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Abstract

This dissertation is devoted to the maximal L!-in-time regularity for a class of linear
parabolic systems with variable coefficients. This theory can be applied to investigate the
global-in-time well-posedness and stability issues for density-dependent viscous fluids, even
if the initial fluctuation of the density is large. The results in Chapter 3 and most of the results
in Chapter 4 have been addressed in the author’s papers [56] and [57], respectively.

The main result in Chapter 3 concerns the maximal L! regularity and asymptotic behavior
for solutions to the inhomogeneous incompressible Navier-Stokes equations under a scaling-
invariant smallness assumption on the initial velocity. We obtain a new global L!-in-time esti-
mate for the Lipschitz seminorm of the velocity field without any smallness assumption on the
fluctuation of the initial density. In the derivation of this estimate, we study the maximal L'
regularity for a linear Stokes system with variable coefficients. The analysis tools are a use of
the semigroup generated by a generalized Stokes operator to characterize some Besov norms
and a new gradient estimate for a class of second-order elliptic equations of divergence form.

In Chapter 4, we generalize the concrete maximal L' regularity result obtained in Chapter
3 and establish an abstract one for a class of Cauchy problems associated with composite oper-
ators. Then we apply this abstract theory to study maximal L' regularity for the Lamé system
with rough variable coefficients. To lower the regularity of the coefficients, we work in the L”
(in space) framework. For this, we use a classical method to establish Gaussian bounds of the
fundamental matrix of a generalized parabolic Lamé system with only bounded and measur-
able coefficients. As applications, we use a Lagrangian approach to study the global-in-time

well-posedness of systems of compressible flows.

il



Acknowledgments

I would first like to express my deepest gratitude to my advisor, Yongsheng Han, for
recommending me to study at Auburn University, and for his tremendous help before and after
I came to Auburn.

I am also indebted to my former advisor in China, Yongsheng Li, for his constant help and
support. I learned and benefited a lot by giving many talks in various seminars he hosted.

I would like to thank my dissertation committee members Narendra Govil, Dmitry Glo-
tov and Wenxian Shen, for their time and support. My special thanks go to Dr. Govil for
his kindness and patience, and for sharing with me many well-known as well as little-known
motivational stories of Ramanujan.

I want to thank all my friends in the academic community. I thank my friend and collabora-
tor, Xiaoping Zhai, for his caring about my life and many stimulus discussions in mathematics.
I would particularly like to single out my friend and classmate, Yang L.ong, whose unfailing en-
thusiasm and enlightening conversation have inspired me continuously. I am deeply impressed
by his wisdom, knowledge and humility.

I am also very grateful to Mr. and Mrs. Tom Williams for treating me like family. Their
constant help and support made my life in Auburn happy and enjoyable.

Finally, I want to dedicate this dissertation to my wife, Lifang Ivy Xu, and my parents. I
could not have completed this dissertation without their understanding, help and support. Ivy’s
support, encouragement and constant love have sustained me throughout my years of graduate

study at Auburn University.

iii



Contents

Abstract . . . . .. e e i
Acknowledgments . . . . . . .. L ii
I Introduction . . . . . . . . . . e 1
1.1 Background and motivation . . . . . . . . ... Lo 1

1.2 Notations . . . . . . . . oot e e e e 5

2 Preliminaries . . . . . . ... L e 7
2.1  Semigroups and abstract Cauchy problem . . . . . . .. ... .. ... .... 7
2.2 Elliptic operators of divergence form . . . . . . . .. .. ... ... ... 9

2.3 Homogeneous Besovspaces . . . .. ... ... .. ... ... ... ..., 11
2.3.1 Definition and basic properties . . . . . . . . .. ... 11

2.3.2  Characterizations of homogeneous Besovnorms . . . . ... ... .. 14

24 Coordinate transformations . . . . . . . . . ... Lo 17
2.4.1 From Eulerian to Lagrangian coordinates . . . . ... ... ...... 17

2.4.2 From Lagrangian to Eulerian coordinates . . . .. .. ... ... ... 20

3 Incompressible Viscous Fluids . . . . . .. ... ... ... .. ........... 23
3.1 Main results and strategy of the proof . . . . . ... .. ... ... ...... 23

3.2 Maximal L' regularity for Stokes system . . . .. ... .. ... ... .... 32
3.2.1 Stokesoperator . . . . . . ... 32

3.2.2  Characterizations of Besov norms via semigroup ¢'® . . . . . ... .. 34

v



3.23 Ellipticestimates . . . . . . . . . ... ... 40

324 Proofof Theorem3.12 . . . . . . . ... ... ... ... .. ..... 47

3.3 Well-posednessof (1.2) . . . . . . . . .. . L 49
3.4 Long-time asymptotiCS . . . . . . . . . . .. e e 55

4 Compressible Flows . . . . . . . . ... 59
4.1 Introduction . . . . . . . . . ... e 59

4.2 Bounds of fundamental matrix . . . . . . ... ... L L 61
43 Anabstract L'theory . . . . . .. .. ... 70
44 Concreteexamples . . . . . . . . . . e 79
4.5 An application to pressureless flows . . . . ... ... ... 83
4.6  An application to heat-conductive compressible Navier—Stokes . . . . . . . . . 88
Bibliography . . . . . . .. 94



Chapter 1

Introduction

1.1 Background and motivation

This dissertation is motivated by the study of the global well-posedness of the Cauchy problem
for a class of hyperbolic-parabolic coupled systems modeling the motion of fluids. Probably
the most famous example is the system of Navier-Stokes equations (see [43,44]). In a fluid
flow, the law of conservation of mass can be formulated mathematically using the continuity

equation, given in differential form as

Op +div(pu) = 0, in (0,00) x R",

where p is the density (mass per unit volume) and w is the flow velocity field. The law of

conservation applied to momentum gives the momentum equation of the form

p(Ou~+u-Vu) — Au+ VP =0, in (0,00) x R", (1.1)

where P is a scalar pressure and A is a dissipative operator. The fluid flow can be either incom-

pressible or compressible. For example, the system modeling the motion of incompressible



flows of mixing fluids with different densities reads

op+u-Vp=0, in (0,00) x R™,

p(Ou+u-Vu) —Au+ VP =0, in(0,00)x R",
(1.2)

divu =0, in (0,00) x R,

\(Pj u)|i—0 = (po, uo), on R".

In the above system, we assume that the viscosity coefficient of the fluid is a constant normal-
ized as 1. In the compressible case, we will consider two different systems. The first one is a

system of pressureless flows, in which the pressure term in (1.1) is absent:

(

Oyp + div(pu) = 0, in (0,00) x R™,
p(Ou+u-Vu) — Au =0, in (0,00) x R, (1.3)
\(p7u)‘t:0 - (po,Uo), on R".

Note that (1.3) with A = A can be viewed as a viscous regularization for the model of inviscid
pressureless gases. The second one is the system of compressible Navier-Stokes equations for
an ideal gas (see Section 4.6).

Throughout this dissertation, the initial density is always assumed to be bounded and

bounded from below, namely,

, a.e.x € R" (1.4)

3=

for some constant m € (0, 1].

Let us review some known results for the existence and uniqueness of solutions to (1.2).
Global weak solutions with finite energy were first obtained by Kazhikhov [40] under the as-
sumption that the initial density py has a positive infimum. Several improvements can be found

in [29,43,53]. The main estimate for weak solutions is the energy inequality

t
I/pu()|2: + 2 / IVu()|Padr < [|/rouollZe.



This estimate is far from enough to prove the uniqueness of weak solutions in 3-D. Ladyzhen-
skaya and Solonnikov [41] initiated the studies for unique solvability of (1.2) in a bounded
domain with homogeneous Dirichlet boundary condition for u. In the last two decades, a
large amount of work was devoted to the well-posedness of (1.2) under minimum regularity
assumptions on the data. Firstly, Danchin [16] constructed a unique strong solution to (1.2)
in the critical space (L>°(R?) N B;’/fo(Rg’)) X B;{f(R% in the case when the initial density is
close to a constant. Later, many authors tried to improve Danchin’s result to allow different
Lebesgue indices of the critical spaces, or to remove the smallness assumption on the initial
density (see [1-4,12,20,58]). Secondly, it is interesting to lower the regularity of the density
to allow discontinuity. A well-posedness result with only bounded density would demonstrate
that the motion of a mixture of two incompressible fluids with different densities can be mod-
eled by (1.2). One can see [13,21,37,48] for the work towards this direction. Now one might
ask whether a small initial velocity in some critical space and a discontinuous bounded initial
density can generate a unique global-in-time solution to (1.2). To our knowledge, this question
is not settled. Nevertheless, in his recent paper [59], Zhang established a global existence result
in which py merely satisfies (1.4) and ||ug|| Bl is small, yet the uniqueness is not known unless
the initial velocity is more regular. Finally, we remark that our results will be based on the
assumption (1.4). In case one is interested in the case when vacuum state is allowed, we refer
to a recent paper [23] and the references therein.

The system of the form (1.3) has been studied by several authors. When n = 1 and
A = A, Boudin [10] proved the existence of a global smooth solution to (1.3). Perepelitsa
[50] considered (1.3) as a simplified model of compressible isentropic Navier-Stokes equations
and he proved the global existence of a small energy weak solution with the density being a
nonnegative bounded function throughout the half-space R?. Recently, Danchin et al. [24]
formally derived the system (1.3), with A being the Laplacian or the Lamé operator, as a model
of some collective behavior phenomena. They also proved the existence and uniqueness of a
global solution with the initial density being only bounded and close to a constant in L°°-norm.

In this dissertation, we are particularly interested in solving (1.2) and (1.3) using the La-

grangian method (see [17,20]). The advantage is that one can convert the hyperbolic-parabolic



coupled system into a parabolic system. Then the uniqueness and stability issues can be tackled
in a relatively easy way compared to solving the system in Eulerian coordinates. In fact, one
can prove the existence of solutions to the Lagrangian formulation by applying the contraction
mapping theorem based on the maximal L'-in-time regularity for the linear system.

In this framework, the heart of the matter is to get the estimate

/ [Vu(t)||oo dt < 1 (1.5)
0

under a critical smallness condition on the initial velocity wug, because this would imply the
existence of a global-in-time coordinate transformation. Such an estimate is true if the initial
density is close enough to a constant (see [19, 20]). To our knowledge, if the fluctuation of
the density is not small, there is not much evidence in the literature that supports the valid-
ity of (1.5). For example, for (1.2) with n = 3, it was proved in [13, 48] that the quantity
fOT |Vu(t)||o dt has a polynomial growth in time provided that the initial velocity u, belongs
to some Sobolev space H*(R?) with s > %, and that v satisfies a scaling-invariant smallness
condition. However, such growth could possibly be removed from the point of view of equiv-
alent characterizations of norms. To see this, we suppose that « is the solution to the classical
heat equation 0,u — Au = 0 with initial value uy. Then the estimate (1.5) dictates the smallest

norm to be used to measure the smallness of the initial data because of the equivalence of norms

| v = s,

The above equivalent characterization is classical and can be proved, for example, by applying
[9, Lemma 2.4] and Lemma 2.13. In general, the space 3501,1 (R™) is too rough in order for the
nonlinear system (1.2) (or (1.3)) to be well-posed in it. Then we have to replace it with smaller
spaces Bg/lp_l(R”), 1 < p < o0, so that there is still hope for (1.5) to be true.

It is worth noting that the scaling invariance of (1.2) and (1.3) also suggests the use of the

B; /lp ~_norms for the velocity. Let us take (1.2) for example. For any A > 0, it is easy to see



that (1.2) is invariant under the scaling
(p7 U, P)(tv I’) ~ (p)w Uy, P/\)(ta ‘T) = (pa )‘uv /\QP)(/\Qta A$)

So the smallness condition on 1y makes sense if it is measured by a norm which is invariant un-
der the scaling ug(+) ~ Aug()\-). And we do have HAUO(A')”B;L,/lp—l r~ ||u0HB;/lp—1. Nowadays,
the spaces BZ{Q(R”) x By "L (R") are called critical spaces for (1.2).

Without going into details, we are led to consider the linearized system of the Lagrangian

formulation of (1.2) (or, (1.3)) that reads
p(z)0u — Au = f. (1.6)

Note that the coefficient p is now a time-independent function. In the incompressible case,
the operator A in (3.7) is the so-called Stokes operator (see Chapter 3). But A is just what
it used to be in the compressible case. Now the main task of this dissertation is to derive the
estimate (1.5) for solutions u to (1.6) without requiring the fluctuation of the coefficient p(x)
to be small. To achieve this, we shall study the maximal L!-in-time regularity for solutions to
(1.6) in homogeneous type spaces.

In Chapter 2, we recall some necessary preliminaries. We deal with the incompressible
system (1.2) in Chapter 3 and compressible pressureless system (1.3) in Chapter 4. Shortly
after we completed the first draft of this dissertation, we realized that our method could also
be applied to the global well-posedness of the heat-conductive compressible Navier-Stokes

equations. We hence include Section 4.6.

1.2 Notations

Throughout this dissertation, the letter C' denotes a harmless positive constant that may change
from line to line, but whose meaning is clear from the context. The notation a < b means
a < Cb for some C, and a ~ b means a < band b < a. For two quantities a, b, we denote

by a V b the bigger quantity and by a A b the smaller one. For p € [1, 0o, the conjugate index



p’ is determined by % + z% = 1. We denote by | - ||, the Lebesgue LP-norm. For a matrix
A, AT denotes its transpose. For a vector field v = v(z), Vv denotes the matrix (0,,v;) and
Dv = (Vo)T.

Let (X, ||-||) be a Banach space. .2 (X ) denotes the space of all continuous linear operators
on X and [| - || #(x) denotes the operator norm. For ¢ € [1, o], we may write || - || ¢(x) for the
norm of the space L9((0,¢); X), and || - || a(x) for the norm of LI(R; X'), where R, = (0, 00).
We denote operators on Banach spaces by “mathcal” letters (e.g., A, B, S, etc.). For an operator

A, D(A) and R(.A) denote the domain and range of A, respectively.



Chapter 2

Preliminaries

2.1  Semigroups and abstract Cauchy problem

Let (X, | - ||) be a real Banach space. We adopt the concept that a Cyy semigroup {7 (¢) }+>0 on
X is called a bounded Cy semigroup if || 7 (¢)||z(x) < C < oo forall t > 0, while it is called a

contraction semigroup if C' = 1.
Definition 2.1. {7 (¢)}+>0 is called a bounded analytic semigroup on X if it is a bounded C
semigroup with generator A such that 7 (t)x € D(A) forallz € X and ¢ > 0, and
sup [[LAT (t)z|| < Cl|z||, Vz € X. (2.1)
>0
Remark 2.2. In applications, one only needs to show (2.1) for x belonging to a dense subspace
of X since A is closed.

Remark 2.3. In fact, (2.1) is also a real characterization of complex analyticity, see, for exam-

ple, [32, Theorem 4.6], or [6, Theorem 3.7.19].

Let (H,(-,-)) be a real Hilbert space. A linear operator A : D(A) C H — H is called

dissipative on H if
(Az,x) <0, Vo € D(A).

We have the following well-known result:



Theorem 2.4. Let A be a self-adjoint operator on H. Then A generates an analytic semigroup
of contraction {e'},>¢ if and only if A is dissipative. Moreover, ! is self-adjoint on H for

everyt > 0.

For the complex version of Theorem 2.4, we refer to [6, Example 3.7.5] and [6, Corol-
lary 3.3.9].

In applications, we will first apply Theorem 2.4 to construct a semigroup on L2, and then
extrapolate it to some other function spaces. However, it is usually not easy to identify the
generator of the new semigroup. In this situation, we wish to identify the generator restricted
on a dense subspace of its domain. Recall that a subspace Y of the domain D(.A) of a linear
operator A : D(A) C X — X is called a core for A if Y is dense in D(.A) for the graph norm
|zl pay == |lz|| + ||Az||. In other words, Y is a core for A if and only if A is the closure
of Aly. The next result gives a useful sufficient condition for a subspace to be a core for the

generator.

Lemma 2.5 (see [32, p. 53]). Let A be the infinitesimal generator of a Cy semigroup T (t) on
X. IfY C D(A) is a dense subspace of X and invariant under T (t) (i.e., T (t)Y C Y), then
Y is a core for A.

Next, we recall shortly how to use semigroups to solve abstract Cauchy problems. Suppose
that A is the infinitesimal generator of a Cjy semigroup e on a Banach space (X, || - ||). We
are concerned with the well-posedness of the inhomogeneous abstract Cauchy problem

u'(t) — Au(t) = f(t), 0 <t <T,
(2.2)

u(0) = z.

We assume that z € X and the inhomogeneous term f only belongs to L'((0,7); X'). Then

(2.2) always has a unique mild solution v € C([0,T]; X) given by the formula

t
u(t) = o + / eEIAF () dr.
0



A continuous function w is called a strong solution if u € W((0,7); X) N L*((0,T); D(A))
satisfies (2.2) for a.e. t € (0,7). A strong solution is also a mild solution. Conversely, a mild

solution with suitable regularity becomes a strong one.

Lemma 2.6 (see [49, Theorem 2.9]). Let u € C([0,T]; X) be a mild solution to (2.2). If
we Wh((0,T),X), orue L(0,T), D(A)), then u is a strong solution.

