achieve

) 12,23,24,26,27,58,61,68,89-91

high electrocaloric effect (ATgc . The detailed information about newly

developed high-performance ECMs has been summarized in some recent review articles?>>7692,

Some of the highly researched ECMs are summarized in Table 1.4 for a ready reference.
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Table 1.4 Recently reported intensively studied ECMs

T? AT AEP |AT/AE| Characterization
ECM Type ©C) C) (MV/m) (10 °C/Vm™) Method Ref.
Normal Ferroelectrics (FEs)
BT Bulk 124 1.6 3.0 0.53 Direct 93
BST Bulk 25 1.0 24 0.42 ‘DSC o4
BZT Bulk 39 4.5 14.5 0.31 Direct 24
PMN-8PT Bulk 23 1.35 1.5 0.9 Direct 93
PMN-10PT Bulk 127 35 16.0 0.22 Direct 61
PLT Bulk 147 1.67 5 0.334 Indirect 8
BT Thick 60 7.1 80 0.089 Indirect 27
Co, Sb-doped Pb (Sco.sTags)Os3 MLC 18 3.5 13.5 0.26 AC »
8/65/35 PLZT Thick Film 45 40 120 0.33 Direct 96
Antiferroelectrics (AFEs)
PLZT 4Thin Film -6.8 19 50 0.136 Indirect o7
PLZT
) Think Film 141/130 1.04/1.3 3.5/3 0.30/0.433 Indirect/Direct 66
Pbo.o3Lao.o7 (Zros2Ti0.18)0.982503
PLZT
) Thick Film 5 53.8 90 0.06 Indirect o8
Pbo.97La0.02(Zro.75Sn0.18Ti0.07)O3
PLZT
) 9Thin Film -5 30 30.8 0.016 Indirect »
(Pbo.97La0.02)(Zr0.95Ti0.05)O3
Pb0A94BaoA0()Zl‘O3 Thin Film 37 -0.7 4.0 0.175 Direct 9
Relaxor Ferroelectrics (RFEs) - Inorganic
PbosBag»2ZrO; Thin Film 17 453 59.8 0.076 Indirect 81
PMN-10PT Thin Film 92 4.2 18.8 0.26 cSThM o1
PMN-10PT Thick 92 1.3/0.23 10 0.13/0.0.023 SThM/Indirect 61
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ECM Type (;[é) (e(T:) (l\igjm) (10[?3(9\1;:1'11-1) Charﬁcetfhrzlaﬁon Ref.
PMN-10PT Thick Film 75 Indirect 100
PZT Thin Film 222 12 48 0.25 Indirect 20
PLZT Thin Film 45 40 125 0.32 DTR 58
(Pbo.ssLao.08) (Zro.65Ti0.35)O3 Thin Film 45 40 125 0.32 DTR o8
P(VDF-TrFE-CFE) Thick Film 25 0.87 Indirect 2
Lt RFE 423/353 2.21/1.36 7/3 0.32/0.453 Indirect/Direct 66
Pbo.soLao.11 (Zr0.7Ti0.3)0.972503

PMN-30PT Bulk 157 2.7 9.0 0.3 Direct 101
8/65/35 PLZT Bulk 110 1.8 6.8 0.26 Direct 101

Relaxor Ferroelectrics (RFEs) — Organic
P(VDF-TrFE-CFE) 59.2/33.6/7.2 Thin 37 0.87/3.6 70 0.012/0.051 Direct/Indirect 56
P(VDF-TrFE) 55/45 Thin 80 12.6 209 0.06 Indirect A
Composites'

P(VDF-TrFE-CFE)/BST67 Bulk 38 9.2 75 0.12 - 102
0.35(Sro.7Bip2) Ti03/0.65(Nao sBio.5)TiO3 Bulk 45 2.4 12 0.18 - 103

2 Temperature at which EC measurements are made

® Applied Electric Field

¢ Differential Scanning Calorimetry
4 Thin film on substrate

¢ Scanning Thermal Microscopy

f A composite of organic and inorganic materials
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1.4 Working Principle of ECE-based Cooling and Figure of Merits (FoM)

Although several FEs and RFEs have offered promising results regarding high EC temperature
and entropy changes over the years, yet the ECE-based devices are still going through their
evolutional stages as several challenges are associated with their development. One of the
challenges is to find a directional heat flow between cold end and hot end in a complete solid-state
arrangement without involvement of any moving part. In this section, the short introduction of
working principle of the ECE-based device, figure-of-merits, status of the device technology and

limitations associated with reported prototypes will be discussed.
1.4.1 Comparison of VC-based and EC-based Cooling Cycles

The principle of the vapor compression (VC) cooling is that the expansion of gases creates cooling.
As vapor compression VC-based cooling technology is fully understood and developed so EC-
based cooling technology is illustrated in comparison with it. Both types of cooling cycles
resemble with each other. VC-based cooling technology works on two adiabatic and two
isothermal stages to complete one thermal cycle whereas EC-based cooling cycle comprises two

adiabatic and two isofield steps as shown in Figure 1.28°.
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Figure 1.28 Working principle (thermodynamic cycle) of VC and EC cooling'*

The stages for thermodynamic working cycle have been elaborated below.

A.

Adiabatic polarization: Electric filed is applied on the EC body adiabatically which
increases its temperature by AT. Temperature increase takes place as a result of decrease
in entropy due to alignment of dipoles under electric field. This step resembles with the
adiabatic compression in vapor compression refrigeration.

Isoelectric Heat Transfer: The EC body exchanges its heat with high temperate reservoir
under constant electric field. In vapor compression refrigeration, this stage resembles with
isothermal compression of the refrigerant.

Adiabatic depolarization: The electric file is removed adiabatically, and the EC body
lowers its temperature by AT. This step is called adiabatic expansion in vapor compression
refrigerator.

Isoelectric Thermal Absorption: EC body absorbs heat from the low temperature reservoir
under constant electric field. This step is called isothermal expansion in vapor compression

refrigeration®>!1%,
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1.4.2 Comparison of MC-based and EC-based Cooling Technology

From application point of view, the magnetocaloric (MC)-based refrigeration has exhibited high
cooling efficiencies up to 60% of Carnot efficiency and has successfully been implemented in
cryogenic applications’. As magnetocaloric cooling is ahead in advancement and is well-
established field so mostly the same thermodynamic cycles are being exploited in the EC
refrigeration except that the magnetic field is replaced with electric field. Magnetic / electric work
is done on the MCM/ECM during magnetization /demagnetization & polarization / depolarization
upon the application and removal of the magnetic / electric field”*°. An analogy has been given in

Table 1.5.

Table 1.5 Analogy between Electrocaloric Effect (ECE) and Magnetocaloric Effect (MCE)

Description ECE MCE
First Law of Thermodynamics dU = §q — 6w dUu = 6q — 6w
Thermal Work dq =TdS dqg =TdS
Work due to External Field dw = —DdE dw = —u,HdM

First Law of Thermodynamics

dU =TdP + PdE

du=TdS + u,HdM

Entropy Change

ds(T E)—(as> dT+<aS> dE
2 \oTr ) E) ;

ds(T H)—(as> dT+<aS) dH
oty oH) 1

Heat Capacity at constant

fields

)6

6,6

Adiabatic Temperature

Change

sz T (0P y
AT, = — —E<—) E
g, CENOT/g

H2 oM
AT, = —j ﬁT(—) dH
ct \or/,

Hyp

Isothermal Entropy Change

2 rop
AS, = J. (—) dE

H2 oM
ASi = f 1 <_> aH

1.4.3 Thermodynamic Cycles for EC Cooling

Some thermodynamic cycles that are implemented in the development of ECE-based cooling

devices are discussed below.

1.4.3.1 Carnot Cycle

It is an ideal cycle which works between two adiabatic (AS=0) and two isothermal stages (AT=0).
Although the efficiency of EC-based devices operating in Carnot cycle is higher than any other

thermal cycle, yet this cycle is difficult to apply on real systems, so Brayton and Ericson cycles
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are more viable in application due to their easier isofield stages'°®. Carnot cycle is mainly used
for the comparison purposes™. The efficiency of an ideal cycle can be given as,
Ty

= (1.32)
Tlcr Ty —T,

Where 7: and Ty are low temperature and high temperature reservoirs, i.e. source and sink,

respectively.
1.4.3.2 Brayton Cycle

The Brayton like cycle works between two adiabatic and two isofield stages and is the mostly used
cycle in the EC-based devices. Actually it is mostly used in both designs either cascade or
regenerative). This cycle on T-S diagram has been shown in Figure 1.29 (a). During the
polarization, electric/magnetic field is applied adiabatically (AS = 0). This step is represented by
line 2 that goes from point B = C. Polarization is normally very fast that there is no time to flow
heat either from sink or source side. The during the isofield stage (i.e., thermal relaxation) shown
by line 3 from C = D, the heat flows towards sink side unless the EC body is at equilibrium. In
the next stage, the electric field is removed (line 4 from D - A) to produce depolarization, as a
result the temperature of the body reduces. Now the body is in contact with the source, the heat
will flow toward the EC body unless bodies are in thermal equilibrium. Electric field is kept
constant during this stage as well (line 1 from A - B). In this way after the one cycle, the EC
material is at initial state and is ready for the next thermal cycle. The black lines represent the ideal
cycle showing perfect two adiabatic and isothermal stages in on complete cycle. The electrical

work done on ECM and efficiency during one Brayton cycle are shown in Egs. (1.33) & (1.34),

respectably !,
Ty
Wgrayton = (S, —Sy) | EdT (1.33)
TL
NBryton = i (1.34)
WBrayton

Where Q™ heat absorbed from the low temperaure reservior (cold end) and Whraytonis the work

done in the one Brayton cycle.
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Figure 1.29 Thermodynamic cycles for EC cooling on T-S diagram'%, (a). Brayton cycle, (b). Ericsson cycle

1.4.3.3 Ericsson Cycle

Unlike Brayton cycle, the Ericsson cycle comprises of two isothermal and two isofield stages as
in this thermal cycle the electric field is applied isothermally instead of adiabatically® as shown
in Figure 1.29 (b). In this thermal cycle, the polarization/ depolarization of ECM is done by
applying/ removing the electric field isothermally (AT = 0) shown by line 1 from A - B. During
the application of electric field, the materials tends to increase its temperature, but the body is kept
in contact with the heat reservoir, so ECM rejects its heat to keep the temperature constant or to
follow the isothermal conditions. Next, the ECM is brought in contact with the low temperature
reservoir and electric field is removed isothermally again (line 3 from C = D), and this time the
material will tend to lower its temperature and to compensate it the heat will flow from the lower
temperature reservoir to the ECM. Electric work done on the ECM and the efficiency of Ericsson

cycle is gives in Egs. (1.35) & (1.36)'%,

E;
Werisson = —(Ty —T) | PdE (1.35)
Eq
_or (1.36)
NErisson = Wirisson .

Where Qis the heat absorbed from the low temperaure reservios and Wy isson is the work done
during one complete cycle. Generally, the Ericsson cycle has more efficiency but it is difficulty to

implement'%

. Hence, most of the reported ECE-based devices use Bryton cycle for heat umping
and cooling applications. The reader is referred to literature”!'%!% for detailed understanding of

the thermal cycles for EC cooling.
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1.4.4 Basic Concept of EC-based Device

The working mechanism of the ECE-based device may be understood from the simplest model of
an ECE-based device shown in Figure 1.30. The model should be designed is such a way that
during polarization (AE > 0), the heat generated in ECM should be effectively transferred to the
heat sink. On the other hand, during depolarization (AE < 0), the heat be absorbed from the heat
source. During polarization and depolarization, however, heat transfers to/from both heat sink/
heat source and no heat or small amount of heat is transferred from source to sink, so this type of
device cannot work efficiently.
(a) (b) (c)
Heat Sink (T,) Heat Sink (T,) Heat Sink (T,)

Heat Source (T)) Heat Source (T)) : Heat Source (T))

Figure 1.30 Simplest EC cooling device: EC sandwiched between heat sink and heat source, (a). Equilibrium

state, (b). Polarized state, ECM heats up, (c). Depolarization state, ECM cools down

To achieve high efficiency and high heat transfer during one polarization/ depolarization cycle,
there should be some arrangement/mechanism that heat should only transfer to heat sink during
polarization and to heat source only during depolarization so that a net directional heat transfer
may be achieved for a sustainable pumping operation. That is, an effective separation of heat flows
on polarization and depolarization is the key for an efficient device. For this purpose, the simplest
arrangement is that ECM may be attached / detached to heat sink and source alternatively during
the thermodynamic cycle as shown in Figure 1.31. The basic working principle of a practical ECE-
based cooling device shown in Figure 1.31 (a) — (d) may be illustrated as follow,

i. Increasing temperature of ECM upon application of electric field adiabatically.

ii. Thermal contact of ECM with heat source and heat rejection under constant electric field.

iii. Detaching it from heat sink and decreasing temperature of ECM upon removal of electric field
adiabatically.

iv. Heat absorption from heat source under constant electric field by thermally attaching it to the

heat source.
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This completes one cycle and the directional heat flow from source to sink has achieved for
sustainable pumping operation. It can be noticed from Figure 1.31 (d) that the ECM has come to
its initial state (E; = 0, and equilibrium T), that is, ECM has recovered and is ready for next cycle.
ECM recovery is one of the greatest challenges in development of ECE-based device as to
implement the TD cycle the ECM must be alternatively attached and detached to heat source and

sink that adds the complexities in the system.

(a) (b) (c) (d)
Heat Sink (T,) i

Heat Sink (Ty)

B0 ECM T |

Heat Source (T,) Heat Source (T,) " Heat Source )

Adiabatic Temp. Increase Isofield Heat Rejection Adiabatic Temp. Decrease Isofield Heat Absorption

E,>0 ECM T+AT

E,=0 ECM T

Heat Source (T,)

Figure 1.31 Basic working principle of an efficient ECE-based cooling device, (a). Adiabatic polarization, (b).

Heat rejection under constant E, (¢). Adiabatic depolarization, (d). Heat absorption under constant E

1.4.5 Performance Criteria of the EC-Device

As this technology is going through its developmental stages so there are no established procedures
and parameters to report the performance of the EC device. Here, some of the parameters are being

discussed that have been reported in literature by different research groups®!>1%,

1.4.5.1 Coefficient of Performance (COP)

The coefficient of performance (COP) is defined as ratio of the heat absorbed Q; at low

temperature reservoir (cold end) to the total electrical work done on the electrocaloric materialal'%;

in

cop =% (1.37)

Where Oy is the heat absorbed from the low temperature reservoir and W% is the work done

(energy supplied) on the ECM during one cycle and can be given as ideally.’

=t — Qi (1.38)
WiE = Qy — Q = TyASy — T,AS, (1.39)

ASy and AS; are the entropy changes in the high and low temperature reservoirs, respectively. The above

relation holds for ideal reversible cycle.
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During the application, however, there are various irreversible processes that can generate entropy
like temperature gradients in heat switches, electrical resistance, joule heating and hysteresis in the
ECM?*761% 5o the W2 needs to be determined accordingly. For real systems, more entropy may

be generated due to irreversible processes and hysteresis.
Sgen + AS, = ASy (1.40)

Sgen 18 the extra entropy generated heat per cycle due to irreversible process. So, the net electrical

work in EC material can be written as,
Wi = (Ty — T)AS, + TySyen (1.41)

In real case (Non-ideal), the COP can be written as,

CoP = TS (1.42)
(TH - TL)ASL + THSgen
Or the above relation may be given after manipulation as’%!%
TIcr
COP =
NcrTuS (1.43)
(1 + —or ge“)

Where n¢g = T,/ (Ty — T1.)
The electrical work done on the EC material can also be calculated from the stored energy in the

EC elements as follows .

. 1
in EgogrEz (1.44)

Table 1.6 Typical COP range for solid-state cooling technologies?’

Device Technology (0{0)
Thermoelectric 0.3
Magnetocaloric 7-10

Electrocaloric 7-10

1.4.5.2 Refrigeration Capacity (RC)

This parameter has been used frequently for magnetocaloric refrigeration but has not been reported
much by electrocaloric research community. For a reversible process, refrigeration capacity (RC)

can be given as!'®*,
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RC is basically heat transferred in one thermodynamics cycle between temperatures 77 and 7.
Some other authors have defined RC is different way by calculating full width at half maximum

(FWHM) of AS-T graph by taking T; and T as operating temperatures' %111,

Th
RC = ] ASdT ~ —AS,, x FWHM (1.46)
Tc

Where AS,,, is maximum entropy change.
1.4.5.3 Specific Cooling Power

Cooling power depends on the frequency of the device. In other words, it is the time that how
quickly a device comes at thermal equilibrium and is ready for next cycle. The higher the
frequency, the higher will be the cooling power!''?. The cooling power depends strongly on the
thermal properties of the ECM, i.e., heat capacity, thermal conductivity, and thermal diffusivity.
An EC material with high thermal diffusivity will come in thermal equilibrium more quickly. It is
a measure of average heat flux during the heat transfer cycle and it a function of the size of ECM

involved. It is normally reported in W/g or W/cm?.
1.4.5.4 Efficiency of EC Device

The efficiency of the EC device is normally defined relative to the ideal cycle (Carnot Cycle) as
follows’,

Ner = % (1.47)
Where COPc is the coefficient of the performance of ideal thermal cycle (i.e. Carnot cycle). In the
system design, there may be other mechanisms involved like heat switches, actuators and
regenerators to find the directional heat flow so proper mathematical formulations and

experimental data is required to calculate the energy taken by the EC layers in one cycle and for

the efficiency of the device.
1.5 Current Status of the EC-based Cooling Devices
Over the last decade, considerable efforts have been carried out to realize the working of EC-based

cooling devices. Several designs have been conceptualized, prototypes and reported to exploit the
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ECE in real systems, but most of the proposed devices were never built nor tested. Consequently,
no commercial EC-based cooling device is yet available!’. One of the greatest challenges in
designing the EC-based cooling device is to establish a sustainable cyclic directional heat flow
from cold end to hot end. All these concepts can be simply illustrated using the principle shown in
Figure 1.31, where heat is being absorbed from the heat source at low temperature and is rejected
at the sink at high temperature by thermal coupling / decoupling of EC body with source and sink
alternatively by physical movement of EC body.

As EC-based cooling technology is going through its evolutional stages so several functional
procedures'® have been reported including liquid/solid regeneration, electrostatic actuation,
mechanical actuation, heat switches and thermal diodes etc., to achieve directional heat flow
between heat source and heat sink and to attain thermal recovery of EC materials for next cycle.
These functional principles work efficiently for a specific design and are normally independent of
the thermodynamic cycle. No standardization of these underlying principles and categorization of
EC-based devices has been carried out by the research community. A systematic classification of
function principles and device types which can lead for the development of EC refrigerating

systems has been reported!!* and has been shown in Figure 1.32.
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Figure 1.32 Classification of EC-based cooling devices''

As discussed in 1.4 section that the key for a sustainable operation of an ECE-bases cooling device
is the continuous heat flow from the source to sink. This can be achieved either using the concept
of regeneration or cascades'*'3.

What is regenerator? A heat regenerator is a type of indirect heat exchanger where the heat is
temporarily stored and then periodically transferred from cold heat exchanger to hot heat
exchanger by a working (heat-transfer) fluid. The working fluid is pumped through the porous
structure of the regenerative material usually in an oscillatory manner. During the ‘hot period’, a
warmer fluid flows through the regenerative material. and the working fluid exchanges its heat
with regenerative material. As a result, the working fluid cools down whereas the regenerative
materials heat up, i.e. heat is stored in the regenerative material. During the ‘cold period’, a cooler
fluid flows through previously heated regenerative material. The heat is exchanged again between
working fluid and regenerative material, but this time the working fluid heats up, while the
regenerative material cools down. Again, this heated working fluid enters in the hot heat exchanger

and one cycle completes. After repetition of several such cycles, a temperature gradient is

established along the length of the regenerator and a steady state is reached!'*. Here the regenerator
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only stores heat temporarily and does not create any heating/cooling itself, so this type of
regenerator is called passive regenerator. An active regenerator, on the other hand, contains an
active material as regenerator. In that case the regenerator’s function is twofold. It can itself
increase/decrease the temperature using an external stimulus enabling an increase in the
temperature span and works as heat exchanger for working fluid between the phases of the
thermodynamic cycle.

In cascade concept, on the other hand, the directional heat flow between source (cold end) and sink
(hot end) is achieved by making a heat-switch-type arrangement between source, ECM and sink
by the use of thermal diodes, thermal switches/valves and other mechanical arrangements like
physical thermal coupling and decoupling of the bodies involved in ECE-based device.
Regeneration can be achieved using fluids and solids whereas the concept of fluids in cascade
design is not conceivable. For regeneration, one moving part is essential. Working fluids are
normally used for this purpose, but ECM can also be moved but it adds the complexity for the
fields to be applied. Cascade devices without involvement of any moving parts have been reported
where thermal diodes have been exploited to control the heat flow direction but there are some
inbuilt problems with these diodes like internal joule heating, low thermal contrast, and
manufacturing costs.

A general concept of regeneration (both liquid/ solid) and cascade has been shown in Figure 1.33
and Figure 1.34 respectively. Finding directional heat flow defines the working principle of the
EC device. In the following, some reported EC-devices along with their working principles are

discussed to illustrate the challenges and problems associated with them.
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Figure 1.33 Schematic of translational fluidic AER
(Top), translational solid AER (bottom)

Figure 1.34 Schematic of cascade, (a). Moving
elements, (b). Heat switches/ diodes, (c). Static/ no

movement

1.5.1 Regeneration Designs

As most of the practical ECMs (i.e. bulk ceramics) do not offer a wide temperature range and high
ECE so different principles are used to increase the temperature span of device greater than ATgc
of ECMs. The concept of regeneration has successfully been used in MC refrigeration. In case of
magnetic refrigeration, a magnetic material is used as regenerator so the term Active Magnetic
Regenerator (AMR). This concept was explained and patented by Baclay, et. al. to exploit MCE
as room temperature'!>. Since then, the concept of Active Magnetocaloric Regeneration (AMR)
has been the basis of most prototype designs reported for magnetocaloric cooling!!'*. The same
idea has been exploited in the EC cooling by replacing MCMs with ECMs so the term active
electrocaloric regeneration (AER). The strong feature of the regeneration is that a temperature
span along the device may be achieved greater than the ATgc of ECM at the same electric field'>!!6.

The ratio between temperature span across the device and ATgc is called regeneration factor.
1.5.1.1 EC-based Devices with Liquid Regenerator

The first ever EC device based on AER was demonstrated by Siyansky and Broyansky and
coworkers!!”. Their prototype concept, as shown in Figure 1.35 (a), includes PST plates as EC
bodies (Block 1 & 2) which act as active regenerators and underdo a temperature change of 1.3 -
1.5 K upon the application of external electric field of 2.5 MV/m!!7. External electrical fields are

applied on blocks out of phase and are synchronized with the pump so that the working liquids
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(silicon oil) takes the heat from the cold end to the hot end. On the other hand, taking off the
external field from the EC bodies decrease their temperature and the heat-transfer fluid is pumped
in the opposite direction. The warm fluid now gives heat to the EC bodies and cools down and
enters the cold end. Several cycles are repeated, it can be seen from Figure 1.35 (b) that a smaller
EC temperature change (ATg: = 2 K) in active body has made higher temperature changes (AT =
5K) in the block 3 and 4 . The most promising feature of regeneration is that the temperature
changes of much higher that ATgc can be achieved with it. Heat losses due to long paths of fluid
flow, down-scaling, less heat exchange efficiency between PST plates and working fluid,
reliability and long-term stability (sealing of liquid) are some associated disadvantages with these

designs!’3.

o
i
N X

40 60 % %,q

Figure 1.35 (a). First EC device based on AER, (b). Temperature span achieved by AER-based device''’

A similar concept of AER with liquid working fluid has been used by Guo et al.!'®. In this design,
a concept of electrostatically controlled diaphragms was used to control the flow of the working
fluid to achieve the directional heat flow. A cooling power of 3W/cm?, a temperature span of 15K
with an efficiency of 31% has been achieved. The low operating frequency (i.e., low cooling
power), poor efficiency, and reliability of fluid pumps, however, have hampered their further
development'!” and their exploitation in miniature/chip-scale applications. A liquid AER based
EC device was also reported by U. Plaznik, et. al'?® where peristaltic pump was used to control
the flow of fluid. A temperature span of 14K and regeneration factor of 9.6 has been reported. In
another AER based design, P. Blumenthal used PMN-PT and PMN-PT MLC plates as active
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regenerator and silicon oil as circulating fluid by piston-driven arrangement as shown in Figure
1.37 to achieve a temperature span of ATgevice Of 0.17 K with ATgc of 0.009 K representing a

regeneration factor of 2'2!,

7mm

\ Terpolymer

Chamber T

Hot Side

2 mm-long o
EC Module SU-8 Spacers
250 ym

Cold Side

Figure 1.36 EC cooler with electrostatically driven
Figure 1.37 Peristaltic pump driven fluid

control for AER in EC-based device'?’

diaphragms to control the motion of the liquid''®

1.5.1.1 EC-based Devices with Solid Regenerator

Haiming Gu et al. introduced the new idea of solid-state regenerator to overcome the issues
associated with liquid based AER designs'??. Figure 1.38 shows the prototype electrocaloric
oscillatory refrigerator (ECOR) where stainless steel plates of 0.5 mm thickness were used as
regenerators. Solid state regenerator offers several advantages over liquid based regenerator like
ease in accurately driven miniature actuators, reduction in size to chip scale level, no fluid mixing/
leakage problems, fabrication in anisotropic thermal conductivity to reduce the conduction loss
from the hot side to the cold side along the regenerator'??. The working principle of solid
regenerator has been illustrated in Figure 1.39(a) — (d). EC module moves to the right side of
regenerator and electric field is applied on EC material that increases the temperature of EC
module. EC module is fixed on the right side to reject heat from EC module to the regenerator. EC
module is then moved to the left side of regenerator and electric field in removed that decreases
its temperature. Now EC module stays there, and heat is absorbed from the regenerator at the cold
end. As the refrigeration cycle repeats, a temperature gradient of 5K is created between the left
side and right side of the regenerator as shown in Figure 1.39. Involvement of actuation mechanism
and heating due to metal to metal friction and irreversible conduction losses are the associated

issues with this regeneration designs.
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Figure 1.39 Basic principle of solid regenerator!'?

1.5.1.2 Design Concept without External Heat Regenerator

This idea of EC-based devices without any external regenerators was first studied by Gu et al. and
simulation results were reported'?. The original idea of regeneration without external regenerators
was first demonstrated in magnetocaloric (MC) device by Hakuraku'?* but faced the problems of
restrictions in applying the magnetic fields on the MCM and low cooling due to involvement of
long thermal paths. In EC refrigeration, the application of electric field can easily be realized in

1'% as shown in Figure 1.40 (a).

this configuration so this model was developed by Tian Zhang et a
and the experimental results were reported. The operation of the device can be understood from
the Figure 1.40 (b). The temperature of the elements increases as they move from T2/B2 to T1/B1
under the influence of external electric field. If the increased temperature is higher than the hot
end temperature Ty, the heat will be rejected from the EC element to heat exchanger (then to
external heat sink). As the EC elements T1/B1 rotate to T16/B16,..., to T10/B10, the electric field
will be kept on the elements and meanwhile the heat will flow from the elements on top/bottom

ring to the elements on bottom/top ring due to a temperature difference between them.

72



(a) (b) 4 E=Q E=E,
'S :

Rotation _w [rejection
o

.~ Heat
exchanger

Heat exchange
between EC elements

Heat exchange
between
EC elements

. ey
zT /
ATECE
AD\OI;)!lon (a) ¢ ATspan o :'I’
Tc (b) Th

Figure 1.40 (a). Device concept for self EC to EC regeneration, (b). S-T diagram of a Brayton cycle for rotary

EC refrigerator'?

When the elements move from T10/B10 to T9/B9, the temperature of the elements decreases due
to the removal of external electric field. If the decreased temperature is lower than the temperature
of cold end T, heat will be absorbed from cold heat exchanger T. to ECMs. During the time period
of the rotation from T9/B9 to T8/BS,..., to T2/B2, the electric field on the element will be kept at
zero and heat will be exchanged between the elements on bottom/top ring and the elements on
top/bottom ring due to a temperature difference. This cycle will repeat. An entropy-temperature
(S-T) plot of a Brayton cycle of the refrigerator with adiabatic boundary condition (without heat
exchange with the external heat load/sink) is shown in Figure 1.40 (b). This device achieved the
regeneration factor higher than the other reported devices based on regeneration

Although the EC devices based on regeneration demonstrated successfully high EC performance
by lifting the temperature spans greater than the ATgc of the refrigerants involved, yet there are
extra mechanisms involved that are responsible for the movements of the solid/ liquid fluids for

regeneration that add the complexities in the device.

