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Abstract

Nonlocal dispersal equations are used to model the population dynamics of species that ex-
hibit long-range dispersal mechanisms. This model of spatial spread is obtained by replacing
the Laplacian in the usual reaction-diffusion equation with an integral operator. Most studies on
this model were done for temporally homogeneous or periodic environments. However, nature
is typically heterogeneous, and even when seasonal, the variations could exhibit disproportion-
ate periods. Therefore, it seems more appropriate to incorporate the time-dependent variability
of these factors using almost periodicity. The asymptotic behavior of solutions with strictly
positive initials is among the fundamental issues for such population models and the stability
of the zero solution is crucial in investigating these asymptotic dynamics. Thus the principal
spectral theory of the linearization of the model at the zero solution is important in its own right
but vital for investigating the asymptotic dynamics. This dissertation is devoted to the study of
the spectral theory and asymptotic dynamics of nonlocal dispersal equations with almost peri-
odic dependence. First, the principal spectral theory of linear nonlocal dispersal equations is
investigated from three aspects: top Lyapunov exponents, principal dynamical spectrum point,
and generalized principal eigenvalues. Among others, we established the equality of the top
Lyapunov exponents and the principal dynamical spectrum point, provided various character-
izations of the top Lyapunov exponents and generalized principal eigenvalues, established the
relations between them, and studied the effect of time and space variations on them. Secondly,
employing the principal spectral theory developed in the first part, we studied the asymptotic
dynamics of nonlinear nonlocal dispersal equations with almost periodic dependence. In par-
ticular, we established the existence, uniqueness, and stability of a strictly positive, bounded,
entire, almost periodic solution of the Fisher-KPP equation with nonlocal dispersal and almost
periodic reaction term. Finally, when the domain is the whole space R, we investigated the

spatial spreading speeds of positive solutions with front-like initials.
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Chapter 1

Introduction

Understanding the changes in a species’ population over time is an essential biological is-
sue. The two major factors that influence these changes are the species’ dispersal mechanisms
(through which a species expands the distribution of its population) and environmental condi-
tions (like resource availability, growth or proliferation rate, and other limiting factors). En-
vironmental factors could be homogeneous or exhibit seasonal variations. However, nature is
typically heterogeneous, and the factors that influence the evolution of populations are roughly
but not exactly periodic. For instance, some of these factors may depend on weather cycles
which may exhibit different disproportionate periods. Therefore, it seems more appropriate to
incorporate the time-dependent variability of these factors using almost periodicity. This dis-

sertation is devoted to the study of the spectral theory of the linear nonlocal dispersal equation

Ou = / k(y — x)u(t,y)dy + a(t,x)u, x €D (1.1)
D

and the asymptotic dynamics of the nonlinear nonlocal dispersal equation

o= [ wly—)ult.y)dy + uf(t.z,0), 2 €D, (1.2)
D

where D C RY is a bounded domain or D = RY, and x(-), a(-,-) and f(-, -, -) satisfy
(H1) x(-) € CY(RY,[0,00)), £(0) > 0, [on k(x)dx = 1, and there are pu, M > 0 such that

k(z) < e Ml and |Vk| < e ! for |x| > M.

(H2) a(t, ) is uniformly continuous in (t,z) € R x D, and is almost periodic in t uniformly

with respect to © € D (see Definition 2.1 for the definition of almost periodic functions).



(H3) f(t,z,u) is Ctinw; f(t,z,u) and f,(t, z,u) are uniformly continuous and bounded on
(R x D x E) for any bounded set E C R; f(t,x,u) is almost periodic in t uniformly with
respect to v € D and u in bounded sets of R; f(t,z,u) is also almost periodic in x uniformly
with respect to t € R and u in bounded sets when D = RY; f(t,x,u) +1 < 0 for all

(t,2) ERx Dandu > 1;and sup f,(t,x,u) < 0 for eachu > 0.
teR,z€D

Typical examples of the kernel function x(-) satisfying (H1) include the probability density

. . || .
function of the normal distribution x(x) = ———e~ 2 and any C' convolution kernel func-

@m¥N

tion supported on a bounded ball B(0,r) = {z € RY ||z| < r}. A prototype of the function f

is given by f(t,z,u) = a(t,z) — b(t, x)u(t, z)

Equation (1.2) is called the nonlocal Fisher-KPP equation due to the pioneering works by
Fisher [19] (1937) , and Kolmogorov, Petrowsky, Piscunov [32] (1937) on the following equa-
tion

Oru = Au~+ u(a — bu).

Most continuous models that incorporate dispersal are based upon reaction-diffusion equations

such as )
u = Au+ug(t,x,u), x€Q
(1.3)
u=0, x €,
\
4
up = Au+ug(t,x,u), x€Q
(1.4)
ou __
\% = O, S 89,
where (2 is a bounded smooth domain, or
wy = Au+ug(t,r,u), xRN (1.5)

In such equations, the dispersal is represented by the Laplacian and is governed by random
walk. It is referred to as random dispersal and is essentially a local behavior describing the

movement of cells or organisms between adjacent spatial locations.



In reality, the movements of some organisms can occur between non-adjacent spatial loca-
tions. For such a model species, one can think of trees whose seeds and pollens are disseminated
on a wide range. Reaction-diffusion equations are inadequate to model such dispersal.

Recently there has been extensive investigation on the dynamics of such populations having
a long range dispersal strategy (see [1, 2, 3, 6, 7, 8, 11, 14, 21, 31, 35, 36, 37, 49, 57, 56, 58,
63, 64], etc.). The following nonlocal reaction diffusion equations are commonly used models

to integrate the long range dispersal for these populations (see [17, 22, 29, 38, 61], etc):
Oyu = / k(y — z)u(t,y)dy — u(t, ) +ug(t,z,u), z€Q, (1.6)
Q

Dy = / wly — o) (ult, y) — ult, 2)dy + uglt,z,u), @€, (17)
Q

where Q0 C R¥ is a bounded domain, and

o = / k(y — x)u(t,y)dy — u(t,z) +ug(t,z,u), =€ RY. (1.8)
RN

In equations (1.6), (1.7), and (1.8), the function (%, x) represents the population density of
the species at time ¢ and location z. The dispersal kernel x(y — x) describes the probability
of jumping from location z to location y and the support of (-) can be considered the range
of dispersion. Thus [, k(y — z)u(t,y)dy gives the rate at which individuals are arriving at
position y from all other places =, and —u(t,z) = — fQ u(z, t)dy is the rate at which
they are leaving location x. The function g(t, x, u) accounts for growth/decay or proliferation
rates, self limitations and other environmental factors. Note that (1.6) is the nonlocal dispersal
counterpart of the reaction-diffusion equation with Dirichlet boundary condition given by (1.3)

since (1.6) can be written as

o= [ sty = o)ut.y) - ult. o)y + uglt,w0), 7€ D (19)
RN
complemented with the following Dirichlet-type boundary condition

u(t,r) =0, xcRY\Q. (1.10)



Similarly, (1.7) is the nonlocal dispersal counterpart of the reaction-diffusion equation with
Neumann boundary condition given by (1.4). See [9, 10, 54] for the relation between (1.6)
and (1.3), and the relation between (1.7) and (1.4). Equations (1.6) and (1.7) can be viewed as
nonlocal dispersal models for populations with growth function ug(¢, x, u) and with Dirichlet-
and Neumann-type boundary conditions, respectively. Observe that (1.6) (respectively (1.7),
(1.8)) can be written as (1.2) with D = Q and f(t,z,u) = —1+ g(t, =, u) (respectively D = ()
and f(t,z,u) = — [, k(y—x)dy+g(t,z,u), D = RN and f(t,z,u) = —14g(t,z,u)). Thus,
for conciseness and simplicity, we shall study (1.2).

The fundamental dynamical issues for (1.2) include the asymptotic behavior of solutions
with strictly positive initials, propagation phenomena of solutions with compactly supported
or front-like initials when the underlying environment is unbounded, and the effects of dis-
persal strategy and spatial-temporal variations on the population dynamics. These dynamical
issues have been extensively studied for the population models described by reaction diffusion
equations and are quite well understood in many cases. Recently there has also been exten-
sive investigation on these dynamical issues for the nonlocal dispersal population models (see
[1,2,3,6,7,8,11, 12, 14, 21, 31, 35, 36, 37, 48, 49, 57, 56, 58, 59, 63, 64], etc.). However, the
understanding of these issues for nonlocal dispersal equations is much less, and, to our knowl-
edge they have been essentially investigated in specific situations such as time independent and
space heterogeneous media or time and space periodic media.

Observe that u(t, x) = 0 is a solution of (1.2), referred to as the trivial solution of (1.2). With
a(t,z) = f(t,z,0), then (1.1) is the linearization of (1.2) at the trivial solution. The stability
of the zero solution of (1.2) is crucial in investigating its asymptotic dynamics. This naturally
leads to the study of the spectral theory of the linearization of the model at the zero solution,
which is of independent research interest. Therefore, the first part of this dissertation (Chapter
3) is devoted to the study of the principal spectral theory of (1.1).

The principal spectrum for linear random dispersal or reaction diffusion equations has been
extensively studied and is quite well understood in many cases. For example, consider the

following random dispersal counterpart of (1.1) on a bounded smooth domain D with Dirichlet



boundary condition,

u = Au—+a(t,x)u, xe€D
(1.11)

u=0 xz€oD.

For the periodic case (a(t+71,x) = a(t,z) forallz € D and t € R), there is well-known theory
(see [23]) yielding the existence of a principal eigenvalue A(a) and eigenfunction ¢(¢, ), that
1s,

(

—du(t, x) + Ap(t, x) + a(t,z)p(t,x) = NMa)p(t,z), x € D
o(t,z)=0 x€0D

o(t+T,x)=¢(t,x) >0 VteR, xe€D.

Note that the principal eigenvalue of (1.11) in the time periodic case is a notion related to the
existence of an eigenpair: an eigenvalue associated with a positive eigenfunction. The prin-
cipal eigenvalue theory for (1.11) in the time periodic case has been well extended to general
time dependent case with the principal eigenvalue and eigenfunction in the time periodic case
replaced by the principal Lyapunov exponent and principal Floquet bundle, respectively (see
[27, 28, 40, 41, 55], etc.)

It is pertinent at this point to mention that due to the lack of regularity and compactness of the
solution operator of nonlocal dispersal equations, some difficulties which are not encountered
in the study of the spectral theory of random dispersal equations, show up in the study of the
spectral theory of nonlocal dispersal equations. Several authors have established the fact that
nonlocal dispersal operators may not have principal eigenvalues unlike their random dispersal
counterparts (for instance, see [7], [S7] for some examples). In the case where the function a
depends only on the space variable, the authors [2], [7], [31], [52], and [57] established some
sufficient conditions for the existence of the principal eigenvalue and its dependence on the
underlying parameters. Subsequently, the authors in [48] investigated the following nonlocal

eignevalue problem:

u = v [ Ky — x)ult,y)dy — u(t,z)] + a(t,x)u, xe€D
(1.12)

u(t+T,x) = u(t, ),



where D C RY is a smooth bounded domain and a(t, z) is a continuous function with a(t +
T;x) = a(t; x). They established some criteria for the existence of the principal eigenvalue of
(1.12). In [30], the authors investigated the influence of time periodicity/almost periodicity on
the principal eigenvalue and also considered the relationships between the principal eigenvalue
and some other equivalent concepts like the principal Lyapunov exponent and principal dynam-
ical spectrum point. They established the equality of these concepts in the time periodic case,
and for the time almost periodic case, they obtained that the top Lyapunov exponent is always
larger than or equal to the principal eigenvalue of the corresponding time-averaged equation.

The concept of generalized principal eigenvalues of (1.1), a natural extension of principal
eigenvalues, was introduced in [7] for the case when the function a(¢, z) = a(x) and studied in
[7,5, 11]. They established some of their properties and criteria for their equality. The authors
in [59] studied these concepts in the time periodic case. However, there is not much study on
the aspects of the spectral theory for (1.1) when a(¢, z) is not periodic in ¢.

In this dissertation, we investigate the spectral theory of (1.1) in the time almost periodic case

via the following quantities:
* top Lyapunov exponents (see Definition 3.1 for detail);
* principal dynamical spectrum point (see Definition 3.3 for detail);
* generalized principal eigenvalues (see Definition 3.4 for detail).

In particular, we study the following aspects related to the above quantities.

* relations between the top Lyapunov exponents, principal dynamical spectrum point, and

generalized principal eigenvalues of (1.1) (see Theorems 3.1 and 3.2);

» effects of time and space variations of a(t, x) on the top Lyapunov exponents and gener-

alized principal eigenvalues of (1.1) (see Theorems 3.3 and 3.4);

* characterizations of the generalized principal eigenvalues of (1.1) (see Theorem 3.5).

We refer to the theory of the top Lyapunov exponents, principal dynamical spectrum point,

and generalized principal eigenvalues of (1.1) as the principal spectral theory for the linear



nonlocal dispersal equation (1.1). The results on the spectral theory of (1.1) established in this
dissertation recovered and extended some of the previous results obtained in the time indepen-
dent and time periodic cases to the time almost periodic case and established new results on
these concepts in the time almost periodic case.

Exploiting the spectral theory thus developed, we study the existence, uniqueness and stabil-
ity of a strictly positive bounded entire solution of (1.2). An entire solution u(t,x) of (1.2) is a
solution defined for all ¢ € R. Such a solution is said to be strictly positive if y éni Du(t, z) > 0.
A strictly positive entire solution u(t,z) of (1.2) is called an almost periodi07 solution if it is
almost periodic in ¢ uniformly with respect to # € D in the case that D is bounded and is
almost periodic in both ¢ and 2 when D = R¥ (See Definition 2.1 for the definition of almost
periodicity).

We established in [46] that for the time almost periodic Fisher-KPP equation with nonlocal

dispersal (1.2)

Equation (1.2) has at most one strictly positive, bounded entire solution and any such

solution is almost periodic (see Theorem 4.1 for details).

* Equation (1.2) has a strictly positive bounded almost periodic entire solution if and only if
the generalized principal eigenvalue A pg given in Definition 3.4 is positive (see Theorem

4.2 for details).

* The strictly positive bounded entire solution of (1.2) attracts every other solution whose

initial has strictly positive infimum (see Theorem 4.1(c) for details).

* The frequency module of the strictly positive almost periodic solution is contained in the

frequncy module of the function f in (1.2)(see Theorem 4.1(d) for details).

* The zero solution of (1.2) is globally asymptotically stable if the top Lyapunov exponent

is negative (see Theorem 4.2(b) for details).

The above results extends the persistence and extinction results in Theorems E and F of [48]
from the time periodic case to the almost periodic case. We note that the existence, uniqueness

and stability results obtained has been established based solely on the signs of the generalized



eigenvalue and top Lyapunov exponent (which always exist). Hence even when the existence
of the principal eigenvalue cannot be determined, we still have information on the survival and
extinction of the species.

Another essential issue on the asymptotic dynamics of (1.2) is the spatial spreading speeds
of solutions with compactly supported or front-like initials when the underlying environment

is unbounded. This is concerned with the following:
« If D = R", how fast does the population invade into a region with no initial population?

In Chapter 5, we shall present the definition of the spreading speed interval introduced in

[26], and establish the following:

* If the zero solution of (1.2) is unstable, then the spreading speed interval is finite, with a

precise upper bound (See Theorem 5.1(i) for details)

* If the almost periodic function is bounded below by the sum of a time and space periodic
function ar (¢, x) and a time almost periodic function ay(t) then we obtain both upper

and lower bounds for the spreading speed interval (See Theorem 5.1(i1) for details).

The first result above extends the results in [26, Theorems 2.1(i) and 2.3(1)] from the random
dispersal case to the non-local dispersal case and the second result recovers the existing result
on the spreading speed in the time periodic case.

The rest of the dissertation is organised as follows: In Chapter 2, we present some preli-
mary materials needed in the entire subsequent discussion. These are the important theorems
and properties of almost periodic functions and the comparison principles. We study the spec-
tral theory of (1.1) in Chapter 3, establishing the relationships between the top Lyapunov ex-
ponents and the generalized principal eigenvalues, their monotonicity, characterizations and
dependence on time and space variations. Chapters 4 and 5 are devoted to the asymptotic
dynamics of the nonlocal Fisher-KPP equations with almost periodic dependence. We shall
present the existence, uniqueness and stability of positive almost periodic solutions in chapter
4 and discuss the spatial spreading properties of solutions with front-like initials in chapter 5.