2.2 Elliptic operators of divergence form

In this section, we recall some known results concerning elliptic equations of divergence form,
heat kernels and Riesz transforms. Let £ be the second order elliptic operator of divergence

form formally defined by
E = —div(AV), (2.3)
where A = A(z) is a real symmetric n X n matrix satisfying

ml, < A(x) < —1I,, a.e.xz €R"

1
m
for some constant m € (0, 1].

Let H'(R™) be the space of all distributions u such that Vu € L*(R"), equipped with
the inner product [ Vu - Vo dx. We adopt the convention that two functions in HY(R") are
identical if their difference is a constant. For any f € L?(R™;R"), as a consequence of the

Lax-Milgram theorem, the elliptic equation
EP=—divf (2.4)

has a unique weak solution P € H'(R") satisfying ||V P||; < [ fll2-
Let D(E) = {u € H'(R")|u € L*(R™)}. Then —€ : D(E) C L? — L? is a dissipa-

tive self-adjoint operator that generates an analytic semigroup of contraction {e~*},5,. The



maximal accretive square root of £ is given by the formula
g1y — 2 /Oo e PEEudt, ue D(E).
VT Jo

The above integral converges normally in L? since [le " €ully < ||Eulla A t2||ull,. The

domain D(£/2) of £1/2 coincides with H*(R") and it holds that
m'2||Vully < |EY2u)s < m™Y?| Vs, Yu e HY(R™).

Indeed, £1/2 extends to a continuous operator from [ 1(R") to L*(R™) with a continuous in-
verse, denoted by £~/2 for notational simplicity. Let R = VE~/2 be the Riesz transform
associated with £. Then R is bounded from L?*(R") to L?(R"; R"). Denote by R* the adjoint
of R. Now for any f € L?*(R™;R"™), one can write the gradient of the solution to (3.19) as
VP = RR*f. We refer the reader to the monograph [8] for more details in this paragraph'.
The L? theory of the square root problem for £ is based on the famous Aronson-Nash

estimates for the kernel of e €.

€ acting on L? has a kernel K,(x,y) satisfying

Lemma 2.7 (see, e.g., [7]). The semigroup e~
the Gaussian property. Precisely, there exist constants i € (0,1] and C' > 0 depending only

on m and n such that for all t > 0 and x,y € R",

2
K < Ct_n/2 . |l’ — y|
| Kz, y)| < exp{ o[

and if in addition 2|h| <\t + |z —y

’

[Ki(z + h,y) = Ki(z, y)| + K2,y + h) = Ki(z,y)]

_ hl g |z — y|?
< Ot"/? |— = Jt L
N (\/¥+|x—y|> eXp{ Ct

I'The results stated here are much less general than those in [8], where the authors dealt with complex elliptic
operators.

10



Thanks to this property, e~ extrapolates to a bounded analytic semigroup on L?(R") for

€ and

every p € (1,00) (see [47] and the references therein). We denote this semigroup by e~
its generator by —&,. Then the square root 5';/ ? of &, on LP(R") is also well-defined. The

following result can be found in [8, pp. 131-132].

Lemma 2.8. £'/2 extends to a continuous operator from W'?(R") to LP(R"), 1 < p < o0,
which has a continuous inverse for 1 < p < 2 + ¢ for some € > 0. Moreover, the extension of

EY2 on WHP(R™) coincides with EV for1<p<2+e.

From now on, we do not distinguish between an operator and its continuous extension,
and drop the p’s for all operators associated with &,. The above lemma implies that the Riesz
transform R is bounded from L?(R") to LP(R";R") for 1 < p < 2 + ¢, and its adjoint R*
is bounded from L* (R™; R") to L” (R™). Moreover, all the bounds (i.e., operator norms) only

depend on m, n and p.

2.3  Homogeneous Besov spaces

We collect some homogeneous Besov spaces relevant preliminaries. While there is a vast
amount of literature on this topic, we will mainly refer to the book [9] because it focuses

on applications of Fourier analysis to PDEs.

2.3.1 Definition and basic properties

Let x, ¢ be two smooth radial functions valued in the interval [0,1], the support of x be the
closed ball By 3, and the support of ¢ be the washer B3 \ Bs/4. Moreover, > jez 0(277¢) =1
for £ € R"\ {0}, and x(£) +> .50 p(277€) = 1 for{ € R™. Denote h = F 'y and h = Fly,
where F 1! is the inverse of the Fourier transform F. Then we define the homogeneous dyadic

blocks A]- and the low-frequency cutoff operators Sj, respectively, by

Aju=2% / h(2y)u(x — y)dy, and Sju = 2% / W(2y)ulz = y)dy.

n

The frequency localization of the blocks A]- and Sj leads to some fine properties. First,

one has orthogonality due to the interaction of frequencies supported in disjoint regions. More

11



precisely, for two tempered distributions u, v € . (R"), we have

ArAju =0 if [k — j| > 2,
A;(Sk_1ulyv) =0 if |k — j| > 5,
A](Akugkv) =0 if £k <j—4, with gkv = Z Akfv.
|k’ —k|<1

Second, we have the Poincare type inequalities (also called Bernstein’s inequalities):

Lemma 2.9 (see [9, Lemmas 2.1-2.2]). Let r and R be two constants satisfying 0 < r < R <
oo. There exists a positive constant C = C(r, R) such that for any k € N, any \ > 0, any
smooth homogeneous function o of degree d € N, any 1 < p < q < oo, and any function

u € LP(R™),

supp i C ABp =={|D*ull, = Y [[9%ull, < CHINTGTD ],
|a|=k
supp@ C A(Bg \ B;) =C M |lul, < [[D*ull, < C*F N,

supp C A(Br \ B,) =>|lo(D)ully < Cop ™ "G |[u,,

where U = Fu and o(D)u is defined as F (o).

In most literature on the theory of function spaces, the homogeneous Besov spaces are
defined in the ambient space of tempered distributions modulo polynomials (see, e.g., [55]).
However, we wish to avoid this type of spaces when solving nonlinear PDEs. In this disserta-
tion, we adopt the definitions of homogeneous spaces in [9, Section 2.3]. Let Y,;(R”) denote

the space of all tempered distributions u € . (R™) that satisfy
U= Z Aju in.7".
jez

Note that 5”,; is a large enough proper subspace of .. For example, if b € L? with p € [1, c0),
then b € .%,; and if b € L™, then Vb € .%,.

Let us now recall the definition of homogeneous Besov spaces.

12



Definition 2.10. Let s € Rand 1 < p,r < oo. The homogeneous Besov space B;T(R”)

consists of all the distributions v in .%, (R™) such that

lullgs, = | @1 A5ul,) o |, < oo

Remark 2.11. As an immediate consequence of the definition, we have that u € B;T(R”) if

and only if there exists a nonnegative sequence {c;, } ez such that ||c; || < 1 and ||Ajul, <

Cjr2795|ul 3;,, forevery j € Z.

Let us collect some useful properties and inequalities for homogeneous Besov spaces.

Lemma 2.12 (see [9, Chapter 2]). (i) For 1 < p; < py <00, 1 <1y < 1ry < 00 and

s—n(1/p1—1/p2)

s € R, Bs . (R") is continuously embedded in By, (R™). 32071(]1%”) is continuously

p1,r1

embedded in Cy(R™), the space of continuous functions that tend to zero at infinity.

(i) Suppose that (s1, sa,p, p1,p2,7) € R? x [1,00]%, 0 € (0,1) and% = p% + 1p_—29. Then

for any u € .7, (R"™), we have

[l gosyra-os2 < lul QB;h”u‘ Egm'

(iii) If (p,7) € [1,00)? then the space /3(R™) of functions in ¥ (R"™) whose Fourier
transforms are supported away from 0 is dense in B;,T(R”).

(iv) B;,T(R”) is a Banach space if (s, p, ) satisfies

3<2, ors:ﬁandrzl. (2.5)
p p

(v) Suppose that (s,p,r) € (0,00) x [1,00]? satisfies (2.5). Assume that f is a smooth
function on R which vanishes at 0. For any real-valued function u € L>*(R™) N B;,T(R"), the
composite function f o u belongs to the same space, and there exists a constant C' depending

on f" and ||u||s such that

1S o ul

5, < Clul

s .
BP”"

13



Next, we recall Bony’s paraproduct decomposition which can be used to define a product

of two Besov functions. For two Besov functions « and v, we can formally write
w = T,v 4 Tyu + R(u,v),
where

ZSJ 1uAv and Ruv = ZAUAU

JEZ JEZ
Sometimes it is sufficient to just estimate T;u = Tyu+ R(u, v). We refer the reader to [9, sec-
tion 2.6] for the convergence of the above series and the continuity of the paraproduct operators

on homogeneous Besov spaces. In this dissertation, we will frequently use the following prod-

uct laws:
vl oo S el oo ol g, 31 < p < 00,
1 1 1 1 1
e < n 1. - — < < 4 =
vl gy S Nl gl s 36~ =< < = <~ o
and

||uv||Bs/lp_2 < ||u||B;L/1p||UHB;/1p_2, ifl1<p<mnandn>3.

2.3.2  Characterizations of homogeneous Besov norms

Now we recall several equivalent characterizations of homogeneous Besov norms. The next

lemma is well-known and can be implied by [9, Theorem 2.34].

Lemma 2.13. Suppose that s € R and (p,q) € [1,00]% Ifk > s/2 and k > 0, we have

ALy = 12NN F oy = 5, ¥ € 1
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A similar result holds if we replace A by the Lamé operator. Here the Lamé operator L is

defined by
L:=pA+ (A4 p)Vdiv (2.6)
with
w>0, and v:= A+ 2u > 0. 2.7)

Let us introduce the Hodge operator Q = —V(—A)_l div and let P = [ — Q. The Lamé

operator and the Laplacian can be expressed by each other, namely,
L= (uP+vQ)A=AuP+vQ) (2.8)
and
s (bpeto)e-c(lrila) 25
So, for every p € (1,00) and k € N, we have
1£¥ully = [|A ullp, w e WP (R R™). (2.10)

Lemma 2.14. Suppose that s € R, p € (1,00) and q € [1,00]. If k > s/2 and k > 0, we have

g = [0 e “uly | ey = Nullgy o Vo € LPR™RY).
Proof. The lemma is a consequence of Lemma 2.13 along with the identities

et[, — eutAP + eutAQ

15



and

-1 -1
A:PGM t£+Q€V tﬁ‘

O

Next, we give two more equivalent characterizations of homogeneous Besov norms, one
via the semigroup generated by the elliptic operator £ defined by (2.3), the other via ball means

of differences. Let us define

/]

gre = 0 e ol o

with &£ > 2, and

/]

Y

La(Ry;9r)

A

where f denotes the integral mean over the ball B(x, r) centered at = with radius 7.
B(z,r)

Lemma 2.15 (see [11,36]). Let i be the Holder index in Lemma 2.7. Suppose that s € (0, 1),

p€[l,00)andq € [1,00]. If k > s/2, we have

11l g5, = 111

iy VF € LR,

Proof. In [36], only the characterization of inhomogeneous norms was given. But the proof

there can be easily adjusted to give the equivalence between homogeneous norms. [

Lemma 2.16. Suppose that s € (0,1), p € [1,00) and q € [1, 00]. It holds that

i, = I/

5y, Vf € LP(R™).

Proof. Note that the Holder index in Lemma 2.7 becomes ;1 = 1 if £ is replaced by —A. By

Lemma 2.15, we have HfHqu ~ || f] g forany s € (0,1). This together with Lemma 2.13

implies Lemma 2.16. U
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2.4  Coordinate transformations

2.4.1 From Eulerian to Lagrangian coordinates

We start with the well-posedness issues of the ODE

X (ty) = ult, X(t,y), >0
dt 2.11)
X(0,y) =y

and the conservative continuity equation

Op +div(pu) =0, in (0,00) x R",
2.12)

pli=o = po, on R"

within the Cauchy-Lipschitz framework. Let us temporarily assume that u is C! vector field,

namely,
ue LY([0,T); Gy (R™;R™)).

The following result is well-known.

Theorem 2.17. Foranyy € R", (2.11) has a unique solution X (-, y) = X,(-,y) € WLL([0,T)).

Foranyt € [0,T), X(t,-) is a C' diffeomorphism over R" satisfying
IVX(#)]loo VIVX T ()]l < exp ([[Vull Lrzo)) -

where X 1(t,-) is the inverse of X (, -). Let J(t,y) = Jx(t,y) be the determinant of DX (t, ).

Then J € WH1([0,T); Cy) and satisfies

Saty) = @)t X (6 9) (1 y), T0.) =1

17



Consequently,

exp (—|| diVUHLg(Loo)) < J(t,y) <exp (]| diVUHLtl(LOO)) :

In particular, if divu = 0, then Jx(t,y) is identical to 1.
Now we turn to the well-posedness of the continuity equation (2.12).

Definition 2.18. Let py € L>°(R"). A bounded function p is called a weak solution to (2.12) if

for any test function p € C°([0,7) x R"),

T
| [ eowruVaprdsies [ pp0.0)de =0,
0 n Rn

and p(t) = poin L(R") ast — 0*.
Theorem 2.19 (see, e.g., [5, Proposition 2.1]). For any py € L*®(R™), (2.12) has a unique
weak solution that is given by the formula

gy — P (2)

= Tt X)) BT )

In particular, if divu = 0, we have p(t, ) = po(X (¢, x)).

Next, we assume more regularity on u:
. /=1 /mn 1 . Hn/p+l mpn
u € C([Oa T]a Bp,l (R )) nL ([Oa T]v Bp,l (R )) (213)

for some p € [1,00). Then the corresponding trajectory X, is also more regular. To see this,
we need the following result which guarantees that Besov regularity of a function is preserved
under changes of variables. To state the assumption of the lemma, let us recall that a function
f is called a multiplier for B;q (R™) if f defines a continuous linear operator on B;’q(R”) by

pointwise multiplication. If f is a multiplier for B;q(R”), we write f € A (B’;’q(R”)) and

18



define the multiplier norm by

||f||//(B;’q(Rn)) = sup |f¢|

B3,
1l 5 =1 n
quq

Lemma 2.20 (see [22, Lemma 2.1.1]). Let X be a C" diffeomorphism over R™. Let p € [1,00),
q € [1,00| and s € (—n/p',n/p). Then the linear map f +— f o X is continuous on B;’q(R”)
if one of the following conditions holds

(i) s € (0,1),

(i) s € (—1,0) and Jx—1 € (B, (R")).

Remark 2.21. The above lemma extends to s = 0 by interpolation, and to higher order regu-

larities if we make stronger assumptions on X (again, see [22]).
By the above lemma and product laws in Besov spaces, one can prove the following

Lemma 2.22. Let u satisfy (2.13) and X = X, solve (2.11). Define A = A, = (DX,)7},
J=Jx =det DX, and of = <7, = adj DX (the adjugate of DX, i.e., o = JA). Then

DX — I, J — Iy, A~ L, o — I, € C([0, T]; BIYP(R™)).
Now for any scalar function ¢ = ¢(x) and any vector field v = v(x), it is easy to see that
(Vo) o X = ATV(¢ o X), (2.14)
and
(divv) o X = Tr[AD(v o X)], (2.15)

where TrA denotes the trace of A. On the other hand, using an integration by part argument as

in the appendix of [20], we also have

(divv) o X = J 1 div(e/ (v o X)). (2.16)
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This along with (2.15) gives the following identity
Tr[«? D(v o X)] = div(«/ (v o X)). (2.17)
Applying (2.14) and (2.15), we see that
(Vdivv) o X = ATVTr(AD(v o X)). (2.18)
By writing A = div V, we get from (2.14) and (2.16) that
(Av) o X = J Hdiv(/ ATV (v o X)). (2.19)

Note that all the above equations hold even if u is not divergence free. But if divu = 0, we

have J = 1, and thus, A = .

2.4.2 From Lagrangian to Eulerian coordinates

Throughout, we denote variables in Lagrangian coordinates by bold letters (e.g., p, u, P, etc.).

Given a velocity field v in Lagrangian coordinates, we define

t
Xo(ty) =y + / v(r,y) dr.
0

A smallness condition will be needed to recover the Eulerian velocity field v.

Lemma 2.23 (see also [20]). Suppose that v € L*([0, T]; C}(R™; R™)) satisfies

. (2.20)

N | —

IV VL1 (pee) <
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Then X, (t,-) is a C'-diffeomorphism over R™ for every t € [0,T]. Denote by X;'(t,-) the

inverse of X (t,-). It holds that

DXy = Lillrse oy <[ DVI|Ls ), (2.21)

IDXJ! = InllLgs ey <2[|DVII 11 (00 (2.22)

Proof. The first inequality (2.21) is easily seen. Let Y, (¢, z) be the solution of the integral
equation Y, (t,x) = x — fot v(1,Y,(t,z))dr. Note that this equation is solvable under the
assumption (2.20). Then it is not difficult to see that Y, (¢,-) and X (¢, -) are inverses to each

other. One can readily get || DYy || (z>) < 2, which further implies (2.22). O

Next, we assume additionally that v satisfies
v € ([0, T); By~ (R") 0 LY((0,T); By (R™) (2.23)
and
IVl ey < o (2.24)

so that (2.20) is fulfilled. The number ¢y may be chosen even smaller later. Define A, =

(DX,)7Y, Jx, = det DX,, and &, = adj DX,. Then we have the following:

Lemma 2.24 (see [20]). There exists a constant C > 0 such that

-1
DX, — ITLHL%O(BZ/IP) + DX, — [n”L%o(B’;/f) SCHDV”LIT(BZ,/{’)’

HatX;l HL2T(B;’/1P) SCHVHL%(BZA”)'

We conclude this section with some estimates that will be used to prove the existence and

stability of solutions to the Lagrangian formulation of (1.2) or (1.3).
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Lemma 2.25 (see [17,20]). Let v, vy and vy be vector fields satisfying (2.23) and (2.24). Let

Ov = vy — vy. Then we have

HAV - I”HL"TO(B;/IP) + ||’Q%V - InHLoo n/P) NHVVHLI n/p)

HJ\j/[l - 1HL%0(B;’/1P) SJHVVHLlT(B;/lp)’

HAV1 - AVQHL%O(Bg,/lp) + Hd\n - 'deL%o(B;’/lP) SJHV5VHL1T(B;,/1P)7

195 = I e iy SUVOVILy 7my-
L5 LL(BMPY

102 (Ol grip SIVVO oo
10 (Ol grip—r SV ooy 2f p < 2m,

Hat(dw - JZfvz) n/p) NHV5VHL1 n/p)>

HLI

Hat<dvl - %V2>HL2(B”/P 1) NH5VHL2(Bn/p pr < 2” .
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Chapter 3

Incompressible Viscous Fluids

In this chapter, we mainly investigate the global existence and stability for solutions to (1.2) in

three dimension.

