
Simulation of Quantum Parametric Amplifiers

by

Keith Krause

A thesis submitted to the Graduate Faculty of
Auburn University

in partial fulfillment of the
requirements for the Degree of

Master of Science

Auburn, Alabama
August 7, 2021

Keywords: Parametric amplifiers, Simulations, Josephson junctions, Quantum phase-slips

Copyright 2021 by Keith Krause

Approved by

Michael C. Hamilton, Chair, James B. Davis Professor of Electrical and Computer
Engineering

Mark Lee Adams, Associate Professor of Electrical and Computer Engineering
Masoud Mahjouri Samani, Assistant Professor of Electrical and Computer Engineering

Peng Li, Assistant Professor of Electrical and Computer Engineering



Abstract

Parametric amplifiers couple a nonlinear element to an external environment, resulting in

frequency mixing of a pump tone and a smaller signal tone. The pump’s energy is coupled into

the signal tone and an additional idler tone. Josephson parametric amplifiers have achieved near

quantum limited performance, and they are well-suited for qubit readout in quantum comput-

ing applications. They use the Josephson junction’s nonlinear inductance to create a nonlinear

resonator. While there has been much research done on these Josephson parametric ampli-

fiers, there has not yet been a parametric amplifier which uses quantum phase-slip junctions.

Quantum phase-slip junctions are the voltage-based counterpart to the current-based Joseph-

son junction. This thesis uses simulations to design and analyze quantum phase-slip junction

based parametric amplifiers. The simulation data shown in this thesis demonstrates frequency

mixing and gain of the signal tone, two important characteristics of a working parametric am-

plifier. This thesis also shows simulation experiments on various aspects of the quantum phase-

slip based parametric amplifier, including the critical voltage and bias voltage of the quantum

phase-slip junctions.
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Chapter 1

Introduction

Quantum parametric amplifiers have had much interest in recent years due to their versatil-

ity and importance in superconducting applications. Such applications include quantum optics

[1]–[3], quantum measurement [4]–[6], single-microwave-photon detection [7], and qubit read-

out for quantum information and computing [2], [8]. These amplifiers can produce high gain

and approach the quantum noise limit [9], [10].

Parametric amplification is a result of frequency mixing. They increase a smaller high-

frequency signal by coupling it with a larger pump signal and transferring the pump energy

to the signal. These devices can use the pump to modulate the current through a Josephson

junction or modulate the flux in a DC SQUID, thus changing their nonlinear inductance [11].

This nonlinear inductance creates a nonlinear resonator, where the resonant frequency can be

shifted for parametric amplification.

These amplifiers either include the signal and the pump in the same input port or put the

signal and pump at separate ports. If the signal’s frequency is close to the resonator’s resonant

frequency, the pump’s energy is coupled into the signal, amplifying it and creating an idler

tone. In three-wave mixing, the pump’s frequency is the sum of the signal and idler’s frequency,

whereas in four-wave mixing the pump’s frequency is half that sum.
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Figure 1.1: Schematic of the experimental setup used by Vijay et al. for transmon qubit read-
out. Readout photons (arrow 1) enter from the input port and are directed through a microwave
circulator to a 180 hybrid, which converts the single-ended microwave signal into a differential
one. The photons interact with the readout cavity and the reflected signal (arrows 2) carries in-
formation about the qubit state toward the parametric amplifier through three circulators, which
isolate the readout and qubit from the strong pump of the parametric amplifier. A directional
coupler combines this signal with pump photons (arrow 3) from the drive port. The amplifier,
consisting of a dc SQUID and capacitor in parallel, amplifies the readout signal. The ampli-
fied signal (arrow 4) is reflected and sent through the third circulator to the output port. Qubit
manipulation pulses are also sent via the input port [12]

1.1 Parametric amplifiers in qubit state measurement

In superconducting quantum computing, the qubit state is found by using a microwave

probe signal which is scattered by a superconducting resonator closely coupled to the qubit cir-

cuit [13]. The qubit’s current state can be determined from the phase shift in the scattered sig-

nal. The probe’s maximum signal power is just a few photons worth of energy in the resonator;

otherwise, the signal can cause incoherent fluctuations of the qubit state [14]. The amplifier

used for qubit readout must produce a signal that can be used to discriminate a state-dependent

phase within just a few microseconds.
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Superconducting parametric amplifiers can operate with very little power dissipation and

with added noise that approaches the minimum set by quantum mechanics. These paramet-

ric amplifiers approach the quantum-noise limit; this makes parametric amplifiers very useful

for qubit readout applications. Parametric amplifiers were popularized in quantum informa-

tion system due largely in part to Vijay et al., who used a parametric amplifier to observe the

quantum jumps of a transmon qubit [12].

1.2 Josephson junctions

Figure 1.2: Duality between the JJ and QPSJ [15]

A Josephson junction is a device with two superconducting electrodes separated by an

insulating layer. A diagram for this device is shown in Figure 1.2. Cooper pairs can tunnel

between the two electrodes through the insulating layer. The tunneling is a coherent process.

This allows for a supercurrent to flow between the two electrodes with zero voltage [15].

A crucial parameter of the Josephson junction is its critical current (Ic). Any current with

a magnitude below the critical current is a supercurrent. Once the critical current is surpassed,

the Josephson junction acts like a resistor.

1.2.1 Nonlinear inductance

The behavior of the Josephson junction is dependent of the phase difference between the

two superconducting electrodes. The current through the junction is a function of the phase
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difference between the two electrodes [16]:

I(t) = Icsin(ϕ(t)) (1.1)

This is the 1st Josephson relation, also called the weak-link current-phase equation. The

2nd Josephson junction, called the superconducting phase evolution equation is:

∂ϕ

∂t
=

2eV (t))

h̄
(1.2)

With the 2nd Josephson relation, we can derive the voltage across the Josephson junction

as follows:

Φ0 = 2π
h̄

2e
(1.3)

Φ = Φ0
ϕ

2π
(1.4)

V =
Φ0

2π

∂ϕ

∂t
=

dΦ

dt
(1.5)

The above equations lead us to the Josephson inductance, or the kinetic inductance of the

tunneling Cooper pairs. We can rewrite the two Josephson relations:

∂I

∂ϕ
= Ic cosϕ (1.6)

∂ϕ

∂t
=

2π

Φ0

V (1.7)

We take this equations into the current-voltage characteristic of an inductor:

V =
Φ0

2πIc cosϕ

∂I

∂t
= L(ϕ)

∂I

∂t
(1.8)

We then get the Josephson inductance as a function of Josephson phase:

L(ϕ) =
Φ0

2πIc cosϕ
(1.9)
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Thus, the Josepshon junction acts as a nonlinear inductor. This nonlinearity is crucial to

the operation of quantum-limited parametric amplifiers and will be revisited later.

1.3 Quantum phase-slip junctions

The QPSJ is the exact dual to the Josephson junction. It consists of two insulating di-

electrics separated by a thin superconducting nanowire. A diagram for this device is shown in

Figure 1.2. The two dielectrics contain flux-quanta, or fluxons. Whereas the Josepshon junc-

tion has Cooper pairs tunneling between a separating dielectric barrier, the QPSJ has fluxons

tunneling across the superconducting nanowire [15].

In a QPSJ, the suppression of superconductivity associated with a quantum phase-slip is

due to this tunneling of fluxons. This creates a voltage drop associated with a phase difference

of 2π between the end of the nanowire. These phase-slips are shown as resistive tails below the

superconducting transition temperature [17].

