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Abstract

This dissertation is devoted to the study of population models in stochastic environments.
We will investigate a two-species lottery model in non-stationary stochastic environment, an
N—species lottery model in stationary stochastic environment and an age-structured model in
random environment.

First, a two-species lottery competition model with non-stationary environmental parame-
ters is studied. We start with viewing the classical discrete lottery model as a Markov process.
Then a diffusion process that represents the fraction of sites occupied by adults of the species,
as the limit of the Markov process, is derived. A non-autonomous stochastic differential equa-
tion that describes the diffusion process, as well as a Fokker-Planck equation on its transitional
probability are developed. Existence, uniqueness, and dynamics of solutions for the result-
ing stochastic differential equation and Fokker-Planck equation are investigated, from which
sufficient conditions for coexistence are established. Numerical simulations are presented to
illustrate the theoretical results.

Furthermore, a lottery competition model with N > 2 species in stationary stochastic en-
vironments is studied under the assumption that the environmental parameters are i.i.d.. We
establish a system of nonlinear SDEs as the diffusion approximation for the discrete lottery
model. Then the existence and uniqueness of the well-posed global solutions, along with
asymptotic behaviors for the SDE system are investigated. Especially, sufficient conditions
under which extinction and persistence occur are constructed, respectively.

Finally, a random age-structured model with random nonlinear birth rate is formulated.
Its mathematical theories including well-posedness, co-cycle property and long time dynamics
of the solution are developed. The emphasis is given to the asymptotic smoothness and the
bounded dissipativeness of the solution to the model, which implies the existence of the random

pullback attractor.
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Chapter 1

Introduction

1.1 Lottery competition model

It is well known that environmental fluctuations play an important role in the formation
of ecological communities (see, e.g., [1, 2, 3,4, 5, 6,7, 8,9, 10, 11, 12, 13] and references
therein). To investigate the impact of uncertain environmental fluctuations on the structure of
an ecological community, mathematical models have been widely used to describe interactions
among competing species (see, e.g., [14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25] and refer-
ences therein). One seminal work on ecological competition in temporally fluctuating environ-
ments is the lottery model developed by Chesson and Warner in 1981 [26]. The term “lottery”
was adopted due to the similarity between Sale’s lottery system and ecological competition
in patchy environments [26]. Since then the lottery model has been widely used to describe
competition among species, as well as to understand interesting ecological phenomena such as
organism competition, storage effect, and neutral theory (see, e.g., [27, 28, 29, 30, 26, 31]).

In the representative works [28, 26], Chesson showed that environmental variability had
significant impacts on promoting coexistence provided the species had overlapping generations,
by analyzing a two-species lottery model. The idea therein was modeling environmental fluc-
tuations by temporally varying reproduction rates and adult mortality rates. Species may take
the advantage of fluctuating rates during their favorable periods which are disadvantageous to
others, and thus tend to persist. Coexistence, in turn, can result from the asymmetry effects
caused by the environmental variability. Such type of asymmetry was referred to as the “stor-
age effect” [29, 30]. Lottery models with more species and various types of competitions were

further studied in [29] and [32], whereby a larger variety of environmental fluctuations such as



pure spatial variation, pure temporal variation and the space-time interaction were considered.
More general models and methods were later developed in [3] and [27], from which conclu-
sions consistent with those for two-species models were drawn, that the storage effect is an
essential mechanism for coexistence.

Another influential work on lottery models was [33] due to Hatfield, in which a sufficient
condition on environmental variability ensuring the coexistence of two competing species was
developed, and the probability density function of the stationary distribution was also estab-
lished. The key idea employed in the analysis there was treating the space occupations of
species as continuous evolving diffusion processes, whose drift and diffusion coefficients were
derived from the discrete-time lottery model. Theory of diffusion processes was then utilized
to establish sufficient conditions for coexistence, as well as to construct the probability density
function of the stationary distribution. In fact, in the limit of accelerating and increasing num-
bers of breeding seasons, the discrete lottery model converges to the continuous lottery model.
The coexistence of the species can then be implied by the existence of stochastic boundaries of
the stationary distribution [34]. Note the conditions for coexistence in [33] matches precisely
with the results derived by Chesson [27], though derived from a different approach. More
works concerning the lottery model can be found in [35, 36, 37, 38, 39, 40, 41] and references
therein.

The goal of Chapter 2 is to further study the lottery model under non-stationary envi-
ronments. More precisely, the reproduction rates and adult mortality rates are assumed to be
non-stationary stochastic processes with time-dependent moments. To that end, Chapter 2 is
organised as follows. First, the classical discrete lottery model is formulated in Section 2.1.
Then, an rigorous mathematical derivation for the transition from the discrete lottery model to
the continuous lottery model, i.e. the process of the diffusion approximation, is established
in Section 2.2. The existence and uniqueness of the global solution to the continuous lottery
model is proved in Section 2.3. Long time dynamics of the solution and sufficient conditions
for the coexistence of two competing species are also investigated in this section.

Moreover, lottery models with N > 2 were studied in [33] and [27], where conclusions that

were consistent with the two-species lottery model were concluded. However, the results were



drawn under the assumption that all the species should have same death rate, which might not
be general enough to describe the practical problems. Thus, the goal of Chapter 3 is to provide
more general sufficient conditions for the coexistence among more than two competing species.
To that end, we will investigate dynamical behaviors of an N-species lottery model in stochastic
environments, by applying theory and techniques of stochastic differential equations.

Chapter 3 is organized as follows. First in Section 3.1, a system of stochastic differential
equations (SDEs) is derived from diffusion approximation to the discrete lottery system (3.1).
Then the existence and uniqueness of a positive global solution to the resulting SDE system
is established. The asymptotic behaviors of the SDE system are investigated in Section 3.2.
Consequently, sufficient conditions for at least one species to extinct and for at least two species
to coexist, are constructed respectively. In order to maintain a smooth presentation, some

technical analysis is presented in the Appendix.

1.2 Age-structured population model

In 1798, the famous continuous Malthusian model was proposed assuming that the growth

rate of population is proportional to the population size by an environmental factor A:
P'(t)=AP(t), t > 0. (1.1)

However, (1.1) implied the exponential growth of the population, which did not consider the

limited resources. Later on, in the logistic model
—} P(t), 1 >0, (1.2)

the environmental parameter was assumed to depend on the maximum population K. This
model provided a more practical way to describe the dynamics of the population when there
was a carrying capacity of the environment. Indeed, the solution of (1.2) could approach the

nontrivial equilibrium K when time goes to infinity.



Notice that the Malthus and logistic models did not provide any result about the age distri-
bution of the population. In fact, it is more realistic to consider age dependent birth and death
rates when we investigate the population like human. In 1911, the first continuous population
model in which the birth and death rates were linear functions of the population densities was
formulated by Lotka [42]. Actually, Lotka’s model is similar to the Malthus model in the sense
that the effects of competition for the limited resources are neglected.

Thus, in 1974, Gurtin [43] investigated a nonlinear age-structured population model in
which the birth and death processes were nonlinear functions of population densities. As a
consequence, Gurtin’s model, corresponding to the logistic age-structured model, provided
nontrivial age-dependent equilibrium state.

The third part of this work is devoted to the study of a continuous age-structured model
where birth process is modeled by a random process and Ricker’s function. It is organised
as follows. In Section 4.1, a random age-structured model is formulated. The definition of
the solution to the random age-structured model developed in Section 4.1 is given in Section
4.2. The existence and uniqueness of solutions are also presented in this section. Moreover, we
verify the co-cycle property in Section 4.3. Finally, the existence of a random pullback attractor

is established in Section 4.4, which is the highlight of this work.



Chapter 2

2 - D Lottery Model

2.1  The model

Consider two ecological species in a single habitat competing for a limited number of
sites. For # > 0 and i = 1,2, let X;(¢) be the fraction of the sites occupied by adults of the ith
species at time 7. Given any & > 0, denote by vl.h (1) the proportion of adults of the ith species
dying during the time period (t,7 + /). Then the term (1 — v/(¢))X;(¢) represents the fraction
of sites occupied by surviving adults of the ith species during (¢, + A, and the proportion of
new sites available for settling by juveniles is Y7, v/(£)X;(t). Let B/'(t) € [0,1] be the per
capita net reproduction by adults of the ith species during time (z,7 + A, i.e., for each adult
of species i at time ¢, 3(¢) larvae reach the settling stage during (¢, +h]. According to an
intuitive ecological interpretation that the next generation is given by the sum of surviving
adults and new recruitments [28, 26], the discrete-time lottery model for n competing species

can be formulated as

Xi(t+h)=(1—=vH)Xi(r) + leffé??)(g(t) gvih(t)X,-(t), i=1,2,h>0. 2.1)

Let the initial time of the system (2.1) be #y, and assume that initial fractions of species satisfy

Xl'(t()) =Xi0 > 0, X1,0t+x20= 1, i=1,2. 2.2)



It follows from (2.1) and (2.2) that
Xi(t)+Xa(t) =1,V >10.

For simplicity, throughout this chapter, we denote X (¢) as X (¢). Then, X5(t) = 1 — X(z).
Since the environment fluctuates stochastically about time, it is natural to assume the time
dependent parameters v/ (¢) and fB/(t) to be stochastic processes. It is worth to mention that
most of existing works ([44, 45, 46]) on the system (2.1)—(2.2) considered stationary environ-
ment, in which both v/*(¢) and B/*(¢) are stationary processes with constant moments. Nonethe-
less, the stochastic process with constant moments are at most approximations to temporal en-
vironmental fluctuations. The lottery model with the non-stationary environmental parameters

was first studied by Chesson in [44] in which the concept of AEDT was developed.

2.2 Diffusion approximation

2.2.1 Mathematical foundation

Since the lottery model (2.1) implies that the the proportion of ith species at  4- & only de-
pends on the proportion at time ¢, it is intuitive to treat (2.1) as a Markov process. Let (E, %, P)
be a probability space. For each ¢ € {jh: j € N}, let (v/(¢), B"(¢)) be nonnegative real-value
random variables on (E,.#,P). To be more specific, it is assumed that at any different dis-
crete time instants # and s, (V"(s), 8"(s)) and (v"*(¢),B"(¢)) are independent. Due to such an
independence structure, by (2.1), the process X (¢) is a discrete time Markov chain as the con-
ditional distribution of X (z + &), given X (¢), can be determined by X (¢) and the distribution of
(V'(1), B"(1)).

Then, we construct a continuous counterpart of the discrete process {X (t)}te{ jh:jeny- De-
fine the space Q = C([0,0),R) to be the collection of all continuous paths from [0, ) into R.

For any real number s > 0 and @ € Q, set x(s, ) = ®(s) and define the metric on Q by

(o)

p(o.0)=Y 5,

n=1

SUPp<s<n |X(S, (D) - )C(S, (0/)|
1+ supg< <, [X(s, ®) —x(s, )| ’

Vo, ocQ.



Consequently, (Q,p) is a complete separable metric space [47]. Next, let .# be the Borel

o-field on (Q,,D), i.e., # = o|x(s) : s > 0] [47]. For any sy, s > 0, define

My, 5, = Ox(s) 1 51 < s < 55] and Ay, = O[x(s) 15> 5]

Let x;, ¢ be the convex combination of X (r) with X (o) = x, i.e., for any g € E let

X(Z‘(),q), for s =1y,

xtO7x(S7 q) =

UDR=Sx (1 + jh,q) + 528X (t+ (j+ 1hyq),  for jh<s < (j+1)h, jE€N.

Then x;, «(s,q) is a continuous time process on (E,.#,P) and defines a measurable mapping
from (E,.7) into (Q, .#;,) given by q — x;, «(-,q). Therefore it induces a probability measure

Ph

10,X

on (Q,.#;,) that satisfies

r
Ptg,x[xlmx(to) :x] =1,

A\

Pl [xo(s) = S=X 10+ )+ 52X (t0+ (4 D), jh<s < (j+Dh| =1, jeN,

Ph
L I

0

x [Xiox(to+ (j+ Dh) €T | My jn] = My(to,x, 10+ jh,T), jeNandT € By,

where Ay is the Borel 6-algebra in R, and I, (¢, x, %9+, -) is the probability transition function

of X(¢) on R for any ¢ € {jh : j € N}. Finally, we cite Theorem 11.2.3 in [47].

Theorem 1. Assume that in addition to being continuous, the drift and diffusion coefficients
have the property that for each x € RV the martingale problem with the coefficients has exactly

one solution Py starting from x. Then, P!

tox — Pox as h — 0 uniformly on compact subset of

RV,

Remark 1. Theorem 11.2.3 in [47] states the weak convergence of Ptﬁ’x to By x in the time-
homogeneous case. But the proof can be extended to the time-inhomogeneous case as in this

work without loss of generality.



Remark 2. The drift coefficient (2.11) and diffusion coefficient (2.12) will be derived in the
following section. They can guarantee the existence and the uniqueness of the solution to

(2.14), which means the martingale problem with (2.11) and (2.12) has exactly one solution.

2.2.2  Derivation of the diffusion approximation

Essentially, the diffusion approximation of {X(#) },{ j: jen) is a diffusion process characterized

by its infinitesimal mean and variance, defined respectively as

Fltx) = }llii%%E[X(t—kh)—X(tﬂX(t):x], 2.3)

1
2(t,x) = lim-E[(X(t+h)—X(1))*|X(r) = x. (2.4)
h—0h
It follows directly from (2.1) that

X(t+h) —X() = —viOX(@)+

AL B
Fomo~ O T o (X 0)
X(1)(1—X(1)) vgmﬁfi:(r) 1
= vi(1)B5 (1) (2 5)
= h(t)vh(t) ) ] .
opo doX O+ ae1-X0)

Here, we use the same notation in [34] and define the stochastic processes £”(¢) and ¥/(t)

by
ﬁlh(f)vz (t)
By (n)vi(r)’

where d'(t) is the geometric mean of v/(¢). Then E[y?(¢)] = 0 for all t > 0 and & > 0. £"(¢)

Ert)=1n Y ) =Invi(t) —Ind'(r), i=1,2, (2.6)

a crucial environmental parameter that describes interactions between species caused by the

environmental fluctuations on a log time scale [26].



Then, plugging (2.6) into (2.5) gives

dh O OX (1)(1 =X (1)) (50~ 1)

X(t ‘|—h) _X(t) = d{’(t)X(t)eéh(t)fyg(t) —f-dél(t)(l —X(l))efﬁ(t) )

teZ, h>0. 2.7

Consequently, (2.3) and (2.4) become

1 [Ry(0) 1 [R(0)
fit,x) = lim o & [Sh(t)} ;&) =i E [sg(t)] ! 28)

where

Rift) = di(odb(ox(1—x) (50 - 1),

Si(t) = di(txe" OEO 4 (1)1 —x)e MO

Here, we assume that £”(¢) and y(¢) are non-stationary stochastic processes which is

different from [34] and other related works in the literature. In particular, assume
E[E"(1)] = hu(t), Var[E"(t)] =ho?(t), Var[y!(1)]=ho?(t), t€Z, h>0. (2.9)
Moreover, suppose that

Cov M(z), 5%)} —h61(1),  Cov [}é’(t), —5h(t)} — 16 (1). (2.10)

Furthermore, denote by v;(t) the instantaneous death rate at time ¢, i.e., v;(t) = lim;,_,o v ()
and let d;(¢) be the geometric mean of the instantaneous death rate v;(¢). Notice that for any
t >0, vih(t) is non-decreasing with respect to 4. Thus by the dominated convergence theorem,
di(t) = limy,_,od"(t) for all t > 0.

Now, whereby the assumptions (2.9)—(2.10), Taylor expansion of exponential functions,

the following approximation [48, 49],

E [R(t)} _E[R(1)] B Cov[R(z),S(t)] n Var[S(¢)|E[R(t)]
E[S(1)] E[S2(r)] E[S3()] 7



and the technical calculations similar to those presented in [34], we obtain that

f(t,x)

2
=i
| —
N
ﬁ —
=
=
N
|
Q
@)
=,
)
ol
=
%
=
=

( . VarlSu(n)IE[R,(1)]
[Sn(t)] E[S;(1)] E[S;(1)]

(@ (OxCi(1) +do(t) (1 =X)Ca(r)), (21D

_ CovlRM0). 53] Var[s,%v)mwi(rn)

()]
w0 h \ E[S2(1)] E[S(1)] E[SS(1)]
di(Dda()x(1—x) \? ,
(dl(t)x-l—dz(t)(l —x)) (1), .12)
where
2 2
Ci() = p(r) — 6(t) "2@, Co(t) = u(t)+91(t)+62(l). 2.13)

Remark 3. From (2.11)-(2.12), we observe that the drift and the diffusion coefficients do not
depend on o;(t), which, however, does not imply that the variances of death rates do not play
a role in the diffusion process. Indeed, the death rate parameters vl-h (t) (i=1,2) do have influ-
ence on the parameter éh(t), whose variance 6* (t) appears in the coefficients of the diffusion

process.