Chapter 6 presents some future projects and concludes the dissertation



Chapter 2

Almost periodic functions and comparison principles

Most of our results are established based on the technique of sub- and super-solutions using
comparison principles. In this chapter, we present the comparison principles used (which is
more general than what is in the literature) and collect some important facts about almost

periodic functions which will be employed in establishing the main results.

2.1 Definition and basic properties of almost periodic functions

First, we present the definitions of almost periodic and limiting almost periodic functions, and

some basic properties of almost periodic functions.

Definition 2.1. (1) Let E C R and f € C(R x E,R). f(t,z) is said to be almost periodic
in t uniformly with respect to x € E if it is uniformly continuous in (t,z) € R x E and

forany € > 0, T'(¢€) is relatively dense in R, where

Te)={reR||f(t+T,2)— f(t,x)| <eVteR, x € E}.

(2) Let E C RN and f € C(Rx E,R). f is said to be limiting almost periodic in ¢ uniformly
with respect to x € FE if there is a sequence f,(t,z) of uniformly continuous functions

which are periodic in t such that

lim f,(t,x) = f(t,x)

n—o0

uniformly in (t,x) € R x E.



(3) Let f € C(R x RN R). f(t,x) is said to be almost periodic in z uniformly with respect
tot € R if f is uniformly continuous in (t,7) € R x RN and for each 1 < i < N,
f(t,z1, 22, -+ ,xN) is almost periodic in x; uniformly with respecttot € R and x; € R

for1<j<N,j#1i

(4) Let f(t,z) € C(R x E,R) be an almost periodic function in t uniformly with respect to

x € E CRY. Let A be the set of real numbers \ such that

a(x, N\ f): hm/ ft,x)e™ dt

T—o0

is not identically zero for x € E. The set consisting of all real numbers which are linear
combinations of elements of the set A\ with integer coefficients is called the frequency

module of f (¢, ), which we denote by M(f).

Proposition 2.1. (1) If f(t,x) is almost periodic in t uniformly with respect to © € E, then
for any sequence {t,} C R, there is a subsequence {t,, } such that limit klim ft+tn,, )
—00

exists uniformly in (t,x) € R x E.

(2) If f(t,x) is almost periodic in t uniformly with respect to x € E, then the limit

T—oo0 T

i) hm—/ f(t,)d

exists uniformly with respect to v € E. If E = RY and for each 1 < i < N,

f(t,x1, 29, -+ ,xN) is also almost periodic in x; uniformly with respect to t € R and

z; € Rfor1 < j <N, j#1, then the limit

f:: lim / / / f XT1,To, - ,ZL’N)dl’ldl’z"’dl‘N
q1,92, N =0 142 * * - N

exists.

10



(3) Given an almost periodic function f(t), for any € > 0, there exists a trigonometric

polynomial P(t) = S~ by, e such that

g@Wﬂ=ﬂMke

Proof. (1) It follows from [18, Theorem 2.7]
(2) It follows from [18, Theorem 3.1]

(3) It follows from [18, Theorem 3.17]. L]

Proposition 2.2. A function f(t,x) is almost periodic in t uniformly with respect to x €
E C RX ifand only if it is uniformly continuous on R x E and for every pair of sequences
{5,}°°,, {rm}_,, there are subsequences {s,}> | C {s,}°%,, {r, Y | C {rm}>_, such

that for each (t,z) € R x RE,

lim lim f(t+ s, + @) = Hm f(E+ s, + 7, ).

m—ro0on—r00 n—oo

Proof. See [18, Theorems 1.17 and 2.10 ]. O

Proposition 2.3. Let f, g € C(R x R™ R) be two almost periodic functions in t uniformly
with respect to x in bounded sets. M(g) C M(f) if and only if for any sequence {t,} C R,
yfnh_{gof(t + tn, x) = f(t,x) uniformly for t € R and x in bounded sets, then there is {t,, } a
subsequence of {t,} such that kli}rgo g(t+t,,,x) = g(t, x) uniformly for t € R and x in bounded

sets.

Proof. See [18, Theorem 4.5] O]

2.2 Comparison principle

In this section, we introduce super- and sub-solutions of (1.2) and (1.1) in some general sense
and present a comparison principle.
Let

X =X(D):=C"

unif

(D) = {u € C(D) |u is uniformly continuous and bounded}  (2.1)

11



equipped with the norm ||u||x = sup,cp |u(x)| for u(-) € X, and
Xt ={ue X, |ulx)>0 Ve D} (2.2)
and
Xt ={ue X*| inf u(z) > 0}.
zeD

For any given s € R and uy € X, u(t,z;s,up) denotes the unique solution of (1.2) with
u(s, x; s,ug) = up(x). Let Trax(s,ug) € (0, 00] be the largest number such that u(t, z; s, ug)
exists on [s, s + Tiax($, uo)). To indicate the dependence of u(t, x; s, ug) on D, we may write

itas u(t, z; s, ug, D). For given u!, u? € X, we define
ut <u?, if ul(z) <ul(z) Vo eD.

Definition 2.2. A continuous function u(t,z) on [ty,to + 7) X D is called a super-solution (or

sub-solution) of (1.2) on [to,to + ) if for any x € D, u(-,x) € Whl(to, to + 7), and satisfies,

ou(t, x)
ot

> (or S)/ k(y — x)u(t,y)dy +u(t,z) f(t,z,u) fora.e.t € (to,to+ 7). (2.3)
D

Super- and sub-solutions of (1.1) are defined similarly. Note that, in the literature, super-
solutions (or sub-solutions) of (1.2) on [tg, t+7) are defined to be functions u(-, -) € C1O([to, to+
7) x D) satisfying (2.3) for all t € (to,ty + 7) and € D. Super-solutions (sub-solutions) of
(1.2) defined in the above are more general. Nevertheless, we still have the following compari-

son principle.
Proposition 2.4. (Comparison Principle)

(1) If u'(t,x) and v?(t,x) are bounded sub- and super-solutions of (1.1) on [0,7) and

u'(0,) < u*(0,), then u'(t,-) < u?(t,-) fort € [0, 7).

(2) For givenug € X' and a', a®> € X, if a* < a® then u(t,-; s, ug,a) < u(t,-;s,ug, a?),
where u(t, -; s, ug, a;) is the solution of (1.1) with a being replaced by a; and u(s, -; s, ug, a;)

uo(+) fori=1,2.
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(3) If u'(t,z) and u*(t,z) are bounded sub and super-solutions of (1.2) on [0,7) and

u(0,-) < u?(0,), then u'(t, ) < u*(t,-) fort € [0, 7).
(4) Foreveryug € X, u(t, x; s, ug) exists for all t > s.
Proof. (1) Setv(t,x) = e (u?(t,z) — u'(t,z)). Then for each x € D, v(t, r) satisfies

ov

i > / k(y — x)v(t,y)dy + p(t, z)v(t,z) for a.e. t € 0,7), (2.4)
D

where
p(t,z) = a(t,z) + c, (2.5)

and ¢ > 0 is such that p(¢t,z) > O forallt € Rand z € D. Since u'(-,z) € W(0, 7) for each

x € D, by [13, Theorem 2, Section 5.9], we have that

v(t,z) —v(0,2) = /0 v (s, x)ds

> /Ot (/D/-c(y —x)v(s,y)dy +p(s,x)v(s,x)>ds Vvt e (0,7), x €D.

Letpy = sup p(t,z) and Ty = min{r, pL} Assume that there exist ¢ € (0,Tp) and 7 € D

1
teR,z€D o+

such that v(¢,z) < 0. Then there exists t, € (0, 7)) such that v, := inf  v(t,x) <O0.
(t,x)€[0,t0)x D

We can then find t,, € [0, %), x, € D such that v(t,, z,) — v,y asn — co. By (2.4), we have
tn
oltmn) = 00.20) = [ 6y =)ot g)dy + ottt
o Jbp
By v(0, z,) > 0, we have
tn
V(tp, p) > / [/ k(Y — ) Vingdy + PoVingldt +v(0, x,) > t,(1 4 po)ving.
o Jp

This implies that

Ving = to(1 4+ Po)Ving > Ving,

which is a contradiction. Hence v(¢,2) > 0 for all t € [0,7) and for all x € D.
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Let &k > 1 be such that kT, < 7 and (k + 1)Tj > 7. Repeating the above arguments yield,
v(t,x) >0 Vtelli—1)Ty,ily), €D, i=1,2,---k,
andv(t,z) >0 Vt € [kTy,7), € D. It then follows that

v(t,z) >0 Vtel0,7), z € D.

This implies that u' (¢, x) < v?(¢,z) forallt € [0,7), x € D.

(2) By (1),

u(t,x;s,up,a’) >0 Vt>0, x €D, i=1,2.
This together with a' < a? implies that
wy(t, x5 8, ug, a*) < /Dfi(y—x)u(t,y;s,uo,al)dy+a2(t,x)u(t,x;S,uo,al) Vt>0, z€D.
Then by (2) again,
u(t, x;5,u9,a*) < u(t,z;s,ug,a®) Yt>0, z€D.
(3) Follows similarly as in (1) where the function a(¢, z) in (2.5) is given by

a(t,z) = /o % ((suQ(t, z) + (1 — s)ul(t,2)) f(t, 2, su(t,x) + (1 — s)ul(t,x))>ds.

(4) Note that v = 0 is an entire solution of (1.2) and u = M is a super-solution of (1.2) when

M > 1. By (1),
0<u(t,r;s,ug) <M Vtels,s+ Tmax(s,ug)), €D, M > 1.

This implies that T, (s, ug) = oo and (4) follows. The proposition is thus proved. ]
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Proposition 2.5. Let Dy C D. Then
u(t, x5 8,ug|py, Do) < ult,x;s,u9, D) Yt >s, x € Dy,

where uy € C® (D), ug > 0.
Proof. Observe that u(t, x; s, ug, D) solves

up = //f(y—ac)u(t,y)dy—{—u(t,a:)f(t,a:,u), r € D.
D

> / k(y — 2)ult, y)dy + u(t, 2) f(t,x,u), € Di.
Do

Since ug|p, < uop the inequality follows from Proposition 2.4.
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Chapter 3

Principal Spectral Theory of Nonlocal Dispersal Equations

This chapter is devoted to the study of the principal spectral theory of the linear nonlocal dis-
persal equation (1.1).

The principal spectrum for various special cases of (1.1) has been studied by many authors.
For example, when D is bounded and a(t, z) is independent of ¢ or periodic in ¢, the principal
spectrum of (1.1) has been studied in [7, 20, 25, 30, 34, 48, 51, 52, 53, 57, 58, 59]. Subse-
quently, [5, 12, 48, 57] studied it when D = RY and a(t, z) is periodic in both ¢ and z, or
a(t,z) = a(x). Unlike the random dispersal operators, even when a(t, z) = a(z) is indepen-
dent of ¢, the operator L : C(D) — C(D), ( = [, k(y — x)u(y)dy + a(x)u(x), may
not have an eigenvalue associated with a positive eigenfunction when a(z) is not a constant
function (see [7, 57] for examples). Because of this, to study the aspects of the spectral theory
for nonlocal dispersal operators, the concept of principal spectrum point for nonlocal dispersal
operators was introduced in [30] (see also [48, 53]), and the concept of generalized principal
eigenvalues for nonlocal dispersal operators was introduced in [5] (see also [7]). Some criteria
have been established in [48, 57] for the principal spectrum point of a time periodic dispersal
operator to be an eigenvalue with a positive eigenfunction. In [7], some criteria were estab-
lished for the generalized principal eigenvalue of a time independent dispersal operator to be
an eigenvalue with a positive eigenfunction.

However, there is not much study on the aspects of spectral theory for (1.1) when a(t, x) is
not periodic in ¢. Here, we investigate the spectral theory of (1.1) in the time almost periodic
case from three aspects: top Lyapunov exponents, principal dynamical spectrum point, and

generalized principal eigenvalues. In particular, we provide various characterizations of the
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top Lyapunov exponents and generalized principal eigenvalues of (1.1), discuss the relations
between them, and study the effects of time and space variations of a(¢,z) on them. The
theory of the top Lyapunov exponents and generalized principal eigenvalues is referred to as

the principal spectral theory for the nonlocal dispersal operators.

3.1 Notations, definitions, and main results

3.1.1 Notations and definitions

Let X = X(D) and X be as in (2.1) and (2.2), respectively. For any s € R and vy € X,
let u(t, x; s, up) be the unique solution of (1.1) with u(s, z; s, uy) = ue(x) (the existence and
uniqueness of solutions of (1.1) with given initial function uy € X follow from the general

semigroup theory, see [47]). Denote

O(t,s;a)ug = u(t,-; s, up). (3.1)
Definition 3.1. Let
o mpedsal . o sa)l
App(a) = lmsup == 22, Apy(a) = lminf ==722=2 0 (32)

Apr(a) and Np; (a) are called the top Lyapunov exponents of (1.1).
For given \ € R, define
Dy(t,s5:0) = e MDDt 5:a),
where (¢, s; a) is as in (3.1).

Definition 3.2. Given A € R, {®,(t, s;a)}s1er s<t is said to admit an exponential dichotomy
(ED) for short on X if there exist § > 0, C' > 0, and continuous projections P(s) : X — X

(s € R) such that for any s,t € R with s < t the following holds:
(1) ®(t,s;a)P(s) = P(t)Pa(t, s;a);

(2) ®a(t,s50)|rps)) : R(P(s)) = R(P(t)) is an isomorphism fort > s (hence ®(s,t;a) 1=
Dy(t,s;a)"t - R(P(t)) — R(P(s)) is well defined);

17



(3)
|@a(t, s;a) (I = P(s))[| < Ce™79, > s

| @ (t, s;a)P(s)]| < CePt=9) t <.
Definition 3.3. (1) )\ € R is said to be in the dynamical spectrum, denoted by (a), of (1.1)
or {®(t, s;a) }s<t if Pa(t, s; a) does not admit an ED.
(2) App(a) = sup{\ € X(a)} is called the principal dynamical spectrum point of { ®(¢, s; a) }s<:.

Let
X (D) =C? (R x D):={uc C(R x D)|u is uniformly continuous and bounded} (3.3)

with the norm [|u]| = sup |u(¢, x)|. In the absence of possible confusion, we may write
(t,x)€ERxD

X=X(D) Xt={ueX|ult,x)>0, teR, x€ D}, and

Xt ={ueXt| inf u(t,z)>0}.

teR,zeD

Let L(a) : D(L(a)) C X — X be defined as follows,

(L(a)u)(t,x) = —Owu(t, z) + /D k(y — x)u(t,y)dy + a(t, v)u(t, ).

Let

Apgp(a,D) = {)\ eR|Ipe X, %nﬂg¢(t,x) >0, for each z € D, ¢(-,z) € W2 (R) and
S

loc

(L(a)®)(t,z) > Xo(t,z) for a.e.t € R} (3.4)
and

App(a,D)={N€eR|Ipe X, inf ¢(t,x) >0, for each v € D, ¢(-,x) € W} (R) and
x€D

I
teR,xe o¢

(L(a)o)(t,z) < Ag(t,z) for a.e.t € R}. (3.5)
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Definition 3.4. Define

Apg(a) =sup{A| A € Apg(a)} (3.6)

and

App(a) = inf{\ | X € Apg(a)}. (3.7)
Both \pg(a) and Npy(a) are called the generalized principal eigenvalues of (1.1).

Let

T—o0

1 T
a(x) = lim —/ a(t, x)dt (3.8)
0

((see Proposition 2.1 for the existence of a(-)). Let

a= ﬁ/D&(x)dx 3.9

when D is bounded, and

1 qN q2 q1
a= lim —/ / / a(xy, xe, - ,xy)dridry---dry  (3.10)
0 o Jo

41,92, N0 (142 - - - N

when D = RY and a(t, ) is almost periodic in x uniformly with respect to ¢ € R (see
Proposition 2.1 for the existence of a). Note that a(z) is the time average of a(t,x), and a
is the space average of a(x). To discuss the monotonicity of Apr(a), A\pg(a), and Npj(a) with

respect to the domain D, we may put

/

CI)(ta S;CL)D) = (I)(t,S, CL), APE(av D) = APE(a’)7 AIPE(av D) = APE(a)'

and

)\pL<a,D) = )\pL(CL), /\PE(CL,D) = )\pE(a), /\IPE(G,D) = )\IPE(CL)

3.1.2 Main results

In this subsection, we state the main theorems of this chapter. Throughout this subsection, we

assume that a(t, ) satisfies (H2). Sometimes, we may also assume the following:
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(H2) a(t, ) is limiting almost periodic in ¢ with respect to « and is also limiting almost peri-
odic in x when D = R" (see Definition 2.1).