3.1  Main results and strategy of the proof

Our first main theorem concerns the global existence and maximal L'-in-time regularity esti-
mates for solutions to (1.2) provided the initial velocity is small in the Besov space B;,/f(]RS).
But we do not require the initial density to stay close to an equilibrium. First, let us be clear
about what it means by a solution to (1.2). Let PB;/IQ (R?) be the space that consists of all

divergence free vector fields whose components belong to B;ff(l@).

Definition 3.1. Let 7' € (0, 00]. Suppose that py — 1 € B3,*(R?) and ug € PBy(R?). We

say that (p, u, V P) is a strong solution to (1.2) if

(

p—1€C([0,T); BYLR?), 0p € L2,.((0,T); By (R?)),

loc

u e C(0,T); PB2(RY)),

: 3
| (O, 8, VP) € (L, (10,7 BERY))
and (p, u, VP) satisfies (1.2) fora.e. t € (0,7).

Theorem 3.2. Assume that the initial density pq satisfies (1.4), po — 1 € By/?(R?), and the

initial velocity v, € PB;QQ(RS). Then there exists some I' > 0 such that (1.2) has a unique
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local-in-time solution (p,u,V P) with p verifying

m < p(t,z) < —, V>0, ae x €R®

1
m

Moreover, there exists a positive constant o depending on m and | po — 1| 43/2 such that
2,1

if ug satisfies
. <
‘|“0|’B;{12 < ¢o, (3.1
then the above solution exists globally in time and verifies
||u||L°°(B;’/12) + ”AU, 8tu, VP||L1(B;{12) S OOHUO”B%’/IQ, (32)
and

where Cy is a constant depending on m and ||py — 1| 33/2, and C\ is an absolute constant.
2,1

Remark 3.3. The estimate of the L'(Ry; B;ff) norm in (3.2) is a maximal regularity type

estimate. To our knowledge, this is the first such result concerning maximal L' regularity for
density-dependent viscous fluids without any smallness assumption on the fluctuation of the

initial density.

Remark 3.4. The regularity assumption on the initial density can be weakened to allow a
slight discontinuity. But to simplify the exposition and avoid unpleasant technicalities, we
do not pursue the optimal regularity assumption on py. Nevertheless, we do not know if our
method can be improved to give maximal L' regularity estimates for weak solutions to (1.2)

with merely measurable (or, piecewise constant) initial densities.

)
recently obtained by Zhang in [59], in which he also obtained some global L?-in-time estimates.

Remark 3.5. The estimate ||uHLoo(Bl/2 < Cllugl| 42/2 for weak solutions to (1.2) has been
2,1 2,1
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The initial density in [59] is merely bounded and bounded from zero. But the uniqueness
of weak solutions in critical spaces is not known, unless the initial velocity field has more
regularity so that one can prove a local L'-in-time estimate for the Lipschitz seminorm of the
velocity field (see also [13,48]). However, the energy methods used in [13,48,59] are unlikely

to give (3.2), even if the data is smooth.

As an application of (3.2), we prove a second result concerning the long time asymptotics

for the globally-defined velocity constructed in Theorem 3.2.

Theorem 3.6. Let (pg, ug) be the initial data in Theorem 3.2 that generates a global solution

(p,u, VP) to (1.2). Then it holds that
Jim [[u(t) 2 = 0. (3.4)

The proof of Theorem 3.6 relies on Theorem 3.2, so let us only elaborate the strategy for
the proof of Theorem 3.2.

Step 1. Reformulating (1.2) in Lagrangian coordinates. The Lagrangian coordinate
is a natural coordinate system at fluid motion, in which the observer follows an individual
fluid parcel as it moves through space and time. It can be used to convert a free boundary
problem into an equivalent problem in a fixed domain (see, e.g., [54]); or to convert a coupled
hyperbolic-parabolic system into a merely parabolic system (see, e.g., [17,20,21]).

Let us introduce new unknowns

(p> u>P)<t7y) = (p>u7 P)(taX(t7y))'

In view of the continuity equation in (1.2), we have p = p,. Using eqgs. (2.14) to (2.17)

and (2.19) and the chain rule, one can formally convert the system (1.2) into its Lagrangian
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formulation that reads

(

pooru — div( e, 2Z] Vu) + VP = 0,

div(#,u) = Tr(e4,Du) = 0, (3.5)

u\t:() = Uyg.
\

In this new system, we associate <%, with the new velocity u so that the system is closed (i.e.,

determined). Precisely, we denote
t
oy =adj DX, with X,(t,y) =y —l—/ u(r,y)dr. (3.6)
0

Remark 3.7. One can write A, := (DXy(t,y)) ! in place of .7, in the “momentum” equation
of (3.5). But as in the work of Solonnikov [54], one should use .7, in the second equation. The
reason is that, when linearizing (3.5) to seek existence, we will need the fact that (2.17) is an
identity, whether w is divergence free or not. Of course, once the existence issue is settled, we

can use either .o, or A, in (3.5). More precisely, the linearized system of (3.5) reads

/

poou — Au + VP = div((A L] — I)Vv) + (I — Z])VQ,

divu =div(({ — o,)v) =Tr((I — <)Dv), (3.7)

U|t:0 = Ug.
\

To obtain a priori estimates for this system, we need to write div u in two different ways. To

conclude, we will solve (3.7) without assuming det DX, = 1.
Definition 3.8. Let py — 1 € B;’KIQ(R:”) and ug € PBQIKIQ(R?’). We say that (u, VP) is a strong
solution to (3.5) if for some T' € (0, o],

(

u e C([0,7); By (R%),

dy— 1 € C(0,T); BYE(RY)),

. 3
| (0, Au, VP) € (L, (0. 7): BF(®Y)
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and (u, VP) satisfies (3.5) fora.e. t € (0,7).

The justification of equivalence between Eulerian and Lagrangian can be found in [17,20],
or one can show it using the preliminaries collected in Section 2.4. Let us now state a well-

posedness result for (3.5).

Theorem 3.9. Assume that the initial density pg satisfies (1.4), po — 1 € Bg/f(Rz)’), and the
initial velocity uy € PB;,/IQ(RS). Then there exists some I' > 0 such that (3.5) has a unique

local solution (u, VP) with u verifying
HVHHL;(B;?) S Co (38)

for some positive constant cy.
Moreover, there exists another constant £ depending on m and ||py — 1| 33/2 so that if ug
21

satisfies

Ug|| 1z < €
leoll 2 < o,
the local solution becomes globally in time and verifies

all g 12y + 1AW 00, VP g gz < Colluoll e

for some constant Cy depending on m and ||py — 1| z3/2.
2,1

Step 2. Maximal regularity for Stokes system. The heart of the present paper is the
well-posedness issue for the linearized system (3.7). To this end, we will mainly focus on the

maximal L' regularity for the following linear Stokes-like system

;

p(x)0u — Au+ VP = f, (t,z) € R" x R?,

divu=divR =g, (t,r) € Rt x R?, (3.9)

u(0,z) = up(x), T € R
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Here the coefficient p is a time-independent function that satisfies (1.4) and no other assump-
tion is needed temporarily. The system is supplemented with the compatibility condition
divug(x) = div R(0,z). For simplicity, we will take R(0,-) = 0, since this is the case in
applications.

We are going to construct solutions to (3.9) using the theory of semigroups and abstract

Cauchy problem. In doing so, let us introduce a new variable

vi=u— QR=u+V(-A)g,

where Q = —V(—A)~1div is the Hodge operator. Then the system (3.9) can be equivalently
reformulated as

;

pov — Av+ V(P —g)=f— pQoR,

dive =0, (3.10)

v(0,z) = up(z).

\

We shall obtain maximal L' regularity estimates for the above system. Compared with the
classical Stokes system, this is a challenging problem because the velocity and the pressure are
strongly coupled in the presence of the density. Let us now explain how to achieve our goal.
Denote b = p~! and let & = — div(bV). Applying div b to the first equation of (3.10) and using

the second equation, we see that

E(P — g) = —div[b(Av + f — pQOR)].

Next, we introduce the Hodge operator

Qy = —VE " divb (3.11)
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associated with &, and let

Pp=1—Qy. (3.12)

Then we can write

V(P —g) = Qy(Av+ f — pQO,R). (3.13)

Plugging (3.13) in (3.10), we hence introduce a generalized Stokes operator

S 1= bPA, (3.14)

so (3.10) can be further reformulated as an abstract Cauchy problem

Ow —Sv = f :=bPy(f — pQIR),

(3.15)
v(0,z) = up(z).
We will show that the Stokes operator S generates a semigroup €' on
PL? = {u € L*(R*, R*)|divu = 0}.
So by Duhamel’s principle, we can formally write the solution v to (3.15) as
t ~
v(t) = eSuy + / e IS f(7) dr. (3.16)
0

To obtain maximal regularity estimates for v, we will characterize some Besov norms for di-

vergence free vector fields via the semigroup e*®. In fact, we are able to prove the following:

Theorem 3.10. Assume that b satisfies (1.4). For any s € (0,2), any q € [1, 00|, and any

ug € PH? := {u € H*(R*,R*)|divu = 0},
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we have

||u0| Biq ~ ||t_5/2||t86t8u0||2HL‘Z(RJ”%) ~ ||t_8/2||tA@tSu0||2||Lq(R+’%

)
Remark 3.11. Note that we do not need any regularity for the coefficient b at this point.

Applying Theorem 3.10 (with ¢ = 1) to (3.16) gives us an a priori maximal regularity

estimate for v:

||U||L§9(B§’1) + ||atv;3v||L1T(B§71) S lluo| B, + ||f||L%,(B§71)‘ (3.17)

This gives good estimates for (u, VP) except for ||ull Leo(Bs,)- If we apply (3.17) to bound
||| L (B3,) directly, we need to use || QR|| L5 (B3,)° which would cause trouble when proving
local existence of large solutions to (3.5). To overcome this difficulty, we view V P in the first

equation of (3.9) as a source term, and write
Ou — bAu = b(f — VP). (3.18)

Then the maximal L' regularity estimate for u can be obtained by equivalent characterizations
of Besov norms via the semigroup e,
Step 3. Elliptic estimates. It remains to bound the inhomogeneous term f in (3.15). For

this, we need to study the continuity of the operator bP, on Besov spaces. In other words, we

need to study the gradient estimates for solutions to the divergence form elliptic equation
&P = div f. (3.19)

But this is again a difficult problem for it is well-known that V&, ! div is not of Calderén-
Zygmund type. In general, V&, ! div is not bounded on L” for p not close enough to 2, even
if the coefficient b is smooth (see [39]). In fact, in order to prove continuity of V&, Y div on

homogeneous function spaces, one should treat it as a zeroth-order operator. This suggests that
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b should be in some function spaces that have the same scaling as L>°. So we once again need
b to be in some “critical” spaces.
Our strategy is to use an iteration scheme to gain elliptic regularity. In the initial iteration,

we prove an inequality of the form

IVE ™ div fll g < ClIf]

2
Bp.r

in which a loss of regularity is allowed, but the scalings of both Besov spaces are the same,
meaning that sy, — p% =5 % with sy < s. The proof relies on Lemma 2.15, Lemma 2.16 and
the boundedness of the Riesz transform V&, 2 on LP, 1 < p < 2 (see Section 2.2). In this
step, we only require b to satisfy (1.4). But if b has more regularity (in critical spaces), the loss
of regularity can be recovered via an iteration scheme. We are able to eventually prove that
V&, ! div is bounded on some homogeneous Besov spaces including B;KIQ(R"S). Such a result
is nontrivial for leﬁz(R3) has the same scaling as L3(IR?). Indeed, our method also applies to
LP elliptic gradient estimates for p slightly larger than the space dimensions.

Carrying out the details of the strategy, we can prove the following maximal L' regularity

theorem for the Stokes system (3.9).

Theorem 3.12. Let T' € (0, 00]. Assume that p = p(x) satisfies (1.4), p — 1 € Bg’ff(R?’) and

Uy € 733217/12(]1%3). Suppose that f, g, R satisfy
: . 3
R e [0, T); BYY(RY), (£, Vg,0:R) € (L}(0,T); By (R)),

R(0) = 0, and div R = g. Then the system (3.9) has a unique strong solution (u, V P) in the

class

u e Cl(0.7); BYZ(E), (Au, 0, VP) € (L'(0.7): BY2(RY)) .
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Moreover, there exists a constant C depending on m and ||p — 1| 53/2 such that
21

”uHL%O(B;/f) + Hatu’ Au7 VPHL%F ) < OHUOHBQQQ + C||f7 atR7 ngL%p(B;/f (3.20)

(B! )’

The remainder of this chapter is organized as follows. Section 3.2 is devoted to the proof
of maximal L regularity for the Stokes system (3.9). To this end, we give equivalent character-
izations of homogeneous Besov norms via the semigroup generated by the generalized Stokes
operator, and prove elliptic gradient estimates. Then, in Section 3.3, we apply the results estab-
lished in Section 3.2 to prove Theorem 3.2 and Theorem 3.9. The proof of Theorem 3.6 will

be given in Section 3.4.

3.2 Maximal L' regularity for Stokes system
This section is devoted to the proof of Theorem 3.12, which is the heart of this chapter.

3.2.1 Stokes operator

We present some useful properties for the Stokes operator. Let p = p(z) satisfy (1.4) and denote
b = p~!. In the sequel, we use the notations L? = L*(R* R3), PL? = {u € L?|divu = 0},
| - || the L? norm induced by the standard L? inner product (-, -), and || - ||, the weighted norm

induced by the inner product

(w0)y = [ ua) - ola)pta) de

Let Qyp, Py and S be defined by (3.11), (3.12) and (3.14), respectively. It is well know that O,
is bounded on L? and ||Qyfl|y < ||fl|s for every f € L2. If b = 1, we denote P = P, and
Q = @Q;. Formally, we have divP? = 0. It is for this reason we use P in front of a space of

vectors to denote its subspace of divergence-free vectors.

Lemma 3.13. With the above notations, we have
(i) bPy : L?* — PL? is bounded and it holds that Q(bPy) = bP,Q = 0, and P(bP,) =
bP,P = bp,.
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(ii) bPy : PL? — PL? is invertible with a continuous inverse Pp. Thus, it holds that
[6Pyul] = |lull, Vu € PL2 (3.21)

(iii) bPy : L* — L? is self-adjoint on (L?,(-,-)), while bPy, : PL* — PL? is self-adjoint
on both (PL?, (-,-)) and (PL?, {-,-),).
(iv) S : PH? C PL* — PL? is a self-adjoint operator on (PL?, (-, ),).

The proof is straightforward and thus left to the reader.

Lemma 3.14. The Stokes operator S : PH* C PL?> — PL? generates an analytic semigroup
of contraction {€'},>o on (PL? (-,),), and e'SbP, is self-adjoint on (L?,(-,-)) for every

t>0.

Proof. Foru € PH?, we have
(Su,u), = / PyAu(z) - u(x) dr = —||Vul]* <O0.

Since S is self-adjoint on (PL?, (-, -),), so by Theorem 2.4, S generates an analytic semigroup
of contraction {e'};>q on (PL? (-,-),). Moreover, €'® is self-adjoint on (PL?, (-,-),). Then

we have for all v, v € L? that
(e 0Pyu, v) = (eSbPyu, bPy), = (bPyu, ebPyv), = (u, e bPy).

This means that e’*bP, is self-adjoint on (L2, (-, -)). O
Proposition 3.15. For any uy € PL?, it holds that lim,_,, || uq|| = 0.

Proof. In view of Lemma 3.14 and (3.21), we apply Gagliardo—Nirenberg inequality to get
e uoll, < Clleuoll'~lISeuol|” < Ct=°luoll, Yuo € PL?,

where . = § —%,p € (2,00],and € (0,1). Now for any ug € L?, since bPyuq € PL?, we get

| bPyuql|, < Ct~||ugl|. By duality, we obtain || bPyug|| < Ct~Y||ugl|,, with z% =2+ 2—30.
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So for any uy € PL>N L¥, we have
e uol| = [l bPy(puo)[| < Ot luo|l,,

which implies lim,_,. ||€"ug|| = 0. By a density argument, the result still holds for uy € PL>.