Remark 4. The drift and diffusion terms f and g are the same as those obtained in [34],

except that the moment functions W, 62, d;, 6; (i = 1,2) here are all time-dependent.

2.3 The lottery stochastic differential equation

Because of Theorem 11.2.3 in [47], the solution to the discrete lottery model (2.1) converges
weakly to the diffusion process characterized by the drift and diffusion coefficients given by
(2.11) and (2.12), respectively. Denote by Y (¢) the limiting diffusion process for the solution to
the discrete lottery model. It also represents the fraction of the sites occupied by adults of the

first species at time ¢. Then Y (¢) satisfies the following stochastic differential equation (SDE)

dY(t) = f(t,Y(¢))dr +g(t,Y(2))dW(t), t>1ty, Y(to) =yo:=x10€ (0,1), (2.14)

10



where W (¢) is a one dimensional Brownian motion, and f(z,-) and g(¢,-) > 0 are defined by
(2.11) and (2.12), respectively. In this section we first prove the existence of a unique non-
negative solution to the SDE (2.14), and then investigate its asymptotic behaviors. Throughout

this section we assume

(A1) the functions u(t), o(t), 6;(t), di(t) (i = 1,2) are bounded and continuously differen-

tiable for all r > 1y with

un <) <upt, 0 <o, <ao*(1) <oy,

6" < 6;(t) < oM, 0<d"<dit)<d™, i=1,2.

Remark 5. The non-stationary environmental parameters E"(t), v(t) may not be bounded,
even though the moment functions U(t), o(t), di(t) and 6;(t) (i = 1,2) are assumed to be

bounded.

The following theorem proves the existence, uniqueness and positiveness of solutions to
the SDE (2.14). We apply the same approach as in, e.g., [50, 25], with different technical

calculations.

Theorem 2. Let Assumption (A1) hold. Then for any ty > 0 and yy € (0,1), the SDE (2.14) has
a pathwise unique solution Y (t) =Y (t;tg,y0, ®) on (fy,o0). Moreover, the solution Y (t) € (0,1)

for all t > to almost surely.

Proof. First, (A1) guarantees that the drift and diffusion coefficients f(z,Y) and g(¢,Y) are
continuously differentiable in # and locally Lipschitz in Y. Then the classical theory for SDEs
(see, e.g., [20, 51]) shows that the initial value problem (2.14) possesses a unique local solution
Y(t) on [0,7,) with Y (¢) € (0,1) a.s., where 7, is the explosion time. The existence of a global
solution will be proved by showing 7, = o a.s. below.

Let ko > 0 be a positive integer satisfying yo € (1/ko, 1 — 1 /ko). For any k > ko, define the

sequence of “stopping times”, {1}, by

Tk:inf{tE[O,re):Y(t)gé <%1—%>} k=1,2, ..

11



Clearly {;} is an increasing sequence. Denote by T.. = lim 7, then 7., < 7, a.s. Next, we

k—>o0
show that 7., = o0 a.s. by contradiction. Define

So,V(Y) > 0forany Y € (0,1). According to (2.14) and It6’s Lemma, we have

dv(Y (1)) = (f( : (f))V'(Y(t)H%gz(l,Y(t))V"(Y(t)Ddt+g(t,Y(t))V'(Y( )dW (2).(2.15)

It follows immediately from (A1) that the functions C; and C; defined in (2.13) satisfy

M GA2/1 M o, M
Cl=p"—of =21 < Ci(r) <pM-ey-Jt=cy, (2.16)
o2 o2
G ="+ 6"+t < ) guM+9{”+7M::c§”. (2.17)

Therefore, for all Y(r) € (0,1) the drift terms on the right hand side of (2.15) satisfy, respec-
tively,

, 1 (1) (1) (d (0¥ (1)1 (1) + da(0)(1 — ¥ (1))Car))

FEY OV (@) e QY1) — DV ()
M M M M . m M
dy'dy (dj +"f2 )maXz_1,2{2|Ci ,1C; |}V(Y(t)) — KV(Y (1)), 2.18)

(min {d",d3'})
S ROBROGN)  (U-YOR P
EEYOV ) = <d1Y<i>+5z<1—Y<r>>>2'< () +1—Y<z>)
e

Y(t)) =KV (Y(1)). (2.19)
(min {725}’ (Y (1) := KV (Y (1))
Combining (2.18), (2.19) and (2.15) results in

dV(Y (1)) = KV (Y (1))dr +g(t,Y (1) V(Y (£))dW (1),

K = max{K},K>}. (2.20)

12



In order to show 7., = 0 a.s., assume (for contradiction) that there exist 7 > 0 and € > 0

such that P(7. < T) > €. Since {7;} is an increasing sequence, there exists N > kg such that
€
P(5 <T)> 7, forallk >N, (2.21)

Then it follows from (2.20) that

V(AT <V @) + [ kvt [ g )W Odw ).

Iy Iy

Taking expectations of the inequality above gives

T AT
EV(Y(5AT))] < V(Y(to))+E[/ KV (¥ (1))

Io

T
< VIO + | [ e OKVEO)dde,  @222)

0

where ¥ is the indicator function, Q is the sample space and [P the probability measure. Then,

we divide Q into
Q) ={oeQ: (o) <t}, Qt)={wecQ: <15 (0)<T}, UB={wecQ: 7y(w)>T},
and apply Fubini’s Theorem to obtain

T
BV GAT)] < VO + [ ] S OKVY(0)dBa

IN

T T
V(Y(to))+// KV(Y(Tk/\t))dIP’dt+/ / Xjto, ) (1) KV (Y (¢))dPds
o JQ(t) n JQ3
T
KV(Y(t))dPd
[ Hiom o) (OKV Y (1) dPas
T
_ V(Y(to))+// KV (¥ (5 Ar))dPdr
to JQI(H)UQ (1)UQs
T

= V(¥ (t0))+K | E[V(Y(tuAt))]dr.

Io
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Applying Gronwall’s Lemma to the above inequality gives
E[V(Y (5 AT))] < V() - 5T, (2.23)

Moreover, due to (2.21) we have

1 £
E[V (Y (5 AT))] > /Q oy FENTNE= [V @)= (k7).
(2.24)

Combining (2.23) and (2.24) results in

, k>N.

1 £
. K(T—t9) > —
V(to) e e <k+ 1 %> )

Because K is independent of &, the above inequality fails as k — co. Thus, 7., = o0 a.s. and as a

result 7, = co. The proof is complete. O]

Theorem 2 not only shows the existence and the uniqueness of the global pathwise solution
to (2.3), but also implies that the species cannot extinct at any finite time. However, this result
does not exclude the scenarios that the Y (r) converge to 0 or 1 in the long run. When the
environmental parameters U, ¢, and 6 are constants, the probability density of the stationary
distribution was obtained in [33]. Nonetheless, the non-autonomous SDE (2.14) with non-
stationary environmental parameters u(¢), o(t), and 6(¢) may not converge to a stationary
process as time goes to infinity. Thus, it is more interesting but challenging to achieve the
asymptotic behaviors of the non-autonomous SDE. In the following theorem, we prove the
solutions to (2.1) with different initial values will converge to each other, which means the
attractor consists of a single trajectory when the sample point @ is fixed. First, we construct
sufficient conditions under which all solutions of (2.14) converge in L!(Q), i.e., given any
to >0, and y;,y; € (0, 1) the solutions of (2.14) with initial conditions Y (fy) = y; and Y (ty) = y»
satisfy

hm/ ‘Y(tat()vyluw) _Y<t’t05y27w)|d0‘) =0. (225)
Q

t—o0

The following assumptions will be needed.
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(A2) dfoj — o2 <2u™+207",

(A3) of —dyol <2u™—206),

(Ad) ( st +dl!) 07— 307 < (% 1) M o — 2 6M 1 297 1 61,
(A5) df oy —dol < —2(df + b uM + 247 ey —24) oM,

(A6) aM <245

Theorem 3. Assume (A1)—(A2) hold. Then all solutions of equation (2.14) with different initial
values converge in L' (Q) as t — oo, if either (A3)—(A4), or (A5)—(A6) hold.

Proof. The following transformation [44] could help us reduce the complicity of analyzing

dynamics of Y (7). Let

Y(t:t.y0) Y0

Z(t) = Z(t;t0,20) = In———"—— 7 —.
(1) =2 ) 1—Y(t;10,y0) 1—=yo

Notice that this is a monotone transformation that transform the domain of state from Y € (0, 1)

to Z € (—oo,00). Then according to Itd’s formula and (2.14),

dz(t) =

( 1 di(1)da(1)Y (1)(1 —
Y(e)(1=Y(1)) (di(0)Y () +da(1)(1 =Y (1))
(

n ( 1 1 )
Zz(f) (1- (f))z (d1 ()Y (t) +da (1)
1

)

1

2

(Y(r)(l Y(r)d <> <>+d2<r
F(t)Y(t) - G(z) dl(f)dz(f)ﬁ(f

(di ()Y (1) +da(6) (1 =Y (2)))* hOY (@)

dw (1), (2.26)

where Cj(¢) and C,(¢) are defined in (2.13), Y (t) = 54—
F(t) = di(t)d(1)Ci(1) +di(t)d3(1)0> () — i (1)d3 (1) Ca (), 2.27)

G(t) = —dl(t)dg(t)cz(t)+%d%(r)d%(t)cz(t). (2.28)

15



Assume z), 73 € Z withz}) > z3 and @ € Q, let Z, (t) = Z(¢: 10,2}, ®) and Z»(t) = Z(t;10, 23, @)
be two solutions of the SDE (2.26) with initial values Z(t) = z} and Z(ty) = z3, respectively.

Denote by Az(t) = Zi(t) — Z»(t), then Ay satisfies

) - — FON=CO)(@O) —dOrdn)”

(1 ()1 +da(1)(1 = 11)) (d1 (1) V2 + (1) (1~ Ya))
 (F0)n—G@) (i (1) — da(0)YP +da (1))
(di ()1 +da(1)(1=11))° (a’ltY2+d2 )(1-12))°
di (1)do(1) 5 (£) (i (1) — do(1)) (Y2 — Y1)
Yi+do(1)(1=11)) (di(1)Ya+da(t)(1 - Y2))
1t
(

(¢ t
s sy oA 0w ), (229

dr

dw (z),

(di
_ F(@)

where ¥; = Yj(t) = <50 for i = 1,2, Ay (1) = i (1) = Ya(t) and

Hi(1) = —(di()—do(t))’ i +d3(0),
H(t) = (di(t) —do(0)) (Vi +Y2) +2(ds (1) — da(1))da (1),
H3(l‘) = (d](l‘)Y]—|—d2(l‘)(1—Yl))(dl(t)Yz—l—dz(t)(l—Yz)),

1 (1) (1) 1) (e (1) — i (1))

Hr) = Hi(1)

Next, integrating the SDE (2.29) gives

" F(s)H(s)+G(s)Ha(s) Ay (s)ds + tH4(s)Ay(S)dW(S)‘ (2.30)

Az(t) =zp— 25+
fo Hsz(s) )

F(s)H,(s) and G(s)H;(s) can be simplified to be

F(s)Hi(s) = di(s)da(s)(d1(s)C1(s) +di(5)da(5)0° (5) — da(5)Ca(s))
(Bs) — (r(s) — o(s)) 102 )
di(5)d3(s) (—2C2(s) +di(s)0°(s))

((di(s) — da(5))* (Y1 + Y2) +2(d1 (5) — da(s))da(s)) ,

G(s)Ha(s) =

16



which, after being rearranged, give

F(s)H (s)+G(s)Hy(s) = d, (s)d%(s) (—2C2(S) +d; (S)GZ(S)) (dy(s) — dz(s))z(—
+d1(5)d3 (s) (d1C) +drCa) +di (s)d3 (s) (—2Ca(s) +di (s) 02 (5))

2
—d (S)dz(s) (a’1C1 -l-dzCz) (d1 (S) — dz(S)) . (2.31)
Plugging (2.31) into (2.30) then taking expectation of the resulting equation gives
" Cz(s)+C.
E[Az(1)] = z0 — 3 +E {/ MAy(s)ds] ) (2.32)
fo Hj (s)

where

Cs(s) = di(s)d3(s) (~2Ca(s) + i (5)0°(s)) (e (5) —das))? (@—nn),
Cils) = di(s)d3(s) (dr()C1(5) +da(s)Ca(s)) + a2 (s)dB (s) (~2Ca(s) + iy (5)0°(s)

—di(s)da(s)(di (5) — da(5))*(d1(5)Ci (5) + da(5)Ca(s)) V1 Ya.
Note that under Assumptions (A1) and (A2)
—2C,(s) +di(s)0%(s) < —2u™ — 20" — 62 +dV 6} := K3 < 0. (2.33)
Moreover, since d;(¢t) > 0 for i = 1,2 and Y}, Y, < 1, then # —Y1Y> > 0 and thus
C3(s) <0. (2.34)

Next, we estimate C4(s) under two cases, where d; (s)C) (s) +da(s)Ca(s) is positive or negative,
respectively. Indeed, d(s)Ci(s) + da(s)C2(s) > 0 under Assumption (A3), and d;(s)C(s) +
d>(s)Ca(s) < 0 under Assumption (AS5).

17



(i) Notice the inequality (2.33) shows that C»(s) > d (S)ZG 2(S). Thus by Assumptions (A1)

and (A3), and (2.16)—(2.17)

di(s)Ci(s) +da(s)Ca(s) > dy(s) <C1 (5) + da(s) gz(s))

2
dl (S)
2

> (2u™ —263 — oy +di'oy) >0,

and because of Y1,Y, > 0, (2.16)—(2.17) and Assumptions (A1) and (A4), we get

Ci) < B (010 + P05~ 20306) +di(5)0) )
< (dP)*(dy)? (c% + ZLZCIZW — 20 4-dY! a@) =Ky <0.  (2.35)
1

(ii) Since C;(s) > 0, then by Assumption (A5) and (2.16)—(2.17) we have

dM
d; (S)Cl (S) +d2(S)C2<S) < d (S) (C{V[-l- dLmC/zVI)
1
1 ast 1
M 2 2 M M 2
= di(s) (M _951_5(‘;171—{_@(” + 6 +§0'M>)
< 0, (2.36)

and therefore, from Y7,Y, < 1 it follows that

Ca(s) < di(s)da(s) (di(s)Ci(s) +da(s)Ca(s)) (—di(s) +2da(s))

+di(s)d; (s) (—2Ca(s) + di (s) 6% (s)) - (2.37)
Assumptions (A1) and (A6) guarantee that
—dy(5) +2da(s) > —d¥ +24d5 > 0,
and thus, (2.37) and (2.33) imply that

Ca(s) < di(s)d3(s) (—2Ca(s) +di(5)0°(s)) < (di')*(d5')°K3 < 0.

18



Since z(l) — zg > 0, then Az(t) = Az(t;to,z(l) —z(z),a)) > 0 for all r >ty and any @0 € Q
due to the uniqueness of solutions. The monotonicity of the transformation Z(z) implies that
Ay = Ay (319, — y3,®) > 0 for all 1 > 19 and any @ € Q. Note that H3(¢) < (d¥ +d¥)?, and
inserting (2.34) and (2.35) into (2.32) gives

E[Az(1)) < 2 — B =t )41@{ tAy(s)ds]. (2.38)

(d{w + dzzw fo

Similarly, inserting (2.34) and (2.37) into (2.32) shows

E[Az(1)] < Z(]) _2(2)_1_ WE { t

e Ay(s)ds] : (2.39)

fo
Moreover, applying the mean value Theorem results in the existence of y € (0, 1) such that

Bite0] =& | (1411 ) arl0)| 2 4Elar (),

The above inequality, along with (2.38)—(2.39) and the Fubini Theorem give

-7 o [ max { Ky, (d7')*(d5') K3 |

+ 2 [Elay ()ds with o ==
x T, HAreldsw (di -+ aiTy

E[Ay(1)] < <0.