The first theorem is on the relation between A, (a), Apr(a), and App(a).

Theorem 3.1 (Relations between Ay (a), Apr(a) and App(a)).
(1) For any uy € X with inf,cp ug(z) > 0,

/ . In||®(t, s;a) . In||®(t, s;a)ugl|
St e

(2) Apr(a) = App(a).
The second theorem is on the relations between A\pg(a), Apg(a), and Apy(a).
Theorem 3.2 (Relations between Apg(a), Npy(a), and Apz(a)).
(1) App(a) = ApL(a).
(2) Ape(a) < App(a). Ifa(t, x) satisfies (H2)', then Apg(a) = App(a).
(3) Ifa(t,x) = a(t), then Apg(a) = Npp(a) = Apr(a) = a+ Ap(0).
The third theorem is on the effects of time and space variations on A\pg(a).
Theorem 3.3 (Effects of time and space variations on Apg(a)).
(1) A\pp(a) > sup,cp a(z). Ifa(t, ) satisfies (H2)', then Apg(a) > A\pp(a) > sup,cp a(z).

(2) If D is bounded, a(t,x) = a(x), and k(-) is symmetric, then

1
ApE(a)Zd—i-—///i(y—x)dydx,
DI Jp Jp

where |D| is the Lebesgue measure of D.

(3) If D =RY, a(t,z) = a(x) is almost periodic in x, and k(-) is symmetric, then

)\pE((l) Z a + 1.
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The fourth theorem is on the effects of time and space variations on Apy(a).

Theorem 3.4 (Effects of time and space variations on Apy(a)).

(1) If D is bounded or D = R" and a satisfies (H2)', then Apy(a) > Apr (@) > sup,cp a(z).

(2) If D is bounded and k(+) is symmetric, then
_ 1
Apr(a) > a+ —/ / k(y — x)dydz.
1Dl JpJp

(3) If D = RY, a(t, x) is almost periodic in x uniformly with respect to t € R, and k(-) is
symmetric, then

)\pL<(I) Z a—+ 1.

The last theorem is on the characterization of A\pz(a) and A\p(a) when a(t, x) is independent

of t or periodic in .
Theorem 3.5 (Characterization of Apg(a) and A\pj(a)). Assume that a satisfies (H2)'.
(1) If a(t,x) = a(x), then

Apg(a) = sup{A | X € App(a)} = inf{\ |\ € Apg(a)} = Apg(a),

where

App(a) ={NeR|Tp € X, ¢(x) >#0,

| #u =)oty +alo)olz) 2 o(w) Ve € D)
and

App(a) = {AER|3 € X, inf 6(x) >0,

l@n@—xw@My+wwmeAw@VxeD}
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(2) If a(t + T, x) = a(t, x), then
App(a) = sup{A | € App(a)} = inf{A| X € Apg(a)} = Npp(a),
where

Apg(a) ={\eR |3 € Ay, %gﬂg o(t,r) ># 0, for each v € D, ¢(-,x) € W (R) and

(L(a)p)(t,x) > Ap(t, x) for a.e.t € R},

~

App(a) ={NeR|3J¢ € Ar, teg&nfED ¢(t, ) >0, for each z € D, ¢(-,x) € W"(R) and

(L(a)p)(t,x) < Ap(t,x) for a.e.t € R}.

and

Xr={peX|o(t+T,x)= ()}

3.1.3 Remarks on the main results

In this subsection, we provide the following remarks on the main results established in this

chapter.

Remark 3.1. Spectral theory for a linear evolution equation is strongly related to the growth/decay
rates of its solutions. From the point of view of dynamical systems, one usually employs the top
Lyapunov exponents and principal dynamical spectrum point to characterize the largest growth
rate of the solutions of a linear evolution equation. Theorem 3.1 shows that the top Lyapunov
exponents and principal dynamical spectrum point of (1.1) are the same, which is then exactly

the largest growth rate of the solutions of (1.1).

Remark 3.2. The notion of generalized principal eigenvalues for time independent nonlocal
dispersal equations was introduced in [5, 7, 12] (see Remark 3.3 in the following for some

detail). It is a natural extension of principal eigenvalues, which is related to the existence of
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eigenvalues associated with positive eigenfunctions. Theorem 3.2 shows that
App(a) = Npp(a) = Ap(a)

when a(t, z) is limiting almost periodic in t, and in general,
Ape(a) < Npg(a) = Apr(a).

Therefore, in any case, XP g(a) is exactly the largest growth rate of the solutions of (1.1). It
is definitely of great importance that the largest growth rate of the solutions of (1.1) can be
characterized by two different approaches, one by the top Lyapunov exponent \py(a) and the

other by the generalized principal eigenvalue /\/P g(a).

Remark 3.3. When a(t,x) = a(x), the following generalized principal eigenvalues were in-

troduced in [5] for (1.1):

Mp(a) =sup{\ € R|3¢p € C(D), ¢ >0
| #u =)oty +a()o+ 20 <0 in D}
and

/

N (a) = inf{A € R|3¢ € C(D)NL=(D), ¢ >% 0

| #u =)oty +a()o+ 20 = 0 n D}

Note that, in our definitions of Apr,(a) and Ny (a), we require the function ¢ in the sets Apr(a)
and A’P g (a) to be uniformly continuous and bounded. By Theorem 3.5, we have the following

relation between \,(a), A, (a), and Apg(a), Npg(a):

—Mp(a) € Npp(a) = App(a) < =X, (a), (3.11)
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which implies that

’

Ay(a) < Ap(a). (3.12)

It should be noted that, among others, it was proved in [5] that, if k(-) has compact support,
then

Mp(a) = )\;D(a) when D is bounded (3.13)

and

!

Ay(a) < Ap(a)  when D is unbounded (3.14)

(see [5, Theorem 1.1] and [5, Theorem 1.2]). It should also be pointed out that the paper [5]
dealt with more general kernel functions k(x,y). Note that in Theorem 3.2(2), it was proved
that (3.12) holds without the assumption that k(-) has compact support. Hence (3.12) is an

improvement of (3.14) when the kernel function in [5] k(z,y) = k(y — ©).

Remark 3.4. Theorems 3.3 and 3.4 are on the influence of time and space variation of a(t, x)
on the top Lyapunov exponent Apy(a) and the generalized principal eigenvalue \pg(a). The-
orem 3.4(1) shows that time variation does not reduce the top Lyapunov exponent \pr(a).
Since Npy(a) = \pr(a), this also holds for Npy(a). Theorem 3.3(2) indicates that space vari-
ation of a(t,x) = a(x) does not reduce the generalized principal eigenvalue \pg(a) when
(1.1) is viewed as a nonlocal dispersal equation with Neumann type boundary condition on the

bounded domain D. To be more precise, write (1.1) with a(t,x) = a(x) as

up = /D/f(y — 2)[u(t,y) — u(t,z)|dy + a(x)u(t,z), € D, (3.15)

where a(x) = [, k(y—x)dy+a(x). (3.15) can then be viewed as a nonlocal dispersal equation
with reaction term a(x)u and Neumann-type boundary condition. Theorem 3.3(2) then follows
from the arguments of [53, Theorem 2.1]. Theorem 3.3(3) indicates that the space variation of
a(t,x) = a(x) does not reduce the generalized principal eigenvalue \pg(a) when (1.1) with
a(t,z) = a(x) is viewed as the following nonlocal dispersal equation on R™ with reaction term
a(x)u,

up = /]RN k(y — ) (u(t,y) —u(t,z))dy + a(z)u, =RV, (3.16)
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where a(x) = 1+a(x). When a(x) is periodic in x, Theorem 3.3(3) follows from the arguments
of [25, Theorem 2.1]. When a(x) is almost periodic in x, Theorem 3.3(3) is new. Note that
Theorem 3.4(2), (3) follow from Theorem 3.3(2), (3) and the fact that Apr(a) > Apg(a).

Remark 3.5. There are several interesting open problems. For example, it remains open
whether \pg(a) = \pj(a) for any a satisfying (H2). If \pg(a) = Npy(a), under what condi-

tion there is a positive function ¢(t, x), such that

— 4 +/ k(y — x)o(t,y)dy + a(t,x)p(t, ) = Apr(a)p(t,x) VteR, x e D.
D
If there is such ¢(t, x), we may call A\pg(a) the principal eigenvalue of (1.1). It remains open
whether Apgp(a) > A\pg(a) for any a satisfying (H2).

Remark 3.6. It should be pointed out that the definitions of top Lyapunov exponents, principal
dynamical spectrum point, and generalized principal eigenvalues can be applied to (1.1) when
a(t,x) is a general time dependent function. But some results in the above theorems may not
hold when a(t, x) is not almost periodic in t, for example, Np; (a) = \pr(a) may not be true
when a(t, x) is not almost periodic in t. For such general a(t, x), by the arguments of Theorem

3.2 we have the following relations between \pr(a), Xp;(a), Apg(a), and Npy(a),
App(a) < Xpp(a) < Apr(a) < App(a).
We will not discuss the aspects of spectral theory of (1.1) with general time dependent a(t, ).

3.2 Relations between the top Lyapunov exponents and principal dynamical spectrum point

In this section, we prove Theorem 3.1. We first prove a lemma on the continuity of Apy(a),

!/

Npy (@), Ape(a), and A\pg(a) in a.

Lemma 3.1. \py(a), A\p;(a), Apg(a), and Npp(a) are continuous in a € X satisfying (H2).
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Proof. First, we prove the continuity of Ap(a) and Ap; (@) in a. For any a;, as € X satisfying

(H2),

as(t,z) — |lag — a1|| < ai(t,z) < as(t,x) + |lag — a1|| VteR, z € D.

This implies that for any uy € X with ug > 0, using Proposition 2.4 we have,

e—||a2—a1||(t—s)q)(t7 s:an)ug < D(t, s;a1)up < 6H¢l2—a1“(t—8)@(t’s; as ).

It then follows that

—|lag — a1|| + Apr(az) < App(ar) < |lag — a1]| + Apr(as),

and

—llas — a1 ]| + App(az) < App(a1) < [las — ar|| + Np (az).

Hence \py(a) and Ay, (a) are continuous in a.
Next, we prove that Apg(a) is continuous in a. For any a1, as € X and any A € Apg(ay), it

is clear that A — ||as — a1|| € Apg(az). Hence

Apg(as) > Apg(ar) — |lag — aq]|.

Conversely, for any A € Apg(as), A — |laa — a1]| € Apg(ay). Hence

Apg(a1) > App(az) — |lag — ail|.

Therefore,

—|lag — a1|| + Ape(a2) < App(ar) < |lag — a1|| + Ape(as)

and App(a) is continuous in a.

Similarly, it can be proved that A\ (a) is continuous in a. O
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3.3 Equality of the top Lyapunov exponents and the principal dynamical spectrum point

In this section, we examine the equality of the two top Lyapunov exponents and the principal

dynamical spectrum point and prove Theorem 3.1.

Proof of Theorem 3.1. (1) First, we introduce the hull H (a) of a,
H(a) = cl{owa(-,-) :==a(t+-,-) |t € R}

with the open compact topology, where the closure is taken under the open compact topology.
Note that, by the almost periodicity of a(t, r) in t uniformly with respect to z € D (see (H2))
and Proposition 2.1(1), for any sequence {¢,} C R, there is a subsequence {¢,, } such that
the limit lim,,, . a(t,, + t,z) exists uniformly in (¢,2) € R x D. Hence the open compact

topology of H (a) is equivalent to the topology of uniform convergence. Let
O(t,b)ug = u(t, -; b, up), (3.17)

where u(t, -; b, up) is the solution of (1.1) with a being replaced by b € H(a) and u(0, -; b, ug) =
up(+) € X.

Note that (H(a), o) is a compact minimal flow and v is the unique invariant ergodic measure
of (H(a),o,), where v is the Haar measure of H (a). It is clear that the map [0, 00) > ¢ +—
In||®(¢,b)| is subadditive. By the subadditive ergodic theorem, there are \o(a) € R and

Hy(a) C H(a) with v(Hy(a)) = 1 such that 0,(Hy(a)) = Hy(a) for any ¢ € R and
o1
thm " In||®(t,0)|| = Ao(a) (3.18)

for any b € Hy(a).
Next, we prove that (3.18) holds for any b € H(a) and the limit is uniform in b € H(a).

Assume that this does not hold. Then there are ¢, > 0, t,, — 00, and b,, € H(a) such that

1
[ 10 1Bt ) | = Ao(a)] = co. (3.19)
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By the compactness of H (a), there is b* € H(a) and a subsequence of b,,, which, without loss

of generality, we still denote as b,,, such that
by(t,x) — b*(t,x) as n — oo

uniformly int € R and x € D. Then

b (¢, ) — ba(t, 2)| < %0 VteR, 2 €D, n>> 1.
Note that Hy(a) is dense in H(a). Therefore there is b** € Hy(ay) such that

b (t, ) — b (t,2)| < %0 VteR, z €D, n>> 1.
This implies that

0™ (t, ) — ba(t, x)| < %0 VteR, z€D, n>> 1.
Then by the comparison principle (see Proposition 2.4), we have

e~ #1D(t, b)uo = D(t, by — o < B(E ™o

< (I)(t7 bn + %)UO = e%jt(I)(t, bn)uo

for any ug € X with ug(x) > 0. This implies that

—%Ot +In||®(t,by)|| < In[|@(t, )| < %% +In||®(t,by)|| Yt>0, n> 1.

By (3.19) and (3.20), we have

1
| lim = In | ®(t, )] — No(a)] > 2.
t—oo t 2
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This is a contradiction. Hence (3.18) holds for any b € H (a) and the limit is achieved uniformly
inbe H(a).
Now we prove that Apy(a) = A\p; (a) = \o(a). By the definition of ®(¢, s; a) (see (3.1)) and
®(t;b) (see (3.17)), we have
O(t,s;a) = O(t — s;05a).

Then, by the above arguments, we have

lim In ||®(t, s;a)|| — im In ||®(t — s;05a)|| ‘

t—s—00 t—s t—s—00 l—s

/

Hence Apy(a) = Ap;(a) = Ao(a). Moreover, we have

_ In||®(t, s;0)| . In||®(t, s; a)ul|
APL(a)ZApL(@:t_l;gloo—t_s = lim —

for any uy € X with inf,ep ug(x) > 0. This proves (1).
(2) First, observe that ®(t, s; a) is exponentially bounded from above as well as from below.

That is, there exist M, m > 0 and wy € R such that

me= =) < ||®(t, s;a)|| < Me+E9),

In fact, let
K:X—=X, (Ku)x)= / k(y — x)u(y)dy Vax e D
D
and
Upin = Inf _a(t,x), amax = sup  a(t, x).
teR,zeD teR,zeD

Then we have

eamin(t*s)elc(tfs)uo < ®<t7 S)UO < eamax(t*S)eK(t*s)uO

forall £ > s and ug € X with ug > 0. Note that

uy < eK(t—s)uO < 6HICH(t—s)HuOH
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for any ¢t > s and uy € X with uy > 0. It then follows that
etmin(t=s) < |D(t, s;a)] < elamaxtIKINE=s) g > g

Therefore ®(t, s; a) is exponentially bounded from above and below.
Next, we prove that Apy,(a) < App(a). To this end, for any given e > 0, let A, = App(a)+e.

Then we can find M > 0 such that;
|®x. (t,s;0)|| = [le 2Dt s;a)| < M Vi>s.

That is

|®(t, s;a)|| < MMt Vi >s.

It then follows that,

In ||® ;
s 2212 5:0)]

<\
t—s—00 t—s

which implies App(a) < App(a) + €. Letting € — 0. we conclude that Apr,(a) < App(a).
Now, we prove that App(a) < Apr(a). To this end, for any € > 0, let A = App(a) +e. We

have

1252, s:0)]| = eI @(t, 51a)|| = 0

ast—s — oo. This implies that @, ., (4)+¢(t, s; @) admits an exponential dichotomy with P = 0.
So App(a)+e € R\X(a), and then App(a) < Apr(a)+e. Since e > 0 is arbitrary, we conclude

that )\pD(CI,) < )\pL(CL). Hence )\pL(CL) = )\pD(CL). [l

3.4 Relations between the generalized principal eigenvalues and the top Lyapunov exponent

Having established the equality of the two top Lyapunov exponents, we can now simply refer to
Apr(a) as the top Lyapunov exponent. In this section, we discuss the relations between Apg(a),
App(a) and Apy,(a) and prove Theorem 3.2.

