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Abstract

Mathematical modeling of population and transmission dynamics of an infectious disease
considered a critical theoretical epidemiology method provides a strong understanding of the
virus dynamics. This dissertation studies the Hepatitis B Virus Infection dynamical behavior
with different approaches using mathematical modeling and dynamic systems theory.

Firstly, we propose an autonomous differential equations system, where all the parameters
are constants. We show the basic solution properties, such as the existence and uniqueness
of solutions, and as with any population model, we show that the solution is always positive.
Next, we show the system has exactly two equilibrium points. We then discuss the stability
analysis at each equilibrium point, then we obtain sufficient conditions that make the system
exponentially stable by constructing an appropriate Liponouv function.

Secondly, we consider the case where the target cells’ production rate is time-dependent,
making the system nonautonomous. We use tools from the nonautonomous dynamical sys-
tems to show the solution exists, unique, and stay positive for all time. Then we prove that
the system has a pullback absorbing and a positively invariant set, which implies the system
has a unique global pullback attractor that guarantees the existence of entire solution. How-
ever, the results provide sufficient conditions for the existence of nonautonomous attractors and
Singleton attractors.

Thirdly, We consider the HBV infection model with stochastic perturbation, and we inves-
tigate the longtime dynamics behavior of the stochastics model. First, we show the existence,
uniqueness, and positiveness of solutions. For the stability analysis, we prove that if the repro-
ductive number corresponding to the deterministic system Ry < 1 and the parameters satisfy
some conditions, then the system is almost surely exponentially stable. Furthermore, we pro-
vide sufficient conditions that guarantee that a unique stationary ergodic distribution exists for
Ry > 1, which implies the stochastic model’s stability around the endemic equilibrium of the

corresponding deterministic model by constructing suitable stochastic Lyapunov functions.
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Finally, we provide numerical results to illustrate and support the theoretical results of this

study. All the simulation codes are written using MATLAB.
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Chapter 1

Introduction.

Hepatitis B is a liver infection disease is transmitted by blood or other body fluids from
an infected to an uninfected person. It is considered one of the major diseases in the world. It
is difficult to know when you became infected during the initial infection. Symptoms include
vomiting, yellowing, fatigue, dark urine, and abdominal pain. These symptoms often last for a
few weeks and rarely cause initial infection death. Symptoms of disease onset may take from 30
to 180 days. People who develop the disease at birth have a 90% chance of getting the disease
while less than 10% of the patients appear after the age of five. Most chronic sufferers have no
symptoms, but over time complications may appear more serious, including liver cirrhosis and
liver cancer. Such complications can lead to 15 to 25% of those with the disease [3].

In the USA there are more than 1.2 million cases of Hepatitis B virus, and about 350
million in the world are carrying the virus, it is considered a common disease. To read more
see [5,(6].

There are five viruses causing hepatitis, which are virus A, B, C, D, and E. Hepatitis A and
E transmitted through contaminated food, water, or stool of an infected person. Hepatitis B and
C are transmitted via an infected person’s blood; these viruses might cause cute and chronic
hepatitis. Viruses B and D might also be transmitted through body contact with an infected
person. The most popular hepatitis in the united states is the Hepatitis B virus, which is the one

we are going to study its dynamics behavior here in this thesis.

Mathematical Modeling of Virus Dynamics. Mathematical modeling plays a large role in

understanding many phenomena in the world, for example in epidemiology it provides an
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understanding of the underlying mechanisms that influence the spread of disease and, in the
process, it suggests control strategies. For within-host virus dynamics, mathematical models
based on an understanding of biological interactions can also provide nonintuitive insights into
the dynamics of the host response to viruses and can suggest new avenues for experimenta-
tion. Ordinary Differential Equations, Partial differential equations, and Integral Equations are
usually used to model virus dynamics or any other world phenomena. Most virus dynamical

models are developed from the Basic Virus Infection Model (BVIM) []1]].

Basic Virus Infection Model (BVIM) is a general mathematical model for a basic dynamic
of virus-host cell interaction was developed [I0HI2]. Figure[I|shows the basic idea of the virus
replication. The BVIM is considered to be the simplest model to understand the interaction

between virus that carries the disease and the host cells, introduced by Nowak [[10] as follows:

‘fl—f =\—mx — Prz
W = Brz — oy (LD
& =py— 2

where x, y and 2z are numbers of uninfected cells, infected cells and free virus, respectively.
The parameters a, b, ¢ are the death rates of the uninfected cells, infected cells and free virus,
respectively. /3 is the constant rate between uninfected x cells and the free virus z. A represents
a constant production of the uninfected cells. We get infected cells "y” when the virus ”2”
attacks the healthy cells ”z” at the rate of Sxz which will die at the rate of poy. The free virus
produced from the infected cells

The system[1.1] has two equilibrium points
e disease-free equilibrium (\/14,0,0), and

e endemic equilibrium

Bp 7ﬂ2 Bp ’ M2 b3 B '

A A
(at*,y*z*) _ (MQM?) H1pt3 p _ & ) (12)
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x(t) z(t) y(t)

Figure 1.1: Virus Replication

To study the stability analysis of system [I.I, we need to introduce and construct the basic

reproduction number.

Basic Reproduction Number. The basic reproduction number (sometimes called basic re-
production rate or basic reproductive ratio, denoted as which is used for measuring the trans-
mission potential of a disease. It is thought of as the number of secondary infections produced
by a typical case of the infection in a population that is totally susceptible. However, it ca be
measured by counting the number of secondary cases following the introduction of an infection
into a totally susceptible population. There are several factors that affect the basic reproduction
number such as: (1) the rate of contacts in the host population; (2) the probability of infection
being transmitted during contact; (3) the duration of infectiousness. Generally, for an epidemic
to occur in a susceptible population, RO must be greater than 1, so that the number of cases is
increasing. If RO < 1, the number of cases decreases.

The system |1.1| has a basic reproductive ratio Ry = 2% |

abc

e If Ry < 1 then the infection cells will decrease.

e If Ry > 1 then the infection cells will increase.



The immune response plays important role since it reduces the virus load. Adding the

immune response affect to the system[I.1 we get the following extended model

T=A—r— frz

Y = Brz — poy — pyw
(1.3)
z=ky— psz

W = dyw — pqw

where w is the magnitude of the Cytotoxic T Lymphocytes (CTL) which has a rate of prolifer-
ation dyw, and rate of decay [w.

There are some other simple models that have been introduced see [10-12].

The model [I.3]has been modified by Perelson and Nelson [11]] by adding the logistic term
to the first equation in the system|[I.1I] the models becomes

r+y
Xmaa:

)

T=\—zx—px(l-—

§ = oy + ka2 14

Z=—puzz+ NPy

where, i1, 2, and pg are the death rate of the healthy cells x, infected cells y and the free
virus z respectively. p is growth rate, X,,,, is the carrying capacity. These are not the only
models that have been introduced to understand the behavior of the HBV virus, there many
other models some of which have partial differential equations instead of ordinary differential
equations.

In the second chapter, we discuss the autonomous HBV model, where all the parameters
are constants. We use concepts and theorems from the theory of autonomous dynamical sys-
tems, which is now a well-established area, but still, we consider it to understand the behavior
of many dynamic systems.

In the third chapter, we study a nonautonomous HBV model; by that means, one or some

of the parameters must be time-dependent; we consider the case when the production number



A is time-dependent A(t). We introduce some preliminary concepts from the theory of nonau-
tonomous dynamical systems that we need to study the stability analysis.

In the fourth chapter, we extend the deterministic model in chapter 2 to be a stochastic
model by including standard white noise, making the model more realistic; we introduce some
concepts from Stochastic Differential Equations and Probability Theory. We prove some basic
solutions properties to the stochastic systems (existence, uniqueness, and positiveness). We also
discuss the stability in probability for the disease-free equilibrium. We show the existence of the
unique ergodic stationary distribution, which leads to the stability of the endemic equilibrium.

Finally, at the end of each chapter, we present numerical simulations to support our theo-
retical results, where all the parameter sets satisfy sufficient conditions of each model stability.

