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Abstract

Pedestrian navigation techniques are used to provide positioning information in lieu of or

to supplement more traditional systems such as GNSS. A challenge facing users of pedestrian

navigation algorithms is the acquisition of initialization data. Existing initialization methods

for pedestrian navigation methods assume the availability of GNSS position and velocity and

of standstill periods that can be used to provide attitude information. This thesis presents a

method that performs the attitude initialization for a pedestrian navigation system (PNS) while

the pedestrian is riding inside a vehicle. An algorithm is presented which uses data from a

vehicle-mounted IMU and a pedestrian-mounted IMU to detect when the two sensors form a

rigid body. Once rigidity has been established, a solution to Wahba’s Problem is used to solve

for the misalignment between the two systems. The misalignment is used in conjunction with

the vehicle’s attitude to initialize the PNS before the pedestrian leaves the vehicle. Performance

analyses of the rigidity detector and misalignment estimation are shown using both simulated

and real data, while a performance analysis for the PNS initialization procedure is shown using

real data. The method is implemented using IMU data gathered using a Vectornav VN-300

GPS/INS and a Lincoln MKZ instrumented with a KVH 1750 IMU. Results show that the

proposed method can initialize a PNS with a mean initial heading error of 7.3◦, with the error

being attributable to violations of the rigidity condition.
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Chapter 1

Introduction

1.1 Background and Motivation

The problem of navigating, or determining where we are, is one that stretches back ages

[1]. The Concise Oxford Dictionary defines navigation as “any of several methods of determin-

ing or planning a ship’s or aircraft’s position and course by geometry, astronomy, radio signals,

etc.” This definition has two major components. The latter component refers to the planning

of a trajectory from one location to another, avoiding obstacles and collisions along the way.

This is known as guidance . The former is the determination of a moving object’s position with

respect to a known reference. This is referred to as positioning [2].

Accurate and reliable positioning information is critical for many applications, includ-

ing surveying, asset and animal tracking, vehicular navigation, and pedestrian navigation [2].

Starting in the early modern period, driven by the demands of commerce and colonization,

traders and sailors carefully and painstakingly calculated their positions using observations of

celestial bodies, mechanical clocks, and dead reckoning techniques [4]. Since then, advances

in timekeeping, digital signals, computing, microelectronics, and spacecraft have culminated

in the development of global navigation satellite systems (GNSS) in the mid to late 20th cen-

tury. These systems, including American GPS and Russian GLONASS, transmit positioning

information from satellites to users on Earth, providing anyone with a receiver a precise, in-

stantaneous, externally-referenced position anywhere on the planet at any time [4].

GNSS is an attractive source of position information for many applications due to its

accuracy, reliability, worldwide availability, ease of use, and ubiquity i.e. GNSS receivers are
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small and cheap enough to be in smartphones [5]. However, due to GNSS’s reliance on signal

transmission and reception, it suffers from several inherent weaknesses. The signals broadcast

by the satellites are low power, so they are easily blocked or attenuated by objects such as

buildings or trees, which makes their usefulness for indoor and forested areas limited. In urban

areas, signals from some satellites will be blocked while others will be received after they

have been reflected off buildings. This multipath effect leads to degraded position accuracy.

Finally, GNSS signals are open to attacks such as spoofing and jamming, which can result in

false navigation solutions or even navigational outages [2, 5]. These weaknesses can make it

difficult to use GNSS in certain contexts.

One such context is the navigation of pedestrians. Pedestrian navigation is a problem with

many useful applications, which include geolocation of dismounted soldiers, navigation for the

blind and visually impaired, and the tracking of first responders [5]. However, the problem

is complicated by the fact that pedestrians often operate in environments that are challenging

for GNSS signals. These include indoor, urban, and forested areas. Since the accuracy and

reliability of GNSS is compromised in such environments, it has been necessary to develop

alternative navigation systems for pedestrians that operate independently of GNSS.

Several alternative systems have been developed that provide pedestrians with externally-

referenced positioning information independently of GNSS. As with GNSS, these systems rely

on pre-existing knowledge of the environment in the form of physical infrastructure or maps and

usually involve the transmission and reception of signals to provide positioning information.

Technologies include camera systems, infrared receivers, ultrasound, and short-range radio net-

works such as wireless local area network (WLAN), ultra-wide-band (UWB) radios, bluetooth

low energy (BLE), and radio-frequency identification (RFID) [6, 8–10]. These technologies

can be used to identify when a pedestrian is located next to an infrastructural or mapped-out

point, such as a wireless router or visual landmark [8], or they can use more sophisticated tech-

niques, such as received signal strength (RSS), time of flight (ToF), or angle of arrival (AoA)

to determine the location of the pedestrian in the environment via trilateration or triangula-

tion [6, 10]. These alternative methods are potential supplements or even replacements for

GNSS when it is unavailable. However, as with GNSS, these systems are subject to blockages,
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multipath, and other factors that contribute to a poor signal environment. Furthermore, these

systems require the installation of physical infrastructure or generation of maps before being

used for navigation. This process, especially for physical infrastructure, is generally difficult,

time-consuming, and costly, which may make implementation prohibitive [5].

Due to inherent difficulties with infrastructure or map-based navigational techniques, there

is a need for pedestrian navigation techniques that operate independently of externally-referenced

information. Dead-reckoning is a technique that meets this need. In the pedestrian navigation

context, dead reckoning involves propagating a pedestrian’s position using acceleration, angu-

lar velocity, and magnetic field measurements from Inertial Measurement Units (IMUs) and

magnetometers worn by the pedestrian, and supplements these sources of information by mak-

ing assumptions about human motion [5, 7, 11, 12, 25]. Two recent developments make imple-

menting this technique practical. The first is increases in processing power of mobile computers

has made real-time implementation of pedestrian dead reckoning practical, as shown in [25].

The second is advances in sensor technology have resulted in inertial and magnetic sensors that

are small, both in size and power consumption, allowing for them to be worn by people [2]. A

pedestrian dead-reckoning system based on these technologies can provide a real-time position

solution to a pedestrian when external navigation infrastructure or maps are unavailable or un-

usable. However, a prerequisite to using dead-reckoning for positioning is the establishment of

initial position and attitude information. For pedestrians, acquiring this information can itself

be a challenging problem.

In existing literature, this problem is simplified by assuming that the pedestrian is stand-

ing still in an outdoor environment. This allows GNSS to be used for initializing position and

velocity, gravity measurements to be used for initializing pitch and roll, and magnetic field mea-

surements or user inputs to be used for initializing heading [13, 15–18, 27, 28, 31] . Outdoor

standstill initialization has been sufficient for researching different pedestrian dead reckoning

algorithms. For real-world applications though, requiring a pedestrian to stand still to allow the

dead-reckoning algorithm in their personal navigation system to initialize may be impractical.

Fortunately, recent developments have created an opportunity to develop a more practical

means of acquiring initialization information. As vehicles become more automated, they are
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being equipped with navigation sensors, including IMUs, of a level of quality that is sufficient

for practical use [19, 20]. To take advantage of this development, this thesis will explore an

IMU-based technique to initialize a pedestrian dead-reckoning algorithm by transferring a nav-

igation solution from the vehicle’s navigation system while the pedestrian is riding inside the

vehicle.

1.2 Thesis Contributions

In general, the objective of this thesis is to develop an implementation of transfer alignment

for use on an intermittently rigid body. For the purposes of this thesis, “intermittently rigid”

refers to random instances in which an otherwise rigid body experiences deformations. In the

context of in-vehicle PDR initialization, deformation occurs when the the pedestrian’s body

moves independently of the vehicle’s while riding inside of it. To develop an initialization

system applicable in this setting, this thesis:

• Examines existing methods of misalignment and lever arm estimation and analyze their

observability.

• Develops a method to detect when the vehicle and pedestrian IMUs form a rigid body.

• Integrates transfer alignment and rigidity detection into a combined system that can be

used to initialize a pedestrian navigation system using a vehicle navigation system.

• Evaluates the performance of the initialization system.

1.3 Thesis Outline

This thesis has six remaining chapters. Chapter 2 provides a technical background for

general navigation, and focuses on coordinate frames, rotation translation transformations, and

inertial navigation techniques. Chapter 3 provides an overview of existing pedestrian dead

reckoning techniques. Chapter 4 provides an overview of existing transfer alignment tech-

niques, including methods used to estimate misalignment and lever arm, and covers an analysis

of these quantities’ observability. Chapter 5 discusses zero-velocity detection and outlines a
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method by which a relative zero velocity or rigidity state between two IMUs can be detected.

Chapter 6 brings together the elements discussed in the previous two chapters to implement the

in-vehicle initialization system and presents an evaluation of its performance. The final chapter

summarizes the thesis, provides conclusions, and discusses possible directions for future work.
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Chapter 2

Technical Background

2.1 Coordinate Frames

Coordinate frames are a foundational mathematical concept for navigation. Their purpose

is to provide an origin and a set of axes to describe an object’s linear and angular motion.

Discussion of this concept is imperative, since all navigation problems involve determining an

object’s position and velocity relative to a chosen coordinate frame.

It is customary to use orthogonal three-dimensional coordinate systems when describing

navigation problems, i.e. frames with an x, y, and z axis. This means that most navigation

information, such as position, velocity, acceleration, angular velocity, orientation, etc. are

described with a minimum of three components. It is also customary to use at least two frames

when describing a navigation problem, these frames being the object frame and the reference

frame. The object frame A describes an object whose position and orientation are desired,

while the reference frame B describes a known body, such as the Earth or Sun, which provides

a datum for the position and orientation of the object of interest. Therefore, a full description of

the object’s navigation information is given as “the position and orientation ofA with respect to

B.” Sometimes, the navigation information is expressed in a third frame, the resolving frameC.

In that case the object’s navigation information would be given as “the position and orientation

of A with respect to B in C.” What follows is a discussion of some commonly used coordinate

frames that will be referenced in this thesis.
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Figure 2.1: The ECI, ECEF, and ENU coordinate systems shown on a sphere representing the
Earth.

2.1.1 Earth-Centered Inertial and Earth-Fixed Frames

The Earth-Centered Inertial Frame (ECI), denoted by i, and the Earth-Centered Earth-Fixed

Frame (ECEF), denoted by e, are coordinate frames used to describe motion relative to the

Earth. These coordinate frames are widely used as resolving or reference frames since users

often want to know their position relative to the Earth. These two frames have similar coor-

dinate axes. As shown in Figure 2.1, they both share a z-axis pointing from the center of the

Earth to true North and perpendicular x and y-axes co-planar with the equator. Where they

differ is in their movement. ECI is an inertial coordinate frame, which means that it does not

accelerate or rotate with respect to the rest of the universe. By contrast, ECEF rotates with the

planet at a rate of ωie = 7.292115 × 10−5 rad/s. The choice of which frame to use is highly

application-dependent. For space-based applications such as GPS satellites, ωie is non-trivial,

so ECEF must be used. For many ground-based applications, such as pedestrian navigation,

the Earth’s rotation rate can be safely assumed to be zero, so ECI can be used instead. Though

this assumption is technically inaccurate, since the planet does in fact move, the error produced

by ignoring the rotation rate is negligible for these applications.
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2.1.2 Local Navigation Frame

For many navigation applications, it is also necessary to know the orientation of the navi-

gating object with respect to the Earth. However, reading the orientation of an object resolved

in ECI or ECEF can be counter-intuitive, especially when the orientation is expressed in Euler

angles. For this reason, it is helpful to define a local navigation frame, denoted by n, as a small

plane that coincides with the navigating object, as shown in Figure 2.1. A common axis con-

vention is to point the z-axis down from the object towards the center of the Earth, the x-axis

towards true north, and the y-axis towards the east, completing the orthogonal set. Another

common convention is to use x (East), y (North), z (Up) coordinates. Reading the object’s

orientation resolved in either North-East-Down (NED) or East-North-Up (ENU) is much more

intuitive than reading them resolved in ECEF.

2.1.3 Tangent Plane Frame

Reading positions and velocities resolved in ECI or ECEF can be similarly counter-intuitive.

One solution to this problem is to take the positions resolved in ECEF, which is a cartesian coor-

dinate system, and instead express them in a spherical coordinate system. Latitude, longitude,

and altitude (LLA) is an example that is commonly used in navigation. Using LLA to ex-

press positions allows users to express positions on the Earth’s surface using just two numbers,

latitude and longitude, rather than needing a full set of three. Note that LLA is not a new coor-

dinate system. It is simply a means of expressing vectors resolved in ECEF with a different set

of numbers.

Another solution is to take the local navigation frame and affix it to a predetermined point

on the earth’s surface. This predetermined point, or point of tangency, is the origin for the

tangent plane frame, also denoted by n. Using this new frame allows for an object’s position

and velocity to be expressed relative to a known landmark or point of interest, such as the

starting point on a test track or a building entrance. Resolving vectors in such a frame makes

position and velocity data easier to intuitively understand. However, using a flat tangent plane

to represent the spherical surface of the Earth creates a positional error that is proportional to
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the position’s distance from the tangent plane’s origin. Therefore it is advisable to only resolve

positions and velocities in a stationary tangent plane frame close to the chosen origin point.

2.1.4 Body Frame

Nearly all navigation application involve positioning some moving object. Therefore, it

is imperative that there be a body frame attached to that object, as shown in Figure 2.2. This

frame, denoted by b, is attached to the moving object much like the local navigation frame.

However, unlike that frame, these axes remain fixed to the body. They are usually defined as x

(Forward), y (Right), and z (Down) or x (Right), y (Forward), and z (Up). For angular motion,

the x-axis is the roll axis, the y-axis is the pitch axis, and the z-axis is the yaw axis. For objects

using inertial-based navigation systems, the axes of the inertial sensor on the object can be set

to correspond to the body frame axes.

Figure 2.2: A body frame affixed to a vehicle.

2.2 Coordinate Frame Transformations

More often than not, a navigation problem with data resolved in one frame will require

that information be resolved in another frame. This process is called coordinate frame trans-

formation. One reason to perform this is simple convenience, i.e. transforming from ECEF to

a local tangent plane to make position and orientation data easier to understand. Another is to

resolve all available data in a problem into a common frame to make mathematical operations
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possible. For these reasons it is essential to possess a means to transform vector information

from one coordinate frame to another.

2.2.1 Direction Cosine Matrices

Figure 2.3: A vector g resolved in two coordinate frames

Consider the scenario shown in Figure 2.3. A vector g of arbitrary length can be resolved in

two different coordinate frames, i and b. The question is, what relationship is there between the

vector components resolved in each frame? Using the direction angles given, the component

of g along the bx axis is mapped onto the i frame by,

gbx = gixcos(γ) + giycos(λ). (2.1)

The cos(γ) and cos(λ) terms are known as direction cosines. Equation (2.1) can be extended

to gby as well. For neatness, the equations can be packaged together as,

gbx
gby

 = C

gix
giy

 =

 cos(γ) cos(λ)

−cos(λ) cos(γ)


gix
giy

 . (2.2)

The matrix C, made up of direction cosine terms, is termed a Direction Cosine Matrix (DCM).

It transforms the vector g from the i frame to the b frame. Note that the DCM is not dependent

on the length of g. It depends only the relative orientation between the frames. Though Equa-

tion (2.2) applies only to a 2D transformation, a similar process can be followed for deriving
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an 3-dimensional DCM. C is usually appended with a subscript and superscript for the sake

of specificity, i.e. Cb
i . The notation signifies a matrix that takes a vector quantity ~x in the i

resolving frame and transforms it to the b resolving frame, i.e.

~x b = Cb
i ~x

i. (2.3)

To transform the vector from frame b back to frame i, Equation (2.3) must be multiplied by

the inverse of Cb
i , which is notated Ci

b. If the process used to originally develop C was used

to develop Ci
b, the resulting matrix would be equivalent to taking the transpose of Cb

i . In other

words,

Ci
b = (Cb

i )
−1 = (Cb

i )
T . (2.4)

This fact is especially useful in computer implementations, since it allows a DCM’s transpose

to be taken instead of its inverse, an operation that is far more computationally expensive.

Performing a transformation and then reversing the process must return the original vector so,

Ci
b(C

i
b)
−1 = Ci

b(C
i
b)
T = Ci

bC
b
i = I3. (2.5)

Thus, direction cosine matrices are orthonormal. A property of such matrices is that

det(Ci
b) = 1, (2.6)

which is helpful as a computation-checking tool. Stringing together multiple transformations

is straightforward. Consider the two transformations,

~x c = Cc
b~x

b and ~x b = Cb
a~x

a. (2.7)

Substitution yields

~x c = Cc
bC

b
a~x

a = Cc
a~x

a. (2.8)
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2.2.2 Euler Angles

Figure 2.4: A series of rotations about the z, y, and x axes

Though DCMs are useful in transforming vectors, they are not the most intuitive means of

representing a coordinate frame transformation. A more visually friendly representation can

be found in the direction angles between the coordinate frames. For a 2D transformation, one

of the two angles in Figure 2.3 can be used to represent the entire transformation. For a 3D

transformation, a minimum of three unique angles are needed [2, 21]. A rotation sequence

widely used for navigation, particularly in aerospace applications, is shown in Figure 2.4. To

start off, the reference frame i is rotated around the z-axis by some angle ψ. This yawing

motion makes ψ the angle between the reference frame i and the intermediate frame V1. Then,

the V1 frame is pitched forward about the y-axis by an angle θ to create a second intermediate

frame V2. The rotation sequence is finished by rolling the V2 frame by angle φ about the x-axis

to the object frame b. This particular sequence of ZY X rotations, or Euler angles, is given as,

εbi =


φ

θ

ψ

 , (2.9)

There are three distinctive aspects of the approach. The first aspect is the performance of

the second and third rotations from the axes of the intermediate frames V1 and V2. This sort

of rotation sequence is known as a body-fixed rotation sequence [21]. The other option is to

perform the rotations around the axes of the base frame i. This alternative is known as a space-

fixed rotation sequence [21]. Though this difference may seem significant, it is shown in [21]
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that the result of a sequence of body-fixed rotations leads to the same final orientation as the

reverse sequence of space-fixed rotations, and vice-versa. Since body-fixed rotations are easier

to visualize, they will be used in this thesis.

The second aspect is the number of unique axes used to perform the rotation sequence.

Though it is helpful to use all three axes to perform a 3D rotation, as done in Figure 2.4, it is

not a hard requirement. 3D rotations can be performed using just two axes. Using Figure 2.4 as

an example, the b frame can be formed by rotating the V2 frame by φ around its z-axis instead

of its x-axis. This makes it a ZY Z sequence rather than a ZY X sequence. A ZY Z sequence

is known as a symmetric set due to the repetition of the first rotation axis in the third rotation.

Any two axes can be used in any order, giving a total of 6 possible symmetric angle sets, as

shown in [22]. By contrast, a sequence that uses all three axes, such as the ZY X sequence in

Figure 2.4, is known as an asymmetric angle set. The three axes can be arranged in any order,

giving a total of 6 possible asymmetric angle sets, as shown in [22]. Due to their widespread

use in navigation applications [2], the ZY X asymmetric set will be used in this thesis.

The third aspect is the specific order of the axial rotations used to create the intermediate

frames. Generally, if anything about the generation of an intermediate frame is changed, such

as the rotation axis or angle, then it follows that the final orientation will also change. This fact

has some interesting effects. One effect is the criticality of the rotation order. The sequence

shown in Figure 2.4, which uses a ZY X order, will not give the same final orientation were

it to be done as an XY Z sequence. Another effect is the non-triviality of inversion. Simply

changing the sign on the angles does not rotate from b back to i. A new set of Euler angles

must be used, or the three rotations must be individually reversed in the opposite order they

were performed. A further effect is the complication of successive transformations. Adding the

angles and performing one rotation set with the sum will not give the desired result. Instead,

the two rotation sequences must be performed individually.

A difficulty, specific to ZY X rotations, is the singularity that occurs at pitch angles of

θ = ±90◦. A visual example of this phenomenon is given by the fighter jet in Figure 2.5.

The jet can arrive to the shown attitude by either yawing and then pitching, or by pitching

and then rolling, i.e. the roll and yaw become indistinguishable at ±90◦. This effect, known
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Figure 2.5: A fighter jet illustrating the problem of gimbal lock

as gimbal lock, limits the use of Euler angles to applications where the pitching is within the

90◦ bound. Despite these mathematical difficulties, Euler angles remain a popular choice for

communicating coordinate frame transformations due to their intuitiveness. However, their

inherent difficulties mean they are rarely used to mathematically implement coordinate frame

transformations.

Since the coordinate frame transformation can be represented as a series of rotations, they

are sometimes referred to as rotations or rotation transformations. The resulting orientation

after the series of rotations is often referred to as an attitude, a term that will be frequently used

in this thesis.

2.2.3 Euler Angles and Direction Cosine Matrices

Euler angles can instead be indirectly used to implement a coordinate frame transformation by

writing a DCM in terms of the angles. Consider the original rotation transformation in Figure

2.3. The rotation can be described using just γ, as shown in Figure 2.6. The DCM developed

in Equation (2.2) can be similarly updated by incorporating sine functions. In matrix form, this

is given by,
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Figure 2.6: Two coordinate frames seperated by a single angle

gbx
gby

 = C

gix
giy

 =

 cos(γ) sin(γ)

−sin(γ) cos(γ)


gix
giy

 . (2.10)

Equation (2.10) shows that a single-angle DCM can be used to implement coordinate frame

transformation about one axis . This idea can be extended to the sequence in Figure 2.4. Each

of the three rotations can be implemented by a single-angle DCM written in terms of the Euler

angles φ, θ, and ψ. These three DCMs are,

the rotation about the z-axis: CV1
i (ψ) =


cos(ψ) sin(ψ) 0

−sin(ψ) cos(ψ) 0

0 0 1

 , (2.11)

the rotation about the y-axis: CV2
V1

(θ) =


cos(θ) 0 −sin(θ)

0 1 0

sin(θ) 0 cos(θ)

 , (2.12)
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and the rotation about the x-axis: Cb
V2

(φ) =


1 0 0

0 cos(φ) sin(φ)

0 −sin(φ) cos(φ)

 . (2.13)

The general DCM of the combined rotation transformation from i to b is found by multi-

plying Equations (2.11) - (2.13) in the order the rotations are performed in. This gives,

Cb
i = Cb

V2
(φ)CV2

V1
(θ)CV1

i (ψ)

=


c(ψ)c(θ) c(θ)s(ψ) −s(θ)

c(ψ)s(φ)s(θ)− c(φ)s(ψ) c(φ)c(ψ) + s(φ)s(ψ)s(θ) c(θ)s(φ)

s(φ)s(ψ) + c(φ)c(ψ)s(θ) c(φ)s(ψ)s(θ)− c(ψ)s(φ) c(φ)c(θ)

 ,
(2.14)

where c and s represent cosine and sine respectively.

The non-commutative nature of Euler rotations is demonstrated in Equation (2.14). If

Equations (2.11) - (2.13) are multiplied in a different order, then the product would not have

the same terms as the matrix in Equation (2.14). To invert the transformation, the rotation

sequence is reversed. Each of the constituent DCMs are supplied with the negative of their

rotation angles and multiplied in the opposite order the original rotations were applied. This

gives,

Ci
b = CV1

i (−ψ)CV2
V1

(−θ)Cb
V2

(−φ)

=


c(ψ)c(θ) c(ψ)s(φ)s(θ)− c(φ)s(ψ) s(φ)s(ψ) + c(φ)c(ψ)s(θ)

c(θ)s(ψ) c(φ)c(ψ) + s(φ)s(ψ)s(θ) c(φ)s(ψ)s(θ)− c(ψ)s(φ)

−s(θ) c(θ)s(φ) c(φ)c(θ)

 .
(2.15)
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As expected, Equation (2.15), which is the inverse of Equation (2.14), shows up as its

transpose. Since these DCMs ultimately implement rotations, the term rotation matrix is some-

times used to refer to them. Given a rotation matrix, it is possible to extract Euler angle infor-

mation. This is done for Cb
i by,

φ = arctan 2(Cb
i (2, 3), Cb

i (3, 3)),

θ = − arcsin(Cb
i (1, 3)),

ψ = arctan 2(Cb
i (2, 1), Cb

i (1, 1)).

(2.16)

For Ci
b, this is done by,

φ = arctan 2(Cb
i (3, 2), Cb

i (3, 3)),

θ = − arcsin(Cb
i (3, 1)),

ψ = arctan 2(Cb
i (1, 2), Cb

i (1, 1)).

(2.17)

Equation (2.14) - (2.17) bridge the gap between Euler angles and DCMs, and combine the

intuitiveness of the former with the ease of implementation of the latter. Equations (2.14) and

(2.15) allow for rotation transformation in either direction, e.g. from reference(i) to object(b)

or vice-versa. However, it is critical to note that this thesis has designated the Euler angles

themselves as physical rotations starting from the reference frame and ending in the body frame.

A user can reverse the convention for other applications, so long as they are aware of the

direction that the rotation transformations and physical rotations are being performed in.

2.3 Translation Transformations

The ability to transform vector information from one coordinate frame to another is ex-

tremely useful in solving navigation problems. However, applying a coordinate frame transfor-

mation to navigation information does not by itself guarantee its validity in the new coordinate

frame. Consider for example the position of an object resolved in ECIe somewhere on the

Earth’s equator. To resolve the object’s position in local navigation frame it would be neces-

sary to apply a coordinate frame transformation to bring the object’s position into alignment
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with the earth frame. However, to ensure the validity of the object’s position in the local navi-

gation frame, the origin of the local frame relative to the Earth’s center must also be considered.

Intuitively, the same problem arises with velocity, acceleration, and derivatives of these quanti-

ties. Since knowledge of position and velocity is crucial to navigation, it is therefore essential

to possess a means to translate these quantities between coordinate frames whose origins are

spatially separated.

2.3.1 Position and Velocity Transformations

Figure 2.7: A general position translation

Consider the scenario shown in Figure 2.7. The inertial frame i is fixed in space while the

secondary frame a arbitrarily translates and rotates through space. The tertiary frame b also

arbitrarily translates and rotates through space, and has an object O attached to its origin. This

makes that the distance between O and b, ~rbO, zero at all times in any resolving frame. What

is far more interesting, is the distance from O/b to either a or i. Calculating these distances re-

quires knowledge of the distances between each frame. The objectO, whose location coincides

with the origin of coordinate frame b, is separated from frame a by a distance ~r aab, which is the

known distance between a and b resolved in a. At the same time, the inertial reference frame

i is separated from a by ~r iia. Successful navigation of the object often requires knowledge of

the object’s position in the inertial frame. In terms of known quantities, the object’s position
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relative to the inertial frame is given by,

~r iib = ~r iia + Ci
a~r

a
ab. (2.18)

Note the inclusion of the rotation matrix Ci
a in the equation. It makes position determination of

O possible by orienting ~r aab in the i frame. In addition to their orientation, the directions of the

vectors are critical. If ~r iia is measured starting from a rather than i, then it must be negated, i.e.

~r iia = −~r iai. (2.19)

Another oft desired quantity in navigation is the object’s velocity, which is the first deriva-

tive of its position with respect to time. The object’s velocity relative to i is found by differen-

tiating Equation (2.18) once, which gives

~v iib = ~v iia + Ci
a~v

a
ab + Ċ i

a~r
a
ab. (2.20)

It is worth stating that Ci
a and Ċ i

a are the identity if a) frame a is known to be in alignment

with frame i and if b) frame a is known to not rotate. Since these terms’ values depend on

the nature of the resolving frame, this means that the composition of the velocity (and later

acceleration) equations is dependent on the choice of resolving frame. Choosing a resolving

frame in this problem is straightforward, since there are only two choices, only one of which is

inertial. However, for more complicated problems with several possible choices for a resolving

frame, the choice may not be as straightforward.