Before presenting the results of this section, we outline some preliminary propositions and

lemmas to be used in obtaining the results. First, let us recall some existing results on the
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principal eigenvalue theory for (1.1) when D is bounded and a(t, x) is T-periodic in ¢ (i.e.
a(t +T,z) = a(t,x)) or D = RY and a(t, z) is T-periodic in ¢ and P-periodic in z, where
P = (p1,p2,-++ ,py)andp; > 0fori =1,2,--- ,N) (i.e. a(t+T,z) = a(t, v+p;e;) = a(t, )
fort =1,2,--- , N).

Let
X if D is bounded
Xp =
{u € X |uis P—periodic in z} if D=RN
and
{u € X|uis T—periodic in t} if D is bounded
Xp =

{u € X |uis is T—periodic in t and P—periodic in x} if D =RN.

For given a € X, define L,(a) : D(L,(a)) C Xp — Xp by
Ly(a)u=—u;, + /D k(y — z)u(t,y)dy + a(t, x)u.
Definition 3.5. For given a € X, let
As(a) = sup{ReA | A € o(Ly(a))},

where o(L,(a)) is the spectrum of L,(a). As(a) is called the principal spectrum point of L,(a).
If \s(a) is an isolated eigenvalue of L,(a) with a positive eigenfunction ¢ (i.e. ¢ € X, with
@(t,x) > 0), then \s(a) is called the principal eigenvalue of L,(a) or it is said that L,(a) has

a principal eigenvalue.
Proposition 3.1. For given a € X, the following hold.
(]) )\s(a) = )\PL(CL).

(2) The principal eigenvalue of L,(a) exists if a(-) is C", there is some xy € Int(D) satis-
fying a(xy) = max,cp a(x), and the partial derivatives of a(x) up to order N — 1 at x

are zero.
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(3) For any € > 0, there is a. € Xp satisfying that
lla — al|x < €

ac is CN; a. attains its maximum at some point x, € Int(D); and the partial derivatives

of ac up to order N — 1 at xq are zero, where a.(x) = 7 fOT ac(t, z)dt.

(4) Xs(a) > Xg(a) > sup a(x).

zeD
Proof. (1) It follows from [30, Theorem 3.2].
(2) It follows from [48, Theorem B(1)].
(3) It follows from [48, Lemma 4.1].

(4) It follows from [48, Theorem C]. O
Next, we present four important lemmas.

Lemma 3.2. Forany x € D and € > 0, there is A, . € WH(R) such that
a(t,z) + A/m(t) >a(x) —e for ae. t €R.

Proof. Tt follows from [42, Lemma 3.2]. O]
Lemma 3.3. IfD1 C D, then /\pL(Dl) < )\PL(DQ).

Proof. For ug(x) = 1 on D, we have
O(t,s;a, Dy)uglp, < P(t,s;a,D9)ug on Dy, Vt>s.

This implies that

In|®(t,s;a, D In||®(t,s:a, D
Api(a,Dy) = lim n|®(, s;a, 1)u0’D1H< I n || (¢, s; a, Do)ug|

t—s—00 t—s T t—s—oo t—s

= Apr(a, Ds).

Lemma 3.4. \p;(a) > sup a(x).
xz€D
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Proof. Note that this lemma follows from Apy(a) > Apg(a) (see Theorem 3.2(2)) and A\pg(a) >
sup,cp a(z) (see Theorem 3.3(1)), whose proofs are independent of each other and do not re-
quire the conclusion in this lemma. In the following, we give a direct proof of this lemma.

For any € > 0, let xy € D be such that
a(xg) > supa(r) —e.
xzeD
By Lemma 3.2, there are § > 0 and Ay € W1>(R) such that

a(t,zo) + Ay(t) > a(zo) — e for ae. t €R (3.21)

and

a(t,z) > a(t,zg) —e VteR, x € Dy, (3.22)

where

Dy = Dy(z0,6) ={x € D||x — x| < 6}.

Let u(t, z; D;) be the solution of
up = /D k(y — x)u(t,y)dy + a(t,r)u, =€ Dy
with u(0, z; D1) = 1. Let v(t, x; D) = eA°®uy(t, x; D;). Then
vy = /D k(y — z)v(t,y; Dy)dy + (a(t,z) + Ay(t))v(t,z; Dy) for a.e. t >0, Va € D;.
This together with Proposition 2.4, (3.21), and (3.22) implies that
v(t,z; Dy) > e @@) =29t for ge. t >0, Vo € Dy.

Hence

Apr(Dy) > a(xg) — 2¢ > supa(z) — 3e.
zeD
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By Lemma 3.3, we have

App(D) > supa(z) — 3¢
zeD

for any € > 0. Letting ¢ — 0, the lemma follows. [

Let a(t,x),g(-,-) € X and a(t, z) be almost periodic in ¢ uniformly with respect to = € D.

Consider

@ _

i a(t,z)p(t) — Ao(t) + g(t, x), (3.23)

where A € Ris aconstantand x € D. (3.23) can be viewed as a family of ODEs with parameter

z € D.

Lemma 3.5. If \ > sup,.p a(x), then for any x € D,

t
¢* (t, z, g> _ / ef; CL(T,$)dT—)\(t—S)g(S7 l’)dS

—00

is a unique bounded solution of (3.23) on R. Moreover, ¢*(t; x, g) is uniformly continuous in

(t,z) €ER x D. If inf g(t,x) >0, then inf ¢*(t;z,g) > 0.
teR,xzeD teR,xzeD

Proof. First, since A\ > sup,.p a(z), it is not difficult to prove that (3.23) has at most one

bounded solution. Note that there is & > 0 such that
efsta(-r,x)d-rf)\(tfs) < GOSN s, x€D.

This implies that ¢*(; z, g) is uniformly bounded in ¢t € R and x € D. Moreover, by direct
computation, we have that ¢*(¢; x, g) is a bounded solution of (3.23) on R and then %(t; z,9)
is uniformly bounded. Hence ¢*(¢; x, g) is uniformly continuous in ¢ uniformly with respect to
z € D.

Next, we claim that ¢*(¢; x, g) is uniformly continuous in € D uniformly with respect to

t € R. In fact, if the claim is not true, then there are ¢y > 0, z,,, Z,, € D, and t,, € R such that

1
|z, — 2, <= VYn>1
n
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and

0" (tn: Tny g) — " (tn; Tnyg)| > €0 V> 1. (3.24)

Let

Gn(t) = 0" (t + tn;Tn, g),  On(t) = ¢"(t + tn; Ty, g).

Then ¢,,(t) and &, (t) satisfy

¢;1(t) = a(t +tn, Tn)Pn(t) — Adu(t) + gt + tn, zn)

and

!

¢n<t) = a(t +tn, jfn)ﬁhn(t) - A¢n(t) + g(lf +tn, in)?

respectively. Without loss of generality, we may assume that there are b(t), h(t), ¢(t), and ¢(t)

such that

lim a(t+t,, z,) = lim a(t+t,,T,) =0b(t), lim g(t+t,,z,) = lim g(t+t,, Z,) = h(t),
n—oo

n—oo n—oo n—oo

and

lim 6,(t) = (1), lim &, (1) = (1)

locally uniformly in ¢ € R. It then follows that both ¢(t) and ¢(t) are bounded solutions of the

following ODE
Y= b(t)) = M+ A(t).

Since A > sup, g b(t), this ODE has a unique bounded solution. This implies that

But by (3.24),
|6(0) — $(0)] > e,

which is a contradiction. Therefore, the claim holds, whence ¢*(¢; x, g) is uniformly continuous

intecRandz € D.
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We now claim that, if gy, := inf g(¢,z) > 0, then inf ¢*(¢;x,g9) > 0. In fact, let

teR,xeD teR,xeD

aing = inf a(t,r). Forany t € Rand x € D, we have
teR,xeD

t
o* (t; x, g) = / efsl a(T,x)d‘rf)\(tfs)g(s, :L‘)ds

—00

t
2 / e(alnfik)(tis)glnfds

—00
Ginf
A— Qinf

The claim then follows and the lemma is thus proved.
Now, we present the proof of Theorem 3.2.

Proof of Theorem 3.2(1). The proof is given in two steps.

Step 1. In this step, we prove that \p,(a) < App(a).

Note that, for any A > A\py(a), there are M, d > 0 such that

e M= B(t, s50)]| < Me™79) Vi > s,

For given v € X, consider

up = / r(y — x)u(t,y)dy + a(t, z)u — Au + v.
D

Recall that

Dy (t,s:0) = e MDD(L, 5:0).

Let

u(t, - a,v) = / D, (t, s;a)v(s,-)ds.

—00

(3.25)

(3.26)

(3.27)

By direct computation, we have that u(t, z; a, v) is a solution of (3.26). By (3.25), we have that

u(t, ; a,v) is bounded, and then by (3.26), u(t, x; a, v) is uniformly continuous in ¢ uniformly

with respect to x € D.
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Let g(t,z) = [, Ky — x)u(t,y;a,v)dy + v(t,x). We have g € X. By Lemma 3.4, A >

sup a(x). Then by Lemma 3.5, u(t, x;a,v) = ¢*(t;x,g) and then u(-,-;a,v) € X. Choose
zeD

v(t,z) = 1. By Lemma 3.5 again, we have inf wu(t,z;a,v) > 0. Note that
teR,zeD

— Uy +/ k(y — 2)u(t,y; a,v)dy + a(t, x)u(t, z;a,v) = Au(t, z;a,v) — v < Au(t, z;a,v).
D
Hence )\ € A% (a). Therefore,

App(a) <X VA > App(a).

This implies that
App(a) < Apr(a).
Step 2. In this step, we prove that Ap;(a) > \pr(a).

Note that for any A\ > \py(a), there is ¢ € X with inf ¢(¢,2) > 0 such that
teR,zeD

—ou(t, ) + /D k(y — 2)p(t, y)dy + a(t, v)(t, ) < A\p(t,x) a.etER, Yo € D.

Let ug = inf ¢(t, ). By Proposition 2.4, we have
teR,zeD

O(t,0;a)ug < eMo(t,z) Vt>0, z€D.

This implies that

Apr(a) < liminf

t—o0

In ||<I>(t,t0; a)uo| <)

Hence A\pr(a) < A\pp(a) and then N, (a) = Apr(a). O

Proof of Theorem 3.2(2). We prove Theorem 3.2(2) in three steps.

Step 1. In this first step, we prove that Apg(a) < App(a) for any domain D.
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Choose any A € Apg. There is ¢ € X with inﬂggb(t,x) >% 0 and \¢ < L¢. Set
€
w(t, ) = eMo(t,x). Then w(t, z) is a subsolution of (1.1) and w(0, ) = ¢(0, ). By compar-

ison principle, we have
eMo(t,-) < ®(t,0;a)w(0,-) Vit >0.
This implies that A < Apy(a). Hence

)\PE(Q) S )\pL(a). (328)

Step 2. In this step, we assume that a(¢,x) is T-periodic in ¢ and is also periodic in z if
D = RY, and prove that Ap(a) = Apr(a).

By Proposition 3.1, for any € > 0, there are a.(t, z), ¢.(t,x) € X, such that ¢.(¢,x) > 0,
la —acl| <,

and

_at(be(ta x) + / K“(y - l’)¢6(t, y)dy + ae(t: $)¢€(t, 1‘) = >\PL<ae)¢e(t7 m)

D

This implies that

)\pL(ag) — H(I — a€|| c APE(G).

It then follows that
)\pE<CL) Z )\pL<a€) — ||CL — CLEH Z )\pL(CL) — 2e.

Letting ¢ — 0, we get Apg(a) > Apr(a), which together with (3.28) implies that Apg(a) =
)\pL(a).
Step 3. In this step, we assume that a(, =) is limiting almost periodic and prove that Apg(a) =

/\PL(CL).
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Since a(t, x) is limiting almost periodic, there is a sequence {a, (¢, z)} of periodic functions
such that

lim a,(t,z) = a(t, )
n—oo

uniformly in ¢ € R and # € D. Then by Lemma 3.1 and the arguments in Step 2,
App(a) = nh_{glo Ape(ay,) = nh_{lgo Arr(an) = Apr(a).

The proof of Theorem 3.2(2) is thus completed. [
Proof of Theorem 3.2(3). Assume that a(t, x) = a(t).

First, we prove that for any D,

)\pL(a) = d—{—)\pL(O) (329)
Note that
O(t;a) = elo a()dsp (¢ 0).

This implies that (3.29) holds.

Next, we prove that for any D,

To this end, we first consider the case that fot a(s)ds — at is a bounded function of ¢. We claim

that Apg(a) = Apg(a). In fact, forany A € Apg(a), let ¢ € X be such that inﬂg o(t,z) ># 0
€

and

— ¢y + /D K(y — 2)p(t,y)dy + a(t)p(t, ) > Aé(t, 1).
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Let ¢(t, z) = e~Uo a(9)4s=at) (¢ ). Then ¢ € X, %n11£¢(t’ r) ># 0, and
S

—u(t,x) = (at) — a)y(t,x) — e o ad=i0g, (¢ 7)
> (alt) — a)y(t, )
et ([ oty =)ot y)dy — ot o) + 2t 0))

——a(t,) — [ nly = a)olt)dy + Aot a).

This implies that A € Apg(a).

Conversely, for any A € Apg(a), there is ¢ € X with %nﬂg o(t, z) > 0 such that
€

it /D Ky — 2)6(t, y)dy + ao(t, ) > A(t, ).

Let ¢(t, z) = e~ @Jsal)d) (¢ 7). Then 1) € X, inf ¥(t, ) ># 0, and
S

“ilt, ) > —alt,2)(t,x) — / k(g — o) (t, y)dy + Mt ).

D

This implies that A € Apg(a). Therefore, App(a) = Apgr(a) and then Apg(a) = App(a) =
a+ Apr(0). (3.30) follows.

We now consider the general case. Let a(t) be any given almost periodic function. By
Proposition 2.1(3), we have that for any € > 0, there is an almost periodic function a.(¢) such

that [} a.(s)ds — a.t is bounded and
la() - a()ll < e
By the above arguments, Apg(a.) = a. + Apg(0). By Lemma 3.1,
a+ App(0) —2¢ < Apg(a) < a+ Apr(0) + 2¢

Letting € — 0, (3.30) follows.
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Now, by similar arguments, we have that for any D,

Apg(a) = a+ Npp(0). (3.31)

Finally, by (1) and (2), Apz.(0) = Apg(0) = Np(0). This together with (3.29), (3.30), and
(3.31) implies (3). O

3.5 Effects of time and space variations

3.5.1 Effects of time and space variations on the generalized principal eigenvalues

Here, we discuss the effects of time and space variations on Apg(a) and prove Theorem 3.3.

We first present a lemma.

Lemma 3.6. Consider (1.2)
Suppose that f(t,x,u) = u(a(zx) — b(z)), a,b € X, and iglf)b(:p) > 0. If \pg(a, Dy) > 0 for

some bounded subset Dy C D, then (1.2) has a positive stationary solution ¢*(-) € X.

Proof. Let Dy C Dy, C --- C D, C --- be a sequence of bounded domains such that D =

Us®  D,,. Then by Theorem 3.2 and Lemma 3.3,
App(a, Dy) = Apr(a, Dy,) < App(a, Dpi1) = Apg(a, Dyyy) Vo> 1.
By Proposition 3.1,
Apg(a, D) = Apr(a, Dy) > App(a,Dg) >0 Yn> 1.

Then by [48, Theorem E], there is a unique positive stationary solution ¢*(-) € X (D,,) of

up = / k(y — z)u(t,y)dy + u(a(x) — b(x)u), =z € D,
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for n > 1. By Proposition 2.4,

$n(®) < Gppa(2) Ve Dy, n>1.

n

Therefore, the limit ¢* () = lim,, o, ¢ (2) exists for all z € D. Moreover, it is not difficult to

see that u = ¢*(z) is a positive stationary solution of (1.2). O
We now prove Theorem 3.3.

Proof of Theorem 3.3. (1). We first prove that for any « satisfying (H2), Apg(a) > sup,p a(z).

For any € > 0, let xy € D be such that

a(xg) > supa(z) — e.
€D

By Lemma 3.2, there are § > 0 and Ay € W1*°(R) such that
alt,zo) + Ay(t) > a(xo) —e for ae. t€R (3.32)

and

a(t,z) > a(t,xg) —e YteR, x € Di(zg,9), (3.33)

where

D1($0,5) = {l’ ebD | |JZ - ZEO| S 5}

By (3.32), there is a(-) € X such that

:d(xo)—ﬁ T € D1<$0,5/2)
a(x)

< a(t,r) + Ay(t) forae. teR, Vo€ D.