In both devices, tunneling is a coherent process. As opposed to a Jospephson junction,

where the current is a function of the phase difference between two superconducting electrodes,

the voltage in a QPSJ is a function of the charge travelling through the wire.

The voltage drop across a QSPJ can be described as follows:

V = Vc sin(2πq) (1.10)

Where Vc is the critical voltage of the QPSJ.

1.4 Nondegenerate amplification

If the frequency of the signal and the generated idler tones are located within a linewidth of

a circuit resonance, and these circuit resonances also correspond to currents that flow through a

shared modulated inductance (such as the Josephson ring in a Josephson parametric converter),

then the circuit acts as a parametric amplifier [18].

This type of parametric amplifier, which couple the signal tone to its corresponding idler

tone within a difference resonance, is called a nondegenerate parametric amplifier. An example
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Figure 1.3: Frequency response of parametric amplifiers. (a) A non-degenerate, three-wave
mixing parametric amplifier. This amplifier is non-degenerate because the idler, signal, and
pump tones are all different spatial ports (the three different axes represent the three different
spatial ports). The signal and idler are two separate resonant modes, and the pump frequency is
equal to the sum of the former two modes. An input signal tone (ω1 is amplified at its resonant
frequency, but it is also amplified and converted into the idler mode (ωc − ω1). Note that three-
wave mixers can also be degenerate, such as in the flux-driven amplifier. (b) A degenerate,
four-wave mixing parametric amplifier. The amplifier is degenerate because the signal, idler,
and pump tones are not on separate spatial ports. The signal, pump, and idler are all in the
same resonant mode and injected in the same spatial port. While this example is degenerate,
four-wave mixers can also be non-degenerate [18]
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of nondegenerate amplification is shown in section (a) of Figure 1.3. These parametric am-

plifiers are constructed with separate physical ports, each accessing a particular resonance (or

resonances), producing reflection gain at each port and transfer gain between signal and idler

frequencies.

1.5 Degenerate amplification

In a flux-driven parametric amplifier, the pump frequency is about twice the frequency of

the signal tone. The energy of the LC resonators in these circuits is quadratic in the electrical

charge on the capacitor or magnetic flux in the inductor. This particular gain process is known

as degenerate parametric amplification because the signal and idler mode frequencies are the

same [18].

An example of degenerate amplification is shown in section (b) of Figure 1.3. Degenerate

parametric amplifiers are highly sensitive to the pump phase since energy can only be injected

into the system by modulating the inductance at the right moment, creating amplification. En-

ergy can also be drawn out of the system if the inductance is modulated at the wrong moment,

causing deamplification. As such, an important characteristic of degenerate parametric ampli-

fiers is the phase dependence of the gain.

1.6 Gain vs. bandwith in a parametric amplifier

One downside to parametric amplifiers is that they suffer from a gain-bandwidth constraint

in the high-gain limit (around 20 dB). So far, most parametric amplifiers have operated in the

15-20 dB range [19]. The bandwidth as a function of the gain is described by:

B(G) =
B0√
G
′ (1.11)

where G is the gain and

B0 = 2/(B−1
1 +B−1

2 ) (1.12)
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is the harmonic mean linewidth of the two resonances in a nondegenerate paramp circuit.

This narrowing in the bandwidth comes from the cycling between the signal and idler

modes which corresponds to a positive feedback process, drawing energy from the pump drive.

This results in a divergence of the parametric amplifier gain as the pump power approaches

a critical value. Degenerate and nondegenerate amplification are intentionally driven near an

instability to produce gain.

1.7 Quantum Langevin equation

Figure 1.4: Schematic of a simple 1-port, 1-mode passive linear circuit [20]

In parametric amplifiers, the information being carried by the input signal must be mapped

onto the amplified output signal. To achieve this, the circuit, which has the standing electro-

magnetic modes, and the transmission lines, which support the propagating modes.

The coupling in these parametric amplifiers can be described by the Quantum Langevin

equation. The coupling between the quantum amplitude of the circuit and the incoming quan-

tum field amplitude in the transmission line is described by the following equation, which is a

special case of the Quantum Langevin Equation [20]:

da

dt
=
i

h̄
[H, a]− K

2
a+
√
Kain(t) (1.13)
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Where ain is the traveling photon amplitude. The superscript “in” refers to the propagation

coming into the circuit. This equation follows the commutation relation of the ladder operators:

[a(t), a(t)∗] = 1 (1.14)

At all times t.

√
Ka = ain(t) + aout(t) (1.15)

The first term of the equation refers to the Heisenberg equation of motion for an operator

in quantum mechanics. Since the amplifier is nonlinear, the Hamiltonian of the circuit is more

complex than the simple quadratic term of the quantum harmonic oscillator.

The second term is a damping term for the linear coupling between the circuit and trans-

mission line. For greater performance, the coupling should be weak such that K is much smaller

than any transmission frequency between the energy levels of the lumped circuit.

The third term describes the incoming field as a drive for the circuit, which comes from

applying the pump line to the system.

The Quantum Langevin Equation can be integrated to describe the circuit amplitude a(t)

in terms of the incoming field ain(t). The output field of the amplifier can be described via the

Input-Output Equation:

s
√
Ka = ain(t) + aout(t) (1.16)

A basic 1-port, 1-mode passive linear device, as shown in Figure 1.4, acts as a simple

harmonic oscillator where

(
d

dt
+ iω0 +K/2)aout(t) = −(

d

dt
+ iω0 −K/2)ain(t) (1.17)

Here, the elimination of a between input and output can be carried out to get the equation

aout[ω] = ain(t) + aout(t) (1.18)
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The reflection coefficient r(w) can be obtained by transforming to the Fourier domain

rRWA(ω) = −ω − ω0 − iK/2
ω − ω0 + iK/2

(1.19)

To describe amplifiers with more than one circuit mode and transmission line, the Quan-

tum Langevin Equation can be expanded to the multi-mode, multi-port form:

d

dt
aM =

i

h̄
[H, aM ] +

∑
[−KMP

2
aM + ξMP

√
KMPa

in
P (t)] (1.20)

And the Input-Output Equation can be similarly expanded:

aM =
∑ 1√

KMP

[ξMPa
in
M(t) + ξ−1

MPa
out
p (t)] (1.21)

Both of these equations can be used to described the characteristics of quantum parametric

amplifiers, such as the circuit Hamiltonian and the coupling parameters of the amplifier.

1.8 Simple parametric amplifier

Figure 1.5: Parametric amplifier consisting of one Josepshon junction [20]

The simplest Josephson parametric amplifier consists of one JJ in parallel with a capacitor

connected to a transmission line. The schematic for this circuit is shown in Figure 1.5. The

Hamiltonian for this system is [20]:

H = Hcirc −
h̄

2e
ϕ ∗ I +Henv (1.22)
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Hcirc = −Ejcosϕ+
Q2

2C∑ (1.23)

where Ej = ( h̄
2e

)2/Lj is the Josephson energy, C∑ = Cj +Cext is the total capacitance in

parallel with the JJ, ϕ is the gauge-invariant phase difference across the junction, Q is the charge

conjugate to the phase [ϕ,Q] = 2ei, Henv is the Hamiltonian of the transmission line, and I is

the current operator. The amplifier functions with ϕ having excursions less than π/2 and the

cosine function can be expanded to the 4th order only. The Quantum Langevin Equation can

be applied to this system to get the equation

d

dt
a = −i(ωa + a∗a)a− K

2
a+
√
Kain(t) (1.24)

where ωa >> Ka >> K.

