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Abstract

The human gut microbiome consists of all the microbes that make up the human intestinal
tract, and many diseases are associated with certain microbial compositions in the gut. First, a
mathematical model describing the growth of gut microbiome inside and on the wall of the gut
is developed based on the chemostat model with wall growth. Both the concentration and flow
rate of the nutrient input are time-dependent, which results in a system of non-autonomous
differential equations. First the stability of each meaningful equilibrium is studied for the
autonomous counterpart. Then the existence of pullback attractors and its detailed structures
for the nonautonomous system are investigated using theory and techniques of nonautonomous
dynamical systems. In particular, sufficient conditions under which the microbiome vanishes or
persists are constructed. Numerical simulations are provided to illustrate the theoretical results.
Then a second model is developed describing the growth of one beneficial bacterial population
with time-varying controlled rate of the input flow of the nutrient. First the stability of each
meaningful equilibrium is studied for a constant input case. Then schemes are developed using
optimal control theory to find an optimal time-varying rate of input flow. Numerical comparison

simulations are provided.
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Chapter 1

Introduction

The human microbiome is the collection of microscopic organisms that live in the body, and it
contains representatives from all domains of life [28]. The list of genes in the human micro-
biome discovered thus far is so extensive that biologists refer to the human microbiome as the
“second genome” [54]. There is strong evidence that the microbiome interacts with the rest of
a human body, immune system, and brain, and plays an important role in a variety of human
diseases, such as infections, arthritis, food allergy, cancer, inflammatory bowel disease, neu-
rological diseases, obesity, and diabetes (see, e.g., [23, 24, 26, 29, 31, 33, 41, 42, 43, 45] and
references therein). Not only does the human microbiome play a role in physical well-being,
but some studies in mice have shown that differing microbiome compositions are related to
levels of social engagement and anxiety [54].

The human gut microbiome consists of all the microbes that make up the human intestinal
tract, and many diseases are associated with certain microbial compositions in the gut (see, e.g.,
[26, 31, 32, 41, 43, 45]). For example, in a recent report by Curry [25], it was mentioned that
correlations have been found between lower diversity of bacteria in the gut and higher rates of
certain medical conditions. Over time, the makeup and diversity of the human gut microbiome
change. In one recent archaeological finding, 1000-year old piles of feces indicate significant
evolution in the diversity of the bacterial populations in the human gut [25]. With the advent
of modern medicine, and specifically the discovery of penicillin in the twentieth century, come
new health issues such as the deadly disease C diff [55].

Studies in Spain and the United States have shown there may be certain gut microbes
that affect cardiovascular health and risk of strokes. According to Cyprien Rivier, a researcher

at Yale University, “Bacteria can release toxins into the blood, they can also produce certain



proteins that interfere with physiological processes. There is also what we call the microbiota-
gut-brain axis — a bidirectional pathway between the brain and the microbiome, whereby the
brain is influencing the gut through the nerves, and the microbiome is in turn influencing the
organs, including the brain, mainly through altering the blood pressure” [53]. In Israel, they are
using faecal microbial transfers (FMT) to help cancer patients who have become resistant to
treatment [52]. There is still much we do not know about FMT, but research has shown it helps
to restore the metabolism of bile, and contributes to “resetting” the gut’s immunology [55].

The critical role of gut microbes in health has stimulated research by scientists and clin-
icians. While the human gut microbiome is too diverse to analyze, a mathematical approach
was developed in [30] to model interactions between gut bacteria in fruit flies. A model of
networks was presented in [34] to study the role of microbiota in evolution. A method to infer
microbial community ecology from time resolved metagenomics was introduced in [47]. An-
other important step toward designing bacteriotherapies was made by Gibson by mapping out
microbial interactions and predicting population dynamics of the ecosystem [27].

It was indicated in a number of references mentioned above that understanding the pop-
ulation dynamics of these systems provides crucial insights into the complex mechanisms of
the gut microbiome. The aim of this work is to study in the simplistic setting how the gut
microbiome grows by feeding on intakes of nutrients, by using dynamical analysis and optimal
control to explore how to promote persistence and maximization of good bacteria.