This completes the proof. ]

3.2.2  Characterizations of Besov norms via semigroup e*°

In order to obtain maximal regularity estimates for the Stokes system, we use the semigroup e'®
to give equivalent characterizations of certain Besov norms for divergence-free vector fields.

First, let us prove an easy but useful lemma.

Lemma 3.16. Let w(t, T) be a nonnegative weight function satisfying

sup/ w(t, T) dt + sup/ w(t, T) dr <C.
0 t 0 T

>0 t>0
Then for any q € [1, 0], we have

| wtenso

< CHf”L!z(]lh.,%)‘
Lq(RﬁL?%)

Proof. The cases ¢ = 1 and ¢ = oo are trivial. Assume that f > 0. For ¢ € (1, 00), we apply

Holder’s inequality to see that

Jy e < (f”“’”df)l/q/ ( / mw(t,ﬂf‘l(ﬂdf)l/q'

By the assumption of the lemma, we obtain

([ oo E) <o [Tutnres

Integrating both sides over (0, co) with respect to %, the result follows from the assumption

again and the Fubini’s theorem. O]
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As in many other works (see, e.g., [11,36]) concerning characterizations of function spaces
via semigroups, a fundamental ingredient is to obtain a sort of reproducing formulas associated
with the semigroups. The following reproducing formula depends on the very special (and

simple) structure of the operator S.

Lemma 3.17. For any ug € PL?, it holds that

00 1/e
ug = —/ Ae™bPyugdr = lim —/ Ae™bPyug dr, (3:22)
0 S

e—0t

where the limit converges in L>.

S S

Proof. Since €' is an analytic semigroup, the function u(t) = €'y is an classical solution to

the equation v/(t) = Su(t). Integrating this equation in time from s to ¢, we get
t
u(t) —u(s) = / Su(r)dr.
Obviously, u(s) — ug in L? as s — 0. This together with Proposition 3.15 implies that
Uy = —/ Se™ g dr.
0
Replacing ug by bPyu and recalling the expression for S, we have
bPyug = — / bPyAe™ bPyug dr.
0

Then the desired formula follows from the fact that bP,, is invertible on P L2. O
Let us first consider characterizations of Besov norms with negative regularity.

Theorem 3.18. Suppose that s € (0,2) and q € [1, 00| For any uy € PL?, we have

£/ 6Pyuoll]] o, ar) = lluoll -
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Proof. Let us first assume that uy € BQ_ o~ We need the reproducing formula (by taking b = 1

in (3.22))
Uy = — /000 Ae™ugdr, ug € PL2.
Next, applying e'SbP, to both sides of the above equation gives rise to
e ShPyuy = — /0 h eSvPyAe™ug dr.

We may estimate the L? norm of the integrand in two different ways: we get from Lemma 3.14

that
JeSBPAC ] = S¢S un]l < e gl < = e uol,
alternatively,
HetSbeAeTAuOH < C||A67Au0|| < gHe;AuOH.

Hence, we get

* /71 1
||et$b73buo|] < C’/ (— A —) HeTAu()H dr.
0 t T

Multiplying both sides by /2, we write
o0 8/2
t d
/2|5 bPyuy || < C/ (—) (Z A 1> |75/ 2™ ug | ar
0 T t T

Now if s € (0, 2), it is easy to verify that

00 5/2 00 s/2
t d t dt
sup/ (—) (Z A 1> = + Sup/ (—) (Z A 1> — < C.
t>0 Jo T t T 0 Jo T t t
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It follows form Lemma 3.16 and Lemma 2.13 that

Hts/QHGtSbeUOHHLq( ) <C HtS/QHQtA aty < CHUOHBig-

R+7% UOHHL‘](R+,T

For the reverse inequality, we apply e® to both sides of (3.22) to get
Py = — / P A HPyug dr.
0

Again, in view of Lemma 3.14, a similar argument as before gives rise to

/1 1
e ug|| < C’/ (— A —) e bPyug|| dr.
0 t T
The rest of the steps are exactly the same as before. So the proof of the theorem is completed.
O
Now Theorem 3.10 is an immediate consequence of Theorem 3.18.

Proof of Theorem 3.10. Since uy € PH?, the result immediately follows from Theorem 3.18

if we replace ug by Auy € PL. O

With Theorem 3.10 in hand, we can extrapolate ¢' to a semigroup on Besov spaces with-
out assuming any regularity on the coefficient b. To this end, let us first study some regularity

estimates of ¢’ on PBj .

Proposition 3.19. Suppose that s € (0,2), g € [1,00] and k € NU{0}. There exists a positive

constant C such that for any vy € PH?,

1(tS)* e o

5. < Cllugl

B, vVt >0, (3.23)
and

HH(tS)kﬂetsuO’

< Clluo|

Bqu Lq(R+,%) Bqu' (3-24)
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Proof. The first inequality follows immediately from Theorem 3.10 and the fact that €' is a
bounded analytic semigroup on P L2

For the second inequality, we only need to prove for £k = 0 and ¢ < oo. Applying Theorem
3.10, Lemma 3.14 and Fubini’s theorem, we have

h d Y e dt d
/ I7Se™uoll%, o :/ / (t_5/2||t7'82e(t+7)8u0||)q ==
0 Big T o Jo Pl

:/ / (t— 7‘)(1_5/2)q_17‘q_1||826t5u0||qdt dr
0 T

> t
:/ |’326t3u0||‘1 dt/ (t_7_>(1—s/2)q—17_q_1 dr
0 0
dt

= —s/2 tS 7 q
sc/o (2 tSe S uol))” T < Cluoll, .
This completes the proof. []
In the rest of this subsection, we assume that s and ¢ satisfy
(s,q) € (0,3/2) x [1,00), ors € (0,3/2] and ¢ = 1. (3.25)

Then 7335’,(1 is a Banach space and P H? is dense in PBqu. For each ¢ > 0, the inequality (3.23)
(with k& = 0) guarantees that ' extends to a bounded operator on PBS’q with bounds uniform
in t. We denote this extension by 7 (t) = 7 ,(t). Then {7 (¢)}+>0 is a bounded semigroup on

73357(1. Also, it is easy to verify the strong continuity for 7 ().

Proposition 3.20. Suppose that (s, q) satisfies (3.25). Then T (t) is a bounded Cyy semigroup
on PBS,(]'

Proof. For uy € PH?, the function t — T (t)up = e'uq belongs to C([0, c0); PH?), thus

C([0, 00); PBg’q). By a density argument, we get the strong continuity of 7 (¢) on PB‘;’q. O

Let us denote by G = G, , the generator of 7 (¢) on PBqu. In general, it is not easy to
identify the domain of the generator of a semigroup. However, it would be easier to find a core

for the generator.
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Lemma 3.21. Suppose that (s, q) satisfies (3.25). Define € = {u € PH?*|Su € PBS’q}.
Then € is a core for G, and it holds that G|y = S|¢. In other words, G is the closure of

S:%¢ CPB;,— PB;,.

Proof. Note that the domain D(S?) of §? is contained in €. Since D(S?) is dense in D(S) =
PH? and PH? is dense in PBj’q, so ¢ is also dense in PBg’q. For every uy € %, since

T (t)ug = euy is a classical solution to the equation u'(t) = Su(t), we have

t t
T (t)ug — ug = / e Sug dr = / T (1)Sug dr.
0

0

So, we have

%(T(t)UO — UO) = %/0 T(T)SUO dT.

By strong continuity of 7 (¢) on PBiq, the limit as ¢ — 0T on the right exists and equals to

Sug. We thus infer that 4 C D(G) and G|4 = S|¢. Obviously, € is invariant under 7 (¢).

Thus, by Lemma 2.5, % is a core for G. This completes the proof. O]

Proposition 3.22. Suppose that (s, q) satisfies (3.25). Then T (t) is a bounded analytic semi-

group on PBSJ

Proof. We know from the above lemma that ¢ is dense in PBS’ .» and that GT (t)up = Se'Sug
for ug € €. It then follows from (3.23) that [[¢GT (t)uo|| 5; < C'l|uo 55 - This completes the

proof. O]

Remark 3.23. Now (3.24) actually holds for data in 73357 o thatis,

| S Clul
Lq(R-HT)

|112G)e%uq

. . - S
B, By, VU0 €PBrg

In particular, choosing ¢ = 1 gives

ngtguoHLl(R%Bgﬁl) < Clluoll g, Yuo € PB;,. (3.26)
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We conclude this subsection with a maximal L' regularity result for the following abstract

Cauchy problem
u'(t) — Gu(t) = f(t), u(0) = uy. (3.27)

Theorem 3.24. Suppose that s € (0,3/2] and T € (0,00]. Let uy € 773571 and | €
Ll((O,T);PB;’,l). Then (3.27) has a unique strong solution u € Cb([O,T);PBgvl). More-

over, there exists a positive constant C' = C(m, s) such that

el e 5.,y + ||u,7gu||L1T(B§71) < Clluollgg, + ClA Ly 5,

Proof. The homogeneous part e'9 is a classical solution, and satisfies the estimates by Propo-
sition 3.22 and (3.26). Denote the inhomogeneous part by Z f(t) = fot e(t=79 f(7) dr. Since 'Y
is uniformly bounded, we have [|Zf/[ By, < CllAll s i)+ Using again (3.26) and Fubini’s

theorem, we have

T t
1625 15,0 < | [ loe s

= [ ar [ gt

So by Lemma 2.6, w is a strong solution to (3.27). The estimate for u’ follows directly from the

Bg,l dT dt

B3, dt < CHfHLlT(Bg’ly

previous estimates and the equation (3.27). So the proof is completed. ]

3.2.3  Elliptic estimates

So far we have not assumed any regularity on the coefficient b. In what follows, we shall
prove that bP, is bounded on some Besov spaces if b has suitable “critical” regularity. We
allow a slight discontinuity for b and point out that it is of independent interest to study elliptic
estimates with discontinuous coefficients. The continuity of P, will also help us identify the
domain of G.

In the sequel, P € H'(IR?) is the weak solution to (3.19) with b satisfying (1.4), and s is

the Holder index in Lemma 2.7. The main result in this subsection is the following:
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Theorem 3.25. Given any (p,r) € [2, %) X [1,00], any s € (O,% + p— 1). If b satisfies
Vb € BYS(R?) with % > sV (1 — p), there exists a constant C' depending on m and ||b| 3/
q,o0

such that

VP

Bs., < Clfl

3s
BPJ‘

for all vectors f whose components belong to L*(R?) N B;J(R:i).

The proof of Theorem 3.25 takes two steps. In the first step, we do not assume any

regularity on the elliptic coefficients and allow a loss of regularity for V P.

Lemma 3.26. Given any (p,r) € |2, %) X [1,00], any s € (0,15J + p—1). Forany —sy €
(1 — p, % — s8], let po be defined by sq — p% =5 — %. Then there exists a constant C' > 0 such

that

VP

g, < Clfllsy,. Vfe L2®R)N B, (R?).

Proof. Note that the assumptions on (p,r, s) guarantee the existence of (po, sp). By Lemma
2.12 (i), we may assume that s, > —1 and py < oo. First, by Lemma 2.15 and Lemma 2.16,

we have

VP

B, =[ETPRY ]

5s0+1
BPOV"

=t et ceere g,

LT.(R+»%)
_s0, _ *
o Gl i B
Next, applying e " R* to the reproducing formula
1 o dr s
= — —7A)FeT™™ — with &> =
f@) = =y [, (AR @) itk k> 5,
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we write

1 > T T d
R f(x) = —/ e R 22 (—TA)e2 f(x) o,
(k=1 J, T
The LP — L9 estimates for heat semigroups and the boundedness of R* from LP(R3 R?) to

LP(R3) (2 < p < o) then imply that

o S(3-4)
ek 1 1\2%» »o - dr
leer <0 [ (3a7) 7 T Ay,
0 T T
Thus,
S0 e ® srN\s0/2 /T =t . dr
CHe R <0 [ (F)7 (Fa1) T o earet ),

Note that s and —s are positive numbers. One can readily check that

o rTNs0/2 /T =0 dt  rT\%/2 /T = dr
sup (—) (— A 1) — + sup <—> (— A 1) — < C.
>0 J0 t t t t>0 Jo t t T

Finally, we apply Lemma 3.16 and Lemma 2.13 to conclude the proof. ]

In the second step, if the coefficient b has suitable regularity, the loss of regularity of VP
can be recovered using an iteration technique in the spirit of De Giorgi-Nash-Moser. To this

end, we need the following commutator estimates that can help us gain regularity.

Lemma 3.27. Suppose that v € [1,00], 1 < py < p; < 00, ¢ € [1,00), (s1,82) € R?

1 1 1 1 1 1 3
— <4, = ¥ -, > 5o, e
P2 P11 g P2 P13 qVp qVpi

Ifa € L®(R3) and Va € Bg/o%_l(R3), then there exists a constant C' such that

(=18 ),

< Cllall gaya 1l

\T
" m
J
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where [A;, a]f denotes the commutator A;(af) — al; f.

Proof. This type of estimate is nowadays classical (see, e.g., [9, Section 2.10]). We give proof
here for the sake of completeness.

By Bony’s paraproduct, we split the commutator [A;, a] f into four terms:

(A, Tl f + A(Tya) + Aj(Ra, f) = Ty a. (3.28)

Many terms in the summation can be canceled out because of the frequency localization of the

dyadic blocks. Specifically, the first term can be expressed as

ALTAf = ) Q"j/h(?y)(sjf-la(x —y) — Sy_1a(x)) Ay f(z —y) dy

7' —j|<4

Choosing p such that p% ==+ pil, we use Holder’s inequality to see

1
p

A Tl S ) Q"j/\h(2jy)\|13-f—1a('—y)—Sj'—la(-)llpl\Aj'fIIm dy

i'—j1<4
<277 ST VS iallpll Ay £l
i'—jl<a

Noticing that p > gand 1 — % > (, we use Lemma 2.9 to get

VSl S ) 2P A Vall,

k<j —2

< Z 2k(1‘3/p)||Va||Bs/q71 < 2j’(1—3/p)||a||33/q_
q,0 q,00
E<j'—2

Consequently,

1145, 1 s S 3527 lall s 1]

s (3.29)

p1,7T
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For the second term in (3.28), if ¢ > p,, we redefine p by p% = % + %. Again, applying

Holder’s inequality and Lemma 2.9, we get

12;(Tra)llpe S Y 1AgallgllSy—1flly S €27 llall g 1 531 (3.30)
i’ —j1<4
where in the second inequality we need the fact that p > p; and 2 > So. In the case ¢ < po,
thanks to Lemma 2.12 (i), the same result stays true whenever i > So.
For the third term in (3.28), we first assume _- + < 1 and redefine p by o T %

Using Lemma 2.9 and Holder’s inequality, and noticing that p < py and 2 5 T51>0,we obtain

1A (B0, )y S 29077 3 [ Aall, 1A fll S ¢;r277|all g/a |1 ]

3'>5-3

B, (33D

If + > 1, the result still holds provided that + s1 > 0.

For the last term in (3.28), redefining p by = o = 2 Ly

. 5 if ¢ > po, we see that

175, 0l S D 1ApallglAifllp S o272 lall goro 1 £ 5

J'zj—2

o1 (3.32)

where in the second inequality we need the condition ¢ < co. If py > ¢, the same result holds
under the assumption that p, < oo.

Putting (3.29)-(3.32) together finishes the proof. ]

Remark 3.28. The technical assumption a € L>(R?) is needed in order for the product af to

be well-defined via paraproducts.

With the above commutator estimates at our disposal, we are now able to prove the fol-

lowing elliptic regularity which will be used for iteration.

Lemma 3.29. Suppose that r € [1,00], 2 < ps < p1 < 00, ¢ € [1,0), (s1,52) € R?

;. > —S1.

1 1
< -, =< -, > s
P2 Pt g P2 p1 3 qVpo qV py



Let b satisfy Vb € B4 (R3). If in addition, f € L*(R?) N B3 (R%) and VP € B3 (R?),

p1,7

then there exists a constant C' > 0 such that

IV P

gz, < Cllfllgz, +Clibllge IV Plss -

Proof. Testing v = A;(|]A,;P[P>"2A;P) € H*(R?) in the equation

/ bVP - -Vvdr = f-YVoudz,
R3

RS

we have
/ b|A;VPP|A; P22 do = / (A;f —[A;,b]VP) - A;VP|A; P2 du.
R3 R3
Applying [15, Lemma A.5], Lemma 2.9 and Holder’s inequality, we get

1AV Pllpy S A Fllps + 1A, LIV Py

Y

Multiplying both sides by 2752 and taking [” norm with respect to j, we obtain

IV P

gz, SIS

o [E 7S]

J
4

The desired result then follows from Lemma 3.27. ]
We are now in a position to complete the proof of Theorem 3.25.

Proof of Theorem 3.25. We start with choosing sy and py. Since (—%) V(s — %) < p-—1,

we can choose an s, between both sides of this inequality. Define py by s — > = s — %

Po

b

then py € (p, 00). By Lemma 3.26, we have [|[VP[| 0 < CI|f]|3, . Next, we shall choose

(p1,51) € [p,Po) X (S0, 5] that satisfies the assumptions in Lemma 3.29. It is not difficult to see

that those assumptions can be reduced to s; — p% =5— % and

1 1

1 1 1 1
S _a_<
P po g P po 3
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If (p1,s1) = (p, s) satisfies the above assumptions, we are done by using Lemma 3.29. Other-

1
wise, we define p; by el i PE) qv 3 and get

| B! TN||f’ ;ir+||b||33/q|
The (py, sk) is defined by pik = = —i— (qv3) and s, — p% =5 — %. So the iteration scheme will
end in a finite number of steps. This completes the proof. ]

Remark 3.30. If we know a priori that the norm ||V P|| 5. is finite, then the iteration process
p,T

is not needed. We apply Lemma 3.29 only once to get

5, < Cll

33, + ClIbl e

with some s; € (0, s). To complete the proof, we use Lemma 2.12 (ii) and Young’s inequality.