1.5.2 Cascade Designs

To address the issues like convective heat transfers, involvement of pumps, leakage/sealing issues
and longer heat paths associated with regeneration designs, cascade designs were introduced by

several research groups.
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1.5.2.1 EC Devices with Mechanical / Motorized Actuating Systems

The use of a mechanical actuator to alternatively attach/ detach the ECM with high and low
temperature bodies has been reported!!’. The key of this study is a use of a liquid based thermal
interface of high switching ration (R,s/Ron > 100 m?K /W) which provides high-off thermal
resistance of R,rr > 1072 m?2K /W. To achieve a high thermal contact, a layer of Teflon was
coated on sink/source and then small hydrophilic islands of diameter (1Imm) were patterned
lithographically. A liquid, glycerol in this study, is dispensed on the islands of both sides which
forms discrete droplets when there is no thermal contact (thermal contact OFF) and makes a thin
layer when there is thermal contact (thermal contact ON) interface. It offers some advantages over
solid-solid direct contact which has reliability challenges due to stiction and poor thermal contact.
The basic principle is same with four stages (polarization, heat rejection to sink, depolarization,
heat absorption from source). A schematic has been shown in Figure 1.41 . In this study, Au based
heater is used as a constant heat source whose temperature was kept constant at 27 °C (corresponds
to a power density of 2.5 kW/m?), whereas the temperature of the sink was maintained at 25 °C.

The COP and cooling power have not been reported in the work.

Thermistor to measure T,
Resistive heater Hook

Foam insulation /

Aluminum
die

. N . \
Silicon chip with a thin-film heater Discrete liquid droplets i
(off state) Heat switch

% e
Multi-layer caPacitor R—— g
(EC material) \ Motorized Heat switch—L
z-stage
Continuous liquid layer . Copper block "hermistor to measure T,
Heat sink, T

(on state)

—

Figure 1.42 EC cooler with mechanical heat

Figure 1.41 EC device with motorized actuator'"” switch!26

Y. D. Wang et. al. has used a silicon based mechanical heat switch of contrast ratio of 27'?°, In
this design, a mechanical heat switch is used to control the heat flow direction by switching it in
ON/OFF mode. Its ON mode thermal conductance is more than its OFF mode thermal
conductance. This ratio is called contrast ratio. More is the ratio, the better the heat switch will
work. The working principle has been illustrated in Figure 1.42. A temperature lift of 0.3 C (60%
of the electrocaloric change of BT based-MLC used) and heat flux of 36 mW has been reported.
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The major problems associated with this heat switch is that the ON and OFF states are achieved
by using a mechanical actuator motors which adds the complexity in the system. Moreover, there
are other issues of thermal contact with the active EC body. These limitations make them

unsuitable for a compact and efficient design.
1.5.2.2 EC Devices based on Electrostatic Actuation

It has already been discussed that ECE in bulk materials in dielectric strength limited, whereas the
thin films have less volumetric heat capacity (less thermal mass) so cannot pump much heat. To
overcome these issues, the use of multilayer capacitor (MLC) is on rise, but the problem with them
is that slower thermal conduction and longer heat paths have negative effects on cooling power.
To address this issue, a novel idea to used MLC laterally as opposed to vertically as shown in
Figure 1.43. The working principle is comprised of Bryton cycle with four thermodynamic stages
(two adiabatic and two isofield). A detailed parametric study to know the effects of electrode
thickness, relaxation time constants, temperature spans has been carried out in this study. COP of
15 has been achieved and an efficiency of 50% has been reported!?’. The reliability of the thermal
contact is the major concern in these types of design.

Rujun Ma, et. al. reported a EC-based cooling device using a flexible EC polymer film of P(VDF-
TrFE-CFE) and electrostatic mechanism for actuation'®. The size of the device is 7cm x 3cm x 0.6
cm. A good thermal contact of polymer film with heat sink and source has been achieved using
efficient electrostatic mechanism with energy consumption of 0.02 W which also reduces parasitic
heating. The actuation is noiseless, compact, and free from the frictional forces which can cause
damage. The quality of thermal contact has been confirmed by measuring heat flux through the
contact by using a heat flux meter. The working principle is based on Bryton Cycle and EC cycles
and electrostatic cycles work together to achieve the directional heat flow as shown in Figure 1.44.
Electric Field is applied to EC polymer stack adiabatically which increases its temperature. Heat
transfers from the EC polymer stack to the heat sink. After equilibrium, EC polymer stack is moved
in contact with bottom aluminum plate (heat source) using electrostatic actuation. Electric field is
removed from EC polymer stack adiabatically which decreases its temperature. Now the heat will
transfer from the heat source to the EC polymer stack and the operation continues.

A COP of 13 and specific cooling power of 2.8 W/g has been achieved which is higher than mostly
reported magnetocaloric and thermoelectric devices. This device also offers flexibility to be

conformed in any application and is noiseless. The frequency of the device is 0.8 Hz, electrostatic
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actuator can work even at higher frequency but there is some time which is required to transfer
heat from the EC polymer stack to the sink/source through other laminated sheet. The electric field
on the EC polymer stack can also be increased to maximize the heat flux. A heat flux of 29.7
mW/cm? has been achieved by an electric field of 6.7 MV/m. The COP/COPc is only 6% which
is not that impressive as compared to other reported devices, but the specific cooling is much better

than other cooling devices'.
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Figure 1.43 Electrostatic actuation — cross-sectional
view of pECM device in flexural mode'?’ Figure 1.44 PVDF film based EC device using

electrostatic actuation to alternatively make contact

with heat source/ sink "’

1.5.2.3 EC-devices with Electromechanical Actuation

To avoid any external actuation mechanism, the electromechanical coupling effect was used to
actuate the ECM for thermal coupling/decoupling between heat sink and heat source'?® as shown

in Figure 1.45 (a). This device consists of PMN-0.1PT elements in the form of cantilevers clamped
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at one side. This material is also piezoelectric. So, when an electric field is applied, it heats up due
EC effect and at the same time it bends due to its piezoelectric properties and makes contacts with
the other cantilevers to transfer its heat. By properly establishing a thermodynamic cycle and
movement of cantilevers, a net directional heat can be achieved. This device achieves a
temperature span of 12.6 K with elements having EC coefficient of 1.5 K giving a generation factor
of 10.2 as shown in Figure 1.45 (b). Although this concept does not use any external mechanism
for actuation, yet the moving parts are involved in the device and reliable thermal coupling and

decoupling is still as issue.
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Figure 1.45 (a). Electromechanical actuation of ECM cantilevers for thermal coupling/ decoupling, (b).

Temperature span achieved as a function of number of cycles'?®

1.5.2.4 EC Devices with Thermal Diodes/ Heat Switches

Thermoelectric materials have been reported to be used as thermal switches!'*!'?°. The physical
phenomena behind is that thermal resistance or conductance can be controlled by electrically
switching them ON and OFF. These ON/oFF cycles are fully synchronized with the EC cycles
which allow more heat flow in one direction as compared to other direction 3126130 A concept
of heat pump using thermoelectric (TE) and electrocaloric (EC) materials has been given by D.
Feng et al'*®°. In this device an EC layer has been sandwiched between two TE layers. TE layers
control the direct of heat flow as shown in Figure 1.46 and work just like thermal switches but
here the main difference is that unlike thermal switches, thermal diodes are semiconductor devices
based on Peltier Effect so they can be used for development of complete noiseless EC devices.
This idea was first patented in 1988 by Basiulis et a/'*'. The working principle of this TE-EC-TE

element has been illustrated in Figure 1.46. Like other designs, this also works in four stages.

77



A. The temperature of the EC element is decreased by removing the electric field as shown in
Figure 1.46a.

B. TEI is switched ON and a constant electric current is passed through the TE1element to pump
the heat in the direction of the current and the heat will transfer from T to EC. When the TEI
and EC bodies are in thermal equilibrium, the TE1 is switched OFF. TE2 is already switched
OFF, and will not allow heat to flow from hot side to EC.

C. The electric field is applied on the EC body, it increases the temperature of EC body.

D. Now the TE2 is switched ON and current is passed through it, which allows the heat flow from
the EC to hot side (Tn). One cycle completes, and some heat has transferred from the cold side
(Te) to hot side (Th).

Exploitation of TE materials in EC based heat pumping has given very promising results and
achieved a COP of 1.54 and cooling capacity of .80 W/m?. A limitation associated with these types
of arrangement, however, that it generates the joule heating which reduces the cooling power of

the device!3°.
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Figure 1.47 Thin film based heat switch!®

Electrocaloric devices based on thin films'® heat switch has been reported where the anisotropic

properties of the liquids are exploited to achieve the directional heat flow as shown in Figure 1.47.
1.5.3 Solid-state Cooling Line

S. Karmanenko, et. al. introduced an idea of a solid-state cooling line composed of EC elements
and highly thermoconductive metallic elements and investigated the approach suing analytical and
computational experiment!*>!33, The model of the solid-state cooling line has been shown in
Figure 1.48. In this technique, the electric field is applied adiabatically and is removed
isothermally, this creates a thermal flux and temperature gradient along the cooling line. For a
completely isolated and symmetric cooling line the average temperature remains same as of initial
temperature. Changing the boundary conditions on both extremes, however, disturbs the symmetry
and a net heat transfer from the cold end to the hot end is observed!*?. There is critical issue with
this all-solid-state cooling line that was not explained/ demonstrated whether they can achieve a
continuous cooling/heat pumping operation® or it is just a temperature redistribution in the cooling

132

line'**. Theoretical studies show that with an electrocaloric change of 2K, a temperature gradient

of 20K may be achieved with an efficiency of 60%2®.
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gradients Figure 1.49 (a).Variations of the electric field

applied on the EC elements adiabatically and

isothermally, (b). Derivative of electric field'>

Some other works based on the same idea have also been reported where one EC element layer
between two conduction layers have been reported. Mathematical model of the concept were given
but solved numerically and simulation results were given!*»!34 A solid state cooling line
comprising three elements (Al-EC-Cu) model has shown in Figure 1.50 (a). Figure 1.50 (b) shows
the electric field cycles that were applied on the EC element. The temperature profile of the
cooling line for two different EC elements has been shown in Figure 1.50 (c). Still there is an open
question that either these devices are able to transfer any heat or it is just a temperature
redistribution as the one end is thermally insulated in these types of cooling lines'**!34, In another
all soli-state device, cooling has been achieved by exploiting the kinetic process using different
rising and falling rates of the electric fields in an MLC of barium titanate'*>. The reader is referred

to the literature for details.
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Figure 1.50 (a). Solid-state cooling line, (b). Electric pulses applied on the EC element, (c). Temperature
distribution along the cooling line for two different EC elements (PMN-25 PT and PMN-4.5PT)"3*

Some recently reported EC-based devices and their cooling performance along with their working

principle have been summarized in Table 1.7.
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Table 1.7 Several reported EC-based devices and working principle of directional heat flow

. Cooling Cooling
Regeneration
Energy Recovery Power / Avg. Capacity Efficiency
Working Principle Factor cop Ref.
Mechanism Heat Flux (Wig, (%)
AT/ATEec
(mW/cm?) W/em?)
Liquid Crystal Thin Film Heat Epstein, R. 1. et al
Cascade - - - - 66
Switch (2009)!%
LECM with electrostatic Ju,Y.S.etal
Cascade - 10 10,000 - -
Actuation (2010)!%7
Solid-Solid Regeneration ) Gu, H., etal
Regeneration 33 8 - 37 57
(without external regenerator) (2013)123125
Liquid based microscale ) Guo, D. et al.
Regeneration - - 3000 - 31
electrostatic Refrigerator (2014)'18
Liquid Based Regenerator Plaznik, Uros. et. al
Regeneration 3.7 - - - -
(Peristaltic Pump) (2015)120
) ) Wang, Y. D. et al
Heat Switch Based Device Cascade - - 36 - 60
(2015)
Feng, D. et al
TE based EC Cooler Cascade - 1.54 8000 - -
(2016)!4
Multistage 12.6/1.5 Bradesko, A. et. al.
Electromechanical Actuation - - 2.34 W/g -
Cascade =10.5 (2016)'28
Cooling with Electrostatic Ma, R. et al.
) Cascade - 13 29.7 2.8 6.1
Actuation (2017)"3
S. F. Karmanenko, et.
Solid-state cooling line - 20/2=10 - - - 60

al. (2009)28,132,133
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1.6 Research Objectives

1.6.1 Objective # 1

For the characterization of ECM, both direct and indirect approaches have been used. Based the
linear TD theory, they should result in the same EC coefficient for an ECM. However, as discussed
above, they often result in very different EC coefficients. By the definition of ECE and
phenomenological theory, the ECE can only be observed in the polar crystals (i.e., 10 point
groups). However, strong ECE has been observed in ferroelectrics and even in the paraelectric
phase. More interestedly, very promising ECE has been observed in RFEs.

For the thermodynamic theory currently used in the discussion of ECE, only linear coupling effects
are considered. It would be important to include the nonlinear coupling effects in the discussion in
order to explain the experimental results obtained in the studies of ECM. In chapter 2, nonlinear
coupling effects will be included in the thermodynamic theory to exploit the reasons behind the
high ECE in RFEs. So ECE has been determined for some typical normal FEs and RFEs by
considering effect of “nonlinear temperature dependence of the dielectric constant” on the

entropy change specially at higher fields.
1.6.2 Objective # 2

For the development of ECE-based devices, many different designs have been reported. One can
find that the heat conduction in a multilayer structure along the thickness direction is the key to
determine the performance of these devices. Unfortunately, all the reports are either conceptual or
experimentally try and error. Analytical solution of the heat conduction in a multilayer structure
would help to determine and optimize the performance of a design. In this study, the analytical
solution for the heat conduction in a four-body structure is established. The solution includes the
series with infinite terms, which would limit the application of the solution. A method to get the

approximation of the solution is developed so that the numerical calculations can be conducted.
1.6.3 Objective # 3

Cooling devices with complete silent operation, without involving any moving body either ECM,
or circulation of any fluids for regeneration, is an ultimate objective of EC refrigeration
technology. Involvement of moving mechanisms adds the complexities in the system and in turn

reduces the cooling power of the device.
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Although a great progress has been made in the development of high-performance ECMs and
several innovative designs of ECE-based devices have been conceptualized, analyzed and
prototyped, there is not a design/ system of ECE-based cooling line that does not use other
mechanisms (regenerating fluids, actuators for moving part, thermal diodes and technologies for
heat switches). The usage of other mechanisms increases the complexity of the device and reduces
their miniaturization capability along with other issue of thermal coupling and decoupling.

In this research, a fundamental issue of involvement of moving parts is addressed and a multilayer
design of all-solid ECE-based cooling line is introduced. In this novel idea, double layers of ECM
are sandwiched between sink and source, and no moving part or heat switch was used to find
directional heat flow. The operation principle of the design is based on independent electric field
applied on each ECM layer and a special pattern of the electric field on these two ECM layers.
First the unsteady heat conduction problem of multilayer system of EC and sink/ source bodies
has been solved analytically. Numeric calculation based on the analytical solution is carried out to
determine the heat flow in the multilayer structure. It is demonstrated that the design can achieve
a continuous heat flow along one direction without the involvement of any heat switches, thermal
diodes, and fluidic regenerators. In this complete solid-state design, all parts are permanently intact
with each other and are coupled thermally and no part moves during operation and heat pump

works in complete silent mode. This design can help in miniaturization and increases reliability.
1.6.4 Objective # 4

Most of the typical ECE-based devices reported in the literature are either prototypes or are FEA-
based thermal analysis, so the performance is mostly based on the experimental results or
numerical simulations. The optimization of the devices requires that there must be some
formulation so that devices can be designed for high efficiency and cooling power. An analytical
solution is being devised that can be used to calculate the heat fluxes, temperature profiles and the
time of thermal equilibrium for different thermal properties of EC, sink and source materials.
During absorption of heat, the typical depolarized ECM is coupled with source on one side and
there is air/ other material on the other side. On the other hand, during polarization, the ECM has
now coupled with sink on one side and air/ other material on the other side to reject the heat. This
scenario has been solved analytically for generalized initial conditions and for bodies with different
thermal properties. The analytical solution is much versatile/ flexible to be used in most of the

ECE-based device for the determination of relaxation time, temperature profiles and heat fluxes.
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Chapter 2 Electrocaloric-like Effect at High Electric Field

As discussed in SECTION 1.3.3.3, the extensive study of ECE and ECMs discovered that: 1) there
is a great discrepancy in EC coefficient determined by direct and indirect approaches; 2) a great
difference between the well-known pyroelectric coefficient and EC coefficient, although by
physics these two should be the same, 3) strong ECE has been found in RFEs over a wide
temperature range, although by physics and their structure, RFE should not have ECE.

For most of pyroelectric devices, the electric field involved is very weak. Therefore, the
pyroelectric coefficient is usually characterized under low electric field even zero electric field,
such as dPy¢/dT. However, for the applications of ECE, a high electric field is required in order to
achieve a high entropy change in ECM as described by Egs. (1.12) and (1.14). That is, what is
important for the application of ECE is the entropy change rather than the EC coefficient.
Therefore, a high electric field is usually applied to achieve high ECE in the ferroelectric-based
materials. Unfortunately, the dielectric response of ferroelectric-based materials is nonlinear: the
related properties are dependent on the strength of electric field and even the history of the electric
field. Therefore, it is interesting to study the contribution of the property’s nonlinearity including
nonlinear coupling effect on the experimental results, which is currently ignored in the study of
ECE and ECM.

This chapter will establish the fundamentals for the influence of nonlinear properties on the ECE

and use it to understand the discrepancies in the experimental results reported in the literatures.
2.1 Nonlinear Contribution to Temperature Change

Regarding nonlinear contribution to ECE, one was studied in classical book on ferroeletrics'*S. It
is the nonlinear contribution to entropy due to the temperature dependence of permittivity, which
can be determined by thermodynamics where only temperature dependence of the permittivity was
considered. Permittivity is however is strongly dependent on both temperature and electric field.
Here we will study the contribution of nonlinear and nonlinear coupling coefficients in the entropy
change due to applied external electric field. Gibbs free energy offers a suitable selection of
independent variables to define the nonlinear effects, and nonlinear coupling effect and even

higher effect of external forces on a dielectric material.
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Where Nninps Linns Amnpgs Amnpg> Mins 85, X%, Aninpq> and P2 all are material properties
(see Appendix - F). From the Eq. (2.1), the constitutive equations of electric field, strain and

entropy are derived as,
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CE'X X E E. X 2 X X (24)
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+ 2NF(AT)X,, + OF,ATX, X, + x5¥AT?
Most of the nonlinear, nonlinear coupling and higher order effects are either not available or
observed extremely weak, so most of the effects will not be considered making a major

contribution to the entropy upon the application of external electric filed. Two nonlinear effects,

86



however, are strong enough that need to be considered while the characterization of ECE in

dielectric materials. These effects are
(96 _o( 9% =i<aDm) _ (9&mn
™ " \OEn0E,0T )~ 0T \0E,0E,) — OT \OE,/, aT ),
X _ a%G _ 0 ( 9% _ 0 (°Dy\  _ depin
Tt =\ OE,0E,0F,),  ~ 0E, \0Em0E,) . 0E,\ 0E, ) .~ \0E, ) _

Where L%, and n,’f;ﬁp are temperature and electric field dependence of permittivity, respectively.

As we have discussed in detail in Chapter 1 that the EC characterization may be performed using
clamped and free conditions. From engineering point of view, constant stress conditions are easier
to achieve and most of EC characterization of ECMs has been reported for constant stress
conditions. These conditions offer an ease in mathematical complication and scientific
understanding of the phenomenon. So, it is inevitable to determine the nonlinear electric field
dependence of entropy on constant stress conditions so that this nonlinear part may be studied in
comparison with the reported results.
At constant stress condition (dX w = 0), elastic Gibbs energy may be the suitable choice to start
with. Recalling elastic Gibbs energy (Table 1.2)
dG.(T,D,,) = —SdT + E,,dD,, (2.5)

where D,,, = eXE,,
The relation of the electric displacement and electric field are given as,

D (En, T) = i (En, T)En

Above relation in differential form may be written as,

dDp(Ey, T) = eXXdE, + E delX (2.6)
For nonlinear dielectrics, permittivity is a strong function of temperature and electric field, so
delX delX
delX(E,T) = (=2 ) dE, + | —=) dT (2.7)
J0E, r aT ‘

Putting Eq. (2.7) in (2.6) gives,

delX delX
dD,, = eXdE, + E, (%) dE, + E, < a’;") dT
n/r E

Using the above relation in Eq. (2.5), we have
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delX
dG,(T,E,,) = —SdT + E,,e~*dE, + E.E, <a—’;‘,"> dT
F (2.8)

Elastic free energy is an exact differential (i.e., the order of differentiation does not matter), so

(262)) -G,

Differentiating Eq. (2.8) with respect to E,, at constant 7, and then with respect to 7" at constant

electric field, we get

dE, oE,

d (0G, aelX a [(0elX
(a%a§)>-*%<aT * Emn 57\ 3E, (210)
T/ g E T

Differentiating Eq. (2.8) again by changing the order of differentiation, we get
4G, aehX
(), =5 e ().
] <aal) ) ( as ) (ag,fijl() ] <ag,T,;i§>
— == =—\z=) +2E + EnEp = 2.11
(aEn T Jg/, 0E,/ . ™\ aT ‘ M OE, \ OT ‘ 1D
Putting Egs. (2.10) and (2.11) in Eq.(2.9), we get
denix o (denn as denix d (demx
En|—=) +EnEp—|—=) =- (—) 4+ 2E, | —= | + EpEp——|—==
oT oT \ 0E, 0E, oT 0E, \ oT
E T T E E

as denX
(E)T = Ep, <—6T i (2.12)

Where e,Tnﬁ = Eofr,T,;)fl is permittivity matrix of the dielectric material and its dependence on

G delX
( 1) = gﬁigEm + ELEy < mn)
T T

temperature is also a material property as discussed above. Similarly, for constant strain condition,

which is more suitable for theoretical studies, the nonlinear electric field dependence of entropy

aS el
%?)‘%<£ﬂ 2.13)
n E

T

may be given as,
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For a piezoelectric material, the relationship between two values of permittivity can be determined

E,T

;T XT i
31,42 x = —dpmudyC,y . For nonlinear

and has been reported in the literature as Egm — Emin =
dielectrics, Eq. (2.12) and (2.13) hold and the term on the right hand side cannot be considered as
constant for integration. That term changes with electric field and becomes evident at higher
electric fields. This phenomenon can be observed in any materials irrespective of crystal structure.
As in EC characterization, the higher electric fields are involved, so the entropy change may
happen even in the non-polar (paraelectric) phase. We may name this entropy change as
“apparent/new entropy change” unlike the real entropy change due to EC effect. In RFEs, this can
be a strong contribution, so in this research, this entropy change has been addressed and nonlinear
electric field dependence of entropy change for few RFEs has been determined as case study and

to address the issue of disagreement in direct and indirect methods.

For nonlinear dielectrics Eq. (2.12) may be integrated as,

- (0:
AS;so = j dE,, (2.14)
o \ 0T XE
And for nonlinear dependence of the ECE may be determined as,
E T [(9ehX
0 XE
Use the similar process, the results for constant strain condition are obtained as,
Ergelx
AS = f ( ’””) EdE, (2.16)
o \ OT
xX,E
And for nonlinear dependence of the ECE may be determined as,
E T [gelX
AT = —f CE’x( T > EdE, (2.17)
0 x,E
It has to be mentioned that for linear dielectrics, we may integrate Eq. (2.13) to get,
1/0el*
S(E,T) = So(T) + E( a’;") E E, (2.18)
E

This is the exactly what was reported in literature!>’. That is, in the literature only nonlinear term
for Gibbs energy was considered is the temperature dependence of permittivity for linear
dielectrics. Where S,(T) is the entropy of the materials under zero electric field that is only

dependent on the temperature. According to above relation, if the permittivity of a dielectric

89



material increases with temperature, the application of external electric field results in the increase
of the entropy of the material and heating will occur, whereas on the other hand if the permittivity
decreases with increasing temperature, then the cooling will happen in the dielectric material upon
the application external electric field. Eq. (2.18) shows the nonlinear electric field dependence of
the entropy of a dielectric material, i.e., depends on the square of the electric field applied.

As mentioned in SECTION 1.2 that the ECMs are ferroelectrics and mostly are nonlinear
ferroelectric (i.e. RFEs). For ferroelectrics which are nonlinear in nature, it is highly complicated
and cumbersome to include the higher terms and to find the symmetries of all the tensors involved,
so it can be achieved by using the physical approximations**. For nonlinear ferroelectrics, the
relation between electric displacement, saturation polarization and electric field has been

determined as,
D(E,T) = Ps(T) tanh(k|E|) (2.19)

where Pg(T) is the saturation polarization, and k is a constant, and is dependent on the temperature.
In general, k should decrease with increasing 7. Based on the results from orientation effect
described by Langevin function!*®) here we assume that k = a/T, a is independent of T.
Depending on the nature of the material, here we may adopt two approaches based on the definition
of the permittivity as given in (2.20) and (2.21). Also in this section, we will just skip the tensorial
representation for convenience.

The permittivity for linear dielectric where DC bias does not affect the permittivity is defined as,

dD(E,T AD(E,T D
ST'X(E,T) — ( ) — ( ) _Z

dE AE E
_dP(E,T) AP(E,T) P (2.20)
- dE = AE E

The permittivity for nonlinear dielectrics where DC bias does affect the permittivity is defined

either way as given in Eq. (2.21) or (2.22). Both are different,

D(E,T) dD(E,T)
T
_P(ET) dP(ET)

="EF 7 dE

elX(E,T) =

2.21)
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dD(E,T) - D(E,T)

TX _
e (ED dE E
_dPET)  PET) (2.22)
- dE E
2.1.1 First Approach
Using Eq. (2.19) and (2.21), we have
a
tanh (= |E|
ST'X(E, T) — PS(T) (T ) (2.23)

E

For electric field approaching zero, the only temperature dependence of the permittivity may be

determined as follows,

a
tanh (= |E]|
£"X(T) = Lim Py(T) tanh ( 1£1)

eTX(T) = BT 3

L oTX
e @ _ pry (224)
Using (2.24) in (2.19), we have
T eTX(T
D(E,T) = ST()tanh (% |E|) (2.25)

Mathematical relation for temperature dependence of permittivity has been given by several

researchers based on different models.

2.1.1.1 Temperature Dependence of Permittivity

The relation for temperature dependence of permittivity given by Cheng et. al.3

eXT(T) = gy exp(a — BT) (2.26)

is being used here.
Where a and f are constants, that can be determined by curve fitting of temperature dependence

of permittivity.

Using (2.26) in (2.24), we get the relation

91



P, (T) = %exp(oc — BT) (2.27)

Putting value of P,(T) in Eq. (2.23), we have

T a
D(E,T) = ¢, Etanh (T IEI) exp(a — BT) (2.28)
Using (2.28) in Eq. (2.23) becomes, , we get,
D(Er T) 80 a
T.X — -0 s —
e (ET)=—F—=—ZTtan (T IEI) exp(a — BT) (2.29)

Eq. (2.29) represents the electric field and temperature dependence of permittivity for nonlinear
dielectrics and may be used to determine the entropy and temperature change in the dielectric
materials on higher electric fields.