In both models considered in this dissertation, Dynamics and Optimal Control of the
Growth of the Gut Microbiome with Varying Nutrient, we use a chemostat model. The chemo-
stat model consists of microorganisms feeding on a single growth-limiting nutrient. It can be
regarded as a laboratory idealization of nature to study competitions for the same resource,
e.g. a common food supply of a growth-limiting nutrient, between two or more populations
[16] and thus has been widely used in theoretical ecology [5, 6, 7, 8, 9, 10, 12, 13], waste
water treatment [1, 4], recombinant problems in genetically altered organisms [14, 15], etc. A
chemostat consists of three interconnected vessels, used to grow microorganisms in a cultured

environment. See the figure for an illustration of a simple chemostat.
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Chapter 2

A nonautonomous chemostat model for the growth of gut microbiome with varying
nutrient

Noticing that the chemostat consists of microorganisms feeding on growth-limiting nutrients
(see, e.g., [44, 46] and references therein), in Chapter 2, we develop a mathematical model
based on a chemostat with a wall population for the evolution of one certain type of gut mi-
crobe that grows not only in the reservoir but also on the wall of gut. The input of the nutrient
is considered to vary with respect to time, which gives rise to a nonautonomous chemostat sys-
tem (see, e.g., [18, 19, 20]). We are interested in studying dynamical behavior of the resulting
chemostat-microbiome model, and in particular, sufficient conditions under which the microbe
vanishes or persists over time. In [11], the authors studied a model with antibiotics injection
controlled by measured metagenomic data. In [3], they studied a chemostat model with an ar-
bitrary number of competing species, looking for designed control laws to promote persistence.
What makes our problem novel is the consideration of the sub-population that attaches to the

wall of the intestine.

2.1 Introduction of the Model and Basic Properties of Solutions

For t € R, let y;(¢) and y2(¢) make up a total population of the same bacterial microorganism
at time ¢, with y; (¢) representing the amount of bacteria in the gut and y» (%) representing the
amount of bacteria on the wall. These bacteria may switch their categories at any time, i.e., the
microorganisms on the wall may join those in the gut, or the biomass in the medium may attach
to the wall. Let ; and r, represent the rates at which the microorganisms stick onto and shear

off from the wall, respectively.



The nutrients are assumed to be supplied to the gut through a flow at a time-dependent rate
and concentration. Let z(¢) be the amount of nutrients in the gut at time ¢, and denote by D(t)
and I(t) the input flow rate and input concentration of the aggregate nutrition, respectively.
Both bacterial microorganisms inside the gut and on the gut wall consume the nutrient at a

maximum consumption rate of a. The consumption function is assumed to take the Michaelis-

T

p where m is the half-saturation constant. Let b be the

Menten (or Holling Type II) form

factor that describes how efficient the consumption contributes to the growth. Due to the lim-
itation of nutrients, intra-specific competitions are assumed to exist. In particular, let o and
be the intra-specific competition rates of microbe population inside and on the wall of the gut.

The classical chemostat has the same in and out flow rate because the vessel is large
enough that the flow rate remains almost unchanged by the microbes. But the gut has a much
smaller volume and in the gut, nutrient or energy is extracted, and thus the out flow rate may
not be the same as input flow rate. Considering that the aggregate output may consist of unused
nutrition, produced energy used elsewhere in the organism and excrement, etc., here we model
the outflow rate as proportional to the input flow rate D(t) with a suitable scaling factor of p.

Another difference from chemostat in laboratories is that the rate of flows that carry a nu-
trient through human bodies are low. Therefore the microorganisms may die naturally before
being washed out, and moreover, the dead microorganisms in the reservoir are subject to bacte-
rial decomposition which may lead to regeneration of the nutrient. Denote by v the collective
death rate of the microorganisms and ¢ the fraction of dead biomass that is recycled as nutrient.
Expecting not a 100% of recycling, § € (0, 1). For the reader’s convenience, interpretations of
all model parameters are summarized in Table 2.1 below.

Summarizing the above, we obtain the following chemostat type model for the gut micro-

biome described by a system of ordinary differential equations

da(t) ax
= POU® =) = =+ v2) + vy, 2.1)
dyy (¢ br
yét( ) = —(V + MD(t))?h + U (m iy ay; — vyg) + 1oy — 1191, 2.2)
dyo(t br
yjt( ) = —VYs+ Y ( —ay; — 7y2> — T2Y2 + T1Y1, (2.3)
m+x