2.3.2 Angular Velocity and Acceleration Transformation

Taking the time derivative of the ~r terms in Equation (2.18) is straightforward, since ve-

locity is the time derivative of position. However, the differentiation of Ci
a produces Ċ i

a , a term

that is not as clear-cut. To more closely examine Ċ i
a , the definition of the derivative is invoked.
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Formally, the time derivative of Ci
a is,

Ċ i
a = lim

dt→0

Ci
a(t0 + dt)Ci

a(t0)− Ci
a(t0)

dt
= lim

dt→0

Ci
a(t0 + dt)− I3

dt
Ci
a(t0). (2.21)

The first term in the numerator of Equation (2.21) represents the fact that an infinitesimal rota-

tion occurs over the infinitesimal time dt. Ci
a(t0 + dt) is the rotation transformation that occurs

over dt, while Ci
a(t0) is the rotation transformation at t0. To find the rotation transformation

after dt has elapsed, Ci
a(t0 + dt) and Ci

a(t0) must be multiplied, as per Equation (2.8). To more

closely examine this product, it must be expanded in terms of its constituent DCMs. After

several algebraic manipulations, this expansion is given by,

Ci
a(t0 + dt) = Ci

V2
(t0 + dt)CV2

V1
(t0 + dt)CV1

a (t0 + dt)

=


1 0 0

0 cos(dφ) sin(dφ)

0 −sin(dφ) cos(dφ)



cos(dθ) 0 −sin(dθ)

0 1 0

sin(dθ) 0 cos(dθ)



cos(dψ) sin(dψ) 0

−sin(dψ) cos(dψ) 0

0 0 1

 .
(2.22)

Application of the small angle assumption and the elimination of second-order differential

terms yields,

Ci
a(t0 + dt) ≈


1 0 0

0 1 dφ

0 −dφ 1




1 0 −dθ

0 1 0

dθ 0 1




1 dψ 0

−dψ 1 0

0 0 1



=


1 dψ −dθ

−dψ 1 dφ

dθ −dφ 1

 .
(2.23)

Incorporation into Equation (2.21) gives,
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Ċ i
a =


0 dψ

dt
−dθ
dt

−dψ
dt

0 dφ
dt

dθ
dt

−dφ
dt

0

C i
a(t0). (2.24)

The off-diagonal terms of the matrix in Equation (2.24) represent the rate of change of

the infinitesimal rotations. This quantity is known as angular velocity. In this case, the angular

velocity is of frame i with respect to frame a, resolved in i. Written in terms of quantities

typically measured by gyroscopes, Equation (2.24) is restated as,

Ċ i
a = C i

aΩa
ia = C i

a


0 −ωaiaz ωaiay

ωaiaz 0 −ωaiax

−ωaiay ωaiax 0

 (2.25)

where Ωi
ia is the skew-symmetric matrix (or cross-product matrix) of ~ωaia.

Note that the order of the Euler angle sequence has no bearing on the angular velocity.

Changing the order of the matrices in Equation (2.22) will not change their matrix product after

making the small angle assumption. Stated another way, infinitesimal rotations are not subject

to the same sequence dependency that Euler angles are. This means that both infinitesimal

rotations and angular velocities can be added and negated like ordinary vectors.

Angular velocity can also be rotationally transformed like other vectors. Intuitively, a ve-

hicle in a North-East-Down local navigation undergoes a positive yawing motion during a right

turn. However, if the local frame is instead transformed to be an East-North-Up frame, then

the vehicle undergoes a negative yawing motion during the right turn. It is a trivial matter to

show that angular velocity, a derivative of the angular motion, is also affected by the coordinate

frame transformation. In terms of the scenario in Figure 2.7,

~ω i
ib = Ci

b~ω
b
ib = Ci

aC
a
b ~ω

b
ib. (2.26)
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However, unlike positions, velocities, and accelerations, angular velocities are not affected

by translation. To see this, consider the Euler rotation sequence in Figure 2.4. Translating the

origins of the starting, intermediate, or ending frames in that scenario would have had no effect

on the rotation sequence or the Euler angle values. Therefore, it stands to reason that angular

velocity is also unaffected by translational offsets.

With Equations (2.25) and (2.26), Equation (2.20) can be rewritten into,

~v iib = ~v iia + Ci
a~v

a
ab + C i

aΩa
ia~r

a
ab

= ~v iia + ~v iab + Ωi
ia~r

i
ab.

(2.27)

A third quantity widely used to navigate moving objects is acceleration. Since it is the

second derivative of position with respect to time, it is found for the moving object b by differ-

entiating Equation (2.27) once with respect to time. After the appropriate substitutions, this is

given by,

~a iib = ~a iia + Ci
a~a

a
ab + C i

a(Ωa
ia)

2~r aab + C i
aΩ̇a

ia~r
a
ab + 2C i

aΩa
ia~v

a
ab

= ~a iia + ~a iab + (Ωi
ia)

2~r iab + Ω̇i
ia~r

i
ab + 2Ωi

ia~v
i
ab.

(2.28)

In summary, navigation information of a linear nature, such as position, velocity, and

acceleration, require both rotation and translation transformations to ensure their validity in

another coordinate frame. On the other hand, information that is angular in nature, such as

angular velocity, need only be rotated to ensure its validity in another coordinate frame.

2.4 Inertial Navigation

A navigation system is a device or process that determines an object’s position and veloc-

ity. To accomplish this task, a navigation system will employ several navigation sensors. These

sensors measure properties, or navigation information, that can be used to compute position

and velocity outputs [2]. In general, navigation systems can be classified in two different cat-

egories. One such category is position-fixing systems. These systems use identifiable external

information in the form of physical infrastructure or maps to determine position and velocity
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directly [2]. Sometimes, these systems identify when an object is located next to an infrastruc-

tural or mapped-out point, such as a wireless router or visual landmark [8]. Alternatively, they

can use more sophisticated techniques, such as received signal strength (RSS), time of flight

(ToF), or angle of arrival (AoA) to precisley determine the object’s position via trilateration

or triangulation. GNSS is an example of a precision position-fixing system [2, 4]. The other

category of navigation systems is dead-reckoning (DR) systems. These systems compute a

moving object’s linear and angular displacement by summing a moving object’s positional and

directional motion from a known starting point.

Both position-fixing and dead-reckoning have their respective pros and cons. Position-

fixing has the advantage of being able to provide an absolute position for a navigating object.

However, this ability depends on either pre-installed infrastructure or a priori mapping of the

navigation environment, which can be difficult and costly. Dead-reckoning is advantageous

from this standpoint in that it is self-contained. It can compute a moving object’s position using

only sensors on the object without using infrastructure or maps. However, due to its cumulative

nature, an error in any of the sensor readings will cause the dead-reckoned solution’s error

to grow over time. In addition, since dead-reckoning computes displacement as opposed to

absolute position, it requires initial absolute position and attitude values to be able to navigate

in a global frame, values that may be difficult to obtain. Despite these disadvantages, DR

is an oft-used navigation technique due to its usefulness in unfamiliar environments that lack

infrastructure or map information.

2.4.1 Continuous-Time Inertial Navigation

An exceedingly common implementation of DR is inertial navigation. Its defining feature

is its use of inertial sensor outputs. These sensors include a gyroscope, which measures angular

velocity ~ω b
ib, and an accelerometer, which measures total acceleration ~a bib. These two sensors

are usually packaged together in a device known as an inertial measurement unit or IMU. Com-

puting the three-dimensional inertial navigation solution of a moving object requires that the
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IMU attached to it be able to measure angular velocity and acceleration in three mutually or-

thogonal directions. A particular process has to be followed to turn these measurement outputs

into a navigation solution.

The first step in inertial navigation is to propagate the IMU’s attitude. The exact math-

ematical equation depends on the convention used to express attitude. Since this thesis uses

DCMs to express attitude, all of the inertial navigation equations presented will follow that

convention. The continuous-time inertial navigation equation for propagating attitude in an

inertial coordinate frame is given as a first-order differential equation by,

Ċ n
b = C n

b Ωb
nb (2.29)

where Ωb
nb is the skew-symmetric matrix of the three-dimensional angular velocity measure-

ments from the IMU and C n
b represents the IMU’s attitude. Note the choice of the letter n to

represent the inertial frame. This choice is a departure from the convention established ear-

lier in this chapter. This choice was made because the local navigation frame n is assumed to

have inertial properties in this thesis. Therefore, it will be referred to as a navigation frame for

the remainder of this thesis. Once the moving object’s attitude is known, the next step is to

transform its acceleration measurements into the navigation frame. This is given by,

annb = Cn
b a

b
nb (2.30)

where annb is the IMU’s acceleration in the navigation frame. Note that the vector arrows have

been excluded for neatness.

The following step is the gravity compensation. To understand the rationale being gravity

compensation, consider the system shown in Figure 2.8.

The mass-spring system shown in this picture represents a basic accelerometer design [2]. To

illustrate its operation, consider the scenario shown on the left, which shows the mass-spring

system being accelerated downwards. This acceleration causes the mass to lag behind the box
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Figure 2.8: The mass-spring accelerometer system.

in movement since it wants to maintain a constant velocity. Since this spatial lag is proportional

to the system’s acceleration, it can be used as a measurement of acceleration.

By contrast, the center picture shows the mass-spring system in an empty section of outer

space moving at zero velocity. In this scenario, there is no force acting on the system and

therefore no acceleration. This results in the mass staying equidistant from the sides of the box

with no spring compression.

Finally, on the right, the box is at rest on the Earth’s surface. Between the Earth’s grav-

itational force and the reaction force exerted on the box by the Earth’s surface, the net force

acting on the system is zero, just like the middle scenario. However, unlike that scenario, the

mass is being pulled in one direction, in this case towards the Earth’s center. This difference is

accounted for by nature of the ground reaction force. The reaction force is able to push on the

box containing the mass-spring system, and keep it from moving. It cannot however push on

the mass itself, assuming the bottom spring is not fully compressed.

The difference in the accelerometer readings between the second and third scenarios

shown in Figure 2.8 has implications for inertial navigation. In both scenarios, the mass-

spring system experiences zero positional change (assuming a stationary Earth). However,

a DR/inertial navigation solution based off each scenario’s accelerometer readings will yield

contrasting results due to differences in the same. The way to compensate for this effect is to

account for the reaction force exerted by the Earth’s surface. Since this reaction force equals

the mass-spring system’s weight, the accelerometer reading can be adjusted by the object’s

weight divided by its mass, which equals Earth’s gravitational constant. This is the process that
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is referred to as gravity compensation. It is expressed mathematically by,

fnnb = annb − γnnb (2.31)

where γnnb represents gravitational acceleration and fnnb represents the specific force, or non-

gravitational acceleration. All quantities in the above equation are taken in the IMU’s frame

with respect to the navigation frame and resolved in the navigation frame. The exact value

of gravitational acceleration to be used depends on where the IMU is on the Earth (or other

celestial body). For applications in a local navigation frame on the Earth, it is sufficient to

assume that gravitational acceleration is simply,

γnnb =


0

0

−9.81

m/s2 (2.32)

where the vertical or z-axis is perpendicular to the surface plane.

Once Equation (2.31) has been used for gravity compensation, what is left is the specific

force fnnb, or non-gravitational acceleration. This value represents the motion that the IMU

experiences resolved in the navigation frame. This specific force value is equal to the time

derivative of the IMU’s velocity, given by,

v̇nnb = fnnb, (2.33)

while the time derivative of the IMU’s position is its velocity, given by,

ṙnnb = vnnb, (2.34)

where vnnb and rnnb are the IMU’s velocity and position. Computation of the IMU’s actual

position, velocity, and attitude (PVA) requires integration with respect to time. For the attitude,
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this is given by,

C n
b =

∫
Ċ n
b dt, (2.35)

while for the velocity, this is,

vnnb =

∫
v̇nnbdt =

∫
fnnbdt, (2.36)

and for the position, this is,

rnnb =

∫
vnnbdt. (2.37)

The process outlined above computes a position, velocity, and attitude (PVA) displacement

in continuous time for an IMU in motion. This series of equations used in conjunction with

inertial sensor outputs is referred to as an inertial navigation system or INS.

2.4.2 INS Errors

Due to its dependency on IMU measurements, the fidelity of an INS’s PVA outputs is

subject to IMU errors. A simple error model for an IMU is given by,

abnb = ãbnb + ba + wa, (2.38)

ωbnb = ω̃bnb + bg + wg, (2.39)

where ãbnb and ω̃bnb represent the true acceleration and angular velocity, ba and bg represent

accelerometer and gyroscope biases, wa and wg represent zero-mean, normally distributed ran-

dom noise on the accelerometer and gyroscope measurements. Other errors are possible, such

as misalignment, cross-correlation, and scale factor errors. However, they are not considered

in this thesis for the sake of simplicity.

Since Cn
b , vnnb, and rnnb are computed from IMU measurements that have error, it stands to

reason that the errors in these quantities depends on the IMU errors. In continuous-time, the
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inertial navigation errors are given in [2] by,

δψ̇nnb = Cn
b (bg + wg), (2.40)

δv̇nnb = −[fnnb ∧]δψnnb + Cn
b (ba + wa), (2.41)

δṙnnb = δvnnb, (2.42)

where [fnnb ∧] is the skew-symmetric matrix of the specific force and δrnnb, δv
n
nb, and δψnnb are

the errors on the IMU’s position, velocity, and attitude. Note that δψnnb is in fact a vector that

represents the attitude error as a small angular offset. The relationship between the INS’s true

PVA and its errors are given by,

C̃n
b = (I3 − [δψnnb∧])Cn

b , (2.43)

ṽnnb = vnnb + δvnnb, (2.44)

r̃nnb = rnnb + δrnnb, (2.45)

where [δψnnb∧] is the skew-symmetric matrix of the angular errors and C̃n
b , ṽnnb, and r̃nnb represent

the true attitude, velocity, and position of the INS.

2.4.3 Discrete-Time Inertial Navigation

The continuous-time INS equations (Equations (2.29) - (2.37) and the INS error equations

(Equations (2.40) - (2.42)) offer a meaningful mathematical model for DR using the outputs

from an IMU. However, they are not immediatly suitable for practical implementations for two

reasons: 1) IMUs take measurements in discrete intervals and 2) Computers perform calcula-

tions in discrete intervals. Therefore, for practical implementations on digital computers, these

equations must be discretized.

The attitude update, Equation (2.29 and 2.35, can be discretized by using the matrix expo-

nential, which is given by,
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C n
b (t+ ∆t) = C n

b (t)(expm([Ωb
nb∆t∧]), (2.46)

where t represents the time of the previous computation epoch and t+∆t represents the time of

the current computation epoch, assuming that ∆t is a constant time step. The discrete attitude

update shown in Equation (2.46) is often implemented on computers as an equivalent Taylor

series expansion. To simplify its implementation, the series is sometimes represented as a

first-order approximation, given by,

C n
b (t+ ∆t) = C n

b (t)(I3 + Ωb
nb∆t). (2.47)

The acceleration frame transformation and gravity compensation steps, Equations (2.30) and

(2.31)), are essentially the same in discrete-time as they are in continuous-time. However, the

accuracy of the acceleration frame transformation can be enhanced by averaging Cn
b over two

epochs. This is given by,

annb =
1

2
(Cn

b (t+ ∆t) + Cn
b (t))a bnb. (2.48)

The principle used to approximate the discretization of the attitude update can also be applied

to the velocity and position updates. Accordingly, the velocity update, Equations (2.33) and

(2.36), are given in discrete time by,

vnnb(t+ ∆t) = vnnb(t) + fnnb∆t, (2.49)

while the position update, Equations (2.34) and (2.37), are given in discrete time by,

rnnb(t+ ∆t) = rnnb(t) + vnnb∆t. (2.50)

Similar logic can be applied to the continuous-time error equations. The discrete time

error equation for the attitude is given by,
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δψnnb(t+ ∆t) = Cn
b (bg + wg)∆t+ δψnnb(t), (2.51)

the velocity by,

δvnnb(t+ ∆t) = δvnnb(t)∆t+ (−[fnnb ∧]δψnnb)∆t+ Cn
b (ba + wa)∆t, (2.52)

and the position by,

δrnnb(t+ ∆t) = δrnnb(t) + δvnnb∆t. (2.53)

2.5 INS Aiding With Error-State Kalman Filter

Discrete-time INS is an implementation of DR that proves its worth in environments where

the availability of position-fixing systems such as GNSS and map-matching cannot be guaran-

teed. However, using INS as a standalone system has its own disadvantages. Consider an IMU

that is perfect in every way except for a 0.1 m/s2 measurement bias in one of its axes. Over 10

seconds, that bias will translate to a 1 m/s velocity error and 10 m position error. Though IMU

errors are not always that large, the fact remains that no standalone INS can return reasonable

navigation solutions in perpetuity. For this reason, it is often useful to aid the PVA outputs

from INS with PVA outputs from position-fixing systems if they are available. Such aiding can

compute a PVA solution that is more accurate and robust than could be achieved by either INS

or the aiding system alone. This is due to the fact that each system has complementary benefits

and drawbacks. A position-fixing system can keep an INS-computed PVA from drifting, while

an INS can both smooth the PVA and bridge outages computed by the position-fixing system.

Finding an optimal solution to this aiding problem involves finding a PVA that minimizes

the difference between the INS’s PVA and the aiding system’s PVA given the uncertainty in

each system’s output. Solving this kind of problem is the objective of Kalman filtering (KF),

which is detailed in Appendix A. Therefore, it is common to use a KF framework to aid INS

with another navigation system. This is known as INS-KF. Each of the two systems, the INS

and aiding system, correspond to the two different phases of the KF, these being the process and
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measurement updates respectively. It is common to put the INS in the process update and the

aiding source in the measurement update. This setup is especially advantageous if the aiding

source runs at a lower update rate than the INS.

The first step in designing an INS-KF is selection of an appropriate state propagation

model. Though PVA values are an intuitive choice for the KF’s states, they are not used as

the state values. Directly using PVA as states is problematic, especially in the case of the

attitude state, Cn
b . This is because the KF requires the states be expressed as a vector of scalar

values that are a linear combination of the state propagation equations. More advanced Kalman

filtering methods exist that could potentially handle a matrix as a state [23], but they are beyond

the scope of this thesis. To handle a rotation matrix in a KF, its nine terms can be each included

in the state vector, as done in [91]. However, as [91] discusses, doing so does not guarantee the

orthonormality of the resulting matrix. An option that would guarantee orthonormality would

be to express the attitude using different means, such as quaternions or Euler angles. Though

both of these structures are vector quantities, using them in the process update would make the

resulting KF non-linear. This extra level of complexity is also beyond the scope of this thesis.

Rather than using the INS’s PVA as states, the INS’s PVA errors can instead be used as the

KF’s states. This is made possible by the fact that unlike PVA, the PVA errors are quantities that

are linear combinations of their propagation equations. Using the PVA errors as states requires

using an error-state Kalman filter (ESKF) to estimate the optimal PVA. The ESKF algorithm,

detailed in Appendix A, maintains two sets of states, the full states and the error states. The

incoming measurements from the aiding system are used to optimally estimate the errors in the

full states given the uncertainty in the error states and measurements. These error estimates are

then used to correct the full states. For an INS aiding implementation, known as INS-ESKF,

the error states are given by

δx =

[
δr nnb δv nnb δψ n

nb ba bg

]T
, (2.54)

noting the inclusion of the IMU biases in δx. These biases are included to enhance the accuracy

of the full state estimates. These are propagated in discrete time by,
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ba(t+ ∆t) = ba(t) + wba and bg(t+ ∆t) = bg(t) + wbg . (2.55)

These error states are meant to correct the full states, which are,

x =

[
r nnb v nnb Cn

b

]T
, (2.56)

which is computed by propagating the discrete INS equations through time (Equations (2.49),

(2.47), and (2.50)). Note that the availability of accelerometer and gyroscope bias estimates

allows for a modification of two of the discrete INS equations, specifically Equations (2.49) and

(2.47). These equations can account for the IMU bias estimates by subtracting the estimates

from from the sensor measurements before they are used to propagate velocity and attitude.

This is given by,

vnnb(t+ ∆t) = vnnb(t) + (fnnb − ba)∆t, (2.57)

and

C n
b (t+ ∆t) = C n

b (t)(I3 + (Ωb
nb − bg)∆t). (2.58)

With the INS error states and IMU biases making up the error state vector, the discrete-

time state transition matrix for the INS-ESKF is given by,

F =



I3 I3∆t 03 03 03

03 I3 [−f bnb ∧] ∆t Cn
b ∆t 03

03 03 I3 03 Cn
b ∆t

03 03 03 I3 03

03 03 03 03 I3


. (2.59)

The process noise vector is given by,

w =

[
wa wg wba wbg

]T
(2.60)
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and the matrix mapping these noises to the state domain given by,

G =



03 03 03 03

Cn
r 03 03 03

03 Cn
r 03 03

03 03 I3 03

03 03 03 I3


. (2.61)

The final piece of the process update is the process noise covariance matrix. This is given by,

Q =



σ2
a 03 03 03

03 σ2
g 03 03

03 03 σ2
ba

03

03 03 03 σ2
bg


. (2.62)

The second step of designing an INS-ESKF’s is composing its measurement update, the

exact makeup of which depends on the measurement quantities output by the aiding system.

Commonly used sources of aiding information are positions and velocities computed by GNSS.

Though not every application of INS involves GNSS, the simplicity of GNSS’s outputs makes

it a convenient example to illustrate the idea of INS aiding. This sort of system is known as

loosely coupled GNSS-INS [2].

To compose the measurement update, the measurement quantities must be related to the

full states. The relationship between the INS’s position output and the aiding system’s position

output is an application of Equation (2.18) and is given by,

r nnb = r nng + Cn
b r

b
bg. (2.63)

where the subscript g represents a quantity measured by GNSS. Similarly, Equation (2.20) can

be applied to relate the INS’s velocity and the aiding system’s velocity. This is given by,

v nnb = v nng + Cn
b Ωb

nbr
b
gb. (2.64)
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Since position and velocity are both vector quantities, the measurement error of each quantity

is,

δyr = r nng − r nnb + Cn
b r

b
gb (2.65)

and,

δyv = v nng − v nnb + Cn
b Ωb

nbr
b
gb. (2.66)

The measurement error vector is simply a stacking of both measurement errors,

δy =

δyr
δyv

 . (2.67)

The measurement model is a linear mapping from the error state vector δx to the domain

of the measurement errors. For a GNSS that outputs a PV solution, the measurement model is

given by,

H =

−I3 03 03 03 03

03 −I3 03 03 03

 , (2.68)

with a measurement noise matrix of,

R =

σ2
rg 03

03 σ2
vg

 . (2.69)

If either position or velocity is not returned by the GNSS system, then the corresponding rows

can be removed from the measurement model and noise matrix. Note that the translational

offset and rotational offset between INS and GNSS, also known as lever arm and misalignment,

are part of the measurement errors. Although these may not always be known, in this chapter,

they are assumed to be known quantities. Using the equations and matrices presented in this

section in conjunction with the ESKF algorithm presented in Appendix A will allow for the
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computation of IMU biases and a position, velocity, and attitude solution that is an optimal

mixture of the PVA outputs from an INS and an aiding system such as GNSS.
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Chapter 3

Pedestrian Dead Reckoning

Pedestrian dead reckoning (PDR) is an application of the dead reckoning technique used

to track the movement of pedestrians. In general, PDR propagates a pedestrian’s position using

outputs from Inertial Measurement Units (IMUs) and other sensors worn by the pedestrian,

and supplements these sources of information by making assumptions about human motion

[5, 7, 11, 12, 25]. The ability to implement PDR has been made possible by recent advances

in sensor and computing technology. These devices are now sufficiently accurate and small

enough to practically track pedestrians. As such, PDR has recently become a topic of wide

research exploration. PDR algorithms themselves come in two different varieties, these being

the INS approach and step-detection approach. To provide context for the transfer alignment

content in the rest of this thesis, this chapter will elaborate on these two approaches.

3.1 Human Gait Pattern

3.1.1 Gait Analysis

The main function of PDR is to track a pedestrian as they travel. To successfully track

pedestrians, all PDR implementations must take into account an individual user’s walking mo-

tion. Therefore, in order to understand PDR, it is essential that the normal walking motion be

described. Normal human walking is defined in [26] as “a method of locomotion involving

the use of the two legs, alternately, to provide both support and propulsion.” It is differentiated

from running by the requirement that at least one foot be in contact with the ground at all times.

Another word commonly used to refer to walking is gait. Though the two terms are often used
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interchangeably, walking is in fact distinct from gait, which is defined as the “manner or style

of walking” [26]. In general, walking refers to method of movement, while gait refers to an

individual’s specific style of walking.

Figure 3.1: A half gait cycle is shown starting on the right foot. The right foot (higlighted in
green) is in a stance phase while the left foot is in a swing phase.

Since walking is a repetitive motion, it can be thought of as a repeating cycle. The term

used to describe this is gait cycle, which is defined as “the time interval between two successive

occurrences of one of the repetitive events of walking” [26]. Note that a gait cycle can start

and end from any event in a walking cycle. For convenience, the start and ending point for a

gait cycle in this thesis will begin at the moment the heel of a foot comes into contact with the

ground. A full cycle, from right heelstrike to right heelstrike is known as a stride. A half gait

cycle, or step, is shown in Figure 3.1. The figure highlights the two major phases in the gait

cycle, known as “stance” and “swing.” Stance refers to the period in which some part of the

foot is in contact with the ground. A stance can be broken down into the following events:

1. Initial contact - The foot’s first contact with the ground.

2. Loading Response - The ground reaction reaction force increases as rest of the foot is

lowered to the ground.

3. Mid-stance - The foot is mostly flush with the ground while the opposite leg is swinging

forward.

4. Heel Rise - The heel starts to peel off the ground.

5. Toe Off - The toe leaves the ground.

Intuitively, swing refers to the period in which the foot is swinging through the air. A

swing can be further broken down as follows:
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1. Toe Off - The toe leaves the ground.

2. Feet Adjacent - As the foot is moving forward, it passes the opposite leg, which is in the

middle of its stance phase.

3. Tibia Vertical - The section of the leg between the knee and the ankle is perpendicular

with respect to the ground

4. Initial Contact - The foot’s first contact with the ground.

Generally, as one foot is swinging, the other foot is standing on the ground. To transition

between feet, the ending of a stance phase for one foot overlaps with the beginning of the

stance for the other foot. The general pattern can be seen in Figure 3.2. The periods marked

“Double support” are the transition periods in which both feet are contacting the ground, while

the “Single Support” periods signify the periods in which only one foot is on the ground.

Figure 3.2: The progression of stance and swing phases in a gait cycle [26].

The graphics and terminology discussed so far are from [26], a biomechanics text. In

pedestrian navigation literature, there is some inconsistency in terminology, especially in the

usage of the words step and stride. Therefore, when reading pedestrian navigation papers it is

important to keep track of the intended meanings behind a particular author’s chosen terminol-

ogy.

The goal of any PDR implementation is to use the dead reckoning principle to track the

described walking pattern. Since dead reckoning is a process subject to accumulating position

38



error, nearly all PDR algorithms described in the literature take advantage of distinctive features

in the gait cycle to reduce positioning error.

3.2 An INS-Based Approach to Pedestrian Dead Reckoning

One approach to PDR is tracking the pedestrian’s motion using INS techniques, as de-

scribed in [7, 14, 18, 25, 27, 29]. Broadly speaking, this approach propagates the pedestrian’s

angular and positional displacement by integrating acceleration and angular velocity outputs

from an IMU mounted on the pedestrian at the IMU’s update rate. Such an approach is attrac-

tive, since it makes no assumptions about a pedestrian’s specific manner of style of walking.

