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Abstract

This thesis aims to investigate scattering resonances and the field amplification at resonant
frequencies for two different subwavelength structures: The first structure is a cavity with a closed
bottom and width ¢ perforated in a slab of sound hard material. The second structure is a hollow
hole with both sides open with an upper and lower aperture of width ¢, embedded in a sound hard
slab.

For both structures, we reformulate the boundary value problems by integral equations, and apply
the asymptotic analysis and Gohberg-Sigal type theory to study the scattering resonances of the
underlying differential operator. We prove the existence of scattering resonances, which are the
set of complex-valued frequencies for the homogeneous problem with zero incident field, derive
the asymptotic expansion of those resonances, and quantitatively analyze the field amplifications
at the resonant frequencies for both cases.

Itis shown that the complex-valued scattering resonances attain imaginary parts of order O(¢?) and
the real part of order O(1). We also show that, at the resonant frequencies, the field amplification
inside the cavity(hole) and in the far field is of order O(E%) This is much stronger the enhancement

order in the two-dimensional subwavelength hole of the same width, which attain order O(%)
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Chapter 1

Introduction

1.1 Light passing through subwavelength holes

Wave scattering by subwavelength apertures and holes has attracted a lot of attention in recent
years due to its important applications in biological and chemical sensing [11, 13,20, 21,32, 33].
The so-called extraordinary optical transmission (EOT) through the holes provides a label-free and
highly sensitive manner to detect biomolecular events efficiently. The EOT transmission anomaly

is related to a variety of resonances of the underlying subwavelength structures [9,16,17,24-31,34]

The Extraordinary optical transmission (EOT) is an optical phenomenon in which light is
passed through a structure perforated with a single or an array of different shapes of holes, trans-
mits more light than expected and refers to the existence of resonances [21]. It was discovered by
Thomos Ebbesen and his colleagues in [20] has induced extensive reasearch in plasmonic nanos-
tructures and their applications. In the original experimental set up, an array of subwavelength
holes were perforated in optically thick metallic film so that the optical waves would only transmit
through the apertures. Generally a hole is perforated in a sheet of noble metal such as gold or silver
with a prescribed shape and size.

The resonances induced by the subwavelength holes in metallic slabs can provoke extraordinary
optical transmission EOT phenomenon [20].Through the experiment in [20] it was found out that
these array of subwavelength holes transmit more light than that of a single hole with same area
as the sum of all tiny holes. In physical context, to enhance the transmission through the periodic
array of subwavelength hole,an aggregated response must occur.

As the study of EOT progressed these past years and the development of scientific apparatus, it

i1s now possible to form the subwavelenth aperture with great precision to efficiently enhance the

1



Figure 1.1: Various types of subwavelgth structure(left column) with different hole shapes (right column) [21].

wave field Figure 1.1. As depicted in Figure 1.1, EOT provides the anticipation of multitude of
applications such as high transmission efficiency and local field amplification at wavelengths that
can be manipulated through the geometry of the metal surface. Figure 1.3 demonstrates the field

amplification through the nanohole depicted in the center of Figure 1.1

1.2 Scattering resonances

Scattering resonances emerge in different branches of physics, mathematics and engineering.
Scattering resonances generalise characteristic values of the systems where energy can be scattered
to infinity [35]. The mathematical formulation can be derived from the meromorphic continuation
of the Green’s function. The poles of the meromorphic continuation apprehend the physical in-
formation by associating the oscillation rate with the real part of the pole and decay rate by the
imaginary part, which can be seen in Figure 1.4.

Let us consider the time-harmonic solution v(z, t) = e~y (z) of the acoustic wave equation

is C%% — Av(z,t) = 0.

Substituting into wave equation and simplifying gives,

Au(x) + k*u(z) =0
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Figure 1.2: Extra ordinary optical transmission occurs at the wavelength near 1000 nm and 1500 nm through the square nanohole array sitting in
the center of Figure 1.1. After [1]

Figure 1.3: Cross sectional plot of strongly enhanced electric field inside the hole.
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Figure 1.4: Representation of resonances with Imk < 0



where k = ¢ is wavenumber. The scattering resonances are the poles of the resolvent R(k) :=
(02 + k*)~! when continued meromorphically to the whole complex plane. In a simple case, for
the line, R assume that R(k) := (02 + k*)~! : L*(R) — L*(R) is a bounded operator for k ¢ R.

Its integral represented is given as follow:

RWM@—éRw%@MwM

R(k,z,z) = ie“""x%', Imk > 0.

For the fixed value of z, z and with one pole at £ = 0, the resolvent is a meromorphic function of

k, such pole is called the scattering Resonance of 92. To see its significance, we consider the wave

equation
0? 0?
(5~ 9a2)wt:2) =0
ow(0, x
U}(O,LE) :07 % :g(x)v
where

w(t,x) = %/9«“ g(z)dz.

—t

satisfies the initial value problem If g(x) = 0 for |z| > C then
1
w(t,x) = 5 / g(z)dz for t> |z|+C.
R
In context of resolvent R(k, x, z), it can be seen as:

w(t,x) = —i/(ReskOR(k:,x,z))g(z)dz, where Res(R(k,z,z)) = % at k=0.
R



This equivalently says that the residue of R at the pole describes the long time behaviour of wave

in (in t) in compact sets [35]. Consider wave equation

2 o
(57 = 53 + V(@) Juwlt.z) =0, (1.2.1)

where V' is the one dimensional compactly supported potential, the solution of (1.2.1) is given
then in resonnace expansion instead of eigenfunction expansions. To explain this expansion, first

consider Ay = % + V on [a, b] with the Dirichlet boundary condition. Then

(Ay —k*)w =0 on (a,b),

which has the set of solutions

(i =Amy ),  (kjywjy), Axv<.. A <0<ky <ki<- - — o0,

b b
/ |wj|2dx:/ |t |Pd2 = 1.

Then we can rewrite the wave equation (1.2.1) as

(L —Ay)v=0 Rx(a,b),

at?

v(0,2) = vo(z), 20T =4 (2),

The solution of above system can be found by the eigenfunction expansion for V' = 0:

v(t,r) = Z cosh(tv/—Apm) amum () + Z %@num(m) + Z cos(tk;)cjwx)

> 0, o), 122
J

m=1

J=0



where

The extension of (1.2.2), when [a, b] is replaced by R is given explicitly by Theorem 2.9 in [35] or

equivalently given by the following equation:

wtz)= > e M)+ 0(?), zeR (1.2.3)
Imkj >—M
The solution of the wave equation (1.2.1) is calculated as the resonance expansion instead of
the eigenfunction expansion and the negative complex numbers /mk; < 0 represents the scattering

resonances k;,which are independent of the initial data.

1.3 Contribution of the dissertation

Significant progress has been made in the last several years on the quantitative analysis of
the resonances as well as the induced enhanced transmission for the two-dimensional structures.
The readers are referred to [9, 16, 17,24-31, 34] for the detailed investigation of different resonant
phenomena for several typical subwavelength structures. Other related mathematical studies on the
subwavelength resonant wave scattering and their applications can be found in [4—7] and references
therein.

In this thesis, we consider the three-dimensional problems and present quantitative analysis of
scattering resonances for the acoustic wave scattering through subwavelength holes embedded in
a sound hard slab. Two configurations are considered. The first one is a subwavelength cavity hole
with a closed bottom, and the second one is a hollow subwavelgth hole throuh the slab.

In the cavity case, we reformulate the problem by a boundary integral equation then derive the
asymptotic expansion of the Green’s function inside the cavity and in the semi-infinite domain

above the cavity aperture, followed by the asymptotic expansion of the boundary integral operators.



By using the simplified Gohberg-Sigal theory, we prove the existence of scattering resonances. We
also study the wave field amplification when the frequency of the incident wave coincides with the
real part of the complex-valued resonances. It is shown that the enhancement order is O(1/£?).

The study of scattering resonances through a hollow hole follow the same methodology but more
complicated due to the opening of both upper and lower apertures. The scattering problem for the
hole is then reformulated by a system of two boundary integral equations. The characteristic values
of the integral operator can be decomposed as the union of the characteristic values of two scalar
integral operator. We then perform the asymptotic expansion of the boundary integral operator and
prove the existence of the scattering resonances, following the procedure in the cavity case. It is
shown that the complex-valued scattering resonances attain imaginary parts of order O(g?). We
also analyze the field amplification at resonant frequencies and show that the enhancement is of
order O(1/%) and it is much stronger than the enhancement in the two-dimensional hole, which

attains an order of O(1/¢) [26].

1.4 Outline

The rest of the dissertation is organized as follows. In Chapter 2, we preset preliminary
concepts about fractional Sobolev spaces and single-layer and double-layer potentials. In Chapter
3, we investigate the configuration where a subwavelength cavity is embedded in a slab of sound
hard medium. First we reformulate the scattering problem for the cavity by boundary integral
equation, followed by the derivation of the asymptotic expansion of Green’s functions and the
scattering resonances, finishing chapter with the quantitative analysis of the field amplification at
the resonant frequencies. In Chapter 4, following a parallel strategy as of Chapter 3, we derive
the boundary integral representation of the the scattering problem for a subwavelength hole. Then
we present the asymptotic expansions of the boundary integral operators and derive the asymptotic
expansions of the scattering resonances. The quantitative analysis of the field enhancement at the

even and odd resonant frequencies is then derived. Chapter 5 gives the proof of the invertibility of



the integral operator K used in the quantitative analysis of resonances. Finally, Chapter 6 presents

the conclusion of our work and plans for future work.



Chapter 2

Preliminaries
2.1 Sobolev spaces

Let D be convex and connected subset of R”, for any s € R and for any p € [1,00). The

Sobolev space H*(RR") is defined as follows

H*(R") = {u € L*(R"), (1 + [¢]*)2a € L*(R")},

with norm

lul

e = [ FH 0+ 1gP)EF]

LP(R™)

We also define
H*D) :={u=Vl|p|V e H®R") and suppV C D}.

The definition of Fractional Sobolev spaces is given as follows:

W*(D) = H*(D) := {u e LP(D): w e LP(D x D)}, 2.1.1)
—y|»

or equivalently

H*(D):={v=V|p |V e HR"};

is Banach space with norm

p 1
falbwerioy = ([ fup s [ [ B daay)” 212



The space °(D) is the dual of H~*(D) and the norm for 7°(D) can be defined via duality
[3].
The dual space of any topological vector space X is the space of all bounded linear functional

on X.

2.2 Single-layer and double-layer potentials

We introduce single-layer and double-layer potentials in this section. The readers are referred

to [19] for detailed discussions about the layer potential theory. Consider the Helmholtz equation
Au+ k*u =0

for k£ a complex number such that Imk > 0. Then the function

eZklx_yI

Dz, y) = zyeR’, x#y, (2.2.3)

4|z —y|’

is the fundamental solution to the Helmholtz equation with respect to x for any fixed y. Let the
bounded set D be an open complement of an unbounded domain of class C?. Let o be an integrable

function and ®(z, y) is a function defined above in the domain D, then the integrals

u(z) = /aD o(y)®(z,y)ds(y), =€ R*\OD

and

v(x) = /aD go(y)%ds(y), r € R*\OD

are called the acoustic single-layer and acoustic double-layer potentials respectively with density
. u and v satisfy the Sommerfeld radiation condition and they are the solutions to the Helmholtz

equation in D and in R3*\@D. The solution to Helmholtz can be represented by the combination

10



of single-layer and double-layer potentials [10]. We refer readers to [19] for further details on

single-layer and double-layer potentials, here we collect useful results to used in this thesis. [19].

