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Abstract

Chemotaxis models are widely used to describe the movements of biological species or
living organisms in response to certain chemicals in their environments. This dissertation is
devoted to the study of various dynamical aspects of a parabolic-elliptic chemotaxis model in
shifting environments and a parabolic-parabolic chemotaxis model with logistic source on the
whole space.

Concerning parabolic-elliptic chemotaxis models in shifting environments, we study per-
sistence, spreading speeds and existence of forced waves in two different shifting environments.
In particular, in the case favorable environment and unfavorable environment are separated, we
prove that if the shifting speed of the environment is large, the biological species with com-
pactly supported initial distribution will die out in the long run; if the shifting speed of the
environment is not large, the species will persist and spread along the shifting habitat at a fixed
asymptotic spreading speed. We also prove that there is a forced wave with speed ¢ which coin-
cides with the shifting speed of the environment connecting two points provided that c is large.
In the case favorable environment is surrounded by unfavorable environment, we show that if
the generalized principle eigenvalue of the linearized system at the trivial solution is positive,
the species will persist surrounding the good habitat; if the generalized principle eigenvalue is
negative and the degradation rate of the chemical substance is large, the species will become
extinct in the habitat. We also show that there is a forced wave connecting (0,0) and (0, 0)
with the speed agreeing to the shifting speed of the environment provided that the chemotactic
sensitivity is sufficiently small and the generalized principle eigenvalue is positive. Some nu-
merical simulations are also carried out in both cases. The simulations indicate the existence
of forced wave solutions in some parameter regions which are not covered in the theoretical
results, induce several problems to be further studied, and also provide some illustration of the

theoretical results.
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Regarding parabolic-parabolic chemotaxis models with logistic source on the whole space,
we first prove the local existence and uniqueness of classical solutions for given initial func-
tions. We then prove the global existence and boundedness of classical solutions for given
initial functions under the assumption that the logistic damping is large relative to the prod-
uct of the chemotactic sensitivity and the production rate of the chemical substance. Next, we
study the asymptotic behavior of the global classical solutions with strictly positive initial func-
tions. We show that under further conditions on parameters, the nonnegative constant solution
is globally stable in some sense. Finally, we investigate the spreading speeds of global classical
solutions with nonempty compact supported initial functions and front like initial functions.
We prove that the spreading speed of such global classical solutions of the parabolic-parabolic
chemotaxis model with logistic source is the same as that of Fisher-KPP equation under the
same assumption of the existence of global classical solutions. Note that when there is no
chemotaxis, the parabolic-parabolic chemotaxis model reduces to famous Fisher-KPP equa-
tion. Hence, under the same assumption of the existence of global classical solutions, the
chemotaxis neither speeds up nor slows down the spatial spreading in the Fisher-KPP equation.
As a by-product of spreading speeds, we show that persistence phenomena occurs, that is, any
globally defined bounded classical solution with strictly positive initial function is bounded

below by a positive constant independent of its initial function when time is large.
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Chapter 1

Introduction

Chemotaxis is the directed movement of cells and organisms in response to chemical gradients
which can be found in various biological phenomena ranging from microscopic phenomena
to macroscopic phenomena such as cancer growth, embryo development, immune system re-
sponse, wound healing, neuron migration, finding the location for food, avoiding predators,
attracting mates, population dynamics, gravitational collapse, etc [11]. There are two types of
chemotaxis, positive chemotaxis and negative chemotaxis. Positive chemotaxis occurs if the
movement is toward a higher concentration of the chemical substance. Conversely, negative
chemotaxis occurs if the movement is in the opposite direction. The chemical substances that
lead to positive chemotaxis are called chemoattractants and those leading to negative chemo-
taxis are called chemorepellents.

Chemotaxis has been attracting increasing attention of biologists, ecologists, mathemati-
cians, and so on due to its important role in a wide range of biological phenomena such as the
aforementioned process. Mathematical models for chemotaxis date to the pioneering works
of Keller and Segel in the 1970s to describe the aggregation of the slime mold Dyctyostelium
discoideum [25, 26]. Since then, many mathematical models have been established for the
chemotaxis process. Such mathematical models are called chemotaxis models which are also
known for Keller-Segel models. The reader is referred to [3, 18, 19, 44] and the references
therein for some detailed introduction into the mathematics and applications of various chemo-
taxis models. For the recent developments on chemotaxis models, we refer the reader to a

survey paper [2].



This dissertation is devoted to the study of various dynamical aspects of parabolic-elliptic
chemotaxis models in shifting environments and parabolic-parabolic chemotaxis models with

logistic source on the whole space.

1.1 Parabolic-elliptic chemotaxis models in shifting environments

In reality, the living environments of species may be shifted due to climate change, in partic-
ular, the global warming or the worsening of the environment resulting from industrialization
which lead to the shifting or translating of the habitat ranges [47]. It is of both biological and
mathematical interests to study chemotaxis models in shifting environments.

One of the main objective of this dissertation is to investigate the persistence, spreading
speeds and forced waves of the following parabolic-elliptic chemotaxis model in shifting envi-

ronments,

u = Au— xV - (uVv) +u(r(x —ct) —bu), z€R, t>0,
(1.1)
O0=Av—Xv+puu, xR, t>0,

where y, b, A\, and p are positive constants, ¢ € R. In (1.1), u(t,x) and v(t,x) denote the
population densities of some biological species and chemical substance at time ¢ and location
x, respectively; The term Awu describes the movement of the biological species from the places
with higher population density to the places with lower population density following random
walk; the term \V - (uVv) characterizes the influence of chemical substance, that is, the bi-
ological species moves from the places with lower concentration of chemical substance to the
places with higher concentration of chemical substance when Y is positive measuring the sen-
sitivity effect on the biological species. ¢ # 0 is the shifting speed of the environment and 7 (-)
is a sign changing function modeling the growth rate of the biological species. b is the logistic
damping or the self-limitation rate of the biological species. The second equation indicates that
the chemical substance diffuses via random walk very quickly and is produced over time by the

biological species at a rate of p. The chemical substance degrades at a rate of \.



The shifting environments are incorporated into the sign changing function r(+). In partic-

ular, we will consider the following two different shifting environments:

Case 1. Favorable and unfavorable habitats are separated in the sense that r(x) is Holder
continuous, the limits r(+00) := lim,_, 1 r(x) exist and are finite, and r(—oo0) < 0 < r(c0),

r(—o00) < r(z) < r(c0), Vo € R.

Case 2. Favorable habitat is surrounded by unfavorable habitat in the sense that r(x) is Holder
continuous, sup g 7(x) > 0, the limits r(+oo0) = lim, ,; r(x) exist and are finite, and
r(£o0) < 0, min{r(co),r(—oc0)} < r(z), Vo € R.

In Case 1, r(xz — ct) divides the spatial domain into two regions: the region with good-
quality habitat suitable for growth {z € R: r(x — ¢t) > 0} and the region with poor-quality
habitat unsuitable for growth {z € R: r(z — c¢t) < 0}. The edge of the habitat suitable for
species growth is shifting at a speed c. In Case 2, r(x — ct) still divides the spatial domain into
two regions: one favorable for growth {x € R: r(z — c¢t) > 0} and one unfavorable for growth
{z € R: r(x — ct) < 0}. The favorable habitat is bounded and surrounded by the unfavorable
habitat. The favorable habitat is shifting at a speed c.

Among interesting population dynamical problems in (1.1) are whether the species with
compactly supported initial distribution can persist; whether the system (1.1) has so called
forced wave solutions; whether it spreads into larger and larger regions, if so, how fast it
spreads. A positive solution (u(t,z),v(t,z)) of (1.1) is called a forced wave solution if it
is defined for all t € R, x € R, and (u(t,z),v(t,z)) = (¢p(x — ct),(x — ct)) for some one
variable functions ¢(+) and ¢ (-). Biologically, forced waves describe the propagation of species
as a wave with a fixed shape and a fixed speed which coincides with the shifting speed of the
environment. There are many studies of (1.1) towards these dynamical problems in the case

without chemotaxis (y = 0), that is,

u = Au+u(r(z —ct) —bu), =z €R, (1.2)

as well as various variants of (1.2).



For example, in Case 1, Li et al. [34] studied (1.2). They proved thatif ¢ > ¢* = QW ,
then the species with compactly supported initial distribution will become extinct in the habitat,
and if 0 < ¢ < c*, the species will persist and spread along the shifting habitat at the asymptotic
spreading speed c*. Recently, Hu and Zou [22] demonstrated that in the case b = 1, for any
given speed ¢ > 0 of the shifting habitat edge, (1.2) admits a nondecreasing traveling wave
solution u(t, x) = ¢(x — ct) connecting 0 and r(c0) (i.e. p(—o0) = 0 and ¢(o0) = r(0c0)) with
the speed c agreeing to the habitat shifting speed, which accounts for an extinction wave. Very
recently, Wang and Zhao [64] obtained the uniqueness of the forced wave of (1.2) by using
the sliding technique and established the global exponential stability of the forced wave via the
monotone semiflows approach combined with the method of super- and subsolutions (see [64,
Theorem 2.3]).

In Case 2, Berestycki et al. [4] proposed to use the following reaction-diffusion equation
with a forced speed ¢ > 0 to study the influence of climate change on the population dynamics
of biological species:

Up = Ugy + f(x —ctyu), z€R. (1.3)

A typical f considered in [4] is

au(l—%), 0<z<L,
flz,u) =

—ru, r<0and x> L

for some positives constants a, , K, L. They first considered this special case and derived an
explicit condition for the persistence of species by gluing phase portraits. Then they established
a strict qualitative dichotomy for a large class of models by the rigorous PDE methods. More
precisely, they showed that if (., defined to be the generalized principal eigenvalue of the
operator u — Uy, + cu, + f,(x,0)u on R, is less than or equal to zero, then (1.3) has no forced
wave solution and every positive solution of (1.3) converges to zero as ¢ — oo, uniformly in
x € R.If (,, > 0, (1.3) has a unique forced wave solution and every nontrivial positive solution
of (1.3) converges to this unique forced wave solution as ¢ — oo, uniformly in z € R. For

other related works on persistence, spreading speeds and forced waves under different climate



change for certain reaction-diffusion equations, nonlocal dispersal equations, lattice differential
equations, as well as integro-difference equations, we refer the readers to [5, 12, 21, 31, 32, 33,
35, 48, 62, 64] and the references therein.

In this dissertation, we study the spatial spreading dynamics of (1.1) with the presence of
the chemotaxis and shifting environments and obtain the persistence criteria, spreading speeds
and existence of forced wave solutions theoretically and numerically in both cases. Let r* =
SUp,ep (1), ¢ = 2¢/r* and (o (r(-), ¢) be the generalized principle eigenvalue of the operator
U — Ugy + cuy + 7(x)u. Among others, we prove the following for (1.1).

(1) Persistence and spreading speeds in Case 1. Suppose that r(x) is as in Case 1, b > xp,
b > (1 + %%) X1, and ug(x) is nonnegative, uniformly continuous, bounded and

has a nonempty compact support.

(i) If ¢ > c*, then the species will die out in the habitat.

(ii) If —c* <c < c*, then the species will persist and spread along the shifting habitat

into larger and larger regions at the asymptotic spreading speed c*.

(iii) If ¢ < —c*, then the species will persist and spread at the asymptotic spreading

speed c* (see Theorem 2.1 for details).

(2) Persistence and extinction in Case 2. Suppose that r(x) is as in Case 2, b > (1 +
N5y . . . .
%W)X,u, and wup(x) is nonnegative, uniformly continuous, bounded and has a

nonempty compact support.

(i) If |¢| > c*, then the species will die out in the habitat.

(ii) If (o(r(-),c) < Oand A > (—W, then the species will also die out in the

habitat.

(iii) If (o(7(+),c) > 0, then the species will persist surrounding the good habitat (see

Theorem 2.3 for details).

(3) Existence of forced wave solutions in Case 1. Suppose that r(z) is as in Case 1, b >
_xurt g [ ri(b=2xp) : - :
2xpand ¢ > =D 2 T then there is a forced wave solution connecting

(%, 222) and (0,0) (see Theorem 2.4 for details).
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(4) Existence of forced wave solutions in Case 2. Suppose that r(x) is as in Case 2, b >
3xu and (o (r(-),¢) > 0. Then there exists a number xo = xo(r(-),c¢) > 0 such that
for any 0 < y < xo, there is a forced wave solution connecting (0,0) and (0,0) (see

Theorem 2.5 for details).

We also do some numerical simulations for the existence of forced wave solutions to see
whether forced wave solutions still exist when the conditions in the theoretical results are not

satisfied (see section 2.6 for details).

1.2 Parabolic-parabolic chemotaxis models with logistic source on R

Another main objective of this dissertation is to study several dynamical aspects of the follow-

ing parabolic-parabolic chemotaxis model with logistic source on R*:

uy = Au—xV - (uVv) +ula —bu), ze€RN t>0
(1.4)

vy =Av—X v+puu, x€RN t>0,

where Y, a, b, A and p are positive constants. System (1.4) also describes the evolution of a
biological species “u” in response to a chemical substance “v” in a large living environment.
In comparison with (1.1), the second equation in (1.4) indicates that the chemical substance
diffuses via random walk with a finite diffusion rate.

Among the central dynamical problems are the existence of nonnegative solutions of (1.4)
which are globally defined in time or blow up at a finite time and the asymptotic behavior of
global classical solutions such as persistence, spreading speeds and convergence as time goes
to infinity. These dynamical problems have been well investigated for (1.4) in the case without
chemotaxis (y = 0). Observe that, in the absence of chemotaxis (i.e. x = 0), (1.4) reduces to

the following reaction-diffusion equation

uy = Au+u(a —bu), z€RY. (1.5)



Due to the pioneering works of Fisher [13] and Kolmogorov, Petrowsky, Piskunov [27] on
traveling wave solutions and take-over properties of (1.5), (1.5) is also referred to as the Fisher-
KPP equation. It is known that the dynamics of (1.5) is completely determined by the logistic
term u(a— bu). More precisely, for any given nonnegative initial function v, (1.5) has a unique
global classical solution. It is known that u = ¢ is the unique positive steady-state solution of
(1.5) and for any given strictly positive initial distribution u(+), the solution u(t, z; ug) of (1.5)
with u(0, z;ug) = uo(x) converges to ¢. It is also known that equation (1.5) has traveling wave
solutions u(t, x) = ¢(x - £ — ct)) (€ € SV1) connecting ¢ and 0 (¢(—o0) = £, ¢(c0) = 0) of
all speeds ¢ > 2+/a and has no such traveling wave solutions of slower speeds. For any given

bounded initial function uy with nonempty compact support, the following is well known,

lim sup u(t,z;ug) =0 Ve >2va

t—o0 |z|>ct

and

lim sup |u(t, z;ug) — %| =0 V0<c<2Va.

=00 |g|<et

In literature, the number ¢ := 2y/a is called the spreading speed for (1.5) which was first
introduced by Aronson and Weinberger [1]. Biologically, spreading speeds can be understood
as the asymptotic rate at which a species, initially introduced in a bounded range, expands
its spatial range as time evolves, while traveling waves describe the propagation of species at
certain direction as a wave with a fixed shape and a fixed speed.

Consider chemotaxis models. Considerable progress has been made in the analysis of
various chemotaxis models towards these central dynamical problems on bounded domains.
For example, consider the following counterpart of (1.4) on a bounded domain with Neumann

boundary condition,

(
ur = Au—xV - (uVv) +ula—bu), z€Q, t>0

ve=Av—Xv+puu, € t>0 (1.6)

ou __ Ov __
k%—%—o, 136(952




Chemotaxis model (1.6) is the so-called minimal model when a = b = 0. It is known that finite
time blow up may occur for the minimal model. For example, when (2 is a ball in RY with
N > 3, then for all M > 0, there exists positive initial data (ug, vy) € C(Q) x W1*°(Q) with
fQ up = M such that the corresponding solution blows up in finite time (see [69]). It is shown
in [70] that, when 2 is a convex bounded domain with smooth boundary and % is sufficiently
large, for any choice of suitably regular nonnegative initial data (ug, vo) such that uy # 0, (1.6)
possesses a uniquely determined global classical solution and that the constant solution (§, %)

Ab

is asymptotically stable in the sense that

. a a
lim [[|lu(t, -5 ug, vo) — EHLO@(Q) + ||o(t, -5 ug, vo) — %HLO@(Q)} =0.

t—o0

Hence finite time blow-up phenomena in (1.6) can be suppressed to some extent by the logistic
source. The particular requirement on the convexity of the bounded domain €2 was later re-
moved in [23] and [73]. However, when b is not large relative to y, numerical evidence shows
that even in the spatially one-dimensional setting solutions may exhibit chaotic behavior (see
[45]). Also a phenomenon suggested by the numerical simulations in [45] consists in the ability
of (1.6) to enforce asymptotic smallness of the cell population density, undistinguishable from
extinction, in large spatial regions (see e.g. Fig. 7(d) in [45]). In [60], the authors proved that
any such extinction phenomenon must be localized in space, and that the population as a whole
always persists, which is called persistence of mass in [60]. Recently, Issa and Shen [23] proved
the pointwise persistence phenomena, that is, any globally defined positive solution is bounded
below by a positive constant independent of its initial data, which implies that the cell popu-
lation may become very small at some time and some location, but it persists at any location
eventually. For other related works on (1.6), we refer the readers to [20, 30, 36, 39, 42, 43, 65]

and references therein.



When the second equation of (1.6) is replaced by 0 = Av — Av + pu, x € €2, it becomes

(

up = Au — xV - (uVo) + u(a — bu), z € Q,

0=Av— X v+puu, x€Q, (1.7)

Qu — v — 0, €.

o~ on
\

The dynamics of (1.7) has been studied in many research papers and very rich dynamical sce-
narios have been observed. For example, when ¢ = b = 0, finite time blow-up may occur
in (1.7) if either N = 2 and the total initial population mass is large enough, or N > 3 (see

[17, 24, 37, 38], etc.). When a and b are positive constants, if either N < 2 or b > %X,

then for any nonnegative initial data uo € C(Q), (1.7) possesses a unique bounded global

classical solution (u(t, x;ug), v(t, x;ug)) with u(0, x;uy) = up(x), and hence the finite time
a pa

blow-up phenomena in (1.7) is suppressed to some extent. Moreover, if b > 2y, then (%, 53)

is the unique positive steady-state solution of (1.7), and for any nonnegative initial distribution

ug € C(Q) (up(x) # 0),

. a ua
lim [Hu(tv S Uug) — EHLOO(Q) + [|v(t, - uo) — EHLW(Q)] =0

t—o00

But if b < 2y, there may be more than one positive steady-state solutions of (1.7) (see [61]).
For other studies of parabolic-elliptic chemotaxis models on bounded domains, we refer the
readers to [9, 14, 29, 63, 66, 68, 71, 74] and the references therein.

There are also some studies of chemotaxis models on the whole space. For example,
consider (1.4) when a = b = 0. It is possible for a non-negative solution in R (N > 2) to
blow up in finite time (see [8]). It was shown in [40] that the unique solution exists globally
in time and bounded under some conditions for initial data. Moreover, every bounded solution
decays to 0 as ¢ — oo and behaves like the heat kernel with the self-similarity (see [41] for the

asymptotic profiles of bounded solution in the case N = 1).



When the second equation in (1.4) being replaced by 0 = Av — v + pu, it becomes

u = Au— XV - (uVv) + ula — bu), z€RY,
(1.8)

0=Av— M+ pu, zecRY

Some studies of (1.8) are also carried out. For example, in the case of a = b = 0, it is
known that finite time blow-up occurs if either N = 2 and the total initial population mass
is large enough, or N > 3 (see [3], [10] and references therein). When a and b are positive
constants, it is shown for the case A = p = 1 in [49] that if b > Y, then there exists a unique
bounded global classical solution for any nonnegative uniformly continuous and bounded initial
function ug, and that if b > 2y, then for any strictly positive initial inf,cpy ug(z) > 0, the
unique global classical solution (u(t, z;ug), v(t, z;up)) with u(0,0;ug) = ug(z) converges
to constant solution (%, 7) as time goes to infinity. The spreading speeds and traveling wave

solutions of (1.8) are studied in [49, 50, 54]. Among others, it is proved that if b > yu and

h > (1 + 1(/a—VN)+

2 (ot )X,u, ¢y = 24/a is the spreading speed of the solutions of (1.8) with

nonnegative continuous initial function u, with nonempty compact support, that is,

lim sup u(t,z;u9) =0 V>
t—o00 \x|20t

and

lim inf w(t,z;up) >0 VO0<c<c.
t—oo |z|<ct

It is also proved that, if b > 2xu and A > a, then 24/a is the minimal speed of the traveling
wave solutions of (1.8) connecting (0,0) and (%, §%), that is, for any ¢ > 2\/a, (1.8) has
a traveling wave solution connecting (0,0) and (%, £%) with speed c, and (1.8) has no such

traveling wave solutions with speed less than 2+/a. In particular, if A > aand b > yp, or A < a

and b > (1+ %Eg;g; ) X1, then the chemotaxis neither speeds up nor slows down the spatial
spreading in the Fisher-KPP equation (1.5). For the persistence of globally defined classical

solution with strictly positive initial function, we refer the readers to [52].
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It is interesting to investigate the influence of chemotaxis on the spreading dynamics of
(1.4). The authors of [51], [53] studied the existence of traveling wave solutions of (1.4).
Among others, it is proved that if b > 2yp and 1 > 1(1 — 2), then for every ¢ > 2y/a,
(1.4) has a traveling wave solution (u,v)(t,z) = (U%(x - £ — ct),Vé(z - & — ct)) (£ € SN
connecting the two constant steady states (0, 0) and (§, &%), and there is no such solutions with
speed c less than 24/a, which shows that (1.4) has a minimal wave speed ¢ = 21/a, which is
independent of the chemotaxis. Except this, there is little study of dynamics of (1.4).

In this dissertation, we also investigate the local and global existence of classical solutions
with given nonnegative initial functions, asymptotic behavior of global classical solutions of
(1.4) with strictly positive initial functions, spreading speeds of global classical solutions of

(1.4) with compactly supported or front-like initial functions. Among others, we prove the

following.

(1) Global existence of classical solutions. Suppose that b > %. Then for every nonneg-
ative, bounded, uniformly continuous function u, and nonnegative, bounded, uniformly
continuous differentiable function vy, (1.4) has a unique bounded global classical solu-

tion (see Theorem 3.2 for details).

|z

(2) Convergence. There exists K = k(a,\,N) > 7 such thatif b > Kyp and A > §,

—~~

then the unique bounded global classical solution (u(t, x; ug, vo), v(t, T; ug, vo)) of (1.4)

with inf,cgn ug(x) > 0, vo > 0 converges to (%, 4%) uniformly in 2 € RY as t — oo

exponentially (see Theorem 3.3 for details).

(3) Spreading speeds. If b > %, 2y/a is the spreading speed of (1.4) with nonempty
compact supported initial functions, which implies that the chemotaxis neither speeds up
nor slows down the spatial spreading in the Fisher-KPP equation (1.5) (see Theorem 3.4

for details).

The rest of the dissertation is organized as follows. In Chapter 2, we study persistence,
spreading speeds and the existence of forced waves of (1.1). In Chapter 3, we explore the

dynamical issues of (1.4) including the existence and boundedness of global classical solutions,
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asymptotic behavior of global classical solutions with strictly positive initial functions and

spreading speeds. We end the dissertation with concluding remarks and future works.
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Chapter 2

Persistence, spreading speeds and forced waves of parabolic-elliptic chemotaxis models in
shifting environments
In this chapter, we study spatial spreading dynamics of chemotaxis model (1.1) with the pres-
ence of the chemotaxis and shifting environments in one-dimensional setting. In particular, we
identify the circumstances under which persistence or extinction occurs, and in the case that
persistence occurs, we study the existence of forced wave solutions of (1.1) both theoretically

and numerically.
2.1 Notations, Assumptions, Definitions and Main results

2.1.1 Notations, Assumptions and Definitions

In order to state our main results, we first introduce some notations, assumptions and defini-

tions. Let

C* +(R) = {u € C(R)| w is uniformly continuous and bounded on R}.

For every u € C° (R), we let ||u]|oc = sup,cg |u(z)]. For each given uy € CP ;(R)
with ug(z) > 0, we denote by (u(t, x; up), v(t, z;up)) the classical solution of (1.1) satisfying
u(0, z;ug) = up(z) for every x € R. Note that, by the comparison principle for parabolic equa-
tions, for every nonnegative initial function ug € C?_(R), it always holds that u(¢, x;ug) > 0
and v(t, x;ug) > 0 whenever (u(t, z;ug), v(t, z;ug)) is defined. We shall only focus on non-
negative classical solutions of (1.1) since both functions (¢, ) and v(¢, z) represent density

functions.
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The following proposition states the existence and uniqueness of classical solutions of

(1.1) with given initial functions.