However as discussed in Chapter 2, the positioning results returned by this method accumu-

late error in proportion to the errors in the IMU used to collect inertial measurements. For the

MEMS IMUs that are often used to track pedestrians, an INS-computed position would quickly

become useless, as IMU errors will cause the integrated position and attitude to diverge. There-

fore any INS-based approach must contain a mechanism to reduce positioning error. Such a

mechanism becomes available if the IMU is placed on the pedestrian’s foot. Specifically, the

output from a foot-mounted IMU can be used to detect stance events. Stance detection is useful,

since the foot’s near zero-velocity state during a stance can be used to reduce dead reckoning

error. For this reason, INS-based PDR methods use information from foot-mounted IMUs to

track a pedestrian’s motion. This technique, which is known as PDR-INS in this thesis, is made

up of two phases. These are the propagation of the pedestrian’s position, velocity, and attitude

(PVA) and the reduction of the PVA errors. These two phases are discussed in detail in the

following subsections.

3.2.1 Propagation of the Pedestrian’s Position, Velocity, and Attitude

The first phase of PDR-INS is the tracking of the pedestrian’s PVA. This is done by prop-

agating the foot-mounted IMU’s position, velocity, and attitude (PVA). This can be performed

in real time by applying inertial navigation equations to its acceleration and angular velocity

outputs. Inertial navigation was described in detail in Chapter 2 of this thesis, but an abridged
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discussion is given here for convenience. In discrete-time, the foot-mounted IMU’s attitude

update is given by,

C n
b (t+ ∆t) = C n

b (I3 + Ωb
nb∆t), (3.1)

where C n
b represents the IMU’s attitude, t represents the time of the previous computation

epoch and t+ ∆t represents the time of the current computation epoch. The acceleration frame

transformation and gravity compensation are given by,

annb =
1

2
(Cn

b (t+ ∆t) + Cn
b (t))a bnb, (3.2)

fnnb = annb − γnnb, (3.3)

where annb represents the IMU’s (total) acceleration, f nnb represents its non-gravitational accel-

eration, and γnnb represents gravitational acceleration. The exact value of gravitational accel-

eration to be used depends on where the IMU is on the Earth (or other celestial body). For

applications in a local navigation frame, it is sufficient to assume that gravitational acceleration

is,

γnnb =


0

0

−9.81

m/s2. (3.4)

Finally, the velocity (vnnb) and position (pnnb) updates are given in discrete time by,

vnnb(t+ ∆t) = vnnb(t) + fnnb∆t, (3.5)

rnnb(t+ ∆t) = rnnb(t) + vnnb∆t. (3.6)
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As discussed in Chapter 2, the accuracy of inertial navigation solution is dependent on

the errors in the IMU measurements. A simple error model of the IMU’s accelerometer and

gyroscope is given by,

annb = ãnnb + ba + wa, (3.7)

ωnnb = ω̃nnb + bg + wg, (3.8)

where ãnnb and ω̃nnb represent the true acceleration and angular velocity, wa and wg represent

zero-mean, normally distributed noises on the IMU noises, and ba and bg represent accelerom-

eter and gyroscope biases.

Since Cn
b , vnnb, and rnnb are computed from IMU measurements with error, it stands to

reason that the errors in these quantities depend on the IMU errors. The evolution of these

errors in discrete time is given by,

δψnnb(t+ ∆t) = Cn
b (t)(bg + wg)∆t, (3.9)

δvnnb(t+ ∆t) = δvnnb(t)∆t+ (−[fnnb ∧]δψnnb)∆t+ Cn
b (ba + wa)∆t, (3.10)

δrnnb(t+ ∆t) = δrnnb(t) + δvnnb∆t, (3.11)

which are the attitude, velocity, and position errors respectively. They are related to the foot-

mounted INS’s PVA values by,

C̃n
b = (I3 − [δψnnb∧])Cn

b , (3.12)

ṽnnb = vnnb − δvnnb, (3.13)

r̃nnb = rnnb − δrnnb, (3.14)

where the quantities under tildes represent the true PVA of the foot-mounted INS. [2]
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3.2.2 PVA Error Reduction

3.2.2.1 Stance Detection

The second phase of PDR-INS is the reduction of the foot-mounted INS’s PVA errors.

There are several mechanisms with which to do this, but the most important one is the zero-

velocity update or ZUPT. For pedestrian navigation, a stance can be considered a zero-velocity

event, since the foot experiences little translation while it is in contact with the ground. During

a stance, the foot-mounted INS’s PVA error can be reduced by resetting its velocity to zero. In

addition, a ZUPT allows for the calibration of the foot-mounted INS’s x and y-axis gyroscope

biases. In order to accomplish this, stance events must first be detected. These events can

be detected by considering two quantities derived from the measurements taken by the IMU.

These quantities are the Euclidean norms of the acceleration and angular velocity measure-

ments, given by,

||a bnb|| =
√

(a bnb,x)
2 + (a bnb,y)

2 + (a bnb,z)
2 and ||ω b

nb|| =
√

(ω b
nb,x)

2 + (ω b
nb,y)

2 + (ω b
nb,z)

2.

(3.15)

The general principle is, if these quantities indicate near-zero motion, then the IMU can be

considered to be experiencing an instance of zero velocity. A qualitative version of this ap-

proach, which considers only evolution of the acceleration norm over time, is shown in Figure

3.3. Stances and swings can be identified during the gait cycle by applying this general princi-

ple. The goal of a stance detector is to take this qualitative approach shown in Figure 3.3 and

perform it on a quantitative basis.

The occurrence of a stance event can be ascertained by applying two conditions to the

acceleration norm and one condition to the angular velocity norm. The presented conditions

are based upon methods developed by Pierce [15], Ray [24], and Jimenez et al [7, 14]. They

are:

1. A window of acceleration norms must be between an upper and lower bound (thamin
=

8.5m/s2 and thamax = 11m/s2 ). This is expressed mathematically as,

42



Figure 3.3: Euclidean norm of acceleration data showing stance and swing phases.

C1 =


True if ∼any (thamin

< ||a bnb,window|| < thamax)

False otherwise.
(3.16)

where the term∼ is a logical NOT and the function any() determines if any of elements in

the window fail to meet the condition. The conditional statement can be more intuitively

thought of as: if none of the acceleration norm measurements in the window are above or

below the bounds, then the conditional statement is true. A window length of 21 samples

was used with a sample rate of 100 Hz in this thesis, resulting in a 0.21 second window.

2. The local acceleration standard deviation must be below a threshold. This is expressed

mathematically as,

C2 =


True if ||a bnb|| − µwindow < 1.5 · σwindow

False otherwise,
(3.17)

where µwindow and σwindow are the mean and standard deviation of the current window of

acceleration norms. A window length of 21 samples was also used, with a sample rate of
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100 Hz. The result of applying these two conditions to the signal shown earlier in Figure

3.3 is shown in Figure 3.4.

3. A window of angular velocity norms must be below an upper bound (thωZUPT
= 0.7 rad/s

). This is expressed mathematically as,

C3 =


True if ∼any (||ω b

nb,window|| > thωZUPT
)

False otherwise.
(3.18)

A window length of 21 samples was also used, with a sample rate of 100 Hz.

If C1, C2, and C3 are all true, then a stance event is occurring.

3.2.2.2 Still Detection

As useful as ZUPTs are, there is one critical value they cannot estimate, which is the z-

axis gyroscope bias. Leaving this quantity unestimated will result in significant heading drift,

so it is important that it be estimated. A mechanism that can be used to estimate the IMU’s

z-axis gyroscope bias is still detection. Still detection is so named since it involves detecting

periods in which the pedestrian is completely still, i.e. not walking. Besides offering a chance

to perform a ZUPT, a still event also offers a chance to perform a zero angular-rate update

or ZARU. This is due to the fact that the foot experiences near-zero rotation during a still

event. This is contrasted with a stance event, in which the foot, though not translating, is still

experiencing significant rotation. Applying a ZARU to an INS-computed PVA solution allows

the calibration of the gyroscope’s biases in all three axes, since ω̃nnb in Equation (3.8) equals

zero.

As with stance events, a still event can be detected using the measurements taken by a

foot-mounted IMU and following a principle similar to the one used for stance detection. A

difference between stance and still detection is the fact that still detection need only consider

the angular velocity norm. The occurrence of a still event can be ascertained by applying two

conditions to this quantity. As with the stance detection conditions, the conditions for still
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detection are based upon methods developed by Pierce [15], Ray [24], and Jimenez et al [7, 14]

They are:

1. A window of angular velocity norms must be below an upper bound (thωmax = 0.4 rad/s

). Note that this is a lower threshold than what is needed for stance detection. The

lowering of the threshold is driven by the fact that a completely still foot experiences less

rotation than a foot experiencing a mid-gait stance. Therefore, to ensure that the foot is

completely still, a lower threshold is needed. The condition is expressed mathematically

as,

C4 =


True if ∼any (||ω b

nb,window|| < thωmax)

False otherwise.
(3.19)

The conditional statement can be more intuitively thought of as, if none of the angular

norm measurements in the window are above the bound, then the conditional statement

is true. A window length of 21 samples was used for a sample rate of 100 Hz for still

detection.

2. The local angular velocity standard deviation must also be below a threshold. This is

expressed mathematically as,

C5 =


True if ||ω b

nb|| − µwindow < 2 · σwindow

False otherwise.
(3.20)

where µwindow and σwindow are the mean and standard deviation of the current window

of angular velocity norms. A window length of 21 samples was again used, resulting

in a 0.21 second window. The result of applying these two conditions the signal shown

earlier in Figure 3.3 is shown in Figure 3.4.
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Figure 3.4: Euclidean norm of acceleration data showing stance and still detection.

3.2.2.3 Heuristic Drift Reduction

A major weakness of ZARUs is that they can only be applied during still periods. If no

still periods occur, then the ZARU mechanism will be unable to estimate the z-axis gyroscope

bias. To calibrate this bias and reduce heading drift while on the move, an alternative bounding

mechanism must be used. Such a mechanism is heuristic drift reduction or HDR, which is

described in [24] and [7]. HDR takes advantage of periods of straight walking to reduce heading

drift and in turn calibrate the z-axis gyroscope bias. The general principle is as follows: If there

is only a small change in the pedestrian’s heading between steps (δψs), it can be assumed to be

zero. This general principle is given mathematically by,

C6 =


Straight Walking |δψs| ≤ thδψ

Non-Straight Walking |δψs| > thδψ

(3.21)

where the pedestrian’s heading change is given by,

δψs = ψs − ψs−1, (3.22)
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where s is the index value that corresponds to the beginning of a stance and ψs is the heading

of the foot at the current stance s, computed by ψs = arctan(Cn
b (1, 2), Cn

b (1, 1)).

3.2.2.4 Heading Measurements from Magnetometer

The ability of HDR to bound heading drift during walking is incredibly useful. However,

this ability is only available during straight walking periods. If no such period occurs, then HDR

cannot bound heading drift. For heading drift bounding to be continuously available, a heading

measurement must be provided by an external source. The earth’s magnetic field can function

as such a source. Since the earth’s magnetic field generally points northward everywhere on the

planet (apart from local variations), measurements of the magnetic field can be used to provide

a continuously available and independent source of heading information for the foot-mounted

IMU, as implemented in [18] and [7]. To fully utilize this source of information, magnetic field

readings must be taken by a triaxial magnetometer that is co-located with the foot-mounted

IMU. An example of such a device is the Vectornav VN-300 [92]. Heading is computed from

magnetometer measurements by first leveling the measurements into the navigation frame using

Bn
nb =


cos(θ) 0 sin(θ)

0 1 0

−sin(θ) 0 cos(θ)




1 0 0

0 cos(φ) −sin(φ)

0 sin(φ) cos(φ)

Bb
nb. (3.23)

Once the magnetometer measurements have been leveled, a heading can be computed by,

ψn = ψmag + αm = arctan(Bn
nb,y, B

n
nb,x) + αm, (3.24)

where αm is the angle between magnetic and true north. By applying a magnetometer-computed

heading to Cn
b , the drift in the pedestrian’s heading error can be bounded and the foot-mounted

IMU’s z-axis gyroscope bias can be estimated.
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3.2.3 INS-EKF-ZUPT

In pedestrian navigation, there are two possible approaches that can be used to incorporate

these four methods of error reduction into the PVA solution. Skog et al. refers to these ap-

proaches as ”hard” and ”soft” updates [17]. A hard update, for example, incorporates ZUPTs

by setting vnnb to zero when a stance is detected. This approach is used in [27], [14], and [29].

By contrast, a soft update incorporates this information using an optimal estimation framework.

This alternative approach is taken by [25], [7], and [15]. Though this second approach is more

complicated, the optimal estimation framework has the advantage of providing a means to op-

timally weight and incorporate information from other, non-inertial sensors. These include not

only magnetometers, but GNSS as well [25].

Due to this inherent advantage, the optimal estimation framework for PDR-INS presented

in [25] and [7] will be described at length in this subsection. The goal of optimal fusion is to

compute a PVA that minimizes the difference between the foot-mounted INS’s PVA and the

inputs provided by bounding methods. This sort of problem is ideally suited for solution with

a Kalman filtering (KF) approach. A description of Kalman filtering is given in Appendix A,

while Kalman filtering in the context of inertial navigation was summarized in Chapter 2. The

goal of this subsection therefore, is to fit the PDR-INS problem described in the previous two

subsections into the KF algorithm.

Each of the two components of PDR-INS, the foot-mounted INS and the error reduction

methods, correspond to the two different phases of the KF, these being the process and mea-

surement updates respectively. It is common to put the foot-mounted INS in the process update

and the error reduction in the measurement update. This setup is especially advantageous, since

all of the described error reduction xsmethods, save for the magnetometer, occur at a rate that

is slower than the INS’s update rate.

3.2.3.1 State Selection

Though PVA values are an intuitive choice for the KF’s states, they are not used as the

state values. Instead, the foot-mounted INS’s PVA errors are used as the KF states. Using the
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PVA errors as states makes this an implementation of an error-state Kalman filter (ESKF). The

ESKF algorithm, detailed in Appendix A, maintains two sets of states, the full states and the

error states. The incoming measurements are used to optimally estimate the errors in the full

states given the uncertainty in the error states and measurements. These error estimates are

then used to correct the full states. In the context of PDR-INS, this means that the information

provided by the bounding methods are used to correct errors in the foot-mounted INS. In [7],

Jiminez refers to this approach as INS-EKF-ZUPT or IEZ.

The justification for using the ESKF for PDR-INS as opposed to a full-state KF lies in

the nature of the inertial navigation equations used to propagate the foot-mounted INS’s PVA.

(Equations (3.1) - (3.6)) Neither the PVA values nor its propagation equations fit the profile

required the full state KF algorithm, namely that it be a vector of scalar values that are a linear

combination of the state propagation equations. This is especially true in the case of the attitude,

Cn
b . However, PVA errors and their propagation equations fit this linear profile, which justifies

maintaining the PVA errors as states inside an ESKF framework for applications that use INS

as a process model.

Other states that are estimated are the foot-mounted INS’s IMU biases, since using the

four discussed bounding methods allow for the calibration of the foot-mounted IMU. They are

propagated in discrete time by,

ba(t+ ∆t) = ba(t) + wba and bg(t+ ∆t) = bg(t) + wbg , (3.25)

wherewba andwbg are zero-mean, normally distributed driving noises. Since accelerometer and

gyroscope bias estimates are available in a typical implementation, they can be subtracted from

their respective sensor measurements before they are used to propagate velocity and attitude.

This is given by,

vnnb(t+ ∆t) = vnnb(t) + (fnnb − ba)∆t, (3.26)

and
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C n
b (t+ ∆t) = C n

b (t)(I3 + (Ωb
nb − bg)∆t), (3.27)

which are modifications of Equations (3.5) and (3.1) respectively. Given the error state ap-

proach, and the inclusion of the foot-mounted IMU’s biases, the error state vector is given

by,

δx =

[
δr nnb δv nnb δψ n

nb ba bg

]T
, (3.28)

which is meant to correct the full states,

x =

[
r nnb v nnb Cn

b

]T
. (3.29)

3.2.3.2 Process Update

Since the INS equations are responsible for propagating the full states, the primary pur-

pose of IEZ’s process update is to propagate the uncertainty in the error states. With the foot-

mounted INS’s PVA errors and IMU biases making up the state vector, the discrete-time state

transition matrix for IEZ is given by,

F =



I3 I3∆t 03 03 03

03 I3 [−f bnb ∧] ∆t Cn
b ∆t 03

03 03 I3 03 Cn
b ∆t

03 03 03 I3 03

03 03 03 03 I3


. (3.30)

The process noise vector is given by,

w =

[
wa wg wba wbg

]T
(3.31)

,

and the matrix mapping these noises to the state domain is given by
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G =



03 03 03 03

Cn
r 03 03 03

03 Cn
r 03 03

03 03 I3 03

03 03 03 I3


. (3.32)

The final part of the process update is the process noise covariance matrix. This is given for

IEZ by

Q =



σ2
a 03 03 03

03 σ2
g 03 03

03 03 σ2
ba

03

03 03 03 σ2
bg


. (3.33)

3.2.3.3 Measurement Update

The measurement update for IEZ serves two purposes. The first is the actual optimal

fusion of the error reduction information with the foot-mounted INS’s PVA, while the second

is the adjustment of the error state covariance matrix proportional to the relative weight given

to the error reduction information. The measurement update’s exact composition depends on

the available error reduction information, but it can be broken down into three basic structures.

These are the velocity update, the gyroscope bias update, and the heading update.

I. Velocity Update: ZUPT

A velocity update is used to apply a ZUPT to the foot-mounted INS’s velocity. It is invoked

whenever C1 and C2 are both true. Its measurement error vector is given by

δy = δyZUPT = v nnb −


0

0

0

 , (3.34)
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and mapped onto the states by the measurement model,

HZUPT =

[
03 I3 03 03 03

]
, (3.35)

with a measurement covariance matrix of,

RZUPT = max(trace(HZUPT · P ·HT
ZUPT )). (3.36)

II. Gyroscope Bias Update: ZARU

A gyroscope bias update is used to apply a ZARU to calibrate the foot-mounted INS’s

gyroscope. It is invoked whenever C3 and C4 are both true. Its measurement error vector is

given by,

δy = δybg = ω n
nb −


0

0

0

 , (3.37)

and mapped onto the states by the measurement model,

HZARU =

[
03 03 03 03 I3

]
, (3.38)

with a measurement covariance matrix of,

RZARU = max(trace(HZARU · P ·HT
ZARU)). (3.39)

III. Heading Update: HDR

A heading update is used to apply HDR to the foot-mounted INS’s heading. It is invoked

whenever C5 indicates straight walking. Its measurement error vector is given by,

δy = δyδψ = δψs, (3.40)

and mapped onto the states by the measurement model,
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Hψ =

[
03 03

[
0 0 1

]
03 03

]
, (3.41)

with a measurement covariance matrix of,

Rψ = max(trace(Hψ · P ·HT
ψ )). (3.42)

IV. Heading Update: Magnetometer Measurements

A heading update is also used to apply magnetometer measurements to the foot-mounted

INS’s heading. It is invoked whenever readings from the foot-mounted magnetometer are avail-

able. Its measurement error vector is given by,

δy = δyδψ = ψnnb − ψn, (3.43)

and mapped onto the states by the measurement model,

Hψ =

[
03 03

[
0 0 1

]
03 03

]
. (3.44)

V. Multiple Measurements

To apply more than one kind of measurement update at the same time, the three discussed

measurement updates can be stacked together. For example, a simultaneous ZUPT and ZARU

has a measurement error of,

δy =

δyZUPT
δybg

 , (3.45)

which is mapped onto the error state vector by a combined measurement model of,

H =

HZUPT

HZARU

 , (3.46)

with a measurement covariance of,
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Figure 3.5: Sensor setup used to collect data for IEZ implementation.

R =

RZUPT 03

03 RZARU

 . (3.47)

3.2.4 Implementation of IEZ

To examine its performance, the IEZ approach was implemented on real-world data gath-

ered by a pedestrian walking a rectangular path in a parking lot. The pedestrian performed the

walk while wearing a Vectornav VN-300 dual antenna GNSS/INS [92]. As shown in Figure

3.5, the IMU was attached under the shoelaces on the pedestrian’s right shoe while the two GPS

antennas were attached to the pedestrian’s shoulders. The outputs from the foot-mounted IMU

were fed into the IEZ algorithm to track the pedestrian trajectory, while GPS was used as truth.

To see the effects of using different error reduction methods, the IEZ algorithms was run twice

with two different measurement update structures: once with just the velocity update (ZUPT)

and once with both the velocity and gyroscope bias updates (ZUPT+ZARU). The trajectory

and error results are shown in Figures 3.6 and 3.7.

The z-axis gyroscope bias is known to be unobservable when ZUPTs are the only measure-

ment source [24], a fact that is seen in Figure 3.6 by the significant positioning drift experienced

during the velocity update-only trajectory. Applying a gyroscope bias update in addition to the
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Figure 3.6: PDR-INS trajectory results using just a zero-velocity update.

velocity update allowed IEZ to estimate the z-axis gyroscope bias during the minute-long still

period preceding the walk. As evidenced in Figure 3.7, having this bias estimate significantly

reduced the amount of heading and positioning drift, though some drift in the positioning so-

lution remained. It should be noted that these results are preliminary and should be treated as

such. A thorough analysis of each of these methods is beyond the scope of this thesis. However,

these preliminary results were included since they provide a sense of the accuracy that can be

expected from the transfer alignment-initialized PDR system shown later in this thesis.

3.2.5 Summary of PDR-INS

In summary, PDR-INS is an approach to pedestrian dead reckoning that tracks pedestrian

motion in real time by integrating the angular velocity and acceleration outputs from an IMU

attached to the person. To address the accumulating error inherent to this approach, the IMU is

attached to pedestrian’s foot. This setup allows for the detection of stance and still events, which

can be used to reduce the foot-mounted IMU’s PVA errors in a Kalman filter framework. This

general approach has the advantage of being able to track any movement, since it does not make

assumptions about the pedestrian’s manner of style of walking. Another advantage specific to
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Figure 3.7: PDR-INS trajectory results using a zero-velocity and zero-angular rate update.

the IEZ algorithm is that it provides an optimal estimation framework. This framework makes it

possible to incorporate other measurement sources while taking into account their uncertainties.

3.3 A Step Detection Approach to Pedestrian Dead Reckoning

Figure 3.8: A pictoral representation of the PDR-SD approach.

An alternative approach to PDR considers each step as a discrete unit of motion with

its own translational and angular displacement, as conveyed in Figure 3.8. Presumably, by

summing each step’s positional and angular displacement, the pedestrian’s trajectory can be

tracked over a significant distance. This approach is known as the step detection approach in

[2] and [5], and is described at length in [11, 12, 14, 16, 30–36]. In performing summation
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at every step as opposed to every IMU measurement epoch, the step detection approach offers

a method of PDR that is conceptually simpler than the INS-based approach described in the

previous section. Known as PDR-SD in this thesis, this method is made up of four components:

step detection, step length estimation, attitude determination, and the position update. Each of

these components are described in detail in the following subsections.

3.3.1 Step Detection

The goal of the step detection process is to discern the occurrence of steps during regular

walking motion. Accurately determining the occurrence of steps is critical, since step events

are the basis from which the pedestrian’s navigation solution is propagated. The sensor of

choice for this task is an accelerometer, since it offers a self-contained means of determining

an object’s motion. This approach is used in several works [2, 6, 30, 31, 35, 36, 38].

3.3.1.1 IMU Placement

The challenge for PDR-SD is mounting the IMU on the pedestrian in a way that maximizes

the percentage of steps detected while also minimizing false step detections. Mounting the IMU

on the pedestrian’s foot and running its output through the stance detection algorithm discussed

in the previous section allows for the detection of steps [12, 28, 33, 37]. However, a pitfall of

that approach lies in the fact that the foot can experience extraneous swinging motion that is not

characteristic of a normal gait pattern. In other words, the foot can move while the pedestrian

does not. This can lead to false step detection if the IMU is mounted on the pedestrian’s foot. To

better reflect the movement of the pedestrian’s whole body, the IMU must instead be mounted

on or near the pedestrian’s torso. This can be on a backpack [5, 34], on the shoulder [36], on

the back [30], or on the chest [28]. When PDR-SD is used in this thesis, the IMU is mounted on

the pedestrian’s chest. For further discussion of IMU locations used to perform step detection,

readers are directed to [6].
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Figure 3.9: Acceleration measurements taken from a triaxial IMU mounted on the chest of a
walking person.

3.3.1.2 Detection Algorithm

To detect the occurrence of steps, many different signals can be used, including accel-

eration, angular velocity, magnetic field, and pressure [6, 14]. Due to its relative straightfor-

wardness, acceleration will be used in this thesis. To use acceleration for step detection, the

evolution of the signal on the pedestrian’s chest must be considered. This is shown in Figure

3.9, which depicts readings taken from a chest-mounted triaxial IMU mounted on a pedestrian.

For this dataset, the IMU’s x-axis was roughly perpendicular with the plane of the ground,

which means that it was able to capture nearly all of the vertical bounce that a pedestrian nor-

mally experiences during walking [26, 38]. The large magnitude and periodicity of the x-axis’

measurements allow it to be used as the primary source of information for step detection. This

can be implemented in one of two ways. If a triaxial IMU is available, then the norm of the

acceleration should be used [2, 28, 34]. The norm is given by,
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||a bnb|| =
√

(a bnb,x)
2 + (a bnb,y)

2 + (a bnb,z)
2. (3.48)

If a triaxial IMU is unavailable, a uniaxial IMU can be used instead. If this is the case, then the

axis should be aligned roughly perpendicular with the plane of the ground to capture as much

of the vertical bounce as possible.

Several methods exist that use the acceleration signal to detect steps. These include peak

detection [28, 30, 36], thresholding [33, 35], and more advanced methods such as spectral

analysis and correlation [6]. Due to its simplicity, robustness, and reliability, thresholding was

chosen for use in this thesis.

For the thresholding method, a new step is detected when there is an acceleration zero

crossing. For the most basic threshold detection method, acceleration zero crossings occur

when the magnitude of the acceleration readings cross the magnitude of the acceleration due to

gravity, which is g = 9.81 m/s2. This is based upon the assumption that when a step begins at

footfall, the non-gravitation acceleration experienced at the torso is nearly zero [30].

A more advanced thresholding method calculates a maximum, minimum, and average

threshold for a window of samples [35]. The size of the window is determined by the IMU

sample rate. For example, if the IMU was sampled at 100 Hz, then the thresholds would be

updated every 100 samples. Four conditions have to be met for there to be a detected step.

Qualitatively, these are:

1. The acceleration must have a negative slope. This means the current measurement must

be less than the previous measurement.

2. The previous epoch must be above the average threshold and the current epoch must be

below the the average threshold. These are called acceleration crossings.

3. There must be a minimum time between each detected step. The minimum time between

each step varies based on the type of motion (e.g. walking, running), the type of IMU,

and the specific algorithm implementation.
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4. The minimum and maximum thresholds must be values that indicate pedestrian move-

ment. This condition was added by Ray in [24] to prevent false step detections during

quasi-stationary periods.

The above thresholding method was applied to the dataset shown earlier in Figure 3.9, with

the results shown in Figure 3.10. By applying this method, a pedestrian’s steps can be reliably

detected, which enables further implementation of the PDR-SD approach.

Figure 3.10: The thresholding step detection method applied to a set of data from a chest-
mounted accelerometer.
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3.3.2 Step Length Estimation

The second component of PDR-SD is the estimation of the pedestrian’s planar (2D) trans-

lation, or step length. There are a wide variety of step length estimation algorithms with varying

levels of sophistication. The algorithms found in the literature can be broken up into four cate-

gories: ones that assume a fixed step length, ones that relate step length to user height, ones that

relate step length to user hip bounce, and ones that relate step length to signal characteristics.