All the simulation codes are written in MATLAB.



Chapter 2

Autonomous HBV Infection Model

This chapter discusses the autonomous case of the HBV infection model, where all the
parameters are constants. We start by showing the basic properties of solutions, such as exis-
tence, uniqueness, and positiveness of solutions. We then discuss the stability analysis using
tools from dynamic systems theory; at the end of this chapter, we show numerical simulations

to support the theoretical results.

2.1 Model Formulation

We denote z(t) the uninfected "Target" cells, y(¢) the infected cells, and z(¢) the free virus
at any time ¢. x(t) has a constant production rate A and death rate j;, and when the virus z(t)
attacks x(t) that produces infected cells y(¢) at rate (1 — )3, death rate o, assuming that there
are some infected cells recovered at rate g. y(t) produces a new free virus z(¢) at rate (1 — €)p,

and death rate ;3. Putting all of these information together we get the following model

L = \—mz—(1-n)prz+qy

dy

o =1 =n)Brz— py —qy (2.1)

\% = (1—6)py—,u3z

Table [2.1| summarized all the parameters in[2.1
Notice that 7 and e are small positive fractions between 0 and 1, then (1 — 1) > 0 and

(1 —€) > 0, also all other parameters [3, q, p, ji1, i12 and p3 are positive.
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Parameter || Description
A Production rate of uninfected cells x.
1 Death rate of x-cells.
4o Death rate of y-cells.
13 Free virus cleared rate.
n Fraction that reduced infected rate after treatment with anti-viral drug.
€ Fraction that reduced free virus rate after treatment with anti-viral drug.
P Free virus production rate y-cells
15} Infection rate of x-cells by free virus z.
q Spotaneous cure rate of y-cells by non-cytolytic process.

Table 2.1: Parameters descriptions
Notations Through out this thesis we will consider the following.
o R’ ={(z,y,2)| z,y,z€ R}, and R} ={(z,y,2) eR} =>0,y>0,z>0}

o Ifu = (z,y,2)" € R3 then the system (2.1]) can be written as

du(t)
pra f(u(t)) (2.2)
where
A= mr — (1 —=n)Brz+qy
fQa(t)) = f(z(t),y(t), 2(1)) = (1—n)Brz — oy — qy (2.3)

(1 —€)py — pzz

and ug = u(to) = (x(to),y(t), 2(t0)) = (0, Y0, 20)-

2.2 Properties of Solutions

In this section we prove some basic properties of solutions (existence and uniqueness),
since the we are studying a population model, we need ensure that the solution is always posi-
tive.

2.2.1 Existence, Uniqueness, Positiveness

In this subsections we show the existence and uniqueness of system [2.1] solutions.



Theorem 2.2.1 (Local Existence). For any given ty € R and (xq, o, 20) € Ri there exists
Tonar = Tonaz(to, To, Yo, 20) such that the system from has a solution (z(t; to, xo, Yo, 20), y(t; Lo, To, Yo, 20),

on [to, to + Tinax ). Furthermore, If T,,q. < 00 then the solution will blow up, i.e.,

listup (|z(to + t; to, xo, Yo, 20)| + |y(to + t; t0, o, Yo, 20)| + |2(to + t; to, To, Yo, 20)|) = +00
ti} max
2.4)

Proof. 1tis clear that this function f(u(t)) in equation[2.3]is continuous and its derivatives with
respect to x, y and z are also continuous. Therefore, we have the system (2.1)) has a unique local
solution.

It is well known that solutions of the ordinary differential equations may blow up in finite

time. ]

Since the system [2.1]is a population system, then it is very important to make sure that the

solution is always positive.

Lemma 2.2.2. suppose (x(to),y(to), z(to)) € R is the initial viaue of the system|2.1| then the

solution (x(t), y(t), z(t)) is positive for all t € [ty to + Traz)-

Proof. By contradiction suppose not, then there exists 7 € [to, o + Tmae) Such that z(t) >

0,y(t) > 0and z(t) > 0 on [ty, 7) this implies one of the following cases
(i z(r)=0 and y(r) >0 () «(r)>0 and y(1)=0 (i) «(r)=0 and y(7)=0

Now we will show that none of the above cases is possible.

Claim Case (i) is not possible.

Proof. From the basic definition of the derivative we have.

d—x(T) = lim o(t) —a(r) = lim z(t)
dt tmr L —T t=T L — T

<0 — (1)



from the first equation in[2.1| we have

dx
1) = A7) = () = (1 —n)Ba(r)u(r) + qy(7)
= A7) +qy(r) = py(r) >0 - (2)
That a contradiction, therefore, case(1) is not possible. O

Claim Case (ii) is not possible.

Proof. We know that

d t) — t
—y(T) = lim y() = y(7) = lim y(®) <0 - (3)
dt tmwr L —T t=r b — T
from the second equation in[2.1| we have
dy
Yir) = (1 = )po(r)a(r) > 0 S
from (3) and (4) we have a contradiction, thus, case(2) is not possible. O

Similarly, case(iii) is also not possible.
Notice that, z(¢) has explicit solution that depends on y(t), thus, if y(t) is positive that
implies z(t) is also positive for all ¢ > t,.

Therefore, the statement in the lemma is correct. ]

Now we show the global existence of solution, which is enough to show that the solution

of the system [2.1]is bounded

Theorem 2.2.3 (Global Existence "Boundedness"). For given ty € R and (z¢, yo, z) € R3,

the solution (x(t), y(t), z(t)) exists for all t > t, and moreover,

1 . 6_1‘3(t_t0)
0<z(t)+ylt) <M and 0 < z(t) < ez 4 (1 —e) M (—)
M3



where M = Max {iL‘o"’yO ) m}

Proof.
It is enough to show that |z(t)| + |y(t)| < oo on (ty, to + Tmaz)-
By adding the first two equations in 2.1 we get

de dy
P T A= 1T — pay

< A —min{u, p2}la(t) +y(t)).

Let v(t) = z(t) + y(t) the equation 2.5 becomes

v(t) < XN —minf{ug, po}v(t).

By the ODE comparison principle we have

A
v(t) < Max {vo , —}
min(jr, 1)

then [2.4{implies that 7},,,, = +00.

It is clear that for ¢ large we have

A

v = min{yuy, po}

(2.5)

(2.6)

Which means both x(¢) and y(t) are bounded. It is clear that z(¢) is also bounded directly by

solving the third equation in system[2.1]

10
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2.3 Equilibrium Solutions.

The equilibria of the system is all the points in R? such that & = §y = 2 = 0, this is

implies the following equations

A=z —(1=—n)frz+qy = 0
(1—mprz—pwy—qy = 0

(I—€epy—psz = 0
By solving the above system of equations we found that the system [2.1] has only two two
equilibrium points which are
1. Disease-free equilibrium (Zg , 9o, 20) = (M—Al, 0, O) and

2. Endemic equilibrium

(z.7.%) = < paps(pe+p) A pmaps(petp)  gAMl—€)  pa(pe +p)>
e @Bua(l—=n)(L—€) " pz  qBpa(l—n)(1—€)" paps  PBpa(l—n

2.4 Stability Analysis.

In the previous section we have seen that the system 2.1 has exactly two (disease-free and
epidemic) equilibrium points. In this subsection we will discuss the stability analysis of the

system [2.1] at each equilibrium point.