Proposition 2.1. Suppose that r(z) is globally Holder continuous and bounded. For every

nonnegative initial function ug € C? ..(R), there is a unique maximal time T,,,,. > 0, such that

(ult, z;up), v(t, z;u0)) is defined for every x € R and 0 <t < T4, Moreover if xu < b then

Trnaz = 00 and the solution is globally bounded.

The above proposition can be proved by similar arguments as those in ([49, Theorem 1.1
and Theorem 1.5]).

Throughout this chapter, we assume that () is as in Case 1 or Case 2. We put

r, = inf r(z), " =supr(z), ¢ =2Vr*.
zeR z€R

Note that, in Case 1, , = r(—o0) and 7* = r(+00), and in Case 2, r, = min{r(—o0),r(c0)}
and r* = max e ().

Let 1. (r(+), ¢) be the principal eigenvalue of the eigenvalue problem

¢sz + C¢x + T(l’)qb = CQb, —-L<z<L
@.1)

Note that (;(r(:),c) is increasing as L increases (See [6, Proposition 4.2]). We also have

Cr(ri(), e) < Cu(ralv), e) if r1(-) < 7o(-). In particular,
Cr(r(-),e) < Cu(rt,c) <r”. (2.2)
Let (oo (r(+), ) = limp 00 (1 (r(+), ¢). By (2.2),
Coo(7 (), €) <77

For convenience, we make the following standing assumptions.

(HD) b > yprand b > (14§05 ) vy
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xpr* r*(b—2xp)
H2) b > 2xpand ¢ > A 24/ T

(H3) b > dxpeand Goo(r(), ¢) > 0.

Note that b > 1+1M xp implies b > yp; that b > yp and A > r* impl

1 (Vr*=VA) . 3y, imnli 1 (Vr*=v)
b> (1 + 5(\/F—+ﬁ)+)xu (and hence (H1)); and that b > 2x implies b > (1 + E(W—W)Xﬂ
(and hence (H1)). Biologically, A > r* means that the degradation rate of the chemo-attractant
is greater than or equal to the supremum of the intrinsic growth rate of the biological species
o 1 (VrF =V o di :

over the whole space, and the condition b > (1 + §(W—+ﬁ)+) x4 indicates that the chemotaxis
sensitivity is small relative to the self-limitation rate of the biological species. Also note that
Coo(r(+), ¢) > 0 implies that —2v/7* < ¢ < 2v/7*.

A positive solution (u(t, z), v(t,z)) of (1.1) is called a forced wave solution if it is defined

forallt € R, z € R and (u(t,z),v(t,z)) = (¢(x — ct),(x — ct)) for some one variable

functions ¢(-) and ¢ (-). It is clear that (u,v) = (¢(z), ¥ (x)) is a stationary solution of

Up = Ugy + CUy — (YUV,), +u(r(z) —bu), x€R
2.3)

0=0vp — A0+ puu, xR

We say that a positive forced wave solution (u(t,x),v(t,z)) = (¢p(xz — ct),(x — ct)) of (1.1)

connects (u’, vy ) and (u*,v* ) if (¢(Fo00), ¥ (F£00)) = (ul,vi).

2.1.2  Main results

The main results are from our works [56] and [57]. We first state the results on the persistence

and spreading speeds of the species with r(z) being as in Case 1 or Case 2.

Theorem 2.1. Suppose that r(z) is as in Case 1, (H1) holds, and uy(z) € C°

v+ (R) is nonneg-

ative, bounded and has a nonempty compact support.

(1) If c > c*, then

lim sup u(t, z;ug) =0
t—o00 z€R
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(2) If —c* <c < c*, then for any 0 < € < 6*2_0, there hold

lim sup wu(t,z;up) = lim  sup w(t,z;uy) =0,
t—o0 z<(c—e)t t—o0 x> (c*e)t

and

lim inf inf u(t, z;ug) > 0.
t—00  (cte)t<z<(c*—e)t

Moreover, if b > 2xpu, then

lim sup |u(t, z;up) — T—| = 0.
t—o0 (cte)t<z<(c*—e)t b

(3) If c < —c*, then for any O < ¢ < c*, there hold

lim  sup u(t,z;up) = lim  sup wu(t, z;up) =0,
t—o0 IS(*C**E)t t—o00 IZ(C*+€)t

and

lim inf inf u(t, z;up) > 0.
t—00  (—c*te)t<a<(c*—e)t

Moreover, if b > 2, then

lim sup lu(t, z;ug) — —| = 0.
t—o0 (—c*te)t<a<(c*—e)t b

Theorem 2.2. Suppose that r(x) is as in Cases 1, (H1) holds, and uy(z) € C° (R) is non-

negative, bounded, and uy(x) = 0 for v < —1 and liminf,_, uo(z) > 0.

(1) If c > —c*, then for any £ > 0, there hold

lim sup wu(t,z;u) =0,
100 p<(c—e)t

and

liminf inf w(¢, z;u) > 0.
t—o0  z>(cte)t
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Moreover, if b > 2xpu, then

lim sup |u(t,z;up) — —| =0.
tﬂooxz(chs)t b

(2) If c < —c*, then for any € > 0, there hold

lim  sup u(t,z;up) =0,
t—o0 JjS(*C**E)t

and

liminf inf  w(t, z;u) > 0.
t—0o0  z>(—c*+e)t

Moreover, if b > 2xpu, then

*

lim  sup |u(t,x;up) — 7"_| = 0.
L x>(—c*+e)t b

Theorem 2.3. Suppose that r(x) is as in Case 2, (H1) holds, and uy(z) € C®

unif

(R) is nonneg-

ative, bounded and has a nonempty compact support.

(1) If |c| > ¢*, then

lim sup u(t, x; ug) = 0.
t—o0 z€R

(2) If (o(r(+),c) < O0and A > \* := (—W, then

lim sup u(t, x; ug) = 0.
t—o0 z€R

(3) If |c| < c¢*, then

lim sup wu(t,z;u0) =0 V¢ >0.

t=oo |e—ct|>c't

If, additionally, ((r(+),c) > 0, then

liminf inf w(t,z;up) >0 VYV L > 0.

t—oo  |z—ct|<L
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Remark 2.1. (1) Suppose that r(z) is as in Case 1 and the species initially lives in a region

(2)

(3)

(4)

(5)

with —M <x < M for some M & R. Theorem 2.1 (1) shows that if ¢ > c*, then the
species will become extinct in the habitat. Theorem 2.1 (2) shows that if —c* <c < ¢,
then the species will persist and spread along the shifting habitat into larger and larger
region at the asymptotic spreading speed c*.Theorem 2.1 (3) shows that if c < —c*, then
the species will persist and spread at the asymptotic spreading speed c*. When x = 0,
(H1) becomes b > 0. Hence Theorem 2.1 (1) recovers [34, Theorem 2.1], and Theorem
2.1 (2) recovers [34, Theorem 2.2].

Suppose that r(x) is as in Case 1 and the species initially lives in a region with x > M
for some M & R. Theorem 2.2 (1) shows that for any given c > —c*, the species
will persist and spread along the shifting habitat at the asymptotic spreading speed c.
Theorem 2.2 (2) shows that for any given ¢ < —c*, the species will persist and spread at

the asymptotic spreading speed c*.

1t is sufficient to assume that b > x i for limy e SUP, < (._.y; u(t, T;ug) = 0 in Theorem

2.1 (2). It is not necessary to assume that b > (1 + %%ﬁ{—f%’)xu in Theorem 2.1
(2) for proving liminf;_, o inf .ycy<a<(cr—e) u(t, z;ug) > 0 and in Theorem 2.1 (3) for
proving liminf, o inf(_c+joyp<ac(er—ey u(t, x;u0) > 0. In Theorem 2.2, the condition

b> (1—1—%%) XH is only needed in proving limy oo SUD, < (_ oo u(t, T;u9) = 0.

Suppose that r(x) is as in Case 2 and the species initially lives in a region with — M <x <
M for some M € R. Theorem 2.3 (1) shows that if |c| > c*, then the species will die out
in the long run. If ((r(+), ¢) < 0 and the degradation rate \ of the chemo-attractant is

* 2 2
greater than or equal to \* = @

, then the species will also die out in the long
run. If ((7(+), ¢) > 0, then the species will persist surrounding the good habitat. When
x = 0, (H1) becomes b > 0. Hence Theorem 2.3 (2) and (3) recovers [4, Theorem 4.11].

The assumption X\ > \* indicates that the degradation rate of the chemo-attractant is

large relative to the speed of the shifting environment.

In Theorem 2.3, the condition b > (1 + %%))@ is only needed in (1).

18



(6) It is not easy to prove the persistence and spreading speeds of solutions of (1.1). Several
new techniques are developed to prove the results stated in the above theorems. These

techniques can also be applied to the case x = 0.

Next, we state our results on the existence of forced wave solutions with 7(x) being as in

Case 1 or Case 2.

Theorem 2.4. Suppose that r(z) is as in Case 1, and (H2) holds. Then there is a forced wave

solution (u(t,z),v(t,z)) = (¢(z — ct), (z — ct)) connecting (5, %) and (0,0).

Theorem 2.5. Suppose that r(x) is as in Case 2, and (H3) holds. Then there exists a num-
ber xo = Xo(r(:),c) > 0 such that for any 0 < x < Xo, there is a forced wave solution
(u(t,x),v(t,z)) = (¢(x — ct), Y (x — ct)) connecting (0,0) and (0,0), that is, p(x) > 0 for all
x € Rand ¢(+o00) = 0.

Remark 2.2. (1) When x = 0, (H2) becomes ¢ > —2+/r*. Hence Theorem 2.4 recovers

[22, Theorem 1.1].

(2) In Case 1, for any given c > —2+/7*, there is xo(c) > 0 such that for any 0 < x < xo(c),
(H1) holds. Then by Theorem 2.4, for any 0 < x < xo(c), there is a forced wave solution

(u(t,z),v(t,z)) = (¢(z — ct), ¥(x — ct)) connecting (%, L=-) and (0, 0).
(3) When x = 0, Theorem 2.5 recovers [4, Theorem 4.8].

(4) Thanks to the presence of chemotaxis, the comparison principle for parabolic equations
cannot be applied directly to (1.1) or (2.3), and the techniques used in the study of (1.2)
and (1.3) are difficult to be applied to the study of (1.1). We use Schauder’s fixed point
theorem together with sub- and super-solutions to study the existence of forced wave
solutions of (1.1). We point out that the construction of some appropriate sub-solutions

is highly nontrivial in both cases.

Observe that the conditions in Theorem 2.4 (resp. in Theorem 2.5) are sufficient conditions

for the existence of forced wave solutions. To see whether (1.1) still has forced wave solutions
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when these sufficient conditions are not satisfied, some numerical simulations are carried out
(see section 2.5 for details).

The rest of the chapter is organized as follows. In section 2.2, we present some preliminary
lemmas to be used in the proofs of the main results. In section 2.3, we study persistence and
spreading speeds of (1.1) with r(z) being as in Case 1 or Case 2 and prove Theorems 2.1,
2.2 and 2.3. In section 2.4, we study the existence of forced wave solutions of (1.1) with r(x)
being as in Case 1 or Case 2 and prove Theorems 2.4 and 2.5. In section 2.5, we present some
numerical simulations for the existence of forced wave solutions of (1.1) with r(x) being as in

Case 1 or Case 2.

2.2 Preliminary lemmas

In this section, we present some preliminary lemmas to be used in the proofs of the main
theorems in later sections.

Note that, by the second equation in (1.1),

Av = v — pu.

Hence the first equation in (1.1) can be written as

up = Au— xVu-Vo+u(r(z —ct) — x v — (b— xp)u), z€R.

By the comparison principle for parabolic equations, if b > ypu, then for any uy € C? (R)

with ug > 0,

r*

b— xp

0 < u(t, z;up) < max{||uo|loos } Vt>0, zeR.

Lemma 2.1. Assume b > xp. For every R > 1, there are Cr > 1 and e > 0 such that for

any ug € C?_+(R) with ug > 0, any ry € R, and any t > 0, we have

nif

I xva(t, -;UO)HLO%Bg(xo)) + [[xAv(t, -;UO)HLMB;;@O)) < Crllu(t, ;;u0) || (B (20)) + ERM
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with limp_,o. g = 0, where M := max{||ug|| o, ﬁ}
Proof. 1t follows from the arguments of [54, Lemma 2.5]. O

Lemma 2.2. Assume b > xu. Foreveryp > 1,ty > 0, s > 0, R > 0, and uy € C°_.(R) with

ug > 0, there is Cyy 5, rvp Such that if s € [0, so], t > to, | —y| < R, then

B =

U(t, X uO) S Cto,so,R,M,p[u(t + S, Y, uO)] (M + 1)7 (24)

*

where M := max{||uo||«, 57 }-

Proof. The lemma can be proved by slightly modified arguments of [15, Lemma 2.2].
In fact, first, fix o > 0,59 > 0,R > 0,p € (1,00) and t > ¢, > 0. Let § = min{%,1}
and

A=bM+ sup (I xVo(t, - uo) lso + IV - XxV0(t, 5 0) | o0)-
>

Note that ||u(t, -; ug)||ec < M forall t > 0. Let u(s’, x) be the solution of

Uy + xVo(s, 5 up) - Vi =Au in(t —0,00) x R

u(t—9,-) =u(t —0,up) in R.

By the comparison principle for parabolic equations, we have
0<a(s,z) <|Ju(t —90,5up)lleec in (t—0,00) xR,
Next, let
w™(s',z) = min{1, |u(t — 8, up)|| 2 e~ —H0g(s 1)

and

u+(sl, JJ) _ e(T*"‘A)(S/_H'&)ﬂ(S,, CL’)
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Notice that

A>bM + YV -xVo(s', ;s up)
> blju(t — 0, o)l + V- XVu(s', - ug)
> bu(s',z) + V- xVo(s, - ug)

>bu (s 2)+ V- xVou(s,uy) Vs >t—0, x € R.

By a straightforward computation, we have

uy + xVo(s', s ug) - Vu™ +u~V - xVo(s', - u)
=(r. — Au” + Au" +u" V- xVu(s, ;s up)
<r(x—cshu” + Au” +u (V- xVo(s', ;ug) — A)

<AuH+u (rle—cs)—bu") Vs >t—0,r €R

and

ul + xVo(s', 5 ug) - Vut + 0™V - xVu(s', 5 up)
= (" 4+ At + Aut +utV V(s )

> Aut +ut(r(z—cs') —but) V' >t -6,z € R.

Hence, v~ (s, z) and u* (s, ) are, respectively, a sub- and super-solution of the following

equation for (s',x) € (t — J,00) x R,

uy = Au— xVo(s', z;up) - Vu — xuV - Vo(s', z;up) + u(r(z —cs’) —bu), xR,

Furthermore,

u (t—96,") <u(t—0d,,up) =ut(t—94,-).
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Then by the comparison principle for parabolic equations, we have that, for all (s',z) € (t —

J,00) X R,

min{1, fJu(t — &, uo) [l Y™ VT a(s' ) < uls', 25 u0)

Now by (2.5),

u(t, xyup) < e TVt x) Va e R

< €(T*+A)(S/_t+6)ﬂ(8/, .7})

2.5)

By the arguments of [15, Lemma 2.2], there is Cy, 5, g sSuch that if s € [0, so], t > to, |z —

y| < R, then (2.4) holds. The lemma thus follows.

By Lemma 2.1 and Lemma 2.2 with p > 1, s = 0 and ¢, = 1, we have

hSA

XV (t, 3 u0) | + XA0(E, 25u0) < Cryp(ult, x5 u0))? + erM

D=

= Crp(ult,z;u0))” +egM YV t>1, z €R,

where Cp%p = CR . Ol,O,R,M,p . (M + 1)(> O)

Lemma 2.3. Assume that b > xu. Let ¢, = B with 0 < k< N1 satisfying

K

(k= V)
(k+ VA

2(b — xp)
X[

- <
)
The following hold.

(i) For any uy > 0 with nonempty compact support and any M > bf;u satisfying

max{ug(z),up(—z)} < Ut (x) := min{M, Me "}, VazeR,

there holds

u(t, z;up) < Me "lel=est) -y e Rt > 0.
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(ii) For any uy € C® +(R), ug(z) > 0, and any M >> b_T;u satisfying

up(z) < Ut (z) :== min{M, Me"*™}, VazeR,

there holds
u(t, z;up) < Mem@tes) o e Rt > 0.
Proof. Tt follows from the arguments of [54, Lemma 2.3]. O
Consider

Up = Ugy — X(UV,)z +u(r* —bu), z€R

2.7
0=vp — A0+ pu, xR
Lemma 2.4. Assume that b > 2y pu.
(1) Forany ug € C? +(R) with inf,cg up(z) > 0,
tim [u(t, <o) — oo = 0
tirgz Uult, -5 Ug b co — Y,
where (u(t, x;up), v(t, z;up)) is the solution of (2.7) with u(0, z; ug) = uo(z).
(2) If (u*(t,z),v*(t, x)) is an entire solution of (2.7) satisfying that
: f * < *
0< ot (t,z) < teisxlaeRu (t,z) < o0,
then
(u*(t,x),v*(t,z)) = (?, %%)
Proof. (1) It follows from [49, Theorem 1.8].
(2) It follows from the arguments in [49, Theorem 1.8]. [

For every u € C° .:(R), let

_ly—xl?

o) s ly—z|®

(& (& 4s
(2 u) = =" uly)dyds. 2.8
(z;u) u/O/R T u(y)dyds (2.8)

-2
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It is well known that ¥(z;u) € C? ..(R) and solves the elliptic equation

nif

d2
@\P(m; u) — AU(z;u) + pu = 0.
Lemma 2.5.
) = —VXa—y|
V(r,u)=——= [ e Yu(y)d 2.9
(= o= | (v)dy
and
d xX o
—U(z;u) = —Heﬁ’”/ eﬁyu(y)dy—i- Heﬁz/ e’ﬁyu(y)dy. (2.10)
dz 2 oo 2 -
Proof. The lemma is proved in [54, Lemma 2.1]. L]

Lemma 2.6. For every u € C? ..(R), u(x) > 0, it holds that

di\ll(x,u)

< \/X\I/(m;u), Vzrel
x

Proof. The lemma is proved in [54, Lemma 2.2]. O

Lemma 2.7. Suppose that b > x . For every u € C?

unif

(R), 0 < w(z) < 3=, it holds that

* d *
KT and —WU(z;u) < I —

HEENe e M @S e =

Proof. Tt follows from a direct calculation. [

2.3 Persistence and spreading speeds

In this section, we study persistence and spreading speeds of (1.1) with (z) being as in Case

1 or Case 2.

2.3.1 Casel

In this subsection, we study persistence and spreading speeds of (1.1) with r(z) being as in
Case 1 and prove Theorems 2.1 and 2.2. Throughout this subsection, we assume that (H1)

holds and r(x) is as in Case 1.
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We first prove two lemmas.
Observe that for any given ¢, let u(t,z) = a(t,x — ¢t) and v(t,z) = 0(¢t,x — ¢t). Then

(1.1) becomes

iy =Au+cVa— V- (xaVo) +ia(r(z — (c—o)t) —ba), zeR
(2.11)

0=A0— A0+ pii, z€R.

In the following, (u(t, z;up), v(t, x;up)) denotes the solution of (1.1) with u(0, z; up) = ug(x),
and (a(t, x; ug), 0(t, ; up)) denotes the solution of (2.11) with @ (0, x; ug) = ug(x).

For any given 0 < e < 21/7*, fix ¥ < r* such that

A4F —Z > eVrt V¥V —2Vr +e<e< 2Vr —e. (2.12)
Let
2
[= —"— (2.13)
(ev/77)2
and

(2.14)
Then A(¢, 7) > %ﬁ > (0 forany —2v71* + e < ¢ < 21" —e.
Lemma 2.8. For given 0 < ¢ < 2v/7%, let 7 and | be as in (2.12) and (2.13). Then for any

—2v/1* + € < & < 271 — ¢, M(¢,7) which is defined as in (2.14) is the principal eigenvalue of

Gpw + COp +TO=A\p, —l<z<I

R _— . .. . .
and ¢(z;¢,T) = e~ 27cos Zx is a corresponding positive eigenfunction.

Proof. 1t follows from direct calculations. 0
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Consider

Up = Ugy + Cuy — A(t, x)uy + u(r* — 2eg M — C’Rmu% —(b—xpu), —-l<z<l

u(t,—1) = u(t,l) =0,
(2.15)
where R > 1 is such that r* — 2eg M > 7, and A(t, z) is globally Holder continuous in ¢t € R

and z € [—1, (] with Holder exponent 0 < a < 1 and ||A(-, -)|oc < 00.

Lemma 2.9. For given 0 < € < 2v/r*, let 7 and l be as in (2.12) and (2.13). There isn > 0 such
that for any A(-,-) with ||A(-,)||ee < 1, any ¢ € [=2v/7* + €,2/1* —¢€], and any b € (y 1, 00),

(2.15) has a unique positive bounded entire solution u(t, x; ¢, b, A) satisfying that

inf u(t,z;6,0,A) >0 V0<d<I. (2.16)
—I4+0<a<I—6tER,CE[—2V/T* +€,2V/1* —¢]

Proof. First, consider

Up = Ugy + Cly — A(t,x)0y + 70, —l<z<l
2.17)

a(t, —1) = a(t, 1) = 0.

For given ty € R, let u(t, x; to, ¢(+; ¢, 7), A) be the solution of (2.17) with @(to, x; to, ¢(+; ¢, 7), A)

¢(x;¢,7). By [16, Theorem 3.4.1],

Ii Wt ot (6 7). A) — AETE—t0) b 5 5 0
HA(51)1|’|204>0||U( P 07¢< G, T), ) e qﬁ( ; C, T)”C“([ L)

uniformly in ¢ € [tg, o + 1], to € R, and & € [—2v/7* + €, 2¢/7* — €. This implies that there is
n > 0 such that for any A(-, ) with ||A(-,-)|lec < 7, and any ¢ € [—2v/1* + €, 2¢/7* — €],

a(to + 1,25 t0, ¢(E,7), A) > D 2p(1:6F) ¥V —1 <z <1, ty €R. (2.18)
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Next, suppose that || A(-, -)||cc < 7. Letu(t, x;ty, 0¢(+; ¢, 7)) be the solution of (2.15) with
u(to, x;tg, 00(+;¢,7)) = op(x; ¢, ). Note that
lim sup u(t, z;tg, 00(+;¢,7)) =0

70 4eto,to+1],—1<a<I

uniformly in t; € R and in & € [—21/r* + €,2/r* — €]. Hence there is 0y > 0 such that for

any 0 < o < 0g, and ¢ € [—2v/7* + €, 21" — €|,
r*—QERM—CR,pu%(t,:L';to,agb)—(l;—xu)u(t,x;to,aqb) > 7Vt e [to,to+l], =l <z <1 tyeR.

This together with the comparison principle for parabolic equations implies that for 0 < o < o

and ¢ € [—2v1* + €, 2/ — €],
u(t, z;ty, 0p(+; ¢, 7)) > oult, xz;ty, ¢, A) Vit € [to,to+ 1], =l <x <1, to € R.
Then by (2.18), we have
u(to + 1, x;tg, 00(+;¢,7)) > ae’\(éﬂﬂgb(:p;é, )V —-1l<z<l theR (2.19)

forany 0 < o < ogand ¢ € [-2v/7* + €,2/1* — €.

Now, by (2.19) and the comparison principle for parabolic equations, we have
u(k,z; —n,o0¢(;¢,7)) > op(x;e,7) Vk>-n+1, —l<z<l (2.20)
and then
u(k,z;—(n+1),00(;¢,7)) > u(k,z;—n,00(;¢,7) Vk>-n+1, —l<z<l (221)

Letu,(t,z) = u(t,z; —n,op(-; ¢, 7)). Then lim,, o u, (¢, x) exists and u(t, ) = lim,, oo u,(t, )
is a solution of (2.15). By (2.20) and (2.21), u(t,x) is a positive bounded entire solution of

(2.15) satisfying (2.16).
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Finally, we prove that when [|A(-,)||oc < 7, (2.15) has a unique positive bounded en-
tire solution satisfying (2.16). Suppose that u(¢, x), v(t,z) are two positive bounded entire

solutions of (2.15) satisfying (2.16). By Hopf’s lemma,
uz(t,—1) >0, uz(t,1) <0, vy(t, =) >0, v,(t,1) <0 VteR.
This implies that for any ¢ € R, the following set is not empty,
(y>1] %u(zﬁ,x) <o(ta) <qult,r) ¥ —l<z<l}.
Hence we can define
p(u(t,),v(t,-)) = inf{ln~| %u(t,x) <wo(t,z) <~yu(t,z) V —l<zx<l}.