3.3.2.1 Fixed and Height-Based Step Length

The most simplistic algorithms assume a constant step length (SL), as naturally walking

pedestrians have an almost constant step length. This is an easy approach to implement as only

the average step length for a user needs to be identified. A pedestrian’s average step length

can be computed by measuring distance traveled using GNSS and dividing it by the number of

steps taken. This is given by,

SL1 =
x

n
, (3.49)

where x is the distance traveled and n is the number of steps taken. Some pedometer manufac-

turers relate step length to a pedestrian’s height [39]. This relationship is given by,

SL2 = h ·K, (3.50)

where h is pedestrian’s height and K is a constant based on or related to height. An often

quoted value for the pedestrian height constant is K = 0.413 inches. This constant was created

using a survey of multiple pedestrians walking naturally. Unfortunately, step length can very as

much as 40% from person to person, as a person’s step length is largely dependent on the length

of their leg. In addition, a person’s step length can vary as much as 50% as a pedestrian changes

their gait (i.e. walking slower and faster than a natural pace) [38]. Unless the pedestrian walks

at a natural pace for the entire distance traveled, an assumed fixed step length approach is not

adequate and will introduce additional error into the PDR solution.
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A slightly more sophisticated method is presented by Zhao in [35], which uses a simple

tabular method of finding step length based upon step frequency and height. Note that the

author calls a step length a stride in his work. The table of values for this method is presented

in Table 3.1.

Table 3.1: SL3 Definition
Steps per 2 seconds SL3 (m)

0-2 h/5
2-3 h/4
3-4 h/3
4-5 h/2
5-6 h/1.2
6-8 h/4
≥ 8 1.2 · h

3.3.2.2 Step Length from Hip Bounce

To make PDR-SD available for widespread use, some researchers have implemented it

using IMUs and other sensors included in smartphones. Since smartphones are usually carried

in a pant or jacket pocket, this has spurred the development of step length formulas that use

sensor information taken from a pedestrian’s hip [40]. Since these formulas use the vertical

component acceleration of the pedestrian to compute the step length, the pose of the smartphone

must either be known or aligned with the vertical direction. Weinburg’s work created a dynamic

step length estimation formula based upon the maximum vertical displacement of the hip [28,

38]. It was shown that stride length was a function of the vertical displacement and the angle

between the maximum and minimum hip position. This angle is assumed to be constant even

though it is typically not. When modified to estimate step length instead of stride length, it is

given by the empirical relationship,

SL4 = K 4
√
amax − amin, (3.51)

where amax and amin are the maximum and minimum measured values of the vertical acceler-

ation during a step. Note that implementing SL4 requires detection of peak and valley values
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in the acceleration signal. This method reports step lengths to be within 8% of their true values

[28, 38].

The second step length formula for hip located sensors is given by,

SL5 = 0.1 2.7

√√√√∑k=N
i=1 ||avert(i)||

N

√
K√

T · apeak
, (3.52)

where T is the step duration and avert is the vector of measured vertical accelerations during a

single step. The term apeak is the difference between maximum and minimum vertical accel-

erations during the step and N is the number of samples during one step. Similar to Equation

(3.51), K in Equation (3.52) is a calibration constant. The empirical relation in Equation (3.52)

was created in [39] and is based upon step length formula in [12]. This formula is given by,

SL6 = 0.98
3

√∑k=N
i=1 ||avert(i)||

N
. (3.53)

Another step length formula uses a simple biomechanical model of a pedestrian, based

upon work by [41] and presented in [42], which models a kneeless biped as an inverted pendu-

lum. The relationship is given by,

SL7 = K
√

2LY − Y 2, (3.54)

where Y is the vertical displacement of the pedestrian’s hip and L is the length of the pedes-

trian’s leg.

3.3.2.3 Step Length from Signal Characteristics

The last category of methods of step length determination models the step length as a

function of certain signal characteristics such as step frequency and variance of specific force.

Step frequency has been shown to be strongly related to step length [43, 44]. Gusenbauer et al.

chose to relate the step frequency to step length using the linear function,

SL8 = K1 +K2f, (3.55)
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where f is step frequency and K1 and K2 are the model coefficients [45]. Other works add

terms to the above model. Ladetto models step length as a function of both step frequency and

variance of the specific force, resulting in the function,

SL9 = K1 +K2f +K3σ
2
f , (3.56)

where σ2
f is the variance of the acceleration magnitude andK3 is an additional model coefficient

[30]. Groves et al. also includes a grade term in their work, resulting in,

SL10 = K1 +K2f +K3σ
2
f +K4S, (3.57)

where S is the slope term and K4 is an additional model coefficient [5]. Note that Groves et al.

found that K2 and K4 were both poorly estimated from their data. Therefore, the authors used

the equation in a reduced form, given by,

SL11 = K1 +K3σ
2
f . (3.58)

For SL8, SL9, SL10, and SL11, the step frequency is computed by,

fk =
1

tkstop − tkstart
, (3.59)

where tkstop and tkstart are the times of the beginning and end of the step respectively. In order to

calculate the variance of the acceleration magnitude, the magnitude is first found by computing

its Euclidean norm, over the duration of a step. This is given by,

||ã bnb,kstart:kstop|| =
√

(a bnb,x,(kstart:kstop))
2 + (a bnb,y,kstart:kstop)2 + (a bnb,z,kstart:kstop)2. (3.60)

From there, the variance can be computed by,

σ2
f =

(
∑kstop

k=kstart
(ãbnb,k)− µ(kstart:kstop))

2

kstop − kstart
, (3.61)
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where µ(kstart:kstop) is the mean of the acceleration computed in Equation (3.60).

In [42] and [24], a comparison of SL8, SL9, and SL11 is given. A comprehensive compar-

ison of all the above step length formulas is beyond the scope of this thesis. By utilizing any of

the formulas outlined in this subsection, a pedestrian’s step length can be estimated, allowing

for the estimation of a pedestrian’s translational displacement. In this thesis, SL1 will be used

to implement PDR-SD, since the pedestrian gathering the inertial made sure to walk at a steady

pace.

3.3.3 Attitude Determination

To navigate in a navigation frame, a pedestrian’s step length must first be mapped into

that frame using a computation of the chest-mounted accelerometer’s attitude. There are three

possible methods for computing this attitude. These methods are 1) dead-reckoning angular

velocity, 2) computing heading and tilt using magnetic and gravitational fields, and 3) fusing

these two methods using an attitude heading reference system.

3.3.3.1 Dead-Reckoning Angular Velocity

The accelerometers that are used for step detection and step length estimation are often

packaged together with gyroscopes in devices known as inertial measurement units (IMU). This

additional sensor, which measures the the rotation rate of the gyroscope’s coordinate frame,

offers an opportunity for attitude determination. To determine attitude using angular velocity

outputs, the outputs need to be integrated with respect to time. If only single-axis gyroscope is

available, its axis must point perpendicular to the ground plane to estimate yaw. If this is done,

the pedestrian’s heading can be computed by integrating its angular velocity outputs. This is

given in discrete-time by,

ψn(t+ ∆t) = ψn(t) + ω(t)∆t. (3.62)
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The possession of a triaxial gyroscope opens up the possibility of tracking the IMU’s attitude

in three dimensions. If the attitude is parametrized as a rotation matrix, a three-dimensional

attitude solution can be approximated in discrete time by,

C n
b (t+ ∆t) = (I3 + Ωb

nb∆t)C
n
b (t). (3.63)

A major pitfall of this approach has to do with the quality of the angular velocity measurements.

As discussed in [2], measurements taken by gyroscopes are subject to noise, bias, and other

errors. These errors will cause any attitude solution computed by Equation (3.63) to drift over

time. The occurrence of this drift is not guaranteed however, since a chest-mounted IMU,

like its foot-mounted counterpart, does have a few opportunities to use motion assumptions to

reduce the growth of attitude error. One possibility is to use use ZUPTs and ZARUs during

still periods. As well, straight walking periods can be used to provide an additional means of

error reduction. However, the occurrence of these still and straight walking periods are not

as consistent as ZUPTs are for a foot-mounted IMU, which means that a chest-mounted IMU

will experience relatively few opportunities to check the growth of error in the computation of

attitude. Therefore, angular velocity measurements alone cannot be used to determine attitude

for PDR-SD.

3.3.3.2 Heading and Tilt Using Magnetic and Gravitational Fields

As an alternative to dead reckoning angular velocity, the chest-mounted IMU’s attitude

can instead be computed with respect to Earth’s magnetic and gravitational fields. The first

step in this process is computation of the IMU’s pitch and roll relative to a local navigation

frame using measurements of gravity. This is given in [2] by,

θA =
abnb,x√

abnb,y
2

+ abnb,z
2
, φA = arctan 2(−abnb,y,−abnb,z), (3.64)

where the subscript A refers to “accelerometer.” The second step in this process is the

computation of the IMU’s heading using measurements of Earth’s magnetic field. These mea-

surements can be taken by a magnetometer that is co-located with the inertial sensors. Note that
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the magnetometer measurements must be calibrated before they can be used for attitude deter-

mination [46]. For a magnetometer that measures only in two axes, a heading can be computed

by,

ψM = ψmag + αm = arctan(Bn
nb,y, B

n
nb,x) + αm, (3.65)

where the subscript M refers to “magnetometer.” αm is the angle between magnetic and true

north. The above equation assumes that the x and y-axes form a plane that is parallel with the

navigation frame. If they do not, then the magnetometer measurements must first be leveled

into a coordinate frame that is co-planar with the local navigation frame. This is given in [2, 7]

by,

Bn
nb =


cos(θ) 0 sin(θ)

0 1 0

−sin(θ) 0 cos(θ)




1 0 0

0 cos(φ) −sin(φ)

0 sin(φ) cos(φ)

Bb
nb. (3.66)

Note that implementing Equation (3.66) requires the possession of a triaxial magnetometers.

A major advantage that this approach has over the dead-reckoning of angular velocity is its

relative resistance to drift. This resistance is derived from the fact that the IMU’s attitude is

referenced to external sources as opposed to being deduced internally. However, using Earth’s

magnetic and gravitational fields references for attitude comes with its own problems.

One problem specific to the pitch and roll computation is the assumption that the only force

reflected in the accelerometer measurements (abnb,x, a
b
nb,y, a

b
nb,z) is gravity. This assumption can

only be true if the chest-mounted IMU is not accelerating. As shown earlier in Figures 3.9 and

3.10, this is not true for a chest-mounted IMU. The presence of significant non-gravitational

acceleration violates the assumption made in Equation (3.64) and introduces error into the pitch

and roll computation. This error affects the heading computation in turn through Equation

(3.66).

However, even if the pitch and roll values were error-free, the computed heading value is

still subject to error from magnetic disturbances. These disturbances could be anything that
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manipulates Earth’s magnetic field, including but not limited to power lines, cars, underground

pipes, motors, and generators [2]. A pedestrian that walks by any of these objects while relying

on magnetic field readings for heading will compute erroneous heading values. In summary,

even though there are advantages to using external field forces to determine the chest-mounted

IMU’s attitude, difficulties can arise in reading these field forces.

3.3.3.3 Attitude Heading Reference System

Each of the two aforementioned approaches to perform attitude determination carries its

respective benefits and drawbacks. On one hand, an attitude computed from dead-reckoned

angular velocity measurements is stable in the short term, but will drift in the long term. On the

other hand, an attitude derived from measurements of Earth’s magnetic and gravitational fields

will be stable in the long term, but will be affected by local perturbations from magnetic distur-

bances and acceleration. Clearly, the best overall approach would be one that could draw from

both approaches while maximizing their respective benefits and minimizing their drawbacks.

Such approaches exist and are known as attitude heading reference systems (AHRS) [2].

In general, AHRS computes an attitude by first dead-reckoning angular velocity measure-

ments to compute heading, pitch and roll. The dead-reckoned pitch and roll is then corrected

using gravity measurements from an accelerometer. Subsequently, the corrected pitch and roll

is used to rotate the magnetic field measurements into the navigation frame, which are used

in turn to correct the dead-reckoned heading. To minimize the effects of short term errors in

the gravity and magnetic field measurements, smoothing filters with low gains are used to in-

corporate these measurements into the dead-reckoned attitude. Many AHRS also incorporate

maneuver and magnetic disturbance rejection routines to further shield the attitude estimate

from errors. Sometimes, a Kalman filter is used to implement an AHRS, since this enables the

smoothing gains to be dynamically optimized and allows for sensor errors such as gyroscope

biases to be estimated.
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As established earlier, computation of an attitude using a KF approach can be implemented

by using the KF to estimate attitude error, and then using the error to correct the attitude esti-

mate. The implementation of an AHRS KF presented in [3] follows a similar approach, where

the author presents an AHRS KF that tracks the full state,

x =

[
Cn
b

]
(3.67)

by estimating the error states

δx =

[
δψnnb bg

]T
. (3.68)

This is accomplished by propagating (in discrete time) the IMU’s attitude using Equation (3.27)

(which is Equation (3.63) after accounting for gyroscope bias), its attitude error using Equation

(3.9), and its gyroscope bias using Equation (3.25). The resulting state transition matrix for this

approach is given by

F =

I3 Cn
b ∆t

03 I3

 , (3.69)

while its process noise vector is,

w =

[
wg wbg

]T
(3.70)

.

The matrix mapping these noises to the state domain is given by,

G = I2, (3.71)

while the covariances for these noises is given by,

Q =

σ2
g 03

03 σ2
bg

 . (3.72)
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The attitude and gyroscope biases propagated by this process are then updated using pitch

and roll computed using Equation (3.64 and heading using Equation (3.65). This is imple-

mented using a measurement error vector,

δy =


φA − φ(t+ ∆t)

θA − θ(t+ ∆t)

ψM − ψ(t+ ∆t)

 , (3.73)

where the φ(t+ ∆t), θ(t+ ∆t), and ψ(t+ ∆t) refer to the roll, pitch, and yaw computed from

the rotation matrix propagated using Equation (3.27). These measurement errors are mapped

onto the error states using the measurement matrix

H =

[
I3 03

]
, (3.74)

with a noise covariance of

R =


σ2
A 0 0

0 σ2
A 0

0 0 σ2
M

 . (3.75)

By implementing the described KF, or any of the approaches described in [2, 47–50], a PDR-

SD system can estimate a dynamically fused attitude that has a degree of immunity to both

gyroscope errors and perturbations due to acceleration and magnetic disturbances.

3.3.4 Position Update

Once the steps have been detected, their lengths estimated, and the chest-mounted IMU’s

attitude determined, the three sources of information can be put together to propagate the pedes-

trian’s position in the navigation frame. In PDR-SD, two simplifying assumptions are made.

These assumptions are
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1. The pedestrian has only three degrees of freedom. These are North, East, and rotation

about the vertical axis. This is contrasted with PDR-INS, which considers six degrees of

freedom.

2. The pedestrian is facing the direction they are walking in.

These assumptions inform the equations that are used to propagate the pedestrian’s position.

Since the pedestrian can experience only planar motion, this means that only two equations are

needed for positional propagation. In addition, the planar motion assumption means that only

the heading is needed to map the step length into the navigation frame. From [5, 11, 24] the

position propagation equations are,

xk+1 = xk + SLsin(ψn) (3.76)

yk+1 = yk + SLcos(ψn) (3.77)

where x and y represent East and North respectively. In addition, since the pedestrian is facing

the direction of travel, no further angle needs to be added to ψn. By following the procedure

outlined in this section, a pedestrian’s position can be propagated using the output from a chest-

mounted IMU and the PDR-SD method.

3.3.5 Implementation of PDR-SD

To examine its performance, the PDR-SD method was implemented on real-world data

gathered by a pedestrian walking a rectangular path in a parking lot. The pedestrian performed

the walk while wearing a Vectornav VN-300 dual antenna GPS/INS [92]. As shown in Figure

3.11, the IMU was attached to vest on the right of the pedestrian’s sternum while the two GPS

antennas were attached to the pedestrian’s shoulders. True position was provided by GPS,

while the acceleration outputs from the chest-mounted IMU were used to detect steps using

the thresholding method. Since the pedestrian maintained a steady pace, a constant step length
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Figure 3.11: Sensor setup used to collect data for PDR-SD implementation.

of was assumed for the data run. To see the effects of using different attitude determination

methods, three different methods were used, which were:

1. Corrected pitch and roll only: Computing a smoothed pitch and roll by running mea-

surements of gravity and angular velocity through the filter described in [50]. This filter

uses corrected pitch and roll to level the angular velocity measurements, and then com-

putes heading by dead-reckoning the vertical-axis angular velocity without any correction

using magnetic field measurements.

2. Corrected heading, pitch, and roll: Using the attitude output by the Vectornav’s on-

board proprietary AHRS. Broadly speaking, the proprietary AHRS computes an attitude

by dead-reckoning angular velocity measurements and then corrects the full attitude us-

ing gravity measurements and magnetic field measurements.

PDR-SD was run once with each attitude determination method, resulting in two different tra-

jectories. The two PDR-SD trajectories, along with GPS truth, are shown in Figure 3.12. Both

trajectories follow GPS fairly closely. A key difference between the two PDR-SD trajectories

is the amount of drift each experiences. The mag-less trajectory (in orange) deviates from GPS

slightly more than the mag-corrected trajectory (in yellow), particularly in the bottom-most leg
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Figure 3.12: PDR-SD trajectories resulting from two different implementations of AHRS.

of the rectangle. This is due the fact the magnetic field measurements used by Vectornav’s pro-

prietary AHRS provide an external reference for the pedestrian’s heading. Without this heading

reference, the PDR-computed trajectory experiences drift as a result of noise, bias, and other

errors in the gyroscope. It is notable that the orange mag-less trajectory, experiences far less

drift than the ZUPT+ZARU implementation of PDR-INS previously shown in Figure 3.7. This

is likely due to the bounds that the gravity measurements placed on pitch and roll errors in both

AHRS implementations, which is an information source not available in the implementation

of PDR-INS in the previous section. It should be noted that these results are preliminary and

should be treated as such. A thorough analysis of each of these methods is beyond the scope of

this work. However, these preliminary results were included since they provide a sense of the

accuracy that can be expected from the transfer alignment-initialized PDR system shown later

in this thesis.
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3.3.6 Summary of PDR-SD

In summary, PDR-SD is an approach to pedestrian dead reckoning that tracks pedestrian

motion by treating each step as a discrete unit of movement.By summing the positional and

angular displacement of each step, it is possible to track a pedestrian’s motion over significant

distances. This operating principle assumes that the pedestrian’s motion is primarily planar,

and that the pedestrian is facing the direction they are walking. These simplifying assumptions

make it possible to implement PDR-SD using less sophisticated sensors than what is required

for the implementation of PDR-INS.
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Chapter 4

Transfer Alignment as a Solution to the PDR Initialization Problem

As described in Chapter 2, all dead-reckoning systems, including PDR, face two chal-

lenges which must be overcome before use. These challenges are

1. Accumulation of Error: An error in a sensor reading taken at one point in time will

affect the rest of the navigation solution.

2. Initialization: Since dead-reckoning computes displacement as opposed to absolute po-

sition, it requires initial absolute position and attitude values to be able to navigate in a

global frame.

Since PDR is a particular implementation of dead-reckoning, these two challenges each play

roles in the real-world implementation of any PDR system.

The challenge of error accumulation is seen in the drift experienced by PDR-computed so-

lutions, examples of which are shown in Figures 3.6, 3.7, and 3.12. One strategy for mitigating

this drift is to use higher-quality IMUs, which have smaller errors, i.e. less noise and slower

bias drift rates. However, using higher quality sensors is not always desirable since they come

at a high price and often impose a significant penalties in size, weight, and power-consumption.

For this reason, various error bounding methods such as ZUPT [7], ZARU [7], magnetic field

and gravity measurements [7, 28], GNSS-fusion [11], and feature/map matching [15, 24] have

been used to bound PDR error.

To meet the challenge of acquiring initialization information, a few assumptions have to

be made. Consider PDR-SD. At a minimum, initial position, heading, pitch, and roll values
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are needed. Additionally, if an AHRS is used, an initial attitude error covariance matrix may

also be needed. GNSS can be used for initializing position, gravity measurements can be

used for initializing pitch and roll, and calibrated magnetic field measurements can be used for

initializing heading [13, 15–18, 27, 28, 31]. The weakest point in this initialization procedure is

the assumption of the availability of GNSS and unperturbed readings of Earth’s magnetic field.

The weakness arises from the fact that these two information sources are not readily available

in all environments, such as urban canyons and indoors. If PDR-SD is to be initialized in such

an environment, an alternative source of initialization information must be used.

Similar problems arise with implementations of PDR-INS. As with PDR-SD, initial posi-

tion, heading, pitch, and roll values are needed. Since INS tracks velocity as well, this quantity

must also be initialized. If the implementation of PDR-INS uses the IEZ algorithm, then the

IMU biases and the error covariance matrix must also be initialized. As with PDR-SD, GNSS

can be used for initializing position and velocity, gravity measurements can be used for ini-

tializing pitch and roll, and calibrated magnetic field measurements can be used for initializing

heading. [13, 16–18, 27, 28, 31]. This makes one extra assumption over the initialization rou-

tine used for PDR-SD. Specifically, it assumes that the pedestrian is standing still [15, 24].

This assumption is necessitated by the fact that IMU is mounted on the pedestrian’s foot as

opposed to the chest. Since the foot experiences far greater acceleration than the chest, using

acceleration measurements taken at the foot to compute pitch and roll will yield highly erro-

neous pitch and roll values unless the pedestrian is standing still. This extra assumption is yet

another weakness in the initialization routine for PDR-INS. On top of the GNSS and magnetic

field weaknesses pointed out for PDR-SD previously, this standstill requirement goes one step

further and requires users to perform a particular action in order to be able to use their PDR

system. Requiring the user to stand still even for a couple of minutes can be problematic for

users with time-sensitive missions, such as first responders. For these users, an initialization

routine that cuts out required actions such as standstill periods is of interest.

Fortunately, recent developments have created an opportunity to develop a more practical

means of acquiring initialization information for PDR systems. As vehicles become more

automated, they are being equipped with navigation sensors, including IMUs, of a level of
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quality that is sufficient for navigational use [19, 20]. Given that some PDR users, such as

first responders, ride in vehicles, this development creates an opportunity to use the vehicle’s

navigation system as part of a system that can determine the PDR system’s initial position,

velocity, and attitude values.

An instrumented vehicle potentially has two navigation sensors that are helpful in com-

puting these initial values. These sensors are the vehicle’s IMU and GNSS receiver. The vehi-

cle’s IMU measures the vehicle’s specific force and angular velocity, much like its pedestrian-

mounted counterpart, while the GNSS receiver measures the vehicle’s position and velocity.

The information collected by both of these vehicle-mounted sensors can be related to measure-

ments taken by the pedestrian’s IMU through the kinematic equations discussed in Chapter 2.

These relationships make it possible to initialize the pedestrian navigation system by transfer-

ring the navigation solution from the vehicle in a process known as transfer alignment. This

chapter first discusses existing transfer alignment approaches, and follows the discussion with

the presentation of novel approach which uses solutions to Wahba’s Problem to handle large

misalignment angles. The chapter closes with a discussion of these algorithms’ observability

requirements.

4.1 Rigid Body Kinematics

Figure 4.1: A coordinate-frame depiction of a pedestrian inside a moving vehicle
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Relating the navigation information from the vehicle and pedestrian navigation systems re-

quires applying the transformations presented in Chapter 2 to the scenario of a pedestrian rid-

ing inside a moving vehicle. The scenario is shown in Figure 4.1, noting that the vector arrows

from Chapter 2 have been omitted for neatness. The navigation frame n is fixed in space while

the vehicle carrying the pedestrian, represented by frame R, arbitrarily translates and rotates

through space. The pedestrian, represented by frame b, also arbitrarily translates and rotates.

Note that the sensors mounted on the pedestrian (IMU) and vehicle (IMU and GNSS) are as-

sumed to be coincident with the origins of b and R respectively. From Figure 4.1, the rotation

transformation from b to n is given by,

Cn
b = Cn

RC
R
b (4.1)

Any piece of vector information, including angular velocity (ω), position (r), velocity (v),

and acceleration (a) can be resolved in another frame using Equation (4.1). Relating angular

velocities in different coordinate frames is straightforward, i.e. simply multiply by a rotation

matrix [2, 21]. However, relating position, velocity, and acceleration in different coordinate

frames is more involved, since the translational offsets between the frames play more of a role.

According to Figure 4.1, the position of b relative to n, resolved in both n and R, is given by,

r nnb = r nnR + Cn
Rr

R
Rb

rRnb = rRnR + rRRb.

(4.2)

Following the process detailed in Chapter 2, the time derivative of the first line of Equation

(4.2) is taken. Doing this once gives the velocity of b relative to n, [2, 21]

v nnb = v nnR + Cn
Rv

R
Rb + C n

RΩR
nRr

R
Rb

vRnb = vRnR + vRRb + ΩR
nRr

R
Rb.

(4.3)

Taking the time derivative of velocity gives the acceleration of b relative to n, [2, 21]
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annb = annR + Cn
Ra

R
Rb + C n

R (ΩR
nR)2rRRb + C n

R Ω̇R
nRr

R
Rb + 2C n

RΩR
nRv

R
Rb

C R
b a

b
nb = aRnR + aRRb + (ΩR

nR)2rRRb + Ω̇R
nRr

R
Rb + 2ΩR

nRv
R
Rb

(4.4)

The kinematic equations, which are Equations (4.1) - (4.4), relate measurements taken

by the navigation sensors attached to the pedestrian and vehicle. The practical use of these

equations is complicated by the fact that only some of their terms are known. The vehicle’s

position and velocity, along with all of the acceleration and angular velocity terms, are known.

However, the pedestrian’s position and velocity are not known, and must be derived through

applying inertial navigation equations.

Further complicating these equations’ practical use is the presence of several offset terms.

These terms include relative position rRRb, relative velocity vRRb, relative acceleration aRRb, and

rotational offset CR
b . Determining these offsets is not a trivial problem in the context of vehicle-

to-pedestrian transfer alignment, since an IMU mounted on a pedestrian’s body is free to move

independently of the vehicle. In such a scenario, the relative position, velocity, acceleration,

and misalignment between the two IMUs are extremely difficult to determine. Fortunately, the

complexity of this problem can be reduced by performing transfer alignment only when the

pedestrian’s IMU is still with respect to the vehicle. This state of relative rigidity is known as

pedestrian-rigid (PR).

When PR is true, there is no relative motion between the two IMUs, i.e vRRB and aRRb go to

zero. This leaves just the static offsets (rRRb and CR
b ) as unknowns. When this condition is true,

Equation (4.3) becomes,

C R
b v

b
nb = vRnR + ΩR

nRr
R
Rb, (4.5)

while Equation (4.4) becomes,
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C R
b a

b
nb = aRnR + (ΩR

nR)2rRRb + Ω̇R
nRr

R
Rb. (4.6)

In addition, the angular velocities measured inR and b become related by a constant CR
b , which

is given by,

ωR
nb = CR

b ω
b
nb and ω b

nR = Cb
Rω

R
nR. (4.7)

As well, the positions of R and b become related by a constant rRRb, the form of which is given

by Equation (4.2).

As discussed earlier, the ultimate goal of initializing a pedestrian navigation system is to

know its position r nnb, velocity v nnb, and attitude C n
b (PVA) at the moment the pedestrian starts

navigating. In the context of in-vehicle PDR initialization, this moment is no later than when

the pedestrian dismounts from the vehicle. Using outputs from the IMU and GNSS on the

vehicle and the IMU on the pedestrian in conjunction with the kinematic equations simplified

by PR, it becomes possible to initialize the pedestrian navigation system’s PVA with a transferal

of PVA from the vehicle’s navigation system. Algorithms that perform this function are known

as transfer alignment algorithms.

Transfer alignment (TA) dates back to at least the 1960s [54]. It is used to initialize,

align, and calibrate an IMU in motion using a reference navigation system [2]. Applications of

transfer alignment include the navigation of cars, planes, ship, spacecraft, and guided weapons.