Now differentiating Eq. (2.29) with respect to T at constant electric field, we get

(angX(E, T)

aT >E = coexple =41 [1 ;EﬁT tanh (% E1) - %SeChZ (%lEl)] (2.30)

Recalling Eq. (2.12), and considering only scalar form

aS _ o™X
(ﬁ)T B ( oT )E (2.31)

_EﬁT tanh (% IEI) - lsech2 (% |E|)] EdE  (2.32)

AS = fOE gy exp(a — BT) [1 T

Using (2.32) in Eq. (2.15), we have

! anh (%IEI) _E een? (%IEI)] dE (2.33)

&
AT = —— exp(a ﬁT)f T

C

Integrating (2.33), we have,

1n [cosh( IEl) ])
_ %(25 tanh (7 IEI) - %m [cosh (% lEl)])l

AT = EEX exp(a — ,[S’T)
(2.34)
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Manipulating (2.34), the relation for nonlinear contribution to temperature change due to applied

electric field is derived as,

AT = £E7;( exp(a — ﬁT) — [ZT In [cosh (T )]

C
~AT%In [COSh (7 )] - ak tanh (%E)] (2.35)

2.1.1.2 Temperature Dependence of Static Permittivity

In literature, sometimes the static permittivity is reported. The temperature dependence of the static

permittivity®>*%13% has been reported in literature as,

1
e (T) = ~expla’ — B'(T - 273.15)] (2.36)

Where a’ and B’ are constant and their value can be found in the literature or determined using the
curve fitting. Now the relation for temperature and electric field dependence of dielectric

displacement and permittivity will change as shown in Egs. (2.37) and (2.38) respectively.

1

D(E,T) = &—tanh (%lEl) exp[a’ — B'(T — 273.15)] (2.37)
D(E,T

eTX(E,T) = (E ) = %tanh (% |E|) expla’ — B'(T — 273.15)] (2.38)

The above calculation may be repeated as follows,

Differentiating Eq. (2.38) with respect to T at constant electric field,

(a eTX(E,T)

' 1
— >E = gy expla’ — B'(T — 273.15)] I—%tanh( |E|) = = sech? ( IEI)l

Using above relation in Eq. (2.31)

!

E
AS = f g expla’ — B'(T — 273.15)] [—%tanh (% IE|)
0

- %sech2 ( |E|)l dE

Integrating Eq. (2.39) in (2.15), we come to the relation for the temperature change as,

(2.39)
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i [con (2

a’

&T

AT = ~CEX ——expla’ — B'(T — 273.15)]

(2.40)

—'B;;ZTln [cosh (%E)] —%tanh (%E)

2.1.2 Second Approach

For nonlinear dielectrics, where DC bias does affect the permittivity is given by Eq. (2.22) as,

-
aE T,X

2.1.2.1 Temperature Dependence of Permittivity
Recalling Eq. (2.28),
T a
D(E,T) = ¢, Etanh (7 IEI) expla — BT]
Now the permittivity by the definition of Eq. (2.22) may be determined by differentiating above

relation as follows,

aD(E,T)

e"X(E,T) = ( 3E

> = ey sech? (5 |El) expla — 471 (2:41)
T.X

Now differentiating Eq. (2.41) with respectto T
oeTX a
— _ — 2 (=
( )E =& [ B exp[a — BT] sech (T IEI)

aoT

Z;fexp[a—ﬁT] sech” (Tl |)tanh(%|E|)]
<62;X>E g0 expla — BT] [_SeChZ (;lEl)tanh (%lEl)

(2.42)
— B sech? (% IEI)]

Using the above relations in Eq. (2.31) and using the Eq. (2.15),
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T
AT = CEXexp a— ﬁT]f

sech2 (% IEI) tanh (% IEI)

(2.43)
a
— 2 (=
BE sech (T IEI)l dE
Solving the above relation, we have
e T 2T In [cosh (g |E|)] BT?1n [cosh (g |E|)] E? sech? (2 IEI)
AT = 20 [a — BT] |- T n T _ T
[ p a? a? T
a a
. 2E tanh (T |E|) _ BTEtanh (T |E|)
a a
&
AT = CEX ——expla — BT] —[ 2T?1n [cosh( IEI)]
a
3 s _2F2 2 (2
+ ST° In [cosh (T |E|)] a‘E“ sech (T |E|) (2.44)
2E1) = agT? ¢
+ 2aTE tanh (T |E|) — aBT?E tanh (T IE1))
2.1.2.2 Temperature Dependence of Static Permittivity
Recalling Eq. (2.37)
1 a
D(E,T) = &—tanh (?|E|) exp[a’ — B'(T — 273.15)]
Differentiating with E' we have,
aD(E,T)
TX(E,T) = (—
r.X (2.45)
1 a
— _ 2~ r_ ! _
=g, Tsech (T IEI) expla’ — B'(T — 273.15)]
Differentiating with T, the above relation becomes
a
aET’X(E, T) , , sechz (T IEI)
<T>E = gy expla’ — B'(T — 273.15)] [_T
(2.46)

S’ sech? (% IEI) 2aE sech? (% IEI) tanh (% |E|)
- T * T3

Using the above relations in Eq. (2.31), and using the relation (2.15),we get
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a , a
AT — eoT 973 1s E| E sech? (TlEl) B'E sech? (TlEl)
- CEXeXp[a _ﬁ( )] o - T2 - T
2aE? sech? (%|E|) tanh (% |E|
20 ser Bt (G161
T3
AT = — TzcEXexp[a —B'(T - 27315)f - TEsechz( IEI)

— T2B'E sech? (? IEI) + 2aE? sech? (7 IEI) tanh (% IEI)] EdE

After integrating, we get

g
AT = —WOE‘Xexp[a’ — B'(T —273.15)]

) l_ 73 In[cosh (7 IE1)] . B'T*In [cosh (7 1E1)]

a? a?

2.47
T2E tanh (7 |E|)] (2:47)

a

— TE? sech? (% IEI) +

B'T3Etanh (7 1E|)
a

Egs. (2.35), (2.40), (2.44) and (2.47) may be used to determine the nonlinear contribution to the
ECE depending on the nature of the dielectric material and the permittivity being measured. In
these equations, the constants may be determined from the experimental data like PE loops and

from temperature dependence of permittivity graph.
2.1.3 Determination of Constants a, a and

The constants a, a and B in Egs. (2.35), (2.40), (2.44) and (2.47) are determined using the
experimental data. Unfortunately, the constant “a” may not be determined analytically using
(2.25), this value, however, can be approximated using PE loops as shown in Figure 2.10.

The constants a can be determined using the D and Ps values from PE loops of the dielectric
materials at different temperatures. Whereas the constant o and § are determined from the

temperature dependence of permittivity graph by curve fitting as shown in Figure 2.2.

Recalling Eq. (2.23)
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eXT(T) = gy exp(a — BT)

Taking natural log of the above equation
ln(EX'T(T)) =lnegy+a—pT (2.48)

Eq. (2.48) is an equation of straight line, so from the ln(sX'T (T)) vs T graph, the values of a and
B can be determined using curve fitting as 3 represents the slope of the line and the term In gy + «
is y-intercept.

D A P Temperature Deppendence of Permittivity

P+t A

5

In (g)

.
Permittivity (g)

Temperature

Figure 2.1 Typical PE loop to determine D and Ps ~ Figure 2.2 Determination of a and B by curve fitting

2.1.4 Case Study-I (BST)

To determine the nonlinear contribution towards ECE, a case study is being carried out to
understand the discrepancies of direct and indirect methods. In BST material a huge difference in
the directly measured and deduced ECE from Maxwell relations has been reported®’ as shown in
Figure 2.3. The formulation derived above will used to determine the nonlinear contribution to
ECE which is neglected in the derivation of the indirect relations as discussed in Chapter 1. The
constants are determined from the experimental data reported in the article and the AT due to
nonlinear effects will be calculated. The article has reported four different compositions of Bai.
SrxTi03 (BST), but in this work we have just taken composition bases on x = 0.25 to validate our

theory and formulation.
2.1.4.1 Determination of Constant “a” using PE Loops
Using the relation,

a
D(E,T) = Py(T) tanh (TIEI)
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Figure 2.3 Comparison of directly and indirectly measured ECE for BST®’
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Figure 2.4 PE loops of BST for (x = 0.25); approximated values for D and Ps®’

(2.49)

The values of “a” is calculated using the PE loops shown in Figure 2.4 and the relation given in

Eq. (2.49).
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Table 2.1 Calculating “a” at electric field 10 kV/em (1x10° V/m), 1nC/cm? = 102 C/m?

TK) D(E,T)/ 1; (E,T) P (T) .
(C/m?) (C/m?)

273 0.0725 0.13 0.000172

313 0.0625 0.105 0.000215

353 0.025 0.0625 0.000150

393 0.015 0.0375 0.000166

2.1.4.2 Determination of Constants a and

The constants o and  can be determined from the temperature dependence of permittivity graphs

shown in Figure 2.5 by curve fitting. The data has been extracted from the Figure 2.5 for Extracting

BST025 (i.e. x = 0.25) and the curve fitting is shown in Figure 2.6.

Permittivity
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14000
12000
10000
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—+—1k Hz
BST005 —— 10k Hz

R
ALS]

L 1 1 1 1
333 353 373
Temperature(K)

1 " 1
293 313

| "
393

1
413

Figure 2.5 Temperature dependence of permittivity for four compositions of BST®’

Using the relation for temperature dependent permittivity as

eXT(T) = exp(a — BT)
In(eXT(T)) = a — BT

From the curve fitting shown in Figure 2.6, we have

a=14921&p =0.0185K 1
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Temperature dependence of Permittivity
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Figure 2.6 Data deduced from experimental results to determine a and B by curve fitting

2.1.4.3 Determination of AT Contribution due to Higher Fields

Using the definition of permittivity given in Eq. (2.21)

D(E,T)

TX(E,T) =
e (E,T) E

TX _ % a —
€ (E,T)—aETtanh(TIEI)exp(a BT)

We have the relation

AT = ;g—iexp(a - ﬁ’T)a—l2 [2T1n [cosh (% E)] — BT?1In [cosh (% E)] — aE tanh (% E)]

Table 2.2 Determination of AT using constants a, a and 8 for E=3 MV/m (30 kV/cm

CE,X a
T (K) (Kkg) a 7E AT (K)
273 450 0.000172 1.888 0.93
313 450 0.000215 2.057 0.49
353 450 0.000150 1.271 0.34
393 450 0.000166 1271 0.18

AT in Table 2.2 is the nonlinear contribution to the ECE. Now this value is compared to the directly

and indirectly reported ECE to see the nonlinear effect that is ignored in the indirect formulation.
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Figure 2.7 Comparison of direct and indirect ECE measured at E =30 kV/ecm®’

The directly and indirectly measured ECE values extracted from the Figure 2.7 have been tabulated

in Table 2.3 and are compared with the contribution to AT due to nonlinear effect.

Table 2.3 Comparison of directly and indirectly measured ECE with nonlinear contribution to AT (BST025)

AT (K)
T ATdirect ATindirect ATdirect - ATindirect
Nonlinear contribution
(K) (K) (K) (K)
(calculated)

273 1.485 0.060 1.425 0.93
313 1.635 0.285 1.350 0.49
353 1.590 0.300 1.290 0.34
393 1.538 0.195 1.343 0.18

Figure 2.8 compares the directly and indirectly measured results with nonlinear contribution to AT
due to temperature dependence of permittivity. It may be concluded from the comparison that the
if we add calculated AT to the indirectly measured ECE, the results are closer to the directly
measured values. It can be inferred from this analysis that the nonlinear effects have significant
contribution and must be taken into account in the future EC measurements for a better agreement

between direct and indirect results.
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Figure 2.8 Comparison of reported ECE and contribution to ECE due to nonlinear effect

2.1.5 Case Study-II (PMN-0.1 PT)

Another case study was carried out to demonstrate the nonlinear contribution to temperature
change (AT) and to find the origin of the difference between directly and indirectly determined
ECE of PMN-0.1PT, and to compare the results with the formulation derived in our study. PMN-
0.1PT is an RFE material and has been extensively studied for the application of EC cooling
devices. Figure 2.9 compares the directly and indirectly measured ECE for PMN-0.1PT for the
temperature range of 300 K to 400 K.

= 00 —
h 05
| -1.0 [\_g
i =
1.5
0 50 100 150 -50 0 30
1(s) E (kV/cm)
1.5F 5
Q - A]]S ]fV/(.,lﬂ e Y 57 kV/em
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By I 29 9000200992909
N "\oo,. 28 kV/ecm
< o0sf R S
0.0

300 320 340 360 380 400 420
Figure 2.9 Comparison of experimentally measured ECE in PMN-0.1PT by direct and indirect method: Solid

blue and black dots represent indirect EC data, while stars or other shapes represent direct EC data'?’
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2.1.5.1 Determination of Constant “a” using PE Loops

This value of constant “a”” may be approximated using PE loops as shown in Figure 2.10.

350 0 50 350 0 50
E (kV/cm) E (kV/cm)

Figure 2.10 PE loops of PMN-0.1PT!“, (a). P and Ps at 0.5 kV/cm, (b). P and Ps at 20 kV/cm

From Figure 2.10'*° the values of P (or D) and Ps are found for T =308 K and T=413 K for
two different field E=5 kV/cm and 20 kV/cm as shown in Table 2.4. The value of a has been

calculated from the following relation where k has been approximated by k = a/T.

m&nz&mﬁmd%m)

Table 2.4 Approximation of constant "a” from PE loops of PMN-0.1PT using assumption k = a/T

Temperature E (MV/m) D (C/m?) P¢(T)(C/m?) a
T=308 K 2 0.29 0.34 0.000195
T=413K 2 0.09 0.18 0.000113
T=308 K 0.5 0.24 0.34 0.000541
T=413 K 0.5 0.03 0.18 0.000139

In the Table 2.4, it may be noticed that there is a big difference in the values of a determined at
different temperatures and fields. It may be inferred that our assumption k& = a/T may not be
accurate enough to represent variations of polarization with temperature and electric field
accurately. We may make another assumption k = a/7°. Based on this assumption, the value of a
is calculated again as shown in Table 2.5. It may be observed that the value of a is better
approximated and variations of a values are small so k = a/T” is the much accurate assumption in

this case.
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Table 2.5 Approximation of constant "a" from PE loops of PMN-0.1PT using assumption k = a/T?2

Temperature E (MV/m) D (C/m?) P¢(T)(C/m?) a
T=308 K 2 0.29 0.34 0.06
T=413K 2 0.09 0.18 0.05
T=308 K 0.5 0.24 0.34 0.167
T=413K 0.5 0.03 0.18 0.057

The nonlinear contribution to AT for this assumption has been determined and in given in (2.51)
and (2.52) for both definitions of permittivity (¢7* = D(E,T)/E and "X = dD(E,T)/0E),

respectively.

Using this assumption, now the relation (2.25) becomes.

TZ . T,X
D(E,T) = ET()tanh( IEI) (2.50)
From "X = D(E,T)/E
AT = CE,EY;( exp(a — ﬁT) — [3T2 In [cosh ( )] — BT31In [cosh (% E)]
(2.51)
— 2aE tanh (FE)]
From "X = dD(E,T)/0E
AT - ;TZexp[a e 4T31n [cozle (% |E|)] . BT*In [cozl: (%lEl)]
(2.52)

E? sech? (% |E|) 4ET tanh (% |E|) BT2E tanh (% |E|)
— + —
T a a

2.1.5.2 Determination of Constants o and

Unfortunately, the experimental results of the temperature dependence of permittivity are not given
in the article'*’. The values of constants a & 8 for PMN-0.1PT have been found from literature®>-¢

aso=15.67 and p=0.0182 K.,
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2.1.5.3 Determination of AT Contribution due to Higher Fields

The AT values extracted from Figure 2.9 have been tabulated in Table 2.6. Data shows that there
is not a significant difference between directly and indirectly measured ECE in this temperature
range. The nonlinear contribution to temperature change (AT) due to temperature dependence of
permittivity has been calculated using relation (2.51) and is compared with the directly and
indirectly measured values which shows that nonlinear contribution is not strong enough (column
5 of Table 2.6) and that was the reason that there were small variations in the direct and indirect
measured values. Moreover, the directly measured ECE is slightly less than the indirectly
measured effect (contrary to results discussed in section 1.3.3.3 where direct values were higher
than the indirectly measured values).

Table 2.6 Comparison of difference between experimental measured data (approximately extracted from

Figure 2.9) and data deduced from the mathematical formulation at E = 57 kV/cm (Assumption k = a / T?)

AT (K)
- Cp AT direct (K) ATindireet (K) ATairect - ATindireet | "“'i:‘c"::l’:::;“ﬁ"“
J/kg/K) (Measured) (Measured) (K)
eTX — 2
E
300 325 0.925 0.975 -0.005 0.012
320 335 1.03 1.06 -0.03 0.009
340 340 1.15 1.18 -0.03 0.007
360 345 1.23 1.25 -0.02 0.005
380 347 1.25 1.20 0.05 0.004
400 347 1.18 1.12 0.06 0.003

Table 2.7 shows the comparison of the experimental measured values and the values determined
from the relations (2.35) and (2.44) that were based on the assumption k = a/T. As we explained
that that assumption was not accurate enough so it may be noticed that AT is marginally greater

than the difference between the directly and indirectly measured values.
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Table 2.7 Comparison of difference between experimental measured data (approximately extracted from

Figure 2.9) and AT contribution due to nonlinear effect (Assumptionk=a/T)

AT (K) AT (K)
o Cp ATairect (K) ATindirect (K) a:ii;‘;‘i‘:i)m at(zazl:lit\ii)m
(J/kg/K)” (Measured) (Measured)
gx_D £TX — (a_D>
E OE/rx
300 325 0.925 0.975 1.90 0.17
320 335 1.03 1.06 1.47 0.15
340 340 1.15 1.18 1.14 0.12
360 345 1.23 1.25 0.88 0.10
380 347 1.25 1.20 0.67 0.09
400 347 1.18 1.12 0.52 0.07

2.1.6 Conclusion and Comments

We conclude that by using the advanced thermodynamics, the nonlinear contribution to the ECE
of the dielectric material has been determined by considering the temperature dependence of the
permittivity (i.e. L%, = (9¢%X/aT),). L¥, is a second rank tensor and contributes to AT
irrespective of the crystal symmetry (i.e. both in FE and PE regions) and the effect becomes
stronger at higher electric field so it must be considered during the characterization of the ECMs.
The formulation derived above can help to address the issues that result in the discrepancies in the
indirect and direct measurements of the ECE. Both accurate data analysis and the reasonable
assumptions are the key to find the discrepancies in the direct and indirect methods. A generalized
methodology has been proposed to incorporate the nonlinear and nonlinear coupling effect in the
determination of the ECE. This technique may be extended for all models that can be used to
approximate the temperature dependence of permittivity and also for different
definitions/approaches of the permittivity because the presence of the hysteresis in the ferroelectric

materials makes it a complicated problem, and also the reported results are not consistent.

2.2 Primary and Secondary Pyroelectricity with Nonlinear and Higher Order Coupling

In most of the classical books?!-3%4?

on ferroelectricity, the relation between primary and secondary
pyroelectricity has been determined using different methods considering primarily only principle

effects as it was explained in SECTION 1.3.1.3. As it has been discussed that the nonlinear and
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nonlinear coupling effects are strong in the nonlinear ferroelectrics so the relation for
pyroelectricity at different conditions needs to be modified accordingly so that the higher order
effect may be incorporated. Here the relation between primary and secondary pyroelectricity is
determined using nonlinear and higher order coupling coefficients using the same methodology

mentioned in the classical books on ferroelectricity.
2.2.1 Case-I Principle and Linear Coupling Coefficients

As the pyroelectric measurement are done at constant electric field (dE = 0), so the electric
displacement D (7, x) in differential form may be expanded considering only principle and linear
coupling coefficients. The following relation may be found by expanding electric Gibbs energy by

Taylor series.
oD, oD,
dDm (T, X) = <W>E’x dT + (m)T'E dxu

2D, (2.53)
+ ddeT
E

0x,0T

Where the strain is a function of temperature and stress, x = f (T, X) and may be expressed as,
dx,(E, T,X) = 0% dT + 0%y dx
Xl DA =\ G X, v
EX
0% dX,dT
"\ox,or)
Using (2.54) in (2.53) and manipulating, we get
oD,, aD,, 0x,, 0x, 0%x,
D, (E,T,x) = (_6T )Ex dT + <_6xu> (ﬁ dT + 3x, dX, + aX,9T dX,dT
' T,E EX T,E E
0%Dy, 0x, 0x,, 0%x,
* <6xM6T> <6T> ar + (axv Wot\gx,ar) Al
E EX T,E EX

Differentiating with T keeping X constant (Definition of secondary pyroelectric effect)

D,,(E,T,x) _ (aDm) N dD,, dxy o 9%D,, dx, T
oT OT gy ax, oT dx, 0T oT
b'e ' TE EX E EX

Where, by definition, from Egs. (1.4) and (1.7),

(2.54)

dT
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oD 0x
oh=vi (52) (G) +2
K/ TE EX

Using chain rule, we may write the above equation as,
oD, X, ox 0x d ( (0D, 0X
X _ x H u u H
= 2|\=—= | — dT
Pm = P ¥ <6Xu> <6xv> <6T> ¥ <6T> oT (<6XH> <6xv> )
T,E T.E EX EX TE TE/ g

Pin = D+ dinuCuy o + 20 —— (dmu Couy ) dT (2.55)

0x %D
H ™\ dT
oT 0x, 0T

EX E

In Eq. (2.55) dm#, and au all are material properties. Eq. (2.55) may be compared with Eq.

uv J
(1.8). This equation has extra term that is showing the temperature dependence of piezoelectric
and stiffness of the dielectric material. In normal FEs, these terms may be weak and can be
neglected, but in nonlinear ferroelectrics (i.e. RFEs), these may be strong enough and must be

considered to find the reliable values of the primary and secondary pyroelectric effect.
2.2.2 Case-II Principle and Nonlinear Coefficients

In this case, only principal and nonlinear coefficients are being considered. Expanding D again, at
constant, dE = 0, as a function of temperature and strain D = f (T, x) and strain as a function of

temperature and stress x = g(T, X) as follows,

oD oD
dDp (E,T,x) = (a—;")E dT + <a—x’”> dx,
x T,E

n
52D 52D (2.56)
dTdT dx, d
+<6T6T> +<6xuaxv> Fulry
E.x T,E
dx,(E,T,X) <ax“> dT+(ax“> dx
xﬂ y by =\ 5= v
or ), 0X,) . .
(2.57)

0 % dTdT 9 % dX,dX
"\ arar T\ ax,ax; veee
E X E X

Putting Eq.(2.57) in (2.56) in Eq. and manipulating
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0%y dT 0% dx. 0°%, dTdT
T *\ax, v ¥ \aTar
E E X TE EX
32D,
+(_6T6T> dTdT
E.x

0% dT + 0%y dx, + 0% dTdT
oT X, v ' \aTaT
E E.X T,E E.X

|| dT 0% dx 0°% dTdT
aT %, v+ \aTar
| E X T,E E X

Differentiating dD,, with respect to T keeping X, constant (Definition of secondary

pyroelectricity)

oD, (E,T,x)
aT
E X
aD,, aD,, ox, 0%x, 92D,
_(6T )Ex+<6xu> <6T *2\arar) 4|t 2\ Grar) 4T
, T,E E X E X E.x
0" Dr, 2 0%y dT + 6 0 %y dTdT + 4 0%y dTdTdT
"\ ox,0m, aT To\arar T\ arar
T,E E X E X E X
oD 0x oD 0%x 2°D
X _ .x m 9xu m U m
Pm = Pm ¥ <6xu> (6T> *te <6xu> <6T6T> ar +2 <6T6T> ar
T,E E X T,E E X E.x

+ 0% D 2 0% dT + 6 0% dTdT + 4 0% dTdTdT
9x,0x, oT aToT oToT
T,E E.X E.X EX
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daD 0X 0x
X _ X m H M
T,E T,E E X

42 0 <6Dm) T
OT \ OT /g,

Term

02Dy, ) 0x
0x,0x,
TE

—£) dr+e6 0°%, dTdT + 4 0°%, dTdTdT
T +o\grar +*\3rar
EX EX E X

The Term may be manipulated as follows,

dD,, X, i aﬁ JT
X, 0x, oT \ oT
T,E T,E EX

Term
( 02D,, ) 0 <6Dm)
0x,0x, TE dx, \ 0x,
0
9 0x,[(oDy,
~0X, 0x, [\0X, )
9 0x,[(oDy,
- 0X, 0x, [\0X, )
Using this relation in the above equation, we have,
daD,, 0X 0x daD,, 0X d (0x
X _ x H H H H
= 2 — | == dT
P = Pm ¥ (axﬂ >TE (axv>m ( aT )E’X * (axu )TE <6xv>T’E aT ( aT >E’X

d (9D,
Zﬁ( oT )E, ar

6 aX aD dT 6 azxﬂ -
T ox, ox, ax 6xv L To\arar)
4 0%, dTdTdT
+*\arar
E X
opy
pX =¥ +dbcnf ol +2dh,cnF & 67{”
9
+ v o X, [d7,,.cTE | [2aZdT + 685X dTdT (2.58)

+ 4xEXdTdTdT]
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Eq. (2.58) gives the relationship of primary and secondary pyroelectricity when the nonlinear
coefficients are considered. Not all the coefficients make a significant contribution and can be
neglected. In RFEs, not only the piezoelectric effect but also electrostriction effect may contribute
significantly, so these nonlinear effects may not be neglected during the characterization to get
reliable results. Similarly the relations between primary and secondary pyroelectricity including
higher order coupling coefficient may be derived but these are normally considered very weak and

do not make significant contribution and are difficult to determine experimentally.
2.3  Concluding Remarks

This chapter is concluded by emphasizing that with the ever increasing exploitation of RFEs and
other nonlinear FEs in ECE-based applications, where higher electric fields are involved, the
nonlinear and nonlinear coupling effects make a significant contribution to the temperature change
(AT) that may be the main source for the observed discrepancies in the ECE measured by two
methods. Therefore, these nonlinear and nonlinear coupling effects must be considered in the
future studies of ECMs. Based on the advanced thermodynamics, the generalized relations to
measure nonlinear contribution towards entropy and temperature change due to higher electric
fields have been derived based on the few models for temperature dependence of the permittivity
reported in the literature. This method can, however, be applied to any model that
expresses/approximates the temperature dependence of permittivity.

Regarding the discrepancy found in direct and indirect methods, it is concluded that both
mechanical and thermal conditions, both of which can be different in direct and indirect
measurement setups, play an important role. Therefore, a detail analysis of the mechanical and
thermal condition should be carried out for each experimental condition. By doing so, the real ECE
can be determined so that the same results will be obtained using both direct and indirect
approaches. Moreover, as the higher order effects are stronger in RFEs and in other nonlinear FEs,
the modified relations to find the difference for the pyroelectric coefficients (i.e. EC coefficients)
measured on different conditions (clamped or free) have been derived for reliable measurements
of these pyroelectric and electrocaloric effects. If these higher order effects are negligibly weak,

the relations may be reduced to the linear relations reported in literature.
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Chapter 3  Analytical Solution of a Multilayer System

The discovery of ferroelectrics with a giant electrocaloric effect (ECE)?*?!, which means the
temperature of a dielectric material can be changed by external electric field, revives the research

)23—27

in both exploring electrocaloric materials (ECM and designing ECE-based cooling

devices!>!121125:126 Tn terms of the device design, several innovative designs based on either active

122,123,125 13,109,129,130

regeneration or cascade techniques as working principle'!® have been reported
(discussed in details in section 1.5) where heat is transferred from cold side to hot side through
complex heat paths mostly by heat conduction. There are two approaches widely used in the

13,125,126,129; and

development of ECE device: experimental demonstration of prototype devices
numerical simulations using finite element analysis!!®123:127:128.130.141 "The former is limited by its
time-consuming process, problems in prototype fabrication and availability of ECM for a
researcher. The latter is fast and can be done by any researcher without ECM, it, however, requires
too much information about the exact design and the materials used including ECM and
surrounding materials. That is, a small change in the design and choice of ECM would require a
new simulation. Therefore, it is interesting to have analytical solutions that govern the heat
transformation in the ECE device. The analytical solution would help to advance the fundamental
understanding of the physics and working principles of an ECE device and would provide a
powerful tool to guide and optimize the design of ECE based devices.