Lemma 2.4.1. The system is exponentially stable at its equilibrium points (Z,y, Z) if the

following conditions hold

(
2,&1 + (1 - 7])52 > (1 - n)ﬁmin(:l,uz) +4q
2#2 +q > <1 - 7])6 (2 + mm(iw&)) T (1 N e)p &
- (1=mAB
k2,&3 > (1 6)]9 + min(p,u2)

11



Proof. In fact, it is enough to show that

lt—z| =0, |ly—gy|—0, and |z—2]—0, as t— o0

Since x — 7, y — ¥, and z — Z satisfies the system [2.1] From system 2.1 we have

;

Ly—9)=010-nBz(x—z)— (q+ p)(y— ) + (1 — n)Ba(z — 2)

F(—2) =10 —eply—y) — (> —2)

\

Now,let X =z —Z,Y =y — yand Z = z — Z then system[2.9 becomes

% = —(m+ 1 -nB)X+q¥V — (1 —n)BzZ
% = (1-n)B2X = (¢ + )Y + (1 —n)BxZ
% = (1—epY —pusZ

G@—7)=—(m+ A -nB2)(—2)+aly —y) — (1 —n)bx(z - 2)

(2.8)

2.9

(2.10)
(2.11)

(2.12)

Now, since X = X, — X_, where X, and X _ are the positive and negative part of the function

X, and also we have

XX+ - (X+ - Xf)X+ - Xi
—XX_=—(X, - X )X_=X2
(Xy £X_)7 = X3 + X2 = |X]?

This implies that

. 1d . 1d
XX, =-——Xx? d —XX_=-—X?
tTog 2dt”

Now multiplying equation [2.10]by X gives

XXy =~ + (1 —n)Bz) XX, +qV Xy — (1 —n)BzZ X,

12



1d
5 =l (L= m)Bz|XE 4 gV Xy — (1= n)BrZ X, (2.13)
If we multiply equation [2.10|by X_ we get

Ldya A+ (1= n)BR X2 4 gV X+ (1 —n)BzZX_ (2.14)

adding equation [2.13|and equation 2.14] we get

5 (X34 X2) =+ (L= )BE(X3 + X2) 4 gV (X, — X )+ (1= m)BeZ(X, — X )

UIXP =t (1= mBEIXP (Vs — YKo~ XO) 4 (- m)fe(Zy — Z0)(X, — X)
=~ + A=) X+ (Vi X + VX -V X} — Y, X)
Y1 —n)Be(XsZ-+X_Zo — X Zy — X_Z_)
< —[u+ (1 —n)B2| X+ %qu + %qxi + %qw - %XQ —q(Y_ X, +Y, X))
5= mBa(X2 + 22+ X2 4+ 22) — (1 - m)fa(Xo Zo + X_Z.)
< i+ (L= )BEIXP + SalV P+ (1~ m)Be|X P 4+ ZalXP 4 2(1 — m)fal2P
—q(Yo Xy + Yy X)) = (1 —n)Ba(Xy 2y — X_Z0)
Thus,
S AN <~ [ (1= )2 — g — 5 (= MBI XP 4 SalY P+ 51— )| 2P

—q(Yo X +Y. X)) = (1 —n)fe(X 2, — X_Z_)

(2.15)

13



Similarly, by using the same computational technique we got

1d 1 1 1 1
§E|Y|2 §§(1 — Bz X|* = [(q+ p2) — 5(1 -n)Bz — 5(1 —n)Bz]|Y ] + 5(1 —n)Bz|Z|?
—(1=n)B2(X Y-+ X Y )~ (1 —=n)Bx(Z,Y_ + Z_Yy)
(2.16)
and
1d

1 1
5|20 < =l =51 = 2P + 50 = plY [P = (L —e)p(Ys 2 +Y - Z,)  (217)

Now, by adding[2.13],2.16|and 2.17| we get

1d [ 1 1 1
S dr (IXP+[Y]*+12P) <~ & + 5(1 —n)Bz - 50~ 5(1 - n)ﬁw} | X|?
' 1
- it 3= 50wz - 50— — (- | P

1

- = 3= ap= =y 12 - x4 vox)

+ (1 =n)be(XiZy + X_Z0) + (1 = n)(XZY_ + XY,

(1= mBa(Z,Y-Z-Y2) + (1 - Op(YiZ- + Y-Z,)]

(2.18)
Therefore,
d
y (IXP+ Y+ |Z2P) < —n|X]? = w|Y P — | Z)? = W (2.19)
where
o= 2m+1-npz—(1-n)br—gq
vp = pptq—(1=n)Bz—(1—n)pfzr—(1-¢ep
vy = 2u3—(1—¢)p—(1—n)px

W = Vi X +Y X )+Q—=—npe(X;Zy +X - Z )+ (1—n) (X Y- +X_Y,)

(L= m)Ba(Z,Y-Z-Y) + (1 — Op(Ye Zo + Y- Zs)

14



Condition [2.21| guaranteed that v;, 15, an /5 are always positive. Since W > 0 then the inequity
4.2.2]still holds after removing W.
Now Let & = minn {vy,vs,v3} and let V(¢) = |X(¢)]* + |Y(¢)|* + |Z(¢)|* then the

inequality becomes

dv (t)
— 2 < —kV(t
0< V()< Voe ™ —0 as t— o0 (2.20)
O
2.4.1 Stability at disease-free equilibrium
Substituting (Z, 7, Z) = (A/p1,0,0) in condition[2.7] we get the following conditions
(
211 > (1—77)6/%+q
2us+q > (1=m)Bx+(1—ep (2.21)
\2/13 > (1—¢€p+ —(1_/;1))‘5

where p* = min(py, p12)

Theorem 2.4.2. The autonomous dynamic systems |2.1|is exponentially stable if the conditions

2.21] satisfied.

Proof. Consider the Lyapunov function
1
V(Jf,y, Z) = 5[(%’ - )\/:ul)Q + y2 + ’ZQ]

which is clearly positive, and by following the some computations in the proof of Lemma[2.4.1|

we get V' < 0. That completed the proof. [

15



2.4.2 Stability at the endemic equilibrium

Substituting the endemic equilibrium ((Z , §, Z)) where

7 = pps(p2+p)
qBu2(1-m)(1—€)’

s X _ _paps(uetp) 222
Y = T Bml-ni-o’ (222)
5 — Ad-9 _ pm(p2+p)

H2ps3 Buz(1-n)

in condition[2.7| we get the following conditions

.

papops + (1 —€)(1 —n)ABg > % + quapis + ppa i3

it +pbg > U=y Goie 2
213 > (1= ep+ o

\

Theorem 2.4.3. The solution of system[2.1]is exponentially stable at the endemic equilibrium

2.22]if conditions[2.23)

Proof. The proof follows by Lemm [2.4.1] O

2.5 Numerical Results

Some numerical results are presented in this section to support the stability analysis result

of the autonomous system [2.1] All the simulation code have been written in MATLAB.

2.5.1 Autonomous Case at disease-free equilibrium

At the disease-free equilibrium point (A\/pu,0,0), parameters have to satisfy condition

[2.21] where parameters in Table [2.2] satisfied that and result represented as follows.
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Table 2.2: List of parameters that satisfied conditions [2.2T]

parameters

A

21

K2

H3

B

Ui

€

P |q

values 9.8135

2

3

7

0.2

0.2

0.5

0015

Autonomous solution at the free-disease equilibrum
T T

6 T T T T T T T
5 ’
N4 .
-
c
©
:_‘ — ninfected cells x
w 3y infected cellsy |+
%) free virus z
c
8
5
=)
[4p] 2 ]
1L b
0 1 | | | | | | |
0 1 2 3 4 5 6 7 8 9
Time

Figure 2.1: Autonomous case solution at disease-free equilibrium

2.5.2  Autonomous Case at epidemic equilibrium

Table 2.3: List of parameters that satisfied conditions [2.23]

parameters

A

21

K2

3

p

Ui

€

p|q

values

100

5

7

2

0.7

0.2

0.2

216
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is Autonomous solution at the epidemic equilibrum
T T T T T T T T

35 il

30 5

25 5

— ninfected cells x
infected cells y .
free virus z

Solutions of x, y, and z.

10 §

Figure 2.2: Autonomous case solution at epidemic equilibrium

If any of the stability conditions did not hold then we get completely different results see
Figure[2.4]

16 Numerical solution of the autonomous case

Uninfected cells - x
Infected cells - y
Free Virus- z

Solutions of x, y, and z.