In general, there are two major parts to a TA system. They are the aligning (pedestrian) IMU

b and the reference system (vehicle) R. Reference systems used for TA can take on different

forms, though two commonly used systems are GNSS and other INSs [2]. Due to the wide

range of possible applications for TA, there are a plethora of different TA algorithms in use.

What follows in is an overview of the major TA algorithms in existence.
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4.2 INS-Based Transfer Alignment

Most TA systems perform real-time calibration and alignment of an IMU in motion by

comparing the position, velocity, and attitude (PVA) output by its INS against those of a ref-

erence system’s. Such systems are explored in [51-66]. This approach is known in this thesis

as TA-INS. TA-INS is the oldest and most established approach for transfer alignment that can

be found in the literature. In fact, most papers that use the term transfer alignment are actually

referring to this approach. In the literature, TA-INS is often discussed in the context of align-

ing and calibrating munitions attached to military aircraft, though the fundamentals of TA-INS

can be used for any application that requires optimal fusion between two sets of PVA values.

In general, TA-INS estimates the PVA and calibration parameters of the aligning IMU by 1)

integrating its acceleration and angular velocity outputs using inertial navigation techniques

and 2) optimally fusing the aligning INS’s PVA with that of the reference system. The result

is an estimate of the aligning INS’s navigation states that is more accurate than what could be

computed from the aligning INS or reference system individually. The following subsections

give an overview of the technique as presented in the literature.

4.2.1 Reference Information

One major component of TA-INS is the establishment of the reference information that

will be used to align and calibrate the aligning INS. This step is critical, since the exact makeup

of the reference information depends on the system used as reference.

A reference system used in early applications of TA was simply another, higher quality

INS, as described in [51–55, 84–87, 90]. The higher quality is what allows the reference INS to

act as a reliable alignment standard. Typically, TA-INS utilizes only velocity and (if available)

attitude measurements from the reference INS, and does not include position measurements.

The reason behind the exclusion of position measurements lies in the fact that position and

velocities output by an INS are both integrals of the IMU’s acceleration output. Since all three

of of these quantities are essentially the same, using more than one simultaneously offers no

additional information. Of these three, velocity is usually used for reference, since maintaining
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the reference INS velocity requires integrating its acceleration output. The integration averages

out accelerometer noise, leading to a velocity output that is less noisy than the accelerometer

output. This ultimately results in faster state estimation than could be achieved by using ac-

celeration output [2]. These benefits can be taken further by performing the second integration

of acceleration, and using the reference INS position instead of its velocity [54]. However, the

slight increase in speed that results usually does not justify the added complexity and compu-

tational cost of a second integration.

GNSS is a reference system used in more recent TA applications, as described in [57–66].

The accurate externally-referenced positioning information it provides makes it an excellent

alignment standard. Since GNSS is at its core, a positioning system, TA-INS implementations

that use GNSS as a reference typically utilize position, velocity, and (if multiple antennas are

available) attitude as the measurement update. Even though velocity is the time derivative

of position, it is still included as a separate measurement since 1) GNSS computes velocity

independently of position and 2) GNSS-measured velocity is typically a cleaner measurement

than GNSS-measured position [4].

Regardless of the system used as reference, the PVA outputs (or some combination thereof)

of the reference system are related to the PVA outputs of the aligning INS by Equations (4.2),

(4.5), and (4.7).

4.2.2 Inertial Navigation

The other major component of TA-INS is the computation of the aligning IMU’s PVA.

This is done in real time by applying inertial navigation equations to its acceleration and angular

velocity outputs. Inertial navigation was described in detail in Chapter 2 of this thesis, but an

abridged discussion is given here for convenience. In discrete-time, the aligning IMU’s attitude

update is given by,

C n
b (t+ ∆t) = C n

b (t)(I3 + Ωb
nb∆t), (4.8)
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where t represents the time of the previous computation epoch and t + ∆t represents the time

of the current computation epoch. The acceleration frame transformation and gravity compen-

sation are given by,

annb =
1

2
(Cn

b (t+ ∆t) + Cn
b (t))a bnb, (4.9)

fnnb = annb − γnnb, (4.10)

where γnnb represents gravitational acceleration. The exact value of gravitational acceleration to

be used depends on where the IMU is on the Earth (or other celestial body). For applications

in a local navigation frame, it is sufficient to assume that gravitational acceleration is simply,

γnnb =


0

0

−9.81

m/s2. (4.11)

Finally, the velocity and position updates are given in discrete time by,

vnnb(t+ ∆t) = vnnb(t) + fnnb∆t, (4.12)

rnnb(t+ ∆t) = rnnb(t) + vnnb∆t. (4.13)

As discussed in Chapter 2, the accuracy of an inertial navigation solution is highly depen-

dent on the errors in the IMU measurements. A simple error model of the IMU’s accelerometer

and gyroscope is given by,

annb = ãnnb + ba + wa, (4.14)

ωnnb = ω̃nnb + bg + wg. (4.15)
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where ãnnb and ω̃nnb represent the true acceleration and angular velocity, wa and wg represent

IMU noises, and ba and bg represent accelerometer and gyroscope biases.

Since Cn
b , vnnb, and rnnb are computed from IMU measurements in error, it stands to reason

that the errors in these quantities depend on the IMU errors. The evolution of these errors in

discrete time is given by,

δψnnb(t+ ∆t) = δψnnb(t) + Cn
b (t)(bg + wg)∆t, (4.16)

δvnnb(t+ ∆t) = δvnnb(t)∆t+ (−[fnnb ∧]δψnnb)∆t+ Cn
b (ba + wa)∆t, (4.17)

δrnnb(t+ ∆t) = δrnnb(t) + δvnnb∆t, (4.18)

which are the attitude, velocity, and position errors, respectively. They are related to the align-

ing INS’s PVA values by,

C̃n
b = (I3 − [δψnnb∧])Cn

b , (4.19)

ṽnnb = vnnb + δvnnb, (4.20)

r̃nnb = rnnb + δrnnb, (4.21)

where the quantities under tildes represent the true PVA of the INS [2].

4.2.3 TA-INS-ESKF

The conventional method of using reference PVA information to align an INS is to op-

timally fuse the reference PVA values with those from the aligning INS. The goal of optimal

fusion is to compute a PVA that minimizes the difference between the aligning INS’s and ref-

erence system’s PVA given the uncertainty in each system’s output. This sort of problem is

ideally suited for a Kalman filtering (KF) approach. A description of Kalman filtering is given

in Appendix A, while Kalman filtering in the context of inertial navigation was summarized in
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Chapter 2. The goal of this subsection therefore, is to fit the TA-INS problem described in the

previous two subsections into the KF algorithm.

Each of the two systems in TA-INS, the aligning INS and the reference system, correspond

to the two different phases of the KF, these being the process and measurement updates respec-

tively. It is common to put the aligning INS in the process update and the reference system in

the measurement update. This setup is especially advantageous if the reference system runs at

a lower update rate than the aligning INS.

4.2.3.1 State Selection

Though PVA values are an intuitive choice for the TA KF’s states, they are not used as

the state values. Instead, the aligning INS’s PVA errors are used as the KF states. Using the

PVA errors as states makes this an implementation of an error-state Kalman filter (ESKF). The

ESKF algorithm, detailed in Appendix A, maintains two sets of states, the full states and the

error states. The incoming measurements are used to optimally estimate the errors in the full

states given the uncertainty in the error states and measurements. These error estimates are then

used to correct the full states. In the context of TA-INS, this means that PVA measurements

from the reference system are used to correct errors in the aligning INS. This is known as

TA-INS-ESKF.

The justification for using the ESKF for TA as opposed to a full-state KF lies in the nature

of the inertial navigation equations used to propagate the aligning INS’s PVA. (Equations (4.8)

- (4.13)) Neither the PVA values nor its propagation equations fit the profile required for the full

state KF algorithm, namely that it be a vector of scalar values that are a linear combination of

the state propagation equations. This is especially true in the case of the attitude, Cn
b . However,

PVA errors and their propagation equations fit this profile, which justifies maintaining the PVA

errors as states inside an ESKF framework for applications that use INS as a process model.

At a bare minimum, most implementations of TA-INS-ESKF maintain the aligning INS’s

velocity and attitude along with their respective errors as full and errors states respectively.

Though its inclusion might seem intuitive, the estimation of the aligning INS’s position is not

useful unless GNSS is used as reference, as described previously. Other states that often are
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estimated are the aligning INS’s IMU biases, since applying PVA from a reference system

allows for the calibration of the aligning IMU. The evolution of these biases over time is given

by,

ba(t+ ∆t) = ba(t) + wba and bg(t+ ∆t) = bg(t) + wbg , (4.22)

wherewba andwbg are zero-mean, normally distributed driving noises. Since accelerometer and

gyroscope biase estimates are both available in a typical implementation, they can be subtracted

from from their respective sensor measurements before they are used to propagate velocity and

attitude. This is given by,

vnnb(t+ ∆t) = vnnb(t) + (fnnb − ba)∆t, (4.23)

and

C n
b (t+ ∆t) = C n

b (t)(I3 + (Ωb
nb − bg)∆t), (4.24)

which are modifications of Equation (4.12 and 4.8 respectively. Given the error state approach,

and the inclusion of aligning IMU’s biases, the error state vector is given by,

δx =

[
δr nnb δv nnb δψ n

nb ba bg

]T
, (4.25)

which is meant to correct the full states,

x =

[
r nnb v nnb Cn

b

]T
. (4.26)

4.2.3.2 Process Update

Since the INS equations are responsible for propagating the full states, the primary purpose

of TA-INS-ESKF’s process update is to propagate the uncertainty in the error states. With the

aligning INS’s PVA errors and IMU biases making up the state vector, the discrete-time state

transition matrix for TA-INS-ESKF is given by,
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F =



I3 I3∆t 03 03 03

03 I3 [−f bnb ∧] ∆t Cn
b ∆t 03

03 03 I3 03 Cn
b ∆t

03 03 03 I3 03

03 03 03 03 I3


. (4.27)

The process noise vector is given by,

w =

[
wa wg wba wbg

]T
, (4.28)

and the matrix mapping these noises to the state domain is given by,

G =



03 03 03 03

Cn
r 03 03 03

03 Cn
r 03 03

03 03 I3 03

03 03 03 I3


. (4.29)

The final part of the process update is the process noise covariance matrix. This is given for

TA-INS-ESKF by,

Q =



σ2
a 03 03 03

03 σ2
g 03 03

03 03 σ2
ba

03

03 03 03 σ2
bg


. (4.30)

4.2.3.3 Measurement Update

The measurement update for TA-INS-ESKF serves two purposes. The first is the actual

optimal fusion of the reference system’s PVA with the aligning INS’s PVA, while the second is

the adjustment of the error state covariance matrix proportional to the relative weight given to

the reference information. Since the measurement update includes outputs from the reference
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system, this means that it will be composed of some combination of PVA measurements. The

measurement update’s exact composition is how different implementations of TA-INS-ESKF

are distinguished from each other. Three common implementations include traditional transfer

alignment, rapid transfer alignment, and loosely coupled GNSS/INS fusion.

I. Traditional Transfer Alignment

Traditional transfer alignment (TTA) is described by Sutherland and Gelb in [54] and uses

velocity measurements from a reference INS to correct the PVA errors and estimate the biases

of the aligning INS. The measurement error is given by,

δy = δyv = v nnR − v nnb + Cn
b Ωb

nbr
b
Rb, (4.31)

and mapped onto the states by the measurement model,

HTTA =

[
03 −I3 03 03 03

]
, (4.32)

with a measurement covariance matrix of,

RTTA =

[
σ2
vr

]
. (4.33)

Since the reference system for TTA is another INS, the filter presented in [54] excludes position

states. This means that the state transition model, process noise vector, process noise matrix,

process noise covariance, and measurement models presented in [54] and [2] exclude the rows

and columns that correspond to the position error state. For the sake of consistency and brevity,

this reduction has not been shown.

II. Rapid Transfer Alignment

An extension of TTA was first described in [53] by Kain and Cloutier and expanded upon

by various authors in [51] and [66]. The extension is known as rapid transfer alignment (RTA).

It is so named since alignment and calibration of the aligning INS generally takes less time with
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RTA when compared with TTA. RTA achieves this by adding an attitude measurement from the

reference INS. The small angle attitude measurement error is given by,

I3 + [δyψ ∧] = Cn
RC

R
b C

b
n. (4.34)

The measurement error vector for RTA includes both velocity and attitude errors and is given

by,

δy =

δyv
δyψ

 , (4.35)

which is mapped onto the error states by,

HRTA =

03 −I3 03 03 03

03 03 −I3 03 03

 , (4.36)

with a covariance matrix of,

RRTA =

σ2
vr 03

03 σ2
ψr

 . (4.37)

As with TTA, the RTA filter presented in [53] also excludes the position states.

III. Loosely Coupled GNSS/INS Fusion

Loosely coupled GNSS/INS fusion is an implementation of TA-INS-ESKF that uses GNSS

outputs as the reference, as described in [57–66]. It is critical to note that the term transfer align-

ment is not conventionally used to discuss loosely coupled GNSS/INS. Despite this difference

in nomenclature, loosely coupled GNSS/INS fusion is included in this subsection since it is

both mathematically and functionally similar to TTA and RTA. The biggest difference between

TTA/RTA and GNSS/INS fusion is the nature of the two systems used to align and calibrate the

aligning INS. GNSS, unlike the reference INS used in RTA and TTA, is capable of computing

independent position and velocity solutions. Therefore, both position and velocity are used
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together in the measurement update for GNSS transfer alignment. The measurement error for

position is given by,

δyr = r nnR − r nnb + Cn
b r

b
Rb, (4.38)

which is combined into a measurement error vector of,

δy =

δyr
δyv

 . (4.39)

The measurement error is mapped onto the state vector by,

HLC =

−I3 03 03 03 03

03 −I3 03 03 03

 , (4.40)

with a measurement noise covariance matrix of,

RLC =

σ2
rg 03

03 σ2
vg

 . (4.41)

If either position or velocity is not returned by the GNSS system being used, then the corre-

sponding rows can be removed from the measurement model and noise matrix.

4.2.4 The Misalignment Problem

Up until this point, the discussion has included both the lever arm rRRb and misalignment

CR
b between the aligning INS and reference system in the measurement errors. Inclusion of

this information requires that it be determined beforehand. This information can be determined

using physical measurements or drawings of the vehicle carrying the two systems. In the event

that drawings or measurements are unavailable, the lever arm and misalignment can instead be

estimated as states in the TA-INS-ESKF framework. The topic has been addressed in [2, 57–

62].
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In the context of the in-vehicle PDR initialization problem presented in this thesis, rRRb

and CR
b are unknown quantities that are impractical to measure, which means that they must

be estimated online, as they are in [2, 57–62]. However, a problem arises in using the KF

framework presented in [57, 58, 62] to estimate the misalignment CR
b . Specifically, using a

KF framework to estimate misalignment requires that it be constituted by small angles (≤

10◦). This requirement is driven by the fact that the misalignment CR
b , which is a non-linear

relationship, must be linearized to be estimated by a KF. This linearization is only valid if

the error resulting from non-linearity is small [2]. If the offset angle is large, which would

be the case if the misalignment angles were large, any KF, including the ones presented in

[57, 58, 62, 77], would not be able to solve for the misalignment angles. For the in-vehicle

PDR initialization problem, there is no basis upon which to make assumptions about the size of

the misalignment angles, meaning they could be quite large. Therefore, estimating these angles

using a framework based on a linear KF would be unproductive. Instead, alternative means

must be used to solve for the full misalignment between the aligning and reference systems.

4.3 Misalignment Computation

To begin looking for such an alternative, consider Equations (4.6) and (4.7). Assuming that the

aligning and reference systems are each IMUs, their raw outputs (assuming negligible errors)

are related to each other by the misalignment CR
b through these two equations. This means that

either of these equations can be used to compute CR
b . However a quick glance at these equa-

tions’ terms shows that the misalignment is the only quantity that relates the angular velocity

measurements from the two IMUs. By contrast, both the misalignment and lever arm stand

between the two IMUs’ acceleration measurements. This means that solving for the misalign-

ment using angular velocity measurements in conjunction with Equation (4.7) is a far simpler

task than using acceleration measurements in conjunction with Equation (4.6) . Therefore, for

the sake of simplicity, the former will be used to solve for the misalignment.

Solving for a rotation matrix C in an equation with the form of 4.7, given two sets of

k vector measurements a and b is a problem of computing an optimal rotation matrix that

minimizes the cost function,
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L(C) =
1

2

∑
k

1

σ2
a + σ2

b

‖ak − Cbk‖2. (4.42)

This problem was proposed in 1965 by Grace Wahba in [67]. Solutions to Wahba’s problem

have typically been used to determine the attitude of spacecraft [73]. However, the problem

and its many solutions are also relevant in the transfer alignment context since both attitude de-

termination and transfer alignment aim to find a rotation matrix that relates two sets of vector

measurements. In the context of Equation (4.7), the two sets of vector measurements are the an-

gular velocity measurements from the two IMUs, while the rotation matrix is the misalignment

between the two. Written in this context, Equation (4.42) becomes,

L(CR
b ) =

1

2

∑
k

1

σ2
ωR

+ σ2
ωb

‖ωR
nRk
− CR

b ω
b
nbk
‖2. (4.43)

On first glance, solving the above cost function this seems straightforward. A matrix that maps

ω b
nb onto ωR

nR can be computed by,

CR
b = ω b

nbω
R
nR

T
(ωR

nRω
R
nR

T
)−1. (4.44)

This approach is taken in [68–70]. However, the drawback of this approach is that it computes

each term in the rotation matrix individually, with no consideration given to the relationship

between the terms. As will be seen later in this chapter, not considering the interdependencies

in a rotation matrix makes it more difficult to compute the misalignment between two IMUs.

Therefore, this section will focus on solutions to Wahba’s problem that preserve these interde-

pendencies, as covered in [71–76]. Note that the rotation matrix CR
b will be substituted with

the more general rotation matrix C for the following discussion.

4.3.1 First Solutions

Authors of solutions to Wahba’s problem have found it convenient to rewrite the problem

in the following manner:
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L(C) = λ0 − trace(CBT ), (4.45)

where

λ0 =
∑
k

ak, (4.46)

and

B =
∑
k

1

σ2
ωR

+ σ2
ωb

ωR
nRk

ω b
nbk

T
. (4.47)

The matrix B is known as the attitude profile matrix. It is a weighted sum of all k vector

quantities that are used to solve for C. This matrix is the basis of a whole family of solutions

to Wahba’s problem, the goal of which is to maximize trace(CBT ). In the original problem

statement, Wessner and Brock proposed a solution, given by,

C = B(BTB)−1/2. (4.48)

This solution requires that B be non-singular. In parallel, Farrell and Stuelpnagel noted that B

has a polar decomposition of,

B = WR, (4.49)

where W is orthogonal and R is symmetric and positive semidefinite. R can be diagonlized by,

R = V DV T , (4.50)

where V is orthogonal and D is diagonal. The optimal rotation matrix C is given by,

C = WV diag[1 1 det(W )]V T . (4.51)

4.3.2 SVD and FOAM

A solution equivalent to the Farrell and Stuelpnagel approach was proposed by Landis

Markley in [71] nearly a decade after the initial problem statement. It involves taking the
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singular value decomposition (SVD) of B, which is,

B = UΣV T = U diag[Σ11 Σ22 Σ33]V
T , (4.52)

where the U and V are orthogonal and Σ11 > Σ22 > Σ33. trace(CBT ) is computed by,

tr(UTCV diag[Σ11 Σ22 Σ33]), (4.53)

the value of which is maximized when,

UTCV = diag[1 1 det(U)det(V )], (4.54)

which gives the rotation matrix,

CSV D = U diag[1 1 det(U)det(V )]V T . (4.55)

The estimation error is characterized by a small angle rotation error vector φerr, which is de-

fined by,

expm[φerr ∧] = CtrueC
T
SV D. (4.56)

The terms in φerr correspond to small angle errors in roll, pitch, and yaw relative to the the

reference IMU’s coordinate frame. The error covariance of this angular error is given in,

PSV D = U diag[(Σ2 + Σ3 det(U) det(V ))−1 (Σ1 + Σ3 det(U) det(V ))−1 (Σ2 + Σ1)
−1] UT .

(4.57)

The equivalence to the solution by Farrell and Stuelpnagel can be seen if U = WV . Though the

SVD method is incredibly stable from a numerical standpoint, it has not been widely applied

since it is a computationally intense method when compared to other available methods [73]. To

address this problem, Markley developed the Fast Optimal Attitude Matrix (FOAM) approach
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in [72]. For FOAM, the rotation matrix C is rewritten as,

C = [(κ+ ‖B‖2)B + λ adj(BT )−BBTB]/ξ, (4.58)

where,

‖B‖ = Σ2
11 + Σ2

22 + Σ2
33. (4.59)

The scalar coefficients κ and ξ are defined in terms of λ as,

κ =
1

2
(λ2 + ‖B‖2) (4.60)

ξ = κλ− det(B). (4.61)

The variable λ can be computed by iteratively solving,

(λ2 + ‖B‖2)2 − 8λ det(B)− 4adj(‖B‖2) = 0. (4.62)

Once λ has been solved for, then κ and ξ become available, which allows for the computa-

tion of CFOAM . Once CFOAM has been computed, its error covariance can be computed by

performing,

PFOAM = (κλ− det(B))−1(κ+BBT ). (4.63)

The strength of FOAM is that it is less computationally intense than most of the available

methods for finding C [73].

4.3.3 Q-Method and QUEST

Since a rotation matrix R can be related to a four-component quaternion, C can be found

by solving for the equivalent quaternion q. The first useful solution of Wahba’s problem that

solved for q was devised by Davenport in 1977 in [74]. The centerpiece of his Q-Method is the
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matrix

K =

S − I trace(B) z

zT trace(B)

 , (4.64)

where,

S = B +BT , (4.65)

and,

z =


B23 −B32

B31 −B13

B12 −B21

 . (4.66)

This K-matrix lets Equation (4.45) be written as

L = 1− qTKq. (4.67)

From this equation, it is easy to see that Equation (4.67) is minimized when qTKq is maxi-

mized. This occurs when q is equal to the eigenvector associated with the largest eigenvalue of

K, known as λmax. The attitude determination problem is a problem of solving for that eigen-

value. The most basic method of solving for that eigenvalue would be to take the characteristic

polynomial of K and solve for the zeros. Unfortunately, this method is almost as computation-

ally intense as the SVD method discussed earlier [73]. Therefore, most implementations of the

Q-method take other approaches.

A widely used approach, called Quaternion Estimator (QUEST) by its creators in [75],

involves applying an iterative approach to solve for q. By applying the Cayley-Hamilton The-

orem to S, the characteristic equation for λmax is given by,
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λ4 + (a+B)λ2 − cλ+ (ab+
c

2
trace(S)− d) = 0, (4.68)

where,

a = (
1

2
trace(S))2 − tr(adj(S)), (4.69)

b = (
1

2
tr(S))2 + ZTZ, (4.70)

c = det(S) + ZTSZ, (4.71)

d = ZTS2Z. (4.72)

Numerical algorithms, such as Newton-Raphson method, can be applied on Equation (4.68)

with λ = 1 as a starting point. Based on Equation (4.67) and assuming that λmax is close to

unity, its value is easily computed by a very few number of iterations (generally just a single

iteration) with reasonable accuracy. Once λmax has been found, the corresponding q can be

found with,

Kq = λmaxq. (4.73)

QUEST is a popular approach for finding C due to its speed. It is the fastest of the Wahba’s

problem solutions discussed here, and is able to achieve this speed with no loss in accuracy [73].

For the sake of brevity, several more approaches for minimizing the cost function in Equation

(4.45) have been excluded from the thesis. These include the ESOQ family of methods. For

further information on these approaches, readers are directed to [73].
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4.3.4 Gyroscope Bias Computation

Any one of the aforementioned solutions to Wahba’s problem is an easy-to-implement

solution that can solve for the optimal rotation matrix that satisfies both Equations (4.43) and

(4.7). However, both of these equations assume that the gyroscope measurements have negli-

gible errors. Oftentimes, this is not the case. The biases on the gyroscope measurements can

significantly affect the angular velocity values received by a user, especially for the types of

IMUs used in PDR. Therefore, accounting for the biases bg of the aligning IMU, as TA-INS-

ESKF does, will lead to a more accurate computation of the misalignment in theory. The biases

are related to the two sets of angular velocity measurements and misalignment through,

ωR
nR = CR

b (ω b
nb − bg). (4.74)

Adding bg as an extra set of unknowns changes the nature of the problem. This new problem is

no longer equivalent to Wahba’s problem since two quantities must now be solved for, namely

CR
b and bg. This means that none of the aforementioned Wahba’s problem solution methods

are applicable. Instead, a different solution method must be developed. One approach, used

by Rogers et al. in [55], is to use least-squares to simultaneously solve for the misalignment

and the bias vector. The goal of using least squares is to estimate the misalignment and the

bias vector such that the sum of the squares of the residuals over k measurement epochs is

minimized. This is given by the cost function,

∑
k

= ||rk||2 =
∑
k

||yk − hk(x)||2 =
∑
k

1

σ2
ωR

+ σ2
ωb

||ωR
nRk
− CR

b (ω b
nbk
− bg)||2. (4.75)

In Equation (4.75), x is the vector that represents the states to be estimated, which are the

rotation matrix and bias vector. Representing bg in x is straightforward since it is a vector.

However, difficulty arises when representing the matrix CR
b in a vector. One option might be to

representing it in the state vector using all 9 of the rotation matrix’s terms individually. How-

ever, as discussed earlier, this is problematic, since it does not guarantee the orthonormality
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of the resulting matrix. [55] addresses this problem by assuming that the misalignment angles

are small, which allows the rotation matrix to be represented as a vector ψRbR. For the PDR

initialization problem presented in this thesis however, assumptions about the size of the mis-

alignment cannot be made. A vector representation of CR
b that both maintains its integrity as

a rotation matrix and represents large misalignment angles is an Euler angle representation.

As discussed in Chapter 2, the Euler angle sequence used in this thesis is a ZYX body-fixed

sequence. This means that the misalignment can be written in terms of its constituent Euler

angles by,

CR
b (ψ, θ, φ) =


c(ψ)c(θ) c(ψ)s(φ)s(θ)− c(φ)s(ψ) s(φ)s(ψ) + c(φ)c(ψ)s(θ)

c(θ)s(ψ) c(φ)c(ψ) + s(φ)s(ψ)s(θ) c(φ)s(ψ)s(θ)− c(ψ)s(φ)

−s(θ) c(θ)s(φ) c(φ)c(θ)

 . (4.76)

Since existing literature does not cover the possibility of simultaneously estimating Euler angles

and gyroscope biases, an original least-squares estimator must be developed that does the same.

Writing CR
b in terms of its constituent Euler angles means that the least-squares state vector is,

x =

[
φ θ ψ bg,x bg,y bg,z

]T
. (4.77)

Note that this makes the relationship between x and the two sets of angular velocity mea-

surements non-linear. In other words, hk(x) in Equation (4.75) cannot be written as a lin-

ear combination of these states. To solve for x, a non-linear least squares approach, such as

Newton-Raphson or Guass-Newton, must be used [4].

To solve for the misalignment and gyroscope biases using the Gauss-Newton method, an

initial guess for the states xi must be formed. With a guess for xi the residual can be computed

for all k angular velocity values. This is given by,
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y1:k − h1:k(xi) =



ωR
nR,x1

ωR
nR,y1

ωR
nR,z1

ωR
nR,x2

ωR
nR,y2

ωR
nR,z2

...

ωR
nR,xk

ωR
nR,yk

ωR
nR,zk



−



CR
b (ψi, θi, φi)

CR
b (ψi, θi, φi)

...

CR
b (ψi, θi, φi)





ω b
nb,x1
− bg,xi

ω b
nb,y1
− bg,yi

ω b
nb,z1
− bg,zi

ω b
nb,x2
− bg,xi

ω b
nb,y2
− bg,yi

ω b
nb,z2
− bg,zi
...