Theorem 2.2.1 ( [19], p. 35)For the twice continuosly differentiable surface 0D there exists a
positive constant L such that

w(y),z —y| < Ll|lz — y|? (2.2.4)

and

v(z) —v(y)| < Lz -y (2.2.5)
forall x,y € OD.

Theorem 2.2.2 ( [19], p. 47 ) The double-layer potential v with density function p can be contin-
uously extended from D to D and from R3\ D to R3\ D with limiting values

00(x,y) 1

ve(x) = /BD gp(y)ay—(y) + §g0(:v), x € 0D, (2.2.6)

where

vi(x) = hli}ilov(x + hv(x))

with improper integral.

Proof. ([19], p.47) First, we prove that the integral (2.2.6) is an improper integral, we consider the

case when k = 0. From

0®(z,y)  (v(y),r —y)
ovly) — Amlz—yl? (227

and Theorem 2.2.1,

we observe that

P%(m,y), < L

, xy€oD, : 2.2.8
2(y) y T,y TFY ( )

11



Hence (2.2.6) exists as an improper integral.

Consider the double-layer potential

- 8@0(1',3/) S T 3
w(z) = /aD “ou(y) ds(y), € R°\oD

with density function ¢ = 1. From Gauss theorem, we see that

o, x=€RN\D,
w(z) =

1, zeD.

By applying Gauss theorem again gives

/ —8<I>0(x, y) ds(y) = lim —(9<I>0(a:, y) ds(y)
9

p Ov(y) r=0 g, Ov(y)

L
N r0 42

/ ds(y), x€ 0D
Hs,r

(2.2.9)

(2.2.10)

where H, , denotes that part of the surface of the sphere (2, , of radius r and the center z that is

contained in D and where v denotes the exterior unit normal to this sphere. By Theorem 2.2.1, it

can be seen that

/ ds(y) = 2mr* + O(r?)
Hs,'r

uniformly on 0D. Hence

a(bO(x? y) 1
T dsy) = —=, x €D,
/8D ov(y) (@) 2

which concludes the case of constant density.

Let the parallel surfaces 9D}, to 9D by the representation

r=z+hv(z), z€0D

12

(2.2.11)



where h is the distance of 0D, from the generating surface 0D. Let us choose a positive number
ho such that the parallel surfaces defined above are well defined for all |h| < hg and define the set
as follows Dy, := {x =z + hv(z), =z € 0D, |h| < ho}. For the arbitrary continuous density

in Dy, \OD, we first write v in the form

v(z) = p(2)w(z) +u(x), x=z+hv(z), x€ Dy, \OD (2.2.12)
where
- a(I)O<:C7 y)
uw) = [ FDioty) - o)) @2.13)

To prove the theorem, we must show that « is continuous on Dp,,. By (5.0.5) and Theorem 2.6
in [10], the integral above exists as an improper integral for x € dD and represents a continuous

function on 0D. This is enough to show that

limu(z) = limu(z + hv(z)) = u(z), =z € 0D,

T—z

uniformly on 0D.

Using Theorem 2.2.1 , we have the estimate

lz—yP = |-yl +20z—yz—2)+]z— 2z

1
Az = yP o — 2P

provided Ay is sufficiently small. Then

1 0@ y) Wy, 2—y)  (w(y),z—2)

ov(y) |z —y[? |z —y[?

)

13



for r < R, by projecting onto the tangent plane give

0P (x,y) ! o° P
—d ) < d _ d
Am‘ s < af [aorie—al [ o pmte)

= Cl(T+1)

< Cy(R+1) (2.2.14)

where C; denotes some constant depending on 9D. From the mean value theorem, we see that

ovly) oy lz—yl?
for 2|z — z| < |z — y| and therefore
) (ID —
OD\S, , ov(y) T

for some constants Cy and C5. By combining (2.2.14) and (2.2.15), we get

u(w) = u(2)| < 0{ sup rle(y) — o(2)] + L5 @:2.16)

ly—=2|< 7

for all y,z € 0D with |y — z| < r, since ¢ is uniformly continuous on dD. Then by taking

0 < we see that

20 5Cr3°

u(z) —u(z)| <e

forall |z — 2| < 0. O

14



Theorem 2.2.3 ( [19], p.53) For single-layer potential u with continuous density function ¢

ue) = [ p(r.p)dsty). oD, @2.17)
oD
we have
Ous , 0P (z,y) 1
5, (%)= /8[) ¢(y)st(y) Fgele), wedD, (2.2.18)
where
s () = 1 du(z + h
E(ZE) = lim v(z) - gradu(z £ hv(x))

is taken in context of uniform convergence on 0D and where integrals exists as improper integrals

[19].

Proof. Let v be the double-layer potential with (¢ density function. Let us consider ¢ = 1, then by

the symmetry of the fundamental solution, we can write

<mmﬂmmu»+mm=é;wm—magm%ﬂammwmmm

where z is defined in (2.2.12). By applying Theorem 2.2.2 to the double-layer potential and Theo-

rem 2.7 in [10], completes the proof.

Theorem 2.2.4 ( [19], p.54) The double-layer potential v with continuous density function ¢ sat-

isfies
. ov ov
hlinjo {5($ + hv(z)) — 5(3: — hy(aj))} =0, zedD. (2.2.19)
We refer reader to [?] for the detailed proof of this theorem. O

15



Chapter 3

Scattering resonances for a three-dimensional subwavelength cavity
3.1 Problem formulation

In this chapter, we present the quantitative analysis of scattering resonances for the acous-
tic wave scattering by a subwavelength cavity and the wave field amplification at the resonant
frequencies.

The cavity is perforated in a semi-infinite slab of sound hard material, and its geometry is

presented in Figure 3.1. The slab occupies the domain {(x;.z2,23) | — 00 < z3 < L}, and the
cavity shown is a rectangular cuboid C. := {(x1.29,23) | 0 < 21 < &,0 < 23 < ,0 < x3 < L}.
We consider the case when the width € is much smaller than the height of the slab and wavelength
of the incident wave A that is ¢ < L ~ A. Without loss of generality, in what follows we scale the
geometry of the problem by assuming that the cavity deepness is . = 1. Let us denote the aperture
of the cavity by I'., and semi-infinite domain above the slab by 2. The exterior domain is given
by Q. =QF UC.UT..
We consider the scattering when the plane wave 1’ is incident upon the structure, where u’ =
e'k(d@20)) ig the incident field, (d,, dy, —ds) is the incident direction with ds > 0, k is the wave
number, and zo = (0,0, L). In the absence of cavity, the total field in the domain 2, consists of
the incident field v and reflected field u" = e™*((@20)) where d’ = (d;, dy, ds).

In the presence of cavity C., the total field ., in the upper domain Q" consists of u’, " and the
scattered field 2 radiating from I'.. In addition, the Neumann boundary condition d,u. = 0 is
imposed on 0f). for the sound hard material, where v is the unit outward normal pointing to §2..
The scattered field u? satisfy the Sommerfeld radiation condition at the semi infinite domains. The

total field satisfy the scattering problem:

16
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Figure 3.1: Geometry of the problem. The cavity C¢ has a cuboid shape with height L and width e. The domains above the hard sound slab is
denoted as 27 and the exterior domain Qe = QZF U C is denoted by 2. The aperture of the cavity is denoted by I'c.

IL X3
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(b)

Figure 3.2: (a)(b): Vertical and horizontal cross section of the subwavelenth structure.



Au. +K*u. = 0 in Q., (3.1.1)

Ou
Y0 ondQ, 3.1.2)
ov
ue = ul4u' +u’, in QF (3.1.3)
a S
lim 7’( e _ Zku:) =0, r=lz| (3.1.4)
r—o0 or

3.2 Boundary integral equation formulation

The scattering problem (3.1.1)—(3.1.4) can be formulated equivalently as a system of boundary-
integral equations. The development in this section is standard. Let ¢°(k;z,y) and g.(k;z,y) be
the Green’s functions for the Helmholtz equations with the Neumann boundary condition in Q7

and C. respectively. They satisfy the following equations:

Age(k;z,y) + kg (ks y) = 0(x —y), x,y € QF,

Agt(k;z,y) + kgl (k;2,y) = 0(z — y), z,y € C..

In addition %;f’y) =0forys; =1and y; = 0, and %}jgx’y) = 0on 0C.

Green’s function in the upper half domain Q1 [15] is given by

. . ’
1 elklx_y‘ ]_ elk‘x _y‘

ek‘ bl - — - / )
Ikey) = = e =y

where

= (z1,19,2 —x3) ifx,ye Q.

18



The interior Green function ¢! (z, y) in the cavity C. with the Neumann boundary condition is:

gg k z Z/ Z Cmnl(bmnl ¢mnl( )

m,n,l=0

where Cmnl = k‘27(m7r/6)271(n71'/6)27(l7'r)2 s ¢mnl = \/ a’g"l Cos(mle) COS<mm2> COS(Z7T$3) and

1 mnl € Zy,

2 mnl € Zy,
Umnl =
4 mnl € Zs,

8 mnl € Z,.

In the above Z; = {mnl | m =n =1 = 0},
={mnl|m=n=0,0>1 or n=1l=0m>1 or m=1=0,n>1},
Zy={mnl|m=0n>11>1 or n=0m>1,1>1 or [=0,m>1,n>1}

and Zy, = {mnl |m>1n>11>1}.

% a r
Using the second Green'’s identity in 2 and noting that au + ; = 0on x3 = 1, we obtain
v v
e auf i r +
us(x) = | ¢°(x, y)Edsy +u'(z) + u'(x), ze . (3.2.1)
By the continuity of single layer potential [23], we have
1\ eFlz=vl gy
e(z) = ——d "(z), I.. 3.2.2
() /FE (27r>|:1c—y|81/ sy ui(e) (), @ e ( )

The solution inside the cavity can be expressed as
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By imposing continuity of the solution along the gap aperture I'., we obtain the boundary integral

equation as follows

1\ eflz=vl gy . ou .
—(52) =7, : — ! "(x) = T.. 2.
/E (27T>’x_y’ o dsy"’/rega(xay) o dSy+U($)+U (:U) 0 on (3 3)

Proposition 3.2.1 The scattering problem (3.1.1) is equivalent to the system of boundary integral

equations (3.2.3).

It is clear that%hs = g—;j;(yl, Yo, 1), , (u' 4 u")|p, = 2etk(dizitdazs),

We re-scale the functions by introducing X; = 2, Xo = 22 and Y] = 3”6—1, Yo = yf, and define the

inequalities as follows:

ou,

P1(Y) = ==V 1) f(X) = (0 +ur)(eX, 1) = 2etheX (ditdz).,
Y3
. 1 eikelX=Y|
G(X,Y)= ——
(X.Y) 2rel X = Y|’

GLUX,Y) = g (k;eX1,eXa, 1;6Y1,eYa, 1) = gl (k;eX1,6Xs,0;€Y7,2Y5,0)

o0
= Z wcos(mle)cos(mrXQ)cos(mﬂ/l)cos(erg).
m,n,l=0

By denoting Ry := (0,1) x (0,1) call X = (X;,X3) and Y = (Y3,Y3), we define the integral

operators:

(S9)(X)=¢ [ GUX,Y)p(Y)dY, X € Ry; (3.2.4)

Ry

(S'p)(X)=¢ | GUX,Y)p(Y)dY, X € Ry. (3.2.5)

Ry

20



Proposition 3.2.2 The integral equation (3.2.3) is equivalent to

(S°+S)p=c""f. (3.2.6)

3.3 Asymptotic expansion of the integral operators

First we introduce several notations below.