Time

Figure 2.3: Autonomous case solution a when the inequities in or ?? did not hold
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Chapter 3

Nonautonomous HBV Model

This chapter considers the nonautonomous HBV infection model; we discuss the case
where the production number A is time-dependent. We provide first some preliminary of
Nonautonomous Dynamical Systems. Then we discuss the stability analysis. The proof follows

by Lemm[2.4.1

3.1 Preliminary

Before discussing the stability analysis of the nonautonomous HBV infection model, let
us first introduce some basic concepts from the theory of nonautonomous dynamic systems that
we need to understand the HBV model analysis. We start with some definitions and theorems
from [22H24]].

The autonomous dynamical system formulation as a group or semi-group of mappings
depends on the fact that such systems depend only on the elapsed time ¢ — ¢, since starting and
not directly on the current time ¢ or starting time ¢, themselves. For a nonautonomous system
both the current time ¢ and starting time ¢, are important rather than just their difference.

There are several ways to formulate a nonautonomous dynamic systems (Process, Skew
product follow), in this study we focus on the process formulation [22].

Consider the initial value problem of a non-autonomous ODE.

du(t
dt

~—

= f(t,u(t)), u(ty) = up. (3.1
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The solution ¢(t, to, ug) of equation depends on the actual time ¢ and the initial time %,.
Define

RZ :={(t,to) € R? : t > to}

Definition 3.1.1 (Process formulation, [22].). A process is a continuous mappings ¢(t, g, ) :

R"™ — R™ which satisfies the initial and evolution properties as follows
1. ¢(t0, to, Uo) = wup for all ug € R™.
1. ¢(t2, to, U) = ¢(t2, tl, ¢(t1, to, U)) for all to < tl < t2 and Ug € R™.

Definition 3.1.2 (Invariant, Positive Invariant, and Negative Invariant families for process). Let

¢ be a process on R™. A family A = {A(t) : t € R} of nonempty subsets of R" is said to be:

1. Invariant with respect to ¢, or ¢-invariant if

o(t, to, A(to)) = A(t) forall ¢ >>t,.

2. Positive Invariant, or or ¢-Positive invariant if

¢(t,t0, A(to)) C A(t) forall t >>t,.

3. Negative Invariant, or or ¢- negative

¢(t,t0, A(to)) D) A(t) forall t >>t,.

Definition 3.1.3 (Nonautonomous Attractivity). Let ¢ be a process. A nonempty, compact

subset A of R is said to be

i. Forward attracting if

lim dist(o(t, to, uo), A(t)) =0  forall up € R" and ¢y € R,

t—o00
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ii. Pullback attracting if

lim dist(¢(t,tp,up), A(t)) =0 for all vy € R" and ¢, € R.

t——o0

Definition 3.1.4. A family B = {B(t) : t € R} of nonempty compact subsets of R" is called
pullback obserbing family for the process ¢ if for each ¢; € R and every family D = {D(¢) :

t € R} of nonempty subset of R™ there exists some 7" = T'(t;, D € R, such that

¢(t1,t0, D(to)) g B(tl) for all ¢ +0e R with to S tl -.T

Theorem 3.1.5. If the process ¢ on R™ has a ¢-invariant pullback absorbing family B =
{b(t) : t € R} of non-empty compact subset of R", then ¢ has a unique global pullback attrac-
tor A= {A(t): t € R}

Notice that, a pullback attractor consists of entire solutions.

Definition 3.1.6. A nonautonomous dynamical system ¢ satisfies the uniform strictly contract-

ing property if for each R > 0, there exist positive constants K and « such that

‘QS(t? tU) .ZU()) - ¢(ta th y0)|2 S Ke_a(t_tO)l‘TO - y0|2 (32)

for all (t,1g) € RQZ and 7o, yo € B(0; R), where B is a closed ball centered at the origin with

radius R > 0.

Remark. The uniform strictly contracting property, together with the existence of a pullback

absorbing, implies the existence of a global attractor that consists of a single entire solution.
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3.2 Model Formulation

When the productive number A in is time-dependent A(¢), that changes the system

from autonomous to a nonautonomous model represented as follows

& = At)—mr— (1 -n)prz+qy
Wo=  (1—n)Brz—py —qy (3-3)
% = (I—¢€)py— sz

which can be written as

= f(t,u(t)), where u(t) = (x(t),yt),z(t)" €R?® and teR.

with initial condition ug = (z9, ¥o, 20)"

3.3 Solution Properties

The existence of local solution follows from the fact that f (¢, u(t)) is continuous and its

derivative is also continuous. The following Lemma prove the positiveness

Lemma 3.3.1. Let A : R — [\, , Ay, then for any (z9,y0, 20) € RY == {(2,y,2) e R® : 2 >
0,y > 0,z > 0} all the solutions of the system - corresponding to the initial point

are:
i. Non-negative for all

ii. Uniformly bounded.

Proof. 1. The proof is similar to the positiveness of the autonomous case that introduced

earlier.

ii. Set || X (¢)]l1 = z(t) + y(t) + 2(¢), if we combine the three equations in - we
get:
B(t) +9(t) + 2(t) = A(t) — pnx — (2 — (1 — €)p)y — paz (3.4)
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assume o > (1 — €)p and let &« = minpuy, o — (1 — €)p, 3, then we get
d
X Ol < A = all X @)L (3.5

this implies that

A
Xl < maz{oo + o + 20, -2} (36

Thus, the set B, = {(z,y,2) € R} : € < z(t) + y(t) + 2(t) < 2 + ¢} is positively

invariant and absorbing in R?..

3.4 Stability Analysis

This section discusses the stability analysis of the systems first, we show the uniform
strictly contracting property, then we prove that the system has a positively absorbing set. Then

we provide sufficient conditions that make the system [3.3]stable.
Theorem 3.4.1. The nonautonomous system - satisfies a uniform strictly contracting
property, if pz > (1 — €)p.

Proof. Let

(xbylazl) = (l’(t,to,l’é),y(t,to,yé),Z(t,to,Zé)) (3 7)

and (x27y2a22> = (I’(t,to,[E(Q)),y(t,t(),yg),Z(t,to,ZS))

and are two solutions of the system (3.3]- [3.3]) by similar computational in autonomous case

we get

/

Ly —x9) = —(m + (L =0)B21)) (w1 — 22) + q(y1 — y2) — (1 — n) Ba(z1 — 22)

Ll —y2) = (L —n)Bar(wr — 22) — (g + p2)(y1 — y2) + (1 — n)Ba(z1 — 2) (3-8)

Lz —2) = (L= e)plyr — 1) — ps(z1 — 22)

\
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Now, let X = x1 — 22, Y = y; — yo and Z = z; — 2, then system [3.8|becomes

dX

- —(u1 + (1 =n)B21)X +qY — (1 —n)BxsZ (3.9)
dY
o = (=mBaX —(g+u)Y + 1 -n)br:Z (3.10)
dzZ
il (1 —e€)pY — pusZ (3.11)

This implies that

1d _, 11 , 1,1 )

- < _ _ _Zag_— (1~ Z (1 —

2dt!X\ < — [+ (1—=n)pxn 54 2(1 n)Bro]| X |7 + 2q\Y\ + 2(1 n)Bx2| 2|
— (Vo X4+ Yo X )= (1= n)Ba(X Zy — X_Z_)

(3.12)

Similarly, by using the same computational technique we got

1d 1 1 1 1
§E|Y|Q §§(1 — Bz X* = [(q+ p2) — 5(1 —n)Bz — 5(1 —n)Bz:]|Y]* + 5(1 —n)Bxs| Z|?
—(1=n)Bz = U(X Y-+ X Y )~ (1 —=n)Bx(Z, Y-+ Z_Y)
(3.13)
and
Y4 e o e a Calzp st py Pl —ep(viZ + Y Z) (G4
o dt > T3 5 5 p P\rys— -4y .
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Now, by adding[2.13],2.16|and 2.17| we get

1d 1 11
S (IXPE YR 2P < - “(1- ——g—-(1- X2
57 (IXP+IYF+12F) < _u1+2( Bz = 54— 5( n)ﬁxzh |

[+ o= 0= 82— 50— e — (1 ] v

= i = 5= ap= =y 12 - x4 vx)

(L= )Be(X, Zy + X_Z0) + (1 - n)(X; Y. + X_Y;)

(L =mBaa(Z:Y-Z Vi) + (1= e)p(Yi Z- + Y_Z,)]

(3.15)
Since x2 and z; are bounded, assume that vy, = max{z2} and 7, = max{z}.
Therefore,
d
p (|X\2 +|Y)? + \Z\z) < —v|XP - Y] —wu|Z)P - W (3.16)
where
O
v = 2+ 1 =n)Bn—1-nb%r—q
vy = piat+q—(1=n)n—(1—=n)py—(1—¢p
vs = 2p3—(L—¢)p—(1—n)8r

W = Vi X +Y X )+Q—=—npe(X;Zy + X Z )+ (1—n) (X Y- +X_Y,)

(1B 2 Y 2 + (1= p(Ve 2 + Y Z,)
Let o« = min{vy, vov3}, then equation becomes

d
Z(XP+ P +12P) < —a(XP+ VP +|2P) - W (3.17)
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‘Which have a solution

X+ Y]+ 127 < Kem U0 (1X0]” + Yol + | Zol?) (3.18)

Notice that, for 14, 15, v3 to positive following conditions must hold.