To prove the uniqueness of positive entire solutions satisfying (2.16), it then suffices to prove

p(u(tv ')7 'U<t7 )) =0.

Fix ¢y € R. Suppose that v > 1 is such that
1
—u(to, z) < wv(to,z) < yu(te,z) V —l<z<lI.
~
By the comparison principle for parabolic equations, we have
1
—u(t, x;to, u(ty, ")) < v(t,x;te,v(to, ")) < yult,z;tg,u(te,:)) Vit >ty, —l<x<l.
~
This together with Hopf’s lemma implies that there is 1 < ~(¢) < -y such that
1
Tu(t,x;to,u(to, ) <o(t,x;to, v(to, ) < v(t)ult,z;to, ulto,:)) YiE>ty, —l<z<l

(1)

Hence if p(u(to, ), v(to,-))) # 0 for some ¢, € R, then p(u(t,-),v(t,-)) is strictly decreasing

as t increases.
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Assume that p(u(t,-),v(t,-)) # 0. Let p* = lim;, o p(u(t,-),v(t,-)). Then p* > 0.

Choose a sequence t,, — —oo. Without loss of generality, we may assume that
Alt, +t,x) — A*(t,x), wu(t,+t,x)—u"(t,z), v(t,+t,z)— 0"t )

as n — oo uniformly in = € [—[, (] and locally uniformly in ¢ € R. We then have that u*(¢, z)
and v*(t, x) are positive solutions of (2.15) with A(¢, z) being replaced by A*(¢, x) and satisfy
(2.16). Moreover,

p(u*(t, ), v*(t,-)) =p* >0 VteR.

But by the arguments in the above, p(u*(t, -), v*(t, -)) is strictly decreasing as ¢ increases, which
is a contradiction.

Therefore, p(u(t,-),v(t,-)) = 0 and u(t, x) = v(t, ). O
Next, we prove Theorem 2.1.

Proof of Theorem 2.1. (1) Suppose ¢ > c* = 24/7*. Choose ¢ and 0 < x < +/r* such that

(k= V)4 < 2(b — xp)
(k+VX) — xp

and

cF=2Vrr<c,<e<e.

By Lemma 2.3(1),

lim sup u(t, z;up) = 0.

We claim that lim,_,, sup,cp u(t, z;u9) = 0. For otherwise, there are §y > 0, ¢, — 00
and x,, € (—cty, ct,) such that u(t,, x,;ug) > o forall n > 1.

Letu,(t,z) = u(t+t,, x+x,; ug) and v, (¢, z) = v(t+t,, r+x,; ug). Note that x,,—ct,, —
—o0 as n — oo. Without loss of generality, we may assume that there is (u*(¢,x), v*(t, z))
such that

lim (u,(t, z),v,(t,z)) = (u*(t,z),v" (¢, z))

n—oo
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locally uniformly in (¢, 2) € R x R, and (u*(¢, x), v*(¢, x)) satisfies

up = Au* — V- (xu*Vo*) + u*(r(—oo) —bu*), teR, xR
(2.22)

0=Av" ="+ uu*, teR, xeR.

By r(—o00) < 0, it can be proved that u* (¢, x) = 0, which contradicts to

u*(0,0) = lim wu(t,, x,; ug) > do-

n—o0

Therefore, limy_, o sup,cp u(t, x; up) = 0.

(2) Suppose —c* < ¢ < ¢* = 2¢/r*. We first prove

lim sup wu(t,z;up) = 0.
100 p<(c—e)t

Assume that the result does not hold. Then there are constants oy > 0, £y > 0, and a sequence
{(tn, Tn) }nen, tn — 00, T, € (—00, (¢ — £¢)ty,] such that u(t,, x,;ug) > & for all n > 1.

Let u,(t,x) = u(t + t,,x + xp;u0) and v, (t,x) = v(t + t,,x + x,;up). Note that
r, — ct, — —o0 as n — oo. Similarly, without loss of generality, we may assume that there is

(u*(t, x),v*(t, z)) such that

lim (u,(t, x), v, (t, x)) = (u*(t, x),v* (¢, z))

n—o0
locally uniformly in (¢, z) € RxR, and (u*(t, z), v*(¢, z)) satisfies (2.22). Again, by r(—o00) <
0, it can be proved that u*(¢, z) = 0, which contradicts to

u*(0,0) = lim u(t,,x,; ug) > do.

n—o0

Therefore, lim; o SUP, < (o) u(t, T3 up) = 0.
Next, we prove
lim sup w(t,x;up) =0.

t—roo x> (c*+e)t
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For any ¢ > 0, let k = Vr*, then ¢, = 2Vr* < ¢ +e. Since 0 < xp < b, (1—1—

1 (Vr =V ;
5(\/7*—+\FA)+)XM§I)’ by Lemma 2.3 (i), we have

sup  u(t, z;up) < Me ™MEHe=edt 40 as ¢t — oo.
x>(c*+e)t

Therefore, lim; o SUP,> (o 4oy u(t, r;ug) = 0.

We now prove

lim inf inf u(t, z;ug) > 0. (2.23)

t—00  (cte)t<z<(c*—e)t

To this end, for any 0 < ¢ < C*;C, let ¥ and [ be as in (2.12) and (2.13). Fix a ¢ satisfying

—c*+e<c+e<c< " —ceandset M = max{||uo|oo, bfm} Let \(¢,7) be as in (2.14). By

(2.6), forany R > 1,p > 1, (a(t, z;ug), 0(t, z; up)) satisfies
1
Ut > Ugy + Cly — XVglUy + U(r(x — (c—€)t) —egM — Crpur — (b—xp)u), t>1, zeR.
Let p = 2 and 7 be as in Lemma 2.9. Choose R > 1 such that g M < 7,
IXUz| < Cry/ul(t, z;up) + g, t>1, zeR.

Define

XUz (1,25u0) .
max U2 (1,2 -1 if ¢t < 1, reR
Alt,z) = 4 POl

X0z (t,25u0) :
A LX) =TT ift>1 reR.

Note that 0,(t, x; ug) is globally Holder continuous in ¢ > 1 and =z € R. We then have that
A(t, x) is globally Holder continuous in ¢ € R and x € R. Itis clear that ||A(-, -)||cc < 7.
Let T > 1 be such that 7(z — (c — &)t) > r* —egM forx > —l and t > T. Choose b > b

and also b > 1 such that

and u(T,x;¢,b, A) < bj;u < w(T,x;ug) for =l < z < land ¢ € [c+ e,¢* — €|, where

u(t, x;¢,b, A) is the unique positive bounded entire solution of (2.15).
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Fix such b. We first claim that for anyc+e<c<c —e¢,

a(t,x;up) > ult,z;¢,0,A) Ve>T, =l <z <l (2.24)

Suppose, by contradiction that (2.24) does not hold. Then there are c +¢ < ¢ < ¢* —¢

and ty,r € [T, 00) satisfying

tine := inf{t € (T, 00) | 3z, € R, satisfying u(t,z,;¢, b, A) > a(t, v u0), |z < 1}

Note that

w(T,x;¢,b,A) < (T, x;uy) V—1<z<I

Hence

ting > T.

Moreover, note that u(t, —I; ¢, b, A) = u(t,l;¢,b, A) = 0 for any ¢t € R, there is z;,,; € R such

that || < [,

S U(ting, T b, A) = b, Ting; Uo), (2.25)
b—xp

and

u(t,x;6,b, A) < a(t,z;up), |o| <1, T <t <ty

Hence there is 0 < § < 1 such that [tin — 0, ting] X [Tinr — 0, Zine + ] C {(t,y) ||y| < I} and
A(t,x) = x0s(t, x;up), Vg —0 <t <tinr, Tinf—0 <2 < Tips + 0.
Note that
U(ting — 0, 2;8,b, A) < @(tint — 6, 7;u9) V& € [Ting — &, Tint + 0]

and

U(t, Linf + 5a 67 67 A) S a(ta Tinf + 57 UO) Vtinf -0 S 14 S tinf-
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Thus, by the comparison principle for parabolic equations, we have

u(t,x;¢,b, A) < u(t,x;up) Vi — 0 <t <tinf, Tinf—0 < T < Tins + 0.

In particular,

u(tinfa Linf 57 l_)a A) < fL(tinfa Linfs UO)-

Which contradicts to (2.25).

By Lemma 2.9,

inf u(t,z;6,b,A) >0, V0<d<I.

—l+5<z<l—d,cte<e<c*—e,t>1

This together with (2.24) implies that

lim inf inf a(t,z;ug) >0, VO<d<l.
t—oo —l+i<z<l—d,ct+e<c<c*—e¢

Hence

lim inf inf u(t,z;up) >0, V0O<6<I.
t—oo —l+ct+o<x<l+ct—d,c+e<c<c*—e

It then follows that

lim inf inf u(t,m;ug) >0, V0O<d<lL.
t—00  —l+(cte)t+i<z<l+(c*—e)t—30

and

lim inf inf u(t, z;up) > 0.
t—=00  (cte)t<z<(c*—e)t

Finally, suppose that 2y < b. We prove

lim sup |u(t, x; ug) — T—| = 0.
=00 (cqe)t<a< (c*—e)t b
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c*—c
b

Suppose by contraction that the result does not hold. Then there are constants 0 < & < <5

d > 0, and a sequence {(z, t,) }nen such that ¢, — oo, t,(c+¢) <z, < t,(c* —¢), and

*

u(t, T o) — %| >5 Yn>1. (2.27)

For every n > 1, define (u,(t,x),v,(t,z)) = (u(t + tn,x + Tp;ug), V(t + oy, T + 25 up)).
By a priori estimates for parabolic equations, without loss of generality, we may suppose
that (u,(t, z),v,(t, ) — (u*(t,z),v*(t,z)) locally uniformly in C**(R x R). Furthermore,
(u*(t, x), v*(t,x)) is an entire solution of (2.7).

Choose ) < € < e < % For every x € Rand ¢ € R, we have

r+x, <z+t,(c"—e)

— (& — &) (tp + 1) — (e — &)(tn — M)

< (t+t,)(c" —¢)

whenever t,, > W On the other hand, For every z € R and ¢t € R, we have

r+x, >x+t,(c+e)

(c+é)t—x

= (c+ &)t +1) + (e = &)t — ———=

)

> (t+ty)(c+8é)
whenever t,, > W Thus, it follows that
(t+t)(c+é) <z+z, <(t+1,)(c—¢

lall+(e =)l ey Note that

e—¢€ ’ e—€

whenever ¢, > max{!

u*(t,x) = lim w(t +t,,z + x,; ug) > liminf inf u(s,y;up) > 0

n—00 §—00  s(c+€)<y<s(c*—E)
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for every (¢,7) € R x R. Hence inf(; z)crxr u*(t,2) > 0. By Lemma 2.4 (ii), we must have

u*(t,z) = = forevery (¢,z) € R xR. In particular, u*(0,0) = %, which contradicts to (2.27).

(3) First, let k = /7*, for any c satisfies
" =2Vrt=c¢, <c<|cl

By Lemma 2.3 (i),

lim sup u(t, z;u) = 0.
t—o00 \x|26t

This implies that for any € > 0,

lim  sup wu(t,z;up) = 0.
700 Ja]>(e"+e)t

Next, for any 0 < ¢ < ¢*, let ¥ and [ be as in (2.12) and (2.13). Fix a c satisfying
—c* 4+ ¢ <¢ < ¢*—e. Let \(¢,T) be as in (2.14). By the similar arguments as those in the proof

of (2.23), it can be proved that

lim inf inf u(t,z;ug) >0, V0O<d<I.
t—oo —l4ctt+o<x<l+ct—d,—c*+e<c<c*—e

Hence

lim inf inf u(t,x;up) >0, V0<d <l
t—00  —l4(—c*te)t+6<z<l+(c*—e)t—F

and then

lim inf inf u(t, z;ug) > 0.
t—oo  (—c*te)t<z<(c*—e)t

Moreover, using the similar arguments as those in the proof of (2.26), we can prove if 2xu < b,
then

lim sup lu(t, x;up) — r_’ = 0.
100 (_expe)t<a<(c*—e)t b

Now we prove Theorem 2.2.
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Proof of Theorem 2.2. (1) Suppose ¢ > —c* = —2y/r*. By the same arguments as those in

Theorem 2.1 (2), it can be proved that

lim sup wu(t,z;up) = 0.
100 3 < (c—e)t

Next, we prove that

liminf inf w(t, z;up) >0 Ve > 0. (2.28)
t—o0  z>(cte)t
To this end, for any & > 0, let u(t, x;ug) = a(t,x — (¢ + &)t;ug), v(t, x;up) = v(t, x —

(¢ + &)t;up) in (1.1) and set M = max{||ug||oo, }. By (2.6), it follows that, for any

,r.*
b—xp

R>1,p> 1, (a(t, z;up), 0(t, z;ug)) satisfies
. o U N 1 N
Uy > Ugy+(C+E) Uy — XUyl +U(r(x+Et) —egM —Cprptr —(b—xp)u), t > 1, z € R. (2.29)
Letp=2.Choose R > 1,0 < { < 1and 0 < € < min{1, 2\/F} such that eg M < %,
IX0z| < Cry/ul(t, z;up) + %, t>1, zeR,

and

—te=-2/r"+e<c+E—¢

Define
XUz

., t>1, zeR.
max{l, [yi,l& 1} ="

B(t,x) =

From this point, the remaining part of the proof is completed in four steps.
Step 1. In this step we construct some sub-solution for (2.29).

First, choose 0 < &; < 1 satisfying

CR\/5+51 < %
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Next, let [ be chosen as in (2.13). Let 7' > 1 be such that r(z + £t) > r* — egM for z > —I

andt > T. Letu () € C° ([~1,00)) \ {0} be such that

nif

’

u (=) =0, w(x)>0, and wu(x)<a(T,z;up), Vax>-—Il

Choose —2v/7* + € < ¢ < min{2y/7* — ¢, (c + &) — £}. Let u(t, =) be the solution of

¢

Uy = Uy, + Cu, +u(r* — 2eg M — CR,pg% - (2—1 +(b—xp)u), t>T, z>-I

Q(ta _l> =0

Q(T, .I') = Miglgl(‘r)'

(2.30)
Note that u(t,z) = & is a super-solution of (2.30) and ||u(7,-)|lec < &i. Thus, by the

comparison principle for parabolic equations that
u(t,x) <&, Vt>T, x> -l
Since u, () > 0, we have u,(t, ) > 0 forany t > T, x > —I. Note that |B(t,z)| < ¢ for all

t > 1,z € R. Thus u(t, z) satisfies

*

u, =u,, + cu, + u(r* — 2egM — Cpyur — <g— + (b — X))
1

<u,, + (c+&— B(t,2))u, + u(r* — 2egM — Crpur — (b—xp)u) Vt>T, x> —L.
Step 2. In this step, we show that

liminf inf w(t,x) >0, Vé>0. (2.31)

t—oo x>—Il+6

Choose b > 2—1 + b and also b > 1 such that u(T+1, 2;¢,b) < u(T+1,z) for = <z <1,

where u(t, r; ¢, b) is the unique positive entire solution of (2.15) with A(¢, z) = 0. Fix such b.

38



It follows from the comparison principle for parabolic equations that

u(t,z;6,b) <u(t,z), t>T+1, —l<z<l.

Repeating the same procedure, by induction, we get

u(t,z — kl;¢,0) <u(t,z), t>T+1, (k—1)l<z<(k+1),k=0,1,2,---

There exists dg > 0, such that

in u(t,z — kl; ¢, b) > &,
(k—1)I+6<a< (k+1)I—5,t€R

forany0 <o <!, k=0,1,2,---

Therefore, we have

liminf inf w(t,z) >0, Vé>0.
t—oo x>—Il4+6

Step 3. In this step we show that
u(t,z) < alt,z;ug), Yao>—I,t>T.

First, note that

u(t,=l) =0<a(t,—lyuy) Vt>T

and

uw(T,x) <a(T,z;up) Va>—l

Note also that

loo (T') := lminf @(T, x; up) > uo (1) := lim w(T, x).

T—00 T—00
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For givent > T, let

loo(t) = liminf a(t, z;uo),  ue(t) = lim u(t, z).

We claim that

Uoo(t) > u () Vt>T.

In fact, for any given ¢, > T, there is x,, — oo such that
U(to, Tn;Up) — Uso(to),  ulto, xn) — us(to)
as n — oco. Without loss of generality, we may assume that
W(t,x 4+ zp;ug) = w(t,z), w(t,z+x,) — u'(t)

as n — oo locally uniformly in (¢, z) € (T, 00) X R. By @ (T") > u. (7)) and the comparison

principle for parabolic equations, we have
w*(t,z) >u*(t) Vt>T, xzekR

In particular, we have

Uios (to) = W (to, 0) > uy (o).

Hence the claim holds true.
Next, assume that there are t > 7" and « > —I such that @(¢, ;1) < u(t, x). Then there

1S tiyr > 1 such that
u(t,x;up) > u(t,z) VT <t <ty v>—I

and

inf (s, 3 u0) — w(tins, ) = 0.

r>—1
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By the above claim, there is z;,s € (—[, c0) such that
U(ting, Ting; Uo) = U(ting, Ting)-
Then the similar arguments as those in the proof of (2.24), we have
U(ting, Ting; Uo) > U(ting, Ting),

which is a contradiction. Hence (2.32) holds.

Step 4. In this step, we prove (2.28).
By (2.31) and (2.32), we deduce that

liminf inf a(¢,z;ue) >0, V4 >0.
t—oo x>—1+4§

Since u(t, x;ug) = a(t,z — (¢ + €)t), we have

lim inf inf u(t,x;up) >0 VE>O0, V>0
t—00  x>—l+(ct+E)t+d

Hence,
liminf inf w(t,z;u9) >0 Ve >0.

t—o0 m2(c+s)t

Finally, we prove that

T*
lim sup |u(t,z;ug) ——|=0.
100 1> (cte)t ’ ( ) b ’

It can be proved by similar arguments as those in the proof of (2.26).

(2) Suppose ¢ < —c* = —2+/r*. First, let k = \/r*, for any c satisfies
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By Lemma 2.3 (ii),

lim sup u(t, z; ug) = 0.
t—o00 x<ct

This implies that for any € > 0,

lim  sup  u(t,z;up) = 0.
t—o0 JES(fC**E)t

Next, we prove

liminf inf  w(t,z;u9) >0 Ve >0. (2.33)

t—00  x>(—c*+e)t
It suffices to prove that for any 0 < £ < 2/7*, (2.33) holds.
Let 0 < & < 2v/7* be given , let u(t,z;up) = (t,x — (—c* + &)t;ug),v(t, v;up) =
(t,x — (—c* +¢€)t;up) in (1.1) and set M = max{||up|| oo, bjm} By (2.6), it follows that, for

any R > 1,p > 1, (u(t, x; ug), 0(t, x; up)) satisfies
T 1 N
Ut > U+ (—C"+) Uy — XV Uy +U(r(x+(—c"+e—c)t)—e gk M —Crpur —(b—xp)a), t > 1, z € R.

Choose 0 < ¢ < min{1, §}. Fix a ¢ satisfying —c* + § < ¢ < —c* + ¢ — {. By the similar
arguments as those in the proof of (2.28), it can be proved that

liminf inf a(t,x;ug) >0, VYV J>0.
t—oo x>—I+6

Since u(t, x; ug) = u(t,z — (—c* + ¢)t), we have

lim inf inf u(t, z;ug) >0, Vo>0.
t—00  z>—I+(—c*+e)t+6

Hence,

liminf inf  w(¢, 2;u0) > 0.
t—oo  g>(—c*+e)t

Finally, we prove

lim sup |u(t,x;up) — —| =0.
t—>°°a:2(—c*+a)t‘ ( ) b‘
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It can be proved using similar arguments as those in the proof of (2.26). [l

2.3.2 Case?2

In this subsection, we study persistence and extinction of solutions of (1.1) with () being as
in Case 2, and prove Theorem 2.3. Throughout this subsection, we assume that (H1) holds and
r(z) is as in Case 2.

We first prove some lemmas.

Consider

1 _
Ut = Ugy + Uy — A(t, 2)uy +u(r(x) —egM — Crpur — (b— xp)u), —L <z <L

u(t,—L) =u(t,L) = 0.
(2.34)

Observe that e — 0 as R — oo and
CL(’F(') — QéRM, C) = CL(T('),C) — 2€RM,
where (; (-, ¢) is defined as in (2.1). Hence

lim ¢ (r() — 26/ M, ¢) = Co(r(-), 0).

R—o0

Lemma 2.10. Suppose that (. (r(-),c) > 0. Then there are L* > 0, R* > 0, and € > 0 such
that forany L > L* and R > R,

A(+, ) |leo < €', (2.34) has a unique positive bounded entire

solution u*(t, z; L, R, A(-,-)) with
inf W (t,a; L, R,A()) >0 Y0<d< L. (2.35)
teR, x| <L—6

Proof. First of all, there are L* > 0 and R* > 0 such that

Cr(r(-) —2egM,c) >0 VL>L" R>R"
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It then follows from similar arguments as those in Lemma 2.9 that there is €* > 0 such
that for any A(-,-) with ||A]l«» < €*, (2.34) has a unique positive bounded entire solution

u*(t,z; L, R, A(-, -)) satisfying (2.35). O

Let ¢ (x) be the positive principal eigenfunction of (2.1) corresponding to the principal
eigenvalue (z(r(-),c) with ¢.(0) = 1. By a priori estimates and Harnack’s inequality for

elliptic equations, there exist L,, — oo and ¢, (z) > 0 such that

lim ¢;, () = poo(2)

n—oo

locally uniformly, and

(¢00>m + C(¢OO)I + T(x>¢oo = COO(T(‘)a C>¢om reR. (2.36)
Lemma 2.11.
d N T
L ()] < @) VzeR
dx 2
Proof. It follows from [53, Lemma 2.1, Lemma 2.2]. ]

We now prove Theorem 2.3.

Proof of Theorem 2.3. (1) If ¢ > c*, using the same arguments as those in the proof of Theorem
2.1 (1), we can prove lim;_,, u(t, z; up) = 0 uniformly for = € R.

If c < —c*, let Kk = \/r*, for any ¢ satisfies ¢ < ¢ < —c* = /1" = —¢,. By Lemma
2.3 (ii), imy o0 SUP <z u(t, 75 ug) = 0. We claim that limy_, o, SUp,cp u(t, 2;u0) = 0.

For otherwise, there are o > 0, ¢, — oo and z,, € (¢ét,,, c0) such that

w(ty, Tnyup) > 6 Vn>1.

Let u,(t,z) = u(t+t,, t+z,; up) and v, (¢, z) = v(t+1t,, +x,; up). Note that x,, — ct,, — oo

as n — oo. Without loss of generality, we may assume that there is (u*(¢, z),v*(t, x)) such

44



that

lim (u,(t, x), v, (t, x)) = (u*(t, x),v"(t, z))

n—oo

locally uniformly in (¢,z) € R x R, and (u*(t, ), v*(t, x)) satisfies

uf = Au* — V- (xu*Vo*) + u*(r(oco) —bu*), teR, z€R
(2.37)

0=Av"— X"+ pu*, teR, zeR.
By r(00) < 0, it can be proved that u*(¢, ) = 0, which contradicts to u*(0,0) > dy. Therefore,
limy o0 SUP, e w(t, 25 up) = 0. O

Proof of Theorem 2.3. (2) First, fix uy with nonempty compact support. Let M be such that

M > max{ﬁ, SUp,cp Uo(x)}. Note that
u(t,z;ug) <M Yt>0, zeR.

Next, let ¢ (x) be as in Lemma 2.11. Without loss of generality, we may suppose that
up(z) < Poo(x) forany z € R.

Let ug (t, 1) = ef="09%p (). Then us(t, z) satisfies the following parabolic equation

(Uoo)t = (Uoo)zz + C(Uso)z + (r(x) — (b — X14)Uoo)Uso, VE> 0,2 €R. (2.38)

Hence, if A > \* := (—W, then by Lemma 2.6 and Lemma 2.11, we get

— X(too)o Vo (@3 ult, -5 1)) — XAV (@ u(t, -5 uo) o
< XV (| (o) 2| — VM)

= VAT (|(6),| = VAdec)

< VAT O (/X — VX ) o

<0, VzeR. (2.39)
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By (2.38), we have

(Uoo)t 2 (Uoo)ze + C(Uoo)e — X(Uoo ) Wu (T + ctsu(t, - uo))

+ (r(x) = x AV (x + ct;u(t, s up)) — (b — X1)Uoo ) Uso, VT € R.