_iek  cotk
k = —_—
1
Ki(X)Y) = ——mM——
1Y) 2m\X Y]
Ky(X)Y) = —— cos(mmXy) cos(nmXs) cos(mmYy) cos(nmYs),
2( ) m>ozn>0 W\/m ( 1) ( 2) ( 1) ( 2)
where 7=1 when m=0 or n=0 and j=2 when m,n>1.
R(X,Y) = e(IKi(X,Y)+ Ky(X,Y)). (3.3.7)

3.3.1 Asymptotic expansions of Green’s functions

We present the asymptotic expansions of the Green’s functions G’j and CA?; in the following

lemma.

Lemma 3.3.1 If |ke| < 1, and X, Y € R, then
A ik
G{X,Y) = Kl(X,Y)—2—+/€175(X,Y),
T

cot k

GUXY) = 5

+ Ko(X,Y) + koo (X, Y),

where k1 .(X,Y) ~ O(k’Qé“), Koe(X,Y) ~ O(k2€),
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Proof. The asymptotic expansion of G’g(X ,Y) is straightforward result of Taylor expansion.

X kel X=Y|
GAX)Y) = ————
(X Y) ome|X — V|
S 1+ ike|X = Y|+ 1(/’{:5)2()( -Y)2+ O(k5)3]
2em| X =Y 2
1 ik
= —— — — k*e).
2em| X = Y| 2rm +O(We)
Recall that
N 1 oo oo
GLUX,Y) = = Z (Z cmnlamnl) cos(mm X1 ) cos(nmXy) cos(mmYy) cos(nmYs). (3.3.8)
m,n=0 \ (=0

Let Ay = Y120 Couni Qnai» then

4 2
Apo(k,e) = Z k2 — (mr/e) — (Ir)? + k? — (mm/e)?

2
= - B coth ( (mm/e)? — k2)
2 k%3 g’
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4 2
Ano(k,e) = Z 2 — (nm/2)? — ()2 + k? — (nm/e)?

2
= - I coth < (nm/e)? — k2>
2 k%3 g®
Y S G nzl

Form >1,n > 1,

8 4

Al 2) = 121 k? — (mm/e)? — (nm/e)? — (Im)? s (mm/e)? — (nw/e)?

- 2 1
= (l (mm/e)? + (nm/e)? + (Im)? — k2 * (mm/e)? + (nm/e)? — k2>

=1

1

—4 k22 O\ 72 —4

_ £ (1 + c ) N )
mm?2 + n? mvm? + n? v m?2 + n?

Substituting these into (3.3.8), we obtain

ez k € mm
m>1

Gi(X’ V) = lecotk 1 (Z 2 cos(mmXy) cos(mwiﬁ))

_é (Z % cos(nmXy) COS(WTYQ)>

n>1

cos(mmX1) cos(nmXy) cos(mmYy) cos(nwYs) + O(K%e).

>
2 2
eIl TEVM + 1N

1 cotk 9
= 8_2 L +K2(X,Y)+O(l€ 6).
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3.3.2 Decomposition of integral operators

Define the function spaces as follows:
Vi=H 3(R):={u="Ulg, |Ue HY*R)and suppU C R} and Vo= H:(R,).

We define the projection operator P : V; — V5 such that

where 1 is a function defined on ?; and is equal to one therein. We denote by K and K, the in-
tegral operators corresponding to the kernels x(X,Y) and k. (X, Y') respectively. where (X, Y)
is defined (3.3.7). Let koo (X, Y) = e(k1.(X,Y) + k2. (X,Y)).

Lemma 3.3.2 The operators S° + S' admit the decomposition
5S¢4+ S =aP+ K + Ka.

Moreover, K, is bounded from V, to V, with the operator norm || K || < €% uniformly for bounded

k’s. The operator K is bounded from V; to V5 with a bounded inverse.
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Proof.

(5° + S (X) = g/[_;_ﬁ_k%lX—Yl -

[e.9]

1

o= 2 2
S Z — cos(mmX,) cos(mmYy) — = Z — cos(nmXy) cos(nmYs)

e
n>1

- Z \/ﬁ
m>1,n>1 Emvms+n

+ 0(/85)}@(1/)615/
— e/ [% FE(X,Y) 4+ R (X, Y) +
+ o kee(X, Y)} p(Y)dY.

= aPp+ Ko+ Kop.

cot k
2k

+ KQ(X> Y)

cos(mmX7) cos(nmXy) cos(mmYy) cos(nmws)

The operator K : H~2(Ry) — Hz(Ry) is invertible and its proof is postponed to Chapter 5. [

3.4 Asymptotic expansion of the resonances

Lemma 3.4.1 L is invertible for sufficiently small ¢, and

L = K+ K.,
L™ = K'1+0(),

(L7'1,1) = ~+0(e?),

where v = (K'1,1) 12(p,).

25
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Consider that

(S¢+SY)p=(B+L)yp=0 where B=aP, L=K+K,.

or equivalently

L™'Bp+ ¢ =0. (3.4.10)

Note that

ike  cotk ike  cotk
= -—— =—-—— 1)1.
By < o ek >PS0 ( o ok > (er 1)

It follows that

1ke n cot k
27 ek

LBy = ( )L_ll(cp,1>.

Substituting it into (3.4.10) and taking inner product with the constant function 1 yields

itke cotk .
(_ﬁjL ok )<L 1,1){p, 1) + {p,1) = 0.
ike  cotk . -
(-5 + 2 ) 1) =0

We obtain the corresponding resonant condition

tke  cotk
Mk, e) =1 - L711,1).
( 78) + ( 27T + gk ) < ? >

Lemma 3.4.2 The resonances of the scattering problem are the roots of the function \(k,e) = 0.

Theorem 3.4.3 The scattering resonances of (3.1.1) attains the following resonance expansion .

nt  nme  imn’e?
kp=— 4+ — — o(e? =1,3,5,... 3.4.11
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where v = (K1, 1) is defined in Lemma 3.4.1

Proof. We aim to find the roots of

K tk
AEe) =1+ (28 L 08N (1711, 1)) =0,

27 k

or equivalently,
fee? tk
q(k,e) = ek, e) = ¢+ {—22—8 + Cok } (v+7r(k,e)) =0, r(ke)~O(k*?).
T
Let
cot k
k) = )
(k) =

The leading order term of c(k) of A(k, ) attains roots at ky = nm/2, for odd values of n. We see
that ¢(k, €) is analytic for k in {z|argz # w}. For finite solutions, we consider bounded domain

for some fixed number N > 0
Ds,o,n ={2 ||z =6} U{z||z| < N,—(n—0,) <argz<(m—10,)}, 0>0.

To derive the leading order asymptotic term of &,

We define

)
qi(k,e)=¢c+ (c(k) - %) v (3.4.12)

Then by applying Taylor expansion we obtain

2
ql(k,e) =&+ |:C/(k’0)(k’ — k’o) + O(/’C — k’o)2 — %/{50} Y (3413)
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To find the value of ¢/(ky), first we calculate (k) as follow

, cosk \/
k) = (ksink)
_ —ksin®k — cosk(sink + kcos k)
B (ksin k)2
B —ksin®k — cosksink — kcos? k
B (ksink)?
_ —k(sin®k + cos’ k) — cosksink  —k — cosksink
B (ksin k)2 ~ (ksink)?

Next to find the value of ¢(ky) = %, substituting & in the above derivative, we get

—ko — cos ko sin kg
(ko sin ko )?
—ko — cos kg sin kg
k2(1 — cos? ko)
—ko — cos kg sin kg 1

k2(1 — cos ko) (1 + cos ko) ko

(ko) =

by using the fact that sin £y = 1 and cos ky = 0. We see that ¢; has simple roots in Ds, g, x which

are close to ky’s. The expansion of the roots of ¢;, denoted by k,, ; in terms of € can be evaluated

as follows
2
/ 1€
et C(k‘])(k_kO)JrO(k—koy_%ko v =0,
)
¢ (ko) (k — ko) + Ok — ko)? = 5—ko = ==
B S A I
kO 0 0 27‘(‘ 0 — fy
e ig? k
1+—-———%& 3
"‘7 o 0+ O(e?) W
Hence
k 'k2 2
bug = b+ =5 = 2=+ O()
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or equivalently, for the odd value of n

— nm n nme  imn2e?
LT T oy 8

+ O(&%).

To prove that k,, ; is the leading order term of the asymptotic expansion of k,,, note that

q(k,e) — qi(k,€) = (a1(k, ) + O(%)) - O(e).

One may find a constant /V such that

[ q(k,€) = qu(k, ) [<[ qu(k,€) |

for all k such that | & — k,; | = Ne®. Hence we obtain the expansion (3.4.11) by the Rouche’s

theorem.

3.5 Quantitative analysis of the field enhancement at the resonant frequencies
Lemma 3.5.1 I[fne < 1, then at the odd frequencies k = Re k,, , we have

inye?

7t O(e%).

Q<k7€> ==

Proof. Let us consider ¢(k, €). First assume that

|k — Rek,| < e.
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From the definition of ¢; and its expansion, it follows that

gk, e) = qi(k,e) +O()
= qi(ka)(k — k) + O(k — k) + O(£?)
= (ko) - (k= k) + O(E?)
— 2V (k — Reky — imhy) + O(Y).

nm

Since
in?me?

Imk, = Imk,, + O(*) = — +O0(&%).

inye?

q(k,e) = — +O(£%).

Lemma 3.5.2 For the incidence direction d = (dy, dy, —d3), the following asymptotic expansion

holds for the solution p in V;:

=K' <WOU§)) + é {Kll + (i +da) ;dQ)O(k:e?) + O(ka)ﬂ + O(K%e).
In addition
(p,1) = 3(7 + @0(;{5) +O(ke)?).

Proof. Let us consider

(5¢+ S = alg.
By the same calculations in Section 4, we have
_ L o 3.5.14
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or equivalently

k) o, VL' + ¢ = L*%, (3.5.15)

where ¢(k) = 1% — %< Thus by taking inner product with 1 on both sides of (3.5.15), we get

(o, 1) + (k) (L7'1,1)(p,1) = <L’12—€, 1),
and it follows that
<L12—f€, D= {p1) (1 + é(k){(L1, 1)),
(p,1) = (1 ()L, 1)>_1(L‘12—f€, 1.

Since A(k,e) = 1+ (4= + <2k) (L7'1,1), by substituting this value in the above equation, we

obtain

(p, 1) = A" HL7'=-,1). (3.5.16)

Note that
1
L_12i€ _ g (1 + (dl—;dQ)O(k?ﬁ)) (K—ll +O(k7€)2) ]

substituting it into (3.5.16) yields

1 (dy + dy) )
(p,1) = a(v + D oke) + 0(key).
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By substituting into (3.5.14) and solving for ¢

= L’l—g — (k)L™ "1{p, 1)

o . _
= L' NN 1) LT
52— kAL )

_ oaf ARy f _
= 12_5_ (L~11, 1)\ (L 12_6’1>'L B

pod 1 Qem) (L)

<L_12i7 1) ’ L_l]-a
9

2e (L=11, 1)\
we have
1—A
= —1L—1£ — (- Lh 5.
L 2 " <L*11,1>)\< 2V ’ 3317
where

L=  K'1+O0(ke)?

1 dy+d
S —-1+—(1+2)O(k) i Vi x Vi
2e € 2
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Therefore,

gp = (1 + M : O(ks)) K1+ O(k*¢?)

1—A [v (dy + dy)

+(’Y+O(k‘€)2)/\ 9 O(ke) +O(/€s)2} [K~'1 + O(ke)?

= K14 (Kﬂ@ : O(ks))

1—A

N (dy + dy)
(7 + O(ke)?)A

[7[(‘11 + K111 O(ke) + O(k:s)2] + O(k*¢?)