A
2+ (L —m)Bbr > (1-— U)BWATM +q (3.19)
A
2us +q > (1—-n)B (b1 + WM) + (1 —e€)p (3.20)
1-— A
2us > (1—e)p+ % (3.21)

Theorem 3.4.2. Suppose A : R — [\, Ay|, where 0 < X\, < A\ — M < oo, is continuous,
then the system -B.3|) has a pullback attractor A = {A(t) : t € R} inside R%..
Moreover, if 115 > (1 —€)p, and the conditions - ) hold then the solution of the system

is exponentially stable.

3.5 Numerical Results

3.5.1 Nonautonomous Case

Figure shows the solutions of the system using an appropriate set of parameters
that satisfied the necessary conditions. We approximate the healthy cells’ productive function
by A(t) = cos(2t + m/3) + 10, which is a positive and bounded function. On the interval [0, 5]
for the other parameters in the table

Table 3.1: Set of parameters that satisfy the required conditions

pi | pe | ps | B n € p q | Am

2131 7102102]05(001 5] 12

26



" Numerical solution of the Nonautonomous system

sy - Uniinfected cells | |
— - |nfected cells
m— 7 - Free Virus

Solutions of x, y, and z.

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
Time

Figure 3.1:

3.5.2 Comparison between Autonomous and Nonautonomous solutions

The set of parameters in table [3.2] was chosen very carefully such that the required con-
ditions hold. But when we run the simulation for autonomous and nonautonomous using the

same set of parameters we got completely different results, see Figures[3.2]and[3.3]

Table 3.2: This set of parameters satisfy both Auto/nonatunamous conditions

py | pe | s | B | n € |p| q | A
6 | 7]101(03[05]01|5|10] 20
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Numerical solution of the Nonhautonomous case set-2

Uninfected cells - x
Infected cells - y
5 Free Virus -z ]

Solutions of x, y, and z.
{5 ]

) 100 200 300 400 500 600 700 BOO 800 1000
Time

Figure 3.2: The result is showing the stability of the nonautonomous model

- Numerical solution of the autonomous case
Uninfected cells - x
— |nfected cells - y
30 1 Free Virus- z

y,and z
n
G

]
(=]

i
o

Solutions of x

—
=]

0 10 20 30 40 50 60 70 80 90 100
Time

Figure 3.3: The free virus solution z(t) blowup

These results show that the nonautonomous systems are more accurate than the nonau-

tonomous systems.
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Chapter 4

Stochastic HBV Model

All the previous studies and experimental data showed the importance of stochastic noise
in evolution models, including the Hepatitis B virus infection dynamics. The stochastic model

gives more realistic results than the deterministic model.

4.1 Model Formulation

In chapter 2, we introduced the deterministic model 2.Tand we have discussed its stability
analysis. In this chapter we consider the importance of stochastic noise, and we include white
noise in the parameters of system[2.1]by replacing p11 — py — o1dWy(t), po = pa — o2dWs(t),
and p3 — ps—o3dWs(t), where Wy, Wy, and W3 are independent standard Brownian motions.
They satisfy 1W;(0) = W5(0) = W;5(0) = 0. Hence, the stochastic system corresponding to

system [2.1] has the following form.

dz(t) = (A—ma — (1 —n)bzz+ qy)dt + orxdW, (1) (4.1)
dy(t) = ((1=n)frz — poy — qy)dt + o2ydWs(t) (4.2)
dz(t) = ((1—€)py — uszz)dt + o32dWs(t) (4.3)

All other parameters are defined in the Table [2.1]

The system - can be written as

duy = f(u(t),t)dt + B(u,t)dW , t>0 4.4)
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with the initial uy € R?, where, u(t) = (z(t), y(t), z(t)),

A=z —(1—mn)pxz+qy oixr 0 0 AWy
flu,t) = (1 —n)fxz — poy — qu , Blu,t)=1 0 ooy 0 |, and dW = [ qw,
(1 —¢€)py — psz 0 0 o3z dWs

4.2 Preliminary.

Before we discuss the solution properties and stability analysis of the stochastic system
(4.1H4.3), we would like to introduce some of the definitions and theorems that we need in this
study, all of these concepts are from [2]].

In general, equation [4.4] can be written as d-dimensional stochastic equation in the com-

plete probability (€2, F, P) with a filtration {F; };>0 as
duy = f(u,t)dt + B(u,t)dW , t>0 4.5)

where f(u,t) : RY x [tg, T] — R? and B(u,t) : R x [tg, T] — R¥*™ are Borel measurable,
the white noise W (t) = (w1 (t), wa(t),--- ,w,(t)) € R*, ¢t > 0. Let 0 <ty < T < o0, and the
initial value ug to be F;,-measurable R¢ random variable such that E|ug|? < oo, equation

known as stochastic differential equation of Ito type.

Definition 4.2.1 ( [2], page 48 ). The stochastic process {u(t)}o<i,<r in R? is said to be a

solution of equation [4.5]if the following properties hold

i. {u(t)} is a continuous and F;-adapted;
il. {f(u(t),t)} € L1([to, T]; RY) and {B(u(t), )} € L2([to, T]; R™");
iii. equation4.5/holds for every ¢ € [t,, T'] with probability 1.

A solution {u(t)} is said to be unique if for any other solution {@(t)} we have the following
condition

P{u(t) =a(t) forall tm, <t <T} =1
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Lemma 4.2.2. for any v > 0, the following inequality hols

v<2(v+1-In(v))—(4—2In2)

Proof. The proof is straight forward, since the function f(v) = v+ 2 — 2In(v) has a minimum

atv = 2.

In general, d-dimensional stochastic equation can be written as

]

du(t) = f(u(t),t)dt + B(u(t), t)dW (t) (4.6)

where u(t) = (z1(t),2o(t), -+ ,x4(t)) with the initial u(ty) = uy € R, and W(t) is the

m-dimensional white noise defined on a complete probability space (€2, F, {F; }>0, P).

Ito Formula Define a differential operator L to be

0 0 1< 5?2
L= Py + § 1 fl(u’t)ﬁxi + 5 § (W (u,t)W(u,t)],Jamauj

3,j=1

Now, let V(u,t) be a nonnegative twice differentiable function define on R? x [tg,

when the operator acton V', we get:

1
LV =V, 4+ V,fi(u,t) + §tmce[WT(u, VW (u, )]

_ OV (v oV oV _ (v
where v, = G5, Vi = <<9:):1’ Oz Bxd>’ and Vyy = <au,~auj~>dxd'

Then Ito formula defined as

dV = LV (u(t), t)dt + Vo (u(t), t) Bu(t), t)dW (¢)

Now we will discuss the solution properties of the system -A.3) .
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4.3 Existence, Uniqueness, and Positiveness of Solution.

When we study the dynamics of a population model the most important properties are to
show that the solution is global and positive for all time ¢ > 0. The coefficients of the above

stochastic system are locally Lipschiz and satisfy the linear growth condition (see [?])