For any A < a(zg) — €, consider

iy = / k(y — 2)a(t, y)dy + a(t, z)(a(z) — A — A(t) — e*Pa), =z e D. (3.34)
D
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Let 0(t, ) = e0Wq(t, 2). Then o(t, ) satisfies

Uy = / k(y —x)o(t,y)dy + o(t,z)(a(x) — A —0), foraeteR, Ve D.
Dy

By Lemma 3.6, there is 0* € X with 0*(x) > 0 such that

/Dﬁ(y — )i (y)dy + 7 (2)(a(x) — A — 7*(x)) =0 Ve D.
Let @*(t,x) = 0*(z)e~4°®. We have

—ii+ [ Ky =) )y + (a(o) = A (4.0) 2 0 (12)
fora.e. t € R and all x € D. This implies that

—u; + /D k(y —x)u*(t,y)dy + a(t, z)a* (t, z) > Aa*(t, x)
fora.e. t € Randall z € D. Hence A € Apg(a), and
Apg(a) > supa(x) — 2e.

zeD

Letting ¢ — 0, we obtain that Apg(a) > sup,cp a(x).

(3.35)

Next, we assume that a(t, x) is limiting almost periodic and show that Apg(a) > Apg(a) >

sup,cp (). Let a,(t, ) be a sequence of periodic functions such that lim a, (¢, z) = a(t, z)

n—oo

uniformly int € R and 2 € D. By Theorem 3.2(2) and Proposition 3.1(1), (3), we have

Ape(an) > App(dn) > sup an ().
xe

Letting n — oo, by Lemma 3.1, we obtain

App(a) > App(a) > 2gg(d(x)

(1) is thus proved.
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(2) Write the eigenvalue problem

| #u =)oty +al)ota) = \o(w) Va e D

as

/D k(y — 2)[0(y) — o(a)ldy + [a(z) + / oy — 2)dylé(x) = Ab(x) Yz € D.

D

Then by the arguments of [52, Theorem 2.1(4)],

1
> a N
App(a) > a+ ]D]/

(3) Let R, — oo and B(0, R,) = {x € RY |||z|| < R,}. Then by Theorem 3.2 and Lemma
3.3,

APE(CL7 B(O, Rn)) = /\pL(CL, B(O, Rn)) S /\pL(CL7 B(O, Rn-‘,—l)) = )\pE(CL7 B(O, Rn+1)) \V/TL Z 1.

Put

Aeo(a, D) = lim Apg(a, B0, R,)) > 0.

n—oo

Then for any A < A(a, D),
Ma, B(O,R) —A>0 Yn> 1.
By Lemma 3.6, there is ¢ € X+ \ {0} such that
| #u =)oy +ale)olz) = \(o) +67(z) 2 Ao(a) V€ D.

This implies that
)\pE(CL, D) >N Vi< )\OO(CL,D).
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Hence,

)\pE(CL, D) Z )\pE‘(a, B(O, Rn>) Vn Z 1. (336)
By (2), we have

1
App(a, B(0, Ry)) > ——— dz + / / wly —o)dyde.
o0 B0 R 2 (B gy T RN s I 0

By (H1), for any € > 0, there is > 0 such that

/ k(z)dz < e.
RN\ B(0,r)

This implies that

/ / y— dydx>/ / y — x)dydz
B(0,Rn) Y/ B(0,Ry) B(0,R,—r) J B(0,Ry)
> [ ([ =)y - das
B(0,R,—r) JRN

:/ (1— €)dz = |B(0, R, — r)|(1 — €).
B(0,Rp—1)

Note that
|B(0, R, — )] B (R, — r)N
|B(0,R,)| RN

It then follows that

Let ¢ — 0, we have

The theorem is thus proved. O]

3.5.2 Effects of time and space variations on the top Lyapunov exponents

In this section, we discuss the effects of space and time variations on Apy,(a) and prove Theorem

3.4. We first present a lemma.
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Lemma 3.7. For any given T > 0 and compact subset 0 C RY, let w(t,z) be a positive

continuous function on [0,T] x €. Let

O(x,y) = %/o ;ngg dt.

Then either w(t, x) is independent of x or there is x* € ) such that
O(z",y) >1 VyeQ

with strict inequality for some y € ).
Proof. 1t follows from [30, Lemma 4.3]. [
We now prove Theorem 3.4.

Proof of Theorem 3.4. (1) First we assume that D is bounded. Let uf(x) = 1. Let u(t, -; uf) =
O (t; a)ug and

ot sug) = e MOt ).

Then

hmsupw =0

t—o00 t
and v(t, z; u) satisfies
App(a)v = —y, +/ k(y —x)v(t,y)dy + a(t,x)v(t,z) Vt>0, z e D.

D

Hence
ve(t, @5 uf) / v(t, y; ug)
A = ——" — )= t Vt>0, z€D. 3.37
PL(a> U(t,$;u8> + DH<y x)U(t,x;’U,S) y—i—a( ,l‘) 2 U, T ( )

For any € > 0, by Proposition 3.1, there are a* € X and ¢* € X with ¢*(x) > 0 such that

a*(z) <a(x) < a*(x) +e, (3.38)

46



Apr(a) —e < App(a™) < Apr(a), (3.39)

and

Apr(a®) = /Dli(y — 1) Z:Ei; dy+a*(x) VzeD. (3.40)

By (3.37) and (3.40), for any 7" > 0, we have

/\PL a*) )\PL( )

T vu(t, o ul o (y) 1 [Tolt,yu)
T/O v(t, z; uo dt—l—/D/i(y—x)<¢*($) a T/o U(t,x;US)dt>dy

1 ¢"(y) 1 /T w(t,y)
= —(Inv(T, z;ul) —1 S ug — 1—=
T( nv( ,%,UO) HU(O,Z’,UO)) +/;"<V<y x)¢*($)( T 0 w(t,x)dt)dy
T
+a*(z) — %/ a(t,z)dt VzeD, (3.41)
0
where w(t, ) = ”(;;”(ZL)S).

Choose 1" > 0 such that
1 (T
—/ a(t,x)dt > a(r) —e Yz eD
T Jo

and

1 1
(Ino(T, z;uy) — Inw(0, z;uy)) = Tlnv(T riug) < TIDHU( csug)|l < e

N[ =

Fix such 7. By Lemma 3.7, there is 2* € D such that

1——/ dt<0 VyeD.
tm*

It then follows from (3.39) and (3.41) that

App(a) —e—App(a) < App(a*) — App(a) < a*(z) — a(z) + 2€ < 2e.
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Letting ¢ — 0, we obtain

App(a) > App(a). (3.42)

Next, suppose that D is unbounded. By Theorem 3.2(2) and Theorem 3.3(1), we have
Apr(a) = Apg(a) > App(a) = Apr(a).

It then follows that

Apr(a) > App(a) > sug a(x).
TE

where the last inequality follows from Lemma 3.4.
(2) It follows from (1) and Theorem 3.3(2).
(3) It follows from (1) and Theorem 3.3(3). O

3.6 Characterization of the generalized principal eigenvalues

In this section, we discuss the characterization of Apz(a) and A (a) and prove Theorem 3.5.

Proof of Theorem 3.5. (1) Assume that a(t, z) = a(x). Let
App(a) = sup{A | X € Apg(a)} and Npy(a) = inf{\ |\ € Apy(a)}.
First, by the arguments of Theorem 3.2(1), we have
Npp(a) = Api(a). (3.43)

To be more precise, first, when v(¢,z) = 1 and A > Apy(a), it can be verified directly that the

function u(t, x; a, v) is independent of ¢, where u(t, z; a, v) is defined in (3.27), that is,

t
u(t,:c;a,v):/ Dy (t, s;a)v(s, -)ds.

—00
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Then, u(t, -;a,v) = u(-;a,v) € X. By the arguments in step 1 of the proof of Theorem 3.2(1),
A€ Apy(a) and

g

App(a) < Apr(a).

Secondly, it is clear that, by the arguments in step 2 of the proof of Theorem 3.2(1),

App(a) > Apr(a).

(3.43) thus follows.

Next, by the arguments of Theorem 3.2(2), we have

5\PE(GL) = )\PL(a>' (3.44)

To be more precise, first, it is clear that, by the arguments in step 1 of the proof of Theorem
3.2(2),

;\PE<CL) S )\pL<CL>.

Thus, by the arguments in steps 2and 3 of the proof of Theorem 3.2(2),

;\pE(CL) Z )\pL<(I>.

(3.44) then follows. Now by (3.43), (3.44), and Theorem 3.2,

Xp(a) = App(a) = Apr(a) = App(a) = App(a).

This implies (1).

(2) Assume that a(t + T, z) = a(t, x). Let

App(a) =sup{A | X € Apg(a)} and Npg(a) = inf{\ |\ € Abp(a)}.
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Similarly, by the arguments of Theorem 3.2, we have

Npg(a) = Ape(a) = Apr(a) = App(a) = App(a).

(2) then follows.
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Chapter 4

Asymptotic dynamics of Fisher-KPP equations with almost periodic dependence

In this chapter, we study the asymptotic dynamics of (1.2). Recall that the nonlinear nonlocal

dispersal equation (1.2) is given by,

o= [ wly—)ulty)dy + uf(t.z,0), 2 €D,
D

The asymptotic dynamics of (1.2) is concerned with the study of the behaviour of solutions
with positive initials, especially the existence, uniqueness, and stability of a strictly positive
almost periodic entire solution of (1.2). These dynamical issues have been extensively studied
for population models described by reaction diffusion equations and are quite well understood
in many cases. Recently there has also been extensive investigation on these dynamical issues
for nonlocal dispersal population models (see [1, 2, 3, 6, 7, 8, 11, 12, 14, 21, 31, 35, 36, 37,
48, 49, 57, 56, 58, 59, 63, 64], etc.). However, the understanding of these issues for nonlocal
dispersal equations is much less, and, to our knowledge they have been essentially investigated
in specific situations, such as time and space periodic media or time independent and space
heterogeneous media.

When D is a bounded domain and f (¢, x, u) is independent of ¢ or periodic in ¢, the asymp-
totic dynamics of (1.2) has been studied in [7], [48] and [56]. When D = R" and f(t,z,u)
are periodic in both ¢ and = or f(t,z,u) = f(t,u) or f(t,z,u) = f(x,u), it has been stud-
ied in [6], [48]. Here, we study the existence, uniqueness, and stability of strictly positive
almost periodic entire solutions of (1.2). We highlight that, in contrast to the Laplacian, the

integral operator in (1.2) is not a local operator. The mathematical analysis of (1.2) appears
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to be difficult even though the dispersal is represented by a bounded integral operator. Unlike
the case of reaction-diffusion equations, the forward flow associated with (1.2) does not have a
regularizing effect.

A solution u(t,z) of (1.2) defined for all ¢ € R is called an entire solution. An entire
solution u(t, x) of (1.2) is said to be strictly positive if inf,c . p u(t, z) > 0. A strictly positive
entire solution u(t, x) of (1.2) is called an almost periodic solution if it is almost periodic in ¢
uniformly with respect to x € D in the case that D is bounded and is almost periodic in both ¢

and  when D = RY,

4.1 Main results and remarks

In this section, we present our main results on the persistence and extintion of the population
modeled by equation (1.2). We also give some remarks to highlight the contributions of these

results.

4.1.1 Main results

Throughout this subsection, we assume (H1) and (H3). Observe that a function u(t, z) satisfy-
ing (1.2) need not be continuous in . However, unless otherwise specified, when we say that
u(t, x) is a solution of (1.2) on an interval I, it means that, for each ¢t € I, u(t,-) € X, and the
mapping I > t — wu(t,-) € X is differentiable. Such a solution u(¢, z) is clearly differentiable
in t and is continuous in both ¢ and x.

Recall that, by general semigroup theory (see [47]), for any s € R and uy € X, (1.2) has
a unique (local) solution u(t,x; s, ug) with u(s, x;s,ug) = wuo(x). Moreover, for any uy €
X7, u(t, x; s,up) exists globally, that is, u(t, z; s, ug) exists for all ¢ > s (see the comparison
principle, Proposition 2.4 (4)).

In the rest of this chapter, u(t, z; s, ug) always denotes the solution of (1.2) with u(s, -; s, ug) =

ug € X, unless specified otherwise. Among others, we prove

Theorem 4.1.

(a) (Uniqueness) There is at most one strictly positive, bounded entire solution of (1.2).
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(b) (Almost periodicity) Any strictly positive bounded entire solution of (1.2) is almost peri-

odic.

(c) (stability) If u*(t, x) is a strictly positive, bounded, almost periodic solution of (1.2), then
forany ug € X7,
lim [Ju(t, - ug) — u*(t, )]0 = 0.

t—o00

(d) (Frequency module) If u*(t, x) is a strictly positive, bounded almost periodic solution of
(1.2), then
M(u”) € M(f),

where M(-) denotes the frequency module of an almost periodic function.

Theorem 4.2.

(a) (Existence) Equation (1.2) has a strictly positive bounded almost periodic entire solution

if and only if \pp(a, D) > 0.
(b) (Nonexistence) If Apr(a, D) < 0, then the trivial solution u = 0 of (1.2) is globally

asymptotically stable in the sense that for any ug € X',

lu(t, ;0,up)||x — 0 ast — oo.

Corollary 4.1. (1) If supa(z) > 0, then the equation (1.2) has a strictly positive almost
xzeD

periodic solution.

(2) If k(-) is symmetric, a(t,x) = a(x) is almost periodic in x, and a + 1 > 0, then the

equation (1.2) has a strictly positive almost periodic solution.
Proof. (1) This follows from Theorem 1.3(1) of [45] and Theorems 4.1 and 4.2.

(2) Follows from Theorem 1.3(3) of [45] and Theorems 4.1 and 4.2.
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We also establish a new property of the generalized principal eigenvalues of the linear non-

local equation (1.1).

Theorem 4.3. Suppose that a(t, z) satisfies (H3) with D = RY. For any Dy C Ds, there holds
Ape(a, D1) < App(a, Dy), 4.1)

where Dy is bounded and D- is bounded or Dy = RY.

We highlight that we consider Apg(a, D) with D being either bounded or the whole space
RY. Hence it is assumed that D; is bounded in Theorem 4.3. For otherwise, if D; = R”, then

Dy = R¥ and nothing needs to be proved.

4.1.2 Remarks on the main results

In this subsection, we give some Remarks on the main results of this chapter.

First, we give some remarks on our results in some special cases.

Remark 4.1 (Extension of existing results in special cases).

(1) For the case that the function f(t,z,u) is time independent or time periodic and is peri-
odic in x when D = RY, similar results on the asymptotic dynamics of (1.2) as Theorems
4.1 and 4.2 have been obtained in [2, 7, 48, 57]). Our results recover those results in

[2, 7,48, 57].

(2) In [50], results similar to theorems 4.1 and 4.2 for the case D = R were obtained for
general time dependence under the condition ltlEISl leolf ﬁ f; ;relﬂg f(r,z,0)dr > —1. Note
that when D = R and f(t,x,u) is almost periodic in t uniformly with respect to x € R,
aing(t) := inf,er a(t, ) is also almost periodic in t, where a(t,z) = f(t,x,0). Note
also that Apg(a) > App(amns) = 1+ limy_ o0 ﬁ fst Aing(T)dT. Thus our results extend

Theorem 2.1 of [50] in the case when D = R and f(t,x,u) is almost periodic in t.

(3) It should be pointed out that, in the case that D = RY and f(t,x,u) = f(x,u) is not

almost periodic in x, the existence, uniqueness, and stability of positive solutions when
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Ap(a) < 0 was established in [6, Theorem 1.1], where a(x) = f(x,0) and

Mp(a) :=sup{A € R|3¢p € C(RY), ¢ >0 s.t. / k(y—z)p(y)dy+a(x)p+Ap < 0}.

RN

Note that the test function in the definiton \,(a) may not be uniformly continuous and

bounded, which are required for the test functions in the definition of XP g(a). Hence

—p(a) < App(a).

In the case that a(x) is limiting almost periodic, \pp(a) = X\pp(a) > —\,(a). Hence, in
such a case, \p(a) < 0 implies A\pg(a) > 0 and our results improve [6, Theorem 1.1] in

the sense that the positive solution we obtained is strictly positive and almost periodic.

Second, we give some remarks on the time and space variations.

Remark 4.2 (Effects of time and space variations).