= K1+ (K‘ll(d%ab) : O(ke))

(dy + d2)
2

[K‘ll + O(ke) + O(ks)Q} + O(k*?)

Lhrd) gy o<k5>2} + O(ke)”.

=K' <TO<k>> + = [Kll + MO(/%) + O(k€)2] + O(K%e).

O

Proposition 3.5.3 At the resonant frequencies, solution to (3.2.6) namely o ~ O(1/¢%) in 1}

and {ip;, 1) ~ O(1/e2), j=12.

It was observed in two dimensional case [26] that at resonant frequencies ¢ ~ O(1/e) in (Vi x

Vi) and (¢;, 1) ~ O(1/e), i=1,2.
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3.5.1 Field enhancement in the cavity

To investigate the field inside the cavity, note that u. satisfies the following boundary value
problem

Au, +kKu. =0 in O,

Que __ _ _
Ga-=0 on x1=0,11=¢,

\g—z;:O on x9=0,29=c¢.
Then u.(x) can be expanded as
us(x) = agocos(kxs) + Z (aOn coS nz:cz exp (—kOnx3)>

m=0,n>0

mmx,
Qo COS e —kmox )
+m>ozn:0( 0 z xp ( 03)

mmry nTTo
mn - kmn ) 9 3 .5 . 1 8
+ Z (a COS . coS . exp ( x3) ( )

m,n>0

where kp, = /(55)% — (%)% — k2.

Lemma 3.5.4 The following hold for the expansion coefficients in Equation (3.5.18):

1 (di + dy) 5] 1
g | 5 O(ke) + O(ke) pt

evmlame| < C, for m>1, evnlag| <C, for n>1

Qoo =

vVm+nlap,| < C, for m,n>1.

where C' is a positive constant independent of €, k, m and n.
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Proof Taking the derivative of the expansion (3.5.18) with respect to x3

ou.
8x3 n

—agok sin(kz3) + Z (—amokmo cos 2L exp (—km0x3)>

m>1

NIy
+ g <—a0n/€0n cos

exp (—konl':g))

mmnxy nmwxe
+ E ( — Qyyn Ky COS cos exp (—kzmnxg)).
€ €

m,n>1
In particular, we have
Ou, . mmry
a—(xl, T9, 1) =  —agosin(kws) + Z (—@mo €xp (—kmo)) kmo cos
L3 m>1
nmx
+ Z —aoy exp (—kon)) kon, cos 2
n>1
mmx nmwx
+ Z — A €XP (—kmn)) Kmn COS T cos 28 2,
m,n>1 € <

Integrating over the aperture gives

2

(3.5.19)

1 1
_aook’ sink = — aug (ZL’l,ZEQ, )dl’ldl'g = —<()0, 1> = —5 (fy + MOU{?&) + O(kS)Q) .

85133

We obtain the required formula for a.

For coefficient a,,g taking inner product of 9,,u. and cos Z** and integrating over aperture yields.

Form > 1,

2 ou,
rmokmo €xp (—kmo) = = au (21,22, 1) cos

£
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-2
Amokmo = — (/ (X)) cos (mﬂX)dX)
e Fmo R,
Note that k,,0 = O(Z) form > 1, and
1
lellve < o lleos (maX)lly, < Vm

The estimate for a,,o follows. A parallel calculation yields required results for ag,,. For coefficient

mn» taking inner product of (3.5.19) cos ™I cos =2 and integrating over aperture yields,

4
(Amn €xXP(—Kmn) ) kmn = —= [ Ongte(1, 29, 1) cOs T o5 1122 g
€2 Jr. £ €
solving above equation for a,,,, yields
4
Qo Krmn = p—r (e mn o(X) cos(mmXy) cos(mrXQ)XmdX2>

since Ky, = O(1/™32) and |||y, < ., the desired formula for a,y,, follows immediately.

Theorem 3.5.5 The wave field in the cavity C'" := {x € C. |23 > ¢,1 — 13> ¢}
is given by

u.(z) = (1/62 I (dy —;— d2)0(1/€) N O(l)) 2i cos(kxs)

o 2

at the resonant frequencies k = Rek,,.
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Proof. Since from (3.5.18) and Lemma 3.5.4, we obtain

NTTy

us(r) = agocos(kxs) + Z (a()n cos exp (—kOnx3)>

m=0,n>0

+ Z (amo cos mle exp (—k:moxg))

m>0,n=0

mma, nwTy
+ g Qyr, COS cOS exp (—kmnt3) ).
€ £

m,n>0

For e <« 1,

1coskxs

] T Ofexp(—~1/22)).

q ksink

21
yne2

At the odd resonant frequencies k¥ = Rek,,, é = (14 O(g)), above equation takes form

(dy + do)
2

+  exp(—1/e?)

1 2icos(kz3)
€2 nksink

0(e) + 0?1 ( (1+0()]

u(x) = [1+

(dy + ds)

— (1/52 + TO(l/e) + 0(1))

2i cos(kxs)

YR + O(exp(—1/%)).

3.5.2 Scattering enhancement in the far field

In the domian ] \ H;" above the cavity, where H;" := {z|z — (0,0, 1) < 1}. Recall that

ou,
us(x) :/ ge(x,y)gdsy, zeQ”
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Figure 3.3: Depiction of far fields H;".

and
ou. T T
v (ml’x% 1) = _904-(?17 ?2)
Therefore
)= = [ g e (2 2 )y,
: 1 1
S Y WA CE O RPN AT
o Jo
Note that
g°(x,eY1,eYs, 1) = ¢°(2,(0,0,1))(1 + O(e)) = € QT\H,
and

(0, 1) paqry) = 3 <7 + (dLﬁO(ke) + O(ks)2> ‘

It follows that

(dy + do)

(o) = 2o (0.0, 1)(1+ 07 (+ 45

O(ke) + O(l-ce)z) .
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i4
nye?

Since % = (1 4+ O(e)) at resonant frequencies, the corresponding scattered field is

ui(x) = %ge(m, (0,0,1) + O(?). (3.5.20)

S
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Chapter 4

Scattering resonances for a three-dimensional subwavelength hole
4.1 Problem formulation

The hole is bore through a sound hard material slab, and its geometry is shown in Figure 4.1.
The slab occupied the domain {(z;.79,23) | 0 < x3 < L}, and the hole is a cuboid given by
C. = {(x1.m9,23) | 0 < 27 < &,0 < 23 < &,0 < z3 < L}. We consider the case when the
length and width ¢ of the hole is much smaller than the thickness of the slab and the wavelength
of the incident wave A, i.e., ¢ < L ~ \. Without loss of generality, in what follows we scale the
geometry of the problem by assuming that the slab thickness L = 1. Let us denote the upper and
lower aperture of the hole by I'* and I'~ respectively, and semi-infinite domains 2+ and 2~ above
and below the slab respectively. The exterior domain is given by Q. = QT UQ~ U C..

We consider the scattering when the plane wave v is incident upon the structure, where
u’ = ¢*(d@=20)) i5 the incident field. Here (dy,d,, —ds) is the incident direction with d3 > 0,
k is the wave number, and 2o = (0,0, L). In the absence of hole, the total field in the domain
Q, consists of the incident field u’ and reflected field u" = (¢ (*=%0)) where d’ = (d, dy, ds),
while the field in the domain €2 is zero. In the presence of hole C, the total field u. in the upper
domain Q7 consists of u’, u” and the scattered field u¢ radiating from I'*. In the domain Q_, u,.
only consists of the transmitted field through the lower aperture I'~. In addition, the Neumann
boundary condition d,u. = 0 is imposed on 92, for the sound hard material, where v is the unit
outward normal pointing to €).. Finally, the scattered field «? satisfies the Sommerfeld radiation

condition at the semi-infinite domains [19]. In summary, the total field u. satisfies the following
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(a)

(©)
Figure 4.1: (a) Geometry of the problem. The hole C: has a cuboid shape with height L and width €. The domains above and below the hard sound

slab are denoted as Q1 and Q~ respectively and the exterior domain Q. = Q1 UQ~ U C: is denoted by Q..(b)(c) The upper and lower aperture
of the hole are denoted by I't and "~ respectively. (b)(c): Vertical and horizontal cross section of the subwavelenth structure.

scattering problem:

Au, + k*u. = 0, inQ., 4.1.1)
e _ o on o6, 4.1.2)
ov

u, = vl +u +u”, inQF, 4.1.3)
u. = u., in€), 4.1.4)
lim r(auE - zkui) =0, r=|x| (4.1.5)
r—oo \ Or

For all complex wavenumbers £ with /mk > 0, it can be shown that the above scattering
problem has a unique solution. By analytic continuation, the resolvent R(k) := (A + k%)~! of the
scattering problem (4.1.1)-(4.1.5) can be extended to the whole complex plane except at a count-
able number of poles. These poles are called the scattering resonances of the scattering problem.
In this paper, we prove the existence of scattering resonances, derive the asymptotic expansions
of those resonances, and present the quantitative analysis of the field amplification at the reso-
nant frequencies. By reformulating the scattering problem (4.1.1)-(4.1.5) as the equivalent integral
equation system, the resonances reduce to the characteristic values of the certain integral operators.
We apply the asymptotic analysis of the integral operators and the simplified Gohberg-Sigal theory

to obtain scattering resonances. It is shown that the complex-valued scattering resonances attain
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imaginary parts of order O(g?). We also analyze the field amplification at resonant frequencies and

show that the enhancement is of order O(1/£?).

4.2 Boundary integral equation formulation

The scattering problem (4.1.1)-(4.1.5) can be formulated equivalently as a system of boundary-
integral equations. The development in this section is standard, see for instance [7, 8,23]. Let
g°(k; z,y) and g (k; z,y) be the Green’s functions for the Helmholtz equations with the Neumann

boundary condition in QF, Q~ and C. respectively. They satisfy the following equations:

Age(k;z,y) + kg (ks z,y) = 0(z —y), o,y € QF,
Agt(k;z,y) + kgl (ki z,y) = 6(z —y), z,y € C..

In addition %;f’y) =0forys; =1and y; = 0, and M:y) = 0on0C..

The Green’s function in Q* is given by

1 eik‘x_y‘ 1 eik‘zl_y‘

ek,. —_ S —

Y

where

($1,$272—x3) if'1‘17y€§2—"_7

(21, 29, —3) ifx,y e Q.

The interior Green function ¢ (z, y) in the hole C. with the Neumann boundary condition is

k X y Z Cmnl(Pmnl ¢mnl( )

m,n,l=0
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where ¢l = 2 /6)2_1(7“7 T O = A/ cos( ™) cos(™=*2) cos(Imrs) and

1 mnl € Zy,

2 mnl € Zy,
Amnl =

4 mnl € Zs,

8 mnl € Zy.

Inthe above Z; = {mnl |m=n=101=0}, Zy={mnl |m=n=0,01>1 or n=1=
Oom>1 or m=I0l=0n>1},Zs={mnl|m=0n>1,01>1 or n=0m>1,01>

1 or I=0m>1,n>1}and Zy={mnl|m>1,n>1,1>1}.