ω b
nb,xk
− bg,xi

ω b
nb,yk
− bg,xi

ω b
nb,zk
− bg,xi



, (4.78)

where y1:k−h1:k(xi) is 3k×1 vector. The initial guess can be improved by iteratively updating

the state estimate. This iteration is given by,

xi+1 = xi + (JTi Ji)
−1JTi (y1:k − h1:k(xi)). (4.79)

where Ji is the Jacobian matrix, or the partial derivative of the residuals with respect to the

states. It is a n× 3k matrix given by,

Ji =
(∂y1:k − h1:k(xi))

∂xi
. (4.80)

Given enough iterations, the state estimates will eventually converge to the true values of

ψ, θ, φ, and bg. The error covariance of x is given by,

PGN = (σ2
ωR

+ σ2
ωb

)(JTi Ji)
−1, (4.81)

where Ji is the latest available Jacobian matrix. As with the PSV D and PFOAM , the angular

error terms in PGN correspond to small angle errors in roll, pitch, and yaw relative to the ref-

erence IMU’s coordinate frame. The aim is that simultaneously solving for the misalignment
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and bias vector allows for a more accurate computation of the misalignment between the align-

ing (pedestrian) and reference (vehicle) IMUs than can be achieved with a Wabha’s problem

solution.

4.4 Lever Arm Computation

Once the misalignment has been estimated using one of the aforementioned methods, the

lever arm rRRb between the aligning and reference IMUs can be estimated. This estimation

can be performed in a number of different ways. One option is to estimate the lever arm as a

state in a TA-INS-ESKF framework. This approach is taken in [59–61]. The other option is

to independently estimate the lever arm using Equation (4.6), which assumes that the IMU’s

errors are negligible. Since CR
b has already been estimated, the only unknown terms in 4.6 are

the lever arm terms. The aim is to estimate the lever arm such that the sum of the squares of

the residuals over k measurement epochs is minimized. This cost function is given by,

∑
k

||yk −Mkx|| =
∑
k

1

σ2
aR

+ σ2
ab

||C R
b a

b
nbk
− aRnRk

− (ΩR
nRk

)2rRRb − Ω̇R
nRk

rRRb||2. (4.82)

The above cost function can be minimized using a least-squares approach. Upon inspection of

Equation (4.6), it can be seen that the lever arm is a linear combination of the angular velocity

and angular acceleration terms. This means that the lever arm can be computed through a linear

least-squares approach, as done in [81] and [70]. To solve for the lever arm using least-squares,

Equation (4.6) must be written in matrix form with the unknown quantities arranged in a vector.

This is given for k inertial sensor measurements by,
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y1:k = M1:kx

y1

y2
...

yk


=



M1

M2

...

Mk




rRRb,x

rRRb,y

rRRb,z

 ,
(4.83)

where the acceleration measurement vector yk is,

yk = CR
b


a bnb,xk − a

R
nR,xk

a bnb,yk − a
R
nR,yk

a bnb,zk − a
R
nR,zk

 . (4.84)

and where the mapping matrix Mk is,

Mk =


−ωR

nR,yk

2 − ωR
nR,zk

2 −ω̇R
nR,zk

− ωR
nR,xk

ωR
nR,yk

ω̇R
nR,yk

+ ωR
nR,xk

ωR
nR,zk

ω̇R
nR,zk

+ ω, xRnRk
ωR
nR,yk

−ωR
nR,xk

2 − ωR
nR,zk

2 −ω̇R
nR,xk

+ ωR
nR,yk

ωR
nR,zk

−ω̇R
nR,yk

+ ω, xRnRk
ωR
nR,zk

ω̇R
nR,xk

+ ωR
nR,yk

ωR
nR,zk

−ωR
nR,xk

2 − ωR
nR,yk

2

 .
(4.85)

Since this problem is linear, the least-squares estimate can be performed in one com-

putational step, as opposed to the iteration required for the misalignment plus bias solution

presented earlier. To solve for x, the pseudoinverse of M must be multiplied by y. This is

given by,

x = (MT
1:kM1:k)

−1MT
1:ky1:k, (4.86)

with the estimate error covariance given by,

Pla = (σ2
aR

+ σ2
ab

)(MT
1:kM1:k)

−1. (4.87)
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Given enough IMU data, this least squares approach can solve for the lever arm between the

aligning (pedestrian) and reference (vehicle) IMUs.

4.4.1 Accelerometer Bias Computation

As with the misalignment estimation, the accuracy of the lever arm estimation can be

enhanced with the simultaneous estimation of the aligning IMU’s accelerometer biases. Since

the simultaneous estimation of the lever arm and accelerometer bias has not been addressed in

the literature, the algorithm proposed by [81] must be extended to include these biases. These

accelerometer biases are related to the aligning IMUs outputs by,

C R
b a

b
nb − aRnR − ba = (ΩR

nR)2rRRb + Ω̇R
nRr

R
Rb. (4.88)

Solving for the biases requires only slight modification of x and M . The new state vector is,

x =

[
rRRb,x rRRb,y rRRb,z ba,x ba,y ba,z

]T
, (4.89)

and the new mapping matrix is,

M bias
k =

[
Mk I3

]
. (4.90)

The other steps, such as the state estimation and covariance matrix computation are the same

as for lever arm-only computation.

4.5 Observability and Maneuvering Requirements

The idea of a system’s observability is of great importance in many navigation problems,

since a system’s observability indicates whether or not it is possible to estimate its states based

on given measurement inputs. At first, this problem may seem trivial, since a moving object’s

PVA states can usually be directly measured. For example, if an airplane’s heading needs to

be determined, it can be measured by a compass. However, there are situations in which direct

measurement of some states will not be possible. If the airplane’s compass was non-functional
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for instance, its heading would have to be determined from another source. Certainly heading

could not be determined if the only measurement available was a reading of the pressure in the

plane’s cabin, but what if East and North velocity were available from GNSS? This informa-

tion is not heading, but is much more related to heading than cabin pressure. Potentially, the

velocity measurements from GNSS could be used to infer or observe the airplane’s heading.

The question is, under what conditions is this information enough? These questions of relating

the information from the sensors to knowledge of the desired states, particularly unmeasured

states, are at the heart of observability. A basic definition of observability is given in [82]:

Definition 1 A system is said to be observable if the initial state x(t0) can be determined from

the output y(t) over the finite time interval [t0, tf ].

This definition serves as a general definition of what is meant by observability for all types

of systems. In the context of transfer alignment, the goal is to estimate the aligning INS’s PVA

and IMU calibration parameters (x) using measurements from a reference navigation system

(y). Some of these states are explicitly provided as measurements by the reference system,

such as velocity and attitude in rapid transfer alignment. However, other critical states such as

misalignments, lever arms, and sensor biases, are not. The idea of observability becomes most

relevant in the computation of these “hidden” quantities, since the TA algorithm must infer or

observe them from the information that is provided. As with the airplane heading example,

the question that must be asked about any TA approach is, under what circumstances is there

enough information to determine these hidden quantities? The rest of this section attempts

to answer this question by describing the observability properties of the different quantities

estimated by the various transfer alignment algorithms presented in this thesis.

4.5.1 Observing the PVA and IMU Biases

The observability properties of the aligning INS’s PVA and IMU biases have been ex-

tensively explored in the literature. The findings in [58, 59, 62–65, 84–87] all offer valuable

insight into the kind of circumstances that make all of the PVA and IMU bias states observ-

able. To analyze the observability properties of these quantities, these works consider them
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in the context of the TA-INS-ESKF algorithm. This ESKF algorithm can be formulated as an

equivalent least squares problem. For a 12 state ESKF that excludes position, this is given by,

δyv = O



δv nnb

δψ n
nb

ba

bg


, (4.91)

where O maps the error states to the velocity measurements from the reference systems. This

matrix is known as the total observability matrix [2, 84], and is given over k measurement

epochs by,

O =



H1

H2F1

H3F2F1

...

HkFk−1 . . . F2F1


. (4.92)

In traditional transfer alignment, the only quantity explicitly provided to the Kalman filter from

the reference system is the velocity error, as expressed by the one-row measurement model

HTTA. The other 9 states, which include the aligning INS’s attitude errors and IMU biases, must

be inferred from this information. In order to solve for these hidden states using least-squares,

O must be non-singular. This in turn requires it to be full-rank, which in this case is rank 12.

A full-rank matrix indicates that the ESKF has been able to form a unique mathematical link

between the attitude and bias states and the velocity measurements from the reference system.

Since the non-velocity states are not initially known, the rank of O is initially less than 12 at

k = 1. This means, in order to achieve full rank, the values in O must be manipulated over

the k epochs that the ESKF is running. Since the structure of HTTA is set by the reference

input’s composition, the only way to affect the rank of O is to manipulate the values in the

state transition model F . The makeup of F is in turn affected by the dynamic information in

F , these being the specific force, angular velocity, and the body-to-nav rotation matrix. This
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means that a certain sequence of accelerations and/or rotations must be performed by the body

carrying the aligning and reference systems to ensure that O is full-rank and that the full state

vector is observable. In the case of TTA, high-g horizontal turns [54, 87] have been shown to

be sufficient for full state observability.

Using a rapid transfer alignment measurement model changes the nature of the problem.

The addition of attitude information from the reference system reduces the states the ESKF

has to infer down to the aligning INS’s IMU biases. This additional information from the

reference is embodied in a new two-row matrix HRTA. Altering the structure of H from HTTA

to HRTA consequently alters that of O as well. As a result, the maneuvering requirements

for full state observability in RTA are different from those for TTA. In [86], Zhilan Xiong

determined that RTA needs only angular acceleration and angular jerk in one axis to achieve

full state observability. For military aircraft trying to align an attached munition, this is attained

with a few wing rocks [53] and generally takes less time than the required maneuvers for TTA

[53, 54]. In general, since RTA provides one more state (attitude) as a reference input than TTA

provides, its maneuvering requirements are more relaxed than those for TTA.

The findings in these works bring up an important point. What allows a TA algorithm to

estimate hidden states is the performance of certain maneuvers. As such, the goal of analyzing

TA’s observability properties is not so much to evaluate the observability of the system, as

much as it is to evaluate the observability of the system along a certain trajectory or maneuver.

Determining the observability of a certain maneuver sequence or trajectory is a very useful

endeavor as an analysis or design tool, since it allows a designer to draw conclusive and defined

operating boundaries outside of which a TA algorithm is guaranteed to fail. For this reason,

existing literature has focused on a maneuver-centric approach to analyzing the observability

of the aligning INS’s PVA and IMU biases [58, 59, 62–65, 84–87]. In all of these works,

the researchers explore the exact combinations of states that are made observable by certain

maneuver sequences by analyzing the structure of O.

106



4.5.2 Observing the Misalignment

An additional state that can be estimated is the misalignment between the reference system

and aligning INS. This state’s observability requirements has been the subject of research in

the context of multi-antenna loosely-coupled GNSS/INS in [57] and [58]. In both of these

papers, Hong et al., using methods similar to those described in the previous subsection, showed

that the misalignment between an INS and a multi-antenna GNSS array can be observed if

the vehicle carrying both devices experiences time-varying linear acceleration in at least two

different directions, while there is no angular motion.

An alternative perspective on this finding can be seen by inspecting Equation (4.6). In a

situation where the vehicle is experiencing purely linear motion, there is zero angular motion,

which makes the angular velocity and angular acceleration terms in Equation (4.6) go to zero.

This makes the relationship between the accelerations experienced by the vehicle’s INS (b) and

its GNSS array (R),

C R
b a

b
nb = aRnR. (4.93)

As shown by Shuster and Oh in [75], a minimum of two linearly independent vectors are

necessary to estimate the rotation matrix C R
b in an equation such as Equation (4.93) using a

Wahba’s problem solution. This condition that is satisfied when the vehicle carrying the INS

and GNSS antenna array experiences time-varying linear acceleration in at least two different

directions, sans angular motion. Specifically, in [57] and [58], the authors were able to estimate

the misalignment between the INS and antenna array by using gravitational acceleration while

the vehicle was sitting still and by using forward acceleration when the vehicle started moving.

Note that gravitational acceleration is only available as a means to estimate misalignment

when the vehicle is sitting still. If a period in which the vehicle is sitting still is not available,

then purely linear acceleration data from periods in which the vehicle is moving must be used

instead. Most vehicles, however, do not experience purely linear acceleration. Ground vehicles

in particular experience significant angular motion during ordinary operation. If a misalign-

ment is to be estimated on a ground vehicle with any non-zero angular motion, the angular
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velocity terms in Equation (4.6) become non-zero. This means that any estimate of the mis-

alignment that is computed by applying a Wahba’s problem solution to Equation (4.93) will be

systemically corrupted in the presence of angular motion. This raises the question of whether

or not it is possible to reformulate the misalignment estimation problem in a way that excludes

this systemic corruption.

Systemic corruption in the misalignment computation can be eliminated if angular motion

is used to compute the misalignment during vehicle motion instead of acceleration. This ap-

proach is included in [58] with the use of a three-antenna GNSS array as a reference system

for the vehicle’s INS. As described in [2], the measurements taken by an array of at least three

GNSS antennas can be used to compute its attitude, which means that the three-antenna array

in [58] implicitly provided an attitude update to the vehicle’s INS. By building an observabil-

ity matrix and examining its structure, Hong et. al. determined that the misalignment can be

observed with angular motion in at least two perpendicular axes.

An alternative perspective on this finding can be seen by inspecting the relationship be-

tween angular velocities of the vehicle’s INS and antenna array, which is given by,

C R
b ω

b
nb = ωR

nR. (4.94)

As shown in [75], a minimum of two linearly independent vectors are necessary to estimate

the rotation matrix C R
b in an equation such as Equation (4.94) using a Wahba’s problem solu-

tion, a condition that is satisfied when the vehicle carrying the INS and GNSS antenna array

experiences angular velocity in at least two perpendicular axes.

Note that there are no motion terms in Equation (4.94) besides those that represent angular

motion. The absence of other motion quantities indicates that using angular velocity to com-

pute the misalignment eliminates the opportunity for systemic corruption that is present when

acceleration (or linear motion in general) is used instead. It is for this reason that this thesis

prefers to use angular motion to estimate the misalignment rather than linear motion. Since the

computation of misalignment using angular motion in a Wahba’s problem solution (as opposed

to the ESKF in [58] and [57]) and its application on a ground vehicle has not been explicitly
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addressed in the literature (to the author’s knowledge), the remainder of this subsection will

address this topic and the rationale behind it.

4.5.2.1 Misalignment Computation Using Angular Velocities in Wahba’s Problem

I. Observability Analysis

As discussed in the previous section, solving for a misalignment is a problem of computing

an optimal rotation matrix that relates vector information resolved in two different coordinate

frames. Several different techniques exist for estimating this rotation matrix, all of which at-

tempt to infer/observe the rotation matrix from the given vector information. To this end, the

vector information must meet one requirement. This requirement, detailed in [75], is that the

vector information contain at least two linearly independent vectors. To illustrate the rationale

behind this, recall from Chapter 2 that the product of a rotation matrix and its transpose is,

CR
b C

b
R = I3. (4.95)

The above is only possible if a rotation matrix is made up of mutually orthogonal unit vectors.

The implication of this fact is that any column or row inCR
b can be computed by taking the cross

product of the other two columns or rows, respectively. As a result, recovering two unit vectors

making up a rotation matrix is enough to recover the whole. Recovering a column in rotation

matrix is simple. Simply multiply the matrix by a vector. This is given for a one-component

vector of arbitrary length by,

a


C11

C21

C31

 =


C11 C12 C13

C21 C22 C23

C31 C32 C33



a

0

0

 . (4.96)

Performing the above operation recovers of one column of the matrix’s columns. To recover the

whole matrix, just one more column needs to be recovered. This can be done by multiplying

the rotation matrix by a second vector that is not parallel with the first. This is given by,
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aC11

aC21

aC31



bC12

bC22

bC32

 =


C11 C12 C13

C21 C22 C23

C31 C32 C33



a 0

0 b

0 0

 . (4.97)

There is now enough vector data on both sides of the equals sign to recover the entire rotation

matrix. Though the b vector is perpendicular to the a vector, this is not necessary, as any

non-parallel vector would have invoked one of the other columns. This non-parallel state is

known as linear independence. With two linearly independent vectors resolved in two different

coordinate frames, there exists enough information to estimate the rotation matrix that relates

two sets of vectors. A quick litmus test for the required linear independence is the rank of the

attitude profile matrix B, computed by Equation (4.52). Due to its structure, it will reach rank

3 when there are two sets of two linearly independent vectors. Therefore, an attitude profile

matrix of rank 3 indicates that the rotation matrix is observable from the vector data.

In accordance with the steps outlined above, the body experiencing rotation must have at

least two epochs of linearly independent angular velocity that occurs across at least two co-

ordinate axes to be able to observe the rotation matrix using angular velocity measurements.

A real-world example of this would be an airplane performing successive pitching and rolling

motions. While such a maneuver would guarantee observability, successive rotations are not

realistic for many vehicles, including cars or ships, since both of these vehicle types rarely

experience significant angular velocity in several axes simultaneously. To ensure that these ve-

hicles experience observable rotation, there must be different angular accelerations in each axis

of rotation. This would guarantee that each successive vector of angular velocity measurements

is linearly independent of the previous one. Realistically, any maneuver that has rotation in two

axes, such as horizontal turns with slight rolling, [54, 86, 87], will likely meet this requirement.

Once this requirement is met, any of the Wahba’s problem solutions described previously

can be used to solve for the misalignment matrix. It is worth noting that these solutions are not

the only method available to solve for the misalignment. As described earlier, there are other

approaches covered in [68–70] that are centered on the idea in Equation (4.44). However, they

face one key disadvantage that solutions to Wahba’s problem do not face. Specifically, they
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compute each of the nine terms in C R
b individually, without considering the rotation matrix’s

orthonormality. Therefore, the approaches outlined in [68–70] require angular motion in all

three orthogonal axes to observe all nine terms of the misalignment matrix, which is one more

axis of motion than what a Wahba’s problem solution needs.

Figure 4.2: The trajectory taken by the simulated vehicle during the the double lane change
maneuver.

II. Simulation Study

To verify this hypothesis that only two epochs of linearly independent angular velocity

are necessary to estimate misalignment, a Wahba’s Problem solution was implemented in a

simulation study, the data for which was generated in Carsim. Carsim is a commercial vehicle

simulation software package whose function is to realistically simulate the movement of ground

vehicles. Carsim allows the user to select or build a vehicle profile and command the vehicle to

perform a set of maneuvers. During a simulation, Carsim computes and returns several different

types of dynamic data that describe the vehicle’s motion. Some of these values include position,

velocity, acceleration, attitude, angular velocity, and angular acceleration. This simulated data

provides a cost-effective and safe-to-use tool for the development and testing of estimation and

control algorithms.
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Figure 4.3: The angular velocity profile of the simulated vehicle during the the double lane
change maneuver. The vehicles XYZ axes correspond to its forward, right, and downward
directions respectively.

For this simulation study, a compact car was commanded to start traveling forward at 40

miles per hour and perform a 3.5 meter-wide double lane change (DLC) as shown in Figure 4.2.

A DLC was chosen since it fits the profile described earlier, namely that the maneuver involve

independent angular acceleration in least two axes. This can be seen in the x and z-axes of

the DLC’s angular velocity profile, which is given by Figure 4.3. Note that the data in Figure

4.3 is simulated such that there is no noise. This is due to the fact that Carsim does not model

sensor errors by default. As a result, all of the dynamic data returned by Carsim represents

the vehicle’s true trajectory. The takeaway is that the Carsim-generated data can offer clear,

unvarnished insight into the observability of the DLC.

To test observability, a known misalignment was applied to the Carsim-generated angular

velocity data from Carsim. Once this was done, a cumulative attitude profile matrix B was

computed at each epoch starting at the beginning of the data set in accordance with Equation

(4.47). A misalignment was then estimated at each epoch using the SVD method outlined by

Equations (4.52) and (4.55) and compared against the true misalignment. The results are shown

in Figure 4.4, which details the estimation error in terms of Euler angles and the rank of B over
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Figure 4.4: The angular offset errors as estimated by the SVD method.

the whole maneuver. At the beginning of the DLC, the simulated car only moves forward.

However, as the car starts moving laterally at about the 3-second mark, B’s rank increases to

three and the angle estimate errors converge to zero. These occurrences indicate that there is

sufficient data starting at that point in time to compute the misalignment. In other words, as the

lateral movement starts, the misalignment becomes observable through a DLC.

4.5.2.2 Misalignment Computation Plus Bias

I. Observability Analysis

To make the observability analysis of misalignment computation more realistic, the align-

ing IMU’s gyroscope biases should be estimated simultaneously with the misalignment. As

discussed in the previous section, this can be done with with a non-linear least-squares estima-

tor that estimates the three gyroscope bias components and the misalignment as a set of ZYX

Euler angles. The key to analyzing this estimator’s observability properties is the J matrix,
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shown in Equations (4.79) and (4.80). J is analogous to O in TA-INS-ESKF. Like O, J forms

a map between two vector spaces, the states and the residual in Equation (4.79). Another sim-

ilarity it shares with O is the inclusion of the reference IMU’s motion. Specifically J includes

the reference IMU’s angular velocity. The final similarity between the two is the mathemati-

cal operation that must be performed as part of the state estimation. Both matrices need to be

psuedoinverted in order to solve for their respective state vectors. This requires that both O and

J be non-singular. This in turn requires them both to be full rank, which is rank 6 in J’s case.

All of these similarities suggest that J may be as strong of analysis tool as O is.

However, there is one critical difference between the two matrices. O is a linear mapping,

while J is a linearization of a non-linear mapping. Were J linear, it being rank 6 would be

necessary and sufficient condition for Euler angle and gyroscope bias observability. However,

since it is non-linear, a rank of 6 cannot guarantee full state observability. Instead, it only

guarantees full state observability near the current iteration of the state estimates. Even though

a rank check divulges less information about J than it does for O, the information it offers

about J is still meaningful, since full state observability near the current iteration is a necessary

condition of being able to observe the actual state values. In other words, J being full rank

is no guarantee of full state observability, but it at least allows the possibility. By contrast, J

being rank deficient guarantees that the full state will not be observable. Therefore, this thesis

will use the rank of J as an analysis tool.

Unlike non-biased misalignment estimation, the observability requirements of misalign-

ment plus gyroscope bias estimation are not as clear-cut. Therefore, to analyze the observability

of the misalignment plus gyroscope bias estimator, sample angular velocity scenarios were cre-

ated. Each sample scenario was used to build its own J , after which J’s rank was checked.

These angular velocity scenarios and rank results are shown in Table 4.1. The first scenario is

a repeat of the observability requirement for recovering rotation matrices, which is two sets of

two linearly independent vectors. The result was a J matrix that was rank-deficient. In other

words, estimating the gyroscope bias simultaneously with the misalignment requires more than

just two linearly independent rotations. In the second and third scenarios, a third linearly in-

dependent rotation was added. In both of these scenarios, J was full rank. This suggests that
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three linearly independent rotations are sufficient to estimate both misalignment and gyroscope

bias. Of particular note is the third scenario, which has zero angular velocity in the z-axis. The

fact that the third scenario results in a full rank J shows that a set of three linearly indepen-

dent angular velocity vectors does not need to have rotation in all three axes to achieve linear

independence.

Table 4.1: The resulting ranks from the three rotation scenarios.

Any maneuver that has different angular acceleration in two axes will likely produce at

least three linearly independent angular velocity vectors. This qualitative profile is the same

as what is required to observe a rotation matrix. So presumably, manuevers that make a mis-

alignment observable, such as a DLC, will also make the gyroscope bias observable. However,

there is a key difference between the two estimation scenarios. Estimating a gyroscope bias

in addition to the misalignment requires more epochs of data than just estimating a misalign-

ment does. This means that any implementation of the misalignment plus bias estimator will

inherently take longer to estimate the misalignment than the misalignment-only estimator will.

Additional factors may also lengthen the estimation time, such as high sensor noise or low

dynamics, which may make it more productive to implement the misalignment-only estimator.

II. Simulation Study

To verify the hypothesis that maneuvers that make a misalignment observable, such as

a DLC, will also make the gyroscope bias observable, the non-linear misalignment plus bias

estimator was implemented using the same simulated DLC data used to test misalignment esti-

mation. To test observability, a known misalignment was first applied to the Carsim-generated
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Figure 4.5: The angular offset errors as estimated by the Gauss-Newton algorithm.

angular velocity data. Then, a known bias was added to the misaligned angular velocity data.

Once this was done, a residual vector (Equation (4.78)) and Jacobian matrix J (Equation (4.80))

was built at each epoch (i.e. the residual and jacobian at k = 1 had three rows, at k = 2 six

rows, etc.). The residuals and jacobians were used to estimate the errors in the misalignment

and gyroscope bias at each epoch, the results of which are shown in Figure 4.5. At the begin-

ning of the DLC, the simulated car only moves forward. However, as the car starts moving

laterally at about the 3-second mark, B’s rank increases to three and the angle estimate errors

along with the gyroscope bias errors converge to zero. These occurrences indicate that there

is sufficient data in the DLC to compute the misalignment. These occurrences indicate that

there is sufficient data starting at that point in time to compute the misalignment and bias. In

other words, as the lateral movement starts, both the misalignment and gyroscope bias become

observable through a DLC.
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Figure 4.6: The bias errors as estimated by the Gauss-Newton algorithm.

4.5.3 Observing the Lever Arm

Yet another state that can be estimated by a TA algorithm is the lever arm between the

reference system and aligning INS. As discussed previously, lever arm estimation has received

attention in the context of loosely-coupled GNSS/INS. By analyzing the structure of the total

observability matrix O, Hong et al. showed in [57–59, 65] that rotational motion in at least two

orthogonal axes is necessary to be able to estimate a lever arm between an INS and a GNSS

supplying an INS-KF with position updates, provided the INS and GNSS-computed positions

are in the same coordinate frame.

Another approach to analyzing the observability of the lever arm would be to examine the

least squares algorithm discussed earlier. Though this algorithm, presented in [81], is different

from the ESKF presented in [57–59, 65], it is fundamentally similar. This similarity arises

the fact that acceleration values used by the least squares algorithm in [81] are the second

time derivative of position values used by the ESKF in [57–59, 65]. This means that both

approaches use essentially the same information to estimate the lever arm. Therefore, it is
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expected that the conditions needed to make the lever arm observable for the least squares

algorithm in [81] will be the same as what is needed to make the lever arm observable for the

ESKF in [57–59, 65]. The observability can be analyzed by considering the structure of the

mapping matrix M . Recall that M relates the lever arm to the difference between two IMUs’

acceleration outputs. This makes M ’s role in lever arm computation analogous to O’s role in

TA-INS-ESKF.

In light of the similarity between the two approaches, performing an analysis on M to de-

termine the lever arm’s observability requirements may seem superfluous, since [58], [59], and

[65] have already determined lever arm observability requirements by analyzing O. However,

determining lever arm observability by analyzing M is still a meaningful exercise, since M

is a smaller and fundamentally simpler matrix than O. Therefore, analyzing the structure of

M offers an alternative perspective on lever arm observability that is easier to understand than

analyses described in [58, 59, 65].

4.5.3.1 Lever Arm Computation With and Without Bias

I. Lever Arm Observability Analysis

Since M and O perform analogous roles, the condition for full state observability is the

same one that was used for O, namely that M must be non-singular. Non-singularity results

from a matrix being full rank, which in this case is rank 3. Since the only variables in M are

angular velocity and angular acceleration, the only way to affect its rank is to rotate the body

the that two IMUs are attached to. Due to M ’s complexity, it can be tough to get an impression

of its observability properties by simply inspecting it. Therefore, to investigate these properties,

M must be tested with sample angular velocities and accelerations. To this end, several two

sample epoch scenarios of general angular velocity and angular acceleration were created.