Let a(t, x;ug) = u(t, z + ct; up), then u(t, z; up) satisfies

Uy = Ugpp+Cly— XUy Yy (x+ct; ult, 5 ug))+(r(z) —x AV (x+ct; u(t, - up))— (b—xp)w)u, Vi > 0,z € R.

By the comparison principle for parabolic equations, we have

U(t, 25 ug) < Use(t, ) = =g (1) V>0, z€R.

Since ¢ () is bounded on any compact set and (. (r(+), ¢) < 0, we then have lim;_,, (%, z; uy) =
0 locally uniformly in z € R.
We now prove that lim,_,, @(¢, x; ug) = 0 uniformly in z € R. Assume by contradiction

that this is not true. Then there is ¢y > 0, ¢,, — 00, and |z,,| — oo such that

W(tn, Tn; up) > €.

Without loss of generality, we assume that z,, — oo, and lim,, . U(t + €,z + 2,5 up) =

U*(t, z), limy, oo V(z + 2 + c(t + t,);u(t + £, s uo)) = U*(¢, ) locally uniformly. Then

U =U;, +cU; —xViU: +U*(r(c0) — xAU* — (b—xu)U"), teR, zeR.

Note that U*(t, x) is bounded and nonnegative and (co0) < 0. We must have

U*(t,x) =0,

which contradicts to U*(0,0) > eg. Therefore, lim; ., @(t, x; up) = 0 uniformly in z € R,

which implies that lim;_,, u(¢, x; ug) = 0 uniformly in = € R. O
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Proof of Theorem 2.3. (3) Suppose |c| < ¢*. We first prove

lim sup w(t,z;u0) =0 Y ¢ >0.

=00 |z—ct|>c"t

Assume that the result does not hold. Then there are constants 6, > 0, and a sequence
{(tn, Zn) nens tn — 00, |2, — cty| > C't,, such that u(t,, 2,;ug) > & for any n > 1.

Let u,(t,z) = u(t + t,,x + x,;up) and v, (t,x) = v(t + t,,x + x,;up). Note that
|z, — ct,| — oo as n — oo. Thus, either x,, — ¢t,, — 0o as n — oo or x,, — ct,, — —00 as
n — oo.

In the case x,, — ct,, — 0o as n — oo. Following similar arguments as those in the proof
of Theorem 2.3 (1), we can get a contradiction.

In the case z,, — ct,, — —o0 as n — oco. Also using similar arguments as those in the

proof of Theorem 2.3 (1) and the fact 7(—o0) < 0, we also can get a contradiction.
Next, we prove that, if (,(7(+), c) > 0, then
liminf inf w(t,z;up) >0 VYV L > 0.

t—oo  |z—ct|<L

To this end, let u(t, z;ug) = a(t, x — ct;up), v(t, x;ug) = 0(t, x — ct;up) in (1.1) and set M =
max{||uol| s biﬁ} By (2.6), it follows that, for any R > 1,p > 1, (u(t, x; ug), 0(t, x; up))

satisfies
1
Up > Ugy + Clly — XUVply + U(r(x) —egM — Crpur — (b—xp)u), t>1, zeR. (2.40)

Let p = 2 and €¢* be as in Lemma 2.10. By the similar arguments as those in the proof of (2.23),

it can be proved that

u*(t, x5 L, R, A(+,-) < alt,zsug) VE>1, =L <z <L. (2.41)
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By Lemma 2.10, there are L* > 0, and R* > 0 such that for any L. > L*, R > R*, and
[AC, oo < €

inf  w(t,z; L,R,A(,-)) >0 V0<0d<L.

teR,|z|<L—0

This together with (2.41) implies that

liminf inf a(t,z;uq) >0, V0<d<L.
t—oo  |z|<L—¢

Since u(t, x; ug) = a(t, z — ct; ug), we then have

liminf inf  w(t,z;u9) >0, V0<d<L,
t—oc0  |r—ct|<L—§

which implies that

liminf inf wu(t,z;u9) >0 V L > 0.

t—oo |z—ct|<L

2.4 Forced wave solutions

In this section, we study the existence of forced wave solutions of (1.1) with r(z) being as in

Case 1 or Case 2.

24.1 Casel

In this subsection, we study the existence of forced wave solutions of (1.1) with r(z) being as
in Case 1 and prove Theorem 2.4. Throughout this subsection, we assume that r(x) is as in
Case 1.

We first present some lemmas. Suppose that b > xpu. Fix r; with r(—o0) < r; < 0. Let

x1 be given satisfying that r(z) < r; for any z < x;. Let 6; be the positive root of the equation
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0% + cf 4+ r, = 0. Define
,,,,* 7,.,*

U (z) = min ,

eh@=ey (2.42)

and consider the set
EF={ueCl  (R) : 0<u(zx) <Uf(zx), VoeR} (2.43)
For every u € £ . consider the operator
Ay (U) () = Upz () +(c—x Vo (2 0)) Uy () +(r(2) =X AV (2; u) — (b—xp) U (z) ) U (x), (2.44)

where V(z; u) is given by (2.8).

Lemma 2.12. Suppose that b > 2xu. For every u € &, it holds that Au(bf—xu)(x) < 0 for

x € Rand Au(ﬁeal('*“))(x) < 0forz € (—00, 7).

Proof. Letu € & be given. First, we have

* *

T r
:L‘ e
b—XMX) b—xp

Au( (r(z) — xA\V(x;u) —r*) <0 VzeR

Next, for z € (—o0, x1), we have r(z) < ry, and hence

r o

A“(b - Xueel( N(z)
b—xp b— xp
r* 01(z—x1) . ) 01 (z—z1)

+ ——e"VT T (r(x) — x AV (25 u) — (b— xp e

() — XA (5) — (b= )M

b Lehleme) (0% +cby +r(x) — X0V (x;u) — XAV (25u) — 7“*601(”“_:”1))
— XM

< 2 ! e (@=21) (0% +cty + 11— xXO1 VY (z;u) — XAV (x;u) — r*egl(w_“))
— XM

=7 T ehrlaa) (—x01 Vo (z;u) — XA (z;u) — r*eel(’“n_“)) : (2.45)
- XK
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It then follows from Lemma 2.5 and (2.45) that

Au<b_r_xueel(._m1))(x) S 7 _Txueel(l‘—ﬂh) (%(91 _ \/X)e—ﬁx /Oo e\r’\yu(y)dy i r*eﬂl(x—$1)> )

If §; < /), we then have

*

r
A, TN () <0 Ve (—oo, 1)
(o) (~o0,21)
If 6, > v\, we then have
rt 01(-—1)
u e x
(=@
< T* eel(x_ﬂﬁl) (—X,LN’* (91 — \/X)G_\F’\x/ e\r)‘yeel(y—wl)dy — T*€91(a:—$1))
b—xp 2(b — xn) oo

r? 201 (@—21) xu(6h — \/X) 1
2(b — xp) (61 + VA

The lemma thus follows. L]

Suppose b > 2y . For any 0 < ¢ < 1, define an ignition nonlinearity by

u(r*—e—w—(b—xu)u>, if u >0,

f;.; (U) _ b—xp
0 f—e<u<0.
Consider the equation
Up = Ugy + fo(u), x€R. (2.46)
Equation (2.46) has a decreasing traveling wave solution ¢, (z—¢.t) connecting (T*fe)((bb:;:))gfw -~
and —e with speed 0 < ¢. < 2 ”"(If’_;;f“) and lim,_,g+ ¢ = 2 ”;’_;)2"” (see [7]), that is,
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(¢e, ¢.) satisfies

_55¢:-: = ng + fs(¢€>7

(2.47)
¢E<_OO> = (7’ _E)((bb__;;))Q_XMT ’ ng(OO) = =&, ¢;‘ < 0
Let ¢.(z) = ¢-(—x) for any = € R. It then follows from (2.47) that
5s¢; = 1/};/ + fa(¢€)7
(2.48)

Y (00) = EHOXG X ) (—00) = —¢, . > 0.

Without loss of generality, we can assume that ¢, (z) = 0, r(z) > r* — e if z > x(, and
xo > x1. This can be realized by some appropriate translation of ¢ (z) if necessary.

Lemma 2.13. Suppose that (H2) holds. For every uw € & and 0 < ¢ < 1, Uj (x) =
max{t.(z),0} satisfies that A, (Uy (+))(z) > 0 for any x # xq. Moreover, U; (z) < Uy (z)

forall x € R.

— Xt r* (b—2xp) : ; 5 r* (b—2xp)
Proof. Letd = c 2\[\“)_%)—1—2 —— By (H2), 0 > 0. Since lim,_,o+ ¢. = 2 ——
it then follows that for 0 < ¢ < 1, we have ¢, > 2 T(l)b_;;’fm — g

Fix such e. Forevery u € &'. If & > xo, U; (z) = ¢.(z) > 0 and U, (z) > 0. By

Lemma 2.7 and (2.48), we have

Au(@=()) (@) = . + (e = xWala; w))ye + e (r(z) — XA (30) — (0 — xp)ve)

>, — e+ (¢ — xWu(z;u) + &)Y, + (" — e — XA (w5 0) — (b — xp):)

nooL xpur* r*(b—2xu) I,
>4, — G+ (6 — ———— 2y | L Yy
. XHr”

+ Y (r" —e — —(b— Ve

Ye( — (b — xp)¢e)

xpr* r(b—2xp) S,

—(c— —= 4o [ Dy

( 2V (b — xp) b—xp QWJ
> 0.

If © < x9, Uy () = 0. Then A, (U; )(z) = 0.
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Since 1 < w, it is clear that U; (z) < U, (x) for all z € R. The lemma is thus

proved. [

Let
£ ={uecCl (R) : U (z) <u(x) <Uf(x), Vo € R}

For any u € &y, let U(t, x; u) be the solution of the following parabolic equation

U =A,U), t>0 z€R
(2.49)

U0, z;u) = Uy (z).

Lemma 2.14. Suppose that (H2) holds. For any u € &, U (z;u) = limy_,o U(t, z;u) exists

and satisfies the elliptic equation

0="Up + (¢ — xVu(z;u)Us + (r(z) = xA\V(x;u) — (b—xp)U)U YV xeR. (2.50)

Moreover, Us (-;u) € &;.

Proof. First, thanks to Lemma 2.12, it follows from the comparison principle for parabolic

equations that

Ulty,z;u) < U(t,zu) <Uf (), VzeR, 0<t, <ty ucé.

Thus the function

U (zyu) = lim U(t,z;u), Yueé& (2.51)

t—o00

is well defined. Moreover, by a priori estimates for parabolic equations, it is not difficult to see
that Uy (-;u) € & and U (z; u) satisfies (2.50).

Next, it follows from Lemma 2.13 and the comparison principle for parabolic equations
that

Ul (z) < U(t, x;u), VeeR, t>0, ueé. (2.52)
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Hence,

Ul (z) <Uf(z;u), VexeR Yucekf&. (2.53)
Therefore, Uy (-;u) € &£. The lemma is thus proved. O

Lemma 2.15. Suppose that (H2) holds. For any u € &), suppose that Uy.(x;u) is also a
solution of (2.50) in &,. Then

lim —Ul*(:c;u)
T—00 Ul*(x; u)

=1.

Proof. First of all, by Lemma 2.7, sup,cg |V (z;u)| < oo and sup,p |2 ¥(z;u)| < co. By
Uop(z;u) = A(z;u) — pu, we have sup, g |V, (2;u)| < oo. This implies that for any
{z,}22, C R thereis {x,, }7°, C {,}5, suchthatlimg_,o V(x+z,, ; u) and limg oo U, (z+

Tp,;u) exist locally uniformly on R.

Next, note that % < 1forall x € R. It then suffices to prove lim inf,_, [{}j((gff)) > 1.
1 ’ 1 3
Assume by contraction that lim inf Yiw) 1 Then there are 0 < 0 < 1 and z, — oo

%0 T (w7u)

such that ([]]1:((;"_2‘)) <l-4forn=1,2---.Let
1 (&Tn;

Upje(wsu) = Ure(® + mp5u),  Upy(ziu) =Uf(x +2p5u),  Va(zsu) = V(x + 2,5u).
Without loss of generality, we assume that there are U, (z; u), U (x;u), and ¥*(z; 1) such that
lim Uy (wiu) = Uy (wsu), - lim Uy (z3u) = U (25u), and lim W (2;u) = O (23 0)
locally uniformly on R. This implies that both U, (z; ) and U (; ) are solutions of

0="U,s+ (c — xVo(z;u)Uy + (" — xAV*(z;u) — (b — xpu)U)U.

We now claim that U, (z;u) = U (z;u). Indeed, note that

0 < inf U, (x;u) < inf U*(x;u), and supU,(z;u) < supU*(az;u) < 00.
z€R z€R rER z€R
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This implies that the following set is not empty,
{v>1] %U*(:ﬂ,u) < U, (z;u) < AU (z;u) YV xeRL
Hence we can define
p(U,,U") =inf{ln~| %U*(x;u) < U, (z;u) < AU (z;u) YV aoeRL

Note that p(U,,TU") is the so called part metric between U, and U . Assume that p(U,, U ) >

0. Then by the arguments of [28, Proposition 3.4], there is d; > 0 such that
p(QwU*) S p(g*uﬁ*) - 50’

which is a contradiction. Hence p(U,,U ) = 0, and then U, (z;u) = U (z;u) for all z €
R. But, by the assumption, U, (0;u) # U (0;u), which is a contradiction. The lemma thus

follows. O

Lemma 2.16. Suppose that (H2) holds. For any u € &, U{ (x;u) is the unique positive solution

of (2.50) in &,.

Proof. Suppose that Uy, (z; ) is any positive solution of (2.50) in &;. It suffices to prove that

Ur(x;u) = Uy (z;u). For any € > 0, let
K. =A{k>1|kUp(z;u) > Uj(z;u) —e Ve R}
By Lemma 2.15 and the fact lim,_, o, Uy, (7;u) = lim,_, o U (z;u) =0, K, # 0. Let
k. = inf K.

Then k. > 1 and
kUi (x;u) > U (x;u) —e Vo eR. (2.54)
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For any 0 < €; < €, since kg, U (x;u) > Uy (z;u) — €1 > Uf(x;u) — €9 for any z € R, it
then follows that k., > k.,. Thus, k. is nonincreasing in € > 0. If k. = 1 for any € > 0, clearly,
we have that U (z;u) = Uy (z;u).

Assume that there exists €y > 0 such that k., > 1. Then k. > k., > 1 forany 0 < € < €.

For any given 0 < € < ¢, since k. > 1, there exists 6 > 0, such that k. — 6 > 1. By lemma

2.15, we have that for such given ¢ > 0, [(]]1:((;2‘)) >1-— m for z > 1. Hence,
1 1 1 3
(ke = 0)Ure(z;u) > Uf(x;u) — e x> 1. (2.55)

Uf (wu)—e

oy = —00, it is then clear that
1x (*Tvu)

Since lim,_, _,
(ke = 0)Uru(z;u) > Uf(z;u) — e o< —1. (2.56)
It then follows from (2.55), (2.56) and the definition of k. that there is x. € R such that

kUr(ze;u) = Uy (2e; u) — €. (2.57)

By Lemma 2.15, x. is bounded above.

We claim that z. is bounded from below. In fact, at x., we have

Ove(keUri(ze;u) — Ui (ze;u)) >0 and Oy (kUri(ze;u) — Ul (ze;u)) = 0.

Hence,

0> kUr(xe)(r(ze) — xAV(z6;u) — (b — xp)Uri(z)) — Uy (ze) (r(we) — x AV (2e;u) — (b — xp) Uy (zc))
> kUri(xe)(r(ze) — xA¥(ze; u) — (b — xp)Uy (xe)) — Ui () (r(we) — xAV (26 u) — (b — xp) U (z))

= —€(r(x) — XAV (ze; u) — (b — xp) Uy ().

This implies that r(z.) > 0 and hence . is bounded from below.
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Therefore, x. is bounded both from below and above. By (2.57), k. = % Hence k.
is bounded, and there is ¢,, — 0 such that ., — «* and k., — k*(> k., > 1) as n — oco. This
together with (2.57) implies that k*Uy.(z*; u) = Uy (z*;u). By (2.54), k*Uy.(z;u) > Uf(x; u)
forall z € R. Since £* > 1, by Lemma 2.15, £*Uy.(x; u) # U (z; ). Then by the comparison

principle for parabolic equations, we must have U; (x; u) < k*Up.(x;u) for all x € R, which

is a contraction. Therefore, k. = 1 for 0 < ¢ < 1 and then Uy (x; u) = U (z;u). O
We now prove Theorem 2.4.

Proof of Theorem 2.4. Consider the mapping U;(-;-) : & 2 u +— Uj(z;u) € & as defined
by (2.51). It follows from the arguments of the proof of [50, Theorem 3.1] and the Lemma
2.16 that this function is continuous and compact in the compact open topology. Hence it has a
fixed point u* by the Schauder’s fixed point Theorem. Taking v*(z) = ¥ (z;u*), we have from
(2.50), that (u(t,x),v(t,z)) = (u*(z — ct),v*(x — ct)) is an entire solution of (1.1). Moreover,
since U; (z) < u*(z) < U; (), it follows that lim,_, , u*(z) = 0.

In the following we show that

*

lim u*(z) = —. (2.58)

T—00 b

Suppose on the contrary that this is false. Then, there is a constant 6 > 0 and a sequence
{Zn}nen such that z,, — oo and |u*(x,) — %| > ¢ for any n > 1. Consider the sequence of
functions

u(t,z) =u(t,z +x,) and V"(t,x) =v(t,z+ x,).

By a priori estimate for parabolic equations, without loss of generality, we may assume that
there is (u**(t,x),v**(t,z)) € C**(R x R) such that (u",v")(t,z) — (u*™*(t,z),v*™*(t,x))
locally uniformly in C*?(R x R) as n — oo. Furthermore, the function (u**(¢, z), v**(t, r)) is
an entire solution of (2.7). Note that

u(t,x) = lim v"(t,z) > lim U] (v 4z, —ct) =U; (00) >0, VzeR, tekR.

n—oo n—oo
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So infy gyerxr (¢, ) > 0. Therefore, since yu < g, it follows from Lemma 2.4 (2) that
u*(t,x) = I for every (t,2) € R x R. In particular, 2= = uw**(0,0) = lim,_,o u"(0,0) =

lim,, o u(0, x,) = lim,_, o u*(z,), which is a contradiction. Therefore, (2.58) must hold. [

24.2 Case?2

In this subsection, we study the existence of forced wave solutions of (1.1) with r(z) being as
in Case 2 and prove Theorem 2.5. Throughout this subsection, we assume that r(x) is as in
Case 2 and (H3) holds.

We first present some lemmas.

Fix a 7 with max{r(—o0),r(c0)} < 7 < 0. Choose Z such that the inequality r(z) < 7
holds for all 2 < Z. Let 6 be the positive solution of % + cf + 7 = 0. Choose Z such that the

inequality r(x) < 7 holds for all # > . Let # be the positive solution of #2 — ¢ + 7 = 0.

Define )
bf;ueé(“’_i) if v <7,
+ _ * P ~
Uy (z) = bfw if z <x<uz,
L =) if x> 2,
| b—xu

and consider the set
EF={ueC’  (R) : 0<u(zx) <Uf(zx), VrecR}.
For every u € &, consider the operator
Au(U)(x) = Ura(x) + (¢ = xWa(2;u)) V() + (r(2) — XA (25 0) — (b — xp)U (2))U (2),

where V(z; u) is given by (2.8).

Lemma 2.17. Suppose that b > 2XL. For every u € &, it holds that Au(ﬁea('%))(m) <0

for x € (—00,7), Au(55)(x) < 0 for x € Rand Au(57—e 09 (z) < 0 for x € (&,00).

Proof. It can be proved by the similar arguments as those used in the proof of Lemma 2.12. [
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Consider

Up = Ugy + Uy — A(t, 2)up +u(r(z) — B(t,z) — (b— xpu)u), —L<zx<L
(2.59)

u(t,—L) =wu(t,L) =0,

where both A(t, z) and B(t, x) are globally Holder continuous in ¢ € R and x € [—L, L] with

Holder exponent 0 < o < 1 and ||A(, ) ||oo < 00, [|B(*,*)]|oc < 00.

Lemma 2.18. Suppose that (H3) holds. Then there are L* > 0 and n = n(r(-),c) > 0 such

that for any L > L*, any A(-,-), B(-,) with [|A(-, )|lec <0, ||B(,)|lec < 7, and any b > xpu,

(2.59) has a unique positive bounded entire solution u*(t, z;b, A(-,-), B(-,-)) with

w*(t,x;0,A(+, ), B(+,-)) >0 Y0<d<L.

1
tER,—L+6<z<L—4,[|A(:;) oo <nsl| B(->)loo <n

Proof. It can be proved by the similar arguments as those used in the proof of Lemma 2.9. [l

Let L = L* and 7 be fixed. For every u € &, let A(t,x) = xV.(z;u), B(t,z) =
XA¥ (z;u). By Lemma 2.7, both ¥, (z; u) and W, (z; u) are bounded for any u € &, we then
have both A(¢, ) and B(t, x) are globally Holder continuous in z € [—L, L].

In the following, we assume that

2/ \nb bn

, . (2.60)
wr* 4+ 20/ dnp’ pr + /“7}

0<x < xo0=xXo(r(:),c) := min{

Then by Lemma 2.7, we have

XHT™ XHT™
————<n and ||B( )] <

IAG oo < <.

It then follows from Lemma 2.18 that (2.59) with A(t, z) = xV,.(z;u) and B(t, ) = x AV (z; u)
has a unique positive bounded entire solution u*(, x; b, u):= u*(t, 2;b, YW, (-;u), YAV (+; u))
with

inf w*(t,r;0,u) >0 Y0<6<L.

teR,—L+6<z<L—§
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Note that, by the comparison principle for parabolic equations,

VteR, ~-L<z<0L.

Fix b > b such that u*(t, z;b,u) < U (z) forany —L < x < L,any t € R, any u € &;. By

the proof of Lemma 2.9, we have that

inf uw*(t,r;b,u) >0 Y0<6<L. (2.61)

teR,— L+0<a<L—8ucEy

Define

infteR’ueQ u*(t,x;b,u) if —L<z<lL,
0 ife>L, < -—L

Then, Uy (z) # 0 and inf 7 s<,<1 5 Uy () > 0, and U; (z) < U, (x) for any = € R.

Lemma 2.19. For any u € &,
Uy (x) <U(t,z;u) YaxeR, t>0,
where U (t, z;u) is the solution of the following parabolic equation

Ut:Au<U), t>0,ﬂf€R
(2.62)

U(0,z;u) = Uy (z), » €R.

Proof. Observe that
uh, + (¢ — xUu(z;u))ul 4+ (r(z) — xAU (25 u) — (b — xp)u*)u* —uf = (b—b)u*> >0
for any —L < x < L. Hence, by the comparison principle for parabolic equations, we have

u*(t, x;0,u) < U(t, z;u), V —L<x<L t>0 uc&.
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This implies that

inf  w*(t,z;b,u) <U(t,z;u), V —L<z<L t>0ucé&.
teR,ucES

The lemma then follows.

Note that, by Lemma 2.17 and the comparison principle for parabolic equations,

Uty m;u) < U(t,m;u) <US(x), VeeR, 0<t; <ty u€é&,.

Thus the function

Us(z;u) = lim U(t,z;u), Yu€&

t—o00

is well defined, and

Uy () <Us(x;u) <US(x), VexeR uek&.

Let
& ={ue Chy(R) : Uy () <u(z) <UF(z), Vo eR}

(2.63)

(2.64)

For any u € &, it follows from (2.64) that U;(-;u) € &. Moreover, by a priori estimates for

parabolic equation, we have that U; (z; u) satisfies

0="Us+ (c = xVu(x;u)U, + (r(x) — xA\V(z;u) — (b— xp)U)U ¥V x € R.

(2.65)

Since U, () > 0 forany € R and U, (x) # 0 for any = € R, it follows from the comparison

principle for parabolic equations that

Us(z;u) >0 VzeR, uek.

Lemma 2.20. For any given u € &,, (2.65) has a unique solution U;(-;u) € &s.
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Proof. Let Uy (z;u), Us(x; u) be two solutions of (2.65) in &. Note that U;(z;u) > 0 forz € R

and every ¢ = 1,2. For any € > 0, let

K.={k>1]kUy(x;u) > Uy(z;u) —e VaeR}.