In an EC device, the temperature profiles of ECM can be changed instantaneously using the
localized external electric field which means a certain temperature profile can be established in the
ECM during the heat conduction process. That is, temperature profiles are much more controllable
in the ECE-based devices as compared to classical scenarios solved by diffusion heat theory 4>
146 The temperature profile established by the ECE will change with time due to heat fluxes
determined by the thermal conductivities of ECM and surrounding materials. The transient heat
conduction problem of cooling down of an infinite plate in a medium'#°, and the solution of the
two semi-infinite bodies in contact having different initial temperatures and thermal properties

have been solved classically'®

. Here a multilayer system of four bodies comprising both ECMs
and non-ECMs is solved analytically that has the potential to be used as ECE-based pump in

complete silent operation (without moving parts).
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3.1 Model and Analytical Solution

3.1.1 Physical Model

All the ECE-based devices use thin layer(s) of ECM, in which the electric field is applied along
the thickness direction, so the heat conduction in the ECE-based devices can be simplified as one-
dimensional (1D) heat conduction problem. In this chapter, a 1D transient heat conduction of a
system of four bodies is solved analytically to simulate the ECE devices, in which both ECM and
non-ECM are used. As shown in Figure 3.1, the model consists of four bodies: the two at the ends
are semi-infinite bodies (B1 and B4) and the two in the center are finite ECM bodies (B2 and B3)
that have been sandwiched between end bodies. The unsteady heat conduction problem has been
solved analytically to find temperature profiles as a function of time and space, and heat fluxes
through the interfaces as a function of time. This analytical solution will be used to numerically
calculate the temperature profiles and heat fluxes in our novel idea of heat pump that will achieve
the direction heat flow with complete silent operation. The thermal properties of the center and the
end bodies can be either different or the same, the problem has been solved for a generalized case.
The initial temperature profile is established in two ECMs using ECE. It is assumed that an electric
field is applied on ECM (B2 and B3) at time zero (¢ = 0) and prior to this all bodies have the same
temperature (say T). B1|B2, B2|B3, and B3|B4 are the interfaces through which the heat will

transfer by heat conduction.

B1|B2 B2|B3 B3|B4

Figure 3.1 Theoretical model of heat conduction problem

3.1.2 Mathematical Model and Governing Equations
3.1.2.1 Assumptions and Considerations

To analytically solve the heat conduction in the system shown in Figure 3.1, the following
assumptions are used: 1) there is no heat loss to the environment through convection and/or
radiation, 2) the interfaces are considered the perfect thermal contacts (i.e. zero thermal resistance),

3) the gradients in the y and z direction are neglected, only the gradients along the x-direction are
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considered, 4) the materials properties are temperature invariant, 5) bodies B1 and B4 are
considered infinite heat sink/source bodies. In this unsteady heat diffusion problem, the 1D heat

equations for each of the bodies are given in Egs. (3.1) — (3.4).

oT(x,t)  0°Ty(x,t)

—o00 < x < —R 3.1
ot N 2 o0
2
0T (x, 1) _ o, 0°T,(x,t) _R<x<0 (3.2)
at dx?
2
OT3(x, 1) _ o, 0°T3(x, t) 0<x<R (3.3)
ot dx?
2
0Ty(xt) _  9*Ta(xt) R<x< o (3.4)

ot T ox2
Where T; (x,t) (j = 1,2,3,4) are the temperatures at time t and location x in the bodies from B1
(G=I) to B4 (j=4). a; = k; / PiCp; (m?/s) are the thermal diffusivities of body j, in which
ki Wm™K™1), p;(kg/m?), and Cp, (J/Kkg) are the thermal conductivity, mass density and
specific heat capacity of body j, respectively.
3.1.2.2 Initial Conditions (ICs)

Based on the physical model shown in Figure 3.1, the ECE is used to change the temperature of
bodies B2 and B3 by application/ removal of external electric field at any time. The followings are

the generalized initial conditions,

Ty(x,0) =Ty
T5(x,0) = Ty
T5(x,0) = Ts; (3-5)
Ty(x,0) = Ty;

3.1.2.3 Boundary Conditions (BCs)

When two finite bodies at different temperatures are brought in thermal contact, the temperature
(Ty) at their mutual interface is equal and the value depends on the thermal properties of the
materials across the interface!*>!47:14% Based on the first law of thermodynamics, the amount of

overall heat released by one body is equal to the amount of heat flowed in the surrounding body
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through the interface'*. So based on Fourier’s law of heat conduction'® across the interface, the
following boundary conditions for t > 0 (also known as the boundary conditions of fourth kind'>%)

are set for the model shown Figure 3.1.
Interface B1/|B2 at x = —R
Tl(_R; t) = TZ(_R) t)

y aT, (x, t) h aT,(x, t) (3.6)

1 2
0x Ye—R 0x Ce—R

Interface B2|B3 atx = 0
TZ (01 t) = T3 (Or t)

. aT, (x, t) f dT5(x, t) (3.7)

2 ox 3 ox

x=0 x=0

Interface B3|B4 at x = R

T5(R,t) = T,(R,t)

3 0x YR Y ox YR

. aT(x, t) . dT,(x,t) (3.8)

3.1.2.4 Physical Conditions (PCs)

The two semi-infinite end bodies (B1 and B4) being very large are considered a continuous source
and sink of energy (i.e. infinite source/sink of heat energy). The lateral surfaces are perfectly

insulated and there is no heat transfer to the surroundings at x = +co.

0T, (x,t)
0x

_ 0T, (x,t)

=0
ox

X=00

(3.9)

X=—00

3.1.3 Solution of the Heat Equations

Laplace transform method!®! is used to solve the system of the heat equations (3.1) — (3.4).
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3.1.3.1 Laplace Transformation

The Laplace transform of the system of Egs. (3.1) — (3.4) may be written as follows, (see Appendix
- A)a

S

T. - S _
Wi (x,s) —% = A e\/":x +B;e o

(3.10)
W, (x,5) —% ~ 1ol 5,7l (3.11)
W3(x,s)—%=z43 e*/“%x*‘Bs e a% (3.12)
W4(x,s>—%:/‘4 oV 4y e (3.13)

We have 8 constants of integration. Boundary conditions may be used to calculate them. For the
temperature of the bodies to be finite at x = +o0o, the constants B; and A, vanish instantly. (i.e.

B; = 0 and A, = 0), and the Egs. (3.10) — (3.13) become as follow,

S

T, s
Wi (x,s) _% = A, @

(3.14)

Wz(x,s)—%=z42 e*/azzx‘FBz e « (3.15)
Wi (x, s) —% =43 ol +Bs o (3.16)
W, (x, s) —%= B4e_J“E“x (3.17)

Boundary conditions on each interface may be used to get six equations that can be determined by

solving them simultaneously.
3.1.3.2 Considerations and Conditions

Before we proceed further, some simplifications are being made. For simplification, the EC bodies
B2 & B3 have been considered here as the same, whereas B1 & B4 bodies are the same but
different from B2 & B3. That is,

a,=as3=a‘ & a; =a, =a’
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k2:k3:kc&k1:k4:ko

— —_ C —_ —_ o
Cp, = Cp; = Cp &Cp, =Cp, =Cp

P2 =p3=p° & p1=py=p°

where superscripts represent center and outer bodies. Using this substitution, Egs. (3.14) — (3.17)

become,
Wi (x,s) —%zA1 eJ%x (3.18)
W, (x, s) —%:A2 eJ%’“JrBZ e‘J%x (3.19)
Ws(x,s) — % = A, eJ%x + B, e_\/%x (3.20)
W, (x,s) — % =B, e‘\/%‘ (3.21)

3.1.3.3 Determining the Constants of Integration

Boundary conditions (3.6) — (3.8) and are used to determine the integration constants;
Two equations from the boundary conditions at x = —R

Wl(_Rl S) = WZ(_Rr S)
Ti; - |5 T>; - |5 S
T tde Jaor =2t 4y ® 4 B, A (3.22)

o Wi (x,s)

_ e aW,(x,s)
ox

—k
x=—R 0x

xX=—R

i<A1 e_\/%R> = k—c\/EC(AZ e_J%R - B, e\/%R>

T koNa

_ |5 k¢ |a° _ |5 S
<A1 e a0R> - — - (Az e \/;R - BZ e\/;R>
k° ,’ af
S S S
A e Jaor _ K, <A2 e Jaek _ B, e\/;R> (3.23)

Two equations from the boundary conditions at interface x = 0

W,(0,s) = W5(0,s)

T,; S (0 - =0 Ts; S (0 - =0
%‘l‘Aze\/O’:()‘l‘Bze \/a_z():%‘l‘Age\/a:()‘l‘Bge \/a_3()
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Ty Ty

ke oW, (x,s) _ ke oW5(x,s)
ax x=0 ax x=0
S S S S
/%«Meﬁw—Bﬂ;£®>=[%Q%wgm—&e%%ﬂ
o o
Az - BZ = A3 - B3 (325)
Two equations from the boundary conditions at x = R
W3(R,s) = Wy(R,s)
i S S i S
Syt AT 4 g, o =%+B46_J;R (3.26)
ke dW5(x,s) _ _po oW, (x,s)
d0x X=R ox X=R

k¢ [s S _ |5 S _ |5
%o E(‘“ ol JZR)Z‘JF(B” )

];—Z\/g<A3 e‘/;R — B, e_J%R> = —<B4 e_\/%R>
Ké(AgeﬁgR-B3e'ﬁ§R>::—<B4e‘ﬁ§R> (3.27)

k€ / o, . . . ..
where K, = o % is referred to as contacting coefficient and characterizes the thermal activity of

one body relative to other body!#*.
3.1.3.4 Manipulating the Constants of Integration

Egs. (3.22) — (3.27) are solved simultaneously using Mathematica to find the constants of
integration (4,4, 4,, B,, A3, B3, B,) and have been tabulated in Appendix - B, where h is defined as

h—l_&|M<1
C1+K,
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Luckily, the denominator of the all constants is in same form (see Appendix - B), that can be

manipulated in the following way (see Appendix - C)

! _1 ! i h?(~Vexp —4nR\/E
s 5201+ K)? a (3.28)
2e V(14 K.)2%s —2(1 —K,)%s n=1

Using the above relation, A,, B,, A3, B; may be further manipulated as follows,

4z

R[> 2R [ 3R [ 4R |
_ 2e ‘/:(1 —K)(Ty —Ty) —e ‘/:(1 - Ksz)(Tzi —Ts;) — 2e ‘/:(1 + K )(T5; —Ty) — € ‘/:(1 + K)?(Ty — Tsy)

S
2e4RJ;(1 +K,)%s — 2(1 — K,)2s

(Ty; =Ty Rl S
e = g5 ) Ve (—(n - DR |
(Toi — Ts) - h 1 5 [s
et oY T (n-1) - - =
> S Elh exp| —(4n — 2)R pr:
n=
(T3 — Tyy) 1 N 2 S
L (n-1) — — -
17K, s E h exp| —(4n —3)R ’ac

(T2 = Ts) INC | 5 g
- T;Z hZ(n D exp —(47’1 —4)R F
n=

R[> 2R [ 3R [
_ (1 = K.)?(Ty; — Ts) + 2e ‘/:(1 —K)(T5; —Ty) + e ‘/:(1 — K.2)(Ty — Ts) — 2e ‘/:(1 + K)(Ty; — Thy)

B,

S
2e4RJ;(1 +K.)%s —2(1 — K,)2s

B, = (T — §3i) - h2%§: h2=1) ypy <—(4n — 0)R\/§>
n=1
n %%Z h2(=1D exp (—(471 - 1)R\/§>
GTR R R (~an-2m %)
2 s n=1 “
B (Tiz-l_;;:z)%i h2(=D exp <—(4n — 3)R\/§>
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As

R[> 2R | 3R |-
_ -(1- Ks)z(Tzi —T;;) + 2e ‘/:(1 =K )Ty —Ty) —e ‘/:(1 - Ksz)(Tzi —Ts) — 2e ‘/:(1 + K.)(T5; — Ta)

S
2e4RJ;(1 +K.)%s —2(1 — K,)2s

(Toi = Ta) R 1 5 5
A =— 5 Ezlhz(" Dexp| —(4n — 0)R o
n=
(Tyi —Ti) -h 10 2(n-1) [s
+ 17K s Zh exp| —(4n— 1R pr:
n=

(T2 =Ts) h1N" |y 5
- f;z hz(n D exp —(4Tl - Z)R ;
n=1
(T3i - T4i) 1 C 2(n-1) S
- T]@;Zh exp —(471—3)R /F

Bs

R[S 2R |2 3R |qe 4R (e
_ 2e ‘/:(1 —K)(T3i—Ty) te ‘/:(1 - Ksz)(Tzi —T;;) — 2e ‘/:(1 + K.)(Ty; — Tyy)+e ‘/:(1 + Ks)z(Tzi = Ts)

S
2e4R\/;(1 +K.)?)s — 2(1 — K.)?%s

o)

(T5; —Tai) ~h 1 2 S
(n-1)
B; = aTK) Sgh exp|—(4n — 1R ’0{6
n

=1

T: —T=:)-h1l - s
+ g_z h?(=1 exp <—(4Tl - 2)R1’_>
2 s «

n=1

[oe)

(TZi - Tli) 1 Z 2(n-1) S
17K s h exp| —(4n —3)R ’ac
n

=1

(T2 = Ts) 1N ) o0 5
+ T;th(" Dexp|—(4n — 4)R e
n=

The constants, A; and B, may be treated in a different way as the term ’% is involved in them.

A1:

S S S S S
R a—o R F 2R F 3R F 4R F
e Key (1-Kg)(T2i—Tqi)—e (1-Ke)(T2i—T3i)—2e (T3i—Tai)—e (1+Ke)(T2i—T3i)+e (1+Ke)(T2i—T1i)

R |
e No(1+K,)2s—(1-Kg)?s
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Ke 15 2(n-1) s |a° S
A1=1+Kg (Tzi_Tu')-h;Zh exp|—| (4nR —0) p ?+R o
n=1
1 N 2(n-1) s |a° S
_(Tzi_TSi)'h;Zh exp|—| (4nR —1) |- [—+R | |3
n=1
—2(T3; = Ta) Z h?Dexp|—| (4nR — 2)\/7 ’—+ R _O
1 N 2(n-1) s |a°® S
_(Tzi—Tgi);Zh exp|[—| (4nR —3) - ?+R -
n=1
1 N 2(n-1) s |a° S
+(T2i_T1i);Zh exp|—| (4nR —4) . ?+R -
n=1

B4_:

S S S S S
R a—o R F 2R F 3R F 4R F
e Key (1-Ke)(T3;—Tyi)+e (1-Ke)(T5—T3)—2e (Ti—Tq1)+e (1+K)(To;—T3)+e (1+K)(T3—T4i)

e4R\/;(1+K£)2)S—(1—K£)Zs

(T3 = Ta) "h— Z h?®=Dexp [—| (4nR — 0) / ,— +R F
1 N 2(n-1) s |a° S
+(T2i_T3i)'h;Zh exp|—| (4nR —1) | < |—+R | |2
n=1
- 2(T21. Tll) Z h2(-1) exp |— (4nR - 2) ; ’— + R ;
1 N 2(n-1) s |a®
+ (Ty; — T3i)gz h exp|—| (4nR — 3) o ?+ R
n=1

1 N 2(n-1) s |a° S
+(T3i_T4i);Zh exp|—| (4nR —4) — |T*tR =

n=1

3.1.3.5 Equations in Laplace Domain

By putting the values of constants in Egs. (3.18) — (3.21), we get
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Ty; S
Wi (x,s) _i: Ay e\/;x

T
Wi (x,s) —%

Ko ((Ty=Tw) h~eo . _ ‘ VAN
:1+KE[ s ZhZ(n Vexp __(_x_R+(4n_0)RK“ 2) a

T. T. h [
(m—gJth(" D exp ( x —R+ (4n— DRK, /2> ’ao

=1

_ 2 (T3i - T4i) - 2(n-1) _ _ /2 \/7
(1+—I(€)S;h exp|— ( —-x—R+ (471 Z)RK

T: — Ta: _1 s
— %Z h?2(=1 exp [— (—x — R+ (4n—3)RK, /2) ’El

n=1

T —T) o 1 S
+ T2 = o) . 1) Z h2(=D exp l— (—x — R+ (4n — 4)RK,, /2) /Fl}
n=1
T>; S _ |5
W,(x,s) —%zAz e‘/;x+Bz e \/;x
Ty
W,(x,s) ——
s
T B2 ] e
= W%Z h?=1 exp (—\/;((411 - 0R+ x))
+ TV Es Z h2(n-1) (T — T1i) exp( Ji((l}n — 1R - x)) + (T3; — Tyi) €xp (—\/;((471 — DR+ x)>
— =) p2-D [(T i — T3 exp( (4n—2)R - x)) (Tyi — Ts;) exp( (4n—2)R+ x))
25; 2i — 13 \/7 2i — I3 \/7
(T3; — Tyi) exp (—\/; ((4n —3)R— x)) + (Ty; — Ty;) exp <_\/§ ((4n—3)R + x))

n=1
(T =T) 1N, ynen) f
—T;Zh exp| — ;((4n—4—)R—x)
=

S

T3; S _ |5
W3(x,s)—%=A3 e‘/;x+B3e ac

(3.29)

8

(3.30)

122



) T B2l e
Ws(x,s) — % = _Méz h2(n-1) exp (—\/;((4% —0)R - X)>
n=1
(Ty; — Tyi) exp <—J§((4n — 1R - x)) + (T3; — Tyi) €xp (—\/;((471 — DR+ x)>

_ __Z p2(n-1) [(TZL —Ts1) exp( \/7((4n —2)R - x)) (Ty; — Tsi) eXp( \/7((4-n - 2R+ x)) (3.31)
1 1
T1+K.s th(n Y |(Tsi = Tai) exp( \/7((471 —3)R - x)) + (Ty — T1y) exp( \/7((471 —-3)R+ x)>
+ (TZL;—T&)EHZI R exp (‘J%(@n — 4R+ x))
Ty _|s
W4(xls) _% = B4_ e \/;x
T,
W,(x,s) — A
s
Ke ((T3=T) hN e 4 [
:1+K€{ . th(n 1)exp —[x—R+(4Tl—O)RKa 2] -
n=1
T. T3) - h
(21—31)2 h2(-1) exp( [x — R+ (4n—1RK,, /2] ’ 0)
a
(3.32)

L

[ee)

T _T. _1 , S
+ 21 - 3i Z hZ(Tl—l) exp (— [x — R+ (4'n - S)RK(Z /2] 5)

n=1

(T3~ Tad X 200ty -1/, \/T
+TZh exp —[x—R+(4n—4)RKa ] pr)

K, = a‘/a’ is relative thermal inertia!*+!4°,

3.1.3.6 Inverse Laplace Transform of the System of Equations

The analytical solution of temperature profiles in each body is determined by taking the inverse

Laplace transform of the relations (3.29) — (3.32) by using Eq. (3.33).

Lt {% exp[—k\/E]} = erfc [ZL\E] (3.33)
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3.1.4 Temperature Profiles of the Bodies

Temperature Profile of Body-1 (B1)
Ty(x,t) — Ty

—x — R+ (4n - 0)K, */*R

1+ K, 2V a’t

K,
= {(Tzl Ti) hz R erfe

n=1

— (Ty; — T3p) hz h2( =1 erfe

—x —R+ (4n - DK, **R

2va‘t
_ 2(T5i = Tap) Z p2ne) gpp X~ R+ (4n — DKV2R (3.34)
1+ K 2V alt
e _ -1/2
— Ty — Ts1) Z 2D erfe R+Un- 3K "R
2va‘t
® . _ -1/2
+ (T — Tw) Z 2D erfe R+Un- DK "R
~ 2va‘t
Temperature Profile of Body-2 (B2)
To(x,t) — Ty
(Tzl T3l) h? Z 2(-1) o (4n - O)R +x
2Va

S (4n— 1R — x (4n — DR + x
+ th(n 1)[T —Ty) erfc———— + (Ty; — Ty) erffc————

n= ( 2i 11) Zm ( 3i 41) Zm

AN (4n—2)R - x (4n—2)R +x (3.35)
-= hz(”‘l)[T-—T- erfc————— — (Ty,; — T3;) erfc————
anzl ( 21 31) Zm ( 21 31) Zm

- (4n — 3R — x (4n — 3R + x
hz("‘n[ Ty — Tyy) erffc—————— + (Ty; — Ty;) erfc————

] ( 3i 4-1) Zm ( 20 11) Zm

(4n 4)R -

_ (TZi - T3i) Z hz(n_l)
2 - 2\/

Temperature Profile of Body-3 (B3)
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T3(x,t) — Ts;

2 (o)
- _ (Tzl - T3l) h Z hZ(n—l) erfc (471 - O)R — X

2 - 2Vact
n=1
- (4n— 1R —x (4n— DR + x
h2(n-1) [ Ty — Ty;) erfc————— + (T5; — Ty;) erfc—————
( 20 11) Zm ( 3i 41) Zm
he (4n — 2)R — x (4n — 2)R + x (3.36)
-= hz("‘l)[T'—T' erfc———— — (Ty; — Ty;) erffc—————
22 (Toi = Ts0) N O oo
- (4n — 3)R — x (4n—3)R + x
Tai — Tyi) erfc——— + (T,; — Ty; erfc—————
4 [( 3i 41) Zm ( 20 11.) Zm
n (TZi - T3i) Z hZ(n—l) (4n 4)R +x
Vet
Temperature Profile of Body-4 (B4)
Ty(x,t) = Ty;
K. — R+ (4n—0)K;Y?R
= 1+ K {(T& T4l) hth(n D erfc Zm =
n=
x— R+ (4n — DK;Y?R
+ (Ty; — Tap) hz 2D erfe ( L
2Vat
2Ty = T Z N S R G 2K V?R (3.37)
1+ K 2/t

x—R+ (4n —3)K,*R
2Vat

+ (Ty; — Ts1) Z h?(=1V erfc

n=1
x —R+ (4n - DK, *R
2vValt

+ (T3; — Typ) Z h?>=D erfc

n=1

3.1.5 Validation of the Analytical Solution

Before proceeding further, it is considered pertinent to validate this analytical solution. For this
purpose, the initial conditions of this solution may be modified to the solution already available in
literature. If the identical initial temperatures of ECM bodies (B2 and B3) are considered (T,; =
T5;), then the temperature gradient at the interface (B2|B3) vanishes (9T,(x,t)/dx =
0T5(x,t)/0x = 0) and also considering equal initial temperatures of End Bodies (T;; = Ty;), the
problem becomes the classic case mentioned in introduction part'* and is shown in Figure 3.2, in

which an infinite plate with a finite uniform thickness is cooled/heated by heat conduction in two

semi-infinite media on both sides (considering 1D case). By replacing, T,; = T3;, Tq; = T4; and
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T,; = T3; > Ty; = Ty; (cooling in this case) in Egs. (3.34) — (3.37) our solution with some
manipulation yields to the solution'* mentioned in Eq. (3.38) and (3.39) validating the analytical

solution determined here (Appendix - D for details).

Figure 3.2 A problem from a reference book to validate the analytical solution'*

T, t) =Ty e (Zn —1DR—x
T O1+K, Z( h) 1[

(Toi — Tui) act
(3.38)
+ erfc @2n—-1DR+x
2Vact
T, ) -Ty K R XR K (1+h)
(Tyi — Tai) _1+K er 2V aot 1+ K,
(3.39)

- x — R + 2nRK;/?
X z:(—h)"‘1 erfc z

]
—~ 2Va°t
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3.1.6 Temperature Gradients in the Bodies

Using the following relation, the gradients of the Egs. (3.34) — (3.37) may be written as,
2

ax [erfc (2\7_>] - \/%exp <— %)

0 [ c ( —X >] 1 ( x? >
erfc exp| ——
dx 2Vat Jrat P\ " %at
Temperature Gradient in Body-1 (B1)
2)

o (x,t) K. 1
< [—x — R+ (4n — DRK,'/?

ox  1+K.\ra°t

- —x — R+ (4n — 0)RK,Y/?
X {(Tzi —Ti) hz h2 =1 exp (— [ ( IRKq

2V a’t

n=1

= (Ty; — T3;) hz h2(n-1) exp

)

pryr 2va‘t
- ) (3.40)
2(T5; — Typ) 2 —x — R+ (4n — 2)RK;*/*
a2 P\ 2Vt

N [ -1/27%
— (T2 — Tsy) Z R =D exp <— —X =R+ (4n - 3)RK, )
n=1 | |

2Va‘t
oo - 12
—x — R+ (4n — 4)RK;/?
+ (Ty; — Ty p2(-D B <
(T, 1 ); exp( _ 2 aoF _
Temperature Gradient in Body-2 (B2)
[‘)TZ (x, t)
dx

_ 1 [ @u-T) R i - e [~ [AMZOR + xr
Vract 2 - 2vact

S (4n— DR — x T (4n— DR + x|*
e Ly (T2i — T1i) exp [ act ] — (T5; — Ta) exp _[_ 2Vact
he (4n —2)R (4n—2)R : G4
- n— —x n— +x
- E; h2(=1) [(Tzi — Ts;) exp (— [2— = > + (T2; — T3i) exp (‘ 2—\/%] )]
4n —3)R — x| 4n —3)R + x|
(T3; — Ta;) exp (— [% ) — (Ty; — Ty;) exp (‘ [_( - 2‘/%4- - )]

M= TN aeny [ [(4n— DR —x]
— ;h exp N

Temperature Gradient in Body-3 (B3)
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[‘)T3 (x, t)
dx

o 2
__ 1 | (T — Ts;) h? Z B2 e (4n—0)R — x]
mact 2 e 2Vact

R - (4n- DR — x| (4n - DR + x|
§ 2(n-1) T, 7 = _ T e 7 =
+ 1 T Kg L h (TZL TlL) €xp ( Zm ] ) (T3L T4L) €xp ( [ zm

- 342
2 2i 3i) €Xp —zm 2i 3i) €Xp —2m

n=1
1 « (4n - 3R — x| (4n - 3)R + x|
§ 2(n-1) T, = = _ T, = =
1 T Ke L h (T3l. T4L) €xp ( [ zm ) (TZI. TIL) €xp ( [ zm

«© 2
(T —Ts) Z B2 e (4n— 4R+ x]
2 e 2Vact

Temperature Gradient in Body-4 (B4)
T, (x,t) K, 1
ax  1+K.Jra°t

- x — R + (4n — O)RK, Y/?
X { (Ty; — Tyy) hz h?2=D exp (— [ ( IRKq

2Va’t

n=1

)

o) 2
x — R + (4n — DRK/?
+ (Ty; — Ty hEhz("‘l)ex - 2
( 21 31) L p Zm

x — R + (4n — 2)RK;*/?
2V a’t

m ) (3.43)
20 Z BN o) g
a+KD Z ne

oo r 12
x — R + (4n — 3)RK Y/?
+ (T — Ts;) Z h2(n=1) exp (‘ ( ) =

~ 2Va’t
0 r 12
x — R+ (4n — 4)RK,/?
+T.—T.Zh2(n—1)ex - <
( 3i 4l)n:1 p _ Zm |

3.1.7 Heat Flux through the Interfaces

The conductive heat flux can be written by Fourier law!*® in 1-D as follows,

_ i oT
1= d0x
Heat Flux through the Interface B1|B2 at x=- R
T, (x, t) T, (x, t)
— _Jo0 — 277
dp1|p2 = k ax k Ox
X=—R X=—R

Putting Eq. (3.40) in above Eq. and replacing x = —R we get
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T, (x, t)
— _1,0
qp152(t) = —k “ox

x=—R

k K,
+

{(Tzl Tn)hz pD exp(

— (Ty; — T3i)hz h2(n-1) €xp (_

2(T3; — Tyy) Z
_ h2(n-1)
(1+K,) P

— (T = T Z P2 exp (—
n=1

+ (Ty; — T1y) Z h2(n-1) €xp (_

n=1
Heat Flux through the Interface B2|B3 atx =0

e 0T, (x,t)
4B2|B3 ~ox

Putting Eq. (3.41), we get

T, (x,t)
t) = —k°¢
CIB2|B3( ) ax

x=0

(4n — O)R
2Vact

2vVact

2vVact

[(4n — 3)R'2>

2vVact

[(4n — 4)R)
| 2Va‘t |

¢ d0T5(x, t)

x=0

c T had _ 2
__ k : {_ (Tzi . T3L) h2 Z hz(n—l) exp (_ [M] >
n=1

Vract 2vVact
+ 1 + (TZI. T31 + T4-l) Z hZ(n D €xp

1
1+K,

(TZL T3L) Z hz(n 1) exp

Heat Flux through the Interface B3|B4 at x=R
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0x

x=0

(4n - 1)R] >
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_ e 0T5(x, t)
dB3|B4 ~ox

Putting Eq. (3.43) in the above equation, we get

0T, (x,t)
qp3|pa(t) = —k"a—
X
xX=R
kK
 Vraot1+K,

{(Tsl T hz p2D exp(

(1+K,)

+ (T = T) Z B2 exp (—

n=1

+ (T3; — Ty) z h2(n-1) exp <_
n=1

X=R

0 0T, (x, t)

0x

(4n — O)Rl2
N
+ (Ty — T3y) hz p2n-1) exp( (4n- DR 1)R )

_ Z(TZl Tll) Z hz(n 1) exp ( (47’1 - Z)R >

3.1.8 Heat Energy Transfer through the Interfaces

[(4n — 3)R'2>

2vVact

[(4n — 4)R] 2)}

2vVact

(3.46)

The total amount of heat transfer per unit area through the interface may be determined by

Q=f0tth

From Egs. (3.44) — (3.46), it may be seen that the form of heat flux is as follows,

integrating heat flux over time as follows,

1

q=ﬁe><p(—

Where A =

(4n—4)R]2
2Vact

The solution of such integral may be found in any book of calculus'*?