It follows immediately from Gronwall’s Lemma that

00— %

X (t—1
7] e4710) 50, ast — oo,

E[Ay(1)] <

which confirms that all solutions with different initial values converge in L' (Q). The proof is

complete. O]

The assumptions in the theorem above only consist of the upper and lower bounds of the
moments of the non-stationary parameters. The following corollary provides a set of time-

dependent conditions, which are weaker than assumptions in Theorem 3.
(B2) there exists € > 0 such that (1 —d;(¢))o?(t) +2u(t) +26,(t) > € for t € [to, T,
B3) (1—dy(1))02(t) <2u(t) —26,(t) fort € [ty, T,
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(B4) there exists € > 0 such that for ¢ € [ry, T,
(di(1) = do(6)) (1) + (21 (1) = o (0)) 81 (1) + dy (1)82(1) + (242 — 3(r) — 42 ) 62(1)

is greater than &,

(BS) (da(r) —di(1))0>(1) < —2(dy (1) +da(0) (1) +2(d1 (1)Bs(1) — (1) 61 (1)) for 1 € [t0, T,
(B6) d(t) <2d(t) fort € [ty, T].

Corollary 1. Assume (A1) and (B2) hold. Then all solutions of equation (2.14) with different
initial values converge in L' (Q) as t — oo, if either (B3)—(B4), or (B5)—(B6) hold.

Theorem 3 and Corollary 1 show that for each fixed @ € Q, there is a limiting trajectory
that attracts all the solutions start from different initial value. Consequently, the existence of
a time-dependent limiting process for the non-autonomous SDE (2.14) as t — oo is ensured.
On the other side, the coexistence of two species means the proportion of the first species Y (z)
is stochastic persistent, i.e., Pr(lim, .Y () = 1) =Pr(lim; Y (¢) = 0) = 0 [34]. Therefore,
Theorem 3 and Corollary 1 cannot exclude the case in which Y () approaches O or 1 as t — o
and hence do not confirm the coexistence of the two species. In the following theorem, we
further establish sufficiently conditions for coexistence in the sense of stochastic persistence of

Y ().
Theorem 4. Let Assumptions (A1), (A2), and (AS) hold. In addition, assume that
(A7) dy(t) <di(t) <2d,(t) for all t > 1.
Then there exists a deterministic function Y*(t) € [Y,», Y] for all t > ty with Y;; > 0 and

Yy < 1 such that

limsup (Y (1) —Y*(t)) >0, liminf(Y(r)—Y*(r)) <0, a.s.

f—s00 t—ro0
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Proof. To reduce the complexity, we still apply the same transformation in Theorem 2.10. Let

Z(Y (1)) = In {2\~ Then by 1t6’s Lemma, Z(t) satisfies the SDE

B di(t)dr(t)o(t)
dZ(r) = U(Y(n),n)dr+ di ()Y (1) +da () (1 —

FO)Y (1) - G()
(i (1) (1) + () (1 - ¥ (1))

where F(¢) and G(t) are defined by (2.27)—(2.28).
Whereby Assumptions (A1) and (A2), the inequality (2.33) still holds and thus

G(r) <

l\.)I'—k

Moreover, by Assumption (A1) and (2.42) we get

1
0> G(t) > Edi”(dﬁl)z (—2uM - 200 — o7 +d'cL) == G", Vi>1.

The inequalities (2.42) and (2.33) along with Assumption (AS) imply that
1
C3(l‘) =d (Z)C1 (l‘) + Edl (l‘)dz(t)(iz(l‘) <d (l‘)C] (l‘) —l—dz(t)Cz(l‘) <0,
Combining (2.43) and (2.36) gives

dldNCP + G < dy(t)dy(1)C5(t) + G(t) = F(t) <0, Vt>1,

2
where O = dif (w7 — 6} — Gt ) + Larayo?.

di'(dy)* (—2u™ — 200" — o +di o) == GM <0, Vt>1.

(2.40)

(2.41)

(2.42)

(2.43)

(2.44)

Consequently, U (Y (¢),t) = 0 always has a positive root Y*(¢) = G(t)/F(t). Furthermore,

due to (2.42) and (2.44)

GM
Y*(t) > =Y'>0, Vi>u.
()—d{”dgwc';ﬂ;m m =10

21
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2
Besides, using that C3(t) < df’ (/.LM -0 — %) + %d{”dﬁ”cﬁ ;= CY < 0, and noticing that

Y*(t) is a decreasing function with respect to G result in

Gl’l’l
Y*() <

. A—— S TS 2.46
= drdpc 4gm M =% (2.46)

Next, we show that limsup,_,., (Y (1) —Y*(¢)) > 0 a.s. by contradiction. Assume it is not

true. Then there exists € € (0, 1) sufficiently small, such that

P[Q4(2)] > %e for Qu(t) = {a) limsup (Y (1, 0) —Y*(1)) < —e}.

t—ro0
Hence, for every @ € Q4(r), there exists 71 (w, €) such that

Y(t, @) —Y*(t) < —%e, Vi>T(o,¢). 2.47)

Due to (2.42) and (2.44), the function U defined in (2.41) satisfies U(Y =0,7) >0and U(Y =

1,¢) <0 for all r > £p. Moreover, under Assumption (A7)

oU _ —F()di()Y (1) + F(t)da(1)Y (1) +2G(1)d, (1) + F (1)da (1) — 2G(t)da (1)
oY (di ()Y (1) +da (1) (1 =Y (1))
_ F)Y(1)(2dy(r) —di(2)) + F(t)da(1)(1 Y(t))+ 2G(1)(dy ()—dz(f))<0’
di ()Y (1) +da(t)(1-Y (1))’

which means that U (Y, ¢) is a decreasing function with respect to Y forany Y € (0, 1) and 1 > 1.

This together with (2.47) give
1
U (t,o),t)>U (Y*(t) — Ee,t) >U(Y*()=0, Vi>Ti(o,¢). (2.48)
Plugging (2.48) into (2.40) gives

ﬂymw»zzz@@+/ﬂm”UW@»mn+UQ”@—§aQc—n«ma>

fo

' di(s)da(s)o(s)

"o i)Y () +da(5) (1= ¥ (5))

dW(s,w), Vt>Ti(w,e¢).
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Then the large number theorem of martingales implies there exists Q5 € Q with P[Qs] = 1 such
that

1 1
liminf-Z(Y (¢t,0)) > U (Y*(t) - —£,t> >0, 0eUu(t)NQs, t>T(o,¢).

t—oo f 2

Consequently, lim; . Z(Y (f,®)) = oo, i.e., lim; . Y (t,®) = 1, which contradicts (2.46) and
(2.47). Therefore limsup, ., (Y (1) —Y*()) > 0 as.

In order to prove liminf;_,. (Y (t) —Y*(¢)) < 0 a.s. We again assume for contradiction that
it does not hold. Then there exists € € (0, 1) sufficiently small, such that

P (1)] > %g for - Qe(t) = {0 liminf (¥ (r,0) —¥* (1)) > €}

t—o0 -

Hence, for every @ € Qq¢(1), there exists 7> (o, €) such that
e, Vi>Nh(w,e). (2.49)

Going through similar process as above, we obtain that lim, . Z(Y (f,®)) = —eo, i.e.,
lim, .. Y (¢, @) = 0, which contradiccts (2.45) and (2.49). Therefore

liminf (Y (1) —=Y*(r)) <0 as.

t—o0

The proof is complete. []

Theorem 4 shows that that Y (¢) will oscillate infinitely often around the time-dependent
trajectory Y*(¢) that is away from O and 1, which implies the coexistence of 2 species. When
Y*(¢) is a constant, this means Y (¢) is stochastic bounded [28]. Here, because 0 < ¥, <
Y*(tr) <Y;; <1, Theorem 4 generalizes this concept of coexistence to the case with Y*(¢)
time-dependent. Hence, the two species also coexist in the sense of generalized stochastic
boundedness.

Clearly, the Assumption (A7) in Theorem 4 is stronger that the Assumption (A6) in Theo-

rem 3. Therefore, under the assumptions of Theorem 4, we can also obtain the limiting process
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that attracts all solutions with differential values. Thus, the additional condition of d; () > d;(t)
in Assumption (A7) essentially puts a balance between the death rates of two species, which
promotes their coexistence [52]. It is worth noting that for the special non-stationary case where
the SDE (2.14) has periodic parameters, i.e., o(t), d;(t), i(t), and 6;(¢) are periodic functions
with the same period, conditions weaker than those in Theorem 4 for the coexistence may be

obtained by utilizing the method of Lyapunov exponents [53].

2.4 Fokker-Planck equation for the lottery model

In the previous section, we establish the unique global solution to SDE (2.1) and analyze
the long-term dynamics of the solution. Indeed, the fraction of sites occupied by each species,
i.e., path-wise dynamics of the states are studied. This section is devoted to the probabilistic
behavior of states. In particular, we first derive the Fokker-Planck equation on the transition
probability density of the diffusion process, and then prove the existence and uniqueness of the
solution.

Note that Y (¢)is the diffusion process determined by the drift and diffusion coefficients
f and g defined in (2.11) and (2.12). For any (s,x) € RT x (0,1) and (¢,y) € (s,%0) x (0,1),
let P(t,y|s,x) = P[Y(¢) < y|Y(s) = x] be the transition probability and denote p(z,y|s,x) as the
corresponding transition probability density. The following lemma shows p(t,y|s,x) satisfies

Fokker-Planck equation.

Lemma 1. For any (s,x) € (0,00) x (0,1) and (t,y) € (s,00) x (0,1), if the continuous par-

tial derivatives %p(t,y|s,x), (%(f(t,y)p(t,y|s,x)), g—zzy (g%(t,y)p(t,y]s,x)) exist, the transition
probability density p(t,y|s,x) satisfies the Fokker-Planck equation

9 9 192,
Ep(t7y|sax) = _a_y(f(tay)p([7y|sax)) + Ea_zy (g (t,y)p(t,y|s,x)) )

with the boundary condition p(s,y|s,x) = 6(y — x), where 6 is the Dirac function.
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Proof. Since p(t,y|s,x) is the transition probability density function, p(s,y|s,x) = 6(y — x)

holds automatically. Next, for any ¢ € C2(0,1) we estimate

/ 309 (e, ls x)dy aat/l¢(y)p(f,yls,x)dy
= lim- (/0 ¢y )P(t+h,y|s,x)dy—/01¢(z)p(t,z|s,x)dz)_

h—0 h

To that end, first use the Kolmogorov-Chapman equation and Fubini’s Theorem to obtain

I = %lg(l)h(/¢ / (t+h,y|t,2)p(t,2s,x)dz dy /¢ tZ|s,X)dZ>

= tim ([ ([ 00wttt )pteclsonaz— [ o(@p(alsac)
= hmh/ / oy t—l—h,y]t,z)dy—(])(z))p(t,z\s,x)dz

h—0

= /0 (11m (¢(y)—¢(z))p(t+h,y\t,z)dy)p(t,z[s,x)dz. (2.50)

h—0h

To further estimate ., we split the inner integral in (2.50) into two parts. More precisely,

let € be an arbitrary positive number and write

[} 00 -0t thsiady = [ (00)-0@)plr+ ol

+ (0(y) = 0())p(t +h,ylt,2)dy.  (2.51)

lz—y|<e

Then by using the property of the probability density of a diffusion process [54], there exists

K = K(¢) such that

/Iz J>e (‘P()’) - ¢(Z))P(I+h,y\t,z)dy <K p(t+h,ylt,z)dy < o(h). (2.52)

lz—y[>€
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On the other side, by Taylor’s expansion of ¢ at z and (2.3) — (2.4) again,

! (00) ~ 0(2)) ple +hylr.2)dy

hJjz—y|<e

- ! (¢'(z)y—2)+ %W’(Z) (y—2)%)p(t+h,yt,z)dy+o(€?)

hJjz—y|<e

= YR+ 50 R0 +ole). @.53)

Applying estimates (2.52) and (2.53) to (2.51) and letting € — 0 gives

tim L[ (00) - 0@)p(+ oyl )y =010 + 10" @20 @59

h—0h Jo

Now inserting (2.54) into (2.50) and integrating by parts results in

01 %¢(y)P(I,Y‘S,X)dy — /01 (f(t,z)d)/(z) + %g2<t,Z)¢”(Z)) p(t,z|s,x)dz
2
- /0] (‘%“(“Z)P@’Z“’x)) 52 (5P <r,zrs,x>>) f(2)dz

2

1
= /0 (—aiy(f(t,y)p(t,ﬂs,x)) 882 (18 (t,y)p (t,y|s,x)))¢(y)dy.

Since ¢ is an arbitrary function in C2(0,1) and p(t,yl|s,x) is continuous, the above equation

implies that

T @) 259

l\)l'—*

d d
Ep(t7y|sax) = _a_y(f(tvy)p<tay|sax))

for all (s,x) € (0,00) x (0,1) and (¢,y) € (s,00) x (0,1). The proof is complete. O

Recall that Y (¢) is the diffusion approximation of the discrete lottery model. Hence, 0 and
1 are invariant for Y, i.e., if Y (7) =0 or Y (7) = 1 for some 7 > f, then Y (¢) cannot get back to
(0,1) for t > 7, which implies that we have an absorbing barrier problem [55]. From (2.55) we

can formulate the Fokker-Planck equation corresponding to the SDE (2.14) as

2
p(t,ylto, y0) = —a%(f(t,y)p(t,y!to,yo)) + 157( 2(t,9)p(t,y[to, y0)) in (0,0) x (0, 1)

(2.56)

9
ot
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with boundary and initial conditions

p(t,0[to,y0) = p(t,1]to,y0) = 0 for t > 1o, p(t0,¥|t0,y0) = 6(y —yo) fory € (0,1). (2.57)

Next, we prove the existence and uniqueness of solutions for the above partial differential
equation system (2.56)—(2.57). The diffusion coefficient satisfies g(¢,0) = g(¢, 1) which yields
that (2.56) is a degenerate parabolic equation. We cannot apply the classical existence theorems
directly. However, the transformation

Y (1)
Ty @)y

Z(t) =

t > 1o,

will help us overcome the technical difficulties resulted from the degeneracy of (2.56).
Denote by Q(t,z]s,x) = P[Z(t) < z|Z(s) = x| the transition probability of the process Z(t),
and by ¢(,z|s,x) the corresponding transition probability density of Z(¢). Since Z is strictly

increasing with respect to Y, and given any yg € (0, 1),

P(t,ylto,y0) = PY(t) <y[Y(t0) = yo]

Y ‘ Y Yo
Z(ty :Z():| = Q(l,ln )l‘o,ln ) .
-y (o) 1 1 =yo

=P {Z(z) gln1

Differentiating both sides of the above equations results in the following relation between the

transition probability densities of Z(¢) and Y (¢)

|
Y ‘to,ln Y0 > . (2.58)
-y (

P, Y)0,Y0 ZQ(I,ID
(t:710,30) 1—yo/ y(1—y)

1

Since, ¢(t,z|to,z0) is a transition probability density,

1
Yo
p(t,ylto,up)d / t, ln fo,In > dy
/o (t,3] ’ 1—yo y(1-y)
1 =0

:/ tz|t0,ln 20 >dz:1.
—JYo
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Thus, it suffices to prove the existence of solutions for the equation satisfied by ¢(z,z|to,z0)-

Note that Z(z) satisfies the SDE (2.26) which is equivalent to

dz(t) = f(t,Z)dt + g(¢,Z)dW (¢)

with
] dy (o (1) (1 + & !
Ft,2) = (;E’()t;g (dz?;)),j (ezdl(t)Cl(t)—i—dz(t)Cz(t)+§d1(t)d2(t)62(t) (ez—1)),
3 di(t)da(t)(14€%)o(t)
8(t,2) LOE+da(t)

It follows from (2.55) that g(¢, z|tg, z0) satisfies the Fokker-Planck equation

d d - 1 92 )
—q(t,zlto,20) = —=—(f(t,2)q(t,2|to, 20)) + 5 55 (8% (£,2)q(t,z]t0,20)) in (0,00) x R, (2.59)
ot 0z 2 0%z

with the initial condition
q(to,z|to,20) = 6(z—2z0) forze Z. (2.60)

Notice that there is no boundary condition in the new PDE (2.59) that possesses the whole real
line as its boundary condition. In addition, assumption [(A1)] includes that o () > G,%l > 0 for
all # > ty. Then the problem (2.59)—(2.60) is uniformly parabolic on [0,e) x R. The existence
of classical solutions for (2.59)—(2.60) is ensured by the results in [56] (Theorem 11, Chapter
1) and [57] (Theorem 3), and the uniqueness of a classical solution is ensured by [58] (Theorem
9.4.3, Chapter 9). Moreover, the proof in [58] (Theorem 6.6.2, Chapter 6) shows that the unique
classical solution of (2.59)—(2.60) is a probability density. We conclude the above result in the

following theorem.