Ui (zyu)—e
Us(zju)

K, is not empty because lim, .4 = —oo. Let k. = inf K.. Following the similar
arguments as those used in the proof of Lemma 2.16, we have k. = 1 for 0 < ¢ < 1. Therefore,
Uy(xz;u) > Uy(z,u) for any z € R. Similarly, we have Uy (z;u) > Us(x,u) for any x € R.

The lemma thus follows. []
We now prove Theorem 2.5.

Proof of Theorem 2.5. Consider the mapping U;(+;+) : & > u — Us(z;u) € & as defined
by (2.63). It follows from the arguments of [50, Theorem 3.1 ] and Lemma 2.20 that this
function is continuous and compact in the compact open topology. Hence it has a fixed point
u* by the Schauder’s fixed point Theorem. Taking v*(x) = W(x; u*), we have from (2.65), that
(u(t,x),v(t,z)) = (u*(xr — ct),v*(z — ct)) is an entire solution of (1.1). Moreover, by (2.66),
u*(z) > 0 forall x € R. Since U, (x) < u*(z) < Uy (z), it follows that lim, 1. u*(z) = 0.

The theorem is thus proved. [

2.5 Numerical Simulations

In this section, we present some numerical simulations by the finite difference method with
r(x) being as in Case 1 or Case 2. All the numerical simulations were conducted using pro-
gramming software MATLAB. It should be pointed out that the authors in [72] provided some
numerical study for the vanishing and spreading dynamics of chemotaxis systems with logistic

source and a free boundary by the finite difference method.

2.5.1 Casel

In this subsection, we present some numerical simulations for the existence of forced wave

solutions with r(x) being as in Case 1. To this end, we use the finite difference method to
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numerically compute the solution of

.

Up = Ugy + Uy — (YUV) +u(r(x) —bu), —L<z<L

0=vp —Av+pu, —L<zx<L

w(0,z) =ug(x), —L<zx<L (2.67)
u(t,—L) =wv(t,—L) =0

Qu(t,L)=2%(t,L) =0

\
for reasonable large L > 1, where

(

0 if v <—1,
up(z) = ;—bx—l—g—b if —1l<x<l,
o if x>1.

Let (ur(t, z;up), v (t, x;up)) be the solution of (2.67) with ur(0,x;uy) = ug(x). Ob-
serve that if (ur(z),vp(x)) = limy_eo(ur(t, ; ug), v (t, ;up)) exists, then (ur(z), v (x))
is a stationary solution of (2.67). If (ueo(), V(7)) = limyoo(ur(x),vr(z)) exists, and
Uso(—00) = 0 and us(00) = %, then (uso(2), voo(w)) is a forced wave solution of (1.1) con-
necting (%, %) and (0, 0). We compute the numerical solution of (2.67) on a reasonable large
time interval [0, T'] for some choices of L. The detail of numerical scheme can be found in [57].

We fix x = 0.1, p = 1, A = 0.05, and choose r(x) to be

(

—1 if < —8,

(@) =11z +87 if —8<ux< —T,

10 it v > —T7.

\

For this choice of r(x), r* = 10 and —c* = —2v/7* ~ —6.325. We do four numerical
experiments for different values of b and c. In these four numerical experiments, we use the

same space step size h = 0.1 and the same time step size 7 = 0.002.
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. . . o . xpr* B r*(b—2xu)
Numerical Experiment 1. Let b = 1 and ¢ = 1. In this case, ¢ > VA 2 p—

becomes ¢ > 9\/% — 2\/% ~ —3.478. So for these choices of b and ¢, the assumption (H1)
holds.

We compute the numerical solution of (2.67) with L = 15, 20, 25, 30, and 40 on the time
interval [0, 10]. For all the choices of L, we observe that the numerical solution of (2.67)
changes very little after ¢ = 3, which indicates that the numerical solution converges to a
stationary solution of (2.67) as ¢ — co. We also observe that the numerical solution u(¢, x) at
t = 10 changes very little and «(10, L) is very close to % = 10 as L increases, which indicates
the stationary solution of (2.67) converges to a stationary solution of (2.3) connecting (%, %%)
and (0,0) or a forced wave solution of (1.1) connecting (%-, %) and (0, 0) as L — oo, whose
existence is proved in Theorem 2.4. Hence the numerical results for the choices b = 1 and
¢ = 1 match the theoretical results.

We demonstrate the numerical solutions of (2.67) for the cases L = 20 in Figure 2.1.
Figure 2.1(a) is the surface plot of the numerical solution of the system (2.67) on the interval

[—20,20] as time evolves. Figure 2.1(b) is the profile of the numerical solution at time ¢t =

0,1,2,3,7, 10.

(a) (b)

Figure 2.1: (a) Evolution of numerical solution of (2.67) on the interval [—20, 20] with b = 1
and ¢ = 1. (b) numerical solution of (2.67) on the interval [—20, 20] at time ¢t = 0, 1,2, 3,7, 10
withb = 1and c = 1.

Numerical Experiment 2. Let b = 1, ¢ = —6. For these choices of b and ¢, b and c satisfy
e : _xprt r*(b=2xp)
b > 2xp and ¢ > —c*, but the assumption ¢ > A= 2 p— does not hold. We

compute the numerical solution of (2.67) with L = 15, 20, 25, 30, and 40 on the time interval
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[0, 15]. For all the choices of L, we observe that the numerical solution of (2.67) changes very
little after ¢t = 7, which indicates that the numerical solution converges to a stationary solution
of (2.67) as t — oo. We also observe that the numerical solution (¢, x) at ¢ = 15 changes
very little and u(15, L) is very close to % = 10 as L increases, which indicates the stationary
solution of (2.67) converges to a stationary solution of (2.3) connecting (-, £7") and (0,0)
or a forced wave solution of (1.1) connecting (-, £2°) and (0, 0) as L — oco. The numerical
results indicate that when ¢ > —c* and b > 2xpu, (1.1) also has a forced wave solution. We

demonstrate the numerical solutions of (2.67) for the case L = 20 in Figure 2.2.

(a) (b)

Figure 2.2: (a) Evolution of numerical solution of (2.67) on the interval [—20,20] with
b = 1and ¢ = —6. (b) numerical solution of (2.67) on the interval [—20,20] at time
t=0,1,3,7,13,15 withb = 1 and ¢ = —6.

Numerical Experiment 3. Let b = 0.15, ¢ = —6. For these choices of b and ¢, b and c satisfy
b > xp and ¢ > —c*. We compute the numerical solution of (2.67) with L. = 35,40, 45, 50,
and 60 on the time interval [0,60]. For all the choices of L, we observe that the numerical
solution of (2.67) changes very little after ¢ = 50, which indicates that the numerical solution
converges to a stationary solution of (2.67) as t — oo. We also observe that the numerical
solution u(t, z) at t = 60 changes very little and «(60, L) is very close to & = ;% ~ 66.67 as
L increases, which indicates the stationary solution of (2.67) converges to a stationary solution
of (2.3) connecting (-, ) and (0, 0) or a forced wave solution of (1.1) connecting (%, £2°)
and (0,0) as L. — oo. The numerical results indicate that when ¢ > —c* and b > ypu, (1.1)

also has a forced wave solution. We demonstrate the numerical solutions of (2.67) for the case

L = 40 in Figure 2.3.
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(a) (b)

Figure 2.3: (a) Evolution of numerical solution of (2.67) on the interval [—40,40] with b =
0.15 and ¢ = —6. (b) numerical solution of (2.67) on the interval [—40,40] at time ¢t =
0, 5,10, 20, 30, 40, 50, 60 with b = 0.15 and ¢ = —6.

Numerical Experiment 4. Let b = 1, ¢ = —6.5. For these choices of b and ¢, b and c satisfy
b > 2xp and ¢ < —c*. We compute the numerical solution of (2.67) with L = 15 on the
time interval [0, 50], with L = 20 on the time interval [0, 60], with L = 25 on the time interval
[0, 70], with L = 30 on the time interval [0, 90], and with L = 40 on the time interval [0, 140].
For all the choices of L, we observe that the numerical solution of (2.67) becomes very small
after certain time, which indicates that the numerical solution converges to zero as t — oo,
and also indicates that (2.3) has no positive stationary solutions or (1.1) has no forced wave
solutions in the case that ¢ < —c*. We demonstrate the numerical solutions of (2.67) for the

case L = 20 in Figure 2.4.

‘‘‘‘‘

(a) (b)

Figure 2.4: (a) Evolution of numerical solution of (2.67) on the interval [—20,20] with
b = 1and ¢ = —6.5. (b) numerical solution of (2.67) on the interval [—20,20] at time
t =0, 20,30,40,50,60 with b = 1 and ¢ = —6.5.
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Remark 2.3. (1) The numerical simulations above illustrate our Theorem 2.4 and also shows

(2)

(3)

that the assumptions in Theorem 2.4 can be weakened. Based on these numerical sim-
ulations, we conjecture that if b > xu, and ¢ > —2+/r*, there is a forced wave solu-
tion (u(t,z),v(t,z)) = (¢p(x — ct), Y(z — ct)) connecting (=, 42) and (0,0), that is,

¢(o0) = = and ¢(—o0) = 0. Ifb > xp and ¢ < —2/r*, there is no forced wave

solution (u(t, r),v(t,z)) = (¢(x — ct),¥(x — ct)) connecting (-, 5 %) and (0,0), that

is, p(00) = = and ¢(—o0) = 0.

In the above four numerical experiments, we used the same space step size h = 0.1 and
the same time step size 7 = 0.002. They satisfy the numerical stable condition 75 < %
We do not give the accuracy analysis of the simulations in this paper. To see the reliability
of the numerical results, we also tried different values of h and T to simulate the existence
of forced wave solutions. For the above four experiments, let h = 0.1 be fixed, choose
7 =0.001, 0.002, 0.004 respectively, the graphs we got do not have a big difference. Fix
h = 0.05, let 7 = 0.001, 0.0005, 0.00025 respectively, the graphs we got also do not have

a big difference.

We also tried to use different initial conditions to simulate the forced wave. For example,

let

0 if v < —1,
u(r)=Sz+1 if —1<z<1,

2 if z > 1.

\

We see similar dynamical scenarios. We then conjecture that the forced wave solution of

(1.1) is unique and stable in certain parameter regions.
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252 Case?2

In this subsection, we study the numerical simulations of the forced wave solutions in Case 2

by the finite difference method. To this end, we consider

(

Up = Ugy + CUy — (YUV) +u(r(x) —bu), —L<z<L

0=0vp —A+puu, —-L<zx<lL

w(0,2) = ug(x), —L<ax<L, (2.68)
u(t,—L)=wv(t,—L) =0

u(t,L) =wv(t,L) =0

\

for reasonable large L > 1, where

0 if |z > 1,
up(z) =
(x+1)(1—2) if —1<z<1.

Choose 1 = 1, A = 1 and

-1 if |z| > 8,
11z + 87 if —8<ux< -7,
10 if —7<2<7,

—11z 487 if7<z<8.

For this choice of r(x), r* = 10 and ¢* := 2v/r* & 6.325. We do three numerical experiments
for different values of b, ¢ and . In these three numerical experiments, we use the same space

step size h = 0.1 and the same time step size 7 = 0.002.

il >0 Since (;,(r(+), c) >

Numerical Experiment 1. Choose ¢ = 1, then {_7(r(+),¢) = 0=
_7(r(+),c) for L > —7, we have (o (7(-),¢) > (_7(r(:),c¢) > 0. Choose b = 1 and x = 0.6.

Then b > 3
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We compute the numerical solution of (2.68) with L = 15, 20, 25, 30, and 40 on the time
interval [0, 10]. In all the cases, we observe that the numerical solution changes very little after
t = 3 and stays away from 0 on some fixed interval, which indicates that the numerical solution
converges to a positive stationary solution of (2.68) as ¢ — oo. We also observe that the
numerical solution u(t, z) at ¢ = 10 changes very little as L increases, which indicates that the
stationary solution of (2.68) converges as L. — oo to a stationary solution of (2.3) or a forced
wave solution of (1.1) connecting (0,0) and (0, 0). We demonstrate the numerical solutions of

(2.68) for the cases L = 20 in Figure 2.5.

(a) (b)

Figure 2.5: (a) Evolution of numerical solution of (2.68) on the interval [—20, 20] with ¢ = 1,
b = 1and xy = 0.6. (b) numerical solution of (2.68) on the interval [—20,20] at time ¢ =
0,1,2,3,7,10 withc =1,b =1 and x = 0.6.

Numerical Experiment 2. Choose ¢ = 1 (then ((r(:),¢) > 0). Choose b = 0.7 and x = 0.6
(then ypu < b < ?’XT“).

We compute the numerical solution of (2.68) with L = 15, 20, 25, 30, and 40 on the time
interval [0, 10]. In all the cases, we observe that the numerical solution changes very little after
t = 3 and stays away from 0 on some fixed interval, which indicates that the numerical solution
converges to a positive stationary solution of (2.68) as t — oo. We also observe that the
numerical solution u(t, z) at ¢ = 10 changes very little as L increases, which indicates that the
stationary solution of (2.68) converges as L. — oo to a stationary solution of (2.3) or a forced
wave solution of (1.1) connecting (0, 0) and (0,0). We demonstrate the numerical solutions of

(2.68) for the cases L = 20 in Figure 2.6.
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(a) (b)

Figure 2.6: (a) Evolution of numerical solution of (2.68) on the interval [—20, 20] with ¢ = 1,
b = 0.7 and x = 0.6. (b) numerical solution of (2.68) on the interval [—20, 20] at time ¢ =
0,1,2,3,7,10 withc =1,b = 0.7 and x = 0.6.

Numerical Experiment 3. Let ¢ = 6.5 (hence ¢ > ¢*). Letb = 1 and x = 0.6 (hence b > 3"7“).
We compute the numerical solution of (2.68) with L = 15,20, 25, 30, 40 on the time interval
[0, 30]. For all the choices of L, we observe that the numerical solution of (2.68) becomes very
small after ¢ = 20, which indicates that the numerical solution converges to zero as ¢ — oo,
and also indicates that (2.3) has no positive stationary solutions or (1.1) has no forced wave
solutions in the case that ¢ > ¢* and b > %X,u which matches the theoretical result Theorem 2.3

(1). We demonstrate the numerical solutions of (2.68) for the case L = 20 in Figure 2.7.

:::::

(a) (b)

Figure 2.7: (a) Evolution of numerical solution of (2.68) on the interval [—20, 20] with ¢ = 6.5,
b = 1and y = 0.6. (b) numerical solution of (2.68) on the interval [—20, 20| at time ¢ =
0,5,10, 15, 20,30 with ¢ = 6.5, b = 1 and x = 0.6.

Similarly, if c = —6.5, b = 1 and x = 0.6, we observe that the numerical solution of (2.68)

becomes very small after certain time, which indicates that the numerical solution converges to
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zero as t — oo, and also indicates that (2.3) has no positive stationary solutions or (1.1) has

no forced wave solutions in the case that ¢ < —c* and b > %X/i which matches the theoretical

result Theorem 2.3 (1).

Remark 2.4. (1) The numerical simulations above supports our Theorem 2.5 and also tells

(2)

(3)

us that the assumptions in Theorem 2.5 may be weakened. Based on these numerical
simulations, we conjecture that if b > xp and (- (r(+),c) > 0, there is a forced wave
solution (u(t,x),v(t,x)) = (¢p(x — ct),¥(x — ct)) connecting (0,0) and (0,0), that is,
¢(x) > 0forall x € Rand ¢p(+£o0) = 0. If b > xu and |c| > ¢*, there is no forced wave
solution (u(t,x),v(t,z)) = (¢(z — ct),Y(x — ct)) connecting (0,0) and (0,0), that is,
¢(z) > 0forall x € R and ¢p(+£o0) = 0.

In these three numerical simulations, we used the same space step size h = 0.1 and the

1
5

same time step size T = 0.002, which satisfy the numerical stable condition 75 <
Again, we do not give the accuracy analysis of the simulations in this paper. To see the
reliability of the numerical results, we also tried different values of h and T. For example,
let h = 0.1 be fixed, let T = 0.001, 0.002, 0.004 respectively; let h = 0.2 be fixed, let T =
0.01,0.005,0.0025 respectively, let h = 0.05 be fixed, let T = 0.001,0.0005, 0.00025

respectively. All the graphs we got do not change much.

We also tried to use different initial conditions to simulate the existence of forced wave

solutions. For example, let

.

0 if x < -1,
uo(x) = 4 sin(x + 1) if —l<z<m—1,
0 ifx>m—1.

\

We see similar dynamical scenarios. We then also conjecture that the forced wave solu-

tion of (1.1) is unique and stable in certain parameter regions.
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Chapter 3

Global existence, asymptotic behavior and spreading speeds of parabolic-parabolic
chemotaxis models with logistic source on RY

This chapter is devoted to the study of the asymptotic dynamics of the parabolic-parabolic
chemotaxis model (1.4) with logistic source on R". We first investigate the local existence and
uniqueness of classical solutions with given initial functions. We then study the global existence
and boundedness of classical solutions with given initial functions. Under the conditions that
global classical solutions exist and some other further conditions, we study the asymptotic
behavior of global classical solutions with strictly positive initial functions. Finally, we explore
the spreading speeds of global classical solutions with compact supported initial functions and
front like initial functions. As a by-product of spreading speeds, we get the persistence of

global classical solutions with strictly positive initial functions (see Theorem 3.7).

3.1 Notations and statements of the main results

To state our main results, we first introduce some notations. Let

X, =C? (RY) = {u € O(RY) | u(z) is uniformly continuous in z € RY and sup |u(z)| < oo}
zeRN

equipped with the norm ||u||s = sup,cgy |u(z)|, and

X2 = Ozif = {u S Cﬁnif(RN) | aﬂﬁzu S CﬁnifaRN)a 1= 1727 e aN}

equipped with the norm [[ul[ .1 = [|ul|o + S 10e,u]| o and
unif

C2 = {ue ¥ (RV)]8,

unif unif

SRS Cfmif(RN)’ Z?] - 1a27"' 7N}

iLj
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Let
Xr={ue X |lu>0}, Xy={veXy|v>0}

For given 0 < v < 1, let

®Y) = {ue Chy@®Y)| sup MD)W

z,y€ERN x£y |£L’ - y|y

Ob,l/

unif

Ju(e) —u(y)|

with the norm [|u|| o, = Sup,epy [u(z)| + SUD, yeRN oty oyl

For0 < 6 < 1, let

CO((ty,ts), C”

unif

(RY))

- {u<> € C((tlv t2)7 Ob’y

unif

(R™)) | u(t) is locally Holder continuous with exponent 6}.

We call (u(z,t),v(z,t)) a classical solution of (1.4) on [0,T) if u,v € C(RN x [0,T)) N
C*L(RY x (0,T)) and satisfies (1.4) for (z,t) € RY x (0, T) in the classical sense. A classical
solution (u(z,t),v(x,t)) of (1.4) on [0, T) is called non-negative if u(z,t) > 0 and v(x,t) > 0
forall (z,t) € RY x[0,T). A global classical solution of (1.4) is a classical solution on [0, 00).
Note that, due to the biological interpretations, only non-negative classical solutions will be of
interest.

The main results are from our works [58] and [59]. We first state the result on the local

existence and uniqueness of classical solution with initial function (ug,vo) € C? . (RY) x

unif
ChL(RN).

unif

(RY), vy € CVL(RN) with ug > 0, vy > 0, there exists

unif

Theorem 3.1. For any uy, € C°

unif
Tnax = Tmax(to,vo) € (0, 00| such that (1.4) has a unique non-negative classical solution
(u(z, t;up, vo), v(x,t;up,v0)) on [0, Trax) satisfying that limy o+ u(-, t;ug, vo) = ug in the

C? (RN )-norm and lim,_,o+ v(-, t; ug, vo) = vo in the CLe(RN)-norm,

u('7 *5 Uo, UO) S C([Ov Tmax); Ognif(RN)) N Cl((()? TmaX)v anif(RN))7 (31)
U(’? 5 U, UO) € C([(]? Tmax)v Os;lllf(RN)) N Cl((07 TmaX)? Cub;llif(RN))a (32)
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u(') *5 Uo, U0)7 8&:;“(7 *; Uo, UO)) aizju(a *; Uo, UO)a 8tu<'7 *5 Uo, UO) S Oe((oa Tmax)7 Og;f(RN))a
(3.3)
U('7 *; Uo, U0)7 aa:iv('v ;3 Uo, UO)a ai-xjv('y 5 Uo, UO)v 8tv('a *; Uo, UO) S CG((()? Tmax)7 Cﬁ;;/lf(RN))
(3.4)

foralli,j = 1,2,--- ' N,0 < 0 < 1,and 0 < v < 1. Moreover, if Ty.x < 00, then

hmt_)Tmax ( ||U(, t’ Up, UO)HOO + ||/U(‘7 t’ Uo, UO)HCS’!}H(RN)) = 00.

We then state the result on the global existence and boundedness of the classical solution

with initial function (ug, vo) € C?_(RY) x CVL (RV).

unif

(RY), v € Cyne(RY)

nif

Theorem 3.2. Suppose that b > %. Then for every uy € C?

nif
with ug > 0, vg > 0, (1.4) has a unique bounded global classical solution (u(x,t;ug,vy),

v(z, t;ug,vg)) and

, 2\ +a)?
1 ot o < . 3.5
Htliigp ”U( ) ,Uo,Uo)H = 2/\(4()_ N,UX) ( )
Moreover, if \ > 5, then
4a
lim sup ||u(-, t; ug, Vo) ||oo < —7—. 3.6
msup -, 0, 0) oo € =g 3:6)

We next state the result on the asymptotic behavior of the global classical solution with

strictly positive initial function.

Theorem 3.3. There exists K = k(a,\,N) > % such that if b > Kxu and N > 3, then

the unique bounded global classical solution (u(x,t; ug, vo), v(x,t;ug,v)) of (1.4) with uy €
Cb

unif

(RN), vy € CL(RN) and inf ,epn ug(z) > 0, vy > 0, satisfies that

nif
a pa :
u(-, t;up, vo) — EHOO + [ (-, t; ug, vo) — EHOO — 0 ast — oo exponentially. (3.7

Remark 3.1. (1) Theorem 3.1 is on the local existence of a unique classical solution with

nonnegative initial function (ug,vo) € C% (RN) x C%L(RN). We point out the local

existence of a unique classical solution with (ug,vy) in some other spaces can also be

proved. For example, following the similar arguments used in the proof of Theorem
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3.1, the local existence of a unique classical solution with nonnegative initial function

(ug, v) € LP(RN) x WHP(RYN) for p > N and p > 2 can be proved.

(2) As it is mentioned in the above, consider chemotaxis model (1.6) on convex bounded
domain with Neumann boundary condition and % being sufficiently large, Winkler [70]
proved the global existence of classical solution for every nonnegative initial function
(ug,v9) € C°Q) x WH(Q) and the global asymptotic stability of the constant so-
lution (¢, 53). Theorem 3.2 and Theorem 3.3 stated in the above extend the results in
[70] on the global existence and global asymptotical stability of the constant solution for
parabolic-parabolic chemotaxis systems on bounded domains to the whole space. Bio-
logically, the conditions b > % and b > Ky in Theorems 3.2 and 3.3 indicate that
the logistic damping b is large relative to the product of the chemotaxis sensitivity x and
the production rate |1 at which the biological species produces the chemical substance.

The condition X > 5 in Theorem 3.3 indicates that the degradation rate of the chemical

substance is large relative to the intrinsic growth rate of the biological species.

(3) Theorem 3.3 does not give an explicit expression on K, but it has the following property.

According to the proof of Theorem 3.3, K = %, where 0y € (0,1) is the largest number
such that
2050, 1 8CA zazmfy _ 1
<= d ——mm— < — 3.8
1—062a =6 C "N1-6) —12 38)

hold simultaneously with Cy = max{C\"#=2a55 /TN =2 4+ CA7F=1af*INL 4}, C
here as well as in (3.8) is a generic constant and (3 and 7y are such that vy € (1, %) and
vy—1<p< % It can then be verified directly that for fixed a and N, K is bounded in

AZ%andK%%as)\%oo.

To state our main results on the spreading speeds of (1.4). We make the following nota-

tions.