In this way, we can also remove the technical assumption that ¢ < %

Given Theorem 3.25, we are now able to identify G and its domain D(G). In order to avoid
some unpleasant technicalities, we will simply assume that b — 1 € B3/ (R3). Then by Lemma

2.12 (v), p — 1 = (1 — b)/b satisfies the same assumption.

Lemma 3.31. Let 0 < 5 < 5 + pandl < g < Assume thatb — 1 € Bg/q(R?’) Then

(1 '

G = G,.1 coincides with the operator g defined by
G =bP,A:PBy N PBs? C PBy, — PB;,

Proof. First, we get from Theorem 3.25 that V&, ! div extends to a continuous operator on
Bg,l. In view of product laws in Besov spaces and Lemma 3.13 (ii), bP, is also continuous
on B§,1a and the restriction of b7, on 733571 is invertible with a continuous inverse Pp. Based
on this, it is not difficult to see that Q is a closed operator. Note that the space % (defined in
Lemma 3.21) coincides with the inhomogeneous space PBSjZ, so it is dense in D(G). This
shows that G is the closure of S : € C 733511 — 733511. So we have G = G as a consequence

of Lemma 3.21. ]
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With a slight abuse of notation, we shall not distinguish between S and G.

3.2.4  Proof of Theorem 3.12

We give a proof of Theorem 3.12 in this subsection. To further simplify the exposition, we
assume that b — 1 € Bg/ 2(IR?’) First, let us go back to the maximal regularity for the abstract

Cauchy problem
u'(t) — bPyAu(t) = bPy f(t), u(0) = uo. (3.33)

As a consequence of Theorem 3.24, Theorem 3.25 and Lemma 3.31, we have:

Corollary 3.32. Let T' € (0,00]. Assume that b satisfies (1.4) and b — 1 € B?’/ 2(R3). Let
Uy € PB;QQ(RS) and f € L'((0,T); B21’/12(]R3)). Then (3.33) has a unique strong solution u €
Cy([0,T); PBI/Q(]RS)). Moreover, there exists a constant C' depending on m and ||b — 1| z3/2

such that

el oy + N1, Al s < Clltolgye + ClLE Ly oy

Let us now give the proof of the well-posedness part of Theorem 3.12.

Proof of the well-posedness part of Theorem 3.12. Note that b = p~! satisfies the same as-

sumptions as p. By Corollary 3.32, we see that the following Cauchy problem
Ow(t) — bPyAv(t) = bPy(f — pQO:R), v(0) = ug
has a unique strong solution v € C,([0,T); PB, Y 2(R:S)) satisfying

||U||L%o(35(12) + [|0v, AU”LlT(B;{f) S ||U0||B;{12 + I/, 3tR||L1T(B;{2 (3.34)

1)

Define u = v+ QR = v — V(=A)lgand VP = Q(f — pdw — pQd;R) + Vg. One can

readily check that (u, V P) is a strong solution to (3.9). O
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By (3.34) and the construction of V P, we also have
va”L%(B%{f) 5 ||UO||B;/12 + ”fa OiR, VQHLIT(B%?)' (3.35)

But if we apply (3.34) to bound u directly, we have to include the term || QR|| Lge(BL/2) ON the
right side of (3.20). This would cause serious trouble for us to prove local existence of large
solutions to (3.5). Thanks to (3.35), we can view V P in the first equation of (3.9) as a source
term. So we choose to prove the maximal regularity for the solution u to the parabolic system

(3.18). Having had success in establishing maximal L' regularity for (3.33) based on Theorem

3.10, we are going to obtain maximal L' regularity for the parabolic Cauchy problem
Ou — bAu = f, u(0) = g (3.36)

by characterizations of Besov norms via the semigroup e?*2. To simplify the exposition, we

only prove what is needed for the proof of (3.20).

Lemma 3.33. Suppose that b satisfies (1.4), and b and b~ belong to the multiplier space
M (B[P (R?)). Let ug € By}(R®) and f € L'((0,T); By (R?)). Then (3.36) has a unique

strong solution u satisfying
HUHL%O(BQ/IQ) + HatuaAu”LlT@;f) 5 HUOHBQ/IQ + ”fHLlT(B%’/f)'

Proof. Since the proof is analogous to that of Theorem 3.24, we only outline the key steps.
First, bA : H?(R?) C L?*(R?) — L?(R®) generates a bounded analytic semigroup e'**

whose kernel has a Gaussian upper bound (see [31,46]). So we have lim;_,, [|[e®®2 f|| = 0

for every f € L?*(R3). Based on this, we can mimic the proof of Theorem 3.10 to get the

equivalence of norms:

||U0||B;/12 ~ Ht_1/4”tbA6tbAU0||HLl(R+7dt VUO S H2(R3)

)’
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This would imply that

sup ||etbAu0||B1/z + sup ||tbAetbAu0||Bl/2 + HthA@tbAUOHBl/Q < Cllugl| g1/2,
t>0 2,1 t>0 2,1 2,1 2,1

Ll(R-‘-?%)

forall ug € H?(R?). So €| p2(gs) extends to a bounded analytic semigroup 7 (¢) on B;ff (R3).
Denote by G the generator of 7 (t). Then ¢ := {uy € H*(R?)|bAug € B;/f(R?’)} is a core for
G, and G|y = bA|y. So far, all statements hold if b merely satisfies (1.4).

Next, we assume that both b and b~! are multipliers of 3217/12(R3). Then G coincides with

the operator
bA 1 ByY(R®) N By (R?) € Byf(R®) — By (R?).

Now that all preparation work is done, we mimic the proof of Theorem 3.24 to finish the

proof of the present lemma. The details are left to the reader. [
We conclude this section by completing the proof of Theorem 3.12

Proof of Theorem 3.12. 1t remains to show (3.20). Applying Lemma 3.33 to (3.18), we have
el e g2y + 100, Al y ey S llwoll gz + 1 F WLy prrzy + IV Pl gy 272y
This together with (3.35) gives (3.20). Thus, the proof of Theorem 3.12 is completed. [l

3.3  Well-posedness of (1.2)

In this section, we prove the well-posedness of (3.5), then the well-posedness of (1.2) will

follow. Let £(T") denote the space of all pairs (u, VP) satisfying

we O(0.7]: BYZ(E?)). (9. Au, VP) € (L'((0.7): BYE®))
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endowed with the norm

I (u, VP)HE(T) = ”uHLg?(B;,/f) + ||Au,5tu7VP||L1T(B;(12)-

Given Theorem 3.12, we can prove the well-posedness of (3.5) in E(7") by using the

contraction mapping theorem.

Theorem 3.34. Assume that the initial density pg satisfies (1.4) and py — 1 € B§f12(R3), and
the initial velocity v, € 77357/12 (R3). Then there exists some T > 0, such that the system (3.5)

has a unique strong solution (u, VP) € E(T).

Proof. We shall construct a contraction mapping on F(7") by solving the linearized system

(3.7). Let us denote the inhomogeneous terms in (3.7) by

(

f(v,VQ) = div((F — )Vv) + (I — Z)VQ,

R(v) = (I - v,

g9(v) = Te((I — &)Dv),

\

where (v, VQ) € E(T'). However, since no smallness is assumed on the initial data, one has
to perform the contraction mapping theorem around a neighborhood of some reference, which

here is chosen as the solution (uz, VP ) to the homogeneous linear system

;

pooyup — Auy + VP =0,

divuy, =0, (3.37)

\uL(O, -) = wuy.

In view of Theorem 3.12, we immediately have

ICaz, VPL) sy < Clluoll g1/ (3.38)
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Hence, we see that

M(t) = | g, O, VP gore) 0

as t tends to 0. We will solve (3.7) in a closed ball in £(T") centered at (ur, VP ) with radius

r, that is,
B.(uy, VPr) = {(u,VP) € E(T) : ||(0, VP)| gy <1},

where (1, P) = (u — uy, P — Pp). The numbers r and T" will be chosen suitably small later.
Let us estimate the inhomogeneous terms first. For any (v,VQ) € B,.(ur, VP), we

denote (v, Q) = (v — uz, Q — P). Obviously, we have

199013 532y < 1990y oy + 19002y gy < 7+ MUT).
So Lemma 2.24 and Lemma 2.25 are effective if we require
r—+ M(T) < c.
Then applying (2.25) and product laws in Besov spaces, we see that
1F(v,9Q), Vg oy S IVl m AV, VUL re. (339)

While applying (2.25) and (2.30), we get

T
IRy oy 5 [ 100Vl g+ 1 = A 0wy

SIVIG: (gsr2) + 1Vl oy g2 10V Ly 37 (3.40)

So, by Theorem 3.12, the system (3.7) has a unique solution (u, VP) € E(T). Subtracting

(3.37) from (3.7), and then applying again Theorem 3.12 to the resulting system for (i1, VP),
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we obtain

18, VPl < 11£(v. VQ). 0R(V), Vo)l 1 5102,

Plugging (3.39) and (3.40) in the above estimate, and using Lemma 2.12 (ii) and (3.38), we

arrive at

18 V) lary SIVIZ, o + IVl s 1AV, 0, 9y

SCOHUOHB%/EM(T) + CQ(T + M(T))Q,

where C depends on m and ||pg — 1| 43/2. Now choosing 7" and r small enough so that
2,1

1
r<—/\@andM(T)§r/\ !

=53 (3.41)

2Co]|uoll g2
we have ||(@, VP)| z(r) < . So the solution mapping N that assigns (v, VQ) to (u, VP) is a
self-mapping on B,.(u, VPp).

It remains to show that AV is contractive. Let (v;, VQ,) € B,.(ur, VP) and (u;, VP;) =
N(v;,VQ,), i = 1,2. In what follows, for two quantities ¢; and ¢, d¢ always denotes their

difference ¢; — g2. Then the system for (du, VIP) reads

/

pPo0ou — Adu + VOP = 4§ f,

divéu =diviR = dg, (3.42)

6u‘t:0 = 07
\

where f; = f(vi, VQ,), g; = g(v:), and R, = R(v;) with o/ = o4,.
We write 0 f = (6f)1 + (5f)2, Where

(6f)1 =div((e, & — 1)Vv) + (I — ] )VQ,

(6f)2 = — (6) 'V Qy + div [( ey AL — Ay AL)Vv5].
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Along the lines of deriving (3.39), we have

” (5f)1 ||L1T(B;7/12) 5 ”VVIHLIT(B;/f) ||A(5V, VCSQHL%(B;’GZ)'

Applying (2.25), (2.27) and product laws in Besov spaces, we obtain
H (5f)2||L1T(B%{12) 5 HV(SVHLlT(B;”f) ||AV2, VQQHLlT(B;,/f)'
Summing up the estimates, we have
||5f||L1 51/2) S (M(T) +7)|[(6v, VOQ) || er)- (3.43)

Note that 0,0 R = —0y9,,0v + (I — oy, ) 010V — 0,(0.7 ) vy — 0.97 Oyvo. Again, applying (2.25),
(2.27), (2.29) and (2.32) gives
H@t%w(sVHLlT(B;,/f) SHVVI HLIT(B%Q) ||5V||L§9(B;7/12)’

H(I ”Q{\ll)at(SVHLl 1/2 <||VV1||L1 3/2 ||8t6v||L1 (31/2)7
10628 12l g, S0V 3 s IVell s

||5£fatv2||LlT(B;;12) S,IIVévIILlT(Bg/lQ)|I0tV2||L1T<B;{f>'

Putting things together, and using (3.38) and interpolation inequality in Besov spaces, we arrive

at
00 Rl 2, S (ol MY2T) + MD) + )6V, VoQ) ry- B

For the estimate of dg, we write g = Tr((I — %, )Dév) — Tr(d.7 Dvy). We have

H(SgHLl 5/2 <HVV1HL1(33/2)“V6V||L1 3/2 +||VV2||L1 3/2 ||V(5VHL1 5/2
SM(T) +7)[[(0v, ViQ) || (- (3.45)
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Now summing up (3.43)—(3.45) and applying Theorem 3.12 to (3.42), we obtain

(6w, VOP) () SI51, B3R, Vgl 102

<Ci(lluoll gz MY*(T) + M(T) + )| (6v, VoQ)| )

with C; depending on m and |pg — 1|| 43/2. Taking (3.41) into consideration, we choose 7 and
2,1

T so small that

1 1
TSQ/\—/\—andM(T)Sr/\ d

A (40 . )
2 80, " 8C, IHUOHBQ,GQ

2Co|uoll 5y

Then N is a contraction mapping on B,.(uz, VPp). So it admits a unique fixed point (u, VP)
in B,(ur, VPy), which is a solution to (3.5) in E(7"). The proof of uniqueness in F(T) is

similar to the stability estimates. So the proof of the theorem is completed. ]

Theorem 3.35. Under the assumptions in Theorem 3.34, there exists a constant € depending

onm and ||py — 1|| 53/2 such that if
2,1

. <
HUOHB;@ = o,
then the local solution (u, VP) exists globally in time and verifies
100, VP e = [l + 180, 00, VP s ) < Clnl gy

Proof. The proof is almost the same as that of Theorem 3.34. Let us just mention a few modi-

fications. First, we should replace E(7") by E(oo) that consists of all pairs (u, VP) satisfying
51/2 123 1 51/2 3 )
u € Gy([0, 00)332,1 (R?)), (O, Au,VP) € (L (R+SBQ,1 (R ))) .

Second, we replace the reference solution (uy,, VP) by (0, 0), and choose r as a small number

depending on m and ||pg — 1| 53/2 and |Jug || 51/2 S 7. The details are left to the reader. O
2,1 2,1

For completeness, let us now give the proof of Theorem 3.2 and Theorem 3.9.
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Proof of Theorem 3.9. Theorem 3.34 and Theorem 3.35 constitute a proof of Theorem 3.9. [

Proof of Theorem 3.2. First, by Theorem 3.9, we can solve (3.5) for a solution (u, VP). Define
plt,2) = po(X3'(t,2)) and (u, P)(t,) = (w, P)(t, X3 (t,7)).

By Lemma 2.24 and Lemma 2.20, (p, u, V P) has the regularity stated in Definition 3.1 and
hence is a strong solution to (1.2).

Let (p;, u;, VP;), i = 1,2, be two strong solutions to (1.2) with the same initial value. By
Lemma 2.22 and Lemma 2.20, the corresponding unknowns (u;, VP;) in Lagrangian coordi-
nates are solutions to (3.5) with the same initial value. So it follows from the uniqueness part

of Theorem 3.9 that (p1, uy, P1) = (pa, uz, P»). O

3.4 Long-time asymptotics

This section is devoted to the proof of Theorem 3.6. Besides the maximal regularity estimate

(3.2), the proof also relies on a recent result in [59].

Lemma 3.36. Assume that py satisfies (1.4) and py — 1 € Bg’/f(R?’), and uy € 73357/12(]1%3).

There exists a constant &, depending on m and ||py — 1| 53/2 such that if ug satisfies
201

51/2 <
HUOHBZ/1 = €,
then (1.2) has a global solution (p,u,V P) that verifies (3.2), (3.3) and
ol gy + IVE@es - T ey < Collol (3.46)

where Cy is a constant depending only on m.
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Proof. Let €1 be so small that the Theorem 3.2 in the present paper and the Theorem 1.2 in [59]

hold. We start with mollifying the data by defining

Po,N = 1+ Z A]’(po — 1) and Uo,N = Z AjU,(].

l71<N lj|I<N

As in [59], the above data generates a global solution (py, uy, V Py) to (1.2) that satisfies the
estimates in [59, Theorem 1.2]. On the other hand, in view of Theorem 3.2, (px, uy, VPy)
also satisfies (3.2) and (3.3). The uniform estimates allow us to pass to a limit to obtain a global
strong solution (p, u, V P) to (1.2), which is unique due to Theorem 3.2. Finally, we use the

estimates in [59, Theorem 1.2] to get

||\/E(atu +u- VU)HL2(R+;B;,/12)

SH \/EatuHLZ(RJr;B;/f) + || \/EUHLOO(]R%BSQQ) ||u||L2(R+;BS(12) 5 ||U0||B;/12 :
This completes the proof of the lemma. O]

We are now in a position to give the proof of Theorem 3.6. Our proof is motivated by
[33,34] concerning asymptotics and stability for global solutions to the classical Navier-Stokes

equations.

Proof of Theorem 3.6. Fix any € < e;. We first split the initial velocity into two parts vy =
Uop + Uoy, Where ug, = J>-N Ajuo is the high frequency part that belongs to the inhomo-

geneous Besov space Bé/ ®(R3), while uq, satisfies that
. <
luoull gy < e
By Lemma 3.36, (po, uo,;) generates a global solution (p;, u;, V F)) to (1.2) that satisfies

HUZHLOO(R+;B;/12) + HVUZHLl(R+;Bgﬁ2) + H\/g(@u +u- VU)HLQ(R+§B;/12) S Hu071|’B;/12, (3.47)
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and

o1 — 1||L00(R+;B;(12) S lpo — 1“33{12' (3.48)
Let (pn, un, Pr) = (p — p1,u — u;, P — B}). Then (pp,, up, Py) satisfies the system

Orpn +u - Vpp +up - Vo =0,

p(Oyup + u - Vuy) — Auy + VP, = —puy, - Vuy — pp(Opuy + vy - V), (3.49)

divuy, = 0,

L (Pns un) li=0 = (0, ugp).