Theorem 5. Let Assumption (A1) hold. Then, the problem (2.56)—(2.57) has a unique classical

solution p(t,yl|to,yo). Moreover, p(t,y|to,yo) is a probability density.
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In fact, the solution to (2.59)—(2.60) may exist uniquely in more general sense (see, €.g.,
[58], Theorem 6.6.2, Chapter 6 and [58], Theorem 9.4.3, Chapter 9). Hence, Theorem 5 can

then be generalized to the following version. But the solution may not be a probability density.

Theorem 6. Let 1 (t),0(t),0;(t),di(t) (i =1,2) be bounded Lebesgue measurable functions on
[to,0), and assume that igf{cr(t)} > 0. Then the problem (2.56)—(2.57) has a unique solution
t>ty

p(t,y|to,y0). However, p(t,y|to,y0) is a sub-probability density with fol p(t,y|to,y0)dy < 1.

Remark 6. In Theorem 6, the solution of the problem (2.56)—(2.57) exists in the sense that for
every function ¢ € C(0, 1) there exists a set of full measure subset Jo (see [58]) of (0,00) such

that for all t € Jy we have

/(P - p(t,ylto,y0)dy — /(P O(y—yo)dy = hm//Lfg p(r,y|to,yo)dydr,
T—0+

92 d
where Lg.o(9) = 58°(t,) 5, + f(1.9) 5.

Notice that in Theorem 6, weaker assumptions on the environment parameters result in a
sub-probability density. To be specific, the environment parameters in Theorem 6 do not need
to be continuous, which implies one of the species may extinct in an extreme scenario with

fierce environmental fluctuations.

2.5 Numerical simulations

In this section, numerical simulations are presented to illustrate the theoretical results
obtained in Section 2.3. Throughout this section, the initial time is assumed to be 7y = 0. More-
over, we choose the following set of time-dependent moment functions that satisfy assumptions

(A1), (B2), (BS), (B6), and (A7), for the non-stationary environmental processes.

142 0.5cose’ __ 15420¢ cose!
pir) = I+ 7 24cos(v2et)’ o(r)= 142 2+cos(v2e")’
_ 143 0.1cose’ _ 14t 0.05cose’ 261
dl (t) 5+10[ + 2+COS(\/§€[)’ dz(t) 7+5[ _'_ 2+COS(\/§€t)’ ( . )
__ 0.5cosé ____0.25cosé!
01 (t) T 2+4cos(v/2et)’ 92(1‘) T 24cos(v2et)”
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First, in Figure 2.1 below, for a fixed sample point @ € €, simulated solutions of the SDE
(2.14) with 10 different initial values {y;} j—1 ... 10 are presented. We can easily observe that 10
solutions converge to a non-stationary process, as time goes on, even though they have different
starting points. This phenomenon can be addressed by AEDT in [44], that describes asymptotic
dynamics of Y () only determined by the environment rather than the initial states in the context

of lottery models.

Figure 2.1: Solutions to (2.14) using 10 different initial values with the same sample w € Q.

Furthermore, it is more convincing to describe the observation from Figure 2.1 with statis-
tics. More precisely, in Figure 2.2 below, with the sample point @ € Q fixed, the empirical
average and variance of 100 solutions with 100 different initial values are plotted. Given initial
values y; € (0,1) for j=1,---,100, the average of solution Y (¢) = ﬁz;golY(t;to,yj,a)) is
plotted on the left, and the variance V(Y (¢)) = ﬁz}g‘{ (Y(t:10,yj,0) = ¥ (t))2 is plotted on
the right. As the variance approaches 0, all solutions converge pathwise.

Notice that the convergence in Figure 2.1 is in fact almost sure convergence with respect
to the initial values, which is different as the convergence described in Theorem 3. In order
to show the convergence in mean, we should let ® € Q be free. So, we choose two arbitrary
initial conditions yj, y, € (0,1) and compute the mean of their difference |Y(¢;t,y1,®;) —
Y (¢;t9,y2, ;)| with 1000 difference samples @; € Q, i = 1,---,1000. In Figure 2.3 below, the
1000 difference |Y (¢;t,y1, @;) — Y (t;t0,y2, @;)| are presented on the left, and the average of the

difference IOIWZ}E?O Y (t;10,y1,@;) — Y (t;10,y2, @;)| as an simulation of the mean difference
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Figure 2.2: Average and variance of solutions to (2.14) using 100 different initial values with
the same sample @ € Q.

E[|Y (¢;t0,y1) — Y (¢;20,¥2)|] is plotted on the right. Thus, the right part of the above figure

Difference for each sample

Mean of difference
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Figure 2.3: Convergence in mean of solutions of (2.14).

confirms the convergence in mean for two solutions to (2.14) with two initial values.

In addition, to investigate the influence of environmental fluctuations on coexistence of
species, we compare the continuous deterministic lottery model with (2.14). To that end, we
just need to let the variances of the environmental parameters be zero. Therefore, vl.h () and

EN(t) are deterministic functions and

&N =E[E" )] =hu(r), and vI(t)= MO =dl(r), () =Ex()] =0, i=1.2.
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Inserting the above equations into the difference equation (2.7) we obtain its deterministic

counterpart
A ()X (1) (1= X (1) (M0 1)
drOX (M +d(0)(1=X(1)

X(t+h) —X(t)=
Then, we divide both sides of the above equation by % and let 7 — 0. Applying

hu(t) _
lim d(¢) = di(t), fori=1, 2 and lim "

h—0 h—0 h - “(t)

results in the continuous deterministic lottery model

dX(r)  di(t)da(t)X (1)(1 =X (t)u(t)
d  di()X(t)+da(t)(1 =X (1))

(2.62)

With the same set of functions p(z), di(¢) and da(¢) as in (2.61), we simulate solutions of

the ODE (2.62) using three different initial values. Then, we compare them with solutions to

solutions of the SDE (2.14) with the same initial values. Figure 2.4 shows that even if X ()

starts from different the initial values, eventually, it approaches 1 in the deterministic case.

Recall that X () represents that fraction of the sites that occupied by the first species. Thus, the

second species eventually becomes extinct. This phenomena is also consistent with Chesson’s

coexistence theory that environmental fluctuations promote coexistence of species [28].

1 = e o e

- = -
”
09

—— Y1, 05)
-— X1, 05)
———Y{t:1,,0.25)
— anﬂozs

OB*

m J « " ’ ‘U J t ' H ‘ ‘ ** H

xm Vs V().

o
S

03
0.2

0.1

i ru

0
0 20

Figure 2.4: Solutions to the ODE (2.62) with initial values 0.25, 0.5, 0.75 (plotted by dashed
lines) compared with solutions to the SDE (2.14) with the same initial values (plotted by solid

lines).
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(a) A 3-dimensional view (b) A 2-dimensional view on p-f plane.

Figure 2.5: Numerical solutions of PDE system (2.56)—(2.57) with initial condition po(y).

Finally, we simulate the Fokker-Planck equation (2.56) with coefficients determined by
functions in (2.61). We choose 0.3 is the initial value of (2.14). In order to approximate the
initial condition pg(y) = 8(y —0.3), we apply the piecewise continuous function that peaks at

y = 0.3 and satisfies fol po(y)dy =1:

)
0, 0<y<0.2,

1

Po(y) = 22.523¢1000-037-1 0.2 <y < 0.4,

0, 04<x<l1.

\

The numerical solution of PDE system (2.56)—(2.57) with the initial condition po(y) =
6(y —0.3) is shown in Figure 2.5a. A two dimensional view from the time axis of the 3
dimensional graph in Figure 2.5a on the p-f plane is shown in Figure 2.5b to better illustrate
the non-stationarity property of the asymptotic probability density function. Therefore, the

existence of the stationary distribution is not possible with coefficients in (2.61).
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Chapter 3

N-D Lottery Model

The N-D (N > 2) lottery model is formulated in the same way as 2-D case in the previous
chapter. For t > 0, let X;(¢) be the fraction of the sites occupied by adults of the ith species at
time ¢. For any & > 0, let vih(t) be the proportion of adults of the ith species dying during the
time period (t,7 + h]. Denote by 3/ (¢) € [0, 1] the per capita net reproduction by adults of the
ith species during time (¢, + h]. Following the logic that the next generation is given by the
sum of surviving adults and new recruitments [28, 26], the original discrete-time lottery model

for N competing species is established as

Xi(t+h) = (1—vH1)Xi(r) +

h . N
L BR 5O = N0 e

Assume the initial time of the system (3.1) to be #y, and also let the initial fractions of species

satisfy
N
Xi(to) :==xip > 0fori=1,--- ,Nand ) x;o=1. (3.2)
i=1

Clearly, under the above assumption (3.2), if any solution of the system (3.1) exists, it will

satisfy
N
Y Xi(r)=1, forallt>r. (3.3)
i=1
3.1 Diffusion Approximation
Similarly to Chapter 2, for each i = 1,--- ,N and any different discrete time instant ¢

and s, v/'(t) and v!(s) are assumed to be independent. Similarly, B/ (¢) and B/ (¢) are also
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independent. Due to Remark 2, we can repeat the same process in Section 2.1 to obtain the
existence of the diffusion approximation of the N-D lottery model. Note that the diffusion
approximation of a stochastic process X(¢) = (X;(¢),...,Xn(t)) is characterized by its drift and

diffusion coefficients, defined respectively as

fitx) = Jim B[ (4 ) - X)X () = X, (3.4)
ui(tX) = lim E(X( 4 R) - X)X D) - XOIXO =X, G

fori, j=1,---,N.
Next, we calculate the (3.4) and (3.5) whereby (3.2). To that end, taking into account (3.3),

it is more convenient to rewrite the system (2.1) in an equivalent differential-algebraic form

Yot Ain(0)Xo + Bin(1) (1 - L7 X)

BHOvED) v e
Lo (5 B Vi) v}@())x“ L1 Xn

Xi(t+h)—Xi(t) = Xi(t)v!(1)

for i=1,---,N—1, 3.6)
N—1

Xv(@) = 1-Y X.(),
n=1

where

ante) = A0 (Bﬁ(t)v]@(t) . #(r)v}@(r)) g B0
- (7) Vi (1) (1)

Notice that in reality, the environmental fluctuations could probability be non-stationary
[52, 44, 59]. Thus, it is natural to assume the stochastic processes 3/(¢) and v/ (¢) to be non-
stationary as Chapter 2. However, the simplified stationary assumption of 3/*(¢) and v/ (¢) still
provide a great deal of useful information, because we can investigate more details of dynamics
for a higher dimensional system. Throughout this section, it is assumed that the environment
has stationary temporal fluctuations, for which the stochastic processes f3/*(¢) and v!(t) are

stationary.
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Here, we follow the ideas of Refs. [52, 34] but apply the different set-up. The stochastic
processes p’(t) and y/(t) are defined as

ph([):]nﬁlflO)vkj(I) h

Xth) -0 = RO i N (3.7)
i —Aq = ) or 1=1,---,IN— .
Sh(t)
where
N—1
RIt) = Xidie" | Y due®™ W (&Pl —ePr) X, +dyXn (P — 1) |, (3.8)
n=1
N—1
') = Y duePre™ WX, +dyXy, (3.9)
n=1

and Xy =1 -YV'X,.

Since ¥(¢) = Inv!(t) —Ind; and d; is the geometric mean of v/ (¢), we have E[y"(¢)] = 0.

Throughout this section it is assumed that

(A8) the stochastic processes p!(¢) and v/ (¢) are stationary with

E[p} ()] = hu, Var[p}'(1)] = hoy Cov[pl-h(t),p;’(t)] = hoyj,

Varl ()] = ha,  Covly(1). V()] =0, Covlyf(t).pl(1)] = h6;.

. o . RO (RND)?
Applying the approximation (3.10) below and (A8) to each of the ratios 5;1_@)’ (S;'(t))z’ and
R} (NRA(1) .
NCIOE respectively,
g [RO] L ERO] _ CovR(),S()] , VarlS©)E[R(®)] (3.10)
s TESO] T ES2()] E[$3(1)]
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we obtain that (see Appendix A for detailed calculations)

Zilv;ll dpXn (U + %an)
Zj;:’:l dyxp

1 2
fl(x) ~ xldl<.ul+§cyi -

Zﬁx;llzl dndpmXnXmCinm + ZQ’:_]] dpXnDin + d;%[xgzv 0ii > 3.11)
(Zﬁ,vzl dnxn)2 , .
ZN: ! dnxn Oin+ Ojn
Clij(X) ~ d,'deﬁCj(Gij— n=1 N ( ] )
anl dpxn
Z]n\/’n—11:1 dndmXnXm Omn ) (3.12)
(Zfzvzl dnXn)? , '
where xy = 1 — ZQ’:—]] X, and
Cinm = 6ii - ein + eni - enn - emi + emn — Omi + Omn, (313)
Din — 26ii - ein - 6nn + GNn — Op;- (314)

Especially, for i = j, the relation (3.12) still holds with the convention 6;; = 61.2.

Because of Theorem 11.2.3 in [47], the solutions to the discrete lottery model (3.6),
X () = (XI(1)) _11, converge weakly to the diffusion process Y(r) = (¥;(¢))Y,! with the drift
and diffusion coefficients given by (3.4) — (3.5), as i — 0. Then, Y;(¢) represents the fraction of
the sites occupied by adults of the ith species at time ¢. And Y(¢) = (Y1,...,Yy_1) satisfies the

following system of nonlinear autonomous stochastic differential equations

N—1

dvi(t) = fi(Y(z))dr+ Z gij(Y(t))de(t), t>0,i=1,--- ,N—1, (3.15)
=1

Y(O) = yOE (071)N717

where f; is defined as in (2.12), & = (gi;)(v—1)x(v—1) 18 @ “square root” of the matrix 2 =
(aij) (N—1)x(N—1) With components a;; defined by (3.12), and W(#) = (Wy,...,Wy_1) is an

(N — 1)-dimensional standard Brownian motion.

Remark 7. The “square root” & of U is view in the sense that & = . The existence
of such a square root is ensured by Proposition 6.2 in Chapter 4 of Ref. [60]. But, such a

decomposition of 2 may not be unique. Nonetheless, thanks to Theorem 6.1 in Chapter 4 of
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Ref. [60], any two solutions of the system (3.15) with two different square roots of 2l have the

same probability distribution.

According to Proposition 6.2 in [60], the positive semi-definite property of the matrix 2
is a necessary condition for the existence of the square root of 2. To ensure 2 is positive semi-
definite, as well as to facilitate analysis in the sequel, throughout this section it is assumed

that

(A9). The moments in Assumption (A8) satisfy
2

of = o’ o;=Ac’fori# jwith0<2 <1,

6; = 0, 9,']':89 for i £ jwith0 < e < 1.

With the Assumption (A9), the coefficients Cj,,,, and D;,, in (3.13)—(3.14) can be simplified to

—(1—8)0—(1-A)o2, n#im=i,
Cinm = (1—8)9—|—(1—l>62, n#i,m;ﬁi,m:n y Din=
0, otherwise
For simplicity of exposition for Y = (¥;)¥ !, let

i=1 >

N—1 N—1
SN_l(Y> = Z d,Y,, SN(Y) = SN_l(Y) +dy (1 — Yn> .
n=1 n=1
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It follows that drift and diffusion coefficients in (3.11) — (3.12) become, respectively,

SN—1 (Y) > _ Zﬁ::ll dnlin¥y

1
fi(Y) = dY; (.Ui+502<1_ Sy(Y) Sn(Y)

Yoot dnYy (C (dn¥n —di¥;) + 6 — QLGZ> — CdiY;+d3Y2e

+ T . (16
with ¢=(1—-¢€)8+(1—A1)c?,
)
ai(Y) = d’¥’c> (z(l—nglg))
+(1—)L)<1—S%VY(";1{"> Z@ggy’g)) 3.17)
0;j(Y) = did;YY;o> (A(l_&;Tlg)y
+<1—A>(—mé"]v+(§’>'d" Zys—j_zv‘l(ff)y"z)) i+ ). (3.18)

Lemma 2. For each fixed vector Y € [0,1]VN =1, the matrix A(Y) = (ai5(Y)) (N—1)x (n—1) is non-

negative definite.