The signal and pump tones are on the same input/output line. For these equations, the

pump tone can be described as an intense drive tone in a propagating coherent state with am-

plitude ain and frequency Ω. Thus, we can incorporate the pump tone into these equations by

the change of the variable

ain(t) = αine
−iΩt + δain(t) (1.25)

a(t) = αe−iΩt + δa(t) (1.26)

This equation can then be substituted into Equation 1.1 in order to get the algebraic equa-

tion for α in the steady state:

dα

dt
− iΩα = −iωaα− iK|α|2α−

Ka

s
α +

√
Kaαin (1.27)

α +
i
√
Kaα

in

(Ω− ωa) + iKa

2
−K|α|2

(1.28)
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This equation for α leads to the effective Hamilton for the degenerate, one-JJ parametric

amplifier:

H

h̄
= ωaδa

∗δa+ [gaae
i(Ωaat+θ)(δa)2 + h.c.] (1.29)

where

ωa = ωa + 2K|α|2 (1.30)

gaae
iθ = Ka

∗2 (1.31)

Ωaa = 2Ω (1.32)

While this parametric amplifier is easy to design and implement, it comes with more limi-

tations than other types of parametric amplifiers. The center frequency of the amplifier band is

dependent on the pump tone’s amplitude, and the pump tone must be at the center of the band

in order to get the best possible amplification.

As stated earlier, another downside is the the signal and pump tones are input into the

circuit via the same port, which can be harmful since the amplitude of the pump is much higher

than the amplitude of the signal. This amplifier requires a circulator to separate the incident

and reflected waves.

1.9 Flux-driven parametric amplifier using a DC SQUID

A DC SQUID consists of two JJs embedded in a superconducting loop. the SQUID is

sensitive to external flux, and the pump can be inductively coupled to the SQUID to modulate

the flux in the loop. A schematic of this circuit is shown in Figure 1.6 The inductance of the

SQUID can then be modulated at the pump’s frequency. This SQUID is connected at the end

of a transmission line. The Josephson inductance of the SQUID can be described as [20]:

12



Figure 1.6: Parametric amplifier consisting of a DC SQUID coupled to the pump line [20]

LJ
SQUID =

Lj

cos|π φext
φ0
|

(1.33)

where φ0 = h/2e is the flux quantum and Lj/2 is the Josephson inductance of each

junction. If

φext =
φ0

4
[1 + ξcos(Ωt)] (1.34)

with Ω close to the resonant frequency of the SQUID and ξ << 1, the parametrically

driven harmonic oscillator can be implemented with the relative frequency modulation param-

eter µτ = πξ/4. A drive current

ID(t) = ID
RF cos(Ωt) (1.35)

through the pump line, which is inductively coupled with the DC SQUID produces the

modulation.

The Hamiltonian for this degenerate amplifier is given by:

H

h̄
= ωaa

∗a+ [gaae
iΩaata2 + h.c.] (1.36)

where

Ωaa = Ω (1.37)
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gaa = µτω0/4 (1.38)

This flux-driven DC SQUID parametric amplifier acts as a three-wave mixer, where the

pump frequency must be near twice the frequency of the signal tone. The latter must also be

near the resonant frequency of the resonator with the DC SQUID. Three-wave mixers like these

make it easier to decouple the pump and amplified signal tone because their frequencies are far

apart.

1.10 Josephson parametric converter

Figure 1.7: Schematic of a Josephson parametric converter [20]

The Josephson parametric converter behaves similarly to a Josephson parametric amplifier.

It is a three-mode, three-port system where the signal, idler, and pump tones are all on seperate

ports. It acts as a three-wave mixer, and uses a Josephson ring modulator, consisting of four

JJs, as the nonlinear element that couples three microwave standing resonators. A schematic

for this circuit is shown in Figure 1.7. This system behaves as a non-degenerate parametric

amplifier, and is described by the Hamiltonian [20]:

H

h̄
= ωaa

∗a+ ω∗b b+ ωcc
∗c+ g3(a+ a∗)(b+ b∗)(c+ c∗) (1.39)
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together with their port couplings Ka, Kb, and Kc. The frequency scales are such that

ωc >> ωb > ωa > Kc >> Ka ' Kb >> g3 (1.40)

This trilinear coupling term is treated as a perturbation, and unlike the Kerr nonlinearity

does not offset the frequency of the quadratic terms at the lowest order. In this Hamiltonian,

terms of higher order are neglected to ensure that the system remains stable under large am-

plitudes. While this system is not simulated in this thesis, it is briefly discussed in Chapter

4.

1.11 Traveling-wave parametric amplifier

Figure 1.8: Schematic of traveling-wave parametric amplifier [21]

In a traveling-wave parametric amplifier, the signal and idler originally act as uncoupled

harmonic oscillators. These modes are then coupled via a parameter that oscillates harmoni-

cally at a frequency equal to the sum of the two modes’ frequencies [21]–[23]. An example of

such an amplifier is shown in Figure 1.8.

If the externally applied pump mode’s frequency is equal to the sum of two resonant signal

and idler modes, the latter two modes are forced into a closely coupled oscillation. The signal

and idler modes become more amplified the further along they are in the circuit. The gain is
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periodic and has a maximum limit, and the gain of the signal is greater than the gain of the

idler.

It is usually preferable for the phase mismatch of the pump and signal to be lower than the

modulation depth of the nonlinear parameter, as the signal gain increases exponentially with

respect to circuit distance. The mismatch should be as close to the modulation depth as possible

to achieve the highest gain. If there is no mismatch, i.e. the pump’s phase constant is equal to

the sum of the signal and idler’s phase constants, the input signal is amplified in the form of a

growing wave.

1.11.1 Four-wave mixing

As stated earlier, a Josephson junction can provide the nonlinearity need for wave-mixing

and parametric amplification. One such amplifier uses a design based on a nonlinear transmis-

sion line containing capacitively shunted Josephson junctions [21]. Each “node” in this circuit

consists of one capacitively shunted Josephson junction and its respective coupling capacitor.

The current conservation in each node is given by:

In = I(Cj),n + IL,n (1.41)

The Josephson current is given by:

IL,n = IJ sin[
Φn

ϕ0

] (1.42)

Where Ij is the critical current and ϕ0 = Φ0/(2π) is the reduced flux quantum. The

signal gain is increased as the length of the circuit, i.e the number of nodes, is increased. This

four-wave mixing method requires a large pump tone, and it is more difficult to separate the

amplified signal from the pump tone.

Since the pump is so strong, the phase velocities are modified through self and cross-phase

modulation, creating a phase mismatch and preventing exponential gain. As such, the four-

wave mixing regime is generally less desired than the three-wave mixing regime. However,
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the four-wave mixing regime is easier to implement as it does not require any biasing for its

SQUIDs.

For three-wave mixing, the bias flux must be specifically designed such that ϕdc = (n +

1/2)π, which usually necessitates a fine level of precision according to the Josepshon junction

characteristics and the circuit parameters.

1.11.2 Three-wave mixing

As stated before, the JTWPA consists of a serial array of one-junction rf SQUIDs embed-

ded in a superconducting transmission line. By applying an external magnetic flux to these

SQUIDs, one can control the shape of their current-phase relation. This dc flux bias can be set

such that the amplifier operates in the three-wave mixing mode with minimal phase mismatch

[24]. An example of this amplifier is shown in Figure 1.9. The pump frequency is shifted away

from the signal and can be efficiently filtered out from the amplified signal.