We shall use the energy method to derive an Lf(B;ﬁQ) estimate for u;,. Taking the L? inner
product of the second equation in (3.49) with u;, and using Holder’s inequality and Sobolev

inequality, we have

1d

5 i VEulE 4 190l == [ plan - 9w undo— [ pu(@ur + - T -y do

SIVullscllv/punllz + lonllzllOru + u - Vulls|| V2.

To bound || py||2, we get from the transport equation in (3.49) that

t t
n®l < [ N Foladr S [ 1Vl Tl dr S VEITunllaenlI Vol
0 0 ’

Putting things together and using (3.48), we have

d
ZIvpunlls + [Vunlls S 1V urlloollvpunlls + IVunll 22 [ VE@rw + - V) |3 Vo

Integrating both sides of the above inequality over the time interval [0, ], then using (3.47), we

have

t
IVpunll3 () + IV unllzz 12y < lv/Potionlls +/0 IVurlloollv/punlls dr + &l Vunl 2 2
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So, if € is small enough, we arrive at
t
IVounll3(t) + IVurllzz e < Iveouonllz + | IIVwllsollv/punllz dr.
#(L?)
0
Applying Gronwall’s inequality and using (3.47) give us that
[unll g z2) + Vunllzz 2y < Clluonlls exp{Clluoll g2}

We interpolate to have

lunll g gprz) < Clluonllz exp{Clluoyll 512}

~

This implies that there exists a positive number ¢, such that |[u, (t.)|| 512 < &, and so [lu(t.)|| g1z S
2,1 2,1

I3

e. Now we apply Lemma 3.36 to conclude that
HuHLOO((tg,oo) B%{f) 5 Hu(tS)HB;’/lQ 5 &

)

which implies (3.4) since ¢ is arbitrarily small. This completes the proof of Theorem 3.6. [
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Chapter 4

Compressible Flows

4.1 Introduction

The main purpose of this chapter is to investigate the maximal L' regularity of (1.6) under
the least regularity assumption on the density p. In Chapter 3, we were only able to work in
the L? (in space) framework due to the presence of pressure. In this chapter, the operator A
in (1.6) will be a local operator, and we will work in the general L” (in space) framework. A
practical benefit of doing so is that one can lower the regularity of the density (see [20]). For the
analysis in Chapter 3 to adapt to the L? framework, we need to make the extra effort to obtain
pointwise bounds for the kernel of the semigroup generated by p~'.A. Let us consider two
concrete examples. For A = A (the Laplacian), McIntosh and Nahmod [46] proved that the
kernel of the L? semigroup etr™ A generated by p~' A satisfies Gaussian bounds (see also [31]).

tp~ 1A

This guarantees that the semigroup e extrapolates to a bounded analytic semigroup on L?,

1 < p < co. Note that the kernel of et '2

is essentially a scalar kernel. If A is the Lamé
operator L defined by (2.6), however, (1.6) is a truly coupled system whose fundamental matrix
does not necessarily satisfy Gaussian bounds. Nevertheless, we can prove the bounds for the
fundamental matrix and its derivatives using a rather classical method if the dimensions of the
Euclidean space < 3. The tricks are due to Davies, one is to use Sobolev inequalities to bound
L>-norm (see [27]), the other is a perturbation technique to obtain exponential decay (see [26]).

In the spirit of [31, 46], once we obtain Gaussian upper bounds of the fundamental matrix

(denoted by K;(,y)), we can easily get the C''7 estimates for the kernel K;(x,y)p~ (y).
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Before we study the maximal regularity for (1.6), we will establish a maximal L'-in-time

regularity result for the abstract Cauchy problem

u'(t) = Su(t) = f(1),
u(0) =x

(4.1)

in homogeneous type spaces. Let us assume that S is an unbounded linear operator on a Banach
space (X, || - ||) that generates a bounded analytic semigroup e'. Given (4.1) with x = 0, S is
said to have maximal L"-in-time regularity in X for r € [1, 00|, if forevery f € L"((0,c0); X),

(4.1) has a unique solution verifying

| Sul| 7 ((0,00):x) < Clf || 7 ((0,00):) - 4.2)

The maximal L" regularity issue for r € (1, 00) has been extensively studied in the literature.
We refer to [25,28,30,35,51], amongst which [25] also covered the Lt theory, but the global-in-
time estimate (4.2) holds only if 0 belongs to the resolvent set p(S) of S (i.e., S7! € Z(X)).
It goes without saying that such a condition is very demanding in many concrete examples.
Recently, Ri and Farwig [52] established maximal L' regularity for S in inhomogeneous type
spaces without assuming 0 € p(S). Later, a similar result in the homogeneous space setting
was proved by Danchin et al. [18]. The authors in [18] also nicely explained the importance
of maximal L' regularity for parabolic systems in homogeneous spaces. Our work is more
relevant to the one in [18]. But [18] did not cover maximal regularity in homogeneous spaces
with negative regularity. For us, working in spaces with negative regularity can weaken the
regularity of the density. Here we follow Chapter 3 closely. It turns out that the strategy of the
proof of the concrete result in Chapter 3 works equally well for the abstract problem.

This chapter is organized as follows. In Section 4.2, we prove the C'*” regularity for
K (z,y)b(y), where K,;(z,y) is the matrix-valued heat kernel of —bL and L is the Lamé oper-
ator. We remark that the coefficient b is only bounded and bounded from below by a positive
constant. In Section 4.3, we derive the maximal L' regularity for the abstract Cauchy problem

(4.1) when § is a composition of bounded and unbounded operators. Then, in Section 4.4, we
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apply the abstract theory to study the maximal L' regularity for (1.6), where A is the Lapla-
cian or the Lamé operator. Section 4.5 is devoted to the global-in-time well-posedness of the
pressureless system (1.3). The method in Section 4.5 is also suitable for solving compressible

Navier-Stokes equations, and the corresponding result will be reported in Section 4.6.

4.2  Bounds of fundamental matrix

Let p be a measurable function defined in R" satisfying

m<plr) < —, ae.xeR" 4.3)

3=

for some m € (0,1]. Denote b = p~'. The main results of this section, in the spirit of those
in [31,46], are the Gaussian bounds of the matrix-valued heat kernel of —b.L.

For notational convenience, we denote L? = L*(R™;R"), H?> = H*(R™;R"). Let | - ||
be the L? norm induced by the standard L? inner product (-, ), and || - ||, the weighted norm

induced by the inner product

(), = [ ue) - ola)po) do.

Roughly, our method is a classical PDE method, and we will study various weighted

estimates for the solutions to the parabolic Lamé system
p(z)0u — Lu =0, in (0,00) x R™. 4.4

Before studying the variable coefficient problem, let us point out a basic fact about the Lamé

operator L. The assumption (2.7) guarantees the ellipticity of —L, and we have
1(=£)"2ul® = (= Lu,u) = pl|Vul|* + (g + N[ divl* > (g A )| Val? (4.5)

for all vectors u € H?.
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Lemma 4.1. The operator bL : H*> C L? — L? generates an analytic semigroup of contraction

{e®}is0 on (L%, (-,),), and e b is self-adjoint on (L, (-, -)) for every t > 0.

Proof. First, it is readily to verify that b_ is a self-adjoint operator on (L?, (,-),). In view of
(4.5), we have (bLu,u), < 0 for all u € H? So by Theorem 2.4, bL generates an analytic

bL

semigroup of contraction {e®*},~q on (L2, (-,-),). Since e’ is self-adjoint on (L2, (-, -),), we

have for all u, v € L? that
(e™bu,v) = (e bu, bv), = (bu, e™“bv), = (u, e bv).

This means that e?*“b is self-adjoint on (L2, (-, -)). O

Lemma 4.2. Let n € {2,3}. For every t > 0, the bounded operator ¢ on L? admits a

Schwartz kernel, denoted by K(z,vy), which is bounded and satisfies the pointwise bound

C
|Ky(z,y)| < e

for some constant C = C'(m, i, \).

Proof. Since n € {2, 3}, we get from the Gagliardo-Nirenberg inequality and (2.10) that

lullse < Cllal || Lul** w € H>. (4.6)

thl

This along with the analyticity of e~ implies that

||etb£u0||Oo < C’t_"/4||uo||, up € L2

Then e~ is also bounded from L' to L? due to the self-adjointness of ¢/*“b, and from L' to

tbL

L due to the semigroup property. So the Schwartz kernel K;(x,y) of '~ is indeed bounded

and satisfies the desired bound. This completes the proof. [

Next, we adopt the well-known Davies perturbation method (see [26]) to show Gaussian

bounds for the kernel S;(z,y) := Ki(x,y)b(y).
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The main theorem in this section is the following:

Theorem 4.3. Let n € {2,3}. Forany vy € (0,1) and t > 0, each entry of Si(x,y) is a

C17(R™ x R™) function. More precisely, there exist constants C; = Cy(m, u, \) and Cy =

Co(m, p, A, y) such that for all t > 0 and z,y,h € R",

Gy o —yI?
’St(.flf,y)’ + \/avxst(m,y)] S Wexp {_ Clt ,

h\? C x — y|?
and
K\’ C x — y|?
|VoSi(z,y + h) — VuSi(x,y)| < (%) t(n+f)/2 exp {_| o | } (4.8)

provided 2|h| < \/t.

Remark 4.4. In view of Lemma 4.1, we have Si(z,y) = S](y,z). So the y-derivative also

satisfies each of the bounds.

Let # denote the set of all bounded real-valued smooth functions 1) on R™ such that

IVl < Tand [[V24)]|o < 1. Let d(z,y) := sup{d(z) — ¢(y)|y € #'}.

Lemma 4.5 (see [27, Lemma 4]). There exists a positive constant C' = C(n) such that
C7lz —yl < d(z,y) < Clz —y|

forall x,y € R™.
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Given a € R and ¢ € ¥, define 1, (z) = ¥(ax) and ¢(x) = %@, The analysis is

based on the key observation that

¢¢1cmmo:u/@uvwa®v+vm:pﬁuvwa®u+vmdx

+ (n+A) /(a(vw)a v+ dive)(—a(VY), - u+ divu) de 4.9)
for any smooth vector fields v and v. In particular, if © = v, we have
(=~ Lpv,v) > |[(—L)*0)? — Ca?||v]?. (4.10)

In what follows, we divide the proof of Theorem 4.3 into three lemmas.

Lemma 4.6. Let n € {2,3}. There exists a constant C' = C(m, u, \) such that for all t > 0

and x,y € R",

C |z —y|?
| Ki(z,y)] Smexp{— 1 :

Proof. Denote v = ¢~ e (¢ug), where 1y € L. Then v is a solution to the system

pOww — & ' Lov = 0,
4.11)

v(0) = uy.

We start with the energy estimates for v. Taking inner product of (4.11) with v, then using

(4.10), we get

1d
Sl + (=£) 202 < Ca?o],

Applying Gronwall’s inequality, we obtain

t
MWW+AnemWw%wsmmw&w. (4.12)
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Differentiating (4.11) with respect to ¢, we get by a similar argument that

1d
5 19l + 1(=£) 7200 ]* < Ca?|| O[5,

—Cot ;

So the function t — [|0,v]|%e is decreasing. Consequently, we have

2 t
|Byv]Ze=C%t < 7 / |80 2e=C" dr. (4.13)
t

/2

Next, multiplying (4.11) by v; and integrating in x, then using (4.9) and the Cauchy-Schwarz

inequality, we get

1d

@ 2
I9wl2 + 5

I(=£)"20l* < C (@®|[oll 0] + [al[Voll[|d]]) -

The term ||0,v|| on the right side can be absorbed by [|0,v[|? on the left side. This together with

(4.12) and (4.5) gives
d 2

0wl2+ (=) /20]2 < € (e us 2 + a?[(~£) 0]

So,
2 d _Ca?
Orl2e=00 4+ Z(I[(=£) 2027 < Ca fugl . (4.14)
Combining (4.12) and (4.14), we have
i > 1 >
[ 10wl ar 4 107 el < € (5 + ') uale
t/2

which together with (4.13) further implies

1 C
|low(t)] < C <a2 + ¥> Juolle®™ < —fJuglle™™. (4.15)
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The above estimate should imply the corresponding L? estimate of Lv. To see this, we get

by a direct computation that

—Lo = — pd + p(@P[VY v + 2a(V) - Vo + o (A¢),0)

+ (1 + N (adivo(Vy), + aVo(V) e + a?(v - (V)a)(V)a + (V) 40).

(4.16)
Then it is easy to see that
1£v]] < C(llow] + o®[lvll + el Vo]).
The first order derivative can be handled by using the interpolation inequality
IVoll < Clloll2 || Lol /2.
So,
1£v]| < C(l10w]] + a?|lv]]).
Substituting for ||v|| and ||0;v]| by (4.12) and (4.15), respectively, we have
2o(o)] < 5 ol
Now using the Gagliardo-Nirenberg inequality (4.6), we obtain
Jo(D)lle < s oo @.17)

This means that the operator ¢~ 'e®**¢ is bounded from L? to L>™. A duality argument gives

the bound from L' to L?, that is,
C
(&) < Il ™. (4.18)
tn/4
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While this along with the semigroup property of ¢~ 'e/*“¢ gives
C o2
lo®llee < Soglluollre”™. (4.19)
Noticing that the kernel of ¢4 ¢ is K,(x,y)e? (@) ~¥(22) we get
C 2
[Ke(z,y)l < 75 exp{Cat +y(az) — vlay)}.
Replacing ¢ by —, we have
¢ 2
| Ki(x,y)| < WQXP{OO‘ t = [Y(az) — ¥(ay)l}-
It follows by optimizing with respect to ¢ € # and applying Lemma 4.5 that
¢ 2 -1
Ko, 9)| < o7z exp{Ca’t = C oo = ).

Finally, minimizing the bound by choosing o = % completes the proof. []
Lemma 4.7. Let n € {2,3}. There exists a constant C' = C(m, p, \) such that for all t > 0

and x,y € R",

¢ |z —y|”
V.S, y)| < oD OXP {—T :

Proof. Apparently, we only need to show the bound for |V, K;(z,y)|. Denote u = e**(¢uy)
and v = ¢~ 'u, where uy € L?. We need to bound the norm ||¢~*Vu(t)||o. To this end, let us

first study the norm || Vu(t)]|« since
¢ Vu(t) = Vo + a(Vi), @ v. (4.20)
By the equation (4.16), we see that

1£v]loe < C(l10v]loc + 0*[[v]loc + |l [Vollso)- (4.21)
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Using Littlewood-Paley and (2.9), one can prove the interpolation inequality

IVolloo < Clloll 2Ll
Plugging (4.22) in (4.21), we easily get

1£v]loe < C(l|0ev]loc + 0*[[v]]oc)-
Then combining (4.20), (4.22) and (4.23), we arrive at
l6™' Vu(®)]lo < C (lallo®)lle + To@) L2100 ()1L7) -
Next, in order to bound ||0;v(%)||~, We observe that
Ow(t) = ¢~ ez p[0w(t/2)].

So, in view of (4.17), (4.15) and (4.18), we get

C C C

« a2 a2
9@ lloe < 776 MO0t/ < Jrme™ Mot/ < frme™ ol

Plugging the above in (4.24) and using (4.19), we have

_ |a| 1 o2 C o2
o7 Vult)lo < € (5 + gy ) < Mol < grze® ol

Thus,

C
VoK 9) < iy ep{Co%t + p(01) — blay)}.

(4.22)

(4.23)

(4.24)

(4.25)

(4.26)

Again, we finish the proof by optimizing the bound with respectto ) € # andthena € R. [

Remark 4.8. From (4.25), we also see that the kernel of tbLe'** has a pointwise Gaussian

upper bound. In particular, thLef** extends to a bounded operator on L? for every ¢ > 0.
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Lemma 4.9. Let n € {2,3}. Forany v € (0,1), there exists a constant C' = C(m, u, \,~)
such that for all t > 0 and x,y, h € R", (4.7) and (4.8) hold whenever 2|h| < /1.

Proof. Let u = e uy. By Lemmas 4.1 and 4.6, we have

C
ELu()] + 2 Lu() oo < —luoll-

For any v € (0,1),let¢ = %5 and § = @ Then we use the embedding TW19(R") <

C7(R") to get

_ C
IVuller < CIVully < CllLully < CllLull3l Lulle” < sz luoll-

Thus, we have for any h € R" that

C hl\"
VaKi(z +hy) = VoKl )l < tommm (%) :

The exponential decay factor in (4.7) can be easily obtained by the observation that

|vth<5U + h7 y) - Vth(l',y)‘

<(IVaKi(x + hyy)| + Vo Ki(2,y))' P VaKi(x + hyy) = Vo Ki(2, y)l”

for any 8 € (0, 1). This proves (4.7).

To prove (4.8), we write

/[VxSt(:v, Y+ h) — Vo Si(x, y)]uo(y) dy = Ve (bdyu)

with §pug () = up(x —h) —ue(x). Using Lemma 4.7, the right side can be estimated as follows

Clh|

C, ¢
Ve (b6 u0) || < ﬁllmbc(b%uo)\!w < s luol1.