Theorem 4.3.1. For any initial value uy € R3, there exists a unique solution for the system
-H.3) for all t > 0. Furthermore, the solution will remain positive for all time t > 0 with

probability 1, i.e., u(t) € R forall t > 0 almost surely.

Proof. Tt is clear that we have a unique local solution since all the coefficients of the equations
- are continuous and locally Lipschiz, in other word for any initial u, € R?, there is
a unique local solution u(t) € R for all ¢ € [0, 7). To show the solution is global we need to
show that 7 = oo almost surely.

Let ng > 0 be large enough such that ug € [1/ng, ngl, and let n > ng and define

T, = 1inf{t € [0,7) : u(t) ¢ (1/n,n)}

Now we want to show that 7,, is an empty set, and we assume also that inf & = oco. Clearly
T, 18 an increasing sequence as n increased. Let 7, = lim,,_,,, 7,,, we have 7, < 7 a.s. by
definition.

To complete this proof we need to show that 7., = oo a.s. with implies that 7 = oco. By
contradiction if the statement is not true then there is a pair of constant 77 > 0 and € € (0, 1)

such that P{7,, > T’} > ¢ which means there is an integer n; > n such that
P{r, <T}>¢ forall n>n. 4.8)
Now let us define a function G (u) as

V(u(t)) =V(z(t),y(t),z(t) =z+1—Inz+y+1—-—lny+z2+1—-Inz
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which is a non-negative function because of the inequality v+1—1Inwv > 0 see [3|]. By applying

It6 formula on G (u) we get

v = [(1- é)()\ —mx — (1 —n)Brz+ qy)

- 5)((1 — )z — iy — ay)

HO= D)= py = 152) + 503 + 03 + o)
+o1(z — 1)dWi + oa(y — 1)dWs + o3(z — 1)dW3

= P‘_,le_(l_n)@l"z‘qu_%+U1+(1_77)BZ+Q%
+(1 = n)Brz — poy — qy — (1 —n)ﬁ% + p2 +q
H1 = py — oz — (1= Y + sl + 50 + 03 + o)t
o1 (z — 1)dWy 4 o9(y — 1)dWy + 03(z — 1)dW3

= [,\+u1+u2+u3+q+%(o—f+a§+a§)+(1—e)py+(1—n)ﬂz
— (0 + oy + 3z + 2 + 20— n)%)]dt

+oi(x — 1)dWy + oa(y — 1)dWy + 03(z — 1)dWs
this implies that

1
dV < [)\—I—,u1—l—,ug-l—,ug—kq—i—é(af—i—a;—i—ag)—i-(l—e)py—i—(l—n)ﬁz]dt

+o1(x — 1)dWy + o9(y — 1)dWs + o3(z — 1)dW;

Leta = A+ pi + po + p3 + g + 3(0? + 05 + 03), and b = max{(1 — €)p, (1 — n)5} and

since we have v < v + 1 — Inv then we get

dV(t) < [a+bV(t)]dt+ o1(x —1)dWi + oo(y — 1)dWs + o3(z — 1)dWs
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let ¢ = max{a, b} and integrate the above inequalty, if ¢; < T we get

/OT” Lav(u() < /O "1+ V()

Tn/At1 Tn/At1 ™ALL
+/ 0'1(.73 - 1)dW1 +/ Ug(y - 1)dW2 +/ 0'3(2 - 1)dW3
0 0 0

by definition this implies that

EV(u(r A1) < V(u0)+E/TnM1 o(1+ V(u(t))dt,

IN

Tn/\tl
V(uo +ct1 + CE/ t,

[e=]

IN

V (ug) +CT+CE/ Vit Aty)d
0

t1
= V(ug) +cT' + c/ EV (1, N\ ty)dt,
0
From the Gronwall inequality we have
EV(ta Aty) < e = (V(ug) + cT)e” (4.9)

Set Q,, = {7, < T} for n < n;y and by inequality - ) > e. Notice that there is some
of x,y, or z such that u(7,,,w) = n or 1/n, for every w € () that means V (u(7,,w)) is greater

thann —1—1In(n)and £ + 1 —In(1/k) = £ + 1+ In(n), ie.,
V(u(ty,w)) > [n—1—=1In(n)]A[(1/n) + 1+ In(n)].
from the inequalities 4.8 and 4.9 we get

a = Ellg,(w)V(u(tau,, w))]

> E(n—1=In(n)]A[(1/n)+1+In(n)]),

where 1g, is the indicator function of €2,,, passing the limit for n — oo gives ¢; = oo which a

contradiction. Therefore 7., = oo a.s., which complete the proof. U
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4.4 Stability Analysis

In this section we discuss the stability analysis of the system (4.1] - 4.3)), but first let us
recall some definitions and theorems that we need in this process, you can find more details

in [2]] and [24].
Definition 4.4.1 ( [2], page 110, 119). (i) The trivial solution of equation is said to be
stable in probability if for every € € (0,1) and r > 0 there is 6 = d(e, r, ty) > 0 such that

P{|u(t; to,up)| < r forall t > ¢y} >1—¢

whenever |ug| < 0. Otherwise, it is said to be stochastically unstable.
(i1) The trivial solution is said to be stochastically asymptotically stable if it is stochastically
stable and for every € € (0,1) and r > 0 there is § = (e, 7, ty) > 0 such that

P{tliglo u(t;to,up) =0} >1—¢€

whenever |ug| < 0.

(i11) The trivial solution is said to be stochastically asymptotically stable in the large if it is
stochastically stable and, moreover, for all ug € R? and r > 0 there is § = d(e, 7, o) > 0
such that

P{tliglo u(t; to, ug) =0} = 1.

(iv) The trivial solution of equation is said to be almost surely exponentially stable if

) 1
tlgglo sup - In |u(t; to, up)| < 0
for all ug € R

Notice in our system the first equation 4.1| has no direct equilibrium point in R, but for

and [4.3| they do have equilibrium point at (y, z) = (0, 0). In the following theorem we will
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show that the trivial solution (0, 0). For now let us focus on y, z and we will come back to z and
show it is stable in distribution. The coming theorem shows that .2 and 4.3 are exponentially

stable, under certain conditions on the parameters.

Theorem 4.4.2. In the system —4.3)), y(t) and z(t) are almost surely exponentially stable

if the following conditions hold:

(@) (1—€)p—q—pa+ 305 <0;

(0) [(1=m)By = p3][(1 = €)p —q — po] < [1—€)p —q— pa + 303][(1 = n) By — 3 + 303].
where v = max{z}.

Proof. By adding equations {.2]and .3 we get

dly+2)=[(1—=€)p—p2—q)y+ (1 —n)Bx — u3)z] dt + oaydWs + 032dW3  (4.10)

Define V(y, z) = In(y(t) + z(t)) for y, z € R, then It6 formula gives

! 1 1 o3y? 1 0322
v = l—ep—aq- + 1— — 4o 22 -3 dt
I VR (1 RS R S
z
dW. dw-
+y+202 2+y+za3 3
— Loo 1,5,
= i (y+2)((1 = ) — g — p2)y + (1= m)fa — pua)z] + 503y" + So3z
2
+y+Z02dW2+y+ZagdW3
< —1 1 1 L oo, 15,
S wroe (y+ 2 =e)p =g —p)y + (1 =n)By = us)2] + 503y" + 5032
Y z
+y+202dW2+y+203dW3,
b ( > (I=ep—q—p2+305  (L=m)By—ps y
- 2 y =z
) (L—ep—q—p (1—=n)By —ps+ 303 ) \ 2
2
dw’ dw.
+y—|—za2 2+y+za3 3
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If the theorem conditions hold, then the matrix
(1—€)P—Q—M2+%U§ (1=n)By — s
(I—=ep—qg—p2  (1=n)By—ps+ 303

is negative-definite, that means it has negative eigenvalue, let \,,,, be the largest eigenvalue

then the above inequality can be written as

g2y 03z

dV(y,2) < |—=|Amaz| ———= >+ 2?)| dt + AW + dW-
Using the fact that y? + 2% > 2yz we get (y* + 2?)/(y + 2)? > 1/2. Hence
1 g2y 032
AV =dIn(y(t) + 2(t)) < —=|Mnaz|dt + AW, + aw.
(0(E) +2(8)) € —5 sl + W 1 Ty
By integrating the above inequality, and using the fact from [2]] that
: 1 ,
limsup —|W;(t)] =0 fori=2,3,
t—o0 t
we get
: 1 1
lim sup 7 In(y(t) + 2(t)) < —§|)\mm| < 0 almost surely
t—o0
This completes the proof. O]

Remark 4.4.3. We got stability of the components y and z without the help of the productive
number Ry whether Ry < 1 or Ry > 1. Notice also the conditions in Theorem 4.4.2| can not

hold in the deterministic case when gy = 03 = 0.