Six such scenarios were created and inserted into a two-epoch version of M , after which each

scenario’s observability was checked by taking M ’s rank. The complete list of scenarios and

rank results is given in Table 4.2.
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Table 4.2: The resulting ranks from six different two-epoch rotation scenarios.

The rank checks done on M show that rotation around a single axis is insufficient for full

lever arm observability. This result is somewhat intuitive. A rotation about one axis “exposes”

only two components of the lever arm. To expose all three, there must be successive rotation

around at least two axes, which is consistent with the rank results. What is missing from the

scenarios shown in Table 4.2 is consideration for scenarios with simultaneous rotation in mul-

tiple axes. Consideration of such motion is important, since, as discussed earlier, simultaneous

multi-axis rotation is far more likely to occur in practical transfer alignment scenarios than suc-

cessive single axis rotations. To investigate the effect of simultaneous multi-axis rotation on

lever arm observability, more scenarios were implemented and rank-checked. The complete list

of scenarios and rank results is given in Table 4.3. These new results show that constant rota-

tional motion in at least two axes simultaneously does not give full lever arm observability. To

attain full observability, the rotation rate about at least one of those axes must be non-constant

rate, i.e there needs to be angular acceleration. This result validates the findings in [58, 59, 65],

which showed that the same rotation profile was necessary to observe a lever arm state in a

TA-INS-ESKF. This result is promising, since there are are many easy-to-perform maneuvers

that fit this profile, including banked turns and lane-changing. This suggests that the lever arm
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between two IMUs attached to a rigid body can be estimated using realistic vehicle movements,

such as the DLC used for the misalignment and gyroscope bias computation.

Table 4.3: The resulting ranks from the six simultaneous rotation scenarios.

II. Lever Arm Plus Bias Observability Analysis

To further expand the observability analysis, the aligning IMU’s accelerometer biases were

added to the state vector. With the addition of states, the mapping matrix for this scenario

changes from M to Mbias. Making this addition is vital, since accounting for the accelerometer

biases will result in a more realistic lever arm estimate. Since there are now 6 states to estimate,

the full observability condition is for Mbias to be rank 6. To test the observability of this

lever arm plus bias estimator, additional two-epoch rotation scenarios were created and rank-

checked. The complete list of scenarios and rank results is given in Table 4.4.

As with the previously discussed lever arm-only estimator, the results show that angular

velocity around a single axis is insufficient for full state estimation. Interestingly, the minimum

requirement for the lever arm plus bias estimator to have full state observability is the same

as the lever arm-only estimator’s. Namely, there must be angular velocity in at least two axes

with variable angular velocity in at least one axis. There is however, one key difference. In

order for Mbias to be rank 6, the motion that causes observability must occur over two or
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Table 4.4: The resulting ranks from the six simultaneous rotation scenarios.

more epochs. In other words, all of the states are not observable instantaneously as they were

for the lever arm-only estimator. Rather they must be observed over time. This fact implies

that any implementation of the lever arm plus bias estimator will inherently take longer to

estimate the lever arm than the lever arm-only estimator. Additional factors may also lengthen

the estimation time, such as high sensor noise or low dynamics, which may make it more

productive to implement the lever arm-only estimator.

III. Simulation Study

To test the lever arm estimator, simulations were performed to verify the results from the

observability analysis. As was done for the misalignment, clean data from a DLC simulated in

Carsim was used for testing. First, a known lever arm (but not a misalignment) was applied to

the Carsim-generated acceleration data using Equation (4.4). Once this was done, an acceler-

ation residual vector (Equation (4.84)) and mapping matrix M (Equation (4.85)) was built at

each epoch. (The residual and mapping matrix at k = 1 had three rows, at k = 2 six rows,

etc.) The stacked residuals and mapping matrix were both used to estimate the lever arm and

accelerometer bias at each epoch, the results of which are shown in Figure 4.7. At the begin-

ning of the DLC, the simulated car only moves forward. However, as the car starts moving
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laterally at about the 3-second mark, M ’s rank increases to three and the lever arm estimate

errors converge to zero. These occurrences indicate that there is sufficient data starting at that

point in time to compute the lever arm. In other words, as the lateral movement start, the lever

arm becomes observable from the DLC.

Figure 4.7: The lever arm error as estimated by least-squares.

This DLC simulation scenario was extended to the lever arm plus bias estimator by apply-

ing a known constant bias to the offset acceleration data and by using M bias as the mapping

matrix instead of M . The bias estimation errors of the lever arm plus bias estimator are shown

in Figure 4.8. Note that the lever arm estimation errors are not shown for the sake of brevity.

As with the lever arm estimator, M ’s rank increases to full (in this case rank 6) and the esti-

mate errors converge to zero as the car starts moving laterally. This shows that aligning IMU’s

accelerometer bias is indeed observable from the DLC.
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Figure 4.8: The accelerometer bias error as estimated by least-squares.

4.6 Observability Car Test

As a check on the validity of the observability analyses in the previous sections, the mis-

alignment and lever arm were estimated using data gathered from a real-world driving test. The

test involved a drive around Auburn University’s campus in a AutonomouStuff Lincoln MKZ.

The MKZ was instrumented with a KVH 1750 [93] in the trunk and a VectorNav VN-300 [92]

on the roof above the front row of seats, as shown in Figure 4.9. The distance between the two

IMUs was fixed at rRRb = [1.5240, 0.9398, 0.8128] m where R and b were the KVH 1750 and

VN-300 respectively, while the misalignment was set to be ψ = 90◦, θ = 90◦, and 180◦. Both

of these quantities are resolved in the frame of the KVH 1750.

The MKZ was driven along the path shown in Figure 4.10, starting from inside a parking

lot (the red X) and ending on a major roadway (the purple X). Using the angular velocity and
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Figure 4.9: The setup used to collect data for the real-world transfer alignment test.

Figure 4.10: The path driven by the instrumented test vehicle.

linear acceleration output by both of the IMUs, the misalignment and lever arm between the

two IMUs were estimated.

Figure 4.11 shows the misalignment error. Both methods of misalignment estimation were

able to compute the angular offset to within a degree of their true values in less than 100

seconds, just after the MKZ exited the parking lot. Similar results can be seen in Figure 4.12

for the lever arm estimation. With the true misalignment known, the same maneuvers were able

to estimate the lever arm to less than 0.4 meter-level accuracy over the same time period in the

x and y-axes.

124



Figure 4.11: The errors in the estimation of misalignment.

However, both methods of lever arm estimation were unable to estimate the z-component

of the lever arm with any reasonable level of accuracy. The reason that x and y-components

are more observable than the z-component has to do with the nature of the vehicle’s angular

motion. Most of this angular motion is in the z axis (yawing), which means it lies in the plane

formed by the x and y-axes. This makes these the lever arm components in these two axes

highly observable. In comparison to the yawing motion however, the vehicle experiences very

little pitching and rolling. Since these two modes are the only ones that are orthogonal to the

z-axis, the vertical component of the lever arm has relatively worse observability in comparison

to the other two axes. The vertical component of lever arm could be more accurately estimated

if the signal-to noise ratio was higher. This would be achieved if a) the pitching and rolling

motion was more intense, b) there was less sensor noise, or c) there was greater distance in the

z-direction.
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Figure 4.12: The errors in the estimation of lever arm.

Despite the poor observability in the z-axis, these results are encouraging since they show

that both the misalignment and part of the lever arm are observable on ground vehicles through

the performance of ordinary maneuvers.
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Chapter 5

Rigidity Detection

The transferal of a PVA solution from an IMU mounted on a vehicle to an IMU attached to

a pedestrian riding inside the vehicle can be accomplished using any of the algorithms described

in the previous chapter. However, the ability to perform this transfer of alignment information

requires knowledge of the kinematic relationships between the two IMUs. In other words, the

relative position, velocity, and acceleration between the vehicle and pedestrian IMUs must all

be known.

Determining these offsets is not a trivial problem in the context of vehicle-to-pedestrian

transfer alignment, since an IMU mounted on a pedestrian’s body is free to move independently

of the vehicle. In such a scenario, the relative position, velocity, acceleration, and misalignment

between the two IMUs are extremely difficult to determine. Fortunately, the complexity of this

problem can be reduced by performing transfer alignment only when the pedestrian is holding

their IMU still with respect to the vehicle. This state of relative rigidity is known as pedestrian-

rigid (PR). When PR is true, the relative velocity and acceleration terms go to zero, which

leaves the relative position and misalignment between the two IMUs as the only quantities to

be determined. This reduction of terms greatly simplifies the transferal of a PVA solution from

the vehicle to the pedestrian. However, to practically make this simplification and perform

vehicle-to-pedestrian transfer alignment, there must be a means to detect a state of relative

rigidity. This chapter uses existing zero-velocity detection methods to develop a method for the

detection of relative rigidity between the vehicle and pedestrian IMUs.
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5.1 Rigidity Detection

5.1.1 Thresholding

A rigid period is a period in which the relative velocity between the vehicle and pedestrian

IMUs, ~vRRb, equals zero. This means that the problem of rigidity detection is a problem of zero-

velocity determination. Zero-velocity determination has a long history in navigation, since

periods of zero-velocity provide an easy, low-cost means of bounding the error growth and

maintaining the calibration of an inertial navigation system [2]. One method of performing

zero-velocity detection is checking to see if the values of an inertial navigator’s velocity states

are at or near zero. Stationarity can be further checked by considering the yaw rate. If its value

is at or near zero, then a vehicle can be considered to have zero-velocity [2].

However, this process has potential pitfalls. Both velocity and yaw rate are computed

by integrating raw IMU outputs, a process that is highly sensitive to sensor errors and noise.

Relying on them for zero-velocity detection could lead to erroneous detections of zero-velocity

events. Therefore, there is value in using zero-velocity detection methods that do not rely

on integrating the IMU output, but instead use the raw outputs from the inertial sensors, i.e.

acceleration or angular velocity measurements. The basic idea of this approach is that if inertial

sensor outputs are below a threshold, then the velocity of the inertial sensor (and the object it

is attached to) can be assumed to be zero [2].

One example of this approach in action is stance detection in pedestrian navigation. As

detailed in Chapter 3, a pedestrian’s foot is nearly stationary during a stance event, which is

when the foot is planted on the ground. In theory, the foot’s linear velocity will be near-zero

during a stance. This means the measurements taken by an IMU on the foot will be ideally

9.81m/s2. Therefore, if a foot-mounted IMU measures acceleration magnitudes that is close

to this value, then the foot can be assumed to be stationary on the ground. This method is used

to detect stance events in [2, 7, 12, 14, 15, 17, 24, 27, 28, 88]. The logic is given by,

C1 =


True if ∼any (8.5m/s2 < ||a bnb,window|| < 11m/s2)

False otherwise.
(5.1)
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In the context of in-vehicle PDR initialization, a similar approach can be applied to the

difference in angular velocity magnitudes to detect rigid periods between the vehicle and pedes-

trian IMUs. The theory behind applying this logic is simple. As established in Chapter 2, all

points on a rotating body experience the same rotation, i.e. the distance between any two points

does not create a rotational offset between them. Since angular velocity is the time derivative

of rotation, this idea holds for angular velocity as well. This means that all points in a rigid

body experience the same angular velocity. Since angular velocity is a vector, the values of its

components depend on the chosen resolving frame. However, its magnitude (and that of any

vector) is unaffected by rotation transformation. This means that for any point on a rigid body,

||ω1|| = ||ω2||. (5.2)

Applying the logic in Equation (5.1) to the rigidity detection problem gives,

C2 =


True if ||ω||diff

∣∣∣∣
k

< thrigid

False otherwise

(5.3)

where ||ω||diff = ||ω p
np||−||ω c

nc|| and thrigid is the rigidity threshold. A ”True” is returned

when there is a state of rigidity between the vehicle and pedestrian IMUs, while a ”False” is

returned during a state of non-rigidity between the two IMUs. This algorithm will be referred

to as the ”Rigidity Detector.”

5.1.2 Thresholding Tradeoff

Applying Equation (5.3) will allow for the detection of occurrences of rigidity on an

epoch-by-epoch basis. The accuracy of the detector is related to the choice of thrigid. To

illustrate the effect of varying thrigid, the rigidity detector was run on real-world data. The data

is a 8000-epoch set of angular velocity measurements taken from two IMUs rigidly mounted to

a moving vehicle. Between 2000 and 6000 epochs, random noise was added to represent non-

rigidity. Both data sets were differenced to form ||ω||diff , which was run through the rigidity

129



detector. The rigidity detector was run on the data set using two test values of thrigid, 0.2 rad/s

and 0.03 rad/s.

Figure 5.1: Rigidity Detector running with a threshold of 0.2 rad/s.

For the larger value of thrigid, 0.2 rad/s, the rigidity detector is able to identify the rigid

periods with near-perfect accuracy. However, it returns a significant number of true values

during non-rigid periods (between 2000 and 6000 epochs), as shown in Figure 5.1. This has to

do with the unpredictability of the pedestrian IMU’s motion during the non-rigid periods. Since

the motion is completely random, there will almost certainly be individual values of ||ω||diff

during the rigid periods that fall below thrigid.

To capture these values, a possible solution is to lower thrigid. However, this is not a

perfect solution. As shown in Figure 5.2, lowering thrigid to 0.03 rad/s results in the rigidity

detector returning a significant number of false values during the rigid periods. This is due

to the random noise present in the two IMUs’ measurements. The randomness in the IMU

measurements means that there are likely to be individual values of ||ω||diff during the non-

rigid periods that fall above thrigid.
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Figure 5.2: Rigidity Detector running with a threshold of 0.03 rad/s.

Either situation is problematic. On one hand, incorrect true flags during a non-rigid period will

lead to the IMU data from those epochs to be used to compute rRRb and CR
b . On the other hand,

incorrect false flags during a rigid period will lead to the IMU data from that epochs not being

used to compute rRRb and CR
b . Either option opens the door to erroneous computations of rRRb

and CR
b which in turn impedes successful transfer alignment and ultimately, initialization of the

PDR algorithm.

To maximize the chances of a successful transfer alignment, the incorrect rigidity detec-

tion values arising from the randomness in ||ω||diff must be minimized. The problem can be

addressed in one of two ways. One option is to adjust thrigid such that no values of ||ω||diff

fall below or above thrigid during the rigid and non-rigid periods respectively. Turning thrigid

to find the optimal tradeoff between these two extremes, assuming it even exists, is potentially

a time-consuming process. In addition, the location of the optimal tradeoff is highly dependent

on the intensity of the pedestrian IMU’s motion during a non-rigid period. The higher the in-

tensity, the lower thrigid can be. However, taking advantage of the intensity of the pedestrian
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IMU’s motion requires making assumptions about the motion. Since the pedestrian IMU’s mo-

tion during the drive is being assumed to be completely random, such assumptions could easily

break down.

5.1.3 Smoothing Window

Another option is to apply filtering or smoothing to ||ω||diff . The desired result of filtering

or smoothing would be to reduce the effect of the randomness ||ω||diff on the output of the

rigidity detector. An exceedingly common method is to applying thresholding over a window

of values rather than a single epoch. The idea is that a zero-velocity event will occur if and only

if all the values in the window violate the threshold. Windowed thresholding can be applied to

acceleration or angular velocity outputs as described in [2, 7, 14, 17, 24, 33]. A variation on

this approach, presented in [7, 14, 17, 24, 33], is to apply a threshold to the variance of all the

values in the window rather than the values themselves. In either case though, windowing is

used to increase the reliability of the zero-velocity detection. In terms of the stance detector

described in Equation (5.1), the logic of windowed thresholding is given by,

C3 =


True if ||a bnb||

∣∣∣∣k
k−w

< 10.5m/s2

False if ||a bnb||
∣∣∣∣k
k−w

> 10.5m/s2.

(5.4)

For this thesis, a moving window w of adjustable size will be used to smooth the rigidity

detector’s output. The detector will consider the current value of ||ω||diff along with the pre-

vious w − 1 values. If all of the values of ||ω||diff in the window fall below the threshold, the

detector will return a true value at the current epoch. This logic is given by,

C4 =


True if ||ω||diff

∣∣∣∣k
k−w

< thrigid

False otherwise.

(5.5)

This approach places a high standard on a declaration of rigidity. Such a conservative approach

was intentionally used since an incorrectly declared true value was judged to be worse than a

an incorrectly declared false value. The reasoning was that the former event would result in
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erroneous computations rRrB and CR
b , while the latter would give no computations of rRRb and

CR
b . In the author’s judgment, erroneous offset values are more counter-productive than not

having them.

Figure 5.3: Rigidity Detector running with a threshold of 0.03 rad/s and a 150 epoch-long
smoothing window.

To test the windowing approach, a 150 epoch-long window at a sample rate of 100 Hz

was applied to both of the simulations from previous section. Running the window with the

0.2 rad/s threshold allowed for nearly perfect differentiation between the rigid and non-rigid

states, as shown in Figure 5.3.

5.2 Testing and Evaluation

5.2.1 Simulation

With the detector’s operating principle proven, further simulation was performed to test

the effects of varying both thrigid and w. Representative normalized angular velocity data was

created by pairing 100 seconds of rigidity followed by 100 seconds of relative motion. The
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relative motion periods were represented with Gaussian random noise with a predetermined

standard deviation, σtest, while zeros were used to represent the rigid periods.

This pairing was iterated a total 500 times per different value of σtest, which were incre-

mented from 0.01 rad/s to 0.19 rad/s in increments of 0.01 rad/s. The difference threshold,

thrigid, was permanently set to be in the middle of the range, at 0.1 rad/s. A larger value of

σtest implies that the pedestrian’s IMU is moving more rapidly while inside the vehicle. The

incrementation of σtest was repeated at different values of w, ranging from w = 0.01 sec × f

to w = 0.14 sec× f in increments of 0.01 sec× f where f represents the sampling frequency,

which was set to 300 Hz for this simulation.

Figure 5.4: The effect of adjusting w and σtest on the detection of rigid periods.

The results in Figure 5.4 show that a certain level of σtest, in this case, 0.02 rad/s, does not

return any false values. This is because the Gaussian random noise at that level does not contain

even a single value larger than thrigid. As the pedestrian IMU starts to move more rapidly,
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represented by higher and higher values of σtest, the percentage of values that go undetected

decreases since less of the angular velocity values fall under thrigid.

Another effect shown by the results validates the reasoning behind using windowed thresh-

olding. This effect is seen in the sharper rigidity/non-rigidity cutoff for larger values of w.

Intuitively, in the presence of sensor noise, vehicle vibration, and in-vehicle pedestrian IMU

motion, the bigger w is, the more likely it is to contain a value that is larger than thrigid and

return a false flag. However, there is a cost associated with increasing w. As the data window

size increases, the length of rigid period detected by the rigidity detector decreases, since the

data window introduces a detection delay. For this simulation, the detector was able to detect

over 90% of each 100-second rigid period, so the cost for this scenario was minimal.

However, the delay effect caused by increasing w should be considered when tuning for

real-world use, since the rigid periods may be significantly shorter. If a given rigid period is

shorter than w, then it will not be detected at all. The size of thrigid must also be considered

prior to real-world application. If the sensors used are noisier than the ones simulated, or if the

vehicle’s vibration is above the sensors’ noise floor, then thrigid should be increased. However,

care should be taken not to increase thrigid above the expected dynamics, since doing so would

result in an ineffectual detector.

Figure 5.5: The setup used to collect data for the real-world rigidity detector test.
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5.2.2 Driving Test

The final test for the rigidity detector was a real-world driving test in a Lincoln MKZ.

The MKZ was instrumented with a KVH 1750 [93] in the trunk, while a passenger rode inside

the vehicle wearing an Vectornav VN-300 [92] on their right foot. The passenger alternated

between moving their foot and holding it still for 10, 20, and 30 second intervals. Each time

the passenger started and stopped moving their foot, they pushed a button. The efficacy of the

detector and the chosen tuning parameters was evaluated by comparing the times of rigidity

and relative motion reported by the detector against the times between the button pushes. The

chosen tuning parameters were thrigid = 0.5 rad/s and w = 0.5 sec × 100hz. As shown in

Table 5.1, the detector was able to detect over 95% of the rigid and relative motion periods.

Figure 5.6: Rigidity detector being used on data from drive test.

Table 5.1: Percent rigidity detected during drive test.
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Chapter 6

Implementation and Performance Evaluation of the In-Vehicle PDR Initialization System

6.1 Outline of the Initialization System

The rigidity detection and transfer alignment algorithms outlined in the previous two chap-

ters make up two parts of a larger combined system that provides initialization information to

a pedestrian wearing a PDR system while inside a moving vehicle. The proposed initialization

system operates as follows:

1. Rigidity Detection: While the pedestrian is riding inside the moving vehicle, detect the

rigidity condition using the norm of the angular velocity measurements output from the

vehicle and pedestrian IMUs, as described in Chapter 5.

2. Offset Estimation: If rigidity is detected, use the approaches discussed in Chapter 4 to

estimate lever arm and misalignment.

3. Break of Rigidity: If rigidity is broken, store the estimated lever arm and misalignment,

and return to the first step.

4. Initialization and Dismount: At the instant the pedestrian leaves/dismounts the vehi-

cle, use the latest available lever arm and misalignment estimates to perform a one-shot

transferal of the vehicle’s PVA to the pedestrian, and use these values to initialize a PDR

algorithm.

The remainder of this chapter covers a specific implementation of this initialization system and

an evaluation of its performance.
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6.2 Implementing the Initialization System

6.2.1 Data Collection Equipment

The data needed to implement the initialization system was collected using an instru-

mented Lincoln MKZ, previously shown in Figure 5.5. The data itself was collected from two

sensor packages, the KVH 1750 IMU [93] and the Vectornav VN-300 dual antenna GPS/INS

[92]. The KVH was designated the reference IMU and rigidly mounted inside the MKZ’s trunk

while the VN-300 was designated the aligning/pedestrian IMU and mounted on a passenger’s

body, as shown in Figure 5.5.

Three sets of information output by these devices were used to implement the initialization

system and then evaluate its performance. The first set was the inertial sensor outputs from both

IMUs, which were used to perform transfer alignment and perform PDR once the pedestrian

left the vehicle. The second set was the KVH’s attitude output. This attitude was computed

using a proprietary on-board algorithm, so its exact makeup is unknown. However, it is known

to be derived from the KVH’s angular velocity measurements, and for the purposes of this

thesis, was treated as a source of attitude truth due to its relatively low error. The third and final

piece of relevant information was the GPS position measurements made by the VN-300. This

information was used as positioning truth after the pedestrian left the vehicle.

6.2.2 Rigidity Detector and PDR

For rigidity detection, the angular velocity-based detection method developed and tested

in Chapter 5 was used to detect when the pedestrian and vehicle IMUs formed a rigid body,

with a threshold of thrigid = 0.3 rad/s and w = 1 sec. For PDR, the 15-state IEZ algorithm

presented in Chapter 3 was chosen to propagate the pedestrian’s position after they exited the

vehicle. This choice of PDR algorithm necessitated mounting the aligning IMU (VN-300) to

the pedestrian’s right foot, as previously shown in Figure 3.5.
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6.2.3 Estimating Misalignment and Lever Arm

As discussed in Chapter 4, in order to transfer PVA information from a reference system to

an aligning IMU, the misalignment and lever arm between the two systems must be accounted

for. If these quantities are unknown, then it is possible to estimate them using the approaches

described in Chapter 4. In the context of in-vehicle PDR initialization, estimating the misalign-

ment CR
b is a must, since knowledge of this quantity allows the post-dismount PDR trajectory

to be mapped onto the correct coordinate frame. This is essential, since the post-dismount PDR

trajectory would have large errors were it not mapped into the correct coordinate frame. To

this end, the SVD approach was used to estimate the misalignment between the reference and

aligning IMUs. Additionally, to see if there were any gains in performance from estimating the

aligning IMU’s gyroscope bias, the Gauss-Newton approach was also used for misalignment

estimation.

Estimating the lever arm, however, is less important. Generally, incorporating an accurate

lever arm will improve the accuracy of the aligning IMU’s PVA and the PDR initialization.

However, with the mounting and seating constraints imposed by the Lincoln MKZ, the lever

arm, and therefore the error in PDR initialization, can never exceed 2.5 meters. The post-

dismount positioning error that would have resulted from the 2.5 meter error would not by

itself be discernible using the VN-300’s GPS position output, as this error is within the system’s

margin of positioning error [4]. Therefore, the lever arm was assumed to be rRRb = [000] for the

implementation in this chapter.

6.2.4 Transferring PVA and Initializing PDR

With the lever arm assumed to be zero, the initial position rnnb and velocity vnnb values

transferred to the aligning IMU (and their respective covariances) were set to equal those of the

reference IMU at the moment of dismount. The initial attitudeCn
b was computed by multiplying

the reference IMU’s attitude with the misalignment, given by,

Cn
b = Cn

RC
R
b . (6.1)
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where Cn
R is the reference IMU’s attitude at the moment of dismount. The initialization of the

attitude covariance P n
b was done by summing the reference IMU’s attitude covariance P n

R and

the misalignment covariance PR
b rotated into the navigation frame. This computation is,

P n
b = P n

R + Cn
RP

R
b C

n
R
T . (6.2)

For the specific reference IMU chosen earlier in this chapter, the attitude uncertainty, P n
R, is

extremely small due to its quality. Since this uncertainty is small, it was assumed to be zero.

Incorporating this assumption results in the initial attitude covariance simply being,

P n
b = Cn

RP
R
b C

n
R
T . (6.3)

The form of the attitude angle uncertainty output by the SVD algorithm, PSV D corresponds to

the form of PR
b , which means it can be directly used as PR

b . If the Gauss-Newton method is

used instead, then,

P n
b = PGN(1:3, 1:3). (6.4)

Whichever way the misalignment is determined, the initial attitude covariance can be used to

initialize part of IEZ’s initial covaraince matrix by,

PIEZ,i(7:9, 7:9) = P n
b . (6.5)

If the Gauss-Newton method is used to estimate the misalignment, estimates of the aligning

IMU’s gyroscope biases are also available. The bias covariances computed by the Gauss-

Newton method can be used to initialize the gyroscope bias covariance in IEZ’s initial co-

varaince matrix by,

PIEZ,i(12:15, 12:15) = PGN(4:6, 4:6). (6.6)
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Starting from these initial PVA values and covariances, the IEZ method propagated the PVA of

the aligning/pedestrian IMU as the pedestrian walked away from the vehicle.

6.3 A Best-Case Implementation

Ideally, the initialization system would be able to accurately transfer PVA from the vehi-

cle’s navigation system to that of the pedestrian’s. In the context of the implementation outlined

in the previous section, this requires an accurate estimate of misalignment. The simplest means

to evaluate this quantity would be to compare the estimated misalignment values against their

true values. However, determining the true misalignment between an IMU mounted on a per-

son’s foot and one in a vehicle’s trunk is extremely difficult, and so was not attempted here.

Instead, the quality of the misalignment was judged through indirect means.

One indicator of an accurate misalignment estimate would be if the heading of initial IEZ

trajectory matched the pedestrian’s GPS trajectory post-dismount. This indicator is essential,

since having an accurate IEZ trajectory is the goal of developing the initialization system. As

important as the quality of the initial IEZ trajectory is however, it is a flawed indicator. The

biggest flaw lies in the tendency of an IEZ-computed PDR trajectory to drift soon after the

initialization. Drift in a PDR trajectory makes it difficult to judge the quality of its initialization.

Therefore, another method of evaluation should also be used.

A second indicator of an accurate misalignment estimate can be seen if IEZ is initialized

inside the vehicle during the drive, i.e. well before the dismount. If the misalignment esti-

mate is accurate, then the aligning IMU’s attitude with respect to the navigation frame, should

closely follow that of the reference IMU. Additionally, any errors in the aligning IMU’s attitude

should fall within the error bounds established by the attitude covariance. Though tracking the

vehicle’s attitude is not the ultimate goal of the initialization system, the ability to track its

attitude provides an indicator of performance that is less prone to drift than an IEZ-computed

PDR trajectory would be.