1, ifi=
Proof. First, we denote u; = %, zi = d;Y; and set &;j =

0,ifi#j
Then, the matrix 2 can be separated as

A=Ac’P+(1-1)c?Q,

where each element of P and Q are defined, respectively, as

Sn-1(Y)\? N o
ij=zuzj | 1= =7 |+ 4ij=zzj | 6ij —ui—u;j :
Dij ZZ]( Sw(Y) qij =ZiZj | Oij —Uu MJ+Zun

n=1
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Clearly, P is already non-negative definite. It is sufficient to prove Q is non-negative definite.

In fact, for an arbitrary & = (&);=1 .. y—1 € [0,1]¥ "1, we have
N—1 N-1 oy N-1  N-1 NSl (Nl 2
Y & = Z P =2y &z Y wibizni+ Y un | Y &z
ij=1 i=1 =1 i=1 n=1 i=1
N-1 Nf

= Z(ﬁ,z, Z ]Z] >2 0,

Therefore, the matrix Q is non-negative definite. The proof is complete. ]
Remark 8. The non-negativeness of 2 can also be shown from (3.5).

Lemma 2 shows that & = (g;;)y_1)x(v—1) in (3.15) exists. The rest of this section is
devoted to study properties of solutions to the SDE system (3.15). The global existence and
uniqueness of a positive bounded solution will be proved in Theorem 7 below. Then the asymp-
totic behaviors of the solution will be studied in Section 3.2. According to It6’s formula, for a
non-negative C> mapping ¥ : RV =1 — R, the process 7 (Y(t)) satisfies

N— 187/ 1N 1 827/
Z Y di+ Z | 9Y:9Y; avay, dY:

Inserting (3.16) — (3.18) into the above equation gives

A7 (Y(t)) =27 (Y(r))dr + Z ( Zgl, ) (3.19)
where
N—1 N—1 2
- ¥ A0SV + 5 3 T ol ) gy V0. G20

Theorem 7. For any yo € (0,1)N1, the system (3.15) has a unique solution Y(t) = Y(t; y,, ®).

Moreover; the solution Y(t) € (0, 1)N=! almost surely for all t > 0.

Proof. Lemma 2 along with Proposition 6.2 in Chapter 4 of [60] ensure that the system (3.15)
has a unique local solution Y(¢) on [0, 7.) with Y () € (0,1)V~! a.s., where 7, is the explosion
time. Then the global existence of the solution will be shown by proving 7, = o a.s. Let

ko > 0 be a positive integer such that y, € (1/ko, ko)V~!. For any k > ko, define the sequence
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of “stopping times”, {7}, by

N-1
Tk:inf{tE[O,‘L’e):Y(t)gé (%,1—%) }

Clearly {7} is an increasing sequence. Let T = limy_.., T¢, then T, < T,. We prove T, =

a.s. by contradiction. To that end, define
V(X) = ———, forany x = (x1,..., xy—1) € (0, 1)
Xn

It follows immediately from (3.16) that for any Y(¢) € (0,1)V~! it holds

0.0 57 0v0)

NoL g, ( 1 2<1_SN1(Y)> Yot dnbnYy

s l+ (0
Sy, \MT2 Sn(Y) Sn(Y)
| T, (E(d¥y—di¥) + 0 — 207 — ¥+ 336
S (Y)

< K7 (Y(1)), (3.21)

where K| is a constant depending on {g;}i—1.... n—1, {di}i=1,.. n, 0, 0?2, &, and A. Next, by

using (3.17)—(3.18), we have that for all Y(z) € (0,1)N~!

i,j=1
e (a< s SORITEICE s )

2d2 Sy 1 (Y2 ZN 1d2Y2
+Z 1Y, ( (1_—2Néy) ) +(1_M(1 SN(Y)+ s%V(Y) >>

K27/( ( )), (3.22)

IN

where K is a constant depending on {d; }i—1 ... n—1, 02, and 1.
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Inserting (3.21) and (3.22) into (3.20) results in

LV Y(@) <KV(Y(), K=max{Ki, % y. (3.23)

With a focus on showing 7. = o a.s., assume that there exist 7 > 0 and € > 0 such that

P(1. < T) > €. Since {7} is an increasing sequence, there exists N > kg such that
E
Pt <T) > 3 for any k > N. (3.24)
Combining (3.23) and (3.19) shows

V(X (@AT) < ¥ o) +K [ F (V)

N-1 T AT a“y
+ / Zg,,tY W;(2).

i=1 70

Taking the expectation of the inequality above gives

T
E/(Y(wAT)] £ Y00 +K | [ Hoaionm @7 (Y(0)dbar

T
= VOOHK [ [ Aoman @Y (YE)dPa, (325
0 QUQ,

where x is the indicator function with y;(x) = 1 for x € I and y;(x) =0 for x ¢ I, and
={weQ:q(w)<T}, W={ocQ:7(w)>T}.

So, (3.25) can be written as
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It then follows directly that

E[¥(Y(wAT))] < 7/(y0)+K/OT V(Y (mAn)dpd
+K/T V(Y (mAn)dPar

T
— V(y,) +K/O E[¥ (Y(5 AT))]dr.
Applying Gronwall’s Lemma to the above inequality yields
E[¥ (Y(%AT))] < ¥ (yo) . (3.26)

In addition, (3.24) along with fact that Y, ¥;(¢) = 1 imply

k-€
E[¥(Y(tu AT))] > V(Y (e AT))dP = Y (Y (1 (@)))dP > —. (3.27)
7 <T 7 <T 2
Combining (3.26) and (3.27) gives
V(yp) e’ > R for any k > N,
which provides the contradiction as k — co. Thus, 7., = o a.s. The proof is complete. O]

3.2 Dynamical behavior

This section is devoted to study the asymptotic behaviors of the system (3.15). Lemma 2
shows that 2l is non-negative, which could only ensure the existence of the square root of 2.
However, we cannot obtain the explicit formulation of the square root, & = (g; j)(N,l)X(N,l).
Consequently, we will not apply the same method used in the 2-D lottery model. In turn,
methods of Lyapunov functions will be applied to investigate the long time dynamical behaviors
of (3.15). More specifically, we will provide sufficient conditions for the extinction of at least

one species, and conditions for coexistence among at least two species.
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3.2.1 Extinction
In order to prove the extinction of the ith species, the following assumptions are needed

2
(A10) ui—f—%SOand,ui: mirllv l{un}.

)

(A1) _/11:8162§ esmin{df,—l_(l_“d", min {—’1_“_“‘1’1}}62.

E n=1,- ,N—1

Theorem 8. (Extinction) Let Assumptions (A8) — (A1l) hold. Then for any initial value y, €

(0, YN~ the ith component of the solution Y(t) satisfies

1
limsup—InY;(r) <0 a. s.,
t—oo 1

i.e., the ith species dies out exponentially with probability one.

Proof. Let ¥ (Y(t)) =InY;(r). We recall (3.19) to obtain

t 1 N—1
In¥(t) = Inyo, + /0 LV (Y(s))ds + /0 =Y g (Y(s))dw,; (3.28)
ij=1

First, it follow from (3.20) that (details presented in B)

1 1
g/y/(Y(l)) = ?fi—ﬁaﬁ

. . 2
< di(/1+/z+/3+/4+/5+/6—w>, (3.29)
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where fori=1,--- ,N—1,

, YNNIl du,

2
o . (o} un<0
1 = MHi+—F— mn <u +—>—7
7 2 et -1 "2 YN .y,
Nl d,Y,dYi(1-2)02+(1—¢)0)
£i
S o= —— :

(Xnm1 dn¥n)?
7 = diYi(e0 — 0% +d;(1—21)0?)
(X0 dnYn)? ’

YNl dY, (0 — 202 +dy(1—2)0%+d,(1-¢€)0)

/4 _ n#i

(Xo_1 dn¥n)?
7 = _ZJ,Y;fd%Y,fdi(l—l)Gz
2(¥N_ d,¥,)? ’
d}Y3(20 —dido?)
2(XN_ duY,)?

Clearly, 75 <Oforall' Y € (0, 1)N=1. Then, Assumption (A10) guarantees that

5 Y1 duYy
A< () [ 1= — | <0
2 n:1dnYn

The condition 6 > %62 in Assumption (A11) provides that (1 —A)c?+ (1 —¢€)6 >0, and

hence

Fr <0.

. . lf(lfl)d,‘ 2 . l*(lfzv)dn 2 diA 2
The conditions 6 < —5—0, 0 < n:lrg-lrll\lfl {m o4, and 0 < “5~0~ in Assump-

tion (A4) confirm, respectively, that

Collecting the above gives

LYY(1) <22 >0 (3.30)
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Applying the Cauchy inequality shows that the quadratic variation of the stochastic integral in

(3.28) satisfies

11 NS N—1 1

LY e < 220 [T s

t/”g(j;g,) vz L)

N—l/t ai,-(Y(s))
0

t Y2

i

ds < oo,

According to the law of large numbers for local martingales [61] (Theorem 3.4 on Page 12),
we have

I
;/0 X gidWils) > 0as. ast - oo, (3.31)
i j=1

Inserting (3.30) and (3.31) into (3.28) yields

1 d*(1-2)o?
limsup —InY;(r) < _di(l=A)o” <0,
[—>o0 t 2
which means Y; tends to zero exponentially. The proof is complete. ]

3.2.2 Persistence

In this subsection we provide the sufficient conditions for the coexistence of N (N > 3) by
proving that the solution to (3.15) is positive recurrent by Lyapunov functions [62]. Moreover,
the positive recurrence of the solution with respect to an appropriate set implies that (3.15)
has a unique stationary distribution [63]. Recall that a stochastic process Y(¢) is said to be
recurrent with respect to a nonempty bounded open set E C RV~! if P{7p < oo} = 1, where
1 :=inf{r >0:Y(r) € E}. A stochastic process Y(¢) is said to be positive recurrent with
respect to E if E{tg} < eo.

The persistence will be proved in two steps. First, it will be shown that the solution to

(3.15) is positive recurrent about the nonempty bounded set £ defined by

N—1
By = {<yn>£¥:f cODY - Y > ﬁy}a (3:32)
n=1
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where di, = min - {d }, and

3Ty

d2. (1—1)c?
by = o : 3.33
a2, (1= 2)07 +dy (6 — din(1 - A))0? + 12/ (3-33)

Second, we will show that the solution to (3.15) is also positive recurrent with respect to the

nonempty bounded set E; defined by

N—1
E = {<yn>’,¥:f cON =Y K< X} (3.34)
n=1

where

YT 41— 2) (dmar +2) + 7 — dyar (3.35)

Notice that the factd, < 1foralln € 1,--- N, implies £, < 1 and ), < I.

Lemma 3. Let Assumptions (A8) — (A9) hold. In addition, assume that

4|.u’max .

2

(A12) © Zm» with | (]max = A {Imal }

w3 2olorcg< min {1ZCAd A=d(=)
l—¢ 1<n<N—1 2¢ 1+dy(1—¢)

Then the solution to the system (3.15) is positive recurrent with respect to E| defined in (3.32).

Proof. Let ¥ (Y(t)) = Y¥' \/Yi(t). Recalling (3.20) gives (details presented in Appendix C)

N—1 f 1
LV (Y(t = —l——u,-i
( ()) ' 2\/71 8 Yl3
N=T g, di(1—2)c?
< \2/_ (% +%+%+%+%—%>, (3.36)
i=1
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where fori=1,--- ,N—1,

Yoo daYaltn  di(1—2)0>

F = Mi— Zilv:ldy B ;
dNY]\]O'2 d2Y29 di(l—l)Gz
Ky = + o — ;
YN aY, (XN d.Y,)? 12
YN ld Y, (di(1—2)0% +d,(1 —€)8 + (6 — Ao?))
K3 = i :
(X0t dn¥n)?

zN lde Y ((1 /1)0—2+(1—e)9)

Ry = )
(Zn:l dnYl’l)z

diY(£0 — %) + % ¥i(1 - 1)6?
(X da¥n)?

First, using Assumption (A4) shows

N_ldn nun |,LL| < di(l_ﬂ’)az
—1d v, = max > —12 )

i —

and hence

% <0.

Then the conditions 6 > ﬂ62 0 <min,—q,... y—1 {%} o2 and

6 <min,_; .. y_{ =A% 2 /l Jan

}o2 in Assumption (A13), guarantee, respectively, that

Ky <0, Z3<0 and X5<0.

If for given any Y ¢ E1, where E| is defined as in (3.32), we have yy < ¢,, and hence

dNYN dNYN ngy
< < <1
Z ld Y dmin(l_YN)+dNYN dmin(l_gy)—i—ngy
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Consequently

2 1
# < %dmm(l f12€§+d1v€ 18 (dmmh ii];ngdNﬁy) - dmm(llzl)oz
( +|6‘) mm(]il];f;—l—djvﬁy _dmm“l;)t)cz' (3.37)
It follows from the definition of £, in (3.33) that
dnty _ dpin(1—1)0

dmin(1 —14y) +dnly — 6(02+2|6])

which, in turn, ensures that %, < 0 by (3.37). Therefore, given any Y ¢ E| there is at least one
ned{l,-- — 1} such that y, > N ] , adding the above estimations on %, for j=1,---,5,
gives

d2. /11— ﬁy

LV (Y(1r)) < —-2in

AN V2 (1-1)o? = —K.

According to It6’s Lemma,

[/\’L'EI

B[V (Y(t Ate,))] - ¥ (yo) = E[ LV (Y(s))ds| < —KE[t A1)
0
Since the function 7" is non-negative, we reorganize the above terms to obtain
KE[t Ate]| < KE[t Atg, | +E[V (Y(t A1) < Y (¥o)-

Letting t — oo shows E[7g, | < e, which completes the proof. O

Lemma 3 proves that if there is a time ¢ such that Yy (¢) < ¢,, after finite amount of time, Yy
will go above ¢, with probability 1, which implies the persistence of the Nth species. Nonethe-
less, this does not ensure the persistence of other species or coexistence among multiple species.
In the following lemma, we will show the proportion Yy cannot approach 1, which implies the

coexistence of at least two species.
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Lemma 4. Let Assumptions (A8) — (A9) hold. In addition, assume that

18 (,umax — Wmnin (dNXy + 1))
dN%y(l - dmax)

C(1=2 dyxy(1— dmax)
Al <o’ -
A15) 10] < 0% min { = el

(Al4) o*>

where dpyqx = maxnzl,-n,Nfl{dn}, Hmin = minnzl,-n,Nfl{/Jn}; Hmax = maxn=1,~-~,N71{un} and
Xy is defined in (3.35). Then the solution to the system (3.15) is positive recurrent with respect

to E, defined in (3.34).

Proof. Let 7 (Y(t)) =X N'1¥, 7", where 1 is a positive constant to be determined later. Whereby

(3.20), we get

% N -1 1+1
(Y(t)) - Z{ Yll+1.fl 2Yl+2 Qii, (338)

It follows from detailed analysis presented in Appendix D that

N—1 —di 62
<) 7 (§%+%+%+%), (3.39)
i=1 i
where
- dvYn(1—(1+1)d;)
" YoiidnYn
1 Nl d Y, (1= A)(1+di(1+1 NldY
nzld’lY" n: dnYn
Ky = w—=r= T L
2 i — n:dY +12 05
. Lol diYidyYo (1~ €)0 | di¥ied + Y0 da¥® + dR Y36 LT
3= - — .
(X0 dnYn)? YV 4, 12

Chose 1 = mm{2 - d’"‘”} Clearly 1 > 0 for dpuqx < 1, and hence

— N (] — dpa) > 0. (3.40)
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Applying (3.40) and the fact that 1 +d;(1+1) < %(dmax +2) in 7] gives

> o ldY(l—d )—(%(d +2)(1—l)+1)1\i1dY
1 = ZN dYn 6NN max 3 max = nin

c? 1—d 2
> ———|d o o S dpae+2) (1 =2+ 1
> oy | (g S+ 2 (1= 2) 1)

n=1

2 N
_(g(dmax+2)(1 —A)+1) ZdnYn>.

Combining (3.35) and the fact that Zﬁlv: 1 dnYn < 1 shows 77 > 0. Next, applying (3.40) in %

gives

— 2
JH > VdnYy + WidnYy + —=dnYN (1 — diax
2 = ZNldY<Z — ) +,uNN+18NN( m))

2

1 o
+ ﬁdN%y(l _dmax)) .