Now, we want to show the stability of the first component x(¢), we will show that x(¢) is
stable in distribution, which means it is stable around the mean value \/y;. Before doing that

let us first introduce some of the Lemmas that we need.

Lemma 4.4.4. Let W, (t) be one-dimensional standard Brownian motion, then

B MO W6y Z F0-) o <y
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Proof. Let W = Wy(t) — Wi(s), from the definition of the Brownian motion, we have W ~

N(0,t — s), thus

E{GUIW} — E{€U1(W1(t)—W1(8))} — / 1w . —1 . 6_2(?71) dw

—c0 V2m(t — s)

oo 2 2
(w+oq(t—s)) o
— —1 / e 2(1tfs>s -e 2 (1=5) dw

o0

Lemma 4.4.5. Let 21 (t) be a solution of

then limy_,, E[z1(t)] = A/ 1, for any initial z1(0) € R,.
Proof. For any initial value z1(0) € R, there is a unique solution x; () of equation which
as the following explicit form
t
n(f) = ma(0)e Ay [ emiedieon - gy
0
By taking the expectation of the above equation with the fact that 1¥;(0) = 0 we get

t
Elz1(t)] = E [y (0)e~ 0 3eDr 1y / e~ H3e=8) | (M O-Wi(s) g
0

By applying Lemma[.4.5| we get

—pat i — ot
Elz1(t)] = 21(0)e™" + ul(l )

Thus,

: A
lim Ela, ()] = "
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Lemma 4.4.6. If x1(t) is a solution of equation4.11] then for any initial value z1(0) € R we

have the following
i. x1(t) admits a unique stationary distribution .
ii. x1(t) satisfied the following

t

1 [o@) o
lim = [ zi(s)ds = / rymdr, = / flxy)dzy = i
0 0 H

Proof. i. Define a twice continuously differentiable function V' (z;) = x; — 1 — Inzy, then

from Ito formula we get

1 1 A 1
LV(z1) = (1= =)A= mz1) + 507 = —p— 1 — =+ A+ + 5071
I 2 T 2

By choosing sufficiently small € and let D = (e, 1/¢), then
LV(xy) < -1, forany ;€ D"

This completes the proof.

iii. From the ergodicity of z; we get

1 t o)
IP{ lim —/ z1(s)ds :/ Ilﬂ(dl’l)} =1
t——oco t 0 0

Hence

1 t 00 00
lim ?/ xl(s)ds:/ xy7(dxy) :/ f(z1)x1day = i, Almost surely.
0 0 0

where we used the fact limy;_,, E|x1(t)] = A\/p1.
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Theorem 4.4.7. Let (x(t),y(t), 2(t)) be a solution of the system | 4.3) and x(t) is a
solution of equation the under the condition of Theorem we have

lim [z(t) — x1(t)] = 0 in probability. (4.12)

t—o00

Proof. From the comparison theorem of stochastic differential equations, we have z(t) < x4
1.e.,

z(t) —x —1(t) <0 (4.13)

to complete this proof we need to show that lim inf, ,.[z(t)—z1(¢)] > 0 a.s. Letus introduce

the following stochastic differential equation, which will help us in this proof
dz,(t) = [N — (i1 + ), (8)]dt + oz, (H)dW (4.14)
with the initial z,.(0) = x(0). Remember our main equation
dz(t) = [N — max — (1 — n)Brz + qyldt + oyxdWi(t)
Recall equation [4.1T]
dzri(t) = (A — prxi(t))dt + oz (8)dW4 ()
from the fact that
lig(i)glf[x(t)—xl(t)] = litrg(i)glf(a:(t)—xr(t))—i—(xr(t)—xl(t)] > litrg(i)glf[x(t)—xr(t)]+li{g(i>]onf[mr(t)—x1(t)].

we will prove the following claims.

Claim 1: liminf, ,[z(t) — z,.(t)] > 0 as.
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Proof. By subtracting the above equation we get

d(z(t) — x.(t) = [—w(z—x.)+rzx, — (1 —n)brz+ qyldt + o — 1(x — z,)dW;

= [~(m+7)@—2)+ (=1 -=n)B2)x + qyldt + o1(x — . )dW}.
which as a solution

—a,(t / ot —n)B2)x + qy)dx(s)

where

o(t) = o~ (mtrtgo)ttaWa(t)

From Theorem we have that y(t) — 0 and z(¢) — 0 a.s. as t — oo.

Thus, for all w € €, if t > T, then
ot o0 / o — e+ ade(s) + [ o — e+ ()
Hence x(t) — z,(t) > ¢(t)x(T), where

/ o' — n)B)a(s) + qu(s))dx(s)

Since |k(T)| < oo and ¢(t) — 0 a.s.
Therefore,

lim inflx(t) — z,(t)] >0 a.s. (4.15)

t—o00

Claim 2: liminf; ,[z,.(t) — 21(t)] >0 as.

Proof. From equations 4.1 and we have

(2, (t) — 21 (1) = [=p (2, (t) — 21(t)) = ra,]dt + o (2, () — 21 (£)) AW (2).
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which has a solution in the form
t
l‘r(t) _ Jil(t) — —T’/ xre_(ﬂl'FU%/Q)(t_s)_Ul(Wl(t)_Wl(S))dS
0

x, is the solution for equation 4.14] which has the following explicit form

t
T, = )\/ e—(u1+r+0%/2)(t—s)+01(Wl(t)—W1(s))dS
0

Therefore,

t
2 (t) — o (t)] = 7 / 1, Ao /2 (-9 -1 Wi (- (9) g
0

By taking the expectation and applying the result in Lemma[4.4.4 we get

t
Elz,(t) — z1(t)] = rFE [/ xre—(u1+0f/2)(t—8)—01(W1(t)—Wl(S))ds}
0

t
= r/ FE [xre—(u1+af/2)(t—s)—ol(Wl(t)_Wl(s))dS}
0

t
— 7 / E [xTe—(ma%/z)(tfs)] B [ MO-W(6) gg]
0

t
= T/ e U= Bz, ds, Using Lemma |4.4.4
0

But
¢
Elz,] = )x/ e~ mAnt=s)gs < :
0 1+
Thus,
Are kit
Elx, (t) —x1(t)] < ettt —
|2, (¢) 1()\_M1+T( )
That means
lim — Oli{n — Elz.(t) —z1(t)] =0
That implies

lim lim |z, (t) —2:(¢)| =0 In probability.

r—0t—oc0
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]

Therefore, 4.13| |4.15} and 4.16|complete the proof. [

Theorem 4.4.8. Let (x(t),y(t), z(t)) be the solution of the system ({4.1|—{ 4.3) with the initial
(2(0),y(0), 2(0)) € R3, and assume that the conditions of Theorem hold, then

1 t
lim — [ z(s)ds=—, a.s.and x(t) > 7 as t— oo,
t—oo t Jg U1

where, x(t) — m means the convergence in distribution.

Proof. The proof follows directly from Lemma4.4.6|and Theorem O
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4.5 Existence of Ergodic Stationary Distribution.