The current-phase relation of a rf SQUID is given by the formula:

I(ϕ) = Ic[
ϕ

βL
− sin(ϕdc + ϕ)− sin(ϕdc)] (1.43)

The current is described by the formula:

I(ϕ) = Ic[
ϕ

βL
− sin(ϕdc)(

ϕ2

2
) + cos(ϕdc)(ϕ−

ϕ3

6
)] (1.44)

Figure 1.9: Schematic of traveling-wave parametric amplifier for the three-wave regime [24]
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When there is no bias, i.e. ϕdc = 0, nπ, Equation 1.14 is centrosymmetric and the ampli-

fier operates in the four-wave regime. With the external dc flux bias, Equation 1.14 becomes

noncentrosymmetric.

If the bias is set such that ϕdc = (n + 1/2)π, the cubic term vanishes and the ampli-

fier operates in the three-wave regime. This introduces quadratic nonlinearity along with the

conventional Kerr nonlinearity of a thin superconducting line and provides the asymmetry nec-

essary for three-wave mixing.

These amplifiers can achieve signal gains of over 20dB with fewer circuit nodes than the

number needed for four-wave regime traveling wave amplifiers. Three-wave amplifiers can also

achieve gain over a wider bandwidth of over 5 GHz. The three-wave regime has an inherently

stronger quadratic interaction as opposed to the higher-order cubic interaction in the four-wave

regime, and the former regime can be operated with less pumping power.

In both regimes, the nonlinearity is provides by the nonlinear inductance of the embedded

Josephson junctions. Similarly, the nonlinear capacitance of a QPSJ can provide the nonlinear-

ity for in LC-ladder based traveling wave parametric amplifiers.

1.12 SQUID-based parametric amplifier

Figure 1.10: Simple schematic of a DC SQUID [25]

Some quantum parametric amplifiers use a superconducting transmission-line resonator

terminated by a DC SQUID as opposed to the TWPA that combines the resonator and the
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Figure 1.11: Schematic of flux-driven parametric amplifier [11]

Josephson junctions [11], [26], [27]. A magnetic flux through the SQUID can modulate the

resonant frequency of the resonator as whole due to the nonlinear inductance of the Josephson

junctions.

Another difference is that the signal and the pump are applied to different ports. The signal

is input to the resonator, whereas the pump into a separate line that is inductively coupled to the

SQUID. A simple schematic of a DC SQUID is shown in Figure 1.10. The pump modulates

the magnetic flux through the SQUID, thus modulating the Josephson nonlinear inductance and

the resonant frequency of the resonator. A schematic of this flux-driven amplifier is shown in

Figure 1.11.

The initial resonant frequency is set by applying an additional DC flux to the SQUID. This

can been done by including an addition DC flux bias line inductively coupled to the SQUID, and

by capacitively coupling the pump and DC flux bias to the same induction line. The signal is

applied near the resonant frequency, and the pump is applied at double the resonant frequency.

In this type of amplifier, the resonant frequency is the parameter that amplifies the signal.

The resonant frequency is modulated periodically about its static dc flux bias value, and thus

the gain has a periodic dependence with a period of π. The amplified signal is reflected back to

its input port.
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Flux-driven JPAs are desirable because their band center (i.e. the resonant frequency) is

widely tunable [28]. JPAs generally have a small dynamic range, and the gain is saturated for

large input signals. This limits the amplification to signals which contain only a few photons

per bandwidth. Resonator-based parametric amplifiers work in a narrow band, so it is desirable

to match the band of amplification with the frequency of the input signal.

Another positive of these types of JPAs is that the pump and the signal is applied to differ-

ent ports, rather than sharing the same input port as in TWPAs [11]. This makes the separation

of the pump from the output signal much more straightforward.
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Chapter 2

Traveling-wave parametric amplifiers

Traveling-wave parametric amplifiers are designed as microwave transmission lines en-

abling the mixing of propagating microwaves via a nonlinear parameter, such as the resonator’s

inductance or capacitance. The TWPAs shown here are based on LC-ladder transmission lines,

where the inductors are replaced by JJs or the capacitors are replaced by QPSJs. The pump and

signal are input in the same line, and the signal is amplified as it travels down the circuit. These

introduce the amplifiers’ nonlinearities via the Josephson current-phase relation or the quantum

phase-slip voltage-charge relation. JJ and QPSJ models are used in WRspice to simulate the

behavior of these TWPAs [28].

2.1 Current JJ-based traveling-wave parametric amplifiers

Josephson traveling-wave parametric amplifiers are among the most widespread in the

field [19]. They are commonly implemented as four-wave mixers, where there is no DC current

bias. However, these parametric amplifiers can be operated as three-wave mixers by finding the

appropriate DC bias point, usually done with a DC flux bias line.

Traveling-wave parametric amplifiers do not have a fundamental gain-bandwidth con-

straint. However, in real use the operating bandwidth is limited by dispersion due to the non-

linearity of the JJs [29]. This imposes a stricter constraint on the signal, idler, and pump wave

vectors and the self and cross-phase modulation that arises from the Josephson nonlinear mode

coupling terms.

One research group has successfully demonstrated a strategy to compensate for this dis-

persion problem by periodically loading the transmission line with compact lumped-element
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Figure 2.1: Band structure of resonantly phase matched and periodically loaded TWPAs. The
parametric amplifier without a resonant element [(a), black only], with a resonant element [(a),
black and red], and with periodic loading (b): every 37th unit cell has a slightly different capac-
itance and inductance (green). (c) The wave vector as a function of frequency for the TWPA
(black dashed line), RPM TWPA (red line), and TWPA with periodic loading (green lines). The
yellow shaded region indicates the photonic band gap due to the periodic loading. The main
difference between the photonic band gap and the resonator is the edge of the Brillouin zone.
[11]

resonators [11]. A graphic of this circuit is shown in Figure 2.1. These devices have several

gigahertz of usable bandwidth, and can handle input signal powers of about -100 dBm.

2.2 Directionality

Traveling-wave parametric amplifiers are inherently directional [19]. They produce gain

in the direction in which the pump wave is propagating. In the opposite direction, an ideal

traveling-wave parametric amplifier has unity transmission. However, in real use there is some

finite attenuation due primarily to dielectric losses overlap capacitors. This means that, in

principle, intervening circulators or isolators are not strictly necessary, although a directional

coupler is needed at the input to inject high-power pumps into the input port.

22



In simulations of the traveling-wave parametric amplifier, the measured gain of the signal

tone can be different depending on where in the amplifier the output signal is analyzed. In this

thesis, the output signal is taken at the 100th to last node in the circuit.

2.3 JJ-based traveling-wave parametric amplifier

Figure 2.2: Circuit schematic showing three cells of an N-cell array of RF SQUIDs imple-
mented in a microwave transmission line design. The dotted line highlights one of the repeating
cell nodes [11]

The Josephson traveling-wave parametric amplifier is designed as a nonlinear transmission

line [11]. It has an LC-ladder structure, where the inductors are replaced with JJs. The nonlinear

inductance of the JJs is what allows for the wave-mixing of the pump and signal tones and

parametric amplification of the signal tone.