For given © = (x1, 9, - -,an) € RV, let || = \/2? + 22+ - - - + 2% Let

SNl = [z e RV ||z] = 1}.
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For x = (xlal‘% te '7xN) S RN, Yy = (yby% o 7yN) € RN, define x - Yy = Zz]\il TiYi-
Let

C’CJ; = {u € X; | supp(u) is non-empty and compact},

and

C’j;;l = {v € X | supp(v) is non-empty and compact}.
For any given & € SV~!, we define
CHE) ={ue X | ligninf u(z) > 0, u(x) =0 for » € RY with x- &> 1},
z-E——00
CHY () ={v e XS | liminf v(z) >0, v(z) =0 for z € RY with 2 -£>> 1},

z-E€——00

CH(¢) ={uec X;| inf u(x) >0 forsome r >0, u(x) =0 for v € RY with |z-¢| > 1},

o€ <r

and

Cti¢) ={ve XS | inf v(x) >0 forsome r >0, v(x) =0 for v € RY with |z-&| > 1}.

|z-&|<r
The main results on the spreading speeds are stated in the following theorems.

Theorem 3.4. Suppose that b > %. For any (ug,vo) € C x C, the following hold.

(1) Forany( < € < 2y/a,

liminf  inf  w(x,t;u,vo) > 0,
1300 [o|<(2y/a—e)t

and

liminf  inf  wo(z,t;ug,v9) > 0.
t—=o0  |z|<(2va—e)t

(2) Foranye > 0,

lim  sup  wu(x,t;ug,v9) =0,
200 12> (2/ato)t
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and

lim  sup  wv(z,t;up,v9) =0.
1200 21> (2v/ate)t

Theorem 3.5. Suppose that b > YX. For any given & € SN, (ug,vo) € ChH(&) x C’;[l’l(f),

the following hold.

(1) Forany( < e < 2\/a,

liminf  inf u(zx, t;ug, vg) > 0,
00 2E<(2y/ac)t

and

liminf  inf  w(x,t;up,v9) > 0.
=00 zE<(2ya-ot

(2) For any € > (,

lim  sup  w(z,t;up,v9) =0,
720 o> (2y/ate)t

and

lim  sup  v(x,t;ug,v9) = 0.
b0 6> (2y/are)t

Theorem 3.6. Suppose that b > %. For any given £ € SN7Y, (ug,v9) € CT(€) x CTL(¢€),

the following hold.

(1) Forany( < € < 2y/a,

lim inf inf u(z, t;ug, vg) > 0,
155 [a-€|<(2va—o)t
and

lim inf inf v(x, t;ug, v9) > 0.
t—00 |z-£|<(2v/a—e)t

(2) For any € > (,

lim sup u(z, t;ug, v9) = 0,
1200 |2.¢[> (2 /a+e)t
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and

lim sup v(x, t;ug, v9) = 0.
1700 3¢ > (2/a+e)t

Remark 3.2. (1) As it is recalled in the above, in the absence of chemotaxis (i.e. x = 0),
2v/a is the spreading speed of (1.5). Theorems 3.4, 3.5, and 3.6 provide some new
approach to prove that 2\/a is the spreading speed of the Fisher-KPP equation (1.5).
The new approach can also be applied to the study of the spreading speeds of general

Fisher-KPP equation with time and space dependence.

(2) Assume b > %. Theorem 3.4 (1), Theorem 3.5 (1) and Theorem 3.6 (1) show that the
chemotaxis does not slow down the spreading speed in the Fisher-KPP equation (1.5).

Theorem 3.4 (2), Theorem 3.5 (2) and Theorem 3.6 (2) show that the chemotaxis does not

Npx
4 )

speed up the spreading speed in the Fisher-KPP equation (1.5). Hence, when b >
the chemotaxis neither speeds up nor slows down the spreading speed in the Fisher-KPP
equation (1.5). Biologically, the condition b > % means that the logistic damping is

large relative to the product of the chemotaxis sensitivity and the production rate of the

chemical substance.
The following theorem is on the persistence of strictly positive solutions.

Theorem 3.7. Suppose that b > %’j—x, then there exist m > 0 and M > 0 such that for any

up € C8 (RN), v € COL(RN) with inf ,cpy ug > 0 and vy > 0, there is T'(ug, vo) such that

nif
mSU(x,t;U,Q,’Uo) SM V.Z'ERN, tET(UO>U0)-

The rest of the chapter is organized as follows. In section 3.2, we present some preliminary
materials that will be needed in the proofs of our main results. In section 3.3, we study the
local existence and uniqueness of the classical solutions of (1.4) with given initial functions
and prove Theorem 3.1. In section 3.4, we study the global existence and boundedness of the
classical solutions of (1.4) with given initial functions and prove Theorem 3.2. In section 3.5,
we discuss the asymptotic behavior of global classical solutions with strictly positive initial

functions and prove Theorem 3.3. In section 3.6, we investigate the lower bounds of spreading
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speeds of (1.4) and prove Theorems 3.4 (1), 3.5 (1) 3.6 (1), and Theorem 3.7. In section 3.7,
we study the upper bounds of spreading speeds of (1.4) and prove Theorems 3.4 (2), 3.5 (2)
and 3.6 (2).

3.2 Preliminaries

In this section, we present several lemmas which will be used often in the later sections. The

reader is referred to [16], [46] for the details.

t(A—ol

Throughout this paper, {e )Y,~0, Where ¢ > 0, denotes the analytic semigroup gen-

erated by A — ol on X := C? ,.(R"), unless specified otherwise. Then we have

127D ulo0 < €[] oo, (3.9)
Ve @Dy |0 < Oyt 2e™ |t oo, (3.10)
(el — A)O‘et(A_"I)uHOO < Cot™ e " |ul oo (3.11)

for every ¢ > 0 and o« > 0. In fact, (3.9) and (3.10) follow directly from the following equation,

1 _lz—y?

~e u(y)dy

(S = [ e

RN (4rt)

for every u € Ct (R™), ¢t > 0, z € RY. (3.11) is a result of the combination of Theorem

unif

1.4.3in [16] and (3.9).

t(A—ol

Lemma 3.1. For every t > 0, the operator e )V has a unique bounded extension on

(Ch s (RY)) N satisfying
t(A—al) N 1 b N\ N
8- oy < St e ull Y € (Chu®)", Ve > 0.
7T

Proof. 1t follows from [49, Lemma 3.2]. [

Note that Dom(A — ol) = o2

unif

(RY). Let X® = Dom((cl — A)?®) be the fractional

power space of o1 — A on X (« € [0, 1]) equipped with graph norm ||u| xo = ||(c] — A)%ul| x.
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We have the following continuous imbedding
X*—=C" if 0<v <2 (3.12)
(see [16, Exercise 9, page 40]). Furthermore, there is a constant C, such that
[(e"A=7D) — DNu|lx < Cut®||ul|x- forallu e X« (3.13)

Inequality (3.13) comes from [16, Theorem 1.4.3]. Note that X° = X and X! = Dom(cI—A).
We end this section by stating an important result that will be used in the proof of the local

existence and uniqueness of classical solutions.

Lemma 3.2. ([16, Exercise 4%, page 190]) Assume that a1, as, o, 3 are non-negative constants,
with0 < «a, 5 < 1,and 0 < T < occ. There exists a constant M (ay, 3,T) < oo so that for any

integrable function u : [0, T| — R satisfying that
t
0 <u(t) <ait™ + (12/ (t — s) Pu(s)ds
0
fora.etin |0, T], we have

0 <u(t) < aM

< t7 aeon 0<t<T.
1 -«

3.3 Local existence and uniqueness of classical solutions

In this section, we investigate the local existence and uniqueness of classical solutions of (1.4)
with given initial functions and prove Theorem 3.1. Throughout this section, unless specified
otherwise, C' denotes a generic constant independent of u, v and may be different at different
places. The main tools for the proof of this theorem are based on the contraction mapping
theorem and the existence of classical solutions for linear parabolic equations with Holder

continuous coefficients. Throughout this subsection, X; = C® (R"), X, = C”! (R"), and

unif

X is the fractional power space of A\I — A actingon X;,i = 1,2 (o € (0,1)).
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Proof of Theorem 3.1. It can be proved by properly modifying arguments of [49, Theorem 1.1].
For self-completeness, we provide the outline of the proof.

(i) Existence of a mild solution. We first prove the existence of a mild solution of (1.4) with
given initial function uy € C% (RN), vy € C%L.(RY), that is, the existence of (u(t),v(t))

satisfying

u(t) = e Myy — x [ et=IAADY - (u(5)Vo(s))ds
+ Jo =)A= ADy(s)(a + X — bu(s))ds (3.14)

u(t) = A ADyy 4 gy [1 el Ay (5)ds,

\

To this end, let X = X; x Xs. Fix (ug,v9) € X. Forevery T' > 0 and R > 0 satisfying

HUOHOO S R and ||’UO||CEvnlif(RN) S R, let

S = { (1,0) € C(0,T), Chye(RY)) x (0, T), ClteR™)) | ulloo < R and [[0] s o) < R}
Note that S 7 is a closed subset of the Banach space C([0, T, C%,..(RN))xC/([0, T], CoL (RN))

with the norm [t )5, = Doz [1u(t) o + SuPnzyer [0l gsn
First, it is not difficult to prove that for any (u,v) € Sgr and t € [0,T], ®(u,v)(t) =

(1 (u,v)(t), Pa(u,v)(t)) is well defined in X, where

t t
Oy (u,v)(t) = B My— X/ 6(t_s)(A_)\])v~(U(S)VU(S))dS+/ et =DA=ADy (5) (a+A—bu(s))ds,
0 0

and

t
Dy (u, v)(t) = By, 4 u/ =)A=y (5)ds.
0

Second, we claim that For every (u,v) € Sgp, choose 0 < 8 < + and + < v < 1 such
that y+23 < 1. Then the function (0,T] > t — ®(u,v)(t) € X? is locally Hélder continuous,
and ® maps Sg.r into C([0,T], C®_(RY)) x C([0,T], C*L(RN)).

unif

Indeed, first, by the similar arguments to those in Claim 2 of [49, Theorem 1.1], the func-

tion (0,7] 3t — @ (u,v)(t) € X/ is locally Holder continuous.
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Next, observe that

t
Dy (u, v)(t) = B My, —I—,u/ =) A=Ay (5)ds
— 0

Jo(t) ~~ -
Ji(t)

(A=XI)

For every t > 0, it is clear that Jy(t) = €’ vo € X5 because the semigroup {e/(2*D},-,

is analytic. Furthermore, since X| < C', we have that
t
0lls < [ IOT = AP Nu(s) e s
< C’/t [(A — A)YFBet=9A=ADy (5)|| o ds
0
<c / (= 8189y (s) wds < CR,
0
Since the operator (A\] — A)? is closed, we have J;(t) € XJ. Hence, ®,(u,v)(t) € X for

every t > 0. Therefore, ®(u,v)(t) € X” for every t > 0.
By (3.13), we have

1ot + 1) = Jo(Dll s = [ ("AAD = 1)t S M| s < CHII(AT = APy

< CRPI|(M = AP 3 Dy | < CREPTRS.
Hence, (0,7] 3 t — Jo(t) € X2 is locally Holder continuous. We also have

12(+ ) — D0l s

¢ t+h
< / H (eh(Af)\I) . [>6(tfs)(Af)\I)u<S) Hxﬂds + / ”e(tJrhfs)(AfAI)u(S) Hxﬁds
0 2 t 2
¢ t+h
< C’hﬁ/ |(AT — A)Qﬂe(t*s)(A*M)u(s)||X2ds +/ |(AT — A)ﬁe(Hh*S)(A*M)u(S)HXst
0
. S
< C’hﬁ/ (t — 5) #7729 ||u(s) || sods + C’/ (t 4 h — 5) P77 M=) ||y (s)|| o ds
0 ¢

< CR(K + h7F),
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Hence, (0,T] > t — ®,(u,v)(t) € X} is locally Holder continuous. Thus, (0,7] > t —
®(u,v)(t) € X?islocally Holder continuous. Itis clear that t — ®(u,v)(t) € X is continuous
int att = 0. The claim thus follows.

Third, it can be proved without much difficulty that for any R > max{||uo|| o, ||v0|| bl (RN) }
there exists 7' := T'(R) such that & maps Sg 7 into itself. Furthermore, ® is a contraction map
for 7" small and hence has a fixed point (u(-),v(-)) € Sgr. This implies that (1.4) has a mild
solution (u(-),v(+)) on a small time interval. By the standard extension arguments, this small
interval can be extended to a maximal interval. That is, there is T1,.x € (0, co] such that (1.4)

has a mild solution (u(-),v(+)) on [0, Tinax) and if Tyax < 0o, then

i sup (- 51, 0) |+ [0, 00,0 e, ) = o

Moreover, for every 0 < < }l, % < v < 1suchthat v+ 28 < 1, the function (0, T},ax) O ¢ +—
(u(+),v(+)) € X? is locally Holder continuous.

(ii) Regularity and non-negativity. We next prove that the mild solution (u(-),v(-)) of (1.4)
on [0, Th,ax ) Obtained in (i) is a non-negative classical solution of (1.4) on [0, T1,.x ) and satisfies

(3.1), (3.2), (3.3) and (3.4).

In fact, it follows from the claim in (i) and the fact X f is continuously embedded into

Ob,l/

unif

(RM) for 0 < v < 1 that the mappings ¢ — u(-,t) = u(t)(-) € C*

unif

(RY), t =
v(-,t) == v(t)(-) € C% (RN) are locally Holder continuous in X for t € (0, Tiay). By [16,

unif

Lemma 3.3.2], v(z, ) is a classical solution of
vy = (A = Ao+ pu(z,t), z€RY 0<t< T,

and

31)(-, t) e Cb,u

o, unif
7

822}(’7 t) Cb,u

if
Ow:dx; M

ts (1) € CO

et (RY), ¢ (RY), t+— (RY)
are also locally Holder continuous in ¢ € (0, Tjnax). Then by the similar arguments to those

in the proof of [49, Theorem 1.1], (u(z,t),v(x,t)) is a classical solution of (1.4) on (0, T1,ax)
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satisfying (3.1), (3.2), (3.3) and (3.4). Moreover, since vy > 0 and vy > 0, by comparison
principle for parabolic equations, we get u(x,t;ug,v9) > 0 and v(z,t;ug,vg) > 0 for all

z€R,0<t<Thax.

(i) Uniqueness. We now prove that for given ug € C? .(RN), vg € C*%(RY), (1.4) has a
unif

unif

unique classical solution (u(-, -; ug, vo), v(+, -; ug, vo)) satisfying (3.1), (3.2), (3.3) and (3.4).
Any classical solution of (1.4) satisfying the properties of Theorem 3.1 clearly satisfies

(RY), vy € C™2

the integral equation (3.14). Suppose that for given uy € C° e (RY) with

unif
ug > 0, v9 > 0, (ui(x,t;ug,vo), v1(x, t;ug, v)) and (us(x, t;ug, vo), va(z, t; ug, Vo)) are two
classical solutions of (1.4) on RY x [0, Ti,.x) satisfying the properties of Theorem 3.1. Let
0 < T < Thax be fixed. Thus supg<,<p(|lui(-, 5 1o, vo)|lso + |Ju2(-, 5 uo, vo)|ls) < oo and
supOStST(Hm(',t;uo,v0)||03;]1if(RN)+||vg(-,t;uo,v0)||cz,n1if(RN)) < oo. Letu;(t) = u;(+, t;up, vo)
and v;(t) = v;(+, t; ug, v9) (i = 1,2). Forevery t € [0, T, we have that
¢ 1
[un (8) = w2 (t)]|oe < XCOEEISJT(HVU1<T)HOO>/0 (t = 5)"2e I Jur () = ua(s)loods

xC s (la()lle) [ (0= 92V (an(s) = 01(5) s

t
+(a+A+b sup (Hul(T)lloo+IIU2(T)\loo))/ e uy (s) — ua(s) | oods,
0<r<T 0

and

IV (01 (t) = va(t))]] o0 < u/o Ve EA (g (5) — ua(s)) | sods

< MC/O (t =) "2 M ur(s) = us(s)| ods.
Let u(t) = uy(t) — ua(t), v(t) = v1(t) — vo(t). We then have

[u(@) e + Vo) < M/O (t =) (lu(s)lloe + [ V0(5)l) ds.
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where

M =xC sup ([[Vvi(7)]lec) +xC sup ([Jua(7)][0)
0<7<T

0<7<T

i ( FA+b sup (Jur (Pl + ||u2<r>||oo>) VT 4 uC < oo.
o<r<T

By Lemma 3.2, we get ||u(t)||cc = 0. Thus, u;(t) = uy(t) forall 0 < ¢ < T. Since v(t) =
fi [y et=9A=ADy(s)ds, then v(t) = 0. Hence, vy(t) = vy(t) forall 0 < t < T. Since
T < Tax Was arbitrary chosen, then uy(t) = uy(t), v1(t) = vo(t) forall 0 < ¢ < Tyax. The

theorem is thus proved. O]

3.4 Global existence and boundedness of classical solutions

This section is devoted to the study of the global existence and boundedness of classical so-
lutions of (1.4) with given initial functions and prove Theorem 3.2. Again, throughout this
section, unless specified otherwise, C' denotes a generic constant independent of u, v and may

be different at different places.

Proof of Theorem 3.2. Assume b > %ﬂ. It can be proved by properly modifying the argu-

ments in [70, Lemma 3.1].

First, we have
th |Vv] = val (I

From the second equation of (1.4), we have
—— Vo =3 0, (Av = M+ )y, = Vo - V(Av) = A Vo + 4Vo - Vu.  (3.15)

Note that Vv - V(Av) = LA |Vo|* — |D%u]?, (3.15) becomes

A
2 = Lo = XAlV ? - X]D2v|2—%|Vv|2+XVv-Vu. (3.16)
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Next, by the first equation of (1.4) and (3.16), we get

d

pr [u+—|V ? | =Alu —I—%|Vv|2]—%‘D22)|2—X7)\|VU|2—XuAv+u(a—bu). (3.17)

By Young’s inequality, we have
N 1
luAv| < e ‘D271|2.
4 %
Combining this with (3.17), we have

A
%[UWL % Vo] < Alu+ % IVol?] - % |D?0|* — X— |Vol? + x [ulAv] + u(a — bu)
A N
< Alu+ % IVol?] - X? IVol® + quz + u(a — bu)

~ X wuP] - X\ = (p— Xy, 22X T )y
—A[u+2’u|Vv|] 2)\[u+2ﬂ|VU|] (b T ) (u 4b—N,uX)

Nux. 402X\ +a)?
- N (2A+a)®
4 7 (4b— Npx)?

Since b > “X , then for 0 < t < T,,,42, We have

d

ar 2\ +a)?
dt

22T 348
(46 — Nux) G19

X 2 X 2
u+—|V|] Alu +5|VU|}—2)\[u+ﬂ|V2}|]+

By the comparison principle for parabolic equations, we have

X 2 (2X\ + a)? N
= |Vu|* < . Vul|%,, VO0<t<Tha, R
wh 5 190 < maxluall + 55 Vel g ) re
2)\+a
Let M = maX{HuOHOO ||VU0||007 M’—NNX} then
u(z, t;ug,vg) <M V0<t<The,t€ RV, (3.19)
and
2uM
Vo, t o, v0)| < (|22 V0 <t < Thgws a0 € RY. (3.20)
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From the second equation of (1.4), by the variation of constant formula,
t
v(-, tug, vg) = B My 4 ,u/ =) A=Ay (5)ds.
0
Thus,

t
lo (-, t; w0, vo)lloe < €™ flvo +u/ e M Ju(s) o ds
0

M
< lvollo + MT V0 <t < T, @ €RY. (3.21)

In view of (3.19), (3.20) and (3.21), we obtain that limsup, ,;, _||u(-,%; ug, vo)||o is finite

and that limsup, ., |[v(-, % uo, o)l v (rv) 18 also finite. Therefore, it follows from the
unif

blow-up criterion that 7T},,, = oo and the solution (u(z, t; ug, vo), v(x, t; ug, vg)) is bounded for

(z,t) € RY x (0,00). By (3.18) and the comparison principle for parabolic equations,

_ (2X\ +a)?
lim sup sup u(-,t; ug, vg) < 3.22
tﬁoopxeRII)\’ ( 0-%) 2A(4b — Npx) ( )
and
' 12X + a)?
limsup sup |Vo(-,t;ug, vg)| < : 3.23
nSup Sup [Vl b o, o)l \/X/\(4b — Nux) 329
Finally, we prove (3.6). To this end, let
Uz, t) = u(z,t;up, vo) — % and V(z,t) = v(x,t;up,v9) — %%
Then (U, V') solves
(
Uy = AU — xV - (u(x, t;ug,v9)VV) —alU — bU?, x € RN t>0,
Vi=AV = AV +ulU, xRN t>0,
(3.24)

U(z,0) = ug(x) — ¢, xeRY,

V(z,0) =vo(x) — 4%, xRV

\
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By (3.24) and the similar arguments as those used at the beginning of the proof, we have

da X 27 = X 27 _ _ e X 22 XA 2
dt[U+2M|VV|}—A[U+2H|VV|} XuAV — aU — bU H\DV| M|VV|.

It follows from Young’s inequality and U = u — ¢ that

Npua a’Np
2b U 4b?

wav) < Mz Lipeyp 2 Mg + Ly
4 7 4 7

Combining these and b > %, and A > 2, we have

d X 2 X 2 X 2

a’Npx
b(4b — Nux)’

This together with the comparison principle for parabolic equations and 4b > N xp implies

N
sy s (U(1) + 5 (VY0P < 5=,

We then have

imsup U7 1) < Gt (325)
and

N 4
hrtiilolp -8 w0, vo)lloo < % i b(4§—/vjb\>f<ux) T4 ?VMX'

Hence (3.6) holds and the theorem is thus proved. O

3.5 Asymptotic behavior of global classical solutions

In this section, we discuss the asymptotic behavior of global bounded classical solutions of
(1.4) with strictly positive initial functions and prove Theorem 3.3. The proof of Theorem
3.3 can be done by following the ideas given in [70]. Throughout this section, We assume
that inf,cpn ug(z) > 0 for ug € C° (RY) and vo(z) > 0 for vy € CL(RN). We also

assume that b > N—Zﬁ and A > 7, and 0 = %%. Hence 0 < # < 1. We denote by
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(u(x,t;ug, vo), v(z, t;ug, vy)) the global bounded classical solution of (1.4) associated with
initial function (ug, vg). Again, throughout this section, unless specified otherwise, C' denotes
a generic constant independent of u, v and may be different at different places.

Recall that U (x, t) = u(xz, t;ug,v0) — ¢, V(z,t) = v(,t;u9,v0) — 5 %. Then (U, V) solves
(3.24). We first present some lemmas on the estimates of U and V. The first lemma provides

an estimate of ||VV (-, 1)|o-

Lemma 3.3. There exists Cy = Cy(a, 1, \) > 0 such that

Co
b(1—6)

limsup [|[VV (-, 1)]|e0 <
t—o0

Proof. By (3.6), we can fix a sufficiently large ¢, such that

2a
b(1 —0)

HU(, t, U, UO)”oo < Y t> tl. (326)
By the variation of constant formula, we have that
t
v(-, tug, vg) = eUTETAy (Lt g vg) + u/ ety (L siug, vo)ds Y t >t
t1

Note that VV (z,t) = Vu(z,t; up, vp). Thus, we have

IVV () llse <[V E (- 1510, v9) |

t
+ u/ Vet AADy (0 s ug, vo)||eds ¥t > . (3.27)
t1
By (3.10) and (3.26), we have

||ve(t_tl)(A_>\[)U('a t17 u07UO)||oo S C(t_tl)_%e_/\(t_tl)HU<'7tl; U, UO)HOO vVt Z tla (328)
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and

¢ ¢
,u/ ||Ve(t_5)(A_’\])u(-,s;uo,vo)Hoods < ,uC’/ (t — s)_%e_’\(t_s)ﬂu(-,s;uo,vo)Hoods
t1

t1
200CNT sy
b(1— )V

<

(3.29)

The lemma with Cy = Cy(a, i, ) = %’7 then follows from (3.27), (3.28) and (3.29). [

The second lemma provides an estimate of ||AV(+,t)]| -

Lemma 3.4. There exists C; = C1(\, a, N) > 0 such that the following holds

. pCh

1 AV () oo £ ——=.

im sup AV (1) [loo < e

Proof. Fix (3 and 7 such that v € (1, %) andy—1< 8 < % We first prove that there exists
Cy = Ci(\, a, N) > 0 such that

limsup ||APU (-, 1)]|ee < “
t—o0 b

IR (3.30)

where A? = (A — A)P. To this end, let ¢; > 0 be such that (3.26) holds, then

a a 2a a 3a
U t)]loo N UCE) — 7l + 7 < - < YV t>t. 3.31
UGl VG0 =T+ 5 < 5757 + 5 < 505) NCEN
By lemma 3.3, we can fix t5 > t; sufficiently large such that
20
IV0(-, 5 10, 00) oo = [VV (1) ||oe < 0 Yt >ty (3.32)
b(1 —0)
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It follows from the variation of constant formula that

t
U('7 t) = e(t_tQ)(A_aI)U('a t2> - X/ e(t_S)(A_aI)V ' (U(, 8; Uo, UO)VV('7 S))dS
v - to
I NS ~ /

Iy

By (3.11), Lemma 3.1, (3.26), (3.31) and (3.32), we have

1A% L [loo = | A% EDU (- )| < Ot = 1) e DU )]l ¥ 82t

t
147D < x / |AZNEDG - (u(-, 5)VV (-, 5))ds | sods
to

t
< XO/ (t= )72 I fu(, 5) oo [VV (-, 8) | ods

to

40

< g+3_ 0
SxCE A gy

Vtzt%

and

t
[l b [ A% DU 52 s
to
t

<bC [ (t—s)Pe | U(-, 5) |2 ds
to

9¢ B+1

< —— > 9.
_b(l_e)z& Vt_tQ

We then obtain that

AU (- 1)l|oe < Ot = t2) P2 U, 5) oo + xCa™*2

5+

R(1—0)2  b(1-0)?