Let U(t) be a Markov process in R¢ represented by the following stochastic differential

equations.

dU(t) = f(U(t)dt + > Br(U(t))dWi(t) (4.17)

The diffusion matrix is define as

3

A(u) = (ag(u)), where ay(u) = Bi(u)Bl(u) (4.18)

k=1

Lemma 4.5.1. (See [36|37]) The model 4.6|is positive recurrent if there exists a boundary open

subset D C R® with a regular boundary and

(Al) There is a positive number M such that

d
> ay(w)&& > 167, we D and € €RY (4.19)
2,j=1

(A2) There exists a nonnegative C*-function V : D — R such that LV (u) < —0 for some
0 > 0, and any u € D°. Moreover, the positive recurrent process u(t) has a unique

stationary distribution 7 (-), and

P{ lim — /0 Fwa = [ fpany =1 4.20)

T—so0 T’

for all u € R, where f(-) is an integrable function with respect to the measure 7 (+).

Theorem 4.5.2. Assume that Ry > 1. Under conditions o} > ji;—p*, 03 > pis—p*+3(1—€)p,
and |13 > i3 — %(1 — €)p. The system has a unique ergodic stationary distribution
7(+).

Proof. We have seen that the system [4.1]- [4.3| has a unique positive solution z(t), y(t), z(¢) for

any initial value (2, Yo, 20) € R3.
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The diffusion matrix of the system is given by

o?z? 0 0
A= 0 o3> 0
0 0 o222
Then
3
3 ay(u)ed; = otaPE + oyPE + 0326 > MIEP, @21)
ij=1

where, M = min{o?2? o3y? 022}, thus condition (A1) satisfied.
Now, we want to show that condition (A2) is also satisfied by constructing a nonnnegative
Lyapunov function V' such that LV < 0.

Consider the positive functions
1 _ 9 1 9
Vifz,y) = (@ =T +y—9)°, and Va(z) = S(z —2)
Now let
1 _ o 1 9

By applying Ito formula we get

1 1
LVi(z,y) = (x —Z+y—§) (A — iz — pay) + 503562 + 503312

since we have A — 113 — oy = 0, = A\ = (13 + poy, then we get

) . ) 1 1
LVi(z,y) = (fc—r+y—y)[—u1(:€—w)—uz(y—y)]+§0?x2+§0§y2,

. ) ) ) ) o 1
= —wm(r—2)° —p(y—9)°—m@—2)(y—y) — pelz —2)(y —y) + 5@?952 + 505312

By using the fact that, 2% < 2(z — a)? + 2a?, we get

1 1
—oir* < ol(x —x)* +ot7® and 502y < 03

2
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thus

LVi(z,y) < —pu(z—2) — oy —9)° —2u"(x — 2)(y — §) + oi(z — T)* + 017

where p* = min{u, po}, and since —2u*(x — z)(y — y) < p* (x — ) + p*(y — §)?, then
LVi(z,y) < —(m—p" —o})(z = 2)* = (n2 — " — 03)(y — §)* + 077 + 035(4.22)
Similarly,
LVa(2) < —(ps — 5(1L —€)p — 03)(2 — 2)° + %(1 —e)ply — §)* + 037

Thus,

LV(x,y,z) = LVi(x,y)+ LVa(z)

< —(m—p =)z =)= (o — ' — 03y —9)° + 01% + 037

(s = 51— Ip = o) (= = 2 + (1= Iply — 5 + 037

* _ * 1 _ 1 .
= —(m—p —o})x—7)° = (2 — p +§(1—6)p—0§)(y—y)2—(u3—§(1—6)p—0§,
+07% + 05y + 0322

= —ki(z -2 —ko(y —9)° —ks(z — 2 +w

where ky = py — p* — 0l ko = po — p* + (1 — €)p — 03, ks = p3 — 3(1 — €)p — 03, and
w = 0T + 05y + 037°
Since kq, ko, k3 are positive, and by the same computation in [38], we obtained

lim sup % /0 et (2(5) — 2)° + ka(y(s) — §)2 + ks(2(s) — 2)%ds < w.

t—o00
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then the ellipsoid

ki(x —2)* + kaly —9)* + ks(z — 2)° +w =0

lies entirely in R?, so we can take any neighborhood D of this ellipsoid, such that

LV(u) < -6, forall ue D

Therefore, condition (A2) also holds, and that completes the proof. ]

4.6 Numerical Results for the stochastic model

In this section we discuss some of the numerical results of the system (|4.1/—{4.3|) to support
our previous analytic result. The method we use is Euler-Maruyama method. The approximate

solution of the system we ({.1]-[4.3)) can be written as follows

Trr1 = Tp+ (A= pmze — (1 —n)Brrze + que) At + o2, AWy (4.23)
Y1 = Yr+ (1 —n)Brrzr — poyr — qye) At + o2yr AWy, (4.24)
k1 = zp+ (1 — €)pyr — uszrp) At + 032, AWs, (4.25)

where AWy, = Wj(41) — Wi, for i = 1,2, 3 which is normally distributed for more informa-
tion about this method see [29,32]. We used Matlab to simulate above system.
After we have chosen the parameters carefully such that the sufficient and necessary con-

ditions in Theorem {.4.2/hold, which are given below

parameters | A | p1 [ p2 | puz| B | n | € |plq|oL|o2]| o3

values 10020 5|7 |06]06(02|2|5|—|—|—

Table 4.1:

we are going to represent the following numerical results dependent upon the values of
01,09, and g3.
When o, = 05 = 03 = 0 the stochastic model becomes deterministic, the solution given

as follows
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% 4.6

stochastic model - x

4.4

4.2F

25

stochastic model -y

Figure 4.1: Stochastic model without noise
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3.5

N 2.5

stochastic model - z

Time t

stochastic model - x
stochastic model -y
stochastic model - z

Figure 4.2: Stochastic model without noise

Figure[d.3|represents the stochastic solution of x(t), y(¢), and z(¢) with the noise oy = 1.2,

09 = 09, and 03 = 1.4.
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Figure 4.3: Stochastic model with large noise
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4.5
4
35
3
N 25 H stochastic model - z
2 H
1.8 F
1 P
0.5
0
0 1 2 3 4 5 6 - 8 9 10
Time t
6 L,
4
N
= stochastic model - x
oo stochastic model -y
= stochastic model - z
x

Figure 4.4: Stochastic model with large noise

Figure 4.5 shows the difference between stochastic model and deterministic model. The

deterministic solution is represented by the dashed lines.
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Stochastic and deterministic Solutions of x, y, and z.

Deterministic and Stochastic Solutions (dashed and solid)

x-cells
y-cells
z-wirus
datai
data2

Figure 4.5: Combining Stochastic and Deterministic Solutions
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Chapter 5

Conclusion

We have analyzed the stability of the HBV infection model using different approaches,
we considered the autonomous, nonautonomous, and stochastic HBV infection models, with

conclusions as follows.

Autonomous HBV Infection Model. We have studied the model where all parameters
are time-dependent. We have shown the basic properties of solutions (existence, uniqueness,
and positiveness), then we found the system|[2.T|has two (disease-free and endemic) equilibrium
points. Then we discussed the stability analysis at each of them, and we have got two necessary

conditions that ensure the stability of the system

Nonautonomous HBV Infection Model. The nonautonomous theory has been used to dis-
cuss the HBV infection model when the production rate of the uninfected cells is time-dependent
A(t), we have also shown here the basic properties of solutions, then we prove the system (4.1

4.3) satisfied a uniform strictly contracting property when s > (1 — €)p, we prove also the

system has pullback attractor which exponentially stable under certain conditions.

Stochastic HBV Infection Model. We used tools from the stochastic dynamic systems to
study the stability analysis of the stochastic HBV infection model (4.23}{4.25)), before doing
that, we have shown the basic properties of solutions, then we studied the stability in two
different ways. First, we prove that system and are exponential stable at (0, 0), which
is still the equilibrium point for[#.24]and [4.25] then we shown that [4.23]is stable in probability
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under some conditions. Secondly, we prove the systems (4.2314.25)) have a unique ergodic

stationary distribution 7(-).

Numerical Results. At the end of each chapter we have represented the numerical results of
the HBV infection models. All the simulations codes are written in MATLAB, the parameters

sets were chosen carefully such that the required conditions satisfied.
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