> N—dnYn (,umm — Umax + .umindNXy

5 > 0 is ensured by the Assumption (A14).
We still need to verify that .#3 > 0 under the Assumption (A8). Indeed, whereby (3.40)

and Z],yzl d,Y, <1 we have

0 N—-1 N—-1
Hs > o [~ =e)dti (L dibu+ 1)+ ¥ diY+ a3V
n:Id"Y” n=1 n=1

2

182 L dY,

1 2
> —— | —0[(2(1 — &)dyyax + 1 —d dmax) | -

dNYN(l - dmax)

The second condition in Assumption (A15) then guarantees .#3 > 0. Adding the above estima-

tions on 71, %, and %3 gives

N-1 —le,' 02% < _dNXy( ( max i
=Y 12 12maX1<z<N{d}
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In conclusion, we have

t/\‘L'E2

E[“V(Y(t/\‘cgz))]—”//(yo):E{ [ 2V (Y(5))ds| < —KE [t A7)

Since the function 7" is non-negative, we reorganize the above terms to obtain

1
Efr A g, < E”f/(y())-

Letting t — oo gives E[1g,| < oo. O
Finally, combining 3 and 4 gives

Theorem 9. Let Assumptions (A8) — (A9) and (A12) — (A15) hold. Moreover, assume that
ly < Xy. Then the solution to the system (3.15) is positive recurrent with respect to the non-

empty bounded set E1(\Ej.
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Chapter 4

Random Age-structured Model

This section is devoted to studying an age-structured model with a random birth rate of
mature individuals. More specifically, we will investigate the well-posedness, co-cycle prop-
erty, and the asymptotic behaviors of the solution to the age-structure model when the function

of birth rate is driven by a random flow 6 = (6;),cr on a probability space.

4.1 The random model

Let (Q,.7,P) be a probability space where .# is the o-algebra of measurable subset of Q
and P is the probability measure on .%. To connect the state @ in the probability space Q at

time O with its state after a time of ¢ elapses, we define a driving dynamical system [17] below.

Definition 1. A flow 6 = (6;),cr on Q is called driving dynamical system, if for each 6, being

a mapping: Q — Q, satisfies
1. 6y =ldg,
2. 506, = 6,4, forall s,t € R,
3. the mapping (t,®) — 6,® is measurable,
4. the probability measure P is preserved by 6, i.e. 6, = P.

This set-up establishes a time-dependent family 6 that tracks the noise, and (Q,.%,P,0)

is called a metric dynamical system [64].
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Now we model the parameter of the birth rate of the adults, 8, as a stochastic process
B(6;w), where 6, is defined as above. Here is the assumption we will need later.
(A16) B € L' (Q;C([0,);R)) and for each fixed ® € Q, B(6,®) € [B, Bu] with B, > 0.
For each fixed @ € Q, denote by u(a,t,®) the age density function of a population with
age a at time ¢ > 0. Once the sample point @ is fixed, u(a,t,®) can be viewed as a classical

deterministic age-structure model. According to [65], u(a,t,®) satisfies

(du(a,t,w) N du(a,t,m)
ot da

u(0,1,0) = B (6,0)h ([ 5(a)u(t,a,®)da), >0, ®€Q, (4.1)

= —u(a)u(a,t,w), fort,a>0, eQ,

u(a,0,w) =¢(a,0) a>0, weQ.
k

Here, we also assume that the initial value is in the space of all the positive integrable functions,
1e.

(A17)9(, @) € LL(0,0).

Where L}r(O,oo) collects all of the almost everywhere non-negative integrable functions on
(0,00). Moreover, the function

(AIS) M E Llr,l()c(o7°°>

is the death rate of the population. And the function
(A19) § € L7 (0,00) N L' (0,00)

is the probability for an individual of a certain age to be mature. Finally, A(x) is the Ricker’s
function of the form

h(x) =xe ™,

which describe the non-linear cannibalism [66].
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4.2 Solution to the random model

This section is devoted to investigate the existence and uniqueness of the solution to (4.1).

First, the definition of solution will be given by the method of characteristic curve. Then,

existence and uniqueness of the solution will be proved by the fixed point theorem.

For each fixed w € Q, let
v(a,t,m) = efoau(o)dou(a,t, o).

It follows directly that

av a a au
gy _ Jo u(o)do Jo u(o)do ¥
30 u(a)e’ u(a,t, )+ el 30’
W u(e)ae 01

ot ot

Adding (4.3) and (4.4) results in

(v v
ot  da
v(0,,0) =u(0,t,0), t>0, w<Q,

0, fort,a>0, weQ,

v(a,0,0) = eﬁ?“(a)dc(l)(a, ®), a>0, weQ.

Clearly, (4.5) can be solved as

efél_t“(")d"d)(a —t,0), ifa>t,
v(a,t,m) =

u(0,f —a,w), if0<a<r.

For simplicity, denote I1(a) = ¢~ /o #(9)4% /g & [0, 00). Thus,

Heso(a—1,0), ifa>1,
u(a,t,m) =

I(a)B (6;—q@) h(fy 6(s)u(t —a,s,w)ds), if0<a<r.
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Here, we treat the above equation as the solution of the age-structured model.
Definition 2. A funciton u € Lfr (0,00) is said to be the solution to (4.1) if it satisfies (4.7).
Remark 9. A function that satisfies the above definition is also a mild solution defined in [65].
Actually, solving for u(a,t, ) is equivalent to know what by (f,®) = [ 8(s)u(s,t,®)ds
is. Moreover, by (¢, ®) satisfies the Volterra integral equation
by(t,w) = / o(s)u(s,t,® ds+/ O(s)u(s,t,w)ds
_ [;5$ﬂu)ﬁ(@mﬁh(%wSQﬂmj—&c¢Mdc)ds

+/m5@)

= /K (6, h(b¢(t—s,a)))ds+g(t,a)), (4.8)

uo(a —t,m)ds

where g(f,®) := fth(s)%uo(a —t,0)ds and K(a) = 0(a)Il(a). The following theorem

prove the existence and uniqueness of by (z, @) in the space
Ay :={f €C0, ]\Supe T f(1)] < oo}, ¥ > 0.

Theorem 10. Under Assumption (A16) — (A19), for any fixed @ € (Q,. % ,P), there is a unique

solution to the equation (4.8) in Ay, where 11 > 0 satisfies Bul|h||Lip [y e T°K(s)ds < 1.

Proof. For any f € Ay, we define T : Ay — Ay as

W) = g0,0)+ [ BO-.0)8@TaA(f1—a0))da
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Then, we verify that T is a contraction mapping on Ay. For any f, f> in Ay and any ¢ > 0,

()0~ e MT(R)W] = ¢ MK (BA()) (1, 0) ~ Kx (BA(£))(1w)
< [ —a)e 18 (0,0) 11 (@) ~ A r(a)]da
0

< i~ follag Bulbluiy | e K (s)da.

< Bullbluilfi = fola, [ e IK (@ - a)da

Then, Banach Contraction Mapping Theorem implies the equation (4.13) has a unique solution

inAp. ]

Thus, the existence and uniqueness of the solution to (4.1) is ensured by the above theorem.

4.3 Co-cycle property of the solution

In this section, we will show that the solution to (4.1), u(a,t,®) =: U(t,®)¢, forms a

random dynamical system [17] on LL(O, o), which is defined below.

Definition 3. The pair (8,U) is called a random dynamical system on L (0,0) if it consists
of a driving dynamical system 0 = {6,},cr defined in Definition 1 and co-cycle mapping :

RT x Q x L (0,00) — L1 (0,00) satisfying
1. initial condition: U (0, )¢ = ¢ for ® € Qand ¢ € L1 (0,0),

2. co-cycle property: U(s+t,0)¢ = U(t,0,0)oU(s,®)9, for all t, s >0, o € Q and
¢ € L1(0,c0),

3. measurability: (t,®,¢) — U(t,0)¢ is measurable,
4. continuity: ¢ — U(t,®)9 is continuous for all (t,®) € R x Q.
The following Lemma 5 and Theorem 11 will prove U (¢, ®) is continuous on L} (0, o).

Lemma 5. Let T > 0 and ® € Q. Forany r >0, t € [0,T), if ¢ € B(0,r) C L1 (0,) and

1(0.00 !
00 =7 6, then b, (1, @) = by (1, 0) uniformly on [0.T].
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Proof. Forany € >0, 3N € N, such that Vin > N, [[@n — @ || 10 00) < H5H . It follows from
(4.13) that

t
[bg,,(1,0) =by (1, @) < |g¢m(t,w)—g¢(t,w)l+/0K(t—a)BMHhHLip|b¢m(a,w)—b¢(ajw)!da,

|g¢m(l‘,a))—g¢(t7w)| < /0 K(a(+)t)

6(@) = 0(@]da < 81-(0.e) | |0n(a) = 0(a) da <.

For simplicity, we denote B = |by,, (t,®) — by (t,®)|, f = [g¢,,(t,®) — g¢(t, )| and k(a —1) =

Bum ||| LipK (a —t). Then we have the equivalent inequality
t
B(t, ) < f(t,@)+ / k(t — a)B(a, 0)da. 4.9)
0
Applying the iterated property of (4.9) gives

Bt,o) < f(i,0)+ /0 "k(t — a) f(a, 0)da + /0 "kt —a) /0 " k(a—v)B(v, 0)dvda
= f(t,0) +/tk(t—a )f(a,®) da—i—/t/ak (t —a)k(a—v)B(v,w)dvda
= f(t,o +/ k(t—a)f(a, o) da+/ / X[0,a)(V)k(t — a)k(a —v)B(v, ®)dvda

= f(t,a))—l-/ok(t—a) aa)da—l—//kt— —v)B(v, w)dadv.

For any 0 <s <v <t < T, by induction,

t t—s
ki(t—s)=k(t—s), ky(t —5) = / kn—1(t —v)k(v—s)dv = kp—1(t —s—v)k(v)dv,
K 0
n>2, andn e N.
Therefore, for eachn > 2 and n € N, (4.9) also has the form
t n !
B(t,0) < f(t,0) + / Y kj(t —a)f(a, 0)da+ / k1 (t — a)B(a, ©)da. (4.10)
0 = 0
j=1
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From the definition of the function k, we know that |ki| < Bu||A||Lipl| S]] 1=(0.00) =: k. If we

assume for any n > 2 and n € N,

~ (t_s)nfl
ky (t < K"
1s true, then
];n+1

k1 (2= 5)| < /st 1 (¢ =v)lk(v =s)dv < 2,

Inserting (4.11) into (4.10) and letting n — oo give us

/[(f —v)"ldy = I}”H—(I _ S)n.
S

n!

B(t,0) < f(t,o)+ [ Y kij(t—a)f(a,®)da

4.11)

where 7(t) is the resolvent kernel [67]. Thus, by, () — by (¢) uniformly on [0,7]. The proof is

complete.

We will apply the uniform continuity in the following theorem.

]

Theorem 11. Under assumptions (A16) — (A19), for Yo € Q, U(t,®)¢ is continuous from

[0,00) x L1 (0,00) to L} (0,0).
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1 (o<}
Proof. Foranyt > 0and ¢ € LL(O,oo), assume t, — £ (W.L.O.G., t, < 1) and ¢, L'(0,00) 0.
oo [n
/0 ug, (tn,a,0) —uy(t,a,w)|da = A (a)|G(by, (tn — a)) — G(by(t —a))|da
N - .
! H(a)(pn(a_tn)
— 11 by (t— d
T ) M@)G(by(r—a)) | da

-~

15)

N@ou(a—t) _T@ea—1],
I1( '

a—ty) M(a—1)

L

o
\t

First, because of the boundedness of ||@a[11 (g ) and the continuity of G(bg ), [, — 0 as n — o.

Second,

th
L o< /0 ButllllLiplbo, (tn — @) — b (t — a)|da

In In
= Bl | [ 10,02 — ) ~ ot —lda+ [ (1) bo(t —lda

J/

N~ ~

@ @

Invoking Lemma 5 gives @ — 0 as n — 0. Applying the Dominate Convergence Theorem

shows@—)Oasn—)O.
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Moreover,

[ |H(@)¢nla—ta) T(a)P(a—1)
h _/t H(a—tn Ma—n |%
*|(a)pu(a—1t,) T(a)p(a—1) M(a)p(a—1t) T(a)p(a—1)
S/, H(a—tn M(a —tn) dat | H(a—tn) T T ha—n |%
_ (a)g(a—1)
S/ a=tn) = —tn (a—1) da
< / Gnla—t) — (a—tn|da—|—/t |¢ a—1y)—¢(a—1)|da
“[M@o(a—1) _a)pla—1)|
II(a —tn) I(a—1)
- / 60(@) =0 ()| da+ [ [9(a—1,) ~9(a—1)]da
[(a)¢ ( ) Il(a)¢(a—t)
+t M(a—1,) Mla—r) |%
L1(0.)

Whereby ¢, —— ¢, the L!-norm continuity and Dominate Convergence Theorem, Iz — 0

as n — oo, ]

In the following Lemma 6 and Theorem 4.15, we will verify that the solution to (4.13)

satisfies the co-cycle property defined in Definition 3.

Lemma 6. For every @ € Q, ¢ € L (0,00), and 0 <, t < o,

by (1 +5,0) = by(s0)¢ (1, 0:0).

Proof. Method 1. For simplicity, in the following calculation, we denote bU(va)q;(-, 0,w) =

b(-,6,0).
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t
by (s,0)9 (1, 05s0) = gU(S@)q,(t,Gsw)nL/()K(a)ﬁ(@,_aoOsa))h(b(t—a,esa)))da

* K
= / H;i) U(s,0)p(a—t)da
+/ K(a)B(6;—q+5@)h(b(t —a,0;m))da

B (a—l—t)
_/0 i) U (-0)0(a da+/Kt 0)B (6,1, @)h(b(a, 6,0))da

_ /OSK(aH)H(a)B(OSaa))h(b¢(s—a,a)))da

II(a)
*K(a+t) I(a)
+/ I(a) I(a— S)¢(a—s)da

+/1<z 0)B(6,+,@)h(b(a, 6,0))da

= /K(a—f—t)ﬁ(@S a®)h(by(s—a,w) da+/ H )q)(a—s)da
+/ K(t—a)B(6,+5s0)h(b(a,6;0))da
B K(a+s+t)
- /OK(ert a)B (8,0)h(bg (a, ® da+/ ) (@)a
+/ K(s+1—a)B(8,0)h(b(a—s,6,0))da
s+t -
- g¢(s+t,a))+/0 K(s+1—a)B(6,0)h(By (a, ®))da, 4.12)
where
by(x,m), 0 <x <y,
l~7¢(x,w): (P(x ) r=t
by (s,w)p (X — 5, 650), s <x < s+t
Then, we verify that l~7¢ is a solution to
by (x,®) = go(x, ®) +/OXK(x—a)ﬁ(90a))h(l~9¢(a,w))da, Vx € [0,5+1]. (4.13)

Clearly, (4.13) is true when x € [0,s]. If x € [s,s +1], replacing ¢t with x — s in (4.12) gives

by (x,w) = bU(s,a))(])(x_ 5, 0,0)

— go(r@)+ /O “K(x— a)B(8.0)h(by(a, @))da.
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Since the solution to (4.13) is unique, we have for any x € [s,s+¢],

by (x,w) = by (x,w) = by (5 p)(x — 5, 650)
Method 2.

by(s+t,0) = g¢(s+t,a))+/OS+ZK(s—|—t—a)ﬁ(Gaw)h(b¢(a,w))da
> K(g)

N Hlm¢(0—5—t)da+/o K(s+t—a)B(6,0)h(by(a,w))da

s+t
+ / K(s+1—a)B(6,0)h(by(a,»))da

/w K(a+1) T(a)

(a) M(a-—ys) #(a—s)da

s K(a—H)
+/0 H(a> H(a)ﬁ<6s—aw)h(b¢(s—a7a)))da

S+t
+ / K(s+1 —a)B(8,0)h(bs(a, ®))da

/°° K(a+t)
o Ia)

t
U(s, )6 (a)da + / K(t — a)B(Buss0)h(by(a+s,®))da
0
t
= e (1.0.0)+ [ K- a)B(0,00,0)(bo(as,0)da
1
~ 45(1.0)+ [ Klt—a)B(0,0)h(Bg(a. @))da.
where @ := 6,0, ¢ :=U(s,»)¢, and Bs(a,®) := by(a+s,w). Thus, the calculations above

implies

Bs(1,®) = g5(t,®) + /O Kt —a)B(0.@)h(B;(a, ®))da. (4.14)

The uniqueness of the solution to (4.14) implies
by(s+1,0) =B(t,0) = bg(t,®) = by (s u) (1, 6:0).