A DC bias can also be applied to the JJs to control whether the JTWPA acts in the four-

wave mixing or three-wave mixing regime. This can take the form of an additional DC current

input into the JJ, or by applying an external magnetic field to the JJs. An example of a JTWPA

is shown in Figure 2.2.

2.3.1 Simulation circuit design

Due to the high number of repeating nodes in the circuit, a Python program is used to create

the circuit files. Each node consists of a JJ, a parallel inductor, and a capacitor connected to

ground each side. Each node also has its own DC bias line, which is coupled to the JJs’ parallel

inductor. The bias current is the same across all nodes. The pump and the signal are input into

the circuit via the same current source. The circuit is terminated by a 50Ω impedance. Unless
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Figure 2.3: JTWPA circuit, adapted from [11]

otherwise stated, the DC flux bias is 14µA and the JJ critical current is 5µA. An example of a

circuit node is shown in Figure 2.3. All simulations shown in this thesis were done in WRspice

[30].

The output of the circuit can be taken at any node in the nonlinear transmission line, but

in most of these simulations the output is taken at the hundredth to last node in order to get the

highest possible gain.

2.4 Simulation results

The output was taken all nodes of a 500 node JTWPA. The results are shown in Figure

2.4. The signal tone was input at 0.1 µA at 7.2 GHz and the pump tone was input at 1.97µA

at 12 GHz. The idler tone is 4.8GHz, the signal tone is 7.2 GHz, and the pump tone is 12GHz.

Note that in a TWPA the signal and pump are input along the same line, and thus the wave-

form here is bigger than the signal tone (0.1µA signal amplitude and 1.97µA amplitude). The

simulation shows amplification of the signal tone and the creation of an idler tone at 4.8 GHz,

demonstrating three-wave mixing.

2.4.1 Circuit length

For the JTWPA, the gain of the signal tone generally increases as the length (i.e. the

number of nodes) increases. The node count was increased from 500 to 600 in WRspice. The
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Figure 2.4: Top: JTWPA spectrum output. The signal tone is input at 0.1 µA at 7.2 GHz and the
pump tone is input at 1.97µA at 12 GHz. The idler tone is 4.8GHz, the signal tone is 7.2 GHz,
and the pump tone is 12GHz. These results demonstrate three-wave mixing, as fp = fs + fi.
Bottom: 3D plot of JTWPA spectrum output.
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Figure 2.5: JTWPA current output vs. node count

signal tone was input at 0.1 µA at 7.2 GHz and the pump tone was input at 1.97µA at 12

GHz. For each simulation run, the current output at the 100th to last node was recorded, and

the signal tone’s amplitude was subsequently found via a Fourier transform. The results are

shown in Figure 2.5. The results showed several spikes in the signal tone’s gain, and produced

deamplification of the signal tone at around lengths 520-530, 536-538, and 548-552. A JTWPA

with a high node count can produce large gain in the signal tone, but also leads to more layout

and fabrication concerns.

2.4.2 Bias current

The rest of the JTWPA simulations were done with a 500-node circuit, and the current

output at the 100th to last node was analyzed. The signal tone was input at 0.1 µA at 7.2 GHz

and the pump tone was input at 1.97µA at 12 GHz. For each node in the circuit, a corresponding

flux-bias was coupled with the JJ. To simulate this coupling, an inductor was included in series

to the bias current and parallel to the JJ. The bias current was swept from 0 to 25µA, and a
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Figure 2.6: JTWPA current output vs. DC bias current

Fourier transform was performed on the output current to get the signal tone’s amplitude. The

results are shown in Figure 2.6. The results demonstrate how important this bias current is to

the JTWPA, as the signal’s gain is very sensitive to small differences in the bias current. The

bias current is crucial to whether the amplifier operates in the three-wave or four-wave regime.

2.4.3 Critical current

The critical current of all JJs in the circuit was swept from 0 to 20µA. The signal tone was

input at 0.1 µA at 7.2 GHz and the pump tone was input at 1.97µA at 12 GHz. The results are

shown in Figure 2.7. At values below around 0.5µA, the critical current was found to be too

low for the circuit to operate properly, as the simulations gave illegible results. As, such data

in this range is not shown in the result plot. Past the value, we started seeing many amplitude

peaks and dips. The critical current has a similar effect on the JTWPA as the bias current, as

both affect the centrosymmetry of the circuit and determine whether the amplifier is undergoing

three-wave or four-wave mixing.
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Figure 2.7: JTWPA current output vs. JJ critical current.

2.5 QPSJ-based traveling-wave parametric amplifier

The QPSJ-based TWPA’s structure is similar to the JTWPA. It has an LC-ladder structure,

but the capacitors are replaced with QPJS instead of replacing the inductors with JJs. Since the

voltage-charge relation of the QPSJ is the dual to the current-phase relation of the JJ, the QPSJ

has a similar nonlinear affect on the transmission line. The nonlinear capacitance of the QPSJs

is what causes the wave-mixing of the pump and signal tones and parametric amplification of

the signal tone. Whereas the JJs in the JTWPA are biased by an external flux, these QPSJs are

bias by connecting an additional DC voltage source to each. This bias voltage is used to control

whether the amplifier operates in the four-wave or three-wave mixing regime.

2.5.1 Simulation circuit design

A similar Python program used to produce the JTWPA circuit file is used for the QPSJ-

based TWPA [15]. Each node consists of a center inductor, with two QPSJs on each side
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Figure 2.8: QPSJ-based TWPA circuit

connected to ground. If the bias voltage is being tested, a DC voltage source is added between

each QPSJ and ground. An schematic of a QPSJ-based TWPA node is shown in Figure 2.8.

The pump and the signal are input into the circuit via the same voltage source, and the

circuit is terminated by a 50Ω impedance. Unless otherwise stated, the critical voltage of each

QPSJ is 10µV and the bias voltage is set to 0V. As with the JTWPA simulations, the voltage

output is taken at the hundredth to last node in order to get the highest possible gain.

2.6 Simulation results

The output here was taken at all nodes of a 500 node QPSJ-based TWPA. The signal tone

was input at 0.1 µV at 7.2 GHz and the pump tone was input at 1.97µV at 12 GHz. Just like

the JTWPA, with a TWPA the signal and pump are input along the same line, and thus the

waveform here is bigger than the signal tone (0.1µV signal amplitude and 1.97µV amplitude).

The results are shown in Figure 2.9. The simulation shows amplification of the signal tone and

the creation of an idler tone at 16.8 GHz, demonstrating four-wave mixing.

2.6.1 Circuit length

The circuit length should have the same effect on the QPSJ-based TWPA as it does for the

JTWPA. For the QPSJ-based TWPA, the gain of the signal tone increases as the length (i.e. the

number of nodes) increases.
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Figure 2.9: Top: QPSJ-based TWPA spectrum output. The signal tone was input at 0.1 µV
at 7.2 GHz and the pump tone was input at 1.97µV at 12 GHz. The idler tone is 16.8GHz,
the signal tone is 7.2 GHz, and the pump tone is 12GHz. These results demonstrate four-wave
mixing, as 2fp = fs + fi. Bottom: 3D plot of QPSJ-based TWPA spectrum output.
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Figure 2.10: QPSJ-based TWPA voltage output vs. node count

The node count was increased from 500 to 600 in WRspice. For each simulation run,

the voltage output at the 100th to last node was recorded, and the signal tone’s amplitude was

subsequently found via a Fourier transform. The signal tone was input at 0.1 µV at 7.2 GHz

and the pump tone was input at 1.97µV at 12 GHz. The results are shown in Figure 2.10. The

signal tone’s gain increased from 500 to about 515, but afterwards it decreases until about 580

nodes.