(1) If a(t,z) = f(t,x,0) is limiting almost periodic, then A\pg(a) > Apg(a) (see Theorem
3.3(1)), which shows that time variation does not reduce the generalized principal eigen-
value \pg. Thus Theorem 4.2(b) indicates that time variation may favor the persistence

of species.

(2) Ifa(t,z) = f(t,x,0) is independent of t, k() is symmetric, and D = R", then \pp(a) >
a+1 = Apg(a) (see Theorem 3.3(3)). Theorem 4.2(b) then indicates that space variation

may favor the persistence of species.

Third, we give some remarks on the proofs of the main results.

Remark 4.3 (Difficulties in the proofs). By Theorem 4.2, Apg(a) > 0 is a necessary and
sufficient condition for the existence of a unique strictly positive almost periodic solutuon of
(1.2), where a(t,z) = f(t,z,0). Note that \pg(a) > 0 indicates that the trivial solution u = 0
of (1.2) is unstable. It is naturally expected that the instability of the trivial solution u = (
implies the existence of a positive entire solution. In fact, this has been proved for the random

dispersal counterpart of (1.2). However, due to the lack of the regularizing effect of the forward
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flow associated with (1.2) and the lack of Poincaré map in non-periodic time dependent case,

it is very nontrivial to prove the existence of strictly positive almost periodic solutions of (1.2).
Fourth, we give some remarks on the extension of the main results to more general cases.

Remark 4.4 (Extension of the main results to non-almost periodic cases). As mentioned in
Remark 3.6, the definitions of Apr(a), \py(a), \pr(a), and Npg(a) apply to general a(t, x)
which is bounded and uniformly continuous. When f(t,x,u) is not assumed to be almost
periodic in t, if \pg(a) > 0 (a(t,x) = f(t,2,0)), we still have a positive continuous function
u*(t, x) which satisfies (1.2) for all t € R and x € D. Moreover, if D is bounded, then u*(t, r)
is a strictly positive entire solution of (1.2) and is asymptotically stable with respect to positive

perturbations. But in general, u*(t, x) may not be strictly positive (see Remark 4.6).

Finally, we give some remarks on the application of the main results to the study of propaga-

tion phenomena in (1.2) when D = R”,

Remark 4.5 (Propagation dynamics). Suppose that D = RY and \pg(a) > 0, where a(t,r) =
f(t,x,0). Then by Theorems 4.1 and 4.2, (1.2) has a unique strictly positive almost periodic
solution u*(t, x) that attracts all solutions with strictly positive initials uniformly, but u*(t, x)
does not attract solutions with compactly supported or front-like initials uniformly. Biologi-
cally, such an initial indicates that the population initially resides in a bounded region or in
one side of the whole space. Naturally, the population with such initial distribution will spread
into the empty region as time evolves. It is interesting to ask how fast the population spreads.
Based on the investigation in the time independent or periodic case (see [49, 57]), it is equiva-
lent to asking how fast the region where the solution is near u*(t, x) grows. To be a little more
precise, for a given compactly supported initial ug (i.e. uo(z) > 0 and {x € RY |ug(z) > 0}
is bounded and non-empty) or front-like initial v (i.e. ug(x) — u*(z,0) > O0asz - - —0

and ug(x) = 0 for x - £ > 1 for some unit vector £ € RY), and given 0 < € < 1, let

D(t,up) = {z € RY : |u(t,x;0,up) — u*(t,z)| < €}.
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By the stability of u*(t, x) with respect to strictly positive initials, it is expected that D(t,u)
grows as t increases. It is interesting to know how fast D(t,ug) grows. We will study this

problem in the next chapter.

4.2 Preliminary propositions

In this section, we present some propositions to be used in establishing the results in this chap-

ter.

Proposition 4.1. Let 0 < 6y < 1 and ry > 0 be given positive numbers. Suppose that (H1)
holds. Then for any given positive integer k, there exist a positive number ji = ji(rg, 8o, k) and

a positive integer i = i(rq, 0, k) such that

(K
inf (O)Z m >pu Vue L®R"), u>0, with / udzx > g, 4.2)

CEGBkTO ]' - BTO (0)

j=1

where Ku = k * u. In particular
eXu(z) > p Vo € B, (0).

Proof. From (H1), we know that  is continuous and x(0) > 0 so we can find 0 < r < %2
such that x(x) > $£(0) for every  in Bs,(0). Now let u € L>(R") be a nonnegative function

satisfying [, (0) wdz = 0. We claim that

. Sok(0)]m 1 . .
f KmH L) ) B,(iré)) N B,((i — 1)ré))| Vm>1
meE(mHgl(O)\er(O)< u)(@) 2 — ik Br(iré) ((i = rer)| Ym=>
4.3)
where €] is the unit vector in R™. We first observe from the definition of r that
1 1 _
(Ko@) = [ sy )y 2 3x0) [ ulydy = 3008 V€ B(0)
- (0) 2 B,(0) 2
Hence
1
inf (Ku)(z) > =k(0)do. (4.4)
x€B;-(0) 2
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Now, we proceed by induction to show that (4.3) holds. To this end, let us first show that
the claim holds for m = 1. Observe that for every r < |z| < 2rand y € B, <\x|) ly —z| <
ly — il + [z = 5l = ly = ;] + [2] — 7 < 2r. Hence, by (4.4) for every x € B,.(0) \ B,(0),

we have

Ku(z) > / kY — ) () (4)dy

Br(137)

> Lo / L (K@)

i)

[\')

50‘3 )N B, (0)‘

Since the Lebesgue measure is rotation invariant and 0 < Jp < 1, we conclude from the last

inequality that

[00#(0)]?
22

inf K?u(z) >

8| B, (r&)) N B..(0 ‘ >
2€ B2y (0)\ B, (0) 3 0| Br(ré) N B (0)] 2

B.(ré1) N B,.(0) 4.5)

which proves (4.3) for m = 1. Next, suppose that (4.3) holds for some m > 1, we show that it
also holds for m + 1. Indeed, as in the previous case, observe that, as shown in the schematic

below, we have the following:
|y—a:|§|y (m+1)r |}+‘x (m+1)r |‘<2r

for (m+1)r <|z|] < (m+2)randy € BT((mE)m),
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Observe also that

(m+ 1)rx
| ]

(m+ 1)rx

B,
( ]

)0 (Bins1r(0)\ Brn(0)) = By ( ) N By (0)  Var # 0.

For notational convenience, let 5,,,,.(0) := Bg", Bni1),(0) := B! and

Br((ma)m) .= B""!. Using the induction hypothesis and recalling the choice of r, we

obtain for every © € B(;n12)-(0) \ Bm1)-(0) that

inf K ()
xEB{"“ﬁ(BS”“\Bé“)

:@50)31”“ N B&"H‘ inf Kmttu(z)

z€BTN (B{)”“\Bg)")

_ lor()+?

m
= om+2 %,

B,(ire1) N B, ((i — 1)rey)

‘B{n+1 N B6n+1

Again, since the Lebesgue measure is rotation invariant, then

BN E(mﬂ)r(O)’ = ’BT((m + 1)re1) N Bpuy1)-(0)|, which together with the last in-

equality show that the claim also holds for m + 1.
Thus, we deduce that the claim holds for every m > 1. Now, by choosing m > 1 such that

Bir, (0) C By (0), we can derive from (4.3) that (4.2) holds with i = m. O

For given u,v € Xt the part metric between u and v, denoted by p(u, v), is defined by
) 1
plu,v) =inf{lna|—u <v < au, a>1}.
a

Proposition 4.2. (1) For any uj,us € X and t > s, p(u(t,-;s,ur),u(t, ;s ,uz)) <

p<u1au2>'

(2) Forany o > 0, o > 0, M>0and7'>0with5<Mandagln%,thereisé>0

such that for any ugy, vy € X+ with § < ug(x) < M. 0 <vo(x) < M for x € R" and

59



p(ug,vo) > o, there holds

p(u(s 4+ 7, s,up),u(s +7,58,v)) < plug,v9) —6 VseR.

Proof. (1) See [48, proposition 5.1]

(2) See [33, proposition 3.4]

4.3 Uniqueness, stability, and frequency module of almost periodic solutions

In this section, we study the uniqueness, almost periodicity, and stability of a strictly positive
bounded entire solution of (1.2) and prove Theorem 4.1.

We first prove a lemma.

Lemma 4.1. Suppose that g(t,x) is a uniformly continuous, bounded function in t € R and
x € D, with g(t,x) > 0forall (t,7) € R x D, and f(t,x,u) satisfies (H3). Then for any fixed
x € D, the ODE

has at most one strictly positive bounded entire solution u*(t).

Proof. 1t can be proved by properly modifying the arguments in [44, Theorem 2.1]. For com-
pleteness, we provide a proof in the following.

Fix z € D. Suppose that (4.6) has two strictly positive bounded entire solutions () and
uy(t), ui(t) # us(t). Without loss of generality, we may assume that u;(0) < u3(0). Then by

comparison principle for ODEs, we have

ui(t) <us(t) VteR.
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By (H3), there is o > 0 such that

4. (“T(t)) _ Un Uy
dt — “ui(t) up o ub
g(t,z) g(t )

=D " e + (b wu (1) = f(E 2, us(t))

> [tz ui(t) = ft,up(t))

> a(uh(t) — ui(t)) VteR. 4.7)

uj (¢
ub(t

=

This implies that In (1) increases in R and then there is some 0 < ¢ < 1 such that

=

wilt) _ wi(0)
u;(t) < u§(0) <c<1l Vt<O.
Hence
u3(t) — (1) = u(t) (1 - Zgg) > (1-cu(t) V<0,

This together with (4.7) implies that there is § > 0 such that

iln(u#{

i Ggp) 20 =0

ui(t) ui(0)
ln(u§<t)) < 1n(u,5<0)) + 8t Vt<0
and then
ui(t) _ ui(0) g
us(t) = uS(O)eﬁ =0

Letting t — —o0, we obtain

which contradicts u(t) and u}(t) being two strictly positive bounded entire solutions of (4.6).

Hence (4.16) has at most one strictly positive bounded entire solution. O]
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Lemma 4.2. Suppose that u*(t, x) is a strictly positive and bounded measurable function on

R x D, is differentiable in t for each x € D, and satisfies (1.2) fort € R and x € D, that is,

ou*(t, )

L ://i(y—x)u*(t,y)dy+u*(t,x)f(t,x,u*(t,x)), LeR, z€D. (48)
D

Then u*(t, ) is uniformly continuous int € Rand v € D, and R > t — u*(t,-) € X is

differentiable and hence u*(t, x) is a strictly positive bounded solution of (1.2).

Proof. We first show that u*(¢, x) is uniformly continuous in ¢ uniformly with respect to z € D
and is uniformly continuous in = uniformly with respect to ¢ € R, i.e., for any € > 0, there is
§ > 0 such that for any t,,t, € R and 21,75 € D with [t; — t5] < § and |7, — z5| < §, there
hold

lu*(t1,2) —u*(te,x)| <e VweD

and

|u*(t,x1) —u*(t,z2)| <€ VteR.

Observe that u} (¢, ) is a bounded function of t € R and x € D. This implies that u*(t, z) is

uniformly continuous in ¢ uniformly with respect to € D and that

g(t,z) == /D Ky — ) (6, y)dy “9)

is uniformly continuous int € R and z € D.
Assume that u*(¢, x) is not uniformly continuous in # € D uniformly with respectto t € R.

Then there is ¢, > 0, ¢, € R, and z,,, Z,, € D such that

and

| (tn, xn) — U (tn, Tn)| > €0 Y > 1. (4.10)
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Let u,(t) = u*(t + t,, z,) and u,(t) = u*(t + t,, T,), then

du;t(t) = gt +tn, Tn) + un () f(t + tn, Tny ) (4.11)
and
du;t(t) = gt + tn, Tp) + Un(t) f(t 4ty Ty Uy). (4.12)

Note that u,,(t) and @, (¢) are uniformly continuous in ¢ € R. Since u*(t, z) is strictly positive

and bounded, there are §; > 0, M > 1 such that

0 <u(t,x) <M VteRzeD.

This yields that u,(t) and @, () are uniformly bounded. Furthermore, By (H3) and the uni-
form continuity of ¢(t, z), we see that their derivatives are bounded, hence u,(¢) and u,(t) are
equicontinuous. Therefore, using the usual diagonal argument and Arzela-Ascoli’s theorem,

without loss of generality, we may assume that there are uj(t), u3(t), g*(t,x) and f*(t,x,u)

such that
nh_{go un(t) = ui(t), nh_)rrolo Un(t) = us(t), (4.13)
lim g(t+t,,x+x,) =g*(t,x), lim gt +t,, x4+ T,) = g"(t, x), (4.14)
n—oo n—oo
and

lim f(t +t,, x4+ xp,u) = f*(t,x,u), lim f(t+t,, 2+ Tp,u) = f(tz,u) (4.15)

n—o0 n—o0

locally uniformly int € R, x € D, and v € R. By (4.11)-(4.15), dugt(t) and dﬂgt(t) also converge

locally uniformly in ¢ € R as n — oc. It then follows that u(¢) and w(t) are differentiable in

t and are two strictly positive bounded entire solutions of

ur = g*(t,0) +uf*(t,0,u).
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By Lemma 4.1, uj(t) = wj(¢), in particular, u3(0) = w3(0), which contradicts (4.10). Hence
u*(t, z) is uniformly continuous in t € R and = € D.

Next, we prove that R 3 t — u*(¢,-) € X is differentiable. By the uniform continuity
of u*(t,z)int € Randx € D, R > t ~ u*(t,-) € X is continuous. By (4.8), for each
x € D, u*(-,z) € L _(R). Hence u*(t, ) is both super-solution and sub-solution of (1.2) on

any interval (a, b). Then, by Proposition 2.4, for any given ¢, € R,

u*(t, ) = u(t, - to,u(to,)) YVt >to.
This implies that R 5 ¢t — wu*(¢,-) € X is differentiable, and u*(t,x) is a strictly positive
bounded entire solution of (1.2). L]

Next, we prove Theorem 4.1.

Proof of Theorem 4.1. (a) Suppose that there are two strictly positive bounded entire solutions
uj and uj of (1.2). If uj # ub, then we can find ¢, € R such that uj (o, ) # wuj(to,-). This

implies that there is o > 0 such that p(u; (to, -), u5(to, -) > o. By Proposition 4.2(1),

p(ui(t, ), us(t,")) > o Vit <t.

Then by Proposition 4.2(2), there is & > 0 such that

p(uﬁtO’ ')v u;(t(b )) < p(uﬂlﬂ(tﬂ - k? ')v u;(to - k‘, )) —ko Vk= 17 27 Tt (416)

Note that p(u(to — k, ), us(to — k, -)) is bounded for k£ € N. This together with (4.16) implies
that

p(u(to, ), us(to, ) < p(ui(to — k,-),ub(to — k,-)) — k6 — —o0

as k — oo, which is a contradiction. Therefore, a strictly positive bounded entire solution of
(1.2) is unique.
(b) Suppose that u*(¢, x) is a strictly positive bounded entire solution of (1.2). We show that

u*(t,x) is almost periodic in ¢ uniformly with respect to z € D. By Lemma 4.2, u*(t, z) is
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uniformly continuous in ¢ € R and # € D. It then suffices to prove that for each € D,
u*(t, x) is almost periodic in ¢. To this end, let {¢,} and {s,} be any two sequences of R. By
(H3) and the uniform continuity of u*(¢, z), without loss of generality, we may assume that
there are f(t,z,u), f(t,z,u), f(t, z,u) satisfying (H3), and @* (¢, z), @*(¢,z), @*(¢, x) such
that

lim f(t+ty, z,u) = f(t,2,u), im f(t+ sp,z,u) = f(t,x,u),

n—oo m—ro0

lm f(t+t, + sp,x,u) = f(t,ac,u)
n—0o0

locally uniformly in (¢, z,u) € R x D x R, and

lim u*(t+t,,z) =a*(t,z), Um a*(t+sp,,z)=a"(t,x), Um u*(t+t,+s,,z) = 0" (¢, )

n—oo m—o0 n—oo

locally uniformly in (t,z) € R x D. Moreover, using (1.2), ,u*(t + t,,z) also converges
locally uniformly in (¢,2) € R x D as n — oo, and then u*(¢, z) is differentiable in ¢ and
satisfies (1.2) with f replaced by f for each ¢t € R and z € D. By Lemma 4.2, @*(t,z) is a
strictly positive bounded entire solution of (1.2) with f replaced by f. Similarly, @* (¢, x) (resp.
u*(t,x)) is a strictly positive bounded entire solution of (1.2) with f replaced by f (resp. f ).
By Proposition 2.2, f(t,z,u) = f(t,z,u). Then by (a), @*(¢,z) = @*(t, ). By Proposition
2.2 again, u*(t, z) is almost periodic in ¢.