The bound in (4.8) can be shown by a similar argument as the first part of the proof. This

completes the proof of the lemma. O]
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For completeness, we conclude this section by finishing the proof of Theorem 4.3.

Proof of Theorem 4.3. Lemmas 4.6, 4.7 and 4.9 constitute the proof of Theorem 4.3. [

4.3 An abstract L' theory

In this section, we are concerned with the L!-in-time theory for the abstract Cauchy problem
(4.1), where S is a composition of bounded and unbounded operator. We follow Chapter 3
closely and we do not explicitly use the theory of interpolation spaces.

Let (X, | - ||) be a Banach space. We temporarily just assume

Assumption 4.1. S : D(S) C X — X is an one-to-one operator that generates a bounded

analytic semigroup e® on X.

Given s € (0, 2), we define

] BYS T ||t_8/2||t86t8$||||L1(R+,%)
and

Il gss = #7215l -

In view of Lemmas 2.13 and 2.14, the above notations make sense if we pretend that S is a

second-order elliptic operator. For any x € D(S), since |[tSez| < ||z A ||tSz

, we easily

see that
12l g5 < lzllpes) = llell + lISzl-
While for © € R(S), the range of S, we have

lell s = 18 2l ge-vs < zlles) = Nl + 157 2]
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Definition 4.10. Let s € (0, 2). Define B}‘Sl as the completion of (D(S), || - |

5—5,S
B;Sl)’ and By y

as the completion of (R(S), || - HB}—(S,S).

The space B}Sl can also be defined via interpolation (see, e.g., [35, Remark 2.4]), but we
do not need this fact in this dissertation.
For notational convenience, we temporarily denote B;sl’s by B*s. But we shall not use

the abbreviated notations if the norms are associated with different operators.

Lemma 4.11. For every k € NU {0} and s € (0,2), there exists a constant C' depending on s

and k such that

sup H(tS)ketSm\ s < O]l s, Yo € D(S), 4.27)
>0
sup [|(tS) e x| 3-o < Cllz| p-o, Yo € R(S), (4.28)
>0
H||(t8)k+1€t8x| Bs Ll(R+,%) < C||ZL‘| Bsy T € D(S), (429)
and
HH(tS)k-i-letSajHB_s LY(Ry, L) < CH%’HB_S, WS R(S) (4.30)

Proof. The first two inequalities follow immediately from the definitions of the norms and the

analyticity of e'°.
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The proofs for (4.29) and (4.30) are similar, so let us only prove (4.29). In view of (4.27),

we only need to prove (4.29) for £ = 0. Applying Fubini’s theorem, we have

/ - / / 12| 26 TIS | it dir
0
/ / —s/2 |S%e™ x| dt dr
:/Hywmﬁ/< ) dr
0 0

2 o0
= / t=3/2|[tS%eS x| dt.
0

7§

2—s

Finally, by the analyticity of S, we end up with

[I(tS)e* x|

)< 0/ t73/2||SefS x| dt =

Bellp(ry, 4t

This completes the proof. O]

The inequality (4.27) (with k = 0) guarantees that ' p(s) extends to a bounded operator
on B* with bounds uniform in . Denote this extension by 7;(t). Then {T;(t)};¢ is a bounded
semigroup on B*. Similarly, (4.28) implies that ¢S also extrapolates to a bounded semigroup

{7T_s(t)}+=0 on B~*. In fact, both semigroups are strongly continuous.
Lemma 4.12. {7;(t)}1>0 (resp., {T_s(t) }s>0) is a bounded Cy semigroup on B* (resp., B~*).

Proof. For z € D(S), the function ¢ — T,(t)z = ez belongs to C([0,00); D(S)), hence
C([0,00); B?) since D(S) — B*. One can easily get the strong continuity of 7,(¢) on B* by a
density argument.

The strong continuity of 7_4(¢) on B~ can be proved analogously. [

Let us denote by G, and G_ the generators of 7,(t) and 7_,(t), respectively. In general, it
is not easy to identify the domain of the generator of a semigroup. However, it would be easier

to find a core for the generator.

Lemma 4.13. (i) The domain D(S?) of 8% is a core for G, and it holds that G| p(s2) = S|p(s2),
that is, G, is the closure of S : D(S8?%) C Bs — B,
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(ii) G_ is the closure of S - D(S)N R(S) € B~ — B~*.

Proof. Note that D(S?) is dense in B* since D(S?) is dense in D(S) and D(S) is dense in B®.

For every = € D(S?), we have
1 1 [
;(ﬁ(t)x —z) = ;/ Ts(7)Sz dr.
0

Letting ¢ — 0%, the right side converges to Sz in D(S), thus, in B*. From this, we infer that
D(8?%) € D(G,) and G| p(s2)y = S|p(s2). Obviously, D(S?) is invariant under 7;(t). Thus, by
Lemma 2.5, D(S?) is a core for G.

We prove the second part along the lines of the above proof. First, D(S) N R(S) is dense
in B=* since D(S) N R(S) is dense in (R(S), || - ||rcs)) and R(S) is dense in B~*. Next, we
can show that D(S) N R(S) C D(G-,) and G_|p(s)nr(s) = S|p(s)nr(s). Moreover, since

D(S) N R(S) is invariant under 7_4(t), so it is a core for G_,. This completes the proof.  [J

Lemma 4.14. {T;(t)}1>0 (resp., {T_s(t)}i>0) is a bounded analytic semigroup on B* (resp.,
B).

Proof. We know from Lemma 4.13 that D(S?) is dense in B, and that G, 7;(t)x = Se*Sx for

zr € D(8?). It then follows from (4.27) that [|tG,T;(t)x|

s < Cllz|

ps forevery t > 0. So
75(t) is a bounded analytic semigroup. An analogous argument gives the analyticity of 7_(t)

on B~*. [l
Remark 4.15. By Fatou’s lemma, now (4.29) (resp., (4.30)) actually holds for data in Bs (resp.,

B~#). In particular, choosing k = 0, we have

1G€™ x| 1 g, oy < Cllzll s, Vo € B (4.31)

and

||Q_setg*5x||L1(R+yB_s) < COllz||g., Yz € B~ (4.32)
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Next, we take advantage of Lemma 4.14, (4.31) and (4.32) to obtain the maximal L'

regularity for the abstract Cauchy problems

u'(t) — Gsu(t) = f(t), u(0) ==z (4.33)

and

u'(t) = Gosu(t) = f(t), u(0) =z (4.34)

Theorem 4.16. Assume Assumption4.1. Let s € (0,2) and T € (0, 00| There exists a constant
C = C(s) such that

(i) For any © € B® and f € LY((0,T); B®), the equation (4.33) has a unique strong
solution u € C([0,T); B®) satisfying

ull Lz 9y + 1 Gull 1y ey < Cllellpe + ClLF Nl Ly (30)-

(ii) For any x € B~ and f € L'((0,T); B~*), the equation (4.34) has a unique strong

solution v € C([0,T'); B~*) satisfying
ull L5y + 10 Gsull 1 (3-+) < Cllellps + CllF Nl Ly -+

Proof. Let us only give the proof of the first part. The homogeneous part e9:z is a classical
solution to the homogeneous equation, and satisfies the desired estimate by Lemma 4.14 and
(4.31). Denote the inhomogeneous part by Zf(t) = fg e'=79% f(7) dr. Then it is easy to see

that [|Zf|| e 3y S |/l 12 3+)- Using again (4.31) and Fubini’s theorem, we have

Tt
1GsZfl 1 () S/O /0 1G9 f(7)|| g dr dt

T T
:/ o / IG.e 7% f(7)|
0 T

e At SNy sy
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So by Lemma 2.6, u = €9z + Z f(t) is a strong solution to (4.33). The estimate for u’ follows

directly by the previous estimates and the equation (4.33). So the proof is completed. ]

Now we consider the abstract Cauchy problem (4.1) associated with a composite operator
of the form S = B.A, where B is a bounded invertible operator and .4 is an unbounded operator.
Our analysis relies on an abstract version of Theorem 3.10. Such a result has been demonstrated
useful for studying density-dependent fluids.

We start with some assumptions.

Assumption 4.2. The linear operator A : D(A) C X — X generates a bounded analytic

semigroup e satisfying lim;_,, ||e*4z|| = 0 for every x € X.
Assumption 4.3. B € .Z(X) is invertible with an inverse B~! € .Z(X).

Assumption 4.4. S = BA : D(A) C X — X generates a bounded analytic semigroup e*®

satisfying lim; ., |[e!®z|| = 0 for every » € X.

Lemma 4.17. Under Assumptions 4.2-4.4, it holds for any (s,q) € (0,1) x [1,00] and x € X

that

[l o, ar) = HtSHeMB_leHLq(RJF%). (4.35)
Consequently, we have for any x© € D(A),
[t il e, ey = Nl IEA 2] e, ) - (4.36)
(R+,%%) (R4, %)

Proof. By Assumption 4.2, we have for any x € X that

1/e

r = — lim Ae™x dr,
e—=0t J.

where the limit converges in X . Replacing x by B~z gives

B lr = —/ Ae™ B 12 dr.
0
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Applying e'SB to both sides of the above identity, we obtain
ety = — /00 e BATAB  z dr.
0
We can bound the integrand in two different ways:
¢S BATAB 0] = 98B ]| S LB el £ 445,
or,
e BAAB 2| < || Ae™ B | < %He;AB_la:H.

So we arrive at

oo

1

eS| 5/ WHJABA%WT-
0 T

Multiplying both sides by ¢°, we get

N’ d
tsuet%ug/ (—) (1A ) TlleB ) =
0 T t T

Since s € (0, 1), it is easy to verify that

< /tN\° /T dr N\ /T dt
sup - (—Al)——i—sup - (—/\1)—§C’.
>0 Jo T t T >0 Jo T t t
It then follows from Lemma 3.16 that

e @] o, 2 S (1B 2] o,
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The reverse inequality can be proved in a similar way. By Assumption 4.4, we have for

any x € X that
x = —/ BAe™x dr.
0
This time we apply e**B~! to both sides of the above identity to get
B e = —/ e Ae™S x dr.
0

So bounding the integrand in two different ways as before gives rise to

o0
1
e A L
0 T

This can further imply that

HtsHetAB_IxHHLq( : 5 HtsHetS

Ry,dt mHHLq(@,%)'

Thus, we have verified (4.35).
Finally, (4.36) follows by replacing = by Sx in (4.35). [

We assume additionally that
Assumption 4.5. A : D(A) C X — X is one-to-one.

So § satisfies Assumption 4.1. Then the equivalence of norms implies the equivalence of

spaces. More precisely, we get immediately from Lemma 4.17 that

Corollary 4.18. Let s € (0,2). Under Assumptions 4.2-4.5, we have
(1) B;‘Sl = B}g{‘ll with equivalent norms.
(i) B)_(SIS coincides with the completion of R(S) with respect to the norm ||B~! - || B

where the spaces and norms associated with A are defined in an obvious way.

It turns out that the operator B acting on B)}fl’A is meaningful. Indeed, (4.35) implies

that B|r(4) extends to a continuous operator, denoted by B, from B;(Sl’A to B;(Sl’s; and that
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~!|g(s) extends to a continuous operator, denoted by B~ B-1, from B X1 S to By X, 1“4 Obviously,

Bis invertible and B~ = B~1. These facts can help us identify G_; in the following
Lemma 4.19. Assuming Assumptions 4.2-4.5, then the operator

A:DA)NR(S) C By — By

is closable. Moreover, we have G_, = B A, where A is the closure of the above A.

Proof. We see from Lemma 4.13 (ii) that G_; is the closure of
BA: D(A)NR(S) C BXsls — B_SS.
It follows that A := E‘lg_s is the closure of
A:D(A)NR(S) € By — By

This completes the proof. []

We conclude this section with the maximal L! regularity for the Cauchy problem

—1 ’

B 'u/(t) — Ault) = f(t), u(0) = . 4.37)

Theorem 4.20. Let s € (0,2) and T' € (0, 00]. Assuming Assumptions 4.2-4.5, if x € B;(fl’s

and f € L'((0,T); B;{i’A), then (4.37) has a unique strong solution u in the class
we C([0,7); BY5S), o € L'((0,T); Bxy), Au € L'((0,T); B Y.
Moreover, it holds that
1B ull ety + 1B o, Al g 58y < CIB allgsn + Cll gy sy

X) and ||Bfl||g(x).
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Proof. Note that Bf € L'((0,T'); Bx";’). Thanks to the continuity of B and B, and Lemma

4.19, then Theorem 4.20 follows by applying Theorem 4.16 (ii) to the Cauchy problem

u'(t) — BAu(t) = Bf(t), u(0)=z.

4.4 Concrete examples

In this section, we apply the abstract theory to two concrete examples. The linear system to be
considered reads
pou — Au = f, in (0,00) x R",

(4.38)
u(0) = uyg, on R",

where the coefficient p is a time-independent function satisfying (4.3), and A is either the

Laplacian A or the Lamé operator £ defined by (2.6). We denote b = p~!. From now on, we

always assume
Assumption 4.6. n > 2if A=A, orn e {2,3}if A= L.

We choose X = L = [P(R";R") (1 < p < o0), D(A) = W?P = W?P(R";R"), and
S = bA. Obviously, Assumptions 4.3 and 4.5 are satisfied. That A satisfies Assumption 4.2 is a
classical result (see, e.g., [6, Example 3.7.6]). That bA : WP C LP — LP satisfies Assumption
4.4 was essentially proved in [31,46]. Analogously, we can use Lemma 4.1, Lemma 4.6 and
Remark 4.8 to show that bL satisfies Assumption 4.4 as well.

Let us identify the spaces Bf(sl’A. Let s € (0,2). We know from Lemmas 2.13 and 2.14
that the By* X1 A _norm is equivalent to the Besov B 1-norm. One can see from (2.8) and (2.9)
that R(A) = R(L). It is however easy to see that R(A) is dense in B];f. So B*S’ is identified
as B 1 for every s € (0,2). To identify B3 X 1» we assume additionally s < 2 so that BS 118
complete. Then applying Corollary 4.18 (i), Lemmas 2.13 and 2.14, and the obvious fact that
D(A) = W?P is dense in B?

b1 We get B = By = B,
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We now turn to the central problem of this section, that is, the maximal L' regularity for
(4.38). In view of Theorem 4.16 (i) and Lemma 4.13 (i), the smooth solutions to (4.38) should

satisfy the a priori estimate

HUHL,‘}O(B;J) + ||U/7bAU||L1T(Bgl) < lluollp B, + ||bf||L1T(B;’1)

But if p merely satisfies (4.3), we can not handle the inhomogeneous term, nor can we obtain

the estimate for || Aul| LL(B3 )" Solving (4.38) in Besov spaces with negative regularity seems
p,

to be a more promising way to lower the regularity of the density. In fact, from Theorem 4.20,

the a priori estimate for smooth solutions becomes

lpull e 3y + llow's Aully -2y < llpuollp s + [1f 1o

Unfortunately, the above is not quite true if « is only a strong solution.

By Corollary 4.18 (ii), the space B)_(fl’s agrees with the completion of (R(S), ||p - || Bﬁ).
Then the multiplication by p extends to a bounded operator, still denoted by p, from B)}fl’s to
B 1 with a bounded inverse that coincides with the extension of the multiplication by b. By

Lemma 4.19, the operator
AW QbAW?) C BYY — B3

is closable, and we denote its closure by A. Then One can directly interpret Theorem 4.20 as

follows:

Corollary 4.21. Let s € (0,2) and T € (0,00]. If ug € By and f € L'((0,7); B,3), then

(4.38) has a unique strong solution u in the class

we C([0,7); BYYY), O € LM(0,T); By®), Au € L'((0,T); B, ).
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Moreover, there exists some constant C = C(s, m, i, v) such that

||PU||L°TO(B;§) + ||PUI,ZU||L1T(B;§) < CHPUOHB;; + C||f||L1T(B;;)-

Unfortunately, it is not clear whether ||Vu||. can be bounded by || Aul| 4n/p-1 for n <

p,1
p < oo. Note that an element in B;{s might not even be a distribution. So Theorem 4.16
and Corollary 4.21 may be too abstract to be useful in applications if one insists to work in an

L'-in-time framework. For this, we require a little more regularity on the coefficients.
Lemma 4.22. (i) Let p € (1,00) and s € (0,2) N (0, 7]. Assume that p,b € ///(B;I) Then G,
coincides with the operator

bA:Bs,NB* C By — B ). (4.39)

(ii) Let p € (1,00) and s € (0,2). Assume that p,b € %(B;f) Then the space B)_(sls

coincides with B-%, and the operator A is given by

p,1’
A:B2*NB,iCB{— B} (4.40)

Proof. (i) First, along the same lines of the proof of Lemma 4.13 (i), we can show that G, is

the closure of
S:{ueD(S)Sue B} C B — B, 4.41)

Since p,b € J/Z(B;l), we can identify {u € D(S)|Su € Bfm} = {u € W*P|bAu € B;l}
as the inhomogeneous Besov space szs = LN Bﬁjs. On the other hand, it is easy to see
that the operator b.A defined in (4.39) is closed and is an extension of the operator S defined in

(4.41). The desired result then follows from the fact that Bf)js is dense in B;l N Bf)js.
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(ii) Let us first refine several results in Section 4.3. Using (4.35) and the fact that R(A) =

A(W?P) is dense in B} §

1> We can verify that B)}fl’s agrees with the completion of

-5 = {u e L|||pul| 35 < oo}

with respect to the norm |[p - || 3—s. Then (4.28) holds for every u € Z_, so T_4(t) is the
D,
continuous extension of e |o_, to B;(fl"s. From this, we can follow the same lines as the proof

of Lemma 4.13 (ii) to show that G_, is the closure of
bA:W? N B C By — By

Now assuming p,b € A (Bp_ 1), it is easy to see that B;(fl’s coincides with B; 1. So pG_s

is the closure of
A:W*NB i C B} — B3

But it is not difficult to see that the closure of the above operator is the one defined by (4.40).