Mathematica as,

A
t
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Vt
Where 1 — erf(x) = erfc(x)
Heat Energy through the Interface B1|B2

]Otiexp <— é) dt = 2\/texp (—é) — 2VAVT erfc (%)

(3.47)

Total heat transfer through any interface B1|B2 throughout the heat conduction process may be

determined using the following relation,

t
Qp1|B2 :J- qp1)B2dt
0

Using Eq. (3.47),
energy transfer through interface B1|B2,

QBllBZ
_ 2k° K,
- To® 1+ Ks
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Heat Energy through the Interface B3|B4
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\
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(4n — O)R]
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(4n — DR)]

we may integrate Eq. (3.45) from t = 0 — t as follows to determine total heat

(3.48)

Using Eq. (3.47), we may integrate Eq. (3.46) from t = 0 = t as follows to determine total heat

energy transfer through interface B3|B4,

131



| 2%° K,
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Using the relations in Egs. (3.48) and (3.49), the total heat flow may be determined through the
interfaces B1|B2 and B3|B4 respectively during the specified time.

3.2 Summary of Analytical Solution

A complete analytical solution of the unsteady heat conduction problem in a multilayer system of
four bodies has been determined. Temperature profiles of all the bodies involved as a function of
space and time may be determined using Egs. (3.34) — (3.37). Egs. (3.44) — (3.46) may be used to
determine heat flux through the interfaces (B1|B2, B2|B3, and B3|B4) as a function of time. The
total heat through the interfaces in a specified time may be determined using relations (3.48) and
(3.49). It may be observed that the solutions, temperature profiles and heat fluxes, energy transfers
obtained above have infinite summation series. That is, each solution is the sum of five series and
each series has infinite terms. Directly using above solutions requests the determination of the sum
of these series, which is not convenient for further study and makes it difficult to get any conclusion
from it. Based on the nature of the problem and the physics, the sum of the series should be a finite
number. In the following, a procedure is being devised where we will present a solution to replace
infinite series to a finite series to a reasonable approximation to use the analytical solution for the

numerical calculations.
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33 Estimating the Summation Terms

3.3.1 Determination of Number of Terms Needed

The solutions, temperature profiles and heat fluxes, obtained in the analytical solution have infinite
number of terms. That is, each solution is the sum of five series and each series has infinite terms.

All these series can be represented by the series S,(x,t) (n=123..) or S(x,t) (n' =

0,1,2,..),ie,n" =n — lorn = n’ +1as,
(4n—m)Rl2
S,(x,t) = 2 Dexp | — |——— 3.50

(3.51)

2
, 4n'+4 —m)R
S,(x,t) = h?™ exp (— ( ) l )

2vVact

where m =0, 1, 2, 3, 4, respectively. Directly using above solutions requests the determination of
the sum of these series, which is not convenient for further study and makes it difficult to get any
conclusion from it.

Based on the nature of the problem and the physics, the sum of the series shown in Egs. (3.50) and
(3.51) should be a finite number. It is also found that

P2 <_ (4(n+2) - m)R]2>

Sn+2 _ 2Vac‘t
Sn+1 h2n exp  — [(4(71 +1)— m)R]Z
2Vact
S
"2 — h?Bexp(-A'n) (< 1) (3.52)
Sn+1 '
8R? (12-2m)R? - 2
where A = > 0 and B = exp (— T) < 1. As mentioned above h* < 1, one can get

Sn+z . . oy .
that S"” is less than one (see Appendix - I) and, more importantly, decreases with increasing n,
n+1

which means that these series are convergent. That is, there should be a sufficiently large integer

N such that the subsequent terms have no significant effect on the overall summation value as,
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n=1 n=1 n=N+1
N
= Z Sp(x,t) +A (3.53)
n=1
N
= Z Sp(x, t)
n=1

n=1 n'=0
N-1
- z S (xt) + A (3.54)
n’'=0
N-1
= S (x,t)
n'=0

Therefore, it is interesting to determine the N so that the calculation of these series can be carried

out and the sum of the first N terms can be used as the value of the series as follows. In Eq. (3.53),

o)

A= Zs \(x, )

=N
( [ 4R ,+4R—mR]2>
ex n
P 2Vact 2Vact

P
i 20’ exp(—[an’ + b]?)
i A

2n’ exp(—a®n 2) exp(—2abn") exp(—b?)

where a = 4R /2Va‘t & b = (4 — m)R/2a‘t = 0. Replacing n'% with 3n’ and assuming n' >
3 (or the N is at least 4), the following relation will hold:
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A= z h?" exp(—a®n'?) exp(—2abn’) exp(—b?)
n'=N

[oe)

< Z h?"' exp(—3a’n’) exp(—2abn’) exp(—b?)
2 (3.55)

= ) e exp-y)"
n'=N
where y = 3a? + 2ab >0 and C = exp(—b?). Therefore, h? exp(—y) <1 as |h| <1 and
exp(—y) < 1. The summation of right-hand side of inequality (3.55) being a geometric series is

given as:

, h?N exp(—yN)
2 ) —
C(h*exp(—y)) C 1= hZ exp(—7) > A

n’=N

To determine the value of &, any value of first N terms can be used to compare with the A. For

example, if §;(x, t) is used and a very small positive real number 0 is selected (0 < § < 1), as
long as,

h?N exp(—yN)

1 —h*exp(=y)

=S,(x,t) 5

the approximation in Eq. (3.53)/(3.54) can be used. That is,

h?N exp(—yN 4n — m)RV
A<C p(=yN) =6h2("‘1)exp<— ( ) l)

1 —h?exp(-y) 2Vact -
h2N exp(—=yN)
—h2 — 2(1-1) _ 2
A < exp(—b )1 ~hZ exp(—7) 6h exp(—[a;]%)
where a; = (4 — m)R/2Va‘t = b so that
h?N exp(—yN) = 6[1 — h? exp(—y)] (3.56)

Since 0 < h? < 1 and exp(—y) < 1, [1 — h? exp(—y)] > 0. Therefore, the N can be written as:
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—1In& —1In(1 — h? exp(—
N = 18~ In( exp(=1)) > 4) (3.57)
y —In h?

From Eq. (3.57), one can find that the higher the value of m, the bigger is the N. Therefore, to
simplify the calculation so that one value of N can be used for all series with different values of

m, the constants in Eq. (3.57) is further modified by using m = 4. That is, b =0 and
y = 3a? = 12R?/(a‘t) (3.58)

That is, Egs. (3.57) and (3.58) and are used to determine the N.

From Eq. (3.57) one can find that if |h| = 1 and y — oo (i.e., either R is very big or t is very small),
N — 0. In this case, the sum of first four terms of the series (i.e., N = 4) shown in Eq.(3.53)/(3.54)
can be used as the sum of the series. On the other side, if |h| = 0, the N = 0 for all values of y.
In this case, again the sum of only first four terms of the series (i.e., N = 4) shown in Eq.
(3.53)/(3.54) can be used as the sum of the series. For a constant /4, the N decreases as the y
increases. Typical value of |h| for ceramics as ECM and metals for end materials is 0.5 — 0.9. As
long as the yis more than 3 (i.e., 4R?> > a‘t), the N is less than 4 for the § being 107 or bigger.
Again, in this case, the N = 4 can be used for the calculation of the series.

Dependence of N on the y for a typical range of » (0.01 — 10) for different values of |4| are shown
in Figure 3.3. Clearly, the N is always smaller than 70. For a constant value of 4, N decreases as y
increases. The rate is, however, not constant as |/| increases, NV decreases with a higher rate as the

vy increases. For a constant y, the N decreases with decreasing |h|.
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Figure 3.3 Dependence of N on y (=3a2) with fixed |#| and § , (a). = 104, (b).  =10-¢

The vy shown in Eq. (3.58) is dependent on the ECM’s diffusivity (a~107), size of ECM and time

of the conduction process. Dependence of N on |/| and y for some typical values is shown in Figure

3.4. Again, it shows that the N is not a big number.
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Figure 3.4 Dependence of N on || and y for typical ranges of |h| = 0.55 — 0.85 and y = 0.01 — 10, (a). 8 = 10",
(b). =10

It has to be mentioned that the upper limit N obtained from Eqgs. (3.57) and (3.58) is obtained based

on the heat flux solution. That is, one can use the N determined to the calculations of Egs. (3.44)
—(3.406).

3.3.2 A Case Study
As shown by Eq. (3.57) and (3.58), the value of N is dependent on the values of o, 4, and y, while
the vy is determined by R, a and ¢ (i.e., size of ECM body, thermal diffusivity of the materials, and

time). As an example, let us select barium titanate (BT) having thermal properties

(p€: 6060 kgm™3, k¢: 6 Wm™ K™, c5: 527 Jkg™'K ') as the ECM and aluminum with thermal
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properties (p°: 2689 kgm ™3, k°: 237.5 Wm™K ™1, cg: 951 Jkg~'K~") as the end bodies. Figure
3.5 (a) — (b) shows the dependence of N on both ¢ and R for two different values of for 9.
lh| =0.7, 5 =107

Terms (N)

10
R (mm) 1o
lh|=0.7, 6=10"°

Time (s)

w
o

(b)

N
(=]
/

Terms (N)

R (mm) 1T 0

Time (s)

Figure 3.5 Dependence of N on t and R for BT as ECM and Al as end bodies for, (a). § =10, (b). 8 =10

Clearly, longer the time, the higher the value of N is. But, as time gets longer, the increase in the
N is very slow. Also, more terms are needed if the sizes of ECMs are reduced. However, the results
shown in Figure 3.5 demonstrate that the increase in the N is slow at a longer time and/or smaller
size. It seems that for this case, for the numerical calculations, the N is no more than 15. As it is
evident from solution (3.57) that N also depends on the tolerance §. The dependence of N on 0 is

shown in Figure 3.6 on a semi logarithmic scale. As expected, the smaller the tolerance, the bigger
the value of N is.
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|h|=0.7,t=10s, R = 1mm
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4 f L 1 N L | IR L L 1 | L L | IR L s L
107 104 10" 10 107
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Figure 3.6 Dependence of N on tolerance using BT as ECMs and Al as end bodies for t = 10s and R =1 mm.

3.4  Concluding Remarks

A one dimensional (1D) analytical solution of dynamic heat conduction problem for a system of
four bodies has been determined, which gives the time dependence of both the temperature profiles
in all four bodies and heat flux through all three interfaces. The solution includes series with
infinite terms. It is proved that these series are convergent so that the sum of first NV terms of a
series can be used as the sum of the series. An analysis for the estimation of the N was carried out
and a formula to calculate the N is introduced. For most of cases, the N is less than 70. When
barium titanate (BT) is used as the ECM and aluminum is used as surrounding material, the case
study shows that the N is mostly less than 20. The approximation is simple, and yet accurate
enough, to be adopted in future engineering models. For example, by using multiplayer model and
the results reported here, a new design of ECE-based heat pump with complete silent operation

(without any moving parts, regenerators, and/or thermal switches) is introduced in the next chapter.
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Chapter4  Heat Pump without Moving Parts/ Silent Operation
4.1 Heat Pump Model for Directional Heat Flow

This chapter presents a heat pumping concept where the heat energy can be transferred from heat
source (SO) to heat sink (SI) without the involvement of any moving parts, i.e. working materials,
circulating fluids, mechanical actuation and/or heat switches/ diodes, etc. A four-body system has
been conceived in which two ECM layers have been sandwiched between two semi-infinite bodies
as shown in Figure 4.1. In this multilayer structure, two semi-infinite layers on left and right
represent the heat source (SO) and heat sink (SI), respectively, while two layers (EC1 and EC2) of
ECM are sandwiched into the SO and SI whose temperature profile may be changed
instantaneously using external electric filed. All four bodies/layers are permanently bonded
together, and nothing moves. That is, in this all-solid design, neither moving part nor actuator, nor

heat switch is used. Therefore, a high reliability is expected.

Body-1 Body-2 | Body-3 Body-4
Sl EC1 EC2 SO

SI|EC1 EC1|EC2 EC2|SO

Figure 4.1 Conceptual model of EC heat pump

4.2 Physical Model and Working Principle

Considering the case that all bodies reach a thermal equilibrium state (i.e., at the same temperature
T), and then a three-step electric field cycle as shown in Figure 4.3 is applied on the two ECM
layers. Assume that the change in the electric field is so fast that the temperature change in the
ECM layer due to the ECE can be treated as an adiabatic process, which is exactly what has been

observed in typical ECE-based devices!'3%!34,
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Sl T EC1 | Ec2 T SO

T g T g T
__________ SI/ECL  EC/ECZ  EC2/SO
LEGEND :_Sink/Source : I ECM I | Heat Flow> Initial Temp.

Figure 4.2 Operational process of the three-step cycles for the system shown in Figure 4.1

The details about the three-step process/cycle are:

Step-I: the electric field on both EC1 and EC2 is changed so that the temperature of EC1 increases
by AT (> 0) and the temperature of EC2 decreases by AT; and then the electric field on both EC1
and EC2 is kept for a certain time to allow the temperature in all four bodies reaches their new
thermal equilibrium state (i.e., the same temperature T) due to the heat conduction.

During Step-1, it is expected that a certain amount of heat (Q%,) will be transferred from right (SO)
to EC2 and a certain amount of heat (Q%;) will be transferred from EC]1 to left (SI) as shown in
Figure 4.2.

Step-II: the electric field on EC2 is still kept as it is in Step-I, but the electric field on EC1 is
changed so that the temperature of the EC1 is decreased by AT, and then the electric field on EC1
and EC2 is kept to allow the system reach their thermal equilibrium state (i.e., the same
temperature T) again due to the thermal conduction.

During Step-II, it is expected that a certain amount of heat (QL) will be transferred from right
(SO) to EC2 and a certain amount of heat (Q%}) will be transferred from left (SI) to EC1 as shown
in Figure 4.2.

Step-III: the electric field on EC1 is kept as it is in Step-I11, but the electric field on EC2 is changed
so that the temperature of EC2 is increased by 47, and then it is kept to allow four bodies to reach

their thermal equilibrium state (i.e., the same temperature T) again.
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During Step-I11, it is expected that a certain amount of heat (Q%4) will be transferred from EC2 to
right (SO) and a certain amount of heat (Q%) will be transferred from EC]1 to left (SI) as shown

in Figure 4.2.

| Cycle-1 | Cycle-2 | Cycle-3 |
Step-l Step-ll Step-lll Step-l Step-ll Step-lll Step-l Step-ll Step-lil

E [ | | I ]

EC1

EC2

T+AT

EC1
_|
I
I

T-AT |
T+AT |

EC2
-
I
|

T-AT[

o
—
-
-~
—~
-~
-
—
-
-~

Time
Figure 4.3 Electric field cycle and corresponding temperature variations at center of EC1 and EC2 (three

cycles shown).

The change in the electric field on both EC1 and EC2 is schematically shown in Figure 4.3, in
order to achieve the thermal process shown in Figure 4.2. Clearly, after one cycle, the electric field

on both EC1 and EC2 restores its original condition. In other words, the three-step process shown
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in Figure 4.2 is repeatable. That is, the three-step process can be continuously repeated. Therefore,
if a certain amount of heat can be transferred from right (SO) to left (SI) during one cycle of the
three-step process, a continuous heat flow from SO to SI can be achieved. That is, a continuous
heat flow from one body to the other can be achieved even two bodies are at the same temperature.
Regarding the heat flow during one cycle of the three-step process, as shown in Figure 4.2, there
will be an amount of heat (Q) transferred from SO to EC2 as: Q = —Q%, — Qi + Q. Similarly,
there will be the same amount of heat transferred from EC1 to Sl as: Q = —Q%; + Q& — Q. That
is, during one cycle of the three-step process, an amount of heat (Q) is transferred from right (SO)
to left (SI), even though both SO and SI have the same temperature. Since the three-step process
shown in Figure 4.2 can be repeated as shown in Figure 4.3, a continuous heat flow from SO (right)
to SI (left) can be achieved by continuously repeating the process shown in Figure 4.3. That is, a
constant heat flow from SO to SI is expected, although both SO and SI have the same temperature.
First of all, let us assume all four bodies are exactly the same material, the heat conduction during
Step-II and Step-III becomes a classic heat conduction problem'*: an infinite plate with a finite

uniform thickness is sandwiched into two semi-infinite media on both two sides of the plate. For

this case, it is well known: Q% = QY and QL = QL. Based on the model shown in Figure 4.2,
one can get that QI = QL. Therefore, QY, = QI = QMY = QL. That is, Q = QL; = Q%,. In

other words, through one cycle of the three-step process illustrated in Figure 4.3, the amount of
heat (Q) transferred from right to left is only determined by the Step-1.

It must be mentioned that during this three-step process, no movement of any part of the system is
required and there are no other mechanisms involved. Only the thermal conduction among four
bodies is involved. Since all four bodies are permanently bonded together, an excellent thermal
contact can be achieved on three interfaces (SI[EC1, EC1|EC2, EC2|SO) and the thermal contact
of these interfaces would not change with time. This is the principal advantage of the design
introduced here over all reported ECE-based devices.

For the design introduced here, the key is that whether any heat transferred during the process or
the Q is zero. If the Q is not zero, what is the condition (materials used for ECs, sink and source
layers) to achieve a high Q and what is the time duration of each of these three steps? To answer

these questions, numerical calculation is carried out below.
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4.3 Mathematical Model and Analytical Solution

The unsteady heat equations for the four bodies in this heat pump may be written as the same way
we did in Chapter 3, the only difference is that Boby-1 here will be heat sink and Body-2 will be
heat source. B2 and B3 bodies are ECM and have been names here as EC1 and EC2, so our system
of heat equations become as follows,

0Ts (x,t)  0°Ts(x,t)

—o<x<-—R 4.1
ot M2 v
2
0Tgc1 (%, t) = a, 07 Tger (%, 1) —-R<x<0 4.2)
ot Jdx?
2
aTECZ(x, t) = 6 TECZ(xJ t) 0 <x<R (43)
at 0x?
2
0Tso(x,0) _  0*Tso(x, 1) R<x<oo (4.4)

ot T 2
Where a; = k; /p jCp; (j = 1,2,3,4) is thermal diffusivity. In our heat pump model, Body-1 Body-

2 are EC bodies (EC1 & EC2) and have been considered here as the same, whereas Body-1 and
Body-4 are SI and SO bodies and are the same but different from EC bodies. So the following
replacements may be made for simplification.

a,=a;=a“&a; =a, =a’

ky =k; =k &k, =k, =k°
0

— — c — —
p2 = Cpy = Cp & Cp, = Cp, = Cp

c

P2 =p3=p°&p; =py=p°
where superscripts represent center (ECl1 and EC2) and outer bodies (SI and SO). The
assumptions, initial and boundary conditions, and the complete analytical solution for temperature

profiles and the heat flux through the interfaces has been determined in Chapter 3.
4.3.1 Initial Conditions for Thermal Cycle

The initial conditions (ICs) for above mentioned steps (Step-I to Step-III) are given in Egs.(4.5) —
(4.7).

ICs for Step-1
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TSI(X; 0) = TSI,i =T

TEC (x,O) = TEC ki = T+AT

(4.5)
Tgc2 (x,0) = TECZ,i =T —-AT
Tso(x,0) = Tso; =T
ICs for Step-11
TSI(X; 0) = TSI,i =T
Tgc (x,0) = TECl,i =T —-AT
(4.6)
Tgca(x,0) = Tgeoi =T
Tso (x,0) = TSO,i =T
ICs for Step-I11
Ts(x,0) = Tg ;=T
Tgcy (x,0) = TECl,i =T
4.7)

TEC (x, 0) = TECZ,i = T + AT
Tso(x,0) =Tsp; =T
4.3.2 Boundary Conditions (BCs)

If two bodies at different temperature are brought in contact, their temperature at the interface
(surface temperature, Ts) is equal and its value depends of the thermal properties of the materials
across the interface!**1471¥ Based on the first law of thermodynamics, the amount of overall heat
released by one body is equal to the amount of heat flowed in the surrounding body through the
interface'*? ( The interfaces have been considered as perfect interfaces, i.e., no thermal resistance).
So based on Fourier’s law of heat conduction'® across the interface, the following boundary
conditions for t > 0 (also known as the boundary conditions of fourth kind'>’) are set for the
model shown in Figure 4.1.

Interface SIIEC1 at x = —R
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Ts;(=R,t) = Tgc1 (=R, t)

_jo 0Ts;(x, t) — 0Tgc1 (%, 1) (4.8)
0x e—R dx X=—R
Interface ECI[EC2 atx =0
Tgc1(0,t) = Tge2(0,8)
e 0Tgc1(x, ) — e 0Tgcy (x, t) (4.9)
0x x=0 0x x=0
Interface EC2|SO at x = R
Tgc2(R,t) = Tso(R, 1)
ke 0Tgca (%, t) N dTso (x, 1) (4.10)
dx YR dx =R

4.3.3 Physical Conditions

The source and sink have been considered bodies of infinite size and lateral surfaces are insulated

so there will be no heat transfer to the surrounding at x = +co.

dTs(x,1) _0Ts0(x, 0)

0x X=—o ox =00 =0 (411)

4.3.4 Analytical Solution

The assumptions, initial and boundary and conditions and the complete analytical solution for
temperature profiles and the heat flux through the interfaces has been determined in Chapter 3.
Here the analytical relations for temperature profiles in the bodies involved in heat pump (SI, EC1,
EC2 and SO) and heat fluxes through the interface SI[EC1, ECI1|[EC2 and EC2|SO is given without

going into details of the solution (see Chapter 3 for detailed solution).
4.4 Temperature Profiles of the Bodies

The temperature profiles in each region of the heat pump model is given as,

Temperature Profile of SI as Function of Space (1D) and Time
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T (x,t) — Tgy

K, = —x — R+ (4n — 0)K, *?R
“TTE, {(TEC” ~Ta)h ) KO erte et

n=1

x—R+ (4n — DK, '/*R
2Valt

— (Tec1i = Toczi) R z h2=1 erfc

n=1

B 2(Teca,i — Tso,i) 2 B2 e X R+ (4n—2)K; R (4.12)
1+K, ] 2\t

- —x — R+ (4n —3)K.?R
_ (TECl,i — Tec 'i) Z h2-1) arfc ( K,

=1 2Va°t
N —x — R+ (4n — 4)K;*R
+ (Teca,i — Tsi) Z h2(=1) erfc ( )Ka
=1 2Va°t

Temperature Profile of EC1 as Function of Space (1D) and Time

Tge1 (X, t) — Tgea
(o)

_ (Tgcri — Tec ;1) h? z 2D e (4n —0)R+x
2 2Vact

n=1
h o (4n — DR — x (4n — DR + x
+ E hz("_l)[ Tycri — Tsp ;) erfc ————— + (Tpeg; — Tsp ;) erfc—————
1 + KS ~ ( EC1,i SI.l) Zm ( EC2,i SO,[) Zm

N 4.13)
h _ (4n—2)R —x (4n—2)R +x (
- EZ 2n-1) [(TECl,i — Trea,i) erfcz—m — (Tecri — Tecai) erfcw
n= 4/

[oe]

1 _ (4n—-3)R—x (4n—-3)R +x
T1+K § 2= [(TEcz.i - TSO,i) erffc——— + (TECI,i - TSI_i) erffc—————
&
n

=1 2Vact 2Vact
3 (TECl,i — Tkc ,i) Z B2=1) arfe (4n—4)R —x
2 —_ 2Vact

Temperature Profile of EC2 as Function of Space (1D) and Time
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Teca (%, t) — Teea

(TEC1,i - TECZi) h? Z PRICEEY (4n—-0)R—x
- erffc—————
2 2vVact

n=1

- (4n — DR — x (4n— DR +x
2(n—-1) _ J— . S
+ ni h [(TEC i Tsu) erfc N + (TEC i TSO,I) erfc N
h (4n—-2)R—x (4n—2)R+x (4.14)
- E hz("‘l)[T i — Tge ;) erfc————— — (Tgcy; — Tee ;) erfc————
2 4 ( EC i EC ,l) Zm ( EC1,i EC ,l) zm

[oe]

K, ] ’ 2vVact ' ' 2vact

.\ (Tec i — Tec i) Z pane1) g T DR+ x
2vVact

Temperature Profile of SO as Function of Space (1D) and Time

4n—3)R —x 4n —3)R +x
hZ(Tl—l) [(TEC i TSO i) erfCL + (TEC i TSI i) el‘fC L]

Tso(x,t) — Tso,;

K. — R+ (4n — 0)K, “/*R
14K, {(TEC ! TS‘“)hthm Y erfe~ 2ot

n=1

x—R+ (4n - DK, "*R

+ (Tecri = Tpezi) b Z h?=1 erfc

~= 2\Valt
 2(Tecai — Tsn)z p2nen) g X R (4n — 2)K; 2R (4.15)
1 + K 2 aot

x—R+ (4n — 3)K.*?R
+ (TE(Ili — Tgc L-) Z h2(=1) erfe ( Le
’ ’ 2\ alt

n=1

x—R+ (4n— 4K, *R
2Va’t

+ (TEC i TSO,i) Z hz(n_l) erfc
n=1

4.5  Temperature Gradients in the Bodies

Using the following relations, the gradients of the temperature profiles may be given in Egs. (4.16)
—(4.19).

% [erfc (Zj/cﬁﬂ = —\/%exp (— %;)

ax [erfc (2\_/x_>] \/% exp <— :T;)

Temperature Gradient in Sink (SI)

149



9Tg; (x, 1) _ K. 1
dx - 1+ KS VrTalt

e} - 12
~ —x — R + (4n — 0)RK,/?
X (Teeri — Tor) hz h2=Dexp | — o z

n=1

© r 12
—x — R + (4n — DRK;"?
= (Tecri — Teczi) h Z h2-Dexp | — ( JRK,

- 2V a’t
n=1 )
- o (4.16)
Z(TEC i Tso,i) Z p2(n-1) —x — R+ (4n — 2)RK,
- exp| —
(1 + Ks) — 2vValt
n=1
2

— (Teci — Tec 1) Z h2=Dexp | —

n=1

—x — R + (4n — 3)RK,*/?
2V a’t

2

+ (Tperi = Tsri) z h?=Dexp| —

n=1

—x — R+ (4n — 4)RK, "/
2\act

Temperature Gradient in EC1
g1 (x,t) 1

ox vract
_ Ay _ 2
w1 (Tec1i = Trcai) h Z B2 exp <_ (4n—0)R +x )
2 = 2vact

B w (4n— DR — x]? (4n— DR + x|’
+ E hz(n*l)[ Tec1;i — Tsii) €x (—[7 —(Tor): = Ter Vexp| = [———22 12
1+K, L ( EC1i sl,z) p Va't ( EC2,i so,z) p N

he (4n—2)R—x2 (4n—2)R+x2
IS 00 (T~ T ex Hi + (Tyens — Toens) exp - |- 2R+ x
zn:1 ( EC1i ECZ,L) p Nt ( EC1i ECZ,L) p V't

1\ (4n—3)R —x]° (4n = 3)R + x|
- h2e=D (T, . — T, .)ex <— ~ 7~ AT — T Vexp | —
1+ Kg; ( EC i 50,1) p Va't ( EC1i sz,z) p 72@

_ (Tec1i — Trcai) z h20D) oyp <_ [(4—71 —4R—x 2>§
2
n=1

4.17)

2Vact
Temperature Gradient in EC2
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OTpca(x,8) 1

ox B Vract
(TEC i TECZ,i) AN 1 (4n—0R-—x z
x [‘f;h“ Texp <_ Nat )
Ao 4n— 1R — x| 4n— 1R + x|
(4n-2)R —x’ 4n—2)R + x|’ '
4n —3)R — 4n —3)R + x|’
T1+ Kgnz; h2 [(Tscz,i —Ts0,) eXP( [( - ) ) (Tec ;i — Tsii) exp (— [% >]
(Tec i = Tac 1) N e (4n—4)R+x
T e e ([ )
Temperature Gradient in Source (SO)
Myo(x,t) K, 1
ox - 1+ K. vra°t
N — R+ (4n — O)RK; |’
X (TECZ,L' _ TSO,L’) hz hz(n—l) exp| — [X ( n _ ) a
—= 2Va’t
s 2
x — R + (4n — 1)RK'/?
+ (Tee = Tec & hZhZ(n—De - :
( EC ,i EC ,L) Z Xp a0t
(4.19)
Z(TEcu Ts1,) Z p2(n-1) [x — R+ (4n — 2)RK_1/2
ex
(1 + K ) p 2 aot ]
- [x—R+@n-3)RK; 1/2)?
4 (Tors i — Teoro ; th(n—l)e
( ECL,i ECZ,L) 4 Xp _ IOt —
had -1/2
+ (Tocai — Tso,) Z h2(=D exp ( x—R+ (:n 4)RK, )}
n=1
4.6 Heat Flux through the Interfaces
The conductive heat flow through the interfaces may be written as,
0T¢; (x,t 0T (x, t
qsnec1(t) = —k° L = _kCL) (4.20)
d0x d0x :
X=-R x=—R
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¢ Tgca(x, 1) K 0Tgc2(x,t)

qecaiec2(t) = — x == Ox (4.21)
0Tgc2(x,t) 0Tso (x, 1)
Tecaso(D) = K —=5,—| =% (4.22)
X=R x=R

The relations for heat flux through the interface SI[EC1, EC1|EC2 and EC2|SO may be determined
by using temperature gradients (4.16) — (4.19) in the Eqgs. (4.20), (4.21) and (4.22) respectively
and the results have been in Egs. (4.23) — (4.25).