Using the second Green’s identity in Q1 and noting that au + 5 0 on x3 = 1, we obtain
v v
e auf i r +
us(x) = 9°(z,y)=—ds, + u'(x) + u'(z), v € Q. 4.2.1)
r+ al/
By the continuity of single layer potential [23], we have
(x) / (1>6ikm_ylausd +ul(0) +u'(2), zETH (422)
u(x) = —| = —ds, +u'(x) +u'(x), x . 2.
r+ \2n/ |z —ylov Y
Similarly,
1\ elz=vl gy
() = — (=) ———=—ds,, . 4.2.3
u(z) /_ <27T>|x—y|8y S TE ( )

The solution inside the hole can be expressed as

: ou,
us(z) = —/F+ ) g;(m,y)adsy, z e C..
Ur-

Taking the limit when x approaches the hole apertures I'" and T'~, there holds

. A,
us(r) = — /r+ ) g;(a:,y)a—l:dsy, reltur . (4.2.4)
Ur-
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By imposing continuity of the solution along the hole apertures, we obtain the boundary integral

equations as follows

( 1\ elz=vl oy , ou ,
—(=— “d (2, ) Ssds, + ! "(z) =0 on T
/F+ <27r> P $y+/r+ur ge(z,y) 5 sy +u'(z) + u'(x) on ,

1\ ekle=ul gy - ou
B —Zd i —ds, =0 .
\ / (27r> |z —y| Ov Kl /pr 9e(,9) o % o

Itis clear that G |r+ = F(y1, 4, 1), Golr- = =52 (y1,42,0), (u'+u")[ps = 2 hrmitdarz),

(4.2.5)

We rescale the functions by introducing X; = %, X, = 2 and Y} = £,Y; = £, and define the

following quantities:

aV) = 2261 V)= PEE0); F(X) = (0 4 ) (X, 1) = 26N )
dys3 Y3
. 1 eik:z|X—Y|
G <X7Y) - _%€|X—Y|’

GLUX,Y) := gl (k;eX1,eXy, 1;eY1,eYa, 1) = gl (k;£X1,6X,,0;€Y7,Y5,0)

oo
Cornnl X
= Z %cos(mﬁXl)cos(mng)cos(mﬂY'l)cos(anZ);
m,n,l=0

C;’fs(xy) = gl (k;eX1,eX0,1;€Y1,eY5,0) = gl (k;eX1,eX5,0;€Y1,eY5, 1)

= E (—1)lcngmnlcos(mWXl)cos(mng)cos(mﬂYl)cos(ang).
€
m,n,l=0

Let Ry := (0,1) x (0,1), X = (X3,Xy) and Y = (Y1,Y3). For X € R;, we define the
integral operators:

(@0)(X) =¢ / GH(X, Y )p(Y)dY 4.2.6)

Ry

44



(Qe)(X)=¢ [ GUX,Y)p(Y)dY; 4.2.7)

Ry

(Qp)(X)=¢ [ GLUX,Y)p(Y)dY. (4.2.8)

Ry

By the change of variables, the following proposition follows.

Proposition 4.2.1 The system of integral equations (4.2.5) is equivalent to the system Qe = f, in

which
Q+Q  Q v L
Q=" _ = T = (4.2.9)
Q' Q°+ Q' P2 0
4.3 Asymptotic expansion of the integral operators
First we introduce several notations below:
ick  cotk
k = —— 4+ —
Blk,e) or + ek’
~ 1
k = —_—
B(k,e) cksink’
1
KXY = ———M———
KX, Y) = 2 3 — 2 cos(mmXy) cos(nm Xo) cos(mn¥:) cos(ny)
, = —= ——cos(mm cos(nm cos(mmY7) cos(nmYs),
i € m>0,n>0 W\/m l i l i
where 7=1 for m=0 or n=0 and j=2 for mn>1.
R(X)Y) = (K1 (X,Y)+ Ky (X,Y)). (4.3.10)

The asymptotic expansions of the kernels G¢, G, éz are presented in the following lemma.
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Lemma 4.3.1 If |ke| < 1and X,Y € Ry, then

1 vk

“(X,Y)= —— (XY,
Ge(X.Y) derX —v| 2x (X, Y)
, cot k
GLX,)Y) = ez Ko(X,Y) + koo (X,Y),
~ 1 1 -
G:(XY) = 2 ksink TR X Y),

where k1 (X, Y) ~ O(k%), ko o(X,Y) ~ O(k%), and Fioo (X, Y) ~ O(exp(—1/e)).

Proof. The asymptotic expansion of G¢(X,Y) is straightforward from the Taylor expansion:

pikel XY
GYX,)Y) = -~
(X Y) 2me| X = Y|
= -t 1+ike|X = Y|+ 1(k;s)Q(X ~-Y) + O(k:s)?’]
2em| X = Y| 2
1 ik
= —— 1 O(k%).
2em| X = Y| 27 +O(ke)
Recall that
GLUX,)Y) = = Z (Z CmnzOémnz) cos(mmXy) cos(nmXs) cos(mmYy) cos(nmYs). (4.3.11)
m,n=0 \ I[=0

Let C,,, = Z?io CrmnlQmni» then using the formulas in [22], we have

> 2 1 cot k
COO(k):Zkz_—W+§: P

=1
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Coll2) = Z k2 — (mm/e)? — (Ir)2 " k? — (mm/e)?
2 2 2
Cro(k,e) = Z k2 — (nm/e)? — (in)2 ' k2 — (nw/e)?

Form >1,n>1,

] 4

Com(h:) = ; P — (/o) — (nm /e — () | & — (mr/e)? — (nr/e)?

= —4 (l (mﬂ'/é‘)Q T (n7r/€)2 n (l?T)2 k2 + (mﬂ/€)2 + (nﬂ/e)Z _ k2>

=1

B \/(m2 + n;)ztﬂ/g? ) coth (\/(m2 +n?)m?/e? — k2)

4 —k2s2 _% —4
_ (11 =) - e oW
m/m? + n? TvVm?2 4 n? mVm? 4 n?
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Substituting these into (4.3.11),we obtain

1 cot k

GLX,)Y) = S + Ky(X,Y) + O(K%e).

Similarly,

1 o0 oo
G U(X,Y) = = Z (Z(—l)lcmnlamnl> cos(mmX7) cos(nmXy) cos(mmYy) cos(nmYs).
1=0

m,n=0

4.3.12)
Let C’mn = Zio(_l)lcmnlamnla then

—1)’ 2
Z R m7r/€ ) TR = (mnje)

2
(mm/e)? — k2 sinh ( (mm/e)? — k:2>

9 mm

= 0O (— exp(—?)> , m>1.

mim

. l 2
Con = Z 2 _ nﬂ-/g — (Im)? Tes (nm/e)?

2
(n/2)? — k2 sinh ( (n/e)? — k2>

= 0 (% exp(—mr/s)) , n>1.
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Form > 1,n > 1,

I 3(~1)’ 1
Cnn = ZXI: k* — (mm/e)? — (nm/e)? — (Im)? = (mm/e)? — (nm/e)?

4
VM2 + 272 J2 — K2 sinh (\/(m2 Ty k;2) :

Substituting into (4.3.12), we obtain

1

(XY= ———
Ge(X,Y) (ksin k)e?

+ 0 (exp(—1/2)).

Define the function spaces
Vi=H 3(R):={u="Ulg, |U€ HY*R)and suppU C R} and Vo= H2(Ry),

where H?z (R;) and H~'/2(R) are the standard Sobolev spaces [3]. We define a projection operator

PV, — V5, such that

Po(X) = (g, D1,

where 1 is a function defined on R?; and is equal to one therein. We denote by K, K, Ko
the integral operators corresponding to the kernels x(X,Y), koo (X, Y) and ek (X,Y'), respec-
tively,where x (X, Y') is defined in (4.3.10), Roo (X, Y') is defined in Lemma 4.3.1, and (X, Y) =
E(h1(X,Y) + ko (X,Y)).

Lemma 4.3.2 The operators Q° + Q' and Qi admit the decompositions

Q*+Q =8P+ K+Ky, and Q' =SP+ K.
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Moreover,the operator K : H —3 (Ry) - H 3 (Ry) is invertible, K, and K. are bounded from V;
to Vy with the operator norms ||Ku| < €% and |K+|| < exp(—1/¢) uniformly for bounded k’s

respectively.

Proof. By using the definition of operators in (4.2.6) — (4.2.8), and the decomposition in Lemma

4.3.1, we have

ik cot k
- YU K(XY (XY
27r+ 1(X,Y) + Ky o )+ 2

@+Qw= ]
+ Ko X,Y) + ke (X, Y) (Y)Y,

= BPo+ Kp+ K.

The decomposition for Q’ follows by similar calculations. The proof of the invertibility of K is

postponed to Chapter 5. U

4.4 Asymptotic expansion of resonances

Note that the scattering problem (4.1.1)-(4.1.5) and the system (4.2.9) are equivalent. Thus
the resonances of the scattering problem, which are the set of complex-valued frequencies for
the homogeneous problem with zero incident field, are the characteristic frequencies & such that

Q(k) ¢ = 0 attains non-trivial solutions in (V7).

Lemma4.4.1 Let Q, = Q°+ Q' + Q' and Q_ = Q° + Q' — Q', then
0(Q) =0(Q4) U o(Q-),

where o(Q), 0(Q+) and o(Q_) denote the sets of characteristic frequencies k of Q), Q4 and Q) _,

respectively.
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Proof. Decomposing function space (V1)? as (V1)? = Veven® Voaa Where Viyen = { [01, 01 ]7 5 04 €
Vityand Voaq = { [p—, —¢p_]T; po_ € V;} are invariant subspaces for Q. Thus ¢(Q) = o(Qly,...) U

o(Qlv,,,)- By observing that

Q° + Q' Q' oy || Qi
QR +Q P Qo+
it follows that o(Q|v,,..) = o(Q4+), and similarly o(Q|v,,,) = o(Q-). O

By the virtue of Lemma 4.3.2, we have

Qi= Q+Q+Q
= (B+BAP+K+ Ko+ K= P+ Ly,

where Py = (8 + B)P and L, = K + K., + K. Furthermore, the following lemma holds.
Lemma 4.4.2 L. is invertible for sufficiently small ¢, and there holds

Ly =K+ Ky + Ko,

Li'1 = K114+ 0(&?),

(L7'1,1) = v+ O(£%), (4.4.13)

where v := (K'1,1) 12(p,).

We first solve

Qi =(Pr+Ly)p=0,

which is equivalent to

LI'Pip+p=0. (4.4.14)
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Note that

1 cotk ke
Pro = (5ksink+ ek _%> Fe

1 cotk  ike
- (5ksink+ o _ﬂ) (o, 1,

it follows that

Li'Pp =

1 cotk ke ;4
(5kzsink: TR T %) Lt D).

Substituting it into (4.4.14) and taking inner product with the constant function 1 yields

( 1 cotk ke

o -1 _
eksink + ek 27r> (L7110, 1) + (¢, 1) = 0.

We obtain the corresponding resonance condition

1 cot k 2k5)<

Op(k,e):=1 -
+(k.¢) +(zsk:sin/fjL ek 2m

Similar calculations for the equation
Q_p(X) = (P + L_)p(X) = 0

yields the second resonance condition

1 cotk  ike
_ =1 — — — ) (L'1,1) =0.
b-(k.¢) +( hsink | ok 27r>< - L1 =0

Lemma 4.4.3 The resonances of the scattering problem are the roots of the functions 0. (k,c) = 0.
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Theorem 4.4.4 The scattering resonances of (4.1.1) attain the following resonance expansions:

2
k, = nm + T in?re? 4 O, n=1,2,3,... and ne<1, (4.4.15)
~

where v = (K11, 1) is defined in Lemma 4.4.2.

Proof. We solve for the roots of

1 cot k) 1ke

1 —1
9+(k’5)_1+(2(ksink+ K _§)<L+1’1>_0’

or equivalently

1 cot k:) B ike?

pi(ke) =0, =+ [(ksink +— o ] (y+7r(k,e) =0, 7r(k,e)~O(k*?).