This completes the proof. []

Finally, we obtain a concrete version of maximal L' regularity for (4.38).

Theorem 4.23. Letp € (1,0), s € (0,2) and T € (0, 00]. Let p satisfy (4.3) and b = p~'.
(i) Assume that s < < and p,b € //Z(B]‘jl) Then for ug € B;ﬁl and f € L*((0,T); B;}l),

the equation (4.38) has a unique strong solution u € C([0,T); B} ) satisfying

ol ey + 190, bl 5, ) < Clluoll gy + ClbF Ny

for some constant C' depending on s, m, i and v.

(i) Assume p,b € %(B;f) If ug € B;f and f € Ll((O,T);B;f), then (4.38) has a

unique strong solution u € C([0,T); B, 1) satisfying

“PUHL%O(BH) + ||PatU7Au||L1T(B;§) < C“PUOHB;; + CHfHL,}F(B;f) (4.42)
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for some constant C' depending on s, m, i and v.

Proof. The first part follows from Theorem 4.16 (i), the equivalence between B}‘Sl and B;l,

and Lemma 4.22 (i). The second part follows from Corollary 4.21 and Lemma 4.22 (ii). [l
4.5 An application to pressureless flows

In this section, we study the global-in-time well-posedness for the pressureless flow

p

Op + div(pu) = 0, in (0,00) x R",
p(Owu+u-Vu) — Lu=0, in (0,00) x R", (4.43)
k(Pa u)]i=0 = (po, o), on R",

where L is the Lamé operator defined in (2.6) with coefficients satisfying (2.7). The structure
of our proof is in the spirit of the one established in [20]. But the substantial progress we make
is the removal of the smallness assumption on the fluctuation of the initial density.

In this section, we always assume that

Assumption 4.7. Let n € {2,3}, p € (1,2n) \ {n}, po satisfy (4.3), uy € B;/lp_l -
(By (R))" and po, oy € A(ByY 7).

Let us be clear about what it means by a solution to the system (4.43).

Definition 4.24. The unknown (p, u) is called a global-in-time solution to (4.43) if

pe LRy x R) NL®(R ;.2 (B, ™)),

p,1

p,1

. . )
u € C([O, OO);B;,/Ip_l), (atu7 £u) c <L1(R+;Bn/p_1)> ,

p is a weak solution to the continuity equation of (4.43) (see Definition 2.18), (p, u) satisfies
the momentum equation of (4.43) for a.e. t € (0,00), u(0) = ug, and p(t) = po in L=(R") as

t—0F.

The main result in the section is the following
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Theorem 4.25. Assuming Assumption 4.7, there exists a positive constant ¢ depending on
-1 .
m, p,n, i, v, HpOH%(Bg’/lpfl) and || pg H///(B;,/lpfl) such that lf‘HUOHB;)L’/lp—l < ¢, then (4.43) has a

unique global-in-time solution.

Remark 4.26. The above theorem holds without constraint on the dimensions if £ is replaced

by A.

Firstly, we shall convert (4.43) into its Lagrangian formulation. Let X (¢,y) = X, (¢, y) be

the trajectory of the velocity field u. Recall the notations A(t,y) = (D, X (t,y)) L (t,y) =

det DX(t,y), and <7 (t,y) = adj DX(t,y). Then introduce new unknowns in Lagrangian

coordinates and define

(p,u)(t,y) = (p, u)(t, X(t,y)). (4.44)

The continuity equation in (4.43) has a unique weak solution p € L*(R, x R™) such that
Jp = po (see Theorem 2.19). Using (2.18), (2.19) and the chain rule, one can formally convert

the system (4.43) into its Lagrangian formulation that reads

pooiu — pdiv(e, AT Vu) — (p+ \) /] VTr(A,Du) = 0,
(4.45)

u‘t:O = Uy,

where we associate .27, and A,, with the new velocity u, namely,
Ay = adj DX, and A, = (DXu(t,y)) ™"
with
t
Xaltw) =+ [ u(rydr
0

We shall prove the well-posedness of the highly nonlinear system (4.45) using the contraction

mapping theorem. In order to apply the linear theory established in Theorem 4.23, we shall
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rewrite (4.45) as

p(]atu —Lu= f(l,I),

where
f(a) = pdiv((, Al — 1,,)Vu) + (n+ N {(] — I,)VTr(A,Du) + VTr((Ay — I,,)Du)}.

To bound the above nonlinear term, we invoke (2.25) and the product laws in Besov spaces

to get

1D s gy S NVVIG goim, (4.46)

whenever v satisfies (2.24).
Again, in view of Theorem 4.23, we shall perform the contraction mapping theorem in the

Banach space £, defined as
Ly = {11 € Cy([0, 00); B%p_lﬂatu € L'(Ry; B;L,/lp_l)ﬂl € L'(Ry; B%pﬂ)}
endowed with the norm

T I P (Rt

Now we can prove the global-in-time well-posedness for (4.45).

Theorem 4.27. Assuming Assumption 4.7, there exists a positive constant ¢ depending on

m,p,n, i, v, ||p0||//1(32/1p—1) and ||p51”%(32/1p—1) such that if ||ug| Br/e < ¢, then (4.45) has a

unique global-in-time strong solution u € E, satisfying |[ul|g, < HUOHBn/Ipfl.
P,
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Proof. For r > 0, let E,(r) denote the closed ball in £, centered at u = 0 with radius 7. We

shall construct a contraction mapping on E,(r) by solving the linearized system

Poatll —Lu= f(V),
(4.47)

u|t:0 = Uo,

where the input v € E,(r). To bound the inhomogeneous term, we require  to be small so that
”vaLl(B;/lp) < OHEV||L1(B;/IP—1) < Cir <.

This then implies (4.46).

Now, applying Theorem 4.23, we can solve (4.47) for a strong solution u € £, satisfying
lalls, < Cllwoll g + CUFO g1y < Colltoll g + Cor®.

To ensure that the mapping v — u is a self-map on E,(r), we need

and

Next, we need to show the contraction property of the mapping v — u. Given vy, vy €
E,(r),letu;,uy € E,(r) be the corresponding solutions to (4.47). As before, for two quantities
¢1 and g2, we always denote by dq their difference ¢; — go. Then applying Theorem 4.23 to the

system satisfied by du, we obtain

I6ulle, < CILIV) = Dl oy
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We write

Fv1) — F(va) = div(SA AT — DVov) + pdiv(A AT — o4A3)Tv)
+ (n+ N (A — I)VTr(A1D6v) + (n+ N (4T — I)VTr(§ADvs)
+ (4 N)(67)TVTr(AsDvy) + (n + A)VTr((Ay — I)Dév)

+ (1 + NVTr(SADvS),

where o7, = o/, and A; = A,,, i = 1,2. Applying (2.25), (2.27) and product laws in Besov

spaces, we arrive at

”f(Vl) - f(v2>||L1(B:)/1P—1) < CHVVlu VVQHLl(B;L’/lp)HV(SVHLl(B;LY/lP)'
We thus infer

[0ulls, < CI Vv, Vvall VoVl oy < Corllovls,,

(BIP) |

from which we see that [|dul|g, < 5/[0v| g, if 7 < 57

Finally, we choose

e 1 1 T
r=—2AN—A— and c=

— ¢ 20, o, 20,

Then the mapping v — u is a contraction on E,(r), thus, admits a unique fixed point u €
E,(r), which is a solution to (4.45) in E,. The proof of the uniqueness of strong solutions in
E, is similar to the proof of the contraction property of the mapping v > u. This completes

the proof of the theorem. ]

Remark 4.28. For n < p < 2n, in view of (4.42), one can prove the global well-posedness

under the assumption that || pyuol| 3n/r-1 < ¢ with c only depending on m, p, n, i, v.
p,1
Let us finish the proof of Theorem 4.25.

Proof of Theorem 4.25. The proof is similar to that of Theorem 3.2. [
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4.6  An application to heat-conductive compressible Navier—Stokes

In this section, we study the global well-posedness of the three-dimensional heat-conductive

compressible Navier-Stokes equations

/

Op + div(pu) = 0, in (0,00) x R?,

p(Ou+u-Vu)— Lu+ VP =0, in (0,00) x R?,
(4.48)

cop(0i0 +u - VO) — KAO = g|Vu + Dul? + A(divu)? — Pdivu, in (0,00) x R?,

(p7u79)|t=0 = (p(bUanO), on R3.

\

Compared with (4.43), a pressure term is added in the momentum equation of (4.48), and the
temperature equation (i.e., the # equation) is included. L is the Lamé operator defined in (2.6)
with coefficients satisfying (2.7). ¢, and x are positive constants. For a perfect gas, a good

approximation of the pressure P is provided by Boyle’s law

P = P(p,0) = Rpb,

where R is a constant.

There is a vast amount of literature that is devoted to the well-posedness of (4.48), but we
will review a few of the results that are most relevant to ours. Note that (4.48) is invariant under
the scaling

(p,u, 0)(t, ) ~ (p,u, 0)\(t,7) := (p, Mu, A20)(N\*t, \x).

Based on this scaling-invariance, Chikami and Danchin [14] proved the local well-posedness
of the full compressible Navier-Stokes equations with variable coefficients in critical Besov
spaces, but the global well-posedness was not covered in their paper. Global well-posedness of
strong solutions close to the equilibrium (p, u, 6) = (1,0, 1) in Sobolev spaces was first proved

in [45]. This result was generalized in [38] to allow initial vacuum. The smallness assumption
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on the initial data in [38] is imposed as
1 2
§po|uo| + R(polog po — po + 1) + copo(fo —loghy — 1) | dr < 1,
where pg and 6, are bounded and nonnegative functions. Note that this assumption implies that
[P0 — 1|2+ [|6o — 1|2 < 1.

Global well-posedness in the presence of a vacuum without smallness assumption on the fluc-
tuation of py was recently obtained by Li [42]. For more results concerning the well-posedness
of (4.48), we refer the reader to the references in [42].

The main result in this section reads

Theorem 4.29. Let p € (1,3) \ {3}. Assume that py satisfies (1.4) and (po — 1,uo,6) €
B;/lp (R3)x B%p_l (R3)x B%p_Q(Ri)’). There exists a constant £q depending onp, m, i, A, ¢, k, R

and ||po — 1|| 43/» such that if
p,1

”UOHBB/p—l + |]<90H33/p72 < €o, (4.49)
p,1 p,1
then (4.48) has a unique solution (p,u, 0) satisfying

p—1€Gy[0,00); BT, u € Cy([0,00): By ™) N L' (R By,

p,1 p,1

0 € Cy([0,00); BYP %) N L (Ry; BYY)
and

HUHLoo(Bz/lpfl) + Hﬁtua Au||L1(BZ7/11771) + HeHLoo(B;’/ll’*Q) + Hat& AQHU(B;GIFQ)

<C (luoll oo + 1601l 2752 ) - (4.50)

Remark 4.30. Compared with [42], we cannot allow an initial vacuum, but the coefficients y

and A in our result satisfies (2.7) only, while the assumption 2 > A\ was assumed in [42].
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Remark 4.31. Roughly, the underlying reason why Theorem 4.29 holds is that (p,u,6) =
(po, 0,0) is an equilibrium of (4.48). So one can expect global well-posedness of (4.48) under
the assumption (4.49) but without smallness assumption on the fluctuation of py. It is for the
same reason that our method does not work for the barotropic compressible Navier-Stokes

equations because (p, u) = (po, 0) is not an equilibrium.

Remark 4.32. If the initial data is smooth, it is quite standard to derive from (4.50) more time-
independent estimates for some higher norms of the solution (p, u, f) and decay estimates for

w and 6.

Remark 4.33. It follows from (4.50) that ||Vul[z1(ze) + [|0]|z1(z=) < 1. By the Cauchy-

¢ 1X(9) =X (t)

Lipschiz theorem, we infer tha T

~ 1l forany ¢t > 0 and y;,y> € R". So the
microscopic motion of the gas particles is quite stable despite the large density oscillation.
This result is in agreement with physics intuition: the motion of the gas particles is inactive in

a low-temperature environment. Nevertheless, the L°° norm of the initial temperature can be

large.

In the rest of this section, we will just outline the proof of Theorem 4.29 by following the
lines of the proof of Theorem 4.25.
Step 1. Lagrangian formulation of (4.48). As in Section 4.5, we here introduce variables

in Lagrangian coordinates:

(p,w,0)(t,y) = (p,u,0)(t, X(t,y)).
Then (4.48) can be reformulated as

[ ot — pdiv( A ALVU) — (31 + NIV Tr(AuDu) + Rdiv(pofAy) = 0,

Copo00 — K div(/, ATV EO) = uTr[(AlVu + DuA, )] Vu]
(4.51)
+ ATr(A,Du)Tr(ef, Du) — Rpg8Tr(A,Du),

N (Ll, 0)‘1‘/:0 = (UQ, 90)
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We shall rewrite the above system as

(

pooru — Lu+ V(RpeB) = f(u, ),

Cvp(]ate — KA = g(u7 0)7

K(ua 9)|t:0 = (Uo,eo),

where
f(u,0) =pdiv((A Al — I,)Vu) + (1 + M) (Z]VTr(AyDu) — Vdivu) — Rdiv(pe0(As — 1,,))
and

g(u,0) =k div((A Al — 1,,)VO) + pTr[(AlVu + DuA,) <] Vu]

+ ATr(AyDu)Tr(e,Du) — Rpg@Tr(A,Du).

Step 2. Estimates for linear system. Next, we need the maximal L' regularity for the

following linear system

(

poatu — Lu + V(Rpoe) = f,

Copo0i — KAO = g, (4.52)

\(% 9)’15:0 = (Uo, 90)-
As a consequence of Theorem 4.23, we have the following

Proposition 4.34. Let p € (1,3) \ {3}. Assume that p, satisfies (1.4) and (po — 1,9, 0p) €

B%p(RB) X B;’{f_l(R?’) X B;”/lp_z(Rij’). Then (4.52) has a unique solution (u, 0) satisfying

u € Cy([0,00); BYP Y N LY(R; BYPHY), 6 € Cy([0, 00); BP0 LR, BYP)

p,1 p,1 p,1 p,1
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and

||u||Loo(B;3;(11’—1) + ||atuv Au”p@%ﬂ*) + ||6||LOO(B;/1P_2) + ||at97 A9”L1(313;,/1P—2)
<C (ol oy + 190l g2 + 11y + Nl sz )
where C'is a constant depending on p,m, ji, \, ¢y, &, R and || py — 1|| 53/5.
p,1

Remark 4.35. The assumption p < 3 guarantees that both py and p,' are multipliers of

B; (R?) for s = 3/p,3/p— 1and 3/p — 2.

Step 3. Estimates of nonlinearities. According to the product laws in Besov spaces and

Lemma 2.25, we have
Hf(ll, 0)”[11(313;{117*1) rg HVl’lHil(BZ/lp) + |‘vu|’L1(BZ§{1P)HpoeHLl(B;’ﬁP)a (453)
and

"g<u>0)"Ll(Bsz’*2) S ”qulzl(B;/lp) <“0HL1(327/1P) + HuHLoo(B;/f*l) + HpoeHLoo(Bi,/lp*%) )
(4.54)

provided that 1 < p < 3 and u satisfies (2.23) and (2.24) with n = 3. Let (u;,6;), i = 1,2,

satisfy the same assumptions as (u, @). Then we have

Hf(ulv 01) - f(u27 02)”L1(B;/1p71) Sj”vula VUQ, p002HL1(B;/1p)HV5uHL1(B;/1P)

+ HvuluLl(gs/lp)HPO(SHHD(B;/IP), (4.55)
and

lg(u1, 61) — g(u2,92)HL1(B§/1p—2)
SIF6ul sy (182l ey + 02l o + 1008l )

+ "VU1‘|L1(32{117) <H69HL1(B;/1P) + HIOO(SOHLm(B;GP*Q)> . (4.56)
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Step 4. Contraction mapping theorem. In view of Proposition 4.34 and the estimates

(4.53)-(4.56), one can apply the contraction mapping theorem to prove the following

Theorem 4.36. Let p € (1,3) \ {3}. Assume that py satisfies (1.4) and (po — 1,uo,6) €
B%p(R:*) xB;’(lpfl (R3)x B;/ffz(Rg’). There exists a constant £ depending onp, m, ji, \, C,, k, R

and || po — 1| y3/» such that if
p,1

ol grp—+ + 1160ll goro—2 < <o,
then (4.51) has a unique solution (u, 0) satisfying
u € Gy([0,00); BYP )N LY R BT, 8 € ([0, 00); BYY*) N L (R BYY)

p,1 p,1 p,1

and

el e vty 19008, A s+ 181 v + 1968, AO s e

<C (||UO||33/1P_1 + ”90”32/5"2> .

Step S. Back to Eulerian coordinates. Going back to the Eulerian coordinates, we finish

the proof of Theorem 4.29.
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