2.6.2 Bias voltage

The rest of the QPSJ-based TWPA simulations were done with a 500-node circuit, and

the voltage output at the 100th to last node was analyzed. For each QPSJ in the circuit, a DC

voltage source was included between the QPSJ and ground.

Each of these DC voltage sources was swept from 0 to 5µV, and a Fourier transform was

performed on the output voltage to get the signal tone’s amplitude. The signal tone was input at

0.1 µV at 7.2 GHz and the pump tone was input at 1.97 µV at 12 GHz. The results are shown
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Figure 2.11: QPSJ-based TWPA voltage output vs. DC bias voltage

in Figure 2.11. The gain of the signal tone slightly increases with increasing bias voltage, but

sharply drops off at around 3.5 µV. Voltages 3.5 µV and below are small compared to the 10

µV QPSJ critical voltages, and thus are not as influential on the signal gain. If the bias is

too high, then the voltage across the QPSJ could fluctuate below the critical voltage and cause

deamplification of the signal.

2.6.3 Critical voltage

The critical voltage of all QPSJs in the circuit was swept from 0 to 20µV. The results are

shown in Figure 2.12. The signal tone was input at 0.1 µV at 7.2 GHz and the pump tone was

input at 1.97µV at 12 GHz. At values below about 3µV, the critical voltage was found to be

too low for the circuit to operate properly, as the simulations gave illegible results. Past the

value, the QPSJ-based TWPA behaves somewhat similarly to the JTWPA, as the signal gain

has multiple peaks and dips. However, the QPSJ variant is not as sensitive to changes in the

critical voltage as the JTWPA is to changes in the critical current.
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Figure 2.12: QPSJ-based TWPA voltage output vs. QPSJ critical voltage
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Chapter 3

Lumped-element parametric amplifier

These parametric amplifiers include a controllable, nonlinear element at the end of a res-

onator. Unlike the TWPAs, where the pump and signal tones are at the same input, they are on

separate inputs. The signal current is input into the resonator, and the pump current modulates

the nonlinear termination element. The resonant frequency is thus modulated along with the

nonlinear element, which leads to the parametric amplification of the signal tone. The amplified

signal tone is reflected back along the resonator [8].

Whereas the TWPAs’ output can be taken at a desired node in the transmission line, the

incident and reflected signal tones in these amplifiers must be separated. These amplifiers are

highly dependent on the relative phase between the pump and the signal, and generally have

higher gain bandwidths than their TWPA counterparts.

3.1 Phase dependency

Flux-driven parametric amplifiers are degenerate parametric amplifiers which amplify one

of the two quadratures of a signal with quantum-limited noise.

These amplifiers consist of a superconducting transmission-line resonator terminated by

a DC SQUID. The transmission-line resonator is defined by its coupling capacitance CC . The

magnetic flux φ penetrating the SQUID loop changes the boundary condition of the resonator

at the right end, which enables control of the resonant frequency.

One research group created an amplifier has a maximum amplification of 17 dB and a

noise temperature of less than 0.87 K [21]. One important feature of this amplifier is that its
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Figure 3.1: (a) Sideband peak of the signal tone, located at 10.78 GHz + 10 kHz (signal tone
frequency + modulation). The solid curve is a spectrum when the pump is on, while the dashed
curve is a spectrum when the pump is off. (b) Gain as a function of the carrier phase of the
signal [21]
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gain is highly dependent on the phase difference between the signal and pump tones. This is

shown in Figure 3.1.

The results shown in 3.1 from the group defines the gain as the difference between the

two sideband peak values. The gain shows a periodic dependence (π) on the carrier phase of

the signal relative to the pump phase. The phase differences between the two nodes can decide

whether the circuit is in the amplification or deamplification mode.

3.2 JJ-based flux-driven parametric amplifiers

Isignal 16fF
0.4264nH

0.4pF

Ipump

5pH

Figure 3.2: Flux-driven JPA, adapted from [21]. The critical current Icrit of each Josephson
junction in the SQUID is 1.5µA.

The flux-driven parametric amplifier has a superconducting nonlinear transmission-line

resonator terminated by a SQUID. The SQUID consists of two JJs in parallel, and the flux

through this SQUID is controlled by an externally coupled pump line. The resonant frequency

can also be controlled by an external DC flux bias line, which can be used to control the initial

resonant frequency. A schematic of this circuit is shown in Figure 3.2.

The resonator is capacitively coupled to the signal tone’s input, and the input signal’s

frequency is very slightly modulated away from the resonant frequency. The amplifier can be

operated in the three-wave by applying a pump tone that is double the frequency of the signal

tone.
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Figure 3.3: Schematic of the Simulink setup using IQ demodulation to separate the incident
and reflected waves

3.2.1 Simulation circuit design

For the purposes of simplicity and efficiency, the LC-ladder resonator is shortened to just

one capacitor and inductor. A coupling capacitor connects the amplifier and the signal input.

The signal tone is first input through a 50Ω impedance transmission line. To simulate

the SQUID loop inductance, two additional inductors are included, one before each JJ in the

SQUID. Each of these inductors is half the total loop inductance. These loop inductors allow

for the simulation of the SQUID’s flux control by coupling each inductor to the inductors on

the pump and flux bias lines.

In real use, a circulator is used to separate the incident signal from the reflected signal.

However, for these simulations the waves are separated using IQ demodulation [31].

3.2.2 Separation of incident and reflected waves

The output of this simulation is taken at the the node between the input transmission

line and the amplifier’s coupling capacitor. The transmission line is modeled in WRspice as

a lossless line with a characteristic impedance of 50Ω. This is included to help provide a

decipherable result in the simulations, as the amplifier’s output would just give the input voltage

source’s waveform otherwise.

Since the output node gives both the incident input signal and amplified reflected signal,

IQ demodulation is used in Simulink to extract the reflected signal and calculate the gain [31].

A block diagram of the Simulink model is shown in Figure 3.3. IQ demodulation is performed

on the original output, with the input signal’s frequency used as the local oscillator. The I
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waveform is taken taken through a low-pass filter; the resultant waveform is then compared

against the original input waveform in order to determine the amplifier gain.

3.2.3 Simulation results
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Figure 3.4: Top: Plot of the Fourier transform of the flux-driven JPA input. Peak 1 is located
at 10.77 GHz + 10KHz, and has a magnitude of 0.25 µA. Bottom: Plot of the Fourier trans-
form of the QPSJ-based lumped-element parametric amplifier output. Peak 1 is located at 7.86
GHz, and has a magnitude of 0.904 µA. Peak 2 is located at 10.77 GHz + 10KHz, and has a
magnitude of 0.455 µA.
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Figure 3.5: Input and output wave-forms for the flux-driven JPA. The top plot shows the input
incident signal, and the bottom plot shows the output reflected signal.

Figures 3.4 and 3.5 shows the simulation results of the flux-driven amplifier. The plot

shows the reflected, amplified signal wave against the input, incident signal wave. The input

amplitude is 0.1µA and the pump amplitude is 2µA. While the reflected wave has a higher

amplitude than the input, the waveform is not as clean as expected. Preferably, the amplitude

of the reflected wave should be as constant as the incident wave. We plan to look into this issue

further by investigating the noise response of the circuit and refining our IQ demodulation

process.