Let
B 1 n cot k
 ksink k

b(k)

The leading order term b(k) of 6, (k, ¢) attains roots ky = n for odd integers n. To this end,

we consider the domain for some fixed number C' > 0

Wi 000 =121zl >0tU{z: |2| <C,—(w—¥6,) <argz<(m—86,)}, ¢>0.

To derive the leading order asymptotic term of k,,,

define
ie%k
pra(k,e) =e+ | b(k) — o) (4.4.16)
Then
)
p+71(k‘,€) =<+ |:b/(k'0)(k‘ — k’()) + O(k’ — k’o)z — %k’o] Y. (4417)
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To find the value of b'(ky), first we calculate O’ (k) as follow

, 1+ cosk\’
oik) = < Jsin k >
 —ksin®k — (14 cosk)(sink + k cos k)
B (ksink)?
B —ksin?k —sink — cosksink — kcosk — kcos k
B (ksin k)2
—k(sin? k + cos® k) — cosksink — sink — kcos k
- (ksin k)?
 —k(l+4cosk) —sink(cosk + 1)
B (ksink)?
(k+sink)(14cosk) k+sink

Ck2(1+cosk)(1—cosk)  k2(1—cosk)

Next to find the value of b'(ky) = n, substituting k in the above derivative, we get

k in k, 1
bl(ko) — _20_}_& e —
k& (1 — cos ko) 2k
by using the fact that sin &y = 0 and cos ky = —1. We see that p, ; has simple roots in W, g, ¢

which are close to ky’s. By expanding the roots k,, ; of p, ; in terms of ¢, we obtain

< 2
e+ b’(ko)(k—k0)+0(k—k0)2—%ko =0

b'(k)(k—k)JrO(k—k)Q—ﬁk _—
0 0 0 27T 0 — ~
B

2]{50 0 2m 0 ’7’

at ky = nm, the expansion is given as follows

2
kni =nm+ I e inre? + O(e%).
fy
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To prove that k,, ; is the leading order term of the asymptotic expansion of £, note that

p+(l{?,8) _p+,1(k75) = (p—l-,l(k?g) - 52) ) O(5>

One can find a constant M/ > 0 such that

|p+(k7€) _p-i—,l(k?g)’ < |p+,1(k7€)|

for all k such that |k — k, 11| = Me®. Hence we obtain the expansion (4.4.15) for odd integers n

by the Rouches’s theorem [2]. By similar calculations for

1 i cotk  ike
cksink ek 27

0_(k,e)=1+ (— )(L:11,1> =0.

we obtain (4.4.15) for even n. O

4.5 Quantitative analysis of the field enhancement at the resonant frequencies

To investigate the field amplification, we first study the solution of (4.2.9).

4.5.1 Solution of the system (4.2.9)

Decompose the system Q¢ = f as

Qsoeven = feven and @Lpodd = dedu

where ¢ = @ on T Poaq AN £ = feven + foaq, With

f f
| P - Y- | 2 _ 2e
Peven — 9 Podd = and feven - s ) fodd -
Y+ B 9% — 5
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@Qoeven = feven lmplles that

*+Q ¢ e |1
¢ Q+Q or | ©

|
N[~ N~

which is equivalent to solving

Qupr =L where Q=@ 1@+
Q44 = foaq implies that
Q+Q  Q - | 1] %
Q¢ Q+Q ol I

which is equivalent to solving Q_¢_ = 7L, where Q_ = Q° + Q' — Q.
Recall that

ksnk ok o

1 tk ke?
pi(k:,a):a%r:e—l—{(:l: © >—Z c

} (v +r(k,e)), r(k,e)~ O(k*?).

Lemma 4.5.1 The following asymptotic expansion holds for the solutions ¢ and p_ in Vi:

oy — K1 ((dl—;dQ)O(k)) 4 pii [K‘ll + @0(/@5) + O(ka)2] +O(k2),

where d = (dy, dy, —d3) is the incident direction. In addition,

(dy + ds)

= 0(ke) + O(ks)2>. (4.5.18)

Proof. Let us consider Q¢ = 5_1%. By the same calculations in Section 4, we have

LI'Pipy + oy = L;12—J;, (4.5.19)
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or equivalently,

b(k)LT oy, 1) + oy = L+12i€, (4.5.20)

where 5(/{;) = % ( ksiln -+ %) — 22’“—; Thus by taking inner product with 1 on both sides of (4.5.20),

we get

(o 1) + BRI Do 1) = (172 1),

and it follows that

(o4, 1) = 9;1<L;12i€, 1). (4.5.21)

Note that

L;Q—f; - é (1 + @0(/«;)) (K11 + O(ke)?) .

Substituting it into (4.5.21) yields

(00, 1) = p% (v+ MOU%) +Olke)?).

By substituting the above into (4.5.20),

o f 5 _
pr= LYoo = bR L ey, 1)

BT TSN | _

= L+12—8 - b(k:)9+1<L+12—€, L'
7 ~1
— L+li o b(k)_<1L+ 17 1> <L_T_1i, 1>L_T_11
2 (L7160, 2
o T -1

— L*li_i_ 1 <1+b(k))<L+ 17]'> <L71i,1>[;;11,

* 2 (L7'1,1)0, * 2
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by substituting the value of ¢, , we obtain

where

Therefore,

Ep+ =

Y 1—0, af
por=¢ Ly t+ 0
- T2 (L7,1)6,

L= K '1+0(ke)
f 1 (di + d»)

A

5 - 5—O(k) in VyxVp.

2
1—-64 (di + dy)
’Wv+0@@%&{7+ 2

(1 + ditd) O(ks)) K '+ O(k*e?)

O(ke) + O(k:s)ﬂ [K~'1 + O(ke)?]

K1+ (K—HM : O(ke))

1—0, _ L1y 4 (di+d)
K14+ K1'1.1——=2
'Wv+ow@%a[” i 2

O(ke) + O(ke)Q} + O(k*?)

K11+ (Kllw : O(ke))

y(1—6y) _1 (di +dy)
+w+mmwa{K1+

O(ke) + O(ks)Q] + O(k*e?)

(dy + dy)

2Ok K1+ L {K‘ll + MO(&) 4 O(ks)2] + Oke)”.

0.

(dy + do) 1

oo = K11 (TO(k:)> TS [K—H + (dl—;dz)O(kzs) 4 O(ke)ﬂ + O(K%).

b+
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Similarly,

o — K11 (Mow) + L [Kll 4 (dl—‘;‘l”c)(kg) L O(ke)? | + O(k%e).
0

Corollary 4.5.2 Let ¢ = [p1, 02)T be the solution of the system Qg = f, then p = [p, +

o, or —p_|T, where o are defined in Lemma 4.5.1. Furthermore,

(p1,1) = {py +p_,1) = (— + —) [fy + @O(ka) + O(kg)ﬂ ,

(p2,1) = (1 —p_, 1) = (i—i> [7+M

—0(ke) + 0(/%-)2]

It was observed in the two dimensional case [26] that at resonant frequencies ¢ ~ O(1/¢)

in  (Vix
Vi) and (p;, 1) ~ O(1/e), i=1,2.

Lemma 4.5.3 Ifne < 1, then

iy cosk —1
pi(k,e) = —752 +0(e%), p_(ke) = (m)V +O(e)

and

_ fcosk+1 _ Iy 3
p+<k7€)_( k:sink; >7+O(8)7 p*(k7€)_ 2 € +O(€ )7

at the odd and even resonant frequencies k = Rek,, respectively.
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Proof. Let us consider p, (k,¢). First assume that |k — Rek,| < & with odd integers n. From the

definition of p, ; and its expansion, it follows that

pi(k,e) = pra(k,e)+O(%)
= pilky)(k —kp) + O(k — k,)* + O(£%)
= (ko) - (k — kn) +O()

- ?%w—mm—mm@+m§y

Since

Imk,, = Imk, ; + O(e*) = —n?ine® + O(c%),

we obtain
ingy

pi(k,e) = — +0(e%).
To derive the expression for p_(k, €) at k = Rek,, for odd n, recall that

2

p_(k,e) = p_i(k,e) + O(e}) = ¢ + (c(k) - §>’y +O().

(k) = < — —— is well defined for k = Rek;,, hence

cosk — 1
p—(k,e) = (m)’Y + O(e).

The calculations for pL(k, €) at the even resonant frequencies follow similarly. U

Proposition 4.5.4 There hold 1, pa ~ O(1/£%) in V4, and (¢1,1), (pa, 1) ~ O(1/€?) at the even

and odd resonant frequencies k = Rek,.

It was observed in the two dimensional case [26] that at resonant frequencies ¢ ~ O(1/¢) in

Vi) and (p;, 1) ~ O(1/e), i=1,2.
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4.5.2 Field enhancement in the hole

To investigate the field inside the hole, note that u,. satisfies the following boundary value

problem

Au, + Ku. =0 in O,

<g%1:0, on z;=0,71 =¢,
fus = () = 0,25 =
oz O on x99 =U,Try =¢.

\

Then u.(x) can be expanded as

us(r) = agocos(kxs) + boo cos k(1 — x3)

mmx mmx
+ Z (amo cos . ! exp (—kmo3) + byo cos . ! exp (—kmo(1 — xg))>
m>1

nmwx

nww
+ Z (aOn coS . 2 exp (—kons) + boy, cos

n>1

2 exp (—kon(1 — xg)))

mmrr, NTTo
+ 5 Gy, COS cos exp (—kmnt3)
5 €

m,n>1

mmxy nTLy

+byn COS —— cos — exp(—kmn(l—xg))> (4.5.23)

where kpy, = /(55)% — (%)% — k2.
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Lemma 4.5.5 The following hold for the expansion coefficients in (4.5.23):

B 1 0 (dy + dy) o] (1 1
app = Lsink -’)/ + —2 O(k@) + O(k&f) ] (p—+ + p__> s
B 1 [ (d+do) J/1 1
bog = Lsink Y + 9 O(k&f) + O(k’€) | (p+ p_> s

é\\/E|CLTFLO| S 07 5\/%|me| S C fOT m Z 17
evnlao,| < C, ev/nlbo,| <C  for n>1

vm+nlam,| <C, vVmA4n|by, <C for m,n>1,

where C' is a positive constant independent of ¢, k, m and n.

Proof. Taking the derivative of the expansion (4.5.23) with respect to x3 gives

Oue _ —ago sin(kx3) + boo sin k(1 — x3)
8ZE3

+ Z (—amokmo coS M exp (—knos3) + bmokmo cos mr exp (—kmo(1 — x;:,)))
€ €

T2

+ Z (—a[)nk‘o” coS m;@ exp (—konxs) + bonkon cOS n exp (—kon(1 — :zrg))>

mmrx, nTLs
+ E ( — Wpn K COS coS exp (—kmnt3)
€

m,n>1 €
+brun Krnn COS T s 2122 exp (—kpmn(1 — xg))>
€ €
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Evaluating at ' gives

ou,

xs

mmnry

(x1,22,1) = —agosin(kxz) + Z (—@mo €xp (—kmo) + bmo) kmo cos

m>1

NTToy

+ Z —aon exp (—kon) + bon ) kon cos

mmnxy nmwrey

mn —kmn) + bmn) Kmn ) 4.5.24
—I—Z — iy €XP ( ) + b)) K COS —— C0s — ( )

m,n>1

Ou,
axg

mmry

(21,22,0) = boo sin(kz3) + Z (—@mo + bimo €xp (—kmo)) kmo cos

m>1

NI Ty

+ Z (—agn + bon exp (—kon)) kon cos

n>1

MTTy NTTo

—Umn bmn _kmn kmn 4.5.25
+ Z (—Cmn + by €xp ( ) co8 ——— cos ( )

m,n>1

Integrating over the hole apertures and using Corollary 4.5.2 leads to

1 e
—CL()()]{? sink = sy Ou (l’l, T2, 1)d(lf1dl’2 = —/ gOl(X)dX
5 r+ a.’fg Ry

= = (i + i) (7 + MO(!C&) + O(k5)2) ,

P+ P- 2
1
b()ok sink = 8U5 (Il,l'g,())da?ldl‘g = / QOQ(X)dX
- Oxg R

= (i - i) (v + MOU%) + O(ke)z) .

b+ P-
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We obtain the desired formulas for agy and byy. For coefficients a,,q, b0, taking inner product of

eqs (4.5.24) and (4.5.25) with cos ™21 and integrating over aperture yields

—2
Amokmo = QT (e_kmo/ ©1(X) cos (mmX)dX +/ o (X)) cos (mWX)dX) :
— m Ry Ry
—2
brokmo = [Ty (/ ¢1(X) cos (mmX)dX + ekmo/ o (X)) cos (mwX)dX) )
. m Rl Rl

Note that k,,0 = O() for m > 1, and

1 1
o1l < IR lpallvy < = || cos (mm X))y, < v/m.