The proof is complete. []

Lemma 6 shows that by satisfies the co-cycle property, which also implies the co-cycle

property of U (¢, ®) in the following theorem.
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Theorem 12. For every @ € Q and 0 <, t < oo,
U(s+t,0)¢ =U(t,8,0)oU(s,@)9, Vo € L' (0,00). (4.15)
Proof. First,

(a)B(8s11—a®)h(by(t +5—a,w)), 0 < a < s+t,
U(s+t,w) =
M(a)
(a—s—t)

Ola—s—t),a>s+t.

On the other hand,

.
H(a)ﬁ(et—a © Osw)h(bU(s,w)(p(t —a, esa)))a 0<ac<i,
U(t,0;w)oU(s,m)¢p =

U(s,0)p(a—t), a>t.

(a) B (6s+1-a@)h(by s,m) (t — a, 650)), 0 <a <t,

= ) Hes (@ —1)B(8ysa@)h(by(s+1—a,@)), 1 <a< s+,
I1

Hr(lcgi)z) H(a(i;i);)¢(a —s—t),a>s+t.

\

Clearly, (4.15) is true when a > s+t. On the other hand, Lemma 6 says (4.15) is also true if

0<a<s+t. ]

To conclude the section, we summarize the lemmas and theorems above as

Theorem 13. Under assumptions (A16) — (A19), the solution to (4.1) defines a continuous

random dynamical system [64] on L1 (0,c0).

4.4  Asymptotic behaviors of U (¢, ®)¢

This section is devoted to investigate the asymptotic behaviors of the solution to the age-
structured model. First, we introduce concepts that describe the long time dynamics of the
solution. Then a natural decomposition of the solution to (4.1) will be applied to show a trajec-
tory is compact in L' (0,0). Moreover, a series of lemmas will show the omega-limit set of the

invariant part of the absorbing set is the attracor.
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4.4.1 Preliminaries

we begin with a fundamental concept.

Definition 4. A family D = {D()}pecq of non-empty subsets of L. (0,0) is called uniformly

bounded, if UgpeaD(®) is a bounded set in L (0, o).

Throughout this section, we denote Z the universe that collects all of uniformly bounded

families defined above. Then, we can define the positive invariant family below.

Definition 5. A family D = {D(®)}wecq of non-empty subsets of LL(O,OO) is called positive
invariant if

U(t,w)D(w) C D(6,w), forallt >0, and ® € Q.
Now, we can define the random pullback attractor for the universe 4.

Definition 6. Let (6,U) be an random dynamical system on L1 (0,00) and B be the universe
of all uniformly bounded families. A family of compact sets &/ € A is said to be a random

pullback attractor for B if
1. itisinvariant: U(t,0) (0) = o (6,w) for allt > 0, P—a.s.,

2. it attracts all the families of the universe 9 in the pullback sense. i.e.,

lim dist(U (t,0_;0)B(0_;0),</ (®)) =0, P—a.s., for every B € A,

t—roo

where dist(C,D) := sup {jnlf){Hc —dHLl}},fOV any C, D C L (0,00).
C €

ce
The existence of a random attractor usually depends on the existence of a random pullback

absorbing set which is defined below.

Definition 7. A family K € 2 is said to be pullback absorbing for the universe A if for every

B € % and any @ € Q, there exists t(B,®) > 0 such that

U(t,0_,)B(6_,0) C K(w), forallt >t(B,®).
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Actually, in this work, the following construction of a omega-limit set of the absorb-
ing set will be the random attractor. We will also apply the Kuratowski measurable of non-

cpmpactness [68].
Definition 8. (A) = inf{d > 0 | A has a finite cover of diameter < d}, VA C L. (0, ).

We can verify that the the Kuratowski measurable of non-cpmpactness satisfies, for A, B C

L1(0,e0),
1. a(A) =0for A C LL(0,0) iff A is pre-compact,
2. a(A+B)=a(A)+a(B),
3. a(AUB) = max(a(A), a(B)),
4. a(A) = a(A),

5. If A; DAy D -+ are non-empty closed set of L (0,0) such that ot(A,) — 0 as n — oo,

then N,>1A, is non-empty and compact.

Definition 9. Let B = {B(®)}pcq be a family of subsets of L\ (0,0), the omega-limit set of B

is

.QB((D) = OTZOUZZTU<t; G,ta))B(G,,a))

4.4.2 Existence of the random pullback attractor

Enlightened by Proposition 3.13 in [69] (page 100), since U (¢, ®)¢ is defined in terms of

a step function, it is intuitive to write

Ult,w)9p =S(t,0)p+W(t,0)9,

where
0, a.e.a € [0,7] 0, a.e.a € [0,7]
[S(t, ®)¢](a) = =
[U(t,0)9](a), ae. a€ (t,), Tesg(a—1), ae. ac (1),
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[U(1,0)6](a), ae. a € [0,1] T1(a)B (6o @)h(by (t — a, ®)), ace. a € [0,1]
[W(t, )¢](a) = =

0, a.e.a € (t,00) 0, a.e.a € (t,00).

The following lemma verifies S(7, ®) satisfies the property (3.60) of Proposition 3.13 in
[69]. We also need additional assumptions.
(A20) 6 € C[0,);
(A21) info>ou(0) = fL > 0;
(A22) There exists T, > 0 such that the function p is strictly increasing after time 7, and

llm[*)w!l(t) = oo,

Remark 10. (A22) is mentioned in [70] in the case where the death rate of the population

increases drastically after a certain age.

Lemma 7. Under (A17), (A18) and (A21), there exists a function f : [0,00) X [0,00) — [0,00)
such that for any fixed r > 0, limy o f(r, 1) = 0 and [|S(t,0)9||11(00) < f(r, 1) for any

191111 (0,00) < 1 and t > 0.

Proof. Let f(r,t) = re ™ ¥r, t > 0. For any 101121 (0,00) < 7

I86.00000m = [ e si0la=)da

< M /Om ¢(a)da

< el < (1)

]

In order to obtain more information of the solution to (4.1), we still need to investigate

W(t, o).
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Lemma 8. Under assumptions (A16) — (A22), for any fixed ® € Q and t > 0, W(t,®) maps

bounded sets of L (0,0) into pre-compact sets in L (0, o).

Proof. Assume A C L} (0,0) is bounded. For any ¢ € A, we extend W (¢, @)¢ as

(0. )] (@) = I1(a)B(6—a®)h(by (t —a,w)), ae.a € [0,1]
0, a.e. a € (—o0,0) U (,00).

Clearly, W (¢, ®)A is pre-compact in L' (R!) is equivalent to W (¢, ®)A is pre-compact in L (0, ).
Step 1. We prove the W (¢, )A is bounded in L1 (0,). Throughout this proof, we denote
C := Bulhllz=(0,00)

For any ¢ € A,

[ @oolaia = [ JHON 56, o)yl —a,0))da

C
S C/ a“da = =<
7l
Step 2. Here, we prove for any % > ¢ > 0andr > 0, there exists 77 > 0 such that

W (2, @)l 1r1/0.1,)) < €

Certainly, we can find 77 > 0, such that for V¢ € A, t > T,

[1We.opglalia = [ e 1156, w)h(by(t ~a,0))da
T I

o C 14
< C| eda=—e TR <¢.
T u

In addition, for 0 <t < Ty, [|W(t, )l im0, =0 <&

Step 3. Finally, we prove for any fixed # > 0 and 0 < 7 < min{z, 1}

H (t,0)9](a+7)— [W(t,w)0](a)|da — 0
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uniformly for ¢ € A.

L 0¥t 0)9)(a+7) = 7 (1, 0)0)(@)|da

= [ v olar Didat [ WG 0)0)a 1)~ W s, 0)0](@)lda

t

+ [ |W(r,0)¢](a)|da.

—7
Then, we deal with those three integrals one by one.

a+T

0 0
W 0)¢)a+1)lda = /16‘0 H(OMOB(6,_\ r@)h(by(t —a—1,0))da

0 _
Cc| e letDig,

—T

T
= C/ e Mda—0
0

IN

uniformly for ¢ € A as T — 0. Similarly,

[ weoplaia = [ e BHp0_ @bl —a,0))da

< C e da—0
-7
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uniformly for ¢ € Aas 7 — 0.

/Or—f|[W(t, ®)0](a+1)— [W(t,0)¢](a)|da

a+T

—7T
_ /0 e~ T @O B (6, w)h(bg(t —a—T,0))

—e  Jir(©)B (9, @)h(by(t —a,w))|da

-7 a+T a
< / e~ J8" T m(0)e _ = (0N B (g, @)h(b(t —a—T,0))da
0
-t
[ e OB, cw)h(bs(1—a—T,@))
0
—B(6—a)h(by(t —a,w))|da
< C/m,e— b“”u(c)dc_e—ﬂ?u(c)dc‘da
0

-t
+/ e o “(G)dcm(@t—a—rw)h(b(ﬁ (t—a—7,0))
0

—B(0i—a0)h(by(t —a,w))|da (4.16)
It follows from (4.16) that

/OHefo“u(o)dc, B(6r—a—c@)h(by(t —a—17,@)) — B(6;—a)h(by(t — a,w))|da

< [ OB (6 w)h(by(t —a—7.0)) ~ B(6-s@)h(by(r —a—7.0)) da
4 [ e B0, 0)hby(r —a—7,0)) — B(6-40)h(bo(r —a,0)|da

< [T HEIB(6, )~ (-0 h(bo(r —a—7,0)da @1

+ /0 Tk H(e)og (g, @) |h(by(t —a—1,0)) —h(by(t — a,®))|da (4.18)

The continuity of 8 (6,®) implies (4.17) converges to 0 uniformly for ¢ € A as T — 0. Besides,

according to the dominate convergence theorem we verify that for each fixed 0 < a <t — T,
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\h(by(t —a—7,w)) —h(by(t — a,))| — 0 uniformly as T — 0 in the following estimation.

|h(by(t —a—7,0)) —h(by(t —a,w))|

< g || 8(s+1—a—g)e MO (g
- /0 (st —a)e KOO 5 (0 (4.19)
il | [ K a7 5)BO0)A(o(5,0)ds
_ /0 UK —a— $)B(B,0)h(by (s, 0))ds (4.20)

On one hand,

(419) < ||h||Lip /°° ’5(S—|—l‘ —da— T)e*fs‘“ﬂ—a—fu(o')dd _ 5(S—|—l‘ —a)e*ffﬂ_a:u(o)dﬂ(l)(s)ds
0
< bl [ 18G+1=a=7)=8(s+1=ae TN s)as (4.21)
+| Al ip /oo O(s+t—a)le” [T w(o)do _ e_jﬁtia”(c)dc\q)(s)ds. (4.22)
0

(A22) implies that for arbitrary € > 0, there exists 7> such that u is strictly increasing after 7;

and e~ ~9H(T2) < ¢ Therefore,

s+t—a—T

T
@21) < ||h||L,~p/2]5(s—f—t—a—‘c)—5(s—|—t—a)|e_ 0oy (ds (4.23)
0

+ |1l ip /T C18(s 41 —a—1)— 8(s+1—a)le TTTRONO 5 (045 (4.24)
2

The uniform continuity of 8, (A20), on the finite intervals implies that (4.23) converges to 0 as

T — 0. Moreover,

@24) < 2hluipl8lem [ e IR (5)as
T

2

IA

2| Blme7e P [ g (s)as.
b}

The Arbitrariness of € gives (4.24) — 0 as T — 0. With similar process, we can also prove

(4.22) — 0 as T — 0. Invoking the dominate convergence theorem shows (4.22) — 0 as 7 — 0.
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On the other hand,

420) < ||hHL,~p/Ot_a_T|K(t—a—f—s)—K(t—a—s)|[3(0sa))h(b¢(s,w))ds

iy [ Kt—a—9)B(0,0)h(bo(s, @)as

—a—7T

t—a—7T

< +\|h|yL,-pc/ K(t—a—1—s)—K(t —a—s)|ds
0
t—a

+ [|A|ipC K(t—a—s)ds

t—a—7T
t—a

<+ ||AllipC A Xz i—a)(s)|[K(s —T) — K(s)|ds

T
+ iy [ K()ds

Those two terms converge to O uniformly for ¢ € A as 7 goes to 0. In conclusion, for any
t >0, W(t,w)A is pre-compact in L' (R'), which is equivalent to W (¢, ®)A is pre-compact in

L1 (0,0). O

In addition, the proof to Lemma 7 and the first step of Lemma 8 provide us that the

existence of the absorbing set.

Lemma 9. Under (A16) — (A19) and (A21) for any uniformly bound set D C LL(O, o), there

exists T(D) > 0 such that ift > T (D),

U(t,6-,0)D C B :={¢ € L}(0,%0)[||]|1(0.00) < 2

Bl
B

Unfortunately, due to the closed and bounded set in LL(O,oo) may not be compact, we
cannot obtain the attractor directly by constructing the omega-limit set of the absorbing set.
Nonetheless, the omega-limit set of invariant set defined below will be the attractor.

Let L = {L(®)}pcq, Where

L(®) = {9 € L} (0,%0)|U(s, )¢ € B,¥s > 0},Vo € Q,
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and denote the eé—neighborhood of a subset A of L (0, )

N(e,A):= {9 € L\ (0,)] inf [l — flls <€}

Lemma 10. Under assumptions (A16) — (A22), L

(1) is uniformly bounded,

(2) is positive invariant,

(3) attracts points of L' (0,0).
Proof. (1) is a direct result of Lemma 7 and Lemma 8. In fact, L(6,®) C 3B, V t > 0. Then,
choose an arbitrary ¢ € L(®). we have

U(s,6,0)U(t,0)¢p =U(s+t,m)¢ € B,Vs > 0.

Thus, U(t,0)L(w) C L(6;w). (2) is verified. Finally, we prove (3) by contradiction. Be-
cause B is an absorbing set, W.L.O.G., assume there exists a point ¢gp € B and & > 0 such
that U(t,,0_;,@0)¢o ¢ N(€,L(w)), ty — o as n — oo, where N(&,L(w)). Let A; = {n >

U (ty,0—;,®)}, 1 € NT. We estimate the Kuratowski measure of non-compactness A; as

a(A) = a(U(1,0_; 0){U(t, 1,6, @)oltn > 1}) < a(U(1,0_, w)%B) - a(S(l)gB).

It follows from Lemma 7 that Oc(A_l) converges to 0, as [ — oo. So, the omega-limit set of
{U(ty,6_;, )¢} is non-empty and pre-compact. Suppose U (t,,0_;, @)po — ¢ € B. We also
know that ¢ ¢ L(®). Then, there exist o > 0 so that U(ty, ®)¢ ¢ B. Therefore, we can find a

integer N > [ so that

U(tn +1lo, G—tnw)(po = U(t07 (l))U(ln, e—tnw>¢0 ¢ B, Vn > N7

which is contradict to the fact that B is an absorbing set. ]
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We will follow two steps to prove the omega-limit set of L(®) is the attractor. First, the

following lemma will show it attracts L(®).
Lemma 11. Under assumptions (A16) — (A22), Q; (o)
(1) is compact,
(2) is invariant,
(3) attracts L(o).
Proof. First, we prove that Q7 (w) is compact. Since L(®) is positive invariant, we have for

any T > 0,

U[ZTU(I, G_tw)L(G_,a)) = U[ZTU(T, O_T a))U(t - ’T7 G_ICO)L(G_,CO)
== U(T'7 G_T(X)) UZZT U(t - T'7 O_I(D)L(Q_,(D)

C U(T7 G_T(o)L(G_Ta)).

Applying Lemma 7 and Lemma 8 gives, for any ¢ > 0,

o(Ur=rU(1,0-,0)L(6-;0)) < o(U(T,0-7r0)L(0-7®)) = a(S(T)L(6-r®)) — O,

as T — oo, Therefore,

a(ﬂTZ()U[ZTU(l, Q_I(L))L(Q_,a))) - O,

Qr(w) is compact.
Then, we prove (3) by contradiction. If there exists & > 0 and sequence {¢,}, each
¢n € L(60_;,w), such that U(t,,0_;,0)¢, ¢ N(&, Qr(®)),0<t; <ty <--- <t —oc0asn — oo

Denote A; = {U (t,, 60—, @) n|t, > 1}. Whereby,

a(A)=a(U(l,6_; ©)U, > U(t, 1,0-;,0)0,) < o(U(l,0_; ©)L(0_;0))

<a(U(l,0_; )B) < a(S()B) — 0, as [ — oo.
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So, the omega-limit set of {U (t,,0_;, @)@, } is non-empty and pre-compact. Then, W.L.O.G.,
there exists y € L1 (0,0) such that U(t,, 6, ®)¢, — y as n — oo, which is contradict to the
choice of {U(t,,0_;, @)@, }.