Heat Flux through the Interface SI|[EC1

0T, (x,t)
qspc1(t) = —k° Sla
x x=—R
kK,
T Vmaotl+K.
N 2
(4n — O)R
SR A CoL
{( EC i 51,1) p Nact
(4n — DRY?
— (Tec1i — Trezi) hz h2(=1) exp( BN (4.23)

Z(TEC i TSOL) n— (4n —2)R
a+K) ZhZ( Dex ( [ 2Vact ] >

4n — 3)R
= (Tecri — Tec 1) nzl h2(=D exp (‘ %} >

N, (4n — H)R]?
= 2o ([ )

Heat Flux through the Interface EC1|EC2
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0T (x,0)

Gec1ipc2(t) = —k

ox v0
ke T T u 4n — 0)R]?
—_ {_( EC1i — ECZ,L') B2 Z R2(=1) oy (_ (4n — ] >
4 2 p 4
Ta‘t ~ 2vVact
h _[an-DR 2
Toeai + T, Z h2n=D
1+K ——(Tec i = Tsri = Tacai + Tso,1) exp 2m
4.24
(T =T, ,)hzhzm-nexp<_ M]) (329
EC i EC i Zm
1 (4n — 3)R]
Teczi — Tsoi — T, L+T12h2(nl)ex< ])
1 T K, ( EC2, so, EC1 SI p et
_MZ 20D exp (- (4n— HR]’
2 ] 2Vact
Heat Flux through the Interface EC2|SO
0Tso (x, t)
Gec2)s0(t) = —k°————
Ox YR
N 2
k° K (4n — 0)R
B R Tl ety
ma’t1l+ K, {( ec 1~ Tsos) ] P 2Vact
N 2
(4n — DR
=T 3 [
( EC1,i ECZ,L) p et
(4.25)

Z(TECL Tsu) n— (4n —2)R
a+K) Zhﬂ DexP( [ 2wt ])

(4n — 3R]
+ (Toers — Tec & E 2= ey (— Sl
( EC1,i EC ,l.) ] p Zm

- (4n — 4)R]?
n—
+ (Tgczi — Tso i E h2 =1 ex (— —])
( EC2,i SO,L) Z p Zm

4.7 Heat Energy Transfer through the SI|EC1 and EC2|SO Interfaces

The energy per unit area through the interfaces SI[EC1 and EC2|SO may be determined by
integrating heat flux over the time spans by using the relation (4.26) and is shown in Eqs.(4.27) &
(4.28).
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o) = f Gt (4.26)
0

The solution of the integral of the function f(t) = % exp (— %) in limits from 0 — t, may be from

any book of calculus or using Mathematica

f exp —— dt = 2/t exp (— é) — 2V Ar erfc (%)

Where 1 — erf(x) = erfc(x),
Using the above relation, the total energy transfer through the interfaces SI|IEC1 and EC2[SO in a

specific time interval has been determined and given in Egs. (4.27) and (4.28).
4.7.1 Heat Energy Transfer through the SI|EC1 Interface

¢
Qs1jec1 =f qsneci(t)dt
0

_ 2k° K,
Qsijec1 = Jrae 1+ K,

N
_ (4n — 0)R (4n — 0)R (4n — 0)R
x[(Tsc = Toi) h;hz( >[\/?eXp<— N ] > N Vrerfc N ]
N 2
_ (4n— DR (4n — 1R (4n— 1R
= (Tec i —Tec i) h ;hz( )[\/Eexp(—[ NG ] )— NG Vr erfc NG (4.27)
2(Toeai = Tso) N 2y <_ (4n— Z)Rr) _(4n-2)R (4n—2)R
K Z W e |\ =15 v Ve
N 2
4n — 3)R 4n—3)R 4n—3)R
- (TEC1,i _TECZ,i);hZ(n_l) [\/EEXP <— ( ;/a—%) ] )—( 721\/?) \/Eerfc( :\/a_ct)
(4n — 4R

N 2
+ (Tyens — Ters) Z p2(n-1) [ﬁ exp <_ [(4;1\/—0(_2R ) _(n-9R

4.7.2 Heat Energy Transfer through the EC2|SO Interface

VT erfc
2vac 2Vact

|

t
Qkcziso Zfo Acais0 ()L (4.28)
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0 _ 2k° K,
EC2|S0 = Jrao L+ K.

N 2
4n—0)R 4n—O)R 4n—O)R
% [(TECZ,i _ TSO,i) h; p2(n-1) [\/?exp <_ ( :\/aTt) ] )_( ZW) \/Eerfc( ;1 ac: ]

" e (4n-1DR]"\ @“n-DR (4n — DR
+ (Tsc i = Tec ,i)hzh " \/Eexp(—[ ] >_ Jrerfc

& 2Vact 2Va® 2Vt
2(Toe 1= Ton) Oy (4n—2)RT?\ (4n—2)R (4n—2)R
_Z (1 - Kg) ; hZ( ) |:\/? exp <— zm ] > — ZW \/Eerfc Zm

N 2n-1) (4n—3)R]?\ (4n—3)R (4n-3)R
+ (TEC J TE(; L)Z h \/Eexp <_ zm ] > _ \/Eerfc
n=1

2Vac 2Vact

N 2
1 (4n—4)R (4n—4)R (4n—4)R
+ (TE‘CZ,i - TSO,L‘) nz:l h2(n-1) [\E exp (— [ e ] ) — W v erfc it

It is worth mentioning here that the upper limit n = oo in Eqgs. (4.23) — (4.25), (4.27) and (4.28)
has been replaced with n = N. Where N is given by the relation below that has already been

calculated in section 3.3 and is given here again for quick reference.

2
N = —Iné —In(1 — h* exp(—y)) (3.57)
Y —Inh?

Where y = 3a? (> 0) in which a = 4r/2va’t (> 0) 6 (0 < 6 <<1) is the tolerance, and |h| < 1.

In Eq. (3.57), the tolerance o is defined as the ratio of summation of all terms of series for (n >
N + 1) to the value of first term only of the series. That is, the smaller the 9 is, the closer are the
results of Egs. (4.23) — (4.25) to the real results. If Eq. (3.57) results in a number smaller than 4,
N = 4 should be used.

4.8  Net Heat Energy Transfer through the Interfaces in One Cycle

As it has already been discussed that operation of the heat pump comprises of three steps, so the
net energy through the interface EC2|SO (or SI[EC1) may be determined using the initial
conditions in Eq. (4.28) (or similarly in Eq. (4.27). The amount of heat energy flow in one cycle
from step-I to step-III is shown in Egs.(4.30) — (4.32). Longer time spans are required for the
bodies in step-1II and step-III to come at thermal equilibrium. At the thermal equilibrium, the energy
through EC2|SO (and SI|[EC1) cancels each other in the step-II and step-III so the energy that is
transformed in the step-1I is the net heat transfer during one complete cycle. After equilibrium, all
bodies are at same temperature and then second cycle may be applied by external electric field and
so on for a sustainable heat pumping operation. After a cycle of these three steps, one can get that

the net heat flow through SO|EC2 interface is
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net —Qso L4 an (4.29)

4.8.1 Heat Energy Transfer in Step-I

Putting ICs (4.5) in Eq. (4.28), we get

I _ 2k° K,
QSO - QECZ|SO - Wl + Kg
N
(4n — O)R (4n — O)R (4n—0)R
— 2(n-1) -
x{( AT)hnZ:lh [\/fexp( ) NG v erfc ot
N
(4n— 1R (4n — DR
2(n—-1)
+2(AT)hnZ;h [ﬁexp( 2\/01_0 ) W ]
- (4.30)
_ (f(ﬁ))z p2n-D [ ﬁexp( (4n—2)R > 2R fc(4: n Dk Czt)R
€ n=1
N
(4n—3)R (4n - 3)R (4n - 3)R
2(n-1) _ -
+2(AT);h [ﬁexp( ot ] ) N Vmerfc o
N 2
(4n — DR (4n — HR (4n — DR
_ 2(n—-1) _ _ -
+( AT)nZ;h \/fexp( [ W ]) Wrea Vmerfc N }
4.8.2 Heat Energy Transfer in Step-11
Putting ICs (4.6) in Eq. (4.28),we get
u 2k° K,
QSO QECZ|SO Wl +K€
N 2
(4n— 1R (4n— 1R (4n— 1R
_ 2(n-1) _ —
x{( AT)hnZ:lh [ﬁexp( it ] ) NG V' erfc o
2(=AT) © (4n—2)R1?\ (4n—2)R (4n — 2)R (431)
_ 2z 2(n-1) I S _unz Un — AR
(1 +K) n=1h [ﬁeXp( [ 2Vact ] ) 2Va® Vmerte 2Vact
N 2
(4n —3)R (4n — 3)R (4n —3)R
_ 2(n—-1) _ _
+( AT)nZ;h \/fexp( [ W ]) Wrea Vmerfc N ]}

4.8.3 Heat Energy Transfer in Step-III

Putting ICs (4.7) in Eq. (4.28), we get
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Hr _— QIII — 2k° KS
SO — XEC2|SO _Wl-l_Ks

Y 2
% {(AT) hz R0 [\/?exp (_ [M] ) - Mﬁerfcw

2Vact 2Vac 2Vact
d (4n— DR\ (4n— DR (4n — DR
_ 2(n-1) _ — —_—_—
" AT)h,Zf [ﬁexp( [ N ]) war T v | (452

N 2
2(n-1 (4n—3)R (4n —3)R (4n — 3)R
+ (=AT) nzzl p2(-1) [\/?exp (— [ T ] ) - Jrerfe~ —

4.9 Temperature Profile and Corresponding Heat Flow through EC2|SO Interface

N 2
(4n — HR]?\ (4n— 4R (4n — R
2(n-1) _ —
+ (AT)nZlh [\/fexp( [ Tt ] ) NG v erfc N

The directional heat transfer through the interfaces SI[EC1 and EC2|SO depends strongly on the
interfacial temperature!**!4” T, and temperature profiles across the interface. Egs. (4.33) — (4.35)

give the interfacial temperature Ty at interfaces S!|[EC1, EC1|EC2, and EC2SO respectively.

Tec1(t) - Ko + T ()
Tslsipca(0) = 1 +£K (4.33)
€ x=—R
Tec1(t) - K + Tpea(0)
Tslpc1jgc2 (t) = 1 -:K (4.34)
€ x=0
Tgca(t) - Ko + Tso ()
Tslpcaiso (t) = N +€K (4.35)
£ X=R

That is, T is determined by the surface temperature of two bodies at the surface and the relative
thermal activity of bodies across the interface.

From Eq. (4.35), one can find that if SO/SI material is the same as ECM (i.e., K, = 1, all bodies
are thermally same), 7 is simply the average of two surface temperatures and there will be a
smooth temperature profile across the interface. If the K, — 0, Ts will be very close to the
temperature of the source surface x=R, Ty (t)|,=g. Therefore, T;(0%) is close to the equilibrium
temperature of SO, 7. Similarly, if the K, — oo, T, will be very close to the temperature of the EC2

surface at x=R, Tgc (t)|x=r-
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For detailed study, numerical calculations were carried out using MATLAB based on the
mathematical formulation described in the section 4.3. Thermal properties of some commonly used
materials are shown in Appendix - D. Following three special cases were studied using the
numerical method: 1) SO/SI material is the same as ECM (i.e., PMN-4.5PT), which results in K, =
1 (named as System-1); 2) PMN-4.5PT is used as ECM and Cu is used as SO/SI material, which
corresponds to an K, = 0.0172 < 1 (named as System-2); 3) BT as ECM and air as SO/SI, which
results in K, = 794 > 1 (named as System-3. R = 1 mm was used for all three systems. For the
simulations, it was assumed that application/removal of an electric field on ECM (EC1 and EC2)
results in a thermal change of ATg, = £1 °C, the corresponding change in heat energy is AQ =
pRc, AT for unity cross-section of EC1/EC2 and the equilibrium temperature is 0 °C. That is, in
the calculation, 0 °C is used as the equilibrium temperature, but the results can be simply used to
any equilibrium temperature T. Therefore, T is used as the equilibrium temperature in the figures

hereafter.
4.9.1 Step-II and Step-II1T

For System-1, as discussed in section 4.2, the overall heat flow through the EC2|SO interface
during Step-II and Step-III are not zero, but cancel each other as illustrated in Figure 4.4 for the
temperature profiles at different times. Clearly, the peak temperature location does not change with
time. That is, when the temperature in all four bodies reaches their equilibrium temperature, the
heat transferred through SI|ECI1 interface is exactly the same as the heat transferred through
EC2|SO interface. If AQ is the heat absorbed by EC1 during Step-II and also the heat released by
EC2 during Step-IlI, the net heat flows through EC2|SO is -AQ/2 and +AQ/2 during Step-1I and
Step-I11, respectively.
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Figure 4.4 Temperature profiles of system-1 during, (a). Step-11, (b). Step-III

For system-2, the temperature profiles during Step-II and Step-III at different times are shown in
Fig. 5. Clearly, at the beginning the heat is mainly exchanged between EC1 and EC2, which results
in a very small amount heat flows through EC2|SO and SI|[ECI interface, as illustrated in Figure
4.5. In other words, the heat transferred between SI and EC1 and also between EC2 and SO mainly
occurs after both EC1 and EC2 body reach the same temperature. Based on the results, it is
concluded that the sum of the amount of net heat flows through EC2|SO interface during both
Step-II and Step-I11 is zero as shown in Figure 4.6.
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Figure 4.5 Temperature profiles at different times for system-2, (a). Step-I1, (b). Step-III
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Figure 4.6 Time dependence of heat energy transferred through SI|EC1 (blue) and EC2|SO (red) interface for

system-2: (a). Step-I1, (b). Step-III.

For System-3, the temperature profiles at different times during Step-II and Step-III are plotted in
Figure 4.7(a) and (b), respectively. For Step-II, EC1 has to absorb an amount of heat (AQ) to reach
the equilibrium temperature 7 with all other bodies. There is a point at which the temperature is

the minimum.
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Figure 4.7 Temperature profiles K: <<1 at different times for system-3, (a). Step-I1, (b). Step-I111

The location of the minimum temperature shifts to right with time. At a certain time, the minimum
temperature point is at x=0. After this time, the heat flows from SO to EC2 with a higher rate than
that from SI to EC1. Slowly, the minimum temperature point shifts to right further with time. At a
certain time #77, the minimum temperature point is at x = R. After ¢, the heat flows back from EC2
to SO at EC2|SO interface, while at SI[EC1 interface, the heat is continuously flowing from SI to
EC1. All these characteristics can be clearly seen from the time dependence of heat energy

transferred through both interfaces as shown in Figure 4.8.
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Figure 4.8 Time dependence of heat energy transferred through SI|EC1 (blue) and EC2|SO (red) interface for
system-3: (a). Step-I1, (b). Step-III.

As shown in Figure 4.8(a), during Step-II, the heat transferred from SO to EC2 is continuously
increases, but the heat transferred from SIto EC1 increases initially and, then, decreases with time.
Eventually, all four bodies reach their equilibrium temperature T and the heat transferred from SI
to EC1 reaches the same value as the heat transferred from EC2 to SO. That is, for a complete
Step-I1, the net heat transferred from SO to EC2 is exactly AQ/2. Similarly, the heat transferred
from SI to EC1 is also AQ/2.

The heat transformation during Step-III is exactly the same as during Step-II except the direction
of heat flow. Again, eventually, all four bodies reach their equilibrium temperature T and the net
heat transferred from EC2 to SO is exactly the same as the heat transferred from EC1 to SI (i.e.,

AQ/2) as shown in Figure 4.8(b). Based on the results obtained from Step-II and Step-III, it is
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concluded that the summary of the amount of heat flows through EC2|SO interface during both
Step-1I and Step-III is zero.

4.9.2 Step-1

The temperature profile for system-1 at different times is shown in Figure 4.9 (a). Clearly, the
temperature is symmetrical around x = 0. There are two characteristic points: one at which the
temperature is the maximum, the other at which the temperature is minimum. The location of these
two points, which shifts away from x = 0 with time, has the same distance from x = 0.
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Figure 4.9 Step-I of system-1, (a). Temperature profiles at different times, arrowhead shows the curve at the

time ¢, (O Ts(t,)/0x|r = 0), (b). Time dependence of heat energy transferred through SI[EC1 and EC2|SO

interfaces

From the results shown in Figure 4.9 (a), one can find that at the beginning, temperature gradient

at the interface is positive, meaning there is a heat flow from the source (SO) to EC2 (also from
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EC1 to SI). As time goes on, the temperature gradient at the interface decreases, meaning heat
flow rate decreases. At a certain time (z,), the temperature gradient at the interface reaches zero.
After time #,, the heat flows back from EC2 to SO, which is illustrated in Figure 4.9 (b). In other
words, after the time ¢, the process reduces the heat to be removed from the source.

All these indicate that #, is a critical time for the system. The value of ¢ for different systems that
use different ECMs and SO/SI materials is presented in Table 4.1. The value of ¢ is dependent on
the thermal conductivity of the materials. For example, as shown in Table 4.1, the ¢ is 2.659s and
0.218s for a system made of PMN-4.5PT and BT, respectively.

For System-2, the temperature profile is shown in Figure 4.10 (a) and corresponding heat exchange
between SO and EC2 is illustrated in Figure 4.10 (b). Again, it is concluded that for a complete

Step-1, there is no heat transferred between SO and SI.
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Figure 4.10 Step-I of system-2, (a). Temperature profiles at different times, arrowhead shows the curve at the

time ¢, (O Ts(t;)/0x|r = 0), (b). Time dependence of heat energy transferred through SI|IEC1 and EC2|SO
interfaces
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Figure 4.11 Step-I of system-3 K: = 0.0172 << 1 with R =1 mm, AT = 1°C, (a). Temperature profiles at
different times, arrowhead shows the curve at the time #., (07(#:)/0x|r = 0), (b). Time dependence of heat

energy transferred through SIIEC1 and EC2|SO interfaces

The temperature profile for system-3 is shown in Figure 4.11(a). Like system-1, the temperature
profile is symmetrical around x = 0 with a maximum and a minimum. The distance from the
location of temperature maximum to x=0 is the same as that of temperature minimum to x = 0.
The location of temperature maximum and minimum shifts away from x = 0 with time. At time
t, the location of the temperature maximum is at x = R, while the location of the temperature
minimum is at x = - R. After time ¢, the location of the temperature maximum is at x > R, while
the location of the temperature minimum is at x <-R. In other words, the heat is initially
transferred from SO to EC2 and EC1 to SI. However, after time ¢,, the heat flows back from EC2
to SO and SI to EC1, as illustrated in Figure 4.11(b). If time is long enough, it is found that the
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overall heat exchange between SO and EC2 is zero, as well as between SI and EC1. Therefore, for
a completed Step-I1, there is no heat transferred from SO to SI.

In a summary, for all three systems, it is found that when the time is long enough, all four bodies
reach their equilibrium temperature 7, which corresponds to an overall heat amount transferred

through the interface is zero for Step-I.
4.9.3 Summary of an Ideal Three-step Process

Based on the results obtained above, for the three-step process described in Figure 4.2, if each step
reaches its final equilibrium state (i.e., each step is operated with a long enough time), there is no
net heat flow through the EC2|SO and SI|EC1 interfaces. In other words, after a complete cycle,

no heat is transferred from SO to SI.
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Table 4.1 Contacting coefficient (K), interface temperature (Ts) at EC2|SO interface at = 0, time # and Q(#) for systems using BT and PMN-4.5PT as
ECM and different materials as SO and SI (6 = 10)

pocs T, =T (o) Q@ GO0 =

EC1/EC2 SI/SO 6 K, 1+K, t(s) | Tu(t) CC) : System | Q(t) o
(109 o 0 ok
© Air 0.00117 793.8 -0.999 0.1932 -0.530 1.86 System-2 0.06
o - = PMN-4.5PT 1.620 6.878 -0.908 0.1979 -0.400 188.3 6.0
> Ej ;i BT 3.190 1 - % 0.2184 -0.076 749.8 23.8
E T (F ; Gr 0.056 0.708 -0.412 0.2257 -0.150 881.0 27.6
> (<yl Il Al 2.557 0.178 -0.15 0.2683 -0.065 1294 40.5
:un' Ag 2.468 0.135 -0.12 0.2791 -0.051 1346.5 422
< Cu 3.439 0.118 -0.11 0.2846 -0.044 1368.1 42.8
© Air 0.00117 115.4 -0.990 2.3545 -0.520 6.596 0.41
= O - 2 PMN-4.5PT 1.620 1 - 2.6585 -0.244 389.1 System-1 24.0
% o § :\(] BT 3.190 0.145 -0.126 3.3601 -0.0110 691.4 42.6
¥ - = : Gr 0.056 0.103 -0.092 3.527 -0.0389 719.9 44 .4
gL L0 Al 2557 | 0.026 20.020 43121 20.0094 7793 48.1
AT Ag 2468 | 0.020 -0.025 44812 | -0.0070 784.7 484
b Cu 3.439 0.017 -0.017 4.5637 -0.0061 786.9 System-3 48.6
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4.10 Operation to Achieve Net Heat Transfer from SO to SI for One Cycle for K: <<'1

As discussed above, the heat transferred between EC2 and SO during Step-II and Step-III cancels
each other. Therefore, the net heat transformation between SO and SI for the system and process
described in SECTION 4.2 is dependent on Step-I. However, as demonstrated above, for Step-I,
initially heat flows from SO to EC2, but after time ¢, the heat flows back from EC2 to SO.
Therefore, if Step-11 can start at the time #- of Step-I a non-zero net heat can be transferred from
SO to SI. However, when K, is big, the temperature in the ECM at ¢ is significantly different to
the equilibrium temperature. Fortunately, when K, is very small, the 7 at ¢, is very close to the
equilibrium temperature 7" and at the same time a higher Q(t,) is obtained as shown in Table 4.1.
From the data shown in Table 4.1, one can find that the smaller the K, the higher the Q(%,) is and
the smaller the Ts is. Therefore, to build a cooling pump using the design reported here, a smaller
K, is better.

For System-3 (K, = 0.0172), at time ¢, the temperature at the surface of EC2 (x = R) is the
highest temperature in EC2, which is only 0.0061 °C different from the equilibrium temperature 7'
or 0.61% of the temperature change (AT =1 °C) induced in ECM by the ECE. Considering the
temperature in EC2 is not uniform, one side is always the same as the equilibrium temperature and
the other side only 0.0061 °C different with the equilibrium temperature, the average temperature
in EC2 is only less than 0.003 °C or less than 0.3% of AT. Therefore, when Step-II starts at the
time ¢- of Step-I, the results obtained in Section 4.9.1 for Step-II and Step-III are still valid.
Therefore, after a three-step process cycle with Step-1 completed at #,, a non-zero amount of heat
is transferred from SO to EC2, which is also the heat transferred from EC1 to SI. It has to be
mentioned that the initial temperature (i.e., equilibrium temperature) of both SO and SI are the
same. In other words, for SO and SI with the same temperature, amount of heat, Q(t), is transferred
from SO to SI by one cycle. From Table 4.1, it is found that the overall heat transferred from SO
to EC2, which is also the heat transferred from EC1 to SI, is about 49% of AQ — the thermal energy
induced in the EC2 by the ECE.
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Table 4.2 Step-I of System-3 when it is operated with different AT. (6 = 10-5)

AT (°C) AQ (D Ts(t=07) £.(s) Ts(tr) T (t) o) Q, = Q(tr)
R =1mm (°C) (°C) AT AQ

1 1620 -0.017 4.564 -0.0061 -0.0061 786.9 48.6%

2 3240 -0.034 4.564 -0.0121 -0.0061 1573.8 48.6%

5 8100 -0.085 4.564 -0.0304 -0.0061 3935 48.6%

10 16200 -0.170 4.564 -0.0607 -0.0061 7869 48.6%

For system-3, when different AT is used to operate it (i.e., different electric field is used), the
results are shown in Table 4.2. One can find that all the values of ¢, Ts(¢,)/AT and Q(tr)/AQ do not
change. In other words, the calculated results can be easily modified to the system operated under
different electric field (i.e., different AT).

When system-3 is modified by using EC1/EC2 with different thicknesses, the results are shown in
Table 4. From the results in Table 4, one can find that although the ¢ increases with the R, the
Ts(t,) and Q(#-)/AQ does not change with R. That is, the thickness does not affect the Ts(z-) which
is only about 0.3% of AT.

Based on the results shown in Table 3 and 4, it is concluded that 7s(#.)/AT is independent on the R
and AT. In other words, Ts at ¢ during Step-1 is only 0.3% of AT. Therefore, the operation
introduced here by starting Step-II at time ¢ of Step-I works for all the systems as long as K. is
very small. To achieve a larger amount of heat energy transferred from SO to SI during one cycle
(i.e., a higher Q(t,)), a smaller contacting coefficient (K;) is certainly required. Based on the

definition in Section 4.3,

kepcCy
e~ kepeCy

(4.36)

Where p°Cy and p°Cy are the volumetric specific heat capacity of ECM and SO/SI material,
respectively. Therefore, to achieve a smaller contacting coefficient, SO/SI with a higher thermal
conductivity and a higher volumetric heat capacity would be favorable.

To increase the power transformation rate, a smaller ¢ is desired. Additionally, from Eq. (4.30),
one can find that the time dependence of the heat transfer through EC2|SO interface is actually
dependent on a and h = (1 — K;)/(1 + K,).
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Table 4.3 System-3 is modified to use different R, PMN-4.5PT as ECM and Cu as SO/SI

R (mm) 1 (5) Ts () Q) () 8Q() [ QWAQ%) | Q)
0.1 0.0457 -0.0061 72.5 162 44.7 1586.4
0.3 0.4108 -0.0061 231.2 486 47.6 562.8
0.5 1.1410 -0.0061 390 810 48.1 341.8
0.7 2.2363 -0.0061 548.7 1134 48.4 245.4
1.0 4.5637 -0.0061 786.9 1620 48.6 172.4
1.5 10.2683 -0.0061 1183.7 2430 48.7 115.3
2.0 18.2548 -0.0061 1580.6 3240 48.8 86.6
3.0 41.0740 -0.0061 2374.4 4860 48.9 57.8
4.0 73.0189 -0.0061 3168.2 6480 48.9 43.4
5.0 114.10 -0.0061 3862.0 8100 48.9 33.84

4.11 Concluding Remarks

A new design of cooling pump using ECE is introduced by using two layers of ECM. The electric
field in both ECM layers is independently controlled with a sequence (i.e., process) that includes
three steps and can be repeated continuously. Among three steps, Step-1 is used to transfer heat
from SO to SI, while Step-II and Step-III are used to restore the initial condition for Step-1. The
time dependence of both the temperature profile in all four bodies and heat transformation through
the interface was calculated using the newly introduced analytical solutions. It is concluded that
the heat transformation during Step-II and Step-III cancel each other. Therefore, among of heat
transferred from SO to SI during Step-I is the net heat transferred for one cycle. During Step-I, one
layer of ECM increases, and the other layer of ECM decreases its temperature simultaneously
using ECE. There is a critical time, #, at which the maximum and minimum point of the
temperature profile are at ECM|SI and ECM|SO interface. Step-II has to start at ## of Step-I. To
achieve a larger amount of heat transferred from SO to S, it is concluded that: 1) the SO and SI
should have a much higher thermal conductivity than the ECM; 2) the SO/SI material with a higher
volumetric heat capacity is also favorable.