By the arguments similar to the proof of almost periodicity of u*(¢,z) in ¢, we have that
u*(t, x) is almost periodic in z when D = RY,

(c) Suppose that u*(¢, x) is a strictly positive bounded entire solution of (1.2). We prove that
u*(t, ) is asymptotically stable with respect to strictly positive perturbation. First note that

there are 9; > 0, M > 1 such that
N <u'(t,x) <M VteRzeD. 4.17)

For given ug € X+t and ¢y € R, let u(t, x; ty, ug) be the solution to (1.2) with u(tg, x; tg, ug) =

up(z). Observe that, for some 0 < b < 1, bu*(¢,x) is a subsolution of (1.2), and u = M is a

65



supersolution of (1.2) when M > 1. Therefore, we can find 0 < b < 1 and M > 1 such that
bu*(tg, ) <ug(x) <M VazeD.
By Proposition 2.4,
bu(t,x) < u(t,z;tg,ug) <M Vt>ty, v€D. (4.18)
Let p(t;to) = p(u(t + to, -3 ug), u*(t + to, -)) for every t > 0. We claim that
lim sup sup p(t; tp) = 0. (4.19)
t—oo  toeR

Suppose on the contrary that (4.19) is false. Then we can find sequences {to ,, },>1 and {t,, },,>1

with t,, > 1 4+ n for each n > 1 such that
0o = H§f1 p(tniton) > 0.

n

By proposition 4.2(1), we know that p(t;tp,,) > p(tn;ton) > oo foreveryn > land 0 <t <

t,,. Thus, by (4.17), (4.18) and proposition 4.2(2), there is & > 0 such that
p(t+Lito,) < p(titon) =6 YVn>1, 0<t<t,
In particular, since n < t,, foreachn > 1,
p(n+1Lito,) < p(nite,) —0 < - < p(Oite,) — (n+1)0 Vn>1.
Hence we have

0 < oo < pltniton) < p(n+Liton) < p(0;ton) — (n+ D6 Vn>1. (4.20)
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This yields a contradiction since p(0;to,) = p(u*(ton, ), u0) < In(2) for all n > 1. Hence

we conclude that (4.19) must hold. Now, (4.19) implies that

lim sup [|u*(t + to, ) — u(t + to, s o, uo)|leo = 0.

t—o00 to€R

This establishes the asymptotic stability of u*(¢, z) with respect to strictly positive perturba-
tions.

(d) Suppose that u*(t, x) is a strictly positive bounded entire solution of (1.2). We prove that
M(u*) € M(f). For any given sequence {t,} in R, suppose that f(t + t,,x,u) — f(t,z,u)
uniformly on bounded sets. By (a) and (b), there is a subsequence {¢,, } of {t,,} such that,
u*(t + tn,,r) — u*(t,2) uniformly on bounded sets, as & — oo. Similarly, for any given
sequence {x,} in R, if f(t,z + z,,u) — f(t, z,u) uniformly on bounded sets, then there is
a subsequence {z,, } of {x,} such that u*(t, x + x,, ) — u*(¢,x) as k — oo locally uniformly.

It then follows from Proposition 2.3 that M (u*) C M(f). O

4.4 Existence and nonexistence of a strictly positive entire solution

In this section, we study the existence of a strictly positive entire solution of (1.2) and prove

Theorem 4.2.

Proof of Theorem 4.2. (a) First, suppose that (1.2) has a strictly positive bounded entire solu-
tion u*(¢, ). By (H3), fin(u) := infycp e p fu(t, 2, u) is continuous in v > 0 and fine(u) < 0
for u > 0. Let uf; = infiep,epu®(t,7) and uf,, = sup,cg,cpu*(t,x). Then for any

0 <A< —uys - SUDyeluz, fint(u), we have

flt,x,u*(t,x)) — f(t,x,0) = /01 %f(t,x,su*(t,x))ds

:u*(t,x)/o Jult, z, su*(t, z))ds

< -\ VteR,z€D. (4.21)
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This implies that

i = [y =2ty + o (1, 2)

D

_ / iy — ) (b y)dy + 0 (F(t,,0) + F(t 2,0 (t 2)) — f(t,3,0))
D

< / k(y — x)u(t,y)dy + u*(f(t,x,0) = A) VteR, z € D.
D

It then follows that Apg(a) > A > 0, where a(t, z) = f(t,x,0).
Next, suppose that Apg(a) > 0. Let M > 1. Then u(t,z) = M is a supersolution of (1.2).

By Proposition 2.4, u(t,; —K, M) < M. This implies that u(¢, x; — K, M) decreases as K

increases. Hence we can define

(0 <)u*(t,z) == lim u(t,z;—K, M) (< M) VteR, z€D. (4.22)

K—oo

It is clear that u*(t, z) is measurable in (¢, z) € R x D. Moreover, note that

D

forallt > —K and # € D. This together with the dominated convergence theorem implies

that, for each fixed x € D,

itr) = [y ot pdy +u Sttt VeeR, @2

and then u} (-, ) € W,o1(R).
In the following, we prove that u*(¢, ) is strictly positive. We do so in two steps.
Step 1. In this step, we prove that there is r, > 0 such that

inf u*(t,y) > 0. (4.24)

teR,y€ By, (z)ND
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Let A € Apg(a) be such that 0 < A < Apg, \pg — A < 1. Let ¢ € X7 satisfy
inf,ep ¢(t, x) >Z 0, ||¢]|x = 1, 22 € WL (R) for each 2 € D, and

> Ot loc

Ap(t,z) < Lo(t,x) for a.e.teR, allz € D.

By (H3), (f(t,z,0) — f(t,z,bp) — X\) p(t,x) < 0for 0 < b < 1. Thus u(t,z) = bo(t, x)

solves
— / K(y t y)dy+u(t x)f(t,I,U)
D
+(f(t,2,0) = f(t,m,u) — A u(t, z)
< / u(t,y)dy +u(t,z)f(t,z,u) forae.t€R, allx € D.

Hence, bo is a subsolution of (1.2). Therefore, by Proposition 2.4,
u(t,r; —K, M) > u(t,z; —K,bp(— K, x)) > bp(t,x) Vt>—-K, z € D. (4.25)
Since inf;cg ¢(t, ) ># 0, we can find xy € D such that
0 %gﬂgbqﬁ(t xg) > 0.
Moreover, by the continuity of inf,cg ¢(¢, z) in x, we have

%nﬂg bop(t,x) > 61/2 for v € Dy := B,,(x9) N D for some ry > 0. (4.26)
(S

Observe that there is m > 0 such that || f(¢, z,u(t,z; —K, M))|| < m forallt > —K and

x € D. Thus u(t, x; —K, M) solves

Oyu > / k(y — z)u(t,y)dy — mu(t,z) Vt>—K, x € D.
D
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This together with (4.25) implies that
u(t+ 1,23 —K, M) > e ™ (bp(t, ) (z) Vt>—-K,z€D, (4.27)
where K(u)(z) = [, k(y — x)u(y)dy for u € X. Hence
u*(t,x) > e " (bp(t, ) (z) VtER, x € D. (4.28)

By the arguments of Proposition 4.1 and (4.26), for each =z € D, there are , > 0 and pe >0
such that

(*op(t, ) (y) > po VEER, y € B, (x)ND.

This together with (4.28) implies (4.24).

Step 2. In this step, we prove that

inf _u*(¢t,z) > 0. (4.29)

teR,z€D

In the case that D is bounded, (4.29) follows from (4.24).
In the case that D = R, by the almost periodicity of a(t, z) in x, for any given € > 0, there

is r. > 0 such that any ball of radius r. contains some = € 7T, where
T.:={i:|a(t,z) —a(t,r +3)| <eV (t,z) € R x RV},
For given ¢ > 0, we can find a sequence {Z,, },en € T such that

RY = | ) Bar. (&), (4.30)

neN
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where By, (Z,) := {zx € R : ||z — Z,|| < 2r.}. Lete = 3. Then

26(t,7)) _
ot -

< [ wly=00olt )y +alt.+ 3)0(t,) + (= = olt,)

/RN k(y —x)o(t,y)dy + a(t,x + T,)o(t, x) + (a(t,x) — a(t,z + T,) — N)p(t, x)

= [ nly =)ot )y +altw + 5,)0(0.0) - S0t
Hence, for some 0 < b < 1, Bqﬁ is a subsolution of
owu(t, z) = /RN k(y — x)u(t,y)dy + u(t, ) f(t, o + Zn,u(t,z)), xRV, 4.31)
By Proposition 2.4, we have
B(b(t,x) <wu(t,x 4+ Ty —K,M) fort>—-K, v €R", &, cT..
By arguments similar to (4.27), we have

w(t + 1,2 + &, —K, M) > e ™efbp(t, ), Vt>—K, xeRV. (4.32)

Without loss of generality, we may assume xy = 0 in (4.26). Then by Proposition 4.1, (4.26),
and (4.27), there is d, > 0 such that

w(t+ 1,2+ &y, —K, M) >0, Vt>—K, & By, (0).
This together with (4.30) implies that
u(t+1,2;,—K, M) >0, Vt>—-K, zeR", (4.33)

which implies (4.29).
By (4.22),(4.23), (4.29), and Lemma 4.2, u* (¢, x) is a strictly positive bounded entire solution

of (1.2).
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(b) Assume that A\p;, < 0. For any ug > 0,

u(t,x;0,ug) < ®(t,0)ug vVt >0, x €D.

Note that
In||®(t,0
limsupM < \pr < 0.
t—o0 t
Hence
0 < limsup [lult, 0, uo) || < lim sup | (t, 0)uo|| = 0.
t—o00 t—o0

The theorem thus follows. L]

Remark 4.6. As mentioned in Remark 3.6, the definitions of \pr(a), Np;(a), \pp(a), and
Npp(a) apply to general a(t, x) which is bounded and uniformly continuous. When f(t, z,u) is
not assumed to be almost periodic int, if \pg(a) > 0, then u*(t, x) defined in (4.22) is bounded
on R x D, differentiable in t with inf,cg u*(t,z) > 0 for each v € D, and satisfies (1.2) for
eacht € Rand x € D. Hence d;u*(t, ) is bounded on R x D. We can also prove that u*(t, )
is continuous in x € D. In fact, let g*(t,x) = [, k( *(t,y)dy. It is clear that g*(t, x)
is uniformly continuous int € R and v € D. for any vy € D and {x,,} C D with z,, — o,
without loss of generality, we may assume that u*(t,z,) — u*(t), g(t,x,) — g(t,xo), and

ft, xp,u*(t,x,)) = f(t,x0,0"(t)) as n — oo locally uniformly int € R. By (4.23), we have
ay = g(t,zo) +a"(t)f(t,xo,u"(t)) VteR
and

up (t, o) = g(t, xo) +u*(t, xo) f(t, x0,u"(t,z0)) VteER.

By (4.24) and Lemma 4.1, t*(t) = u*(t, zo). It then follows that u*(t, x) is also continuous in
x € D. But u*(t,x) may not be strictly positive. However, if D is bounded, then u*(t, ) is
a strictly positive entire solution of (1.2) and is asymptotically stable with respect to positive

perturbations.
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4.5 Monotonicity of Apg(a, D) in D

In this section, we investigate the monotonicity of Apg(a, D) in D and prove Theorem 4.3.

Proof of Theorem 4.3. Let D C D, be given. Without loss of generality, we may assume that

Apg(a, Dy) = 0. For otherwise, we can replace a(t, z) by a(t, ) — Apg(a, Ds). It then suffices

to prove that Apg(a, D1) < 0. We prove it by contradiction.

First, assume that Apg(a, D7) > 0. Let 6 > 0 be such that Apg(a — §, D) > 0. By Theorem

4.2, there is a strictly positive bounded entire solution u(t, z) of
up = /D k(y — z)u(t,y)dy + u(t,z)(a(t,r) — 0 — u(t,x)), =€ D;.
1
For given M > 0, let us(t, x; — K, M) be the solution of
up = /D k(y — o)u(t, y)dy +ut, z)(a(t,z) — 6/2 —u(t,x)), x € Dy
2
with ug(— K, x; — K, M) = M. By Propositions 2.4 and 2.5,
ui(t,z) <wug(t,o;—K,M) Vt>—-K, x €Dy, M>1,

and

up(t,z; —K,M) <M Vt>-K, v €Dy, M>1.

Fix M > 1. By the arguments of Theorem 4.2,

us(t,z) = lim us(t,z;—K,M)(< M), teR, x € Dy

K—o0

is well defined, and satisfies (4.35) forall t € R and z € Ds.

(4.34)

(4.35)

(4.36)

(4.37)

(4.38)

Next, we claim that u}(¢, z) is strictly positive. We divide the proof of the claim into two

cases.
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Case 1. D is bounded. Note that there is m > 0 such that

a(t,r) —8/2 —uy(t,x;—K,M) > —m Vt>—-K, v € D,.
This together with (4.35) and Proposition 2.4 implies that

ug(t, s —K, M) > e ™ 2uy(t — 1, —K, M) Vt>—-K+1,

where [Cou = [}, #(y — z)u(y)dy for u € C7;+(Ds). By (4.36), there is dy > 0 such that

unif
/uQ(t—l,x;—K,M)de(So Vt>-K+1, z¢€D,.
Do

This together with the arguments of Proposition 4.1 implies that there is 4, > 0 such that

uy(t,r;—K, M) >0y Vt>—-K+1, x€ Ds.

It then follows that

wi(t,z) >y VteR, € D,

Hence the claim holds in the case that D5 is bounded.

Case 2. D, = RY. By the almost periodicity of a(t, ) in x, there are {z,,} C RY and r > 0
such that

RY = U By (),

and

la(t,x +x,) —a(t,z)| <6/2 VteR, zeRY.
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Then

@%@ﬂﬁzz;My—@%@wﬂy+%@wﬂdmﬂ—5—ﬁ@w)
SZ;My—@%@wMy+ﬁ@wﬂdtx+%ﬁ

—§/2—ui(t,x)) VteR, x € Dy.
This together with Propositions 2.4 and 2.5 implies that
us(t,x + 2, —K, M) > uj(t,z) Vt>—-K, v € D

and then

us(t,r) > uj(t,z —z,) VteR, z—ux, € Dy.

By the arguments in Case 1, there is do > 0 such that
wi(t,x) >y VteR, x € By(z,), n>1.

Therefore, u*(t, ) is strictly positive and the claim also holds in the case Dy = RY.

Now, by Lemma 4.2, u3(t, x) is uniformly continuous in t € R and # € D,. Hence u}(t, v)

can be used as a test function in the definition of Apg(a, Ds).

*
_0ug

ot

) _
s [y - o)y +alt o) > Suies), ve Dy @39)
Do

This implies that Apg(a, Dy) > g > 0, which is a contradiction. Hence Apg(a, D;) < 0. The

theorem is thus proved. [
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Chapter 5

Spreading speeds of positive solutions to nonlocal almost periodic Fisher-KPP equations

This chapter is devoted to the study of the spatial spreading speeds of positive solutions of (1.2)
with front-like initials. Consider (1.2) with D = R™ and f(t,z,u) = —1 + a(t,z) — b(t, z)u

given by the following:
up = / k(y — x)u(t,y)dy — u + u(a(t,z) — b(t,z)u), xRN, (5.1
RN

where a(t, ) and b(t, ) are almost periodic in t, and periodic in .

The spatial spreading dynamics of (5.1) is of fundamental research interest. This is concerned
with how fast an initial population occupying only a part of the environment invades the empty
part of the environment over time. This concept has been extensively studied for the random
dispersal case. Fisher [19], and Kolmogorov, Petrowsky, Piscunov [32] in their pioneering

work on this version of the equation

%:%_‘_U(l—u) rzeR (5.2)
established the existence of a minimal wave speed ¢ = 2 which is referred to as the spreading
speed of (5.2). Subsequently, several studies have investigated and established the existence of
the spreading speed for the time homogenous and time periodic random dispersal cases. For
the nonlocal dispersal case, [56] and [57] established the existence of spreading speed for the
time homogenous and time periodic cases, respectively. However, there is not much studies on

the spatial spreading dynamics of (1.2) when the reaction function is not time periodic. For the

random dispersal case, [26] introduced the concept of the spreading speed interval and showed
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that, when the dispersal term is given by the Laplacian, the spreading speed interval is bounded.
They also recovered the results in the time homogenous and periodic cases. Considering the
nonlocal dispersal case, [37] investigated the case when the reaction function is time indepen-
dent but space almost periodic. They showed the boundedness of the spreading speed interval
in this case and established some estimates for the upper and lower bounds of the spreading
speed interval. Moreover, [4] considered the space homogenous, but time almost periodic case
and established the existence of the spreading speed in this case. However, to the best of our
knowledge, there is no studies on the spreading speed of (1.2) for the case when the reaction
function is both space heterogenous and time almost periodic. In the following, we consider
this case and establish the boundedness of the spreading speed interval; providing an estimate

for its upper bound in general and lower bound in specific situations.