Finally, we verify U(s,®)Qr(®) = QL(6;w), Vs > 0. The positive invariance of L(®)

implies that

U(S, 0)) ﬂTZ() U[ZTU(Z', Gft(l))L<97[a)) C ﬁTZ()U(S, CO)U[ETU(Z’, 67[0\))[4(971(0)

C mTZ()U(S, CO) U[ZT U(t, 971(1))14(97[(1))

C Nr>oU>tU(s,0)U(1,0_;0)L(6_; @)

C OTZ()U[ZTU<S+Z', G,ta))L(Q,ta))

= mTzOUIZTU(S 4+, G_t_sesa))L(G_t_sesa))

= mTZsUZZTU(t; 6_,6Sa))L(8_,9sa))

= QL(QSCO>.
In addition, for any ¢ € Q;(6,0),

¢ = limU(ty,0_; 6,0)0,

n—soo

= U(s,0) nan}oU(t” —5,05_, 0)0,

where each 7, > s and ¢, € L(6;_;, ®). Because Q7 (®) is compact and attracts L(w), W.L.O.G.,
suppose U (t, — 5,05, @)@, — z € Qp(®). Thus, ¢ = U(s,®)z which implies Q(6;0) C
U(s,0)Q(w).

Second, combining the fact that L(®) attracts all of the bounded sets in L! (0,c0) results

in

Lemma 12. Under assumptions (A16) — (A22), Q;(w) attracts any uniformly bounded set of
L1 (0,0).
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Proof. Assume D = {D(®)}gcq is an uniformly bounded set of L} (0,). Due to Lemma 7

and Lemma 8, there exists 7(D) > 0 such that

U(t,0_;0)D(6_;0) C B, YVt >T(D).

Furthermore, we have

U(s,0)U(t,0_;0)D(6_;0) =U(s+1,0_,0)D(6_;0) C B, Vs >0.

Thus,
U(t,0_,0)D(6_,w) C L(w), V't >T(D).
Applying Lemma 11 shows that Q; (®) attracts D. O

Finally, we conclude this section with the existence of the random pullback attractor.

Theorem 14. If the same assumptions (A16) — (A22) are satisfied, Qr(®) is a random pullback

attractor for the random dynamical system (0,U) generated by the solution to (4.1).
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Appendix A

Derivations of (3.11) and (3.12)

Throughout the derivations, terms of the following form are considered as higher order terms

which can be neglected as & — 0

E[(Pih(t))kl(ﬁ(t))kz] =o(h) fork;+ky>3, i, j=1,---,N.

Recall the definition of the drift and diffusion coefficients (3.4) and (3.5). We should begin

with the difference

Xi(t+h)—Xi(t) = —ViXi(t)+]l\fiX—i(Oiv:Van(I)

lnnn

= ! [Z Vn nﬁzX ﬁnX Vz ]
1 BuXn =

():iv 1 VinXnBiXi — ﬁnX ViXi) + (W BiXi — By viXi) (1 - XY= X,,)
(N BXn) + By (1 - XV X,)
(X (v — 5nvi — Vv Bi+ Bvvi)XiXa) + (VW BiXi — BnViXi)
(N (Ba— Br)Xn) + By
(e i — s o)+ (i~ G5
(0= (Ba— Bv)Xa) + By /viBn
Xvi| ;V:l(VN—ﬁfﬁ—Mﬁ—VN—ﬁHLM)Xn)Jr(VN—ﬁf—l)}

=L\viByvw  VuBvVw  ViBv ' ViBw ViBwn

(D (e —1)x, ) +1

BnVi VN
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where,

[ /N— . . . 1
- Xv, Z vy Bi Vn ﬁnVNﬁ B vnBi . Bnvi )Xn i (VNﬁl - 1) 7
i ViBv vy VaBv vy ViBv  ViBy Vibv ]
- :
d 7
- ( (o e b ot 1>Xn> e )
n=1 N N |

According to formula (3.10), we compute E[R?(¢)], E[S"(¢)], E[R!()S"(¢)], E[(R!(¢))?] and

E[(S"(¢))?] as follows. Applying Taylor expansions for the exponential functions yields

E (Xivi

N—1
( N L 1)xn> e 1)] )

n=1 N N

N—1
X ooty i ol o
E<deze (};((” "¢ P+1>Xn>+(” 1)])
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h
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<N_l(j—;<p —p£+@—@+(%‘ ) (p )
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h h
+h9Nn + heii - hem) h.ul - EG h91l> > + (h.uz + 561'2 + h91l>:| + O(h)

N2t/ d, 1, 1,
Z dy .ui_“n+56i—EGn+9ni_9nn_9Ni+9Nn+0ii_9in

hX;d;

—/,Ll—%qz—@,i)X> (/.L,+10 +6>] +o(h).
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Inserting xy =1 — 22/:—11 X, into above equation shows

N—-1 . 2
BIR!(1)] = xl-d,-{zxndnxa =) (i oo+ L)
n=1

+dyxy E {(1 +7+ %%‘2)(Pi+ %p,z)} } +o(h)
1 1
= hxd; {an ( +§cl.2—503+®1>
o (4 307+ ) b+ ol A

2 4

with @1 = 6;; — 6;, + 6,,; — Oy — O; + O, Then, we compute the expectation of S”(t).

E[S"(r)] =

I

= =
— N .
i no kil noli

(eph;l M= _ 1)Xn>‘|‘1

N

h\2 — )2
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— = dN D) ) ‘N Hn nn 'Nn ) n n .

Moreover, following similar technical calculations as above it can be derived that

h—0

k
lim E[(S" (1) (an ) k=234, (A.2)

Inserting xy =1 — Z xn into above equation gives

N—1
R[S ()] = deN+andE{1+pn+yn W+ = (pn+yn yN)2]+o(h)

n=1

1 1

1
3 o+ EO‘JZV + O — enN)) +dyxy+o(h). (A3)
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Next, we calculate E[R!(¢)S"()].
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and
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Then, we calculate the expectations of @, @ and @ respectively.
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Therefore,
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In addition,

anW®EWW”::x¢
h—0 h

gl dy 1 2 1 2
Z % ,Lll'—,un‘f‘ici_Egn+9ni_9nn_9Ni+9Nn

1 1
— Ui+ 60— i) — 56,2 - 9ii) Xn) + (ui + 50,2 + 91'1')]

2 1
N-1 d,
+ Y Xa(2 = D) (Mi+ 507 +6i)
n=1 dN
N-1 d, 1 , { )
+nZan %(.ui_.un‘FEGi _56”+9ni_enn_eNi+9Nn+6ii_9in)
1
- uz—zof—e”)
1
dn 1 ) 1 2

+63i — On — O+ Ovn + 0 — Oin) — i — SO — 91‘1')

1
+ Z X ( 2.“1 .un+6i2_igr%‘i‘eni_enn_eNi+9Nn+29ii—9in)

- 2,“1 2911)

1
—|—ul+ G + 6;; }

90



Thus,
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where xy = 1 — Zﬁ:’:_ll X, and
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Our next job is to calculate the diffusion coefficients a;; with the help of (3.10) and (A.2).
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It follows that
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E[R! (t)Rﬁ’(t)] is calculated as follows.

N—-1
REORY) = dixidxpe 7| (Y (( Pl — oty dn gt _ epm)xn Y
’ n=1 dN

. (:Zi << pl _ePZ)Z_NeW W _ ol 1) Xn) +(ePT — 1)]
¥ ( epz)ﬁeﬁ—m_epfﬂ)

.(( P er) m”; W Pf+1)

+ZX< hd”?” eph+1> (P —1)

N—1
+ Z X, ((eP;l _ep}}’;l’l d_meyrhn* W P] + 1> _1

= diXid;X;e"

+(eP — 1)(eP§' - 1)} +o(h)

¥ (' + 7”)2 dydy
"2 a2
-<P§’—Pl2+<p§) (p’") 1+7/“ Yo+l - yh %H% ne)
ph2
_j_]’z’(pl oy (Plz) _( H_}/l Yo Yh Pj+ 2))
h2 h 2 hy2
—Z—Z(P]}’—PZJr%—(p )’ YA+ — 7+ 7,’;1 yh) )(pﬁ+_(p12) )

hy2 h
(ot -+ 2L ) >]

N—1 Y2 hy2 YY)
+ X Ko (ot —plr O Py gy (T

hy2
)6+ 50

N—1 , 2
+ZXm (j_}rz(p?_p'er(pé) (Pm) 1+yh ,y[i\r] Vzhv) )

hy2
—pﬁ’—@) (o 2L

(p})? (p})?
5 Pj + =5 )}+o(h)-

94



So,
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lim Cov[(R})*(1), (8")*(1)] = 0,
h—0
lim Cov[R} (1)R(1),5"(1)S"(1)] = 0.
Finally, assembling the above calculations as (3.10) yields
x,x]dd
a;i; = X X[ — Oju — Oyi + O
! X (G = D+ 12 {nmzl im = Onj  Cam)
dy dm
—%(Gij—%') . —=(0ij — Omi) + 0ij]
N-L g N-1
+ Z Xn[%(cij_cnj) Glj + Z X N sz Gmi)_Gij]
n=1
+0i;}
1
_ d-d'x-x-(6-~ ZN ldxn(cin+6jn) an ldd xnme'mn>
= idjriXj\ Oij
anl dﬂx’l (anl d”x")2
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Appendix B

Derivation of (3.29)

First, by (3.16) and (3.17),

L N P v L T
Yi i 2Y2all - 1 1 ) ZN ldY
):N L du¥u(dnY, —diYy) (1—2)0%+ (1 —€)0)
(anldnYn)
d3Y20+d;Yi(e0 — 0?) + YN d,Y,(6 — Ao?)

n#i
(Enst dn¥n)?

_I_

252 2y2
_dio {( dyYyA (1-2)

2 LN, duYy)?

ZYZd, N— 1d2y2
+(1=2) [ —=o + Z .
anl d”lYn n:l (d”lYn)

Rearranging terms on the right hand side gives

1 /1 1
i@ (zfz - Eaii)

62 YN laY(u+%) dYi(e6-o?) dPc (1-A)Y;

> A TR R D N
(i) (iv)
ZN 1d2Y2 ZN ld Y
2 n;él n7é1
+ 5+ ((1-2)o +(1—e)e)m (6 —Ao? )(Z—L
)
d%Yz0 diro?d3 Y3

(B.1)

+ 75+ — :
(Lardn¥a)? 2(L 1 dnYn)?
(vi)
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where ¢, and _Zs are as defined in (3.30) and (3.30), respectively.
Notice that since d,, < 1, then ZN d,Y, < ZN Y, =1, and thus (Z )2 < 22]21 d,Y,
Also, recall that¥,, < 1 foralln=1,--- ,N. The rest of the terms on the right hand side of (B.1)

satisfy

2 2
, Yl dYa(u+ %) XN dYa(u+ %)

ey o, 9 u,,>0 _ u,,<0
(iii) = w+ > N T, i,vzldnYn )
R s lodY<un+%2>
< ; 2 M< < B.2
S Mt N, < %, (B.2)
d;Y;
(iv) € ———(e0—-0>+dic*(1-1)) = ¢, (B.3)
(Lo dn, )2( )
ZN ldY
(v) < T di(1=2)0%+(1-€)0)+6 —Ac?) = 74, (B.4)
(L1 dnYn)? ( )
Lo iy PN
(vi) = 2(29 diAo®) = Z, (B.5)

2(E,= 1 dnYn)

where Z1, 73, #4, and Ze are as defined in (3.30), (3.30), (3.30), and (3.30), respectively.
Collecting (B.2)—(B.5) and inserting into (B.1) results in (3.29).
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Appendix C

Derivation of (3.36)

First, by using (3.16) and (3.17), we have

fi g :é\/?‘u.G_ZZNldY( o+ %)
2VY: g [y3 2 YN .Y,
zN L dnYu(dnYy —diY;) (1= L1)02+(1—€)0)
(anldnyn)
d3Y30 +dYi(€0 —0?) + XV d,Y, (0 — Ao?)
+ n#i
(X da¥n)?
d;c? 2Yd;
— 1— ) L
om0

2 2vy2 N 1 2Y2
dio IcviNYNA - ):N d?
4 (anl dnYn)2 (anl dnYn)2

98



Notice that the last term in the above equation is non-positive. Removing the last term and

rearranging the remaining terms gives

Jfi o di
2\/)71 8 /Y~3
l
d; YNl d Y, N-1 o qY,02 d2Yz20
< VY ui—— ——Z A >
2 : Wi dnYn 2N a4y, (zn:]dnyn)

~~ -~

(vii) (viii)
YN a2y (1-2)o2+(1—¢)0) YN l'dY,(0-Ac?)

n#i n#i
+ +
N ( ﬁz\]:ldﬂyn)z ( ZrY:ldnYﬂ)z
(ix)
dYi(e0 —c?) d*c? (I—A)Y d;c?
+ + Ry — 1-2) 3, C.1
(X0 1 dnYn)? 2 Y 4 ( ) 1

g

(x)
where %, is as defined in (3.37), and the term (X) is the same as %5 defined in (3.37).

Next, using Y, < 1 for all n,

YN L a2y, (1-2)02 + (1— )0 ¥V d,Y,(6 — Ac?))

. #i i
(ix) < = < %,
(X0 dn¥n)?

where %5 is as defined in (3.37).

Now, splitting the term —diTcyz(l — A) into three of —d‘i—gz(l — 1), then combining two of

them with the terms (vii) and (viii), respectively, we have

2 )

iy dio L. dio
(Vll)—v(l—l)Zﬁh (viii) — B (1-1) =%,

where )| and %, are defined as in (3.37) and (3.37), respectively.

Inserting the above estimates into (C.1) and summing over i from 1 to N — 1 then results

in (3.36).
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Appendix D

Derivations of (3.39)

First, using (3.16) and (3.17) in (3.38) gives

2 YN doY,
zN L dnYa(dnYy —diY) (1-A)o2 + (1 —€)8)
(XN, duY,)?
d3Y20+d;Yi(e60 — 6?) + YN d,Y,(6 — Ao?)
n#i
(XN, doY,)?

(t+1)o? S a? [ ddyia
EE R R AN AR

2Yldl ZN 1d2Y2
+(1=2)| - * |
( >( SRS SR )}

Using the facts that d2Y,?((1—21)0*+ (1 —€)6) > 0 under the first condition of Assumption

_ Nzl—_df{u. o Iyt T)
1 1

+

(A8), and that —d,Y;02% — 10?2 Zﬁlv;_ll d,Y, > o> Zf;’:_ll d,Y, since A < 1, and regrouping terms
n—+i
on the right hand side in the above equation we have

Nf —~d; { YA, AW (1 )did}YiAc?
= Z;le Y YN dn¥e  2(XN dY)?
YVl dYid,Y,(1—-2)o?  YN-'d,Y,0?
(X1 dn¥n)? Y1 dn¥s
):N LdYid,Y,(1—€)6 +dY89+Zn¢,ld WY, 0 +d3Y20
(L= dnYn)? (L0 dn¥n)?

(1=A)(1+1)dio? (- Yid; >2+ Yo di¥y;
2 ZnNZIdnY” ( nZIdHYn) .
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Noticing that

d2v? dyYy z’,,;}dzﬂ (z;;,ld L)L dit
(N dnYa)? ~ XN da¥ (X dnYn)? T ( 1 dnY, )2 YN daYy
we get
N—1 N— l 2
—d; Y, —1 dnYnld 1 dyYno (1—(l+1)di)
Y) < ; —
270 s Ly {“’ Cdn T2 T,

-~

(xi)
X diYid Yo (1-A)o? zN ! d,Y,c?
(XN dnYn)? N dnY,
YNl avidY,(1-e)e | diYiEd + X daY,0 +dyYio

_|_
( flV:] dnYn)z (Z]r:’:1 dnYn)z

zﬁjﬁ‘m
—(1—2)(1+1)d;0> g }

Splitting the % in term (xi) into 1—12, %, % and 1 results in (3.39).
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