3.3 QPSJ-based lumped-element parametric amplifier

A QPSJ-based dual to the SQUID can be made by including two series QPSJs, with a

ground capacitor acting as a charge island between them.

This amplifier has a superconducting nonlinear transmission-line resonator terminated by

the QPSJs. The pump line is coupled to the amplifier by including a coupling capacitor between

the QPSJs. This amplifier does not yet have a dual to the DC flux bias.
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The resonator itself is capacitively coupled to the signal tone’s input, and the input signal’s

frequency is very slightly modulated away from the resonant frequency. The amplifier can be

operated in the three-wave by applying a pump tone that is double the frequency of the signal

tone.

3.3.1 Simulation circuit design

Vsignal 16fF 0.023795pF

0.4264nH Vpump5pF2e/2Vcrit

Figure 3.6: QPSJ-driven lumped-element parametric amplifier. The critical voltage Vcrit of
each QPSJ is 1.5µV .

As with the flux-driven parametric amplifier, the LC-ladder resonator is shortened to just

one capacitor and inductor. A coupling capacitor connects the amplifier and the signal input.

The signal tone is first input through a 50Ω impedance transmission line.

In addition to the resonator’s capacitor, the QPSJs are included in series with the capac-

itor. In real use, a circulator is used to separate the incident signal from the reflected signal.

However, for these simulations the waves are separated using IQ demodulation.

In the flux-driven amplifier, the pump line is coupled to the nonlinear element by induction.

This is because JJs are current-based and the pump line can apply an external magnetic field

and generate current via the SQUID’s loop inductance. Since this circuit is voltage-based and

uses QPSJs, we instead couple the pump line to the nonlinear element with a capacitor. The
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pump line can then supply voltage to modulate the charge between the QPSJs. A schematic of

this circuit is shown in Figure 3.6.

3.3.2 Simulation results
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Figure 3.7: Top: Plot of the Fourier transform of the QPSJ-based lumped-element parametric
amplifier input. Peak 1 is located at 10.77 GHz + 10KHz, and has a magnitude of 0.25 µV .
Bottom: Plot of the Fourier transform of the QPSJ-based lumped-element parametric amplifier
output. Peak 1 is located at 7.86 GHz, and has a magnitude of 0.111 µV . Peak 2 is located at
10.77 GHz + 10KHz, and has a magnitude of 0.0526 µV .
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Figure 3.8: Input and output wave-forms for the QPSJ-based lumped-element parametric am-
plifier. The top plot shows the input incident signal, and the bottom plot shows the output
reflected signal.

Figures 3.7 and 3.8 shows the simulation results of the QPSJ-based amplifier. The input

amplitude is 0.1µV and the pump amplitude is 2µV . The results here are very similar to the

flux-driven amplifier results. The reflected wave has a better amplitude than the input, but the

waveform shows some noise and is not as clean as we would expect. The amplitude of the

reflected wave should be as constant as the incident wave. As with the flux-driven amplifier,

we plan to look into this issue further by investigating the noise response of the circuit and

refining our IQ demodulation process.
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Chapter 4

Conclusion and future work

While we have made progress in the simulation of quantum parametric amplifiers, there is

still a lot of work left that needs to be done. While many of the experiments shown were work-

ing towards optimizing the gain of our parametric amplifiers, we still have to further analyze

some of the results of our simulation to further understand our circuits, particularly the biasing

of our JJs and QPSJs. We also plan to further explore our lumped-element parametric ampli-

fiers, and try to get cleaner output signals from our simulations. One thing we will try is to

make a SPICE implementation of a JJ or QPSJ-based circulator based on the circuit schematics

in the literature [32]. These schematics are shown in Figure 4.1.

The types of quantum parametric amplifiers shown here are only a sample of those de-

veloped in the field, and we will attempt to simulate these as well, especially the Josephson

parametric converter and parametric amplifiers which use a Josephson ring modulator [32]. An

example of a Josephson ring modulator is shown in Figure 4.2. We also would like to simulate

amplifiers with multiple resonators [33]. The structure of such a circuit shown in Figure 4.3.

We believe we should be able to capture gain in the latter’s simulations as their general layout

is similar to the traveling-wave and lumped-element amplifiers.

One long-term goal in regards to simulating quantum circuits is to capture their photonic

behavior. The simulations shown here only capture the nonlinear behavior of our devices.

Quantum logic circuits have been simulated in WRspice before, and we may be able to incor-

porate the latter designs into the traveling-wave parametric amplifiers to capture more complex

behavior.
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Figure 4.1: Left: QPS implementation of the circulator using flux tunneling and capacitance
bias. Center: Schematic representation of the circulator, consisting of three ports connected via
coupling elements to the numbered nodes of the ring to the coordinate nj associated with node
j. A central ring bias X is conjugate to nj . Right: JJ implementation of the circulator relying
on charge tunneling and inductive bias.[32]

Figure 4.2: (a) Linear inductor with inductance L, capacitor with capacitance C, and a Joseph-
son junction with critical current ic. (b) Circuit model for a linear inductance shunted Josephson
ring modulator (JRM), shaded in red. The linear inductance shunted JRM is connected with
the capacitors and the input-output ports. (c) Normal modes of the JRM [34]

We also want to incorporate these simulations into other work in our research group as

well. One big advantage of WRspice is that it has a well-defined JJ model that can accept many

different parameters, including its shunt capacitance and resistance. Our group is currently

undergoing multiple JJ fabrication process, and once we get some usable junctions, we can then

characterize them. We can take this information and put it into WRspice to get simulations that
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are closer to our actual JJs, and get quantum parametric amplifier simulations that are more

accurate to our actual devices. We are also currently trying to fabricate QPSJs, though this is

farther off than our JJs processes.

Figure 4.3: (a) Device micrograph with the series λ/4 transformer with impedance Zλ/4 =
45Ω (red), a λ/2 transformer with impedance Zλ/2 = 80Ω (green), and a via-free parallel
plate capacitor (purple). (b) Circuit representation of the device. (c) Higher-magnification
micrograph of the JPA SQUID (blue) and its associated flux line [33]

The simulation results shown in this thesis show that we have simulated signal gain and

frequency mixing in multiple quantum parametric amplifiers. We’ve simulated the JTWPA and

flux-driven JPA behavior in WRspice, and analyzed the effect of certain circuit parameters on

the signal tone gain. We’ve also developed and simulated QPJS-based version of these param-

eters and demonstrated their use in WRspice. As parametric amplifiers continue to be a crucial

part of multiple field, it is important to be able to accurately simulate these circuits. These

simulation methods will continue to be developed, leading to better accuracy and complexity.
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Appendix A

Simulation programs

A.1 JTWPA Python code

import sys

import os

import numpy as np

int2 = 2

int125002 = 125002

int555555 = 555555

int1 = 1

int5001 = 5001

i = 0

x = 0

biasA = 0.1

fftinput = []

signal = 0.001

induc = 0

icrit = 0.1

length = 500

while length < 601:

outfile = open("/home/kmk0046/run5.cir", "w")
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outfile.write("*jj bias sweep\n")

outfile.write(".model jj0 jj(rtype=0, icrit=5uA, cap

↪→ =60.0000fF)\n")

outfile.write("Iin 1 0 (sin(0 1.97uA 12.0000GHz 9ns 0 0) +

↪→ sin(0 0.1uA 7.2000GHz 9ns 0 0))\n")

while i < length:

line1 = "Idc" + str(int2) + " 0 " + str(int125002) + "