This together with § = ]f,—i and 0 < 6 < 1 implies (3.30) with C; = Cy(\,a, N)

320a°+3 /7 B+1
N—ﬁ + 90& .

90
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Next, by (3.30), we can fix t3 > t, sufficiently large such that

20,

14V Dl < 57w

Vt>ts. (3.33)
By the variation of constant formula, we have

t
V(- t) = A ADY (L gy 4 ,u/ WAL §)ds Y t > ts.

ts3

Note that

AV (Dl < CIIATV () oo

By (3.11),
||A”e(t_t“)(A_M)V(-,153)||OO < C,(t— tg,)_”(fw_ti*)||V(-,153)||C>O —0 as t— oo.
By (3.11) and (3.33), we have
t t
u/ | A7 IEAT(., ) | ods = u/ A7l =IEAD AP, 5) || sodls
t3 t3

2¢, [
< = t — g)~ (B e=Alt=s) g
—”Cb(l—e)Q/ts( s) e s

20,
= uC———= NP1t > ¢,
Pva—o)y ="
It then follows that the Lemma holds with C; = C(\,a, N) = 200 N8, O

Observe that, by (3.31),

3a
b(1—06)

limsup [|U(+, )]0 <
t—o00

In the following lemma, we provide a better estimate of ||U(+, )| co-

Lemma 3.5. There exists Cy = Cy(\, a, N) > 0 such that

Cy0
1' . < — .
IOl = 5
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Proof. We first prove that there exists Cy, = Cy(\, a, N) > 0 such that

o . a Cs0
hgglf (:cler]%&ff\’ u(z, t; up, UO)) > 5 m (3.34)

By Lemma 3.4, we can choose ?4 large enough such that
|Av (-, 510, vo)[[oo = [JAV () [loo <

Therefore,

2uCix

m)-bﬂQ VrzelR, t>ty

u > Au— xVou - Vu+ u(a —

By the comparison principle for parabolic equations, we have

=
.. . 1—
liminf ( inf u(z, t;ug,v9)) > —————.
50 <:1:€]RN ( y Uy W0, 0)) fal b

This together with ¥ = 4% implies that (3.34) holds with C, = C5(), a, N) = 5.
Next, by (3.34),

, C,0

1 U_(,)|lee < ——.

ﬂilolpu ()l < ML
By (3.25),

af
Iimsup ||Up(+,t)||oe < ———=.
tﬁoopH +< )H b(l—@)

Thus, the Lemma holds if we let Cy, = C5(), a, N) = max{C, a}. O

We now prove Theorem 3.3.

Proof of Theorem 3.3. First of all, let 6, € (0, 1) be defined

20,0 1 8C\"zazimh 1
6, = 0 | —2" <2 and 222 T oy
o=swif € O DIa—5m =5 ad =g =)
Then
2050, 1 8O\ "2a3ml, 1
<2 ogpq A @R 2 3.35
(-6 =6 ™ Ni—a) =1 (3-39)
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Let K = 4]\770 > %. We prove that for any b > K xpu, there are C' > 0 and a > 0 such that
(UG )]|oo < Ce™® ¥V ¢ > 0. (3.36)

To this end, first fix b > Kyu. Note that § = % < 6. Then by (3.35), there is

0 < a < min{\, a} such that

20,0 1 8aC(A—a) 2(a—a)znf _ 1
< = d < —. 3.37
1—02(a—a) 6 ™ N(1—6) =12 (3:37)
Fix 0 < oo < min{\, a} such that (3.37) holds and fix B > 0 large enough such that
20,0 B 16aCy(a — o) 2/70 _ B
—_— < = d < —. 3.38
bl—62-¢6 Nub(1—0)2  — 12 (3.38)
By Lemma 3.5, there exists ¢ty > t4(> t3 > to > t;) such that
2050
U)o <——= Vit>t. 3.39
060l < gt V12 (3.39)

Consider the set
S ={Ty > to||U(t)||se < Be ®t=0) "V t € [to, Ty)}.

By (3.38) and (3.39), we have ||U(-,to)[|« < 2. Thus, S is not empty and T := sup S €

(to, o¢] is well-defined. Hence, to prove (3.36), it is sufficient to prove that
T = 00. (3.40)
Next, by the variation of constant formula,

t
IVV (-, 1)]|oo = [[VelTOEADV (1) + 1 / Vet AT (. 8)ds|la Y t > t.
to

93



By (3.9), (3.32), we have

[V EADV (- t) oo = [ EPIVV (-, 1)l < e X VV (- 1) oo

< o Mi—to) 2Cy < 2Cy

—alt=to) i > ¢, 41
= bW1-0) “b(1_0)° vizh.  G4D)

Furthermore, (3.10) along with the definition of 7' gives us that

t

,u/ | Vet AAD (. 5)||sds

to

t 1
< uC/ (t — ) 2e M| U(-, 5)||oods
to
L /\(t—t()) N N
< uBOA ( / o3 e0-3)7 ) =ote—t0)
0

< uBOX"3(1 — %)*%\/Ee*a“*%) YVt € (to, T). (3.42)

Combing (3.41) and (3.42), we get that

20,
b(1—0)

IVV (-, 1)l < { + puBCA 2 (1 — %)*éﬁ}e*a“%o) Vie (t,T). (3.43)

By the variation of constant formula again, we have

t
U (- )lloo < Jle“EDU(- 1) oo +x/ [~ A=DT - (u(-, 5510, v0) VV (-, 8)) | sods
to

t
+b/ e A=eDT2(. §)||ods Y t > to.
to

It follows from (3.38) and (3.39) that

2040
b(1— 9)2

e~ tt0) > (3.44)

e E=DT( 1)y < €™ DT (- ) o < €7

< e—a(t—to) e A S

20,0 _ B
= b(1—0)2 = 6
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By Lemma 3.1, (3.26), (3.37), (3.38), (3.43), and % = ]‘\17—9 we have

W’

¢
X/ ||€(t_s)(A_“I)V (u(-, 83U, v0)VV (4, 8)) || cods
to

t 1 2a 2C 1 Q,_1
< —oll=9) (t — )73 0 BOA2(1— ~)72 —elsto)g
_XC’/tOe (t —s) T 6){b(1—6)+u ( )\) Ve s

160aC, 80aBC(\ — o) "2/7

< A3 —af(t—to)
e T ER o e A A
< %e_a(t_t(’) Vte (ty,T). (3.45)

By (3.37), (3.39), and the definition of 7', we have

t t
b / et 9B=aDU2(. )| ds < b / U, )|ocllU - 5) ods
to

to

t
< b/ e’“(t’s)—zoﬁ 2Be’a(s’to)ds
to b<]' - 6)

Be~elt=) v ¢ € (t,,T). (3.46)
Combing (3.44), (3.45) and (3.46), we can obtain that
1 B
JU( ) ]|oe <3 gBe’O‘(t’tO) = Ee*a“*to) Yt e (t,T),

which together with the continuity of U implies that 7" cannot be finite. This shows (3.40), and
(3.36) then follows.

We now prove that there is C' > 0 such that
V()] < Ce @ Vi 0. (3.47)
By variation of constants formula associated with the second equation in (3.24), we get that

¢
V(1) = A=A (vo — %%) + ,u/ eHAAY (L s)ds Yt > 0.
0
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By (3.36), we have

IV )lloo < (13720 (vg — ||oo+u/ = EADU (-, )| oods
< efAtHUO . %ZHOO +C,u/0 —A(t— s) —as Jg
- pa Cp o —ar
=e /\t”UO_XE”OO /\_a(e F_e™) Vi>0.
(3.47) then follows, and (3.36) and (3.47) establish (3.7). O

3.6 Lower bounds of spreading speeds

In this section, we investigate lower bounds of spreading speeds of global classical solutions
of (1.4) with different initial functions and prove Theorems 3.4 (1), 3.5 (1) and 3.6 (1), and
Theorem 3.7. Throughout this section, we assume that b > %.

We first prove some lemmas.

For any given £ € SV ~!and ¢ € R, let i(z,t) = u(x + cté, t) and 0(z, t) = v(x + cté, t).

Then (1.4) becomes

= Atu+c€-Va—xV-(aVo)+a(a—bu) zeRY,
(3.48)

= A0+ -V — o+ pu, x€RN

In the following, (u(x,t; &, ¢, ug, vo), 0(x, t; &, ¢, ug, vy)) denotes the classical solution of (3.48)
with ﬂ(x, Oa §7 G, Uo, UO) = Uy € Xf_ and @({E, 07 57 ¢, Uo, UO)) =g € X;_

For any given 0 < € < 24/a, fix 0 < @ < a such that
da—ct>efa ¥V —2V/a+e<c<2J/a—e (3.49)

Let

27T\/N

= 1
(cva)!

(3.50)
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and

(3.51)

Then ((c,a) > 361‘6/5 > 0 forany —2y/a + € < ¢ < 2y/a — e. Let

Dy={x e RY | |z;| <l fori=1,2,---N}.

For every x € RY, and r > 0, we define

By(z):={y e R" ||y — x| <r}.

Lemma 3.6. For any given 0 < € < 2+/a, let a and | be as in (3.49) and (3.50). Then for any
—2/a+e<c<2ya—eand & € SN ((c,a) which is defined as in (3.51) is the principal
eigenvalue of

Ap+c6-Vo+ap=_(p, €D

(3.52)
gb(l‘) = 07 T e 8Dla
and ¢(x; €, c,a) = e 267 Hf\il cos 5,7 Is a corresponding positive eigenfunction.
Proof. It follows from direct calculations. ]

Lemma 3.7. There are M > 0, M; > 0, and 0 < 0 < %such that for any (ug, vo) € X;" x X3,

there is Ty(ug, vo) > 1 such that for any ¢ € R, any £ € SN, it holds that

(-, €, e, u0,v0)loo < M Vit > Ty(uo, vo)

15(-, €, ¢, u0,v0) [loo < MVt > To(ug, vo)

(3.53)
HV'&('at;gacaumUO)Hoo S M VtETo(Uo,UO)
||A6(7t7€7 C, u07U0)||00 S M Vi Z T()('LL(), UO)
and
sup va(ata C7U0,/U0) _V70)<'7S;Ca u07U0)Hoo S ]\4‘2\41 (354)
t,s>To(uo,v0)+1,t#s |t - S|
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Proof. Tt suffices to prove (3.53) holds with @(-, t; £, ¢, ug, vo), 0(+, t; &, ¢, ug, vo), VO(+, t; €, ¢, ug, Vo),
and AD(-, t; €, ¢, ug, vg) being replaced by u(+, t; ug, vg), v (-, t; ug, vo), VU (-, t; ug, vo), Av(+, t; ug, vo)
respectively, where(u(x, t; ug, vo), v(x, t; ug, vg)) is the classical solution of (1.4) with u(x, 0; ug, vg) =
uo and v(x, 0;ug, vg)) = vo.

First, we obtain the upper bound for ||u(-,t; ug, v9)||s and ||Vv(+, t; 1o, vo)||co- It follows

from (3.22) and (3.23) that there exists 77 = T3 (ug, vg) such that

(2A +a)?
-t W< ——F— Vt>T 3.55
||u(7 7u07v0)|| = /\(4b—NIUX) g | ( )
and
1@+ a)?
-t o <2 t>1Tj. 3.56

Next, we obtain the upper bound for ||v(-,¢; ug, v9)||~- By the variation of constant for-

mula, we have that

t
v(-, t;ug, vg) = eCTTIEAAD G (T g, vg) + u/ et A=ADy( siug, vg)ds Yt > T
T

Then by (3.9) and (3.55),

t
lv(-, 510, v0) |loo < G_A(t_Tl)HU(',Tl;U07U0)||oo +M/ G_A(t_S)HU('aS;Uouvo)HoodS

Ty
2\ + a)?
< e M y( Ty AT g
~ € ||U( 5 1;u07U0)||oo+ )\2(4b—NIUX) - 11
This implies that
. w2\ + a)?
limsup ||v(-, t; ug, Vo) ||l < ——7"—.
t—>oop|| ( o o) A2(4b — Npuy)
It thus follows that there exists Ty = T5(ug, vo) > 17 such that
20(2) + a)?
1 0 <=t YV it>T5. 3.57
||U( ) au()av())“ = )\2(4[)_ N,UX) = 42 ( )
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Now, we obtain the upper bound for||Av(-, t; ug, vp)||o. Similar arguments to those used

in Lemma 3.4 yield that

: g 1 (2M+a)? 2\ + a)?
limsup || Av(-, t; ug, vo)||oo < pCAT™? 1( N3 (

(2X\ + a)? ; 2\ + a)*
A4b— Npyx)  A2(4b— Npuyx

oo ) o

By (3.55), (3.56), (3.57), and (3.58), there are M > 0 and Tj(uo, v9) > 1 such that (3.53) holds.

Finally, (3.54) follows form the arguments in the Claim of Theorem 3.1. [

In the following, M > 0 is as in Lemma 3.7, and for given € > 0, > 0 is as in (3.50). For

givenn > 0, let 7= T'(n) > 1 be such that
e MM <, (3.59)

and L. = L(n) > [ be such that B.,(0) D D; and

max{ e|z|2dz,/ 1zle P dz)} <. (3.60)
RM\B 475 (0) RM\B 47 /5 (0)
2V2T 2V2T

Lemma 3.8. For any given 0 < € < 2\/a, let @ and | be as in (3.49) and (3.50). Let 0 < a <
a — a be fixed. There is ¢; > 0 such that for any 0 < 1 < ¢, any (ug,vo) € X;” x X, any
€€ SN any —2\/a+ € < ¢ < 2v/a — ¢, any ty, ty satisfying Ty (ug, vo) < t; < to < 00, and

any ball Bsy,,;) with radius 2L(n) in RY, if
sup  a(x,t; €, cug,v9) < Vi <t <ty
LBGBQL(n)
then
sup max{@(@t;f’ ¢, Uo, U0)7 |8xzﬂ<x7t7§7 C, Uo,’Uo)|} < M77 th +T(77) St <ty (361)

*TEBL(n)
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and

N
X sup Z|8xm] (x, 6, c,up,vo)| <a Vi +T(n)+1<t<ty, (3.62)
ZEBL(n)z] 1
where
M 1 1
M = max {1+ £ N+ﬁ 1+ Eatr)M + Loair(s)).

Proof. Tt suffices to prove the lemma for the ball centered at the origin with radius 2L (). If not,
we can make appropriate translation of (@(z,t; &, ¢, ug, vo), 0(x,t; &, ¢, ug, vg)) for the space
variable x to achieve this. We first prove that (3.61) holds for any n > 0. Fix ¢t; > T(uq, vo).

Note that

17(]}, tv 57 C, U, UO)

—A(t—t1) late(t—t1)E—y|?

— / e—e Wﬁ(y7tl;€7c7u077}0)dy
7(t —tl))

e~ A(t=s) w .
+ @ 4(t—s) u(y7 S5 57 ¢, Ug, Uo)dyds
R
1

N 47rt—3

w2z

= / e_k(t_tl)e_‘d f)([lf + C(t - t1)5 + 2\/ t— tlya t17 57 ¢, Uo, ’UO)dZ
T2 JRN
¢
/ / e_’\(t_s)e_‘ZPﬂ(x +c(t — 8)E + 2Vt — sz, 8; €, ¢, ug, vg)dzds,
t1 JRN

1

\z‘t

_|_

N

™

and

aifz@(x? ta 57 ¢, Ug, UO)

. — . — — _A(t_tl) ztc(t—t — \2
:/ (yi — i —c(t —t1)€)e N e_| + 4t(t—%5)1§) y Byt €. .0, v0)dy
RN (t — tl)(4ﬂ'(t — tl))7

s —x; — ot — “AE=8)  |ate@t—s)e—y?
+ ILL/ / y o c< 8)§)€ N € 4(t=9) ’ ’&(yﬂg;gacy an”O)dde
RN 2(t—s)dm(t —s))2

1
= —(t— tl) —Alt=t1) / 2e 702 + et — )€ + 2V — tiz, t1; €, ¢, ug, vo)dz
T2 RN
/ / (t —s) 2 _)‘(t_s)ze_z2ﬁ(m +c(t — 8)E 4+ 2Vt — sz, 8;€, ¢, up, Vo )dzds.
RN

7'['2
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Hence, for x € By (0) and t; + T < t < min{t; + 27T, t5}, we have

Oz, t; &, ¢, up,vg) < AT]\4+— / / A=) =12 qods | M
RM\B_ 4T\f(0)
2v2T
! 2
/ / e_A(t_S)e_‘Z| dzds sup ﬂ(zv ta 57 C, Ug, UO)-
t1 B 475 (0) t1 <t<ta,|z|<2L
2v2T

By (3.59) and (3.60), if sup,¢p,, () a(x, t; €, ¢, up,v9) < mforany t; <t < ty, then

M
O(x, 8 &, ¢, up,v9) < (1+ )lj ~ + %)n Vit +T <t<minf{t; + 27, t2}, |z|] < L. (3.63)
T2

Fort; + T <t < min{t; + 27, ¢, }, and x € B (0), we have

|8x16(x7 ta 57 C, Ug, UO)|

1
< —ET_f _’\TM—i—— / / t—s) 2¢ 29 2|e P dads | M
RN\B_ 4Tf

T2

t1 <t<ta,|z|<2L

t
+ izv / / (t — s)’%e”\(t’S)]z\e"zﬁdzds sup  u(z,t; €, ¢, ug, vo).
T2 B,_4r5(0

22T

By (3.59) and (3.60), if sup,cp,, (o) @(7, t;, ¢, up, vo) < n forany ¢, < ¢ < to, then

11 11
10,5 (2, 15 €, ¢, u0,v0)| < (1 4+ L NTED(2)M + AT ) (3.64)

fort; + 7' <t < min{t; + 27, t,} and = € B (0).

In the above arguments, replace ¢; by t; + 1T". We have (3.63) and (3.64) for t; + 27T <
t < min{t; + 37, ¢, }. Repeating this process, we have (3.63) and (3.64) for t; + T < t < t».
It then follows that (3.61) holds for any 1 > 0.

Next, we prove that there is ¢y > 0 such that (3.62) holds for 0 < n < €. Assume

this is not true. Then there are 1, — 0 as n — oo, (un,v,) € X; x X, & € SN,
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—2va+e€ < ¢, <2v/a—¢€ To(up,v,) < t1ny <t +T(n,) +1 < t,, < to, such that

sup ﬁ(m,t;fn,cmun,vn) S M, thn S t < t2n

|z[<2L(nn)
and
N
X Sup Z |awiwji}<x7tn;gn;cn;un,vn)’ > EL
[ <L(nn) i,j=1
Let

(T (,8), 0p (2, 1)) = (W2, + tn;&n, Cny Un, V), V(T T+ L Eny Cy Uny V) ).

Without loss of generality, we may assume that
(U (2, 1), 0p (2, 1)) = (u*(x,t),0"(2,1))

as n — oo locally uniformly on (z,t) € RN x [-1,00), &, — &%, ¢, — ¢* as n — oo for some

& e SN —2\/a+ e < ¢t <2y/a— e Note that v*(z, t) satisfies
v = Avt 4Vt = Wt o, Vo eRY > 1

and

N
X sup Z |02,2,v"(2,0)| > a.

N
zeR ij=1

By (3.61), we have
u (x,t) =0, v*(z,t) =0 Vo eRY —1<t<0.
Then by the comparison principle for parabolic equations,
v (z,t) =0 Vo eRY t> -1,

which is a contradiction. Hence (3.62) holds. [l
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Lemma 3.9. For any given 0 < € < 2\/a, let a and | be as in (3.49) and (3.50). Let (;, =
Min_y /z4c<c<2a—e C(c,a) > 0, where ((c,a) is as in Lemma 3.6. Let Ty > 1 be such that
eCoTh > 4. Let €g be as in Lemma 3.8. For any 0 < n < €, there is 0 < 0,, < € such that for
any (ug,vo) € X{ x X, any & € SN, any —2\/a+e < ¢ < 2y/a—¢, any ty > Ty(ug, vo)+2,

and any ball By;, C RN with radius 2L, if

sup (z,to; €, ¢, uo, vo) = 1,
rE€Bsy,

then

inf ’lNL(JT,t;f,C,U(),UQ) Z (5,7 \V/to §t§t0+T+T0,

r€Bsg,

where L = L(n) and T = T'(n).

Proof. Suppose on the contrary that the conclusion fails. Then there exist 0 < 7y < €,
(u0n7v()n) S X1+ X X;—, gn S SN?l, _2\/a +e€ S Cn, S 2\/a — €, tOn Z TO(UOnaUOn) + 2’
a sequence of ball By, .\ C RY with radius 2L(1), x,, 2* € R with z,, € By 1oy Tn €

By ey tn € Rwith to, <ty < ton +T'(m0) + T, such that

hm 7l(-rna ZfOn; gna Cp, Uon, UOn) 2 Mo (365)
n—oo
and
lim a(z), tn; &n, Cn, Uon, Von) = 0. (3.66)
n—oo

Let ﬁn(-r? t) = ﬁ(l’—i—l’n, t+t0n_1; gna Cn, Uon, vOn), {)n(x> t) = 17(1’4—1’”, t+t0n_1; gna Cny Upn,, vOn),

and T = T(n) + Ty, L = L(1). Without loss of generality, we may assume that

Ty — Ty =2, by —to,+1—=t">1 as n— o (3.67)

and

(U (2, 1), 0p (2, 1)) = (u(x,t),0"(2,1)) (3.68)
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as n — oo locally uniformly in (z,¢) € RY x [0,00), &, — £* and ¢, — ¢* as n — oo for
some &* € SV, —2\/a+e < ¢* < 2y/a—e. Then (u*,v*) is a solution of (3.48) with ¢ being
replaced by £* and ¢ being replaced by ¢* for ¢ > 0.

By (3.65), u*(0, 1) > o, it follows from comparison principle for parabolic equations that

u*(z,t) > 0 forx € RY, ¢ > 0. But by (3.66), u*(x*,t*) = 0. This is a contraction. O

Lemma 3.10. For any given 0 < € < 2y/a, let a and | be as in (3.49) and (3.50). There is
0 < €y < €q such that forany 0 < n < €, there is 577 > 0 such that for any (ug, vo) € X; x X3,
any £ € SN, any —2/a + € < ¢ < 2\/a — ¢, any ty, t, satisfying that Ty(ug, vo)+2 < t; <

to < 00, and any ball By, C RY with radius 2L, if

sup 'LNL(Z',tl, ’57 C, Uo, UO) =1, Sup ﬁ(l’,t, ga ¢, Uo, UO) S 7, v tl <t< t27
TE€EBs, r€Bsy,

then

inf ﬁ(I,t;g,C, UQ,’UQ) > 577 Vit <t <t
zE€Bsy,

where L = L(n).

Proof. Tt suffices to prove the lemma for the ball By, (0) centered at the origin with the radius
2L. If the ball with the radius 2L is not centered at the origin, we can make an appropriate
translation of (a(z,t; &, ¢, ug, vo), 0(x,t; €, ¢, ug, vg)) for the space variable z to shift the ball
into the ball centered at the origin.