The performance of the initialization system was evaluated by comparing the performance

of these two indicators against a set of baselines created by setting up and running a best-case

scenario. This scenario represents an ideal situation that gives the best possible chance for IEZ

141



to i) accurately track the pedestrian’s position post-dismount, and ii) track the reference IMU’s

attitude during driving.

6.3.1 Tracking Position Post-Dismount

The IEZ algorithm must be provided with correct initialization values to give it the best

possible chance of accurately tracking a pedestrian’s position post-dismount. To establish a

baseline against which to evaluate the performance of the initialization system, the best-case

scenario initialized the IEZ algorithm using the standstill initialization procedure described in

Chapter 3. Specifically, initial position was given by GNSS, initial heading was computed

using GNSS course from the first leg of the walk, and initial pitch and roll were calculated

using measurements of gravitational acceleration during a minute-long standstill prior to the

walk. Once initialized, the pedestrian walked along the 750 foot-long rectangular path shown

in Figure 6.6 a total of six times, with their trajectory tracked by the IEZ algorithm each time.

This path was chosen since it was located in a large open parking lot, far away from any possible

GPS obstructions. Error bounding for IEZ was provided by ZARUs during the standstill period,

and by ZUPTs during the walk, as previously described in Chapter 3.

6.3.1.1 Results and Analysis

The six IEZ-computed PDR trajectories initialized from standstill are shown in Figure

6.1, along with their respective positioning errors. These trajectories show some drift, which is

expected for a PDR trajectory whose error growth is being checked only by ZUPTs and ZARUs.

The most notable characteristic of these trajectories is their initial heading error, shown in

Figure 6.2. The heading errors, save for that of run 6, are all fairly small, indicating that the

GPS course used initialize the heading was generally accurate. Run 6’s large initial heading

error is attributed to the fact that its IEZ-computed trajectory drifted significantly during the

segment used to measure heading error. An implementation of the initialization system creating

Initial PDR heading errors larger than the trend shown in Figure 6.2 could indicate errors in the

in-vehicle misalignment estimation process.
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Figure 6.1: The six IEZ-computed PDR trajectories initialized from standstill.

6.3.2 Tracking Attitude Pre-Dismount

An accurate estimate of misalignment must be used to give the IEZ algorithm the best

possible chance of tracking the reference IMU’s attitude during driving, To ensure this, and

establish a baseline against which to compare the performance of the initialization system, a

best-case scenario was devised. This scenario involved driving the MKZ on a short, 125-second

drive, along the path shown in Figure 6.3. This best-case scenario contained two features.

The first feature was the removal of relative IMU motion. Relative IMU motion violates the

requirement of rigidity, and will corrupt any estimates of the misalignment. The possibility

of relative motion was removed by taking the VN-300 off the pedestrian’s foot and rigidly

mounting it to the MKZ’s roof above the front row of seats, as shown previously in Figure 4.9.
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Figure 6.2: Absolute initial heading error for each run of the standstill initialization. The mean
heading error was 3.1◦ with a standard deviation of 4.3◦

The second feature was the presence of maneuvers in the drive that are known to be observable.

These maneuvers are the four turns that the path takes in between the green and red X’s.

To estimate the misalignment between the two IMUs, the SVD and Gauss-Newton meth-

ods were used. During each turn, the misalignment was estimated twice, once with the SVD

method and once with the Gauss-Newton method, using 10 seconds of angular velocity data

[from each of the four turns]. This gave a total of eight misalignment estimates. Each estimate

of misalignment was used to rotate the aligning IMU into the frame of the vehicle’s. After each

rotation, the attitude and attitude covariance of the aligning IMU was initialized at the green

X and tracked over the whole 125-second duration of the drive eight different times, using the

PVA transferal and PDR initialization procedure described in the previous section.

6.3.2.1 Results and Analysis

The eight estimates of misalignment are summarized in Table 6.1. To get a sense of the accuracy

of these estimates, the resulting tracked attitudes were differenced from the vehicle IMU’s

attitude over the entire 125-second run. An average of these eight errors was taken to form

a mean attitude error, and is shown in Figures 6.4 and 6.5. The standard deviation of the
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Figure 6.3: The drive path used to test in-vehicle attitude tracking. Angular velocity data from
each turn was used separately to estimate the misalignment.

Table 6.1: Estimates of misalignment, once for each turn and estimation method

error is not shown since they are extremely small, i.e. all of the tracked attitudes were highly

similar. The low mean error and the fact the errors fall almost entirely within the 1σ bounds

(which come from the covariance matrix) shows that the attitude aligning IMU is generally

able to track that of the reference IMU as expected. This finding that is further bolstered by

the consistency of the misalignment estimates shown in Table 6.1. An implementation of the

initialization system resulting in in-vehicle with errors trending differently than shown in Figure

6.4 could indicate errors in the in-vehicle misalignment estimation process.

Another takeaway from these results has to do with the relatively small effect that the in-

corporation of gyroscope bias has on the attitude tracking. As seen in Table 6.1, there was little

difference between the the SVD and Gauss-Newton derived misalignment angles. As a result,
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Figure 6.4: The mean attitude errors from performing attitude tracking inside the vehicle.
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Figure 6.5: The mean attitude errors from performing attitude tracking inside the vehicle, plot-
ted against the expected standard deviation of the errors, as reported by IEZ’s covariance matrix.
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the maximum mean difference in the tracked attitudes between SVD and Gauss-Newton was

less than 0.35◦. This result is likely due to the relatively short length of the drive (approximat-

ley 125 seconds). In such a short drive, the actual gyroscope biases likely did not have enough

time to cause the aligning IMU’s attitude to drift significantly, which meant that incorporating

them provided little benefit.

6.4 A Realistic Implementation

With a performance baseline having been established, it then became possible to imple-

ment the initialization system more realistically. To make this implementation as realistic as

possible, all of the constraints imposed by the best-case scenario were removed. This meant

i) removing the rigidity guarantee by placing the aligning IMU (VN-300) back on the pedes-

trian’s foot, and ii) initializing the IEZ algorithm using misalignment values estimated inside

the vehicle. The removal of these constraints introduced the possibility of added initialization

error into the system.

Whenever possible, the realistic scenario was designed to be as similar to the best-case

scenario as possible. To that end, the walking path that was used in the best case scenario

(Figure 6.1) was also used for the realistic scenario, as shown on the right side of Figure 6.6.

This similarity between the two scenarios made it possible to compare PDR results from the

two scenarios. As stated earlier, this path was chosen since it presented few opportunities for

GPS obstructions. However, choosing this path made it impossible to use the same drive path

that was used in the best-case scenario (Figure 6.3), since that drive path was neither near nor

overlapped with the chosen walking path. Therefore, a new drive path, closer to the chosen

walking path than the earlier one, was chosen. This path is shown on the left side of Figure

6.6. Though the new drive path was different from the earlier one, it was not expected to

make a significant difference from the standpoint of misalignment estimation. This was due to

the fact that the path included several turns, most of which were performed at speeds similar

to those of the earlier drive path. The presence of the turns satisfied the linear independence

requirement for observing misalignment, while the similarity in driving speed made sure that

the observability problem for the new drive path was as well-conditioned as that of the earlier
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drive path. Therefore, the use of this new path was not expected to make a significant difference

from a PDR initialization standpoint.

6.4.1 Data Collection

To test the initialization system, the MKZ with the pedestrian inside of it was taken on the

short drive shown in Figure 6.6. The MKZ started the drive at the red X on the north side of

the figure, followed the black arrows in a clockwise direction, and finished the loop at the red

X. During the drive, the pedestrian sitting the back row created rigid and non-rigid periods by

randomly holding their foot still and then moving it. During each rigid period, the SVD method

was used to estimate the misalignment between the aligning and reference IMUs.The Gauss-

Newton method was not used this time, since the results from the best-case scenario showed

that incorporating gyroscope biases into the estimation process did not significantly benefit the

initialization problem.

Figure 6.6: The drive and walking path used to collect data for the realistic test of the in-vehicle
PDR initialization system.
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Figure 6.7: The 13 resulting trajectories resulting from in-vehicle SVD-derived initialization.

Once the car returned to the red X, the latest available misalignment was used to initialize

the IEZ algorithm as per the procedures described earlier in the chapter. The pedestrian then

exited the vehicle and walked along the rectangular path in the direction indicated by the purple

arrows, also shown in Figure 6.6. This was done N = 16 times to analyze the initialization

system’s repeatability. Note that runs 1, 4, and 9 were excluded due to the occurrence of

technical errors in the data collection hardware.

6.4.2 Tracking Position Post-Dismount: Results and Analysis

The thirteen in-vehicle initialized IEZ-computed PDR trajectories are shown in Figure 6.7,

along with their positioning errors. Similar to the standstill initialization, the trajectories show

some drift, which is a result of the fact that the error is checked only by ZUPTs and ZARUs.

150



Figure 6.8: The 13 resulting trajectories resulting from in-vehicle SVD-derived initialization.
The mean heading error was 7.3◦ with a standard deviation of 5.06◦

At first glance, the initialization system appears to be working. It was able to initialize IEZ in

the right position and in the correct general direction, without having the pedestrian go through

the inconvenience of the standstill initialization procedure outlined earlier.

However, the results also point to imperfections within the initialization. Though the sys-

tem was able to initialize in the correct general direction, there was, unlike with the standstill-

initialized trajectories shown earlier, significant initial heading error, as shown in Figure 6.8.

The mean initial heading error over the standstill initialized IEZ trajectories increased by over

100%. This large increase in error over the best case scenario suggests that there may have

been errors in the estimation of misalignment during the drive. However, the initial heading

error cannot by itself be taken as an indicator of error in the estimate of misalignment. This

is because, as discussed earlier in the chapter, it is difficult to separate the effects of initial-

ization quality on an IEZ-computed trajectory from the effects of drift. Therefore, the other

performance indicator, the tracking of the aligning IMU’s attitude inside the vehicle, must be

used.
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6.4.3 Tracking Attitude Pre-Dismount: Results and Analysis

For the last rigid period in each run, the attitude of the aligning IMU was tracked using

the estimated misalignment and the procedure outlined earlier in the chapter. These tracked

heading, pitch, and roll angles were then compared against those of the vehicle’s attitude during

each run’s last rigid period. The mean and standard deviation of the attitude errors across all

of the runs are shown in Figure 6.10. Note that the length of the pre-dismount rigid period

was different for each run. Therefore, to be able to compare the attitude tracking errors across

runs, the attitude tracking was truncated to the length of the shortest rigid period, which was

approximately 25 seconds.

The results in Figure 6.10 show, on average, that there is a significant divergence between

the attitudes of the aligning IMU and that of the vehicle, particularly in the heading axis. This

occurance of heading divergence is not new. A similar trend was seen for the best-case scenario

in Figure 6.4. However, in that scenario, the aligning IMU’s heading closely followed that of the

vehicle’s, an example of which is shown on the left side of Figure 6.9. This effect was captured

by the relatively small heading divergence seen in Figure 6.4 (4◦ over 125 seconds for the best-

case scenario). However, for the more realistic scenario, the heading error grew at a much

faster rate, as exemplified on the right side of Figure 6.9. As seen in Figure 6.10, this quantity

grew 6◦ over 25 seconds. The increase in the size and rate of growth of the heading error for

the realistic implementation of in-vehicle PDR initialization strongly suggests the presence of

Figure 6.9: An example of good (left) and bad (right) heading tracking. The left plot is from
the best case scenario, while the right is from run 5 of the realistic scenario.
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estimation error in the misalignment estimates that were much larger than what was present in

the best-case scenario, which in turn explains the initial heading shown in Figure 6.8.

6.5 Comparing Residuals

The introduction of large misalignment errors after switching from the best-case to the

more realistic scenario can be attributed to the one key difference between the two setups: in

the latter, the aligning IMU had freedom to move independently of the vehicle. This freedom

came from the fact that the IMU was mounted the pedestrian’s foot, which was itself uncon-

strained. This freedom of movement opened up the possibility for the aligning IMU to expe-

rience extraneous motion and consequently violate the rigidity that is needed to successfully

estimate the misalignment.

Evidence (or the lack thereof) of extraneous IMU movement can be seen in the angular

velocity residual, which is computed by,

ωresid = ωR
nRk
− CR

b ω
b
nbk
. (6.7)

Assuming the existence of a true rigid period and an observable maneuver, this quantity would

appear as zero mean, normally distributed noise. An example of this can be seen in Figure

6.12, which shows one of the angular velocity residuals for the best-case scenario, when the

IMU was mounted rigidly on the roof.

However, these properties did not necessarily apply to the angular velocity residuals com-

puted for the more realistic, IMU on foot, scenario, with two examples shown in the top half of

Figure 6.12. The residuals shown in these two plots contain several uncharacteristically large

spikes. As the bottom half of Figure 6.12 shows, these spikes correspond to moments of high

angular motion. This correspondence suggests that centripetal force during driving maneuvers

caused the foot with the aligning IMU attached to actually experience motion independent of

the vehicle. This extraneous motion caused the assumptions made by the transfer alignment

algorithms, namely that the two IMUs be rigidly attached, to be untrue, and led to erroneous
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Figure 6.10: The 13 resulting trajectories resulting from in-vehicle SVD-derived initialization.
The mean heading error was 7.3◦ with a standard deviation of 5.06◦
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Figure 6.11: A comparison between the angular velocity residual and magnitude for the best
case scenario. The residual is a performance indicator for misalignment estimation, while the
magnitude is an indicator of motion. Only one of the eight instances of the best case scenario
is shown since they all look similar.

estimates of misalignment. Consequently, these erroneous estimates led to increased initializa-

tion error of the IEZ algorithm that ultimately caused the errors shown in Figures 6.7, 6.8, and

6.10. The rigidity detector could have been tuned to exclude these moments of non-rigidity.

However, doing so would have resulted in excluding the high-dynamic angular velocity data

created by maneuvers that was necessary for estimation of the misalignment. In other words,

it was not possible to seperate the extraneous angular motion from the maneuver. In summary,

taking the aligning IMU’s motion constraints away created a situation that made it easier for it

to behave in manner that was counter-productive to performing successful transfer alignment.
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Figure 6.12: A comparison between the angular velocity residual and magnitude for two of
the runs of the realistic scenario. The residual is a performance indicator for misalignment
estimation, while the magnitude is an indicator of motion. Note the large residual spikes that
correspond instances of high angular motion.
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The potential for this sort of behavior means that, as well as the initialization system may work

sometimes, it cannot be guaranteed to work every time.
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Chapter 7

Summary, Conclusions, and Future Work

7.1 Summary and Conclusion

A challenge faced by users of PDR is the acquisition of initialization information. Cur-

rently, such information comes from GNSS for initial position, calibrated magnetic field read-

ings for initial heading, and a standstill period to measure gravity for initial pitch and roll.

These methods are permissible for research purposes. However, they are not always practical

for real world users who may have to operate in GNSS-scare or magnetically dirty environ-

ments, or for users who do not have the time to stand still. Recent developments in vehicle

navigation systems have resulted in vehicles being equipped with their own navigation naviga-

tion sensors. Assuming these sensors are of a high enough quality, this creates an opportunity

for a pedestrian riding inside one of these vehicles to use the vehicle’s navigation system to

initialize and calibrate their PDR system using transfer alignment techniques.

Applying transfer alignment to initialize a PDR system from a vehicle’s navigation sys-

tem requires that the misalignment and lever arm between the aligning and reference systems

be estimated. The lever arm can be estimated in a linear estimation framework, while the mis-

alignment must be estimated in way that accounts for the non-linear nature of the relationship

and preserves its orthonormality. For this reason, it was determined that the misalignment must

be estimated using either a Wahba’s problem solution or a non-linear least squares approach,

rather than the existing ESFK approaches.

To successfully estimate lever arm, misalignment, and the aligning IMU’s biases it was de-

termined through observability analysis and simulation that the vehicle carrying the pedestrian
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must undergo linearly independent, non-constant, angular motion in at least two orthogonal

axes. Practically, these maneuvers can be any that involve turning the steering wheel, such as

lane changing or turning, provided enough motion to be able to successfully estimate lever arm

and misalignment. A driving test was used estimate the misalignment and lever arm to within

a degree and 0.4 meters of truth, respectively.

The successful application of transfer alignment required that a state of rigidity exist be-

tween the vehicle and pedestrian IMUs. To this end, a rigidity detector was developed that used

angular velocity outputs from the two IMUs. Both simulation and real world testing showed

that the detector was able to flag over 90 % of the non-rigid periods.

Using transfer alignment and rigidity detection techniques, an in-vehicle PDR initializa-

tion system was devised. The system operated as follows: while driving, the rigidity detector

ascertained when the IMU worn by the pedestrian is being held still relative to the vehicle.

During each rigid period, the misalignment between the vehicle and pedestrian IMUs was es-

timated. Lever arm estimation was omitted since it was determined that the benefits were

limited. Once the vehicle came to a stop, the latest available misalignment was used in con-

junction with the vehicle IMU’s attitude, which was assumed to be known, to initialize a PDR

algorithm. A realistic implementation of this system was able to accurately initialize the posi-

tion of the pedestrian, and orient the pedestrian-mounted IMU in the correct general direction,

with a mean initial heading error of 7.3◦. Errors in the initialization process were attributed to

the pedestrian IMU becoming momentarily non-rigid during high dynamic maneuvers such as

turns. These small but significant movements during what was nominally considered to be a

rigid period, momentarily violated the requirement of rigidity, which introduced additional er-

ror into the estimates of misalignment. These moments of non-rigidity were due to the fact that

the pedestrian IMU’s motion was not constrained in any way. In general, the PDR initialization

system could detect most occurrences of non-rigidity, but could not not account for all of such

instances.
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7.2 Future Work

There are several options for advancing the work presented in this thesis. These options

include:

1. Rigid Transfer Alignment: The small, extraneous movements experienced by the pedestrian-

mounted IMU during periods of nominal rigidity was determined to cause error in the es-

timation of misalignment due to the pedestrian-mounted IMU being unconstrained. This

problem could be eliminated by constraining the IMU’s motion. A motion constraint

could be implemented by taking the IMU off the pedestrian’s foot, rigidly mounting it to

the vehicle’s interior, and estimating the relative misalignment from the rigidly mounted

position. When it comes time for the pedestrian to dismount, the estimated misalignment

can be used to initialize PDR on the mounting point, and track the IMU’s motion as the

pedestrian attaches it to their foot and walks away from the vehicle.

2. Tracking the pedestrian IMU during non-rigid periods: An assumption made was

made in this thesis that the misalignment remained constant during periods of non-

rigidity, which is technically incorrect since the pedestrian-mounted IMU does move

around. Integrating the pedestrian IMU’s output during non-rigid periods could be a

means to bridge the informational gap during the non-rigid periods. A starting point

would be to implement a solution based on the approach discussed in [90].

3. A centralized non-linear filtering framework: This thesis implemented the transfer

of alignment information from the vehicle to the pedestrian IMU as a one-shot solu-

tion. This was because the existing centralized framework, TA-INS-ESKF, cannot be

used to estimate large misalignment angles, due to the framework’s assumptions of lin-

earity. The whole estimation process could be streamlined if misalignment angles could

be estimated as states alongside PVA. This would require a framework that could handle

non-linearities such as those that come with large misalignment angles. A starting point

would be to turn the ESKF presented in [62] into a particle filter or Unscented Kalman

filter.
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4. Using other sources of information to initialize PDR from a vehicle: To get around

the problems inherent to using information from an unconstrained IMU to perform trans-

fer alignment, other sources of information may be used to initialize a PDR algorithm

while the pedestrian is inside or even walking away from the vehicle. Cameras and ultra-

wideband ranging radios could be used for this purpose.

Further investigation of these and other methods will improve the accuracy and robustness

of PDR initialization, which will further enable the practical use of pedestrian dead reckoning

systems.
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Appendix A

Kalman Filtering

Kalman filtering is a framework that forms the basis of many estimation algorithms used

in navigation systems. Its uses include the maintenance of a satellite navigation solution, align-

ment and calibration of an INS, and integration of an INS with GNSS and other navigation

sensors. It is primarily used to obtain an optimal navigation solution from the various mea-

surements available to a navigation system. This chapter provides an overview of Kalman filter

based off the discussions in [2] and [89].

A.1 The Linear Kalman Filter

The most basic Kalman filter is one that addresses the problem of trying to estimate the

state x of a process that is governed by the linear stochastic difference equation

xk+1 = Fxk +Gwk (A.1)

with an empirical measurement y such that

yk = Hxk + vk. (A.2)

x is an n × 1 column vector of the system states. These states are propagated through time

by the n × n state transition matrix F . w is an p × 1 vector of the system’s process noise

sources. They are mapped onto the state domain through the n × p system noise matrix G.

y is an m × 1 vector of measurements. These measurements are related to the states by the
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m×n measurement model H . Finally, v is a m× 1 column vector of measurement noises. For

notational simplicity, all of the aforementioned matrices, F , G, H , Q, and R, are depicted as

constants. However, any of them may vary with time.

A critical assumption of the KF is that w and v are assumed to be uncorrelated with each

other, white, and with Gaussian (normal) probability distributions

p(w) ∼ N(0, Q) and p(v) ∼ N(0, R) (A.3)

where Q and R are the process and measurement noise covariance matrices respectively. The

KF tracks estimates of the states x by maintaining the first two moments of the state distribution.

These are the mean

x̂ = E[x], (A.4)

and the variance

P = E[(x− x̂)(x− x̂)T ], (A.5)

where P is commonly known as the error covariance matrix. As such, the state estimates

returned by the KF have the probability distributions

p(x|z) ∼ N(E[x], E[(x− x̂)(x− x̂)T ]). (A.6)

The ultimate goal of the KF is to compute the best-fit or optimal estimate of the state

distribution, or one that minimizes

||yk −Hxk||2 (A.7)

given the process (Equation (A.1)) and a measurement of it (Equation (A.2)) while taking

into account their respective probabilities,Q andR. The KF does this in two phases, the process

update and the measurement update.
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The process update propagates the state distribution using the process model. It does this

by first propagating the state vector using the process model,

x−k+1 = Fxk, (A.8)

and then using Q to propagate the error covariance matrix,

P−k+1 = FPk+1F
T +GQGT . (A.9)

Note the superscript minus in x̂−k+1 and P−k+1. The minus stands for a priori. The state vector

and covariance matrix output by the process update are known as the a priori state estimate

and error covariance matrix. These represent the process model’s contribution to the optimal

estimation process. Generally, Equation (A.9) uses Q to increase the uncertainty in the state

distribution represented by P−k+1. This growth, if left unchecked, results in state estimates with

infinite uncertainty. It is incumbent upon the next phase of the KF to bound this growth.

The second phase of the KF is known as the measurement update. As a measurement yk+1

is taken, the KF applies the a priori error covariance P−k+1 and the measurement covariance R

to compute the Kalman gain Kk+1. This is performed with the equation

Kk+1 = P−k+1H
T (HP−k+1H

T +R)
−1
. (A.10)

The Kalman gain is the quantification of the relative weight between the process and measure-

ment. A near-zero value of K indicates that the KF is giving very little weight to the measure-

ment information. On the other hand, a high value of K indicates that the KF is giving a great

deal of weight to the measurement. The weighting and incorporation of the measurement into

the state estimate occurs in

x̂k+1 = x̂−k+1 +Kk+1(yk+1 −Hx̂−k+1) (A.11)

where yk+1 −Hx̂−k+1 is known as the measurement innovation. The result of Equation (A.11)

is the a posteriori state estimate x̂k+1. Unlike the a priori quantities, they lack the minus
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superscript. The a posteriori state estimates represent the mean of the optimal state distribution

that results from optimally weighting the process model and measurements. The final step

in the measurement update is the adjustment of the error covariance with the measurement

covariance. This is done by incorporating the Kalman gain with the a priori error covariance

matrix. This is given by

Pk+1 = (I +Kk+1H)P−k+1, (A.12)

which gives the a posteriori error covariance matrix. By incorporating the measurement co-

variance into the error covariance matrix through the Kalman gain, Equation (A.12) serves to

bound the uncertainty growth in P caused by Q.

A.2 The Error State Kalman Filter

For certain applications, it may be convenient to estimate the errors of the state rather than

the state itself. The relationship between the two quantities is given by

x̃ = a(δx, x) (A.13)

where x̃ and δx represent the true states and the error states respectively, and a represents the

relationship between the two. Note that a may be non-linear. This implementation is known

as an Error State Kalman Filter (ESKF). ESKFs are potentially useful in situations where the

full states do not fit the assumptions made by the standard KF. These situations include the

full states being non-vector or having a non-linear process model. If the error quantities do fit

these assumptions, then it may be easier to estimate them using an ESKF than to apply a more

advanced filtering technique.

As with the standard KF, first step in the ESKF algorithm is to propagate the full states

forward in time. This is given by

δx̂−k+1 = f(δx̂k). (A.14)
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Note the use of lowercase f . This signifies the potential non-linearity of the full state’s transi-

tion equations. The next step is propagation of the error states forward in time. This is given

by

δx̂−k+1 = Fδx̂k, (A.15)

and then using Q to propagate the error covariance matrix,

P−k+1 = FPk+1F
T +GQGT . (A.16)

Note that the error state transition matrix F is still required to have a linear relationship with

the error states. A significant difference feature of the ESKF that δx is set and remains at zero

until a measurement becomes available.

The ESKF’s measurement update starts off similarly to that of the KF’s. As a measurement

comes in, its covariance R to compute the Kalman gain Kk+1. This is performed with the

equation

Kk+1 = P−k+1H
T (HP−k+1H

T +R)
−1
. (A.17)

The ESKF’s measurement model is slightly different from the KF’s. It is given by

δyk+1 = Hδxk+1 + vk. (A.18)

This measurement model requires that the measurement error δyk+1 be used for the measure-

ment update rather than the measurement itself. The measurement error is given by

δyk+1 = yk+1 − ŷk+1 = yk+1 −Hx̂−k+1. (A.19)

The measurement error is incorporated into the a priori error states by

δx̂k+1 = δx̂−k+1 +Kk+1(yk+1 −Hδx̂−k+1). (A.20)
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Since δx̂−k+1 is zero, this step is simply the application of a weight to the measurement inno-

vation without actually incorporating it into the full states. The next step in the measurement

update is the adjustment of the error covariance using the measurement covariance. This is done

by incorporating the Kalman gain with the a priori error covariance matrix, which is given by

Pk+1 = (I +Kk+1H)P−k+1. (A.21)

The final step in ESKF is the incorporation of the error state estimates into the full states. This

is given by

x̂k+1 = a(x̂−k+1, δx̂
−
k+1). (A.22)

After this step, the error state δx̂k+1 is reset to zero and the cycle is repeated.

At its core, the ESKF is extremely similar to the KF. The covariance propagation in both

approaches are identical. The ESKF’s weighting of the measurement, though notationally dif-

ferent than the KF’s, is ultimately the same. This can be seen if Equation (A.19) is substituted

into Equation (A.20). Making this substitution and taking into account the fact that δx̂−k+1

equals zero yields

Kk+1(yk+1 −Hx̂−k+1), (A.23)

which is the same as the KF’s measurement innovation. A key difference between the ESKF

and KF arises in the incorporation of the above product into the full state. Whereas the KF sim-

ply adds Equation (A.23) into the a priori state estimate, the ESKF uses a, a function that allow

for any mathematical operation, including multiplication, quaternion products, and exponenti-

ation. Another key difference lies in the propagation of the full states. As shown in Equation

(A.14), the full state propagation may be governed by a non-linear function f , as opposed to

the linear assumption made in the KF. Such is the strength of the ESKF. Unlike the KF, which

assumes linear state propagation and updates, the ESKF allows both of these operations to be

non-linear, allowing for a wider range of processes to be estimated.
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