By using PMN-0.1PT as ECM and Cu as SI/SO material, it is demonstrated that during Step-I the
amount of heat transferred from SO to SI is about 49% of the heat generated in one ECM layer
due to the ECE, which is independent of both the thickness of ECM and the AT — temperature
change in ECM due to the ECE. However, the time ¢ increases with increasing thickness of ECM

layer, but does not change with the AT. That is, the EC heat pump introduced in this work can
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transfer heat from SO to SI for both SO and SI with the same equilibrium temperature. It has to be
mentioned that in this design, neither moving part nor heat switch was used.

Application Remark: Given that unidirectional heat flow was achieved without any moving parts
with the EC heat pump unit concept presented in this article, future work might focus on staggering
and cascading multiple EC heat pump units. Series and parallel configurations could produce
larger temperature lifts and higher heat transfer rates more typical of heat pump systems for

applications from electronic cooling to building and transportation HVAC systems.
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Chapter 5  Analytical Solution of a Multilayer Problem with Different Source and Sink
5.1 Model and Analytical Solution

In most of the prototype reported and in typical ECE-based devices, the ECM is alternatively
coupled and decoupled thermally between source and sink in the absorption and rejection cycles.
In that situation, during absorption, if ECM is in thermal contact with the source from the one end,
then on the other end it is air and during rejection of heat, ECM is coupled with sink from the one
end and it is air on the other end. It is considered inevitable that an analytical solution should be
there so that the optimized devices may be designed and the relaxation time, heat fluxes and
temperature profiles may be determined prior to actual prototype manufacturing. This solution will
not only safe the cost and time but will also help to understand the physics of heat transfer in EE-

based devices.
5.1.1 Physical Model

The thermal properties of the center bodies (EC1 and EC2) are same, whereas source and sink
have different thermal properties. The problem has been solved for generalized initial conditions.
The initial temperature profile is established in two ECMs using ECE. It is assumed that an electric
field is applied on ECMs at time zero (t = 0) and prior to this all bodies have the same temperature
(say T). SO[ECI, EC1|EC2, and EC2|SI are the interfaces through which the heat will transfer by
heat conduction. The model has been shown in Figure 5.1. In the following, this model where the
End bodies are different from each other (different thermal properties) and they are also different

from the ECMs.

-+

ECM1 ECM2
QEC QEC

SI|ECM1 ECM1|ECM2 ECM2|SO

Figure 5.1 Theoretical model of heat conduction problem for different source and sink bodies
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5.1.2 Mathematical Model and Governing Equations
5.1.2.1 Assumptions and Considerations

To analytically solve the heat conduction in the system shown in Figure 5.1, the following
assumptions are used: 1) there is no heat loss to the environment through convection and/or
radiation, 2) the interfaces are considered the perfect thermal contacts (i.e. zero thermal resistance),
3) the gradients in the y and z direction are neglected, only the gradients along the x-direction are
considered, 4) the materials properties are temperature invariant, 5) bodies B1 & B4 are considered
infinite heat sink/source bodies. In this unsteady heat diffusion problem, the 1-D heat equations

for each of the bodies are given in Egs.(5.1) — (5.2).

0T (x,t) _ S 0°Tg;(x, t)

—oo<x<-—R (5.1
ot dx?
2
aTECl(x, t) _ aEC a TECl(xp t) _R <x< 0 (52)
ot 0x?
2
aTECZ(x, t) _ aEC d TECZ(x' t) 0<x<R (53)
ot 0x?
2
aTgo(x; t) — ¢S50 d TSO(x' t) R<x< o (5.4)

ot O0x?

where Tg; (x,t), Tgeq (x,t), Tgeo (x,t), and Ty (x, t), are the temperatures at time ¢ and location
x for sink, EC1, EC2 and source, respectively, @ = k/pc, (m?/s) are the thermal diffusivity of
each of the above mentioned four bodies, in which k (Wm™'K~1), p(kg/m?), and c,(J/Kkg )
are the thermal conductivity, mass density and specific heat capacity, respectively, of the
respective body. The thermal properties of the ECMs are same, but the thermal properties of sink

and source are different.
5.1.2.2 [Initial Conditions (ICs)

Based on the physical model shown in Figure 3.1, the ECE is used to change the temperature of
bodies B2 and B3 by application/ removal of external electric field at any time. The followings are

the generalized initial conditions,
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TSI(X; 0) = TSI,i

Tgc (x,0) = TECl,i

(5.5)
Tgca(x,0) = Tgea,i
Tso(x,0) = Tso,;
5.1.2.3 Boundary Conditions (BCs)
Interface SI|IEC1 at x = —R
Ts (=R, t) = Tgcr (=R, ©)
st 0Ts;(x,t) . 0Tgc1(x, t) (5.6)
0x e—R dx ve—R
Interface ECI[EC2 at x =0
Tgc1(0,t) = Tpe2(0,0)
_pEC 0Tgc (x,t) _ _EC 0Tgc(x, t) (5.7)
d0x vo 0x r0
Interface EC2|SO at x = R
Tgc2 (R, t) = Ts; (R, 1)
_pEC O0Tgc(x, t) _ st 0Tgo (x,t) (5.8)
0x B 0x B
x=R X=R

5.1.2.4 Physical Conditions (PCs)

The two semi-infinite end bodies (B1 & B4) being very large are considered a continuous source
and sink of energy (i.e. infinite source/sink of heat energy). The perimeters are perfectly insulated

and there is no heat transfer to the surroundings at x = +oo.
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0Ts;(x,t) _ 0T (x, t)
d0x B d0x

X=—00 X=00

=0 (5.9)

5.1.3 Solution of the Heat Equations
5.1.3.1 Laplace Transformation

Laplace transform method'®! is used here to solve the system of Egs. (5.1) — (5.4), so the Laplace

transform of these equations may be given as,

W, (x, S)—ﬂ= \/E +B e “55’ (5.10)
Weer (x,5) — TE; L= 4, eJ%x +Bye afc” (5.11)
Weca(x,s) — TEgz'i = A3 e\/%x + B, e_\/%x (5.12)

Wso (x,5) — ﬂ = ‘/“; +B,e a0 (5.13)

There are 8 constants of integration that need to be determined. Boundary conditions may be used
to calculate them. For the temperature of the bodies to be finite at x = +oo, the constants B; & A,

vanish instantly. (i.e. B; = 0 & A, = 0), and the Egs. (5.10) — (5.13) become as follow,

3 S
Ti"l =4 eJ%" (5.14)
.y = =
Weci(x,s) — Egl'l = A, e\a¥T 1 B, ¢ NaFC' (5.15)

S S

Tgcoi . =S
Wec2(x,s) — 552,1 =Aze P Bs e aFC (5.16)
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Ten : N
Wso (x,s) — Sso’l =By e N (5.17)
Now we are left with 06 constants of integration and boundary conditions on each interface will
be used to get 06 equations to determine constants of integration.
5.1.3.2 Determining the Constants of Integration

Boundary conditions (5.6)— (5.8) and are used to determine the integration constants.

Two equations from the boundary conditions at x = -R

Ws;(=R,s) = Wgc1(—R,s)

. _ |5 . R S
Til'l o _ TE;“ + Ay e N 4 g, elaFe (5.18)

kSt oW, (x,s) _ _pEC aW,(x,s)
0x x=—R 0x x=—R
S - |=2R kEC / /
ﬁ<I4le J;) kS[ <A2 o_rEC _B e aEC >

SR\ KEC / _ = =
(Al e JER) kSI (Az aEC - BZ akC )
S S S
A e Jasr _ K (4, e V@ _p, eJaECR> (5.19)

Two equations from the boundary conditions at interface x = 0

Wec1(0,8) = Wge (0,5)

T, i L(O) - ’L(O) T ; L(o) _ L(O)
E; & + Az e akC + BZ e akC = E; L + A3 e akC + Bg e akC

Ty Ty
_kEC 0Wgci(x, S) _kEC OWgc(x, 5)
0x x=0 0x x=0
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S S S S
’%(Az eNar®” _p, eVW«») = /%(fb eNaF?” g o Wm))

AZ _B2 :A3 _B3 (5.21)

Two equations from the boundary conditions at x = R

Wkc2 (R,s) = Wso (R,s)

s _[=
TECZL +Ase 2ECR + Bs e aE = @ + B, oS0k (5.22)
_ oW5(x,s) 50 oW, (x,s)
ax X=R ax X=R

;i; (A3 Cr “E> \/7<B4e_\/%R>
ooy el ) < (5, ")

kSO
S S S
Kso <A3 eNaE _p e JaECR> —_ <B4 e Ja50R> (5.23)

kEC aSI kEC

KSI == and KSO k_o

SO
- / a—EC are referred to as contacting coefficients. Both Ks; and Kso
k a
characterize the thermal activity of one layer relative to next layer.
5.1.3.3 Solving Simultaneous Equations

Egs. (5.18) — (5.23) are solved simultaneously using Mathematica to find the constants of

integration (A4, A,, B, A3, B3, B,) as given in Appendix - J.
5.1.3.4 Manipulation of Constants of Integration

The denominator here are different than the denominator of constants that were solved in the

Chapter 3, so they will be manipulated differently (see Appendix - K) and we get the relation.
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1

e4R\/%(1 + Ks)(1 + Kso)s — (1 = Kg)(1 = Kgo)s
i (5.24)

—4R |—F¢ ®
1 e a 1 AnR S
== E hgihso)™™ —4nR |
s (L+ Ko (1 + Kso)n_l( sihso)" " exp ( —4nR T

where
1 - K
hg; :m lhs| <1
1—-Kso
hso :m lhsol < 1
KEC | oS
Ksi =251 |55¢
kEC aSO
Kso =150 |7E¢

Inserting the above relation (5.24) in constant of integrations given in Appendix - J and after further
mathematical manipulation, and using the constants A,, A5, B;, A3, B3, B, in Laplace solutions

(5.14) — (5.17), we get

5.1.3.5 Equations in Laplace Domain
Ter : =
W (x,s) — % =A; e‘/;x

Ty
W (x,s) — Tl

K, (TECL' - TSI,-) *hgo i B By .
1+ KSI{ L s l Z(hsﬂlso)" lexp|— (—x — R+ (4n— O)RK s/ 2) —

n=1

Teeri — Trezi) * hso YN [
- (Tecw, SECZ'l) 59 Z(hSIhso)"_l exp [— (—x —R+(4n- 1)RKaS,/2) F]

n=1

2 (Tecai — Tsoi) N _ YA
- W;(hﬂhSO)n 1 exp|— (—x —R+ (41’1. - Z)RKSI ) W

Tec1,i — Tecz,i c _ _y 3
- S Z(hSIhSO)n LTexp|— (—X — R+ (4n— 3)RKa51 2) el

n=1

(5.25)

(TECLL' - TSI,i) o _ _1/2 S
+ fZ(hghSO)” Texp |- (—x — R+ (4n— DRK g, ) —

n=1

K st = af¢/a®! is relative thermal inertia of SI and EC1'#+!%,
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Tgc i |=Fex - | Sx
) EC EC
Wge1(x,s) — S =A, eV +B,e N«

EClL
Weei(x,8) ———=

Tecii — Teczi) - hsihso 10 =
= ( s EEZ'L) = S()_Z(hﬂhso)n_1 exp <_ T((‘l'n —O0R+ x))
s L a
hso S
1+ Ky, (Tec1i — Tori) exp | — W(Mn - 1R —x)
hst (. T, °_((4n— DR
+m( sc2i — Tsoi) exp| — W(( n— 1R + x)
- ——Z(hsvhso)n [hSO(TECIi - TECZL) exp( ’ ((4n 2)R - x)>
S
- hSI(TEC i—Tgc 'i) exp <— /ﬁ ((4n —2)R+ x))
1w -
=< (hsihso)
n=1

1+K

Tecii— Tec 1)1
_ (Tocri = Tic 1) > EC 'L)EZ(hS,hSO)"‘l exp (— %((ﬁm —4)R - x))
n=1

1 (o]
+ 5 Z (hsthso)™ ™!
n=1

s
171 Ksg (TECZL TSO,i) exp <— F((‘l-n —3)R - x))

(TEC i TSI,i) exp< ZEC ((4n—3)R + x)>

T S
Weca(x,8) — —= 4 eNarc” +Bse “E
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Tecri — Teeai) - hsihso 1% 5
Weca(x,8) — EEZL = —( e ECZ'L) = SO;Z(hszhso)n_l exp <_ F((‘l'n —0)R - x))
n=1

2
T + K (Tecri — Tsri) exp( ﬁ((z}n — 1R - x))
+1 fsf( (Tecai — Tso,) exp( \/7((471 R + x))
- %Z(hwhso)"_l [hso(Tscu — Tgc i) exp (— \/% ((4n—2)R - x)>

+- Z(hSIhSO)n !

(5.27)
S
- hSI(TECI,i - TECZ,i) exp (‘ ZEC ((471 —2)R+ x))
2 , (hsrhso)™ ™! (Tecz,i — Tso) exp| — %((471 -3)R—x)
S 1+ Kso a
=
S
1 T Ke (TEC“ TSI,i) exp (— o ((4n —3)R+ x))

Tecri — Teca) 1 0 5

+ —( L 5 cai) ;Z (hsthso)™ L exp (— o (4n—HR+ x))
n=1
SO i - %x
Wso(x,5) — . =B,e V@
Wso(x,5) — &
s
Kso (TECZ,L' - TSO,i) “ hs; c _
1y KSO{ s Z(hSIhSO)n fexp| = x —R+(n— O)RK 250
n=1

Tecri — Toc 1) - hsi o

+ (Tecv, SEC o) hsi Z(hSIhSO)"‘l exp[ Xx—R+ (4n— 1)RK ’ so]
=1
" (5.28)

2 (Tecri = Tsia) N et -1, JT
—Wz%w exp | (x = R+ (4n - DRK 0 |5

Tec i — Tecai
et )

n=1

4 (Tecai = Tso,) TSOJZ(hs,hSO)n 1exp[ (x—R+(4n HRK ] ) so]}

K so = af¢ /a9 is relative thermal inertia'**'%.

5.1.3.6 Inverse Laplace Transform of the System of Equations

The solution of the system of Egs. (5.1) and (5.4) may be found by taking the inverse Laplace
transform of Eq. (5.25) — (5.28) and the solution for temperature profiles in each body is given in
Egs. (5.29) — (5.32) as follows,
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5.1.4 Temperature Profiles of the Bodies

Temperature Profile of Sink (SI)
To(x,t) — Tgy
—x—R+ (4n— 0)K_5/°R

2Vasit

Kg;
1+—K§(TEC1 i TSI z) hso Z (h51h50) Lerfc

n=1

—x—R+ (4n— DK _3/°R

- (TEC1,i - TECZ,L') hso Z(hsﬂlso)n_l erfc

o] 2Vasit
2(Tge  — Tsoy) i(h byt orge TR (4n — 2K 3/*R (5.29)
—_ eric
1+KSO L SISO 2 IaSIt
(T, T )i(h heo) L erfe R * SL
— J— . eric
EC i EC2,i L SISO Zm
(Toers — T, )w(hh it e Rt G~ Dol /R
+ =T z ~terfc
EC1,i SIi L SI1'tS0 ZW

Temperature Profile of EC1

Tpe1 (%, t) — Tpeai

_ (Tecvi = Teczi)hsihso Z(h hey)"1 erfc (4n—0)R+x
= sifiso ——

2 ~ 2VakCt
(4n—-1R—x hg; (4n—-1DR +x
hg hgp)™ ! T, — T ;) erf Tec2i — Tso ;) erfc————
+Z( s1hso) [1 T K, ( EC i sm)er c Wi + 1 +Kso( EC2,i so,z)er c W
1Z(h hgo)™ ! [h (T T, )erfc(4n_2)R_x hg (T, T )erfc(4n_2)R+x (530)
2 Z s1ftso so\Tec1i — Teca,i ek silTec1i — Tecz,i art
(4n—-3)R—x (4n—-3)R+x
- Z(hwhso) [1 + Ko (TECZL Tso,i)erfc 2 afr + 1+Ky (TEC11 Tsu)erfczi s
Mz(h heo)™ L e (471 4R —x
s1flso 2\/7
Temperature Profile of EC2
Tpca (%, 1) — Tpea,i
(TEc1i — Ticz i)hSIhSO i _ (4n—0)R—x
= - - - (hghgo)™ ! erfc——m—~——
2 £, sthso e
(4n—-1R—-x hg, (4n—-1DR+x
n-1 ) ) ~ - T
+ Z(hwhso) [1 T Ky (TEC11 Tsm)erfc S Wra + 1+ Ky (TECZL Tso,z)erfc S Wra
(4n-2)R—x (4n—2)R+x (5.31)

1
- Ez(hﬂ hso)w1 [hso (TECI,i - TEcz,i) erfc - hSI(TECLi — T ,i) erfc
n=1

2VakCt 2VakCt

= et (4n—-3)R—x (4n—-3)R+x
- Zl(hwhso) 1+Kg (TEC i Tso,i)erfc INaFeL + 1+Ky (TEC i Tsz,i)erfCT\/Tt
n=

(755 i — T i) N _ (4n—4R +x
B E (hgyhgo)™  erfc——m———
2 stso 2VakCt
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Temperature Profile of Source (SO)
Tso(x, 1) — Tso,;
x =R+ (4n— 0K 34°R

{(TEC i Tso,i) hg; Z(hﬂhso)n !erfc

"1+ Ky Z T
+ (Tecri — Treai) b i(h hso) L erfe - (4n — DK 56"
i~ Teca,i) hsi Z, sthso N
_ 2(Tecr; — Torp) i(hSIhSO)n_I erfcx — R+ (4n - 2)K 55 1/2p (5.32)
1+ K ] Va0t
+ (Tec i — Tecai) i(h hgo)™ ™t erfc — R+ (n - 3)K_1/2
i~ Tecai Z, sihso VT
+ (TECZ i — T, ) i(h hgo)™ ! erfc —R+Un— 4)K_1/2
i~ Tso,i sthso VT

n=1

5.1.5 Heat Flux through the Interfaces

The conductive heat flux can be written by Fourier law in 1-D as follows,

B kaT
1= 0x

The temperature gradients are determined used the relation
2

e )
Ox 2Vat Vrat 4at
0 9 Jerte (2] = o <_ﬁ> (533)
Ox 2vVat/l  mat 4at
Heat Flux through the Interface SI[EC1 atx=- R
qsiiec = — SlaTSIa—(xx't) — —kECaT%ix’t)

xX=—-R

xX=—-R

Differentiating Eq. (5.29), substituting in above equation and putting x = —R, we get
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0T (x, t)

t) = —k*
qSI|ECl( ) ax

x=—-R
L O
Vrasit 1+ Kg

3 4n — 0)R|’
X {(TECLL' — Ts1,:) hso Z(hszhso)"_l exp (— [g] )
n=1

2VaECt

(5.34)

C o (4n — DR]’
- (TECl,i — Tge ,i) hso Z(hﬂhso) exp|\ —
n=1

2VaECt

had 2
~ 2(Tecai — Tso,) z (hhoo) ™1 exp (_ [(4n - 2)R] )
1+Kso & 2Varor

(4n — 3)R 2>
2VakCt

+(T T )i(h h )n—lexp<_[w 2>
EC1i SLi 4 SI'tSO Zm

Heat Flux through the Interface EC1|[EC2 at x =0

- (TEC i~ Tec ,i) z(hﬂhso)n_l exp (‘
n=1

gc Tec (x,1)
d0x

= -k

qeci1|Ec2 =

x=0
Differentiating Eq. (5.30) and substituting in above equation., and using x = 0

0Tgc,(x, t)

Gec1jpc2 () = —kE¢ ox

x=0

kEC Tpers — Tocai -
== ’_naECti_( B 2 Ecz'l) hsihso Z(hyhso)n_l exp <_

n=1

(4n — O)R]z)
2Vakct

hso (4n — DR)?
1+ Ky, (TEC i Tsz,i) exp (_ [ NaECL
hSI

(4n — DR)?
- m (TECZ,i - TSO,i) exp (_ [ NaECL ] )

<)

1 4n—2)R)?
- EZ(hSIhso)n_l [hso (TEC1,i - TECZ,i) exp <_ (Zr\l/aTc)t ] ) (535)

4n—2)R])?
+ hSI(TEC i~ Tec ,i) exp (_ [g )]

2VakCt
- z (hsihso)™ !

n=1

1 4n—3)R]’
_TI(SI(TECIJ - TSI,i) exXp <_ [( z ) ] )

+ Z (hsthso)™ ™
n=1

(4n — 3)R]Z>

1
= (Twr i —Ter: —_
1+Kso( EC i so,l) exp< [ At

2vVakct

(Toe ;= Tocai) - (4n — HRT?
L 2 2 ;(hyhso) 1exp<—[ Tt ])

Heat Flux through the Interface EC2|SO atx =R
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0Tgco(x,t) _ S0 0Tso(x,t)

dec |1so =
Ox =R 0x =R

Differentiating Eq. (5.32) and substituting in above equation, and using x = R

0Tso (x, t)

Gecziso(t) = —kSOSOT
X=R
_ kSO KSO
Vrasot 1 + Ko
- B (4n — 0)R)?
X {(TECZ,i - TSO,i) hg; nZl(hSIhso)n ! €xp (_ [T\/Tt
- - (4n — DR]?
+ (TECI,L' - TECZ,L') hs; Z(hﬂhso) exp\ — T\/Tt (5.36)
n=1

© 2
2(Tee i — Ts,,i)z (horhoo )™ exp (_ (4n —2)R >
I+Ka & 2vVaECt

+ (Tpe =T, .)i(h h )n—lexp<_[w 2>
ec i ~ Tec i Z, sthso VaiL

© 4n — 4)RT
- {222

n=1

5.1.6 Heat Energy Transfer through the Interfaces

The total amount of heat transfer per unit area through the interface may be determined by

integrating heat flux over time as follows,

t
Q =f0th (5.37)

5.2 Estimating the Infinite Series

For numerical calculations, the upper limit n = oo in Eqgs.(5.34) — (5.36) may be replaced with n =
N, where N needs to be determined here again (see SECTION 3.3) as now two different values of
h (i.e. hst and hso) are involved. The procedure and assumptions are, however, same as adopted
before in SECTION 3.3.

The heat flux solutions obtained in Egs. (5.34) — (5.36) have series with infinite number of terms,
which cannot be directly used for any numerical calculation. Therefore, it is important to find the

summation of each series to a reasonable approximation for any numerical calculation. All the
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series in the solution for heat fluxes can be represented by the series S, (x,t) (n=1,2,3...) or S, '(x,2)

(n'=1,23...)(1.e,n’=n—1lorn=n’+1)as:

(5.38)

» (4n — m)R]’
Sn(x,t) = (hgihso)™ " exp| — [T\/Tt

, _ 2
Spr(x,t) = (hSIhSO)n, exp <_ (' + 4 m)Rl )

2VaFet (5-39)

where m =0, 1, 2, 3, 4, respectively. Based on the nature of the problem and the physics, the sum

of the series shown in Egs. (5.38) and (5.39) should be a finite number. It is also found that

2
(hsrhso)™ ! exp <— 4mn+2) - m)R] >

Sn+2 . 2VakCt
Snt1 < (4(n+1) — m)Rr)
hgthgo)™ exp | —
( SI SO) p Zm
— hon (4n —m)R + 8R]* [(4n — m)R + 4R]’
= Gshso) e\ =T m | T e
48R? + 8(4n — m)R?
= (hshso) exp (— 4aECt
12R? — 2mR? 8R?
= (hSIhSO) exp\ — aECt - CZECtn
Therefore, it can be simplified as:
42 _ b heoB A
Ser sthsoB exp(—A - n) (5.40)
8R2 (12—2m)R? .
where A = 5 > 0 and B = exp (— W) < 1 are constants that depend on the device (i.e.,

R and o) and time (7). As mentioned in SECTION 5.1.3.4, |hg;| < 1 and |hgy| < 1, one can get
from Eq. (5.40) that |S,42/Sn+1] <1 and, more importantly, |S,;2/Sn+1] decreases with

increasing n, which means that these series are convergent. That is, there should be a sufficiently
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large integer N such that the subsequent terms have no significant effect on the overall summation

value. That is,

= ZW' H+A (5.41)

where A is a small number that should be much smaller than the summation of the series or that is
very close to zero (either positive or negative). To determine the value of A, we can set |4]| =
|S1(x,2)| 0, where Si(x,¢) (>0) is the value of the series’ first term and ¢ (0 < ¢ <<1) is the control of
the approximate calculation using Eq. (5.41). The smaller is the J, the better is the approximation
using Eq. (23). That is, as long as d is smaller enough, |A| can be ignored for the calculation of

series’ summation. Using Eq. (5.39), the A can be manipulated as follows,

A= Z S, (x, )
n'=N
= i(h hso)™ ex —[ AR n’+(4_m)R 2
= srso P 2VakCt 2VakCt
= " (hsthso) exp(~[an’ + b]?)
n'=N
= Z (hsthso)™ exp(—a®n'?) exp(—2abn’) exp(—b?)
n'=N

where a = 4R /2VafCt > 0 & b = (4 — m)R/2VaE¢t > 0. Considering that the value of As/iso
can be positive or negative as defined in SECTION 5.1.3.4, the calculation of A is replaced by the
calculation of |A|. That is, as long as |A| is small enough, Eq. (5.41) can be used to calculate the

. . . . 2 s
summation of a series. Considering that n'“ > 3n’ when n’ >3, we can get:
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Al = hsihso)™ exp(—a*n'*) exp(~2abn’) exp(=b?)

IA

hgthso)™ exp(—3a?n’) exp(—2abn’) exp(—b?) (5.42)

X
n'=N
D
n’'=N
C z (hsrhso exp(—y))"'

N

where C = exp(—b?) > 0,y = 3a? + 2ab > 0, and N > 4. For the series, (hshgo exp(—y))", it is a
geometric progression with |hg hgo exp(—y)| < 1 since |hgo| < 1, |hg| < 1, and exp(—y) < 1.

Therefore,

(hs; hso)N exp(—yN)
1 — hgrhso exp(=y)

Z (hsthso exp(—y))"' =

n'=N

Now, Eq. (5.42) can be written as

(hSIhSO)N exp(—)/N )
1 — hghgo exp(—y)

(|h51hso|)N eXp(—yN)
1 — hghgo exp(—y)

Al < |C

=C

Now, we can set

heheo DN exp(—yN
C(l sthsol)” exp(—y )=Sl(x,t)-5
1 — hgyhso exp(—vy)

That is,

heiheo DN exp(—yN
ASC(l SI so|) p( )4 )=.S'1(x,t)-5
1 — hg hgp exp(—y)

Or,

(|h51h50|)N exp(—yN)

A < exp(—b?
b ) 1 — hgrhso exp(—Yy)

=6 exp(—[a;]%)

where a; = (4 — m)R/2VafCt = b so that
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(lhsthso DY exp(—=yN) == & - [1 — hg;hgo exp(—y)] (5.43)
Therefore, the N (> 4) can be written as:

N _ - ln 6 - ln(l - hSIhSO eXp(—)/))
y —n(hsihsol) (5.44)

Where y = 3a? = 12R?/(aft). Eq. (5.45) can be used to determine the N.