First, consider

up = Au+c€-Vu+q(x,t)-Vu+au, x€ D, t>0
uw(z,t) =0, x€dDy, t>0, (3.69)

U(IE,O):¢<$;£,C,C_Z), l’EDl,

\

where ¢(z;¢,¢,a) = ¢(ﬁif”’;’a) and ¢(z; &, c,a) is as in Lemma 3.6. Let u(z,t; &, ¢, q) be the
solution of (3.69). Let T, o => 1 be as in lemma 3.9. We claim that there is €; > 0 such that for

any —2y/a+e¢ < ¢ < 2y/a—e, any £ € SV, any function ¢(x, t) which is C! in 2 and Holder
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continuous in ¢ with exponent 0 < 6 < 1,
sup la(-, )llop,) < xVNME (3.70)
t=>

(M is as in Lemma 3.8), and

lg(:,t) = (5 8)lleq

sup 5 D) < xMM, (3.71)
t,5>0,t#s |t — s
(M and M, are as in Lemma 3.7), there holds
u(z, To; €, ¢,q) > 2¢(x;€,¢,a) YV € D, (3.72)

In fact, assume this is not true. Then there are ¢, — 0 asn — oo, z, € Dy, &, € SV 71,

—2\/a+ €< ¢, < 2y/a — €, and g, (z, t) satisfying (3.71) and
i;l]g lan (- )l < X\/NMen

such that

(T, To; Ens s Q) < 20(Tn: €y @) ¥ > 1. (3.73)

Let u,(z,t) = u(x,t; &, Cn, qn). Without loss of generality, we may assume that
U (z,t) = u(2,t), Opun(x,t) = Opu*(x,t) as n — oo

locally uniformly in (z,t) € D;x[0,00), &, — £*and ¢, — ¢* asn — oo for some £* € SNV~L,
—2y/a + ¢ < ¢ < 2y/a — e. Note that u*(x,t) = u(z,t; &, c*,0) = S DG (x; €%, c*, a).
Hence

wt(z, Ty) > eCOTOQ_S(a:;é*,c*,EL) > d¢(x; &, ¢ a), Y x e Dy

This together with the Hopf’s Lemma implies that

Un (2, T0) > 20(2;6n,¢ya) ¥V x €Dy, n>> 1,
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which is a contradiction. Hence the claim holds true.

Next, without loss of generality, we may assume that
a—a— bg() > a.

LetT = T(n). By Lemma 3.8, for any given 0 < n < €y, £ € SV, —2y/a+¢e < c < 2\/a—¢,

t1+T—i—1§t<t2§oo,and:c€BL(O),

U = At +c& - Vi —xVv-Va+ ala — xAD — ba)

> A+ c€ - Vu+q(x,t) - Va + aa, (3.74)

where q(x,t) = —xVo(z,t;§, ¢, up,v9). By Lemma 3.7 and Lemma 3.8, ¢(-,-+t; + T + 1)
satisfies (3.70) and (3.71). Let ny > 0 be such that

t1+T+1+7’L0T0<t2 and t1+T+1+(n0+1)T02t2
By Lemma 3.9,

inf a(x, ;€ c,up,v0) >0, Vi <t<t;+T+1.
.Z’EBQL(O)

This together with the comparison principle for parabolic equations and (3.72) implies that for

any —2/a +e¢ < c<2/a—e¢,any £ € SNL,

fb(l’,tl + T+ 1 + ]{?T();f,C, U(),'U()) Z 2k_15nﬂ(xafo§§;c79(‘7 -+ tl + T + 1 + (k - 1)TO>)

> Qkéné(x;f,c, a) VxeD

fork =1,2,---,ng, where 0, is as in Lemma 3.9. By Lemma 3.9 again, we then have for any

—2/a+e<c<2/a—e¢any & € SN,

inf a(x,t; &, e, up, vo) > 57, = min{d,, ds, } Vi1 <t <t
z€Bor,(0)
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We now prove Theorem 3.4 (1).

Proof of Theorem 3.4 (1). let (ug,v9) € C x CH' be fixed. We first prove that for any 0 <
€ < 2y/a,

liminf  inf  w(z,t;up,v9) > 0. (3.75)
oo [al<(3 a0t

For any 0 < € < 2/a, let @ and [ be as in (3.49) and (3.50). Let Ty = Ty(ug,v) and €y be
as in Lemma 3.7 and Lemma 3.10, respectively. Let 7'(€;) be such that (3.59) holds. For any

—2y/a+e<c<2/a—eany £ € SN et

0= g(f,c) = inf a(xz, Ty + T(&) + 3;&, ¢, ug, vo).

zeD;

By the assumption ug(z) > 0 and ug(z) Z 0, 6 > 0. Let
k’o = mf{k € ZJF ’ ng > go} and TO() = Tg + T(€0)+3 + kofo.

where Tg > 1 is as in lemma 3.9. We claim that for any —2\/a + ¢ < ¢ < 2y/a — ¢, any
£e SN,

inf  a(z,t;&, ¢, ug,v9) > min{d,, Sgo} Vit > Th. (3.76)
|z|<2L(&)

To prove the claim, for any given —2\/a + ¢ < ¢ < 2\/a —¢, £ € SV1, let

I={t>To+2 | sup a(z,t;€, c,up,v9) < €o}.
|z|<2L(&)

Note that [ is an open set. By Lemma 3.9,

inf  a(z,t;& ¢, up,v9) > 0z Vt &I fort>Ty+ 2. (3.77)

|| <2L(&)

Hence, if I = (), then

inf  a(xz,t;& ¢, ug,v9) >0z V1 >To+ 2. (3.78)
|z|<2L (&)
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If7 7é @, then I = U(CLZ‘, bz) If a; 7é T() + 2, then

sup ﬂ(‘raai;gacv anUO) = gO and sup a(x’t7£a Gy U’O7U0) < gO Vi e (azvbl)
|z|<2L(&) |z|<2L(&)

By the statement in Lemma 3.10,

inf  a(x, ;€ ¢, up,vg) > ggo Vit € (a;,b;) for a; # Ty + 2. (3.79)

|lz|<2L(&)

If a; =Ty + 2, by the arguments in Lemma 3.10, there holds
W(x, Ty 4+ T() + 3+ kTy; €, ¢, up, vo) > 2509 (x;€,¢,a) Y x € D,

fork =0,1,2,---, ky. This implies that b; < Tg,. This together with (3.77), (3.78), and (3.79)
implies (3.76).

By (3.76) and u(x, t; &, ¢, ug, vo) = u(x + cté, t; ug, vo), we have for any —2/a+¢€ < ¢ <
2y/a — ¢, any £ € SN,

inf U(QT, t; Ug, Uo) Z min{égo, Sgo} vt Z To[). (380)

|e—cté| <2L(e)

Thus for any ¢t > Ty, any || < (2v/a — €)t, there exist ¢ = Izl and £ = |i such that

t x|

|z — ct&| < 2L(&), it then holds that
u(, t; uo, vo) > min{dz,, 0z, },
which implies that
|m|S(i213/fa_E)tu(x, t;up, vg) > min{dz,, Sgo} Vt>To.

Hence,

liminf  inf t:ug, vo) > min{dz, 0z b
im in |x‘§(12r\1/aie)tu(x ug, Vo) > min{dz,, 9z, }
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(3.75) is thus proved.

Finally, we prove that for any 0 < € < 2+/a,

liminf  inf  v(z,t; ug,v9) > 0. (3.81)
=00 |al<(2y/a—c)t

Suppose by contraction that the result does not hold. Then there are constant 0 < € < 2y/a

and a sequence { (2, t,) }nen such that t,, — oo as n — oo, |z,| < (2v/a — €)t,, and

(X, ty; ug,v9) — 0 as n — oo. (3.82)

For every n > 1, let us define

Un (2, t) = w(x + 2, t + to;up,v0), and ov,(x,t) =v(x + xp, t + ty;ug, vo)

for every x € RY, t > —t,. By a prior estimates for parabolic equations, without loss of
generality, we may assume that (u,(x,t),v,(z,t)) — (u*(z,t),v*(x,t)) locally uniformly in

C*'(RY x R). Furthermore, (u*(t,z),v*(t, z)) is an entire solution of

w=Au—xV-(uVv)+ula—bu), R teR

v=Av—M+puu, xRN teR,
Choose 0 < € < €. Forevery x € RY and t € R, we have
|2+ 2| <[] + J2a] < 2]+ (2Va = )t

=(2vVa—&)(t, +1) — (e — &)(t,
< (2va—é&)(t, +1)

el - @va-ar

€— €

)

whenever ¢,, > W By (3.75),

u*(z,t) = lim u(z + x,, t + ty;ug, vo) > liminf  inf  u(y, s;up,v9) > 0
n—oo so00 [yl<(2va-2)s
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for every (x,t) € RY x R. It follows from comparison principle for parabolic equations that
v*(z,t) > 0 for every (z,t) € RY x R. In particular, v*(0,0) > 0, which contradicts to

(3.82). ]
We then prove Theorem 3.5 (1).

Proof of Theorem 3.5 (1). Let & € SN~! and (ug,vo) € C}(€) x C}“l’l(f) be fixed. We first

prove that for any 0 < € < 2+/a,

liminf  inf u(z, t;ug, vg) > 0. (3.83)
=00 2e<(2ya-ot

Let u(z,t) = u(z+ (2¢/a—€)t&, t) and 0(x, t) = v(x + (2y/a—€)t§, t). Then (u(z,t), 0(x,t))
solves (3.48) with ¢ being replaced by 2v/a — €. (a(x, t; &, ug, vo), 0(x, t; €, ug, vo)) denotes the
solution of (3.48) with ¢ being replaced by 21/a — € and (u(x, 0; &, ug, vo), 0(x, 0; €, ug, vo)) =
(uo, vo). Let Ty = Ty(ug, vo) and € be as in Lemma 3.7 and Lemma 3.10, respectively. Let

T'(€&) be such that (3.59) holds. Let
6= inf a(z,To+T(&)+ 3; .
x.gglralL(eo)u(x’ o+ T{E) + 38, uo, o)
Since lim inf,.¢ , oo uo(z) > 0,8 > 0. Let

ko = inf{k € Z*|286 > &} and Ty = Ty + T(0)+3 + koTp.

where Ty > 1 is as in Lemma 3.9. By the similar arguments used in the proof of (3.76), we can

prove for any ball Byp) C {7 | x - § < 2L(&)} with radius 2L(&), it holds that

inf iz, t; €, ug, vo) > min{ds, 0z} Yt > Tip.
T€BaL (&)
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Forany x € {x | - & < 2L(&)}, there exists a ball By, C {2 | #-& < 2L(&)} such
that x € Byp,g,), we then obtain that

ﬂ($,t;£,U0,UO> > inf ﬂ(x,t;f,uo,vo) > min{égo,ggo} Vi > TO(],
€821 ()

which implies that

inf @z, t; €, up, vo) > min{ds,, 0e, >0 Yt > Tio. (3.84)
x2-£<2L(&p)

By (3.84) and u(z, t; &, up, vo) = u(x + (2¢/a — €)t&, t; up, vy ), we have

inf u(z, t; ug, vg) > min{dg,, 550} Vit > To. (3.85)
x-£<(2v/a—e)t+2L (&)

Hence,

liminf  inf t; > min{dz,, oz, }-
im in xfg(l;l\/a_e)tu(x, ; Up, Vo) > min{de,, Og,

(3.83) is thus proved.
Finally, it can be proved by the similar arguments used in proving (3.81) that for any
0 <e<2va,

liminf  inf  w(x,t;up,v9) > 0.
=00 pe<(2ya—o)t

We now prove Theorem 3.6 (1).

Proof of Theorem 3.6 (1). Let £ € S¥=1 and (ug,vy) € CT(€) x CHL(€) be fixed. We first

prove that for any 0 < € < 2+/a,

lim inf inf u(z, t;ug, vg) > 0. (3.86)
=00  |z-£|<(2v/a—e)t
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Let Ty = To(uo, vp) and €y be as in Lemma 3.7 and Lemma 3.10, respectively. Let T'(¢)

be such that (3.59) holds. For any —2y/a + € < ¢ < 2 /a — ¢, let

6:=0(&,¢)= inf  a(x, Ty + T(&) + 3;€, ¢, up, vy).
(&) Iz-§\1§2L(go) (, To (€0) &, ¢, ug, Vo)

Since there exists 7 > 0 such that inf ,.¢|<, ug(z) > 0, 5 > 0. Let
ko = inf{k € Z*| 286 > &} and Ty = Ty + T(0)+3 + koTp.

where T > 1 is as in Lemma 3.9. By the similar arguments used in the proof of (3.76), we can
prove that for any —2v/a + € < ¢ < 2y/a — €, any ball Byyg,) C {z | |z - | < 2L(&)} with
radius 2L(€), it holds that

inf ﬂ(x,t;{,c, U’O)”O) > min{égmggo} Vit > TOO‘
ZGBQL(gO)

Forany x € {z | |z - &| < 2L(é)}, there exists a ball Byr) C {2 | |2 - | < 2L(&)}

such that x € Bsp(g,), we then obtain that for any —2v/a+e<c<2v/a—ce,

w(z, ;€ c,ug,v9) > inf  a(x, t; €, ¢, ug,vg) > min{dg,, 0z, Vit > T,
€8 L)

which implies that for any —2/a + ¢ < ¢ < 2y/a — ¢,

inf  a(x,t; €, c,ug,vo) > min{égo,ggo} >0 Vit>Ty. (3.87)
|z-£]<2L (o)

By (3.87) and @(x, t; &, ¢, ug, vo) = u(x + ct, t; ug, vo), we have for any —2v/a+e¢ < ¢ <

2\/a — e,

inf u(, t;ug, vo) > min{ds, 0} Vit > Tpo.
|z-§—ct|<2L(&) ( 0 0) = { 0 o} = 100
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For any t > Ty, any = € {z||z - & < (2y/a — €)t}, there exists ¢ = % such that v €

{z ||z & — ct| < 2L(&)}, it then holds that
u(x, t; ug, vo) > min{dz,, 0z, }
which implies that

nf tiug, vg) > min{dg,, 6z, } V¢ > Top.
|ff'5|§l(gl\/afe)tu(x o UO) = mln{ 0 0} = 1oo

Hence,

liminf  inf  w(z,t;ug, vo) > min{dg,, oz, -
t=00  |zg|<(2va—e)t ( 0:%0) 2 {0e0: 02 }

(3.86) is thus proved.

Finally, it can be proved by the similar arguments used in proving (3.81) that

liminf  inf  wo(x,t u,v9) > 0.
100 |a-¢[<(2y/a—e)t

Finally, we prove Theorem 3.7.

Proof of Theorem 3.7. It follows from the arguments similar to those in the proof of (3.75) with

¢ = 0 and the ball By, (o) for any o € R. O

3.7 Upper bounds of spreading speeds

This section is devoted to the study of upper bounds of spreading speeds of global classical
solutions of (1.4) with different initial functions and prove Theorems 3.4 (2), 3.5 (2) and 3.6
(2). Throughout this section, we assume that b > %.

First, we present a lemma.

Lemma 3.11. Let w = u + ﬁ|VU|2. Then

wy < Aw + aw.
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Proof. By the proof of Theorem 3.2, we have

d X 2 X 2 XA 2 Npxy
E[u+ﬂ|VU| ]SA[u+ﬂ|VU| ]—7|Vv| —(b—T>u + au.

Since b > %, then

d X 2 X 2 X 2
E[Hﬂm' ]SA[QH_ZWM ]+a[u+ﬂ|Vv| |-

The lemma then follows. O
We now prove Theorem 3.4 (2).

Proof of Theorem 3.4 (2). First of all, for any given (ug,vo) € CH x CHtand 0 < k < \/a,

let M > 0 be such that

up(z) + %]V@o(xw <min{Me™™*¢ ¢c SN} Vo eRY.

Let
_k2+a
=

Cc

and

Uz, t, &) = Me F@s=c),

Write u = u(x, t; ug, vg), v = v(x, t; ug, vp). Let w = u + %]Vu\z. By Lemma 3.11,
w; < Aw + aw.
It follows from the comparison principle for parabolic equations that
u(z, t;ug,v9) < Ulx,t,6) Ve eRY, t>0, £ SV (3.88)

Let ¢ = %, then

N

u(x, t;ug, vg) < Me*lel=) yo e RV ¢ > 0.
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For any ¢ > 0, there exists 0 < k < y/a such that 2y/a + € > ¢, it then holds that

lim  sup  wu(w,t;up, vo) = 0. (3.89)
70 a2 (2v/ate)t

Next, we prove that for any € > 0,

lim  sup  v(x,t;up,v9) =0. (3.90)
100 10> (2 /arte)t

Letd > aJFLMA be such that
vo(z) < min{de "¢, ¢ € SN} Ve RY.
By the second equation of (1.4) and (3.88),
vy = Av — M+ pu < Av — Mo+ pMe e,

Direct computation yields that de=*(*<¢=<!) satisfies

%(de—k(mf—ct)> > A(de—k(r.ﬁ—ct)) _ /\(de—k(x{—ct)) + ,uMe_k(mf_Ct),

It follows from the comparison principle for parabolic equations again that
v(x, t;ug, vg) < de P&l yar e RN ¢>0, £ SV

Similar arguments as in deriving (3.89) yield that (3.90) holds. O]
Next, we prove Theorem 3.5 (2).

Proof of Theorem 3.5 (2). For any given { € SN, (ug, vo) € CF,(€) % C’;[l’l(ﬁ) and 0 < k <
Va, let

K +a

Cc L
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and M > 0 be such that

wo(z) + 21|w0(g;)|2 < Me™o¢ v g € RV,
W

Let d > M pe such that
a+A

vo(z) < de™ ¢ ¥V € RY.

By similar arguments as those in Theorem 3.4 (2), we can prove that
w(z, t;ug, vo) < Me F@e=) vy e RN ¢t >0

and

v(z, t;ug, vo) < deH@ED Y e RV ¢ > 0.

For any ¢ > 0, there exists 0 < k < +/a such that 2\/a + ¢ > ¢, Theorem 3.5 (2) thus

follows. 0
Finally, we prove Theorem 3.6 (2).

Proof of Theorem 3.6 (2). For any given £ € SN™1, (ug,vy) € CT (&) x CTH(€) and 0 < k <

Va, let
_k2+a
=

c

and M > 0 be such that
uo(z) + 21|Vv0(x)|2 < min{Me "¢ Mk} vV e RV,
1
Letd > % be such that

vo(x) < min{de "¢ de"} V r € RY.
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By the similar arguments as those in Theorem 3.4 (2), we can prove that

u(zx, t;up, vg) < Me ™#@é=et) yar e RN ¢ >0,

u(z, t;ug, vo) < Mk ya e RN ¢ >0,
v(z, t;ug, vo) < de™HEED Yo e RV >0,

and

v(z, t;ug, vo) < deP@EFY Yo e RV ¢ > 0.

It then follows that

u(z, t;u, vg) < MeFletl=et) vz e RN ¢ >0,

and

v(z, t;ug, vo) < deMIEE=D) v e RN+ > 0.

For any ¢ > 0, there exists 0 < k < y/a such that 2\/a + ¢ > ¢, Theorem 3.6 (2) thus

follows.
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Chapter 4

Concluding remarks and future works

In this chapter, we make some remarks about our main results obtained in this dissertation and
present some possible future works.

In chapter 2, we incorporated the climate change into the parabolic-elliptic chemotaxis
model (1.1) and studied persistence, spreading speeds and the existence of forced waves in
one-dimensional setting. We obtained some conditions under which the species can survive or
become extinct. But there are some critical cases which are still open. For example, in case
1, can species keep up with the shifting environment if ¢ = 2+/7* and the species initially
lives in a bounded region? In case 2, can species keep up with the shifting environment if
Coo(r(+),¢) = 07 We leave these problems as future works.

We also studied forced waves of (1.1). We proved forced waves exist in certain param-
eter ranges. Some numerical simulations are carried out to illustrate our theoretical results.
In addition, numerical simulations indicate that forced waves can exist in a larger parameter
ranges which are not covered in theoretical results. Numerical simulations also indicate that
forced waves are unique and stable. But there is no theoretical results for the uniqueness and
stability of forced waves in (1.1). It is interesting to study these findings indicated by numerical
simulations theoretically.

As mentioned before, we studied (1.1) in one-dimensional setting. The natural question

arise: consider chemotaxis model (1.1) in high-dimensional shifting environments, that is,

u = Au— xV - (uVo) +u(r(x - & —ct) —bu), z€RY
4.1)

0=Av— v+ pu, xRN
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where ¢ € R¥ is a unit vector, can the results obtained in chapter 2 be extended to (4.1)? We
believe that the results obtained in chapter 2 can be extended to (4.1). For example, for given

ug € C° (RYN) withug > 0 and {x : |z-&| <r} Csupp(ug) C {z : |z -&| < R} for some

nif
0 < r < R, we believe that the statements in Theorem 2.1 hold with = < ¢t (resp. = > ¢t)
being replaced by x - £ < ¢t (resp. x - & > ¢t), where ¢ = ¢ — €, ¢* — €, or —c* — € (resp.
c+¢€, ¢+ ¢ or —c* + €). But due to the lack of comparison principle for chemotaxis models,
more new techniques may need to be developed to prove such results. We leave the study of
the extension of the results obtained in chapter 2 to high-dimensional space case for further
investigation.

we studied parabolic-elliptic chemotaxis model (1.1) in two different shifting environ-
ments in chapter 2. The shifting speed of the environments is a constant in both cases. This
motivates us to think if the shifting speed of the environments is not a constant, say a periodic

or almost periodic function, what will happen? More precisely, it is interesting to study (1.1)

in shifting environments with time-dependent shifting speed. That is the following model.

Up = Uy — X (Uz), + u(r(z — fot c(s)ds) —bu), xz€R,
(4.2)

0=0vp — A0+ puu, xekR

where ¢ : R — R is a periodic or almost-periodic function. In a recent joint work [55] with
Drs. W. Shen, Z. Shen and D. Zhou, we studied (4.2) for the case x = 0 (In fact, we studied
more general reaction term). We established the persistence criterion in terms of the sign of the
approximate top Lyapunov exponent and, in the case of persistence, proved the existence of a
unique forced wave solution that dominates the population profile of species in the long run.
We also studied the effects of fluctuation and yielded that fluctuations in the shifting speed or
location have negative impacts on the persistence of species. As one of future works, we can
study the persistence of species, the existence of forced waves and the effects of fluctuation in

(4.2) with the presence of chemotaxis.
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Consider the following general parabolic-parabolic chemotaxis model on the whole space

uy = Au— xV - (uVov) +ula —bu), z€RN
4.3)

U = Av— M+ pu, € RY,

where 7 > 0 is a positive constant related to the diffusion rate of the chemical substance. In
chapter 3, we studied the dynamical aspects of (4.3) with 7 = 1. The natural questions arise:
can the results obtained in chapter 3 be extended to (4.3) with 7 > 0 (7 is not necessarily 1)?
Most existing works concerning (4.3) are on bounded domains. For example, Winkler [67]

studied the system (4.3) in a smooth bounded convex domain 2 C R” with Neumann bound-

ary condition % = g—:’l = 0 for z € 0f2 and established the global existence and boundedness of

non-negative classical solutions of system (4.3) provided that b is large enough. In [73], Zheng,

Li, Bao and Zou extended Winkler’s global existence result to bounded domains (not necessar-
1
ily convex) of RY for x > 0 and proved that if the logistic dampening b > % x[C N +1) T

where C' N is a positive constant which is corresponding to the maximal Sobolev regularity,
then (4.3) admits a unique, smooth,and bounded global non-negative solution. Recently, Issa
and Shen [23] extended the global existence results obtained in both [67] and [73] to the general
full chemotaxis model (4.3) with u(a — bu) being replaced by a local as well as nonlocal time
and space dependent logistic source. We point out that the methods used in [23, 67, 73] can
not be adapted to study the global existence of classical solutions of (4.3) on the whole space
because those methods are based on the finite measure of the domain. It is also very difficult
to adapt the method used in our result Theorem 3.2 to study the global existence of classical
solutions of (4.3) due to the different diffusion rates of the biological species and the chemi-
cal substance. We leave these interesting and challenging problems as our future works. We
also leave the study of (4.3) in shifting environments with time-independent or time-dependent
shifting speed as possible future works.

In addition to the aforementioned problems associated with chemotaxis models (1.1) and
(4.3), in the future, I also plan to study dynamics of other chemotaxis models or other mathe-

matical models arising from biology such as epidemic models. For example, I want to study
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the dynamics of two species chemotaxis model with Lotka-Volterra type competition term on

the whole space

(
u = Au— 1V - (uVw) + u(ag — ayu — agv), = € RY,

v, = Av — xoV - (0Vw) + v(by — bju — byv), x € RY, (4.4)

wy = Aw — \w + dyu+ dyv, x € RV,
\

In model (4.4), the first two parabolic equations describe the evolution of two biological species
“u” and “v”. The third parabolic equation models the evolution of a chemical substance “w”
which is produced over time by these two biological species. For model (4.4), I plan to study
the global existence and boundedness of classical solutions with given nonnegative initial func-
tions in some spaces, the persistence, coexistence and extinction dynamics, the traveling wave

solutions, etc.
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