5.1 Main results and preliminaries

This section presents the theorems on the spatial spreading speeds of positive solutions to (5.1),
with some necessary notations and preliminary results needed for establishing the main results.
First, we have the following notations:

Throughout this section we denote

X :={uc C(RY,R)|u is uniformly continuous on RN sup |u(z)| < oo}
z€RN

with norm ||u||x = sup |u(x)| and
zeRN

X, ={ue CR x RN,R)|U(-+T,-) =u(-,-+pe;)=u(),i=1,...,N},

where e; = (0;1,0i2,...,0in), 05 = 1ifi = jand 0if i # 4, 4,7 = 1,..., N. We denote
u(t, ; ug) as the solution of (5.1) with u(0, x; ug) = ug(z).

Consider also the linearization of (5.1) at u = 0,

up = / k(y — z)u(t,y)dy —u + a(t,z)u, zcRY. (5.3)
RN
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Suppose that u(t, x) is a solution of (5.3). Then, for a given unit vector £ € S¥~1 and i1 € R,

v(t, x) = el Cu(t, z) satisfies
vy = / k(y — x)e MYy (¢ y)dy — v + a(t,z)v, x € RV, (5.4)
RN
We denote the top Lyapunov exponent corresponding to (5.4) by App (1, §; a). Let

X+()—{u€X+|hmlnfu()>O, u(x) =0 for x-&> 1},

CE*)OO

Cap(&a) = {c € R| lim sup u(t,z;up) =0 Vug € X (&)},

100 ge>ct
and

Cint(§;a) = {c € R| liminf inf u(t Tiug) >0 Vuy e X6},

t—oo xz-£<lct

Coup(§50) = Inf{c[c € Cap(§a)}, (& a) = sup{ef e € Cinr(§0)}-

The interval [c} ¢(§; a), ¢t (§; a)] is called the spreading speed interval of (5.1) in the direction

of &.

5.1.1 Main results

*

We have the following theorem on the boundedness of [ ((&; a), ¢&, (& a)l.

» “sup

Theorem 5.1. Assume that v = 0 is an unstable solution of (5.1) in the sense that for any uy

with inf ,cgn ug(x) > 0, liminf, . inf e u(t, x; ug) > 0.

(i)

—00 < ¢ie(§5a) < (&5 a) < inf M. (5.5)

n>0 )

(ii) If a(t,x) > ar(t,z) + ao(t), where ar(t,z) € X, and ao(t) is almost periodic in t, then

(6:a) > inf 2Ll & ar £ o) (5.6)

mf 450 L
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5.1.2 Preliminaries

Before proving the theorem, we first present some lemmas that would be used in proving the

theorem.

Lemma 5.1. Assume that a(t,x) € X, and \pr,(11,&;a) > 0.

* * . A K, fa a
Cinf(f; a) = Csup(é; a) = /ir>1f(; %

Proof. 1t follows from [49, Theorem 4.1]. O]

Lemma 5.2. For any v € D and € > 0, there is A, . € W'*(R) such that
a(t,z) + A;ﬁ(t) > a(x) —e for ae. .t €R.
Proof. 1t follows from [42, Lemma 3.2]. O]

5.2 Boundedness of the spreading speed interval

In this section, we establish the boundedness of the spreading speed interval, [cf;, cf,.], and

prove Theorem 5.1.

Proof of Theorem 5.1. (i) For any given p > 0 and given ug € X (&), we can find u, € X
such that

up(z) < e "y, (z) VreRN.

Then by the comparison principle, we have
u(t, z;up) < e ot T uy,),

where u(t, x; 1) is the solution of (5.3) with u(0, z; ug) = uo(z) and v(¢, x;u,,) is the solution

of (5.4) with v(0, z; u,,) = u,(z). Note that

| t,-;
s P2 1)

t—o00 t

< Apr(p, & a).
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Hence for any € > 0,

_Apr(m,§a)te )

u(t, z;up) < e HrEePrLinga)tat — o—nat z Vi 1.

This implies that
Apr(p,&a) +€
I

€ Csup(&) Ve>0.

It then follows that
/\PL (M? 67 CL) +e€

* . < . |
Coup(&a) < 11Lr>11(“) ; Ve>0
Letting € — 0, we obtain
A )
Coup(&5 @) < inf Api(p,§:a)
1>0 0

To prove the case for —oo < ¢}, let us consider the space shifted equation of (5.1) given by

up = / k(y — z)u(t,y)dy — u+u(a(t,r + 2) — b(t,x + 2)u), =, z€RY, (5.7)
RN

We give the proof in 2 steps.
Step 1. In this step, we show that for «_ < 0 < a,, we can find Cy > 0 such that for any

C' > C, the function
'U_(tv x5 Z) = U’(ta o, Z)n(m ' 5 + Ct) + U(t,l’, gy Z)(]' - 77($ ) 5 + Ct))

is a subsolution of (5.7) where 7)(-) is the function defined by 7(s) = 3(1 + tanh(%)) and
u(t, z; ug, ) is the solution of (5.7) with u(0, z; z) = wug(z). For simplicity, we let u(t, x)(a(t, 2+
2) = b(t,z + 2)u(t,x)) := f(t,x + z,u) and for brevity in notation we may write u(t, x; a_)
and u(t, z; ay ) as u® and u™t respectively. Without loss of generality we let z = 0 for the

rest of this step 1.
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By direct computation we have;

()= [ wtu— ot g)dy o (60) = St (60)
= O (- €+ Ot)ult, w0 ) — u(t, 7 04))
= [ rlr= o =)ty € + 1) = ata-€+ Oy

+ flzu)n(@- £+ Ct) + f(tz,u*) (1 —n(z - £+ Ct) — f(t, z,0" (L))
Now, by applying the mean value theorem and noting that ' (-) = n(-)(1 — 1(-)) we have;

flt,z,u)n(z -+ Ct) + f(t,z,u ) (1 —n(x - £+ Ct)) — f(t,x,v (¢, 2))

= —(flta ) €+ Ot = 1) = [(f(t,2, (u™ = ™) +u™Ina - €+ C)
—f(ta, (= = w e €+ Ct) + )]

= —(fultow, @+ uo) = fult, 2, @l - €+ O+ 0 ) (w0 = u)y(a - €+ C1)

= fuult, 2, ™) (u —w)(u —u )y (x- £+ Ct)

where v* = u* + u*+ and ©*, and ©** are between u®~ and u®+.

Therefore, we have

oy (t2) — / Ky — o )y o 0) — f(t w0 (1, 0)

— O (2 &+ O | (ult,230-) — u(t, 23 04)

n(y - &+ Ct) —n(x-§+ Ct)
n'(x- &+ Ct)

— /RN r(y — ) (u(t,y; o) — ul(t, y; aq)( )dy

fuu(t, T, 0™ ) (u™ —u™) (u® — ua+)]

y-E+Ct)—n(z-E+Ct
' (z-£+Ct)

From the definition of 7(-), we can find M; > 0 such that | )| < M; and from

comparison principle we have u(t, z; a_) — u(t, ;a4 ) < —M and for some M > 0 therefore,
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we can find Cy > 0 such that

vlta) = [ =) oy + 0 (ta) = Fltao ()

IN

Con' (- €+ Cot) | (u(t, 2 a_) — ult, z;0)))

_ (M- €+ Cot) — n(z - €+ Cot)
o I R e

Juu(tyx,u™) (u — u*)(u® —u*)| <0

Showing that v, (¢, x) is a subsolution of (5.1).

Step 2. We show that for any ug € X (§). liminf inf w(¢, z;up) > 0 for any C' < —Cj

t—oo z-£<Ct

Now, since lign infug(x) > 0, we can find constants «_ < 0 < v, and z € RY such that o, <
T-E——00

lim infug(z), for all z with x-¢ < z-£. We can take any o < 0 and take o, = 2 lign infug(x).
z-E€——00

T-£E——00 2

This implies that

up(x) = v (0,2;2) = an(z - &) + ar (I —n(z - £))
therefore by step 1 and the comparison principle (Proposition 2.4) we have

v (tz;z) = wu(t,z;a, z)n(x- &+ Cot) + u(t,x; oy, 2)(1 —n(x - £+ Cot))
< u(t,x;uo,z).
This implies that for C' < —Cj lim inf inf w(t, z;ug, 2) > uf; > 0. Where uf, = inf u*(¢, )

t—oo 3-£<Ct inf inf ™50, zeR

with u*(t, x) being the unique positive solution of (5.1) guaranteed by Theorem 4.2. This im-

plies that Cy < ¢ (£). Hence —oo < ¢ ¢(&; a)

inf

(ii) First, let M > 0 be such that M > sup;cg ,cp~ b(t, 7). Consider
up = / k(y — z)u(t,y)dy —u +u(a(t,z) — Mu), »€RY. (5.8)
RN

We denote uy (¢, x; up) as the solution of (5.8) with uy, (0, z; ug) = ug(x).

Second, by Lemma 5.2, there is Ay € W1*°(R) such that ag(t) + Ay(t) > ao —e¢ VYt € R.
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Ap(t)

Set v(t, z;ug) = e Wy (¢, ;5 up). Then v(t, x; ug) satisfies

v

Ut

k(y — z)o(t, y)dy — v(t, ) + v(a(t,z) + A (t) — Mu)

N

k(y — x)u(t, y)dy — v(t, z) + v(ap(t, z) + ao(t) + A’ (t) — Mu)

v

v
T———

k(y —x)o(t,y)dy —v(t,z) +v(ar(t,z) + ap — e — Mu)

N

> /]RN k(y —z)v(t,y)dy —v(t,x) +v(ar(t, z) + ao — € — Myv)

where My, = Msupe”*®). By Lemma 5.1,
teR

cne(&a) > Ci*nf(f; ar + ay — 6).

Let ¢ — 0, (ii) follows.
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Chapter 6

Concluding Remarks and Future projects

The results obtained in this dissertation opens up many significant, biologically relevant prob-
lems.

Problem 1: Establish possible criteria for the equality of the two generalized principal
eigenvalues.

The spectral theory of the linear nonlocal dispersal equation has been investigated from the
aspect of the top Lyapunov exponent and generalized principal eigenvalues. Consequently, it
is a primary concern to establish the condition for the equality of the two generalized principal
eigenvalues. This will yield a complete result on the asymptotic dynamics of the nonlinear

nonlocal Fisher-KPP equations with almost periodic reaction terms.

Problem 2. Establish a precise lower bound for the spreading speed interval in the almost

periodic case.

From our study of the asymptotic dynamics of the nonolcal dispersal model in the unbounded
environment, we obtained a partial result on the existence of spreading speeds. Having estab-
lished an upper bound for the spreading speed interval, it is also important to establish a precise
lower bound. Hence, based on the study of the time periodic case, and time almost periodic but

space homogenous case, we make the following conjecture:

* . )\PE(/”L7 57 CL)
X . > inf ——2=> 72
Clnf(ga CL) - b>% L

We shall work at establishing the above inequality thereby completing the result on the spatial

spreading speed in the nonlocal almost periodic case.
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Problem 3: Establish a necessary and sufficient condition for persistence and extinction
in the two species competition system with nonlocal dispersal and almost periodic depen-
dence.

The study of the one species population model leads naturally to the consideration of two or
more species in an environment. Thus, it is of biological significance to study the following

system:
(

ur = d[ [, 5y — )ult, y)dy — u(t, z)]

+u(ai(t,z) — by (t, x)u — c1(t, x)v), x € D,
6.1)

0 = do[ [, w(y — 2)olt,y)dy — v, )]

+'U((I2<t,l’) - bZ(ta .CE)U - CZ(tax)v)a VS D,

\

where u(t,z),v(t,z) represent the population density of two species at time ¢ and location
x € D C R" with D a bounded domain, having smooth boundary. d;,ds > 0 stand for the
dispersal rates. The functions a;, b;, ¢;, are almost periodic in ¢, x(-) is a nonnegative symmetric
smooth function with compact support

Several authors have investigated the two species nonlocal competition system when the re-
action term is either time homogenous or periodic. They established some sufficient conditions
for the coexistence of the species and extinction of one of the species. It is of interest to inves-
tigate necessary and sufficient conditions for the persistence and extinction of the species when

the environment is neither space homogenous nor time periodic.

Problem 4: Study the effects of spatial degeneracy on the coexistence and extinction in
the nonlocal dispersal competition model.

The persistence and extinction dynamics of the two-species nonlocal competiton system are
typically established based on the magnitude of the interaction coefficients and dispersal rates.
The magnitude of the interaction coefficient determines the stronger or weaker species. It
is well known that under some given conditions, the weaker species will die off eventually.
However, the first natural question to ask is the following. What if the weaker species has
a protection zone where it does not experience any competition from the stronger competitor;

would such a protection zone save it from extinction? Hence, we shall investigate the following
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nonlocal competition system with a protection zone:

= [, &( u(t,y)dy — u(t, ) + Au(t,z) — u® — cb(x)uv, =z € D,t >0,
(6.2)

= [, Al v(t,y)dy — v(t,z) + po(t,x) —v* —duv, z € D,t>0.

where D C R" is a bounded domain, with smooth boundary, We consider the case where b(x)
has a degeneracy (i.e., it vanishes on a nonempty proper subdomain D, of D and is positive
on the rest of D). We are interested in the stationary solutions of (6). This amounts to finding

solutions of the following equation:

0= J,n( u(y)dy — u(x) + Au(z) — b(z)u? — cuv, x € D,
(6.3)

0= [, K( v(y)dy — v(x) + po(z) —v* — duv, x € D.
Definition 6.1. A solution (u*,v*) € C(D,R) x C(D,R) of (6.3) is called a coexistence state
of (6) ifu*(z) > 0, v*(x) >0 V x € D. A coexistence state is said to be globally stable if for
any (U07 UO) S O(Dv ]RJr) \ {O} X C(D7 R+) \ {0}7 (U(t, "5 Uo, UO)v U(t, 5 Uo, UO)) — (U*, U*) as

t — o0.

Our aim is to study the existence and asymptotic dynamics of coexistence states of (6.2).
Problem 5: A hybrid nonlocal competition system.

As mentioned previously, the persistence and extinction of the species in the nonlocal com-
petition system depends also on the dispersal rates. The authors in [24] established for the
time homogenous case that the slower diffuser wins the competition. This generates a natural
question; What if one of the species does not move, but the other disperses nonlocally, will

the non-moving species win the competition? This leads to the investigation of the following

model:
= [, s( u(t,y) —u(t,z)dy + (a(z) —u—v)u x €D, t>0,
vy = (a(z) —u—v)v v €D, t>0, (6.4)
u(0,z) = up(x), v(0,x) = vo(z) z€D.

\
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where D is abounded domain in R” and a(x) is a Holder continuous function on D.

For the random dispersal counterpart of (6.4) It was observed that

e if a(x) changes sign, then u will die off in the area of the habitat where « is negative,

called a sink area.

This validates the claim that the slower diffuser wins the game. Can we obtain similar dynam-
ical scenario in the nonlocal case?
Problem 6: Multi-strain SIS epidemic model with nonlocal dispersal.

Nonlocal dispersal operators has been successfully employed in modeling the dynamics of
epidemic disease models. In this regard, one can think of the Covid-19 virus which has been
reported to be capable of dispersing six feet away.

Consider the multi-strain nonlocal dispersal SIS epidemic model. For z € D C R",¢ > 0

| k i Bi(x)S1;
Sy =dg fD k(y —x)[S(t,y) — S(t,z)|dy + > vi(x)[; — =—F—
i=1 S5,
=d; fD [Li(t,y) — Li(t, 2)|dy — () ; + Bl(x)SI
S+Z::11
5(0,2) = So(x), 1:(0,z) = Lip(x).

Among other things, we shall study the impact of environmental heterogeneity and movement

of individuals on the persistence and extinction of a multi-strain disease.
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