↪→ pwl(0 0uA 5ns 14.0680uA)\n"

line2 = "Lflux" + str(int2) + " " + str(int125002) + " 0

↪→ 57.0000pH\n"

line5 = "Lg" + str(int2) + " " + str(int1) + " " + str(

↪→ int555555) + " 57pH\n"

line3 = "K" + str(int2) + " Lg" + str(int2) + " Lflux" +

↪→ str(int2) + " 1\n"

line8 = "Cg" + str(int2) + " " + str(int1) + " 0 50fF\n"

line6 = "B" + str(int2) + " " + str(int1) + " " + str(

↪→ int555555) + " " + str(int5001) + " jj0\n"

line10 = "Vout" + str(int1) + " " + str(int555555) + " "

↪→ + str(int2) + " DC 0\n"

line7 = "Cgg" + str(int2) + " " + str(int2) + " 0 50fF\n

↪→ "

# write to file

if i == 0:

outfile.write(line8)

i += 1

continue

outfile.write(line1)
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outfile.write(line2)

outfile.write(line5)

outfile.write(line3)

outfile.write(line6)

outfile.write(line10)

outfile.write(line7)

outfile.write("\n")

int2 += 1

int125002 += 1

int1 += 1

int5001 += 1

int555555 += 1

i += 1

int125002 = 125002

int5001 = 5001

i = 0

int555555 = 555555

outfile.write("Rtermend " + str(length) + " 0 50Ohm\n")

outfile.write(".control \n")

outfile.write("set maxdata = 2e9\n")

outfile.write("tran 1p 22.0000n 12n uic\n")

outfile.write("print /n i(Vout" + str(length - 100) + ") >

↪→ /home/kmk0046/outf5.txt\n")

int2 = 2

int1 = 1

outfile.write("set noaskquit\n")

outfile.write("quit\n")
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outfile.write(".endc\n")

outfile.close()

os.system("wrspice /home/kmk0046/run5.cir")

with open("/home/kmk0046/outf5.txt", "r") as f:

for line in f:

fftinput.append(float(line))

f.close()

fftresult = np.fft.fft(fftinput)

n = len(fftinput)

P2 = abs(fftresult/n)

P1 = P2[0:(n//2)+1]

P1[1:len(P1)-1] = 2 * P1[1:len(P1)-1]

freq = np.fft.rfftfreq(n, 0.000000000001)

result = open("/home/kmk0046/result5.txt", "a")

towrite = str(length) + " "

result.write(towrite)

for x in range(len(P1)):

result.write(str(P1[x]) + " ")

result.write("\n")

result.close()

length += 1

fftinput = []

A.2 QPSJ-based TWPA Python code

import sys
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import os

import numpy as np

int2 = 2

int125002 = 125002

int1 = 1

int5001 = 5001

i = 0

x = 0

biasV = 0.001

fftinput = []

signal = 0.001

induc = 0

vcrit = 0.001

length = 1

while length < 500:

outfile = open("/home/kmk0046/runx.cir", "w")

outfile.write("*bias\n")

outfile.write(".control\n")

outfile.write("devload /home/kmk0046/qps.so\n")

outfile.write(".endc\n")

outfile.write(".model qps p(level=2, vcrit=10u)\n")

outfile.write("Vin 1 0 (sin(0 1.97uV 12.0000GHz 9ns 0 0) +

↪→ sin(0 0.1uV 7.2000GHz 9ns 0 0))\n")

while i < 500:

line8 = "Pg" + str(int2) + " " + str(int1) + " " + str(

↪→ int5001) + " qps\n"
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line4 = "Vb" + str(int5001) + " " + str(int5001) + " 0

↪→ pwl(0 0uV 5ns 0uV)\n"

int5001 += 1

line5 = "Lg" + str(int2) + " " + str(int1) + " " + str(

↪→ int2) + " 57pH\n"

line7 = "Pgg" + str(int2) + " " + str(int2) + " " + str(

↪→ int5001) + " qps\n"

line9 = "Vbb" + str(int2) + " " + str(int5001) + " 0 pwl

↪→ (0 0uV 5ns 0uV)\n"

# write to file

if i == 0:

outfile.write(line8)

outfile.write(line4)

int5001 += 1

i += 1

continue

outfile.write(line5)

outfile.write(line7)

outfile.write(line9)

outfile.write("\n")

int2 += 1

int125002 += 1

int1 += 1

int5001 += 1

i += 1

int2 = 2
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int1 = 1

int5001 = 5001

i = 0

outfile.write("Rtermend 500 0 50Ohm\n")

outfile.write(".control \n")

outfile.write("set maxdata = 8e8\n")

outfile.write("tran 1p 22.0000n 12n uic\n")

outfile.write("print /n v(" + str(length) + ") > /home/

↪→ kmk0046/outf.txt\n")

outfile.write("set noaskquit\n")

outfile.write("quit\n")

outfile.write(".endc\n")

outfile.close()

os.system("wrspice /home/kmk0046/runx.cir")

with open("/home/kmk0046/outf.txt", "r") as f:

for line in f:

fftinput.append(float(line))

f.close()

fftresult = np.fft.fft(fftinput)

n = len(fftinput)

P2 = abs(fftresult/n)

P1 = P2[0:(n//2)+1]

P1[1:len(P1)-1] = 2 * P1[1:len(P1)-1]

freq = np.fft.rfftfreq(n, 0.000000000001)

result = open("/home/kmk0046/resultqpsjall.txt", "a")

towrite = str(length) + " "
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result.write(towrite)

for x in range(len(P1)):

result.write(str(P1[x]) + " ")

result.write("\n")

result.close()

length += 1

fftinput = []

A.3 Flux-driven JPA WRspice circuit file

*JPA flux

.model jj1 jj(rtype=1,icrit=1.5ua)

tSignal 23 0 24 0 z0=50 td=1ps

vPump 1 2 DC 0

vSignalin 3 23 DC 0

vSignalout 24 4 DC 0

iPumpin 0 1 sin(0 0.1uA 21.56Hz 0ns 0 0)

iSignal 0 3 sin(0 2uA 10.77001GHz 0ns 0 0)

cc 4 5 16fF

cr 5 0 0.4pF

lg 5 6 0.4264nH

ls1 6 7 17.5pH

ls2 6 8 17.5pH
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b1 7 0 jj1

b2 8 0 jj1

lp1 2 9 2.5pH

lp2 9 0 2.5pH

k1 ls1 lp1 1

k2 ls2 lp2 1

.control

tran 1p 10.0000n 0n uic

print /n v(3) v(24) > /home/u3/kmk0046/output.txt

.endc

A.4 QPSJ-based lumped-element parametric amplifier WRspice file

*QPSJ

.model qps p(level=2, vcrit=1.5uV)

tSignal 23 0 24 0 z0=50 td=1ps

vPump 1 2 DC 0

vSignalin 3 23 DC 0

vSignalout 24 4 DC 0

vPumpin 0 1 sin(0 0.1uV 21.56Hz 0ns 0 0)

vSignal 0 3 sin(0 2uV 10.77001GHz 0ns 0 0)

cc 4 5 16fF
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lg 5 0 0.4264nH

cr 5 6 0.023795pF

P1 6 7 qps

cg 7 0 1.0667e-13H

P2 7 0 qps

cpump 7 2 5pF

.control

tran 1p 10.0000n 0n uic

print /n v(3) v(24) > /home/u3/kmk0046/output.txt

.endc
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