From Eq.(5.44), one can find that if |hg;hgy| = 1 and y — oo (i.e., either R is very big or t is very
small), N — 0. In this case, the sum of first four terms of the series (i.e., N=4) shown in Eq. (5.41)
can be used as the sum of the series. On the other side, if |hghso| — 0, the N = 0 for all values
of y. In this case, again the sum of only first four terms of the series (i.e., N=4) shown in Eq. (5.41)
can be used as the sum of the series. For a constant |hg hgy|, the N decreases as the y increases.
Typical value of |hg;| and |hg;| for ceramics as ECM and metals for end materials is 0.5 — 0.9. As
long as the yis more than 3 (i.e., 4R? > a‘t), the N is less than 4 for the § being 107 or bigger.

Again, in this case, the N =4 can be used for the calculation of the series.
5.3  Application of Analytical Solution on Real Scenarios

In most of the ECE-based devices reported in literature, heat is absorbed from the source during
depolarization by thermal coupling of the ECM with the source. In that case, the one side of the
ECM is coupled with source while on the other side, there is air or some other material like heat
switch, etc. Similarly, during polarization, the ECM rejects heat to the sink by thermal coupling
with sink and now on the other side of ECM is air/some other material. This scenario may be
observed in Figure 1.44. This EC device has been prototyped and its experimental observations
have been reported!®. This scenario has been simulated as a case study using our analytical solution
to determine the temperature profiles and heat fluxes through interface in both absorption and
rejection of heat steps based on the information provided in the article. It is discussed that how this
analytical solution may be used for the determination of relaxation time, temperature profiles and
heat fluxes in this already reported device. The analytical solution discussed above has been

implemented in the MATLAB to find the simulation results of heat fluxes and temperature profiles.
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5.3.1 Case Study of a Device

An electrostatic actuation based EC cooler (already discussed in section 1.5.2.2) has used PVDF
elements as ECM and two aluminum blocks that act as source and sink in between ECM actuates
and makes alternative thermal coupling to absorb and reject heat respectively. It may be noticed
that in this step shown in Figure 5.2 it is absorbing heat from the source during its depolarization
phase. Heat is transferring from AL block and on the other side, there is air that separates ECM
from the sink. This situation has been simulated in MATLAB code using the analytical solution
discussed above. In the heat absorption step, we may use the following inputs in our solution to

find the temperature profiles and heat fluxes through the PVDF|AL interface in both absorption

and rejection steps.
Polyimide film
EC polymer stack
“—Ag NW layer
S~ Double side Kapton tape

H Al Plate (Heat sink)
e / Double side Kapton tape
/ Ag NW layer
f PMMA Spacer
Polyimide film
Heat flux sensor
\Al Plate (Heat source)

Figure 5.2 An electrostatic actuation based EC cooler: ECM is PVDF and sink/source are AL blocks

5.3.1.1 Parameters to be Used in the Simulation

The ECM is PVDF (6mm) and Aluminum plates have been used as sink and source. The following

initial conditions have been used in the heat absorption step.

Tpir (x,0) = Tpyp

TEC (x, O) = TEC (x, O) = TEC i = TEC i (545)

Tso(x,0) = Tsp ;

Using the above ICs, our system convers into three body system. As it has already been mentioned
that the analytical solution is much flexible to be molded depending on the situation and may be

used to simulate most of the EC-based devices reported in literature.
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PVDF
AL|ECM ECM | Air

Figure 5.3 Schematic diagram for working principle of EC cooler shown in Figure 5.2, (a). Heat absorption,

(b). Heat rejection

5.3.1.2 Temperature Profiles and Heat Flux

Given the data available in the article!®, the temperature profiles for the absorption of the heat step,
determined using the analytical solution, are shown in Figure 5.5. The frequency of the heating
and cooling cycles is 0.06 Hz (time period = 16.67 s). The thickness of the ECM (PVDF) along
with electrodes (60 um negligible) is 6mm.
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Figure 5.4 Heat flux through ECM|SO interface for AT = 1.3 °C at 50MV/m'3 taking PVDF (thickness 6mm)

as ECM and AL as source at frequency (0.06 Hz); (a). Simulation using analytical solution, (b). Experimental

results'?

It may be inferred from the above temperature profile that for the time period reported in the article,
the ECM has not come to the equilibrium to the Source and a small amount of energy has

transferred, that might be the reason for a small efficiency COP/COPs = 0.06'3. Figure 5.4 shows
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the comparison between the heat flux (W/m?) deduced from the analytical solution and the
experimentally measured heat flux (mW/cm?) reported. A complete agreement of heat flux values
of analytical solution and experimental results (notice the units; 1 mW/cm? =10W/m?) may be
noticed, for instant at about 1 sec the heat flux is about 500 W/m? and it decreases gradually. The
negative heat flux shows that heat is moving in the negative direction (i.e. from source to ECM)
as shown in Figure 5.3 (a). The low initial heat flux values in the experimentally reported heat flux
may be due to the slow response of the heat flux meter, and in addition there are other parts
involved in the device that have not been taken into account in the analytical solution. Also the
convective/radiation losses and finite thermal resistance of the interface have not been considered
in the analytical solution. Analytical solution has been solved on ideal conditions of perfect thermal

interface with no heat losses due to radiation and convection from the lateral surfaces.

T
t=16.67s
3)
g T-ATI2
|9 :Heat Absorption |
—Air
—PVDF
—PVDF
t=0s Aluminum
T-AT
-R 0 R
Length (m)

Figure 5.5 Heat absorption for PVDF as ECM, AL as source for f = 0.06 Hz (using analytical solution)

From the information given in the article, the absorption time is about 17 sec (f = 0.06 Hz) and
after that the ECM is decoupled from the source and is coupled thermally with the sink to reject
the heat under the polarization of the ECM. At that time, the expected temperature profile of the
ECM is shown in Figure 5.5 determined from the analytical solution using the thermal properties
of PVDF and Aluminum given in Appendix - D. It may be inferred that a small amount of energy
has been extracted from source (Al block) as ECM is not in complete thermal equilibrium with
source. Moreover, there is a temperature gradient in ECM, so after few thermal cycles, a thermal
gradient will establish inside the ECM and further transfer of heat from the source to sink will

stop.
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To achieve high performance, the maximum amount of energy needs to be transferred from source.
For this purpose, a simulation has been run on MATLAB code based on analytical solution for the
extended time periods. The temperature profile evolution with the time has been shown in Figure
5.6 and the heat flux has been determined as shown in Figure 5.7. It may be noticed from the
temperature profile that longer times are required to bring the ECM in equilibrium with source for
high energy absorption in one cycle. It will increase the efficiency of the device. On the other hand,
it will decrease the cooling power as longer time periods (low cyclic frequency) are required to

complete one thermal cycle.

T ' —
'=1000s
t{= 500s
3}
g-T-ATIZ - =200s -
ﬁ Heat Absorption
—Air
—PVDF
=100s —PVDF
t=5s Aluminum
=20s t=0s
T-AT
-R 0 R
Length (m)

Figure 5.6 Temperature profile of EC cooler for extended times to absorb more heat energy from source
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Figure 5.7 Heat flux through the interfaces during heat absorption from the source

It may also be noticed that heat through the interface Air|ECM is negligibly small as it is quite

logical from experimental point of view and has been discussed in Chapter 4 in detail.
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Now let us implement this device based on the two-layered idea given in this research. In that case,
the sink will be brough in thermal contact with the ECM to achieve the directional heat flow with
complete silent operation (No moving parts) as discussed in Chapter 4. Now the model shown in

Figure 5.3(a) — (b) will transform to the model shown in Figure 5.8.

ECM1 | ECM2

SI|[ECM1 ECM1|ECM2 ECM2|SO

Figure 5.8 Modification of device shown in Figure 5.3 to two-layered model

The temperature profile of the ECM is shown in Figure 5.9 and as there is a big mismatch between
thermal properties of PVDF and Aluminum, that is very low contacting coefficient (i.e. K¢ = 0.03),
so there is large temperature gradient for heat to transfer from Source to ECM2 and from ECM1
to sink in the same step (i.e. Step-1). Comparing Figure 5.7 and Figure 5.9, it can be clearly noticed
that in the two layered design, it took almost 10 times less time for ECM bodies to come to the
thermal equilibrium, which will increase its cooling power. Two layered model will have however,
less efficiency as it will absorb a maximum of 50% energy from the source, the rest heat will be
mutually exchanged between ECM1 and ECM2. System given in Figure 5.3 will have one more
step to reject heat to sink, whereas this model shown in Figure 5.8 needs two more steps (Step-11

and Step-III) to recover it for the next cycle.
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Figure 5.9 Temperature profile showing the quick relaxation of ECMs in two-layered heat pump as

compared to profile shown in Figure 5.6

5.3.2 Implementing the Analytical Solution in Thin Film Characterization

As it is discussed that the direct measurement of the temperature change in thin films is a big
challenge as due to less thermal mass, the substrate acts as a thermal anchor and the thin film
comes to thermal equilibrium with substrate very quickly and the ECE is difficult to measure with
accuracy during this short interval of time. Thermal devices like thermocouples and thermistors
are difficult to attach, so infrared cameras are currently used to measure the temperature change,
but they have their own limitations of response time to measure the temperature change quickly
before the thin film comes to thermal equilibrium. This analytical solution determined in this
chapter may be used to determine the heat flux through the substrate|thin-film interface, and the
internal temperature profile of the thin film as a function of space (1D) and time. This information
can help in the accurate measurements of AT upon the application/ removal of electric field on the
EC thin films. As it has already been mentioned that the solution is flexible enough to be molded
on the real time situations, so the model may be changed to three body system as it is typical of

thin film measurements as shown in Figure 5.10.
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+ Air Substrate

Substrate Air| TF TF|Substrate

Figure 5.10 (a) Typical arrangements of direct ECE measurement in thin film by infrared (IR) camera, (b).

Physical model of thin film measurements

The analytical solution is based on the perfect interface (no thermal resistance), when it is used for
real applications, the imperfectness of interface will affect the results. Additionally, the
piezoelectric effect of ECM was not considered. But all ECMs should have piezoelectric effect.
Therefore, the strain/stress induced during the EC operation may results in the change in materials

properties since some of these properties are dependent on the mechanical condition.
5.4  Concluding Remarks

We may conclude that the analytical solution presented in this chapter offers a great flexibility in
choosing ECMs, sink/source materials, initial conditions and working principle to absorb and
reject heat either by solid-solid contact or by circulating fluids. This analytical solution will be a
key to the thermal analysis of the future novel ideas of the practical devices and can be used to
find the relaxation time, temperature profiles and heat fluxes in the system. This solution is a quick
tool to optimize the design parameters before manufacturing the prototype. The analytical
approach adopted in this research is new in the field of ECE-based cooling technology and it will
not only ease the designing methodology but will also open the new aspects of the research in this
field.

As the ECE-based solid-state cooling technology is going through its evolutional stages with
ultimate goal of high efficient, small-scale and completely silent devices for microscale
applications for the thermal management of high power processors and other future technologies,
so the analytical solutions were inevitable to understand the physics and engineering aspects of the
ECE-based devices. Moreover, the concept of complete solid-state and noise free heat pump

presented in this research will contribute significantly towards achieving the goals set by the
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research community, and its experimental realization and prototyping in future may lead towards
the manufacturing of high efficient and miniaturized solid-state coolers without involvement of

any additional mechanism and will help reduction in the complexities of currently reported

devices.
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APPENDIX - A GENERIC SOLUTION OF THE HEAT EQUATION

Let us consider a 1D heat equation

oT(x,t)  0°T(x,t)

ot T ox?
0%T(x,t) 10T (x,t) — 0
0x? a ot

Taking Laplace Transform

L{M} 1 L{GT(_“)} _ {0}

dx? a ot
Let L{T(x,t)} =W(x,s)

2
oW s) ngzc' 5 _ é{sW(x, s)—T(x,0)} =0

Initial condition T'(x,0) = T;
0*W(x,s) s 1
—————W(x,s)+-=T;=0
d0x? a a
It is an ordinary second order differential equation and the solution of this eq. may be given as

T; s _ S
W(x,s) —?lz C, e\/;x+62e \/;x

The constant of integration C; and C> may be determined using the boundary conditions. Then
after taking the inverse transform, the solution for temperature as a function of time and space (1D)

T(x,t), is determined.



APPENDIX - B CONSTANTS OF INTEGRATION (ANALYTICAL SOLUTION FOR SAME SINK/SOURCE)
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APPENDIX - C MANIPULATING THE DENOMINATOR FOR ANALYTICAL SOLUTION IN
CHAPTER 3
1

Deno =
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Using the following relation (Geometric Series)
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The above equation may be written as
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APPENDIX - D VALIDATION OF THE ANALYTICAL SOLUTION

If we put the following initial conditions in our solution, our solution will become equivalent to

the problem discussed in section 3.1.5.

Temperature Profile for Center Body —R < x < R: Combining Body2 and Body3
Putting the above initial condition in the Eq. (3.35), we get
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For n=1 the first terms give 3R + x and second two terms give us R + x
For n=2 the first terms give 7R + x and second two terms give us 5R + x
Let us write some terms for above equation
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Rearranging...
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So, we may express this series with only two terms if we replace 4n with 2n and some manipulation

with h power.
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Above is the solution given in the reference book. Expanding above equation...
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So, the above two relation are same, so it validates our solution as given in the reference book.
Temperature Profile of End Bodies (—0 < x < —Rand R < x < o) (Body 1 or Body4)
Putting the above initial condition in the Eq. (3.37), we get
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1 + Ks foper] 2 a"t
> _ _ -1/2 _ _ -1/2
2 Z 2D et R+ (4n—2)K,'“R N Z ) gpge R+ (4n—4)K, '“R
1+Kgn=1 2vVaot ] 2\a’t
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Ta(x,t) — Ty

(T3i — Tai)
o _ _ -1/2 © _ _ -1/2
_ K, hz P21 erfcx R+ (4n—-0)K, 'R 2 Z P21 erfcx R+ (4n—-2)K,'“R
1+K. ~ 2Vaot 1+ K, L 2Vaot
n=1 n=1
® _ _ -1/2
+ Z 2= erfcx R+ (M4n—-4)K, 'R
— 2va‘t
n=1
Expanding the above relation
Ty(x,t) = Ty
(T3i - T4i)
K, x—R+4K;Y*R x—R+8K;/*R , x—R+12K;'°R
= h| erfc + h” erfc + h™ erfc + -
1+ K, 2Va’t 2Va’t 2Valt
2 x—R+2K;"*R x—R+6K,/’R
- erfc + h° erfc
1+ K, 2V a’t 2V a’t
, . X—R+10K,'?R
+ h™ erfc + -
2V a’t
x—R . x—R+4K;*R . x—R+8K;/’R
+ | erfc + h* erfc + h” erfc + -
2V a’t 2V a’t 2V a’t
Further manipulation...
T,(x,t) — Ty, K, x—R

= erfc
(T3 — Ty) 1+ K, 2V alt

x—R+4K;R x—R+8K;'/R
h| erfc + h” erfc
2V a’t 2Va’t

1+K,

, . x—R+12K;/?R
+ h” erfc + -

2vValt

x — R+ 2K;/?R x — R+ 6K;Y/?R

— (14 h) | erfc + h? erfc
2V a’t 2V a’t

x — R+ 10K;"/?R
+ h* erfc + -
2Valt
, _x—R+4K;?R x—R+8K;'/R
+ | h” erfc + h* erfc + -
2V a’t 2V alt

The above series may be written as

T,(x,t) — Ty K, x—R K. (1+h) i( B ers x — R + 2nRK;"/?
— eric
n=1

= erfc -
(T3 — Ty) 1+K, 2vVa’t 1+K, 2V a’t
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Where

1+k 1 Z(_h)n—l
2 1+h
n=1

Note: there are two terms for each 4R, 6R, 8R. Expanding the second part of the above equation

© -1/2
__K(+h {Z eyt erfe R + 2nRK }

1+ K, ] 2vValt
K5(1+h)( x—R+2RKa_1/2> Kg(1+h)< hert x—R+4RK;1/2>
= _ erfc — —h erfc
a 2Vaot 11K, 2vVact
1!<g(1+h)<h2 ] x—R+6RK;1/2> K5(1+h)< 2 o x—R+8RK;1/2>
e 7 erfc — —h° erfc
1+ K, et 1+K, 2Vat

Hence, we proved that our results are the same as mentioned in the reference book and our solution
is the more generalized form for the solution mentioned in the book (i.e. Book problem is a special

case of our problem)
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APPENDIX - E THERMAL PROPERTIES OF SEVERAL EC AND NON-EC MATERIALS

Thermal Thermal
Density Heat Capacity
. s . - -6
Materials kg J Conductivity Diffusivity (x10°) Ref.
P (W) v (K kg) . (K) m?
mK a\5
P(VDF-TrFE-CFE)
1800 1500 0.2 0.074 123
Terpolymer
Barium Strontium
6000 900 10 1.85 133
Titanate (BST)
PMN-25PT 8000 321.5 0.25 0.097 134
PZN-4.5PT 8100 200 0.25 0.154 134
BT 6060 527 6 1.88 -
Air 1.1614 1007 0.026 22.2 -
Graphite 2250 25 709 12604 -
Aluminum 2689 951 237.5 92.9 -
Silver 10500 235 429 174 -
Copper 8933 385 400 116 -
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APPENDIX - F DEFINITIONS OF MATERIAL PROPERTIES OF A DIELECTRIC MATERIAL

Gibbs Free Energy Material Property Effect Description
G(E=0,T=Ty,X=0) G, Initial Value of Gibbs Free Energy
aG
(-) Dy, Electric Displacement
0Em/ 1«
G
(ﬁ)EX S Entropy
aG )
aX# X Strain
ET
( 926G > rx <6Dm) > Dicl c
T an Em o ermittivit ielectric Constant
OEmOEy ), ™= \OE, ), y( )
9%G cEX  /0S -
aTaT Ex T (ﬁ)E N Heat Capacity
0%G er _ (0% ) .
X 6Xv Sw =13 X,), Elastic Compliance
Pyroelectric Effect

Eiay

Electrocaloric Effect

Thermal Expansion

(777,

Piezocaloric Coefficient

Converse Piezoelectric Effect

(o),

Piezoelectric Effect

Stress dependence of Pyroelectric Effect

936G
OE,0T0X,

Field dependence of Thermal Expansion

Temperature dependence of Piezoelectric Effect
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%G >
TX

delX
T,X — mn . . o e .
3E - 9E.OF. E,.0E,0E, mnp ( 3E, >T ) Electric Field dependence of Permittivity
%G o x ]
3ToTaT . 6 Temperature dependence of Heat Capacity
0°G ox dspy
m) 51,2 ( 3 ; ) = ( a'w ) Stress dependence of Elastic Coefficient
wEAvERE ey Xy 0X¢ ET Xe Jor
393G ) 2 (agTTn{l‘ ) Field dependence of Pyroelectric Effect
0E, 0E,0T ] , " aT ), Temperature dependence of Permittivity
%G ) ux = <6p,’,(1> B (6(6 EX/ T)) Temperature dependence of Pyroelectric Effect
0E,,0TOT X " aT X 0E, x Field dependence of Heat Capacity
3G > NE = (66(5) B (6(CE'X/T)) 3 (62x,'f) Temperature dependence of Thermal Expansion
dToT X, E #7\a E 0Xy, P oT? B Stress dependence of Heat Capacity
3G ) OF ( af ) (6555) Stress dependence of Thermal Expansion
0T 0X,0X, - X, E aT E Temperature dependence of Elastic Compliance
336 odT 9T 52 Field dependence of Piezoelectric Coefficient,
Em X
R'rTnnu = =) = ) = £ (“Electrostriction”)
0E,0E,0X, r OE, )., X, r 0En0En )
Stress dependence of Permittivity (Dielectric Constant)
Field dependence of Elastic Compliance
2%G . Sy ady,, . . : .
3E,0X, 0%, ) mw =\ 35 - ] =\ ax, ] Stress dependence of Piezoelectric Coefficient (Nonlinear
Piezoelectric Coefficient)
0*G
- T.X .
OE0E,0E, EQ>T . Annpq Nonlinear Effect of Fourth Order
0*G
374 xEX Nonlinear Effect of Fourth Order
EX
3
0°G YT
0X,0X,0X:0X; ir nogd

Nonlinear Effect of Fourth Order
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APPENDIX - G TENSORIAL RANKS OF MATERIAL PROPERTIES

Parameter Rank of Tensor Parameter Rank of Tensor Parameter Rank of Tensor
o Electric e
Electric Field 1* (Vector) ) I Permittivity 2nd
Displacement
Temperature 0™ (scalar) Entropy ot Heat Capacity ot
) Elastic
Stress 2nd Strain 2nd . 4t
Compliance
Electric Field I Entropy ot Pyroelectricity I
) Thermal
Temperature o Strain 2nd . 2nd
Expansion
Stress 2nd Elect. Disp. 1t Piezoelectricity 3w




APPENDIX - H MATRIX AND TENSOR NOTATIONS

Parameter Symbol No. of Terms Matrix Notation Tensor Notation
Electric Field E, m=1,2,3 [E, E; E5] Vector
Electric
) Dp, m =123 [D, D, D] Vector
Displacement
m=12,3 €11 &12 €13
Permittivity D = €mnEn €21 €22 &23 Emn
n=123 €31 &332 &33
X11=X
X2 =X Xij
X33 = X3 i=123
Stress X, u=12345,6 Xps = X3, = X, Jj=123
X31 = X153 = X5 X111 X1z X3
Y. =% ¥ X21 Xaz X3
12 =421 — % 31 X3z X33
[X1 Xz X3 Xy X5 X¢]
X11 = X1
X22 = X3 Xij
X33 = X3 i= 1,2,3
Strain X, u=12345,6 Xip = Xpq = Xg j=123
Xp3 = X33 = Xy X11 X12 %13
X21 X22 X23
X31 = X13 = Xs X31 X3z X33
[x1 22 X3 x4 X5 Xe]
123456 S11 S12 "t S1e
M = 149, 1Y, S S b S
Elastic Compliance Xy = SXy fl ?2 . f6 Xij = SijrXki
v=1234,5,6
Se1 Se2 " See
‘ . Xy = diny B m=123 diy dip e dig Xij = i Em
Piezoelectricity dy1 dyy -+ dye
Dm = dmy.Xm u= 1:2'3:4’;5:6 d31 d32 d36 Dm = dml]le
AS = p,E
Pyroelectricity e m=1,2,3 [p1 P2 ps] Vector
D,y = p AT
a1 = 0
22 = 3
A3z =«
AS = a,X, B AS = a;;X;
Thermal Expansion u=12345,6 A1y = 0y = Qg
XP_ = (XHAT xi}' = aijAT
Az3 = U3 = Uy
31 = A3 = As
[ay az as ay as a)




APPENDIX -1 PROOF OF GEOMETRIC SERIES

4n — m)R]?
S, = K2 Dexp (— (n - m)k ] >

2vact
R2+2=1) ey — [(4(n +2) —m)R 2
Sn+2 _ 2Vact
Sn+1 hz(n+1_1) exp | — [(4—(71 + 1) — m)R 2
2vact
4n —m + 8)RY
hz(n+1) ex _ (
_ P 2vVact
4n —m + 4)R)
h2n ex — [(—
p( 2Vact >
5 _ [(4n —m)*R* + 16(4n — m)R* + 64R2])
_ h* exp ( [ i
(_ [(4n —m)?R? + 8(4n — m)R? + 16R2]>
€Xp 4act
(4n — m)?R? + 16(4n — m)R? + 64R? N (4n — m)?R? + 8(4n — m)R? + 16R?
exp 4act 4act
(4n — m)?R? — 16(4n — m)R? — 64R? + (4n — m)?R? + 8(4n — m)R? + 16R2>
exp
4act

4act

exp

32nR? + 8mR? — 48R?
4act

exp

= 2 (_
= h? (_
= 1 exp (_8(4n —mR - 48R2>
= h? (_
= K2 (_ 4(12 — 2m)R?> 32R? >

4act T 4act n
) (12 — 2m)R? 8R?
= h® exp —————|exp(——7n
a‘t a‘t

S
2 — R?Bexp(—A-n) (<1)
Sn+1

Where

8R?
A=exp|— po >0

( (12—2m)R2>
B=exp(-———2—) <1

a‘t



APPENDIX - J CONSTANTS OF INTEGRATION (ANALYTICAL SOLUTION FOR DIFFERENT SINK/SOURCE)

e Ve Ko 3 (1 — Kso)(Treri — Tsri) — € V(1 — Kso) (Tecri — Tecz,i) — 26 V2™ (Tecoi — Tsoi) =€ V(1 + Kso)(Tecri — Teczi) + € V2™ °(1 + Ks0) (Trer,: — Tsii)

A =
" %(1 + Ks))(1 + Kso)s — (1 — Ksp)(1 — Kso)s
5

A, = ZeR\/%(l — Kso)(Tcri = Tsii) = e %(1 + Ks))(1 — Kso)(Tgcr,i — Teeai) — 2¢°" %(1 + Ks1)(Tgcz,i — Tso,i) — e "NeFo(1 4 Kg)(1 + Ks0)(Tgc1,i — Tecz,i)

26 ™NE (1 4+ K (14 Kp)s = 25((1 ~ Kep)(1 ~ Keo)

5
B, = (1 = Ks))(1 = Kso)(Treri = Teca,i) + ZeR\/%(l — Ks1)(Tecz,i — Tso,) + BZR\/%(l — Ks)) (1 + Kso)(Tec i = Trcai) = 2¢™" P+ Ks0) Tecns — Tsn)
26"™NE (1 4+ K ) (1 + Keg)s — 25((1 ~ Kep) (1~ Keo)
A; = —(1 — Ks)(1 = Ks0) (Tecri — Tacai) + 2¢" %(1 — Kso)(Tec i — Tsi,i) — eZR\/%(l — Ks) (1 + Ks0)(Treri — Trca,i) — 263R\/§(1 * Ks0)(Tse i =~ Tso.)
2€4R\/%(1 + Ks))(1 + Kso)s — 2s((1 = Ks)(1 = Kso)
s = 2¢" %(1 — Ks1)(Teczi — Tsoi) + eZR\/%(l — Ks)(1 + K50)(Treri — Trca,i) — 293R‘/%(1 + Ks0) (Tecri — Tori) + e4R‘/%(1 + K1) (1 + Ks0) (Tec1,i — Tecz,i)

26 T (1 4 Ky (1 + Ky = 25((1 — K1 — Keo)

B,

R |- R |- 2R |- 3R |- 4R |
e Ve’Kgoi(1 - KSI)(TECZ,i - TSO,i) t+e ‘/;(1 - KSI)(TECLi - TECZ,i) —2e ‘/;(TECM - TSI,i) te ‘/;(1 + KSI)(TECLi - TECZ,i) t+e ‘/;(1 + Ks1)(Tgc2,i — Tso,i)

4R |-
e ‘/;(1 + Ksp)(1+ Ksp)s — (1 — Ks))(1 — Kso)s

where
I_KSI
hg =— |h| <1
s =17k M
hoy =— |h| < 1
s0=17x M

J-1



APPENDIX - K MANIPULATING THE DENOMINATOR FOR ANALYTICAL SOLUTION IN
CHAPTER 5

1

Deno =

5
4R aEC(l + Kg)(1+ Kgp)s — (1 — Kg))(1 — Kp)s
1 1

—4R S 1s
o k0 e o - S e

S
e VafC 1

1+ Ksp)(1 + Ksp) -1 (1 — Ks))(1 — Kso) \/E] s

1+ K1+ Kso)

S

—4R
«EC

e

1+ Ksp(1+ Kso) 1- hSIhSOe i Jare ]

—4R |—

1 e Vo 1
— s (14 Ks)(1 + Ksp) [ 4R ai.c]

1 - hSIhSOe

Using the following relation (Geometric Series)

=Zx"=1+x+x2+x3+---

n=0

1
1—x

The above equation may be written as

1 e 4RV°‘EC - ~4R |-z "
Deno = — hg hgoe a

s(1+Kg)(1+ Kso)n=0

S
_L_ e 1+ hgh 4R | =) + h3h? 8R |—
_;(1"'1(51)(1"'1(50) siflso €Xp | — ZEC s1ftso €Xp 2EC
S
+ h% h2, exp (—12R ’7> + ]

1 S
- 1Rns1 —4nR |
TS+ KSI)(l n KSO)Z hso”exp ( n aEC>

1 1 e 4RV°‘EC - L 5
== hgrhso)™ —4nR |
sA+ K +KSO)nZ:1( sthso)™ 'exp ( n aEC)

4R |-
e V(1 + Ko)(1 + Ksp)s — (1 — Ks))(1 — Ksp)s

Hence