The estimate for a,,o and b,,,o follows. A parallel calculation can also be applied for a, and by,.

nTT

For coefficients @y, by taking inner product of (4.5.24) and (4.5.25) with cos 2% cos =22

and integrating over the aperture yields

—4
. (e—kmn/ ©1(X) cos(mm X7) cos(nmXs)d X d X
mn Ry

amnkmn - ?

+ / o (X)) cos(mm Xy) Cos(mng)XmdX2> :
Ry

—4
1 — e~ 2kmn

bmnkmn = (/ ©1(X) cos(mm Xy) cos(nmXs)d X,

Ry

rerton [ () coonm X eon(nm X)),
Ry

Since kpn = O(y/ ™) and |11, < %, [[¢2llvy < . the desired formulas for a,,, and by,

follow. [l
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Theorem 4.5.6 The wave field in the hole C*™ := {x € C. | x5 > &,1 — x3 > £} is given by

B 1 (di+ds) 1 2icos(k(xs —1/2))  sin(k(zz —1/2))
ue(@) = (5_2 M 0(1)) nksin(E/2) | sin(k/2)
+0(exp(—1/¢%)),

1 (di+ds) 1 2isin(k(zs —1/2)) = cos(k(zs —1/2))
a (6_2 i 2 O(g) - 0(1)) nk cos(k/2) * ksin(k/2)

+0(exp(—1/¢?))

at the odd and even resonant frequencies k = Rek,, respectively.

Proof. From Lemma 4.5.5,

us(r) = agocos(kxs) + boo cos k(1 — x3)

+ Z (amo cos 1L exp (—kmo®s) + bmo cos i exp (—kmo(1 — x3))>
m>1 € €

NTTy nmwr
+ E gy, COS exp (—konz3) + boy, cos
€
n>1

2 exp (—kon(1 — x;;)))

mmry NTTy
+ g Gy, COS cos exp (—kmnts)
€ 5

m,n>1

+byn COS mra coS s exp (—kpn(l — :B;;)))
€ €
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For e <« 1,

u(x) = [7 + (e ;— dQ)O(éT) + O<€)2] [(19% + pi_) C/:;lf]j * <pi+ B p%) COSZ(SL_]C%)}
+0(exp(—1/¢?))

B [Wr (dy + dy)

1 <cos kxs + cos k(1 — x3)
5 )

p_+ ksin k

O(e) + o<a)2} [

1 (cos kxs — cos k(1 — x3)
ksink

- )] + Otexp(=1/2)

{7 N (dy + dy) 0() + 0(5)2} [ler (2 cos (kxs — k — kl;v;)nc:s (kxs — k + kx3)>

1 (—2 sin (kzs — k — kxg) sin (kxg — k + kxg)
D ksin k

)] + Otexp(-1/¢2)

(dy + d2)

_ 9 {7 N ! Oe) + 0(5)2] [i cos(k/2) cos (k(xz — 1/2))

o ksin k

_ 1sin (k/2)sin (k(xz — 1/2))
p_ ksink

| +0texp(-1/2%).
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At the odd resonant frequencies k = Rek, it follows from Lemma 4.5.3 that ;- = -255(1+0(e))

yne2
and p% - (wksszi—rl’i)y(l + O(e)). Therefore,

(dy + do)
2

2i cos(k/2) cos (k(zs —1/2))
yne? k sin k

us(z) = 2|y+

O(e) + 0(5)2} [ (1+0(e))

N (Col: Zirikl)y el S/i:nsi(rlj(k% —12) (1+0(2))| + O(exp(—1/¢%))

(dy + dy) o T( 1 2icos(k(xs —1/2))
= [+ 006 +0()] [(Z? nksin(k/2) (1+0()

sin(k(zg — 1/2))
ksin(k/2)

(1+ O(&T))} + exp(—1/¢?)

1 (dy+ds) 1 2icos(k(zs —1/2))  sin(k(zs — 1/2))
(6_2 * 2 O(g) * 0(1)) nksin(k/2) sin(k/2)

+O0(exp(—1/€?)).

Similarly, at the even resonant frequencies, i =% — S/iﬁ)a,(l + O(¢)) and p—l_ = 7222 (1+

O(e)). We obtain

us(z) =

1 (di+dy) 1 2i sin(k(xs — 1/2))
a (6_2 2 O(g) * O(l)) nk cos(k/2)

cos(k(zz —1/2))

ksin(k/2) + O(exp(—1/¢?)).

O
Therefore, scattering field amplification is of order O(1/£?) in the hole, as the leading order term

is of order O(1/¢?).
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Figure 4.2: Depiction of upper and lower far fields H- i" ,and H | respectively

4.5.3 Scattering enhancement in the far field

Consider the domain Q\ H;~ above the hole, where H;" := {z|r — (0,0,1) < 1}. Recall

that
us(:c)—/ °(x )%ds reQ’
S - I‘+g 7y 81/ Y )
and
ou, T1 To
1 o (2L 22
(91/ (.’171,.7/'2, ) Qpl( ) E)
Therefore,
€ e oy
i@ = = [ o e e )y,
r+ E €
1 p1
= ¢ / / o (.21, £Ya, 1)pr (Y3, Ya)dY1d Y.
0 Jo
Note that

g¢(z,eY1,eYa,1) = ¢°(x, (0,0, 1)) (1 + O(e)), =€ Q"\H;.
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and

(o1, D2y = <i + pi) (7 - wme) + 0(5)2> .

It follows that

(o) = =2 (0.0,10)(1+ 00 (- + - ) (7+ B 2o + o)

b+ D-

From Lemma 4.5.3,

1 21 1 21
—_— = —_— = 1
o= 5(1406) and = (1+0())

when n is even and odd respectively. The corresponding scattered field is

W (z) = —% (@, (0,0,1) + O(e),  wi(x) = —% - g°(x, (0,0,1) + O(e).

Similarly, the scattered field in the domain H; := {z|z — (0,0,0) < 1} is

W () = —e2g(x, (0,0,0))(1 + O(e)) (i - i) (v 4 @0(@ + 0(6)2) |

P+ P-

It follows that
2% . 2
u(x) = 9 (2,(0,0,0) +O(e), wui(x)= o (x,(0,0,0) + O(e),

at the odd and even resonant frequencies, respectively.
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Chapter 5

The invertibility of the operator K

Recall the integral operator
Kp(X) :/ KX, Y)o(Y)dY, for X eR ¢c¢€ H’%(Rl). (5.0.1)
R

Where x(X,Y) is given by (4.3.10). We consider the integral equation K¢ = f, where f €

(Ry). We extend the argument in [16] to show that K is invertible from H~2(R;) to Hz(R,).

N

H

Let us consider the domain depicted in Figures 5.1 and 5.2 as Q= Qe U Qi, where Qe = Ri,
and ; = (0,1)2 x R_. Let Q. = (0,1)? x (0, ) be the bounded domain inside the hole with the
upper and lower boundary given by I = (0,1)? x {0} and I". = (0,1)? x {—¢}, respectively. Let
ut(X) = limy_o w(X + (£,0,0)) for z € T, and uF(X) = lim,_,o u(X + (£,0,0)) on X € T..

[u) represents the jump u™ (X)) —u~(X) for X € T'. The solution of the integral equation K¢ = f
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A3z ﬁe
L’ X1
X2
o

Figure 5.1: (a) Geometry of the problem. The domains above and below the sound hard slab are denoted as Qe and ;. The exterior domain
Q = Q¢ U Q;. The aperture of the hole are denoted by I'.

X3

L..

X2

L..

(b)

Figure 5.2: (a)(b): Vertical and horizontal cross section of the subwavelenth structure.
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is related to the following transmission problem:

Au(X) = 0, inQ,
6%(5() = 0, ondQ, /fu(X)dsX =0, [u]

il
I
=
>
—

(4) A
|A(u(X) — X3 aU<X)d x)| = o(1), X3— —0c0 in
i 0X3
ou(X) 1 ~
E— 1 —
wX) — 7 [ e dsx O<|X\2)’ | X| =00 in €,
ou(X) 1
L X L = ——
\ |Au(X) PR X, dsx O<|X|3)’ | X| =00 in Q.

(A) can be reformulated in the bounded domain Q.. To this end, we introduce the Green’s function

for the exterior domain Qez
¢ -

AG(X,Y)=86X-Y), in Q,

G (XY) _ A
5y = O, on 896,
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The method of images shows that G, (X,Y) = —1

The Green’s function in Qi satisfies

It can be shown that

Gi(X,Y) =

We define two integral operators © : H~

~Y3).

Ar (XY 4177\)( Y|,whereY = (11, Ys,
AG(X,Y) = §(X -Y) in(,
aGiéf’Y) = 0, ondSY,
[éz(Xu Y)dSX =0,
r
Gi(X,Y) = o(1), |AxGi(X,Y)| = o(1) as X3 — oo.
Z ( —Z2vVm2+n?| X3+Ys| _{_e—gx/ml)(:s—yzsl)
m>0n>0ﬂ-' m2 +n2
.cos (mmXy) cos (mmY7) cos (nmX3) cos (nmYs),
where 7=0 for m=0 or n=0 and j=1 for m,n>1.

6<X7 Y)@(Y>dSY7
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2(I') — H2(T) and ©, : H2(T.) — H2(T.):

0.5(X) = /FG (X +(0,2,0),Y + (0,2,0))¢(Y)dsy-



Here O, does not depend on ¢ and ©.1(X fr (X, Y)dsy. The bounded value problem in

Q{E is formulated as follows:

(B) M — 0’ on Xl = {O, 1},X2 = {O, 1},

ou(X) -
dsy = u(X I,
e € X, Sx u(X), on

| —0(2) = u(X) + f(X), onl.

As shown below, (A) and (B) are equivalent.

5.0.1 Equivalence of the well-posedness of a boundary value problem and the invertibility

of K

Lemma 5.0.1 The following two statements are equivalent:
(1) K is invertible from H*%(f‘) — Hz(I),

(2) For any function f € H 2 (f‘), there exists a unique solution to (A).

Proof. If (1) holds, given f € Hz(T'), let ;(X) € H2(T') be a unique solution to K (X) =
f(x). Define u in Q by

( —[C?e(X, Y)ep(Y)dsy, X €.,
N
up(X) = (5.0.2)

X [orXdsx + [ G Yooy, X €
\ T T
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The function u;(X) is the solution to (A). To prove the uniqueness of the solution, let w; be a

solution to (A), with [wy] = f on I'. Applying the Green’s formula in O as

- - (XY Y) -
[ AGG(X, Y)wf(Y) — A’LUf(Y)Ge(X, Y)dY = /aQ %u&(}/) - awgi )Ge(X, Y)dSy,
we have
- Y -
w(X) = —[GE(X, Y)a%fé Visy, X eq. (5.0.3)
r 3
Similarly apply Green’s formula in §; as follow
B 0Gi(X,Y) ows(Y) ~
wx) =[S ) - SR X Vs
_ Ows(Y) ~
- _/a()i v G1<X7 Y)dSY
_ / 0wiY) & x ¥)dsy — / 00s () (X Y Vdsy
r T3 ' oo O3
Y) - ~ X
= /8wf( )Gi(X,Y)dSy— -~ Gz(X,Y)(O(1>+[aUg( )dSX)dSy,
r L3 R r L3
we obtain
_[¢ Owy (V) w(X) -
wf(X)—/sz(X,Y) oY, dsy + X3 e dsx X €. (5.0.4)

Taking trace of w;(X') on both sides of the boundary I for X = (X1, X5,0) € I, we obtain

au)f<}/17 )/27 0)

dY1dY:
oY; 1a Y

1 1
f(X) = / / <Gi(X17X27O;}/17Y270)+Ge(X17X270;)/17}/270))
0 0

- {3
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We infer from (1) that 8wf = (Y. By (5.0.3) and (5.0.4), it follows that u; = w; in €,
which proves the uniqueness of the solution to (A).
Assume that (2) holds. Then from the above, we see that the solution wy to (A) satisfies
(5.0.3) and (5.0.4), and consequently
Ko=Ff (5.0.5)

has at least one solution ¢(Y) = gﬁ;f € H (). For f = 0, let ¢, be the corresponding

solution of (5.0.5) and construct a solution ug to (A) by (5.0.2). Hence by (2), ug = 0 implies

Jug __

o = 52 = 0. Thus the solution to (5.0.5) is unique.

5.0.2 The equivalence of problem (A) and problem (B)

Lemma 5.0.2 Problem (A) attains unique solution iff problem (B) has a unique solution.

Proof. Let u; be the solution to (A). Applying the Green’s formula in Q = (0,1)% x (—¢, —00) as

follow
weo) = [ OCY) 1y i - [ G i,
_ /a ) @“(;(Vméi(x, Y)dsy
- /f“ufsufoo 8ug;(VY) GilX, Y )dsy
A a@gg) Gi(X + (0,2),Y + (0,¢))dsy + [OO G,(X,Y) (0(1) ] a%f—)g)dsx)dSY
we obtain

uf(X):[ éi(XJr(o,g,0),Y+(0,g,0))a

€

9 R
X/ up (Y dsy. X €. (5.0.6)

8}/}, aX 3
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Taking the trace of (5.0.3) on r

or equivalently

F(X) = —@(2—?@ up (X)),

Similarly by taking trace of (5.0.4) on I., we obtain

X ~ Y A
u(X) = 5/ Qus(X) jo o +/ Gy +0.6), X + (0,2 g, xer,
r O3 F. 0r3
or equivalently
ou Ous(Y)
+ _ f f
up (X) = 88X3(X)+»3 X, dsx

Thus u is also a solution to (B).
Let u(X) be the solution to (B), using Green’s formula, (5.0.2) and (5.0.6), u can be extended
continuously to (2. We claim that such extension is unique. Assume that there are two solutions

and uy of (A) that coincides in QE. Let w = u; — uy be the solution of the following system

Aw(X)=0, in O\Q.,

0wX) — 0, 90, U{X, = {0,1}, X5 = {0,1}} x (—&, —o0),




Let C}; be the upper half sphere of radius R and center (0,0,0) in Q. let S} = 95} N Q.. We

multiply Aw by w(X) and integrate by parts over C'}, to obtain

1

X
/C+ |Vw|*dX = Vw(X) - —dsx = O(ﬁ) as R — +oo.

S R

Hence w(X) is constant in C,therefore w(X) is constant on .. Since w(X) = 0 on I'. we
conclude that w(X) = 0 on Q.. Let P > ¢ be a positive constant. We multiply Aw(X) by @ (X)

and integrating by parts over (0, 1)? x (—e, —P) = Qp to acquire

[ |Vw|*dX = - Ox,w(Xy, Xy, —P)w(Xy, Xp, —P)dX1dXy = o(1), as P — oo.
Qp

I'p

Thus w(X) is constant in 2. Since w(X) = 0 on I'., we deduce that w(X) = 0 on {2 which proves

the uniqueness. U

5.0.3 Well-possedness of problem (B)

Define the function spaces:
Hy *(F) = {(X) € H (D) - / o(X)dsx =0},

HE(F) = {6(X) € H3(T): /F 6(X)dsy = 0.

Lemma 5.0.3 The operator © has a bounded inverse from Hz () to H=2(T). In addition, the

following inequality holds

Re((Bp,9)1 1) >0, Ve H 3(D).

,—

D=

1
2
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Proof. First we show that Re((Op, @)% 7%) > 0 forany ¢ € H2(I). Assume ¢ € H~2(T") such

that (O, ¢)1 _1 # 0. The function w, (X fr (Y)dsy is a solution to

1
272

\

Awy(X) =0, in .,

81”8";1(/)():0, on O\,

wa(X) = O(dn). IV (X)- 5 =0(pks),  IX] = 0.

Let C}; be the upper half sphere of radius R and centered at (0, 0,0) in Q,, and S}; = 9C3; N €.

Multiplying Aw,, with w,, and integrating by parts over C; yields

1
2

X
/ |Vw,[?dX = / Vi, (X) - m=we(X)dsx + (09, )1
c: st | X ?

1

= (0p,9) o8

1_1
272

+O( » R — +oo. (5.0.7)

Hence Re((Op, )1 _1) > 0. Since © : H2(I') — Hz(I) is a compact operator, to show

373
invertibility it is sufficient to prove the injectivity of ©. Let ¢ € Hg (T") such that (@gp go>% 1
0 and by substituting it in (5.0.7), we see that w,,(X) is constant in Qe. Since wy,(X) = O (ﬁ)
large | X|, s0 w,(X) = 0 on .. By taking its normal derivative on T, we conclude that ¢ = 0,

which proves the claim and hence O is injective in H, 2(I"). O

Lemma 5.0.4 The operator ©, is invertible from Hy, 2 (L.) to HZ(L.). In addition, the following
inequality holds :

Re((B:p,0)1 1) >0, Ve Hy?(T.).

1_1
272
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Q.

L

Figure 5.3: Geometry of the extended domain fl;"

1
Proof. Since O, is a compact operator, to prove the invertibility of the operator O, : H, *(I'.) —

1 <
Hg (T'.) amounts to proving its injectivity. Recall that

O6(X) = [ GilY +(0,2.0),X + (0,,0)p(¥)dsy = [ GilY,X)(Y )dsy-

re

Define the single layer potential

wX)= | GV, X)p(Y)dsy X € Q\T..

re

Let us define Qj = (0,1)% x R, to be an extension of {; to 400, can be seen in Figure 5.3. We

then multiply A@ by u and integrate over Qj and (); respectively to obtain

/Q . [Vul*(X)dX = - Ayt (X)u(X)dsy = — /F O, Uy (X )u(X )dsx.

/ |Vul?dX = Oy (X)u(X)dsy = / Ox, 1 (X)u(X)dsx.
Q; o0 T
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Combining these results, we get

/QJFUQ- [Vul?dX :/f(aXsﬂ(X) — Ox, U4 (X)) u(X)dsx.

Since

O, (X) - x4 (X) = p(X),

there holds

[ VuPdX = / 0.0(X)p(X)dsx > 0.
Q; T

If (., @) = 0, it follows that Vu = 0 in ; and R?’\éi respectively. Hence ¢ = d,u_(X) —
al,U+ (X) = 0. U
To derive the variational formulation, we introduce the function space V = {w € H Q) -
/ w(X)dsx = 0} for any test function w € V/, we multiply it by (B) and integrate by parts over
r
(). to obtain

ou(X) _ ou(X)
X —
o, U(X)dsx . 0X;

Vu(X)Va(X)dX — / B(X)dsx. (5.0.8)

Q.

The integral |- %L)g)w()( )dsx in (5.0.8) can be understood as the dual product (w, %L)i)> L
3732

Vuw|r € H2(T), (0~ w)(X) is well defined in H~2(T'). Since the Green’s function G, is symmet-

ric, we can write (w, S

. Let u be the solution to (B), then

X
oul )U_J(X)dSX =— / u(X) (O 'w)(X)dsx + / u(X)(OF)(X)dsx. (5.0.9)
p 0X3 iy i
For the integral |7 agg) w(X)dsx in (5.0.8), we observe that the solution to ( B) satisfies @5(5)7“3) (X)+

e(1, %‘3) — u(X) on I'.. Integrating over I'; yields

= / u(X)dX. (5.0.10)
Ie



Let t(w) = § [; wdsx, then

8u(X) _ B 8u(X) - ) ) au
| o, OO0 = | St = @) dsx + H@) (L, o).

We deduce by the invertibility of ©. : H~2(I'.) — H~2(I'.), and the symmetry that

i 8;% ) (X)) dsx = /F | @E(;—é)@—l(w — H(w)dsx + ()1, aa—)éy

£

= /F (u —t(u)O (W — t(w))dsx + %t(u)t(w). (5.0.11)

Therefore, by virtue of (5.0.8) — (5.0.11), we define the bilinear form a(u, w) and the func-

tional F'(w) as follows:

o, w) = / VuVadX — /F W(© V) dsx + /F (1 — H(u))O (16 — #(i))dsx + e~ (u)t(@),
E (5.0.12)

and

F(w) = /F (07! Hwdsx, (5.0.13)

so that (5.0.8) reduces to

a(u,w) = F(w).

Theorem 5.0.5 (1) F(w) is a bounded linear functional from V' to C. The bilinear form a(u, w)

is bounded and coercive on V. x V': There exists constants C; > 0 and Cy > 0, such that
|a(u, w)| < Cillullsfjwll,  Yu,w eV,

Re(a(u,u)) > Collul], VueV.

(2) Forany f € H2(R,), there exists a unique solution to (B).
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Proof. First to show that F'(w) is bounded from V' to C. It follows from Lemma 5.0.3 that
©!: H2(I') — H 2(I") is bounded operator. Since the operator on I' is continuous operator
from V to Hz(T'), F(w) is continuous linear form from V to C. The bilinear form a(u, w) can
easily seen to be bounded by using the trace theorem and the boundedness of ©-! and ©. Finally,

forafixed u € V as

a(u,u) = /Q IVu?|dX + /Fu(@_lu)dsx + /r (u —t(u)O (u — t(u))dsx + & t(u)|?.

The coercivity of the bilinear form is a direct result of Poincare-Friedrichs inequality. Finally, from

the Lax-Milgram theorem, (13) attains a unique solution v € Hz(€),). O
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Chapter 6

Conclusion and future work

To recapitulate, we have investigated the acoustic wave field amplification for the scattering
through three dimensional subwavelength structures namely a cavity and a hole. Mathematical
theory required for the asymptotic expansion of resonances was studied. We derived the asymp-
totic expansion of the integral operator and the simplified Gohberg-Sigal theory to obtain scattering
resonances. Furthermore, we quantitatively analyzed the field amplification at the even and odd
resonant frequencies and show that the enhancement is of order O(1/£?). It was shown that the
complex-valued scattering resonances attained imaginary parts of order O(&?).

In future, we plan to work on scattering resonances for periodic structures and the scattering reso-

nances for the electromagnetic wave.
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