Table 2.1: Wall growth model parameters

Parameter | Meaning

D(t) > 0 | input and output flow rate

I(t) > 0 | input concentration of the nutrient

pw>0 ratio between output and input flow rates

a>0 maximum consumption rate of the nutrient by the microorganisms
b>0 growth rate of the microorganisms due to consumption

m > 0 half-saturation rate of the consumption function

d € (0,1) | recycle rate from dead microorganisms to new microbe biomass
v>0 collective death rate of microorganisms

r1 >0 rate at which microbe attaches to the wall

re > 0 rate at which microbe detaches from wall

a>0 intra-specific competition rate of microbe population in reservoir
v >0 intra-specific competition rate of wall population of microbe

where x, y1, y» on the right hand sides of equations stand for x(¢), y;(¢), and y,(¢) in short,
respectively. In this work, we will investigate detailed dynamics of the above system subject to

the initial conditions

x(to) =20 >0, yi(to) =v10>0, ya(to) = yo2,0 > 0. 2.4)

Throughout this work it is assumed that the input nutrient flow rate and concentration vary
continuously in time, e.g., periodically or randomly, in bounded non-negative intervals. More

precisely, assume that

(A1) the functions D : R — [D,,,, Dyy] and I : R — [I,,,, I ;] are continuous, with 0 < D,,, <

Dy <ocand 0 < [, < I < oc.

For simplicity of notations, set w(t) = (z(t),y1(¢), y2(t))* € R3. Then the system

(2.1)—(2.4) can be written in the matrix form as

d—u:Fu—l—f(u),

& (2.5)

u(ty) = ug := (70, Y1.0, Y20)"



where

—uD(t) ov 0 D(t)I(t) - P (?Jl + $>
I = 0 —v—uDt)—r 1 |, Flu)=1| y (nfjfm —ay; — 7y2>
0 r —v =Ty Yo (nfjix — gy — wz)

Define the non-negative quadrant

Ri = {(z,y1,) ER*: 2> 0,41 >0, > 0}.

Consider the following definitions and theorems from classical theory for ordinary differential
equations.

Let f : (a,+00) x RY C R4 — R? be a continuous mapping, and let (ty, 7o) be a point in
(a,+00) x R?. The we can formulate the following IVP

dz(t)
dt

= f(t,z), x(to) = wo. (2.6)

Definition 1. [20] Let / C (a, +00) be a time interval. A solution to (2.6) on [ is a mapping

p:l — R? which is continuously differentiable on /, i.e., p € C 1(] : ]Rd), and satisfies:

e do(t) = f(t,p(t)) forall t € T;

* ¢(to) = o
Theorem 1. [20] Assume that f : (a,+00) x RY — R? is continuously differentiable, i.e., its

partial derivatives of first order are continuous functions, and there exist non-negative contin-

uous mappings h, k : (a, +00) — R such that

f(t,2)] < h(t)|x] + k(t), forall (t,z) € (a, +00) x R

Then, there exists a unique solution to (2.6) which is defined globally in time.

Remark 1. [20] The existence and uniqueness of a local solution to (2.6), that is defined on a

finite time interval, can be proved by using a fixed point theorem. This local solution may only

7



be defined on a small time interval but can always be extended to a larger time interval as long
as it remains bounded. As a consequence, if the local solution does not blow up within finite

time, then it can be defined globally in time.

We now apply these definitions and theorems from classical theory to our system and

prove existence and uniqueness of solutions.
Lemma 1. Let Assumption (A1) hold. In addition assume that
(A2) a(v + puD,,) > bov.

Then given any (tg,up) € R x R3, the system (2.5) admits a unique global solution.

Moreover, the solution is non-negative and bounded for all t > t,,.

Proof. First, since the functions D(t) and I(¢) are bounded, the operator I" generates an evo-
lution system on R3. In addition, since D(t) and I(t) are continuous in ¢, the function f is

continuously differentiable with respect to u for x # —m.

. a(y +2) (mlar — wiz) e —
E o [g—f} = | wan - mhE) k2w
vb (s — o) —ay 20

Then f is locally Lipschitz with respect to w € R?. Therefore by classical theory for
ordinary differential equations (see Theorem 1), the system (2.5) has a unique local solution,
u(t; to, ug) € C([to, Thnaz), R?).

We next show that the solution w(t; £y, ug) is always non-negative on its existence interval.
Notice that given ug := (2o, y1,0,Y20)" € R by continuity of solutions, each of z(t), v (t)
and y,(t) has to take value O before it becomes negative. Now consider the scenarios when z,

11, O Yo first reaches zero, respectively, we have

dxd(t) = D@)I(t)+ 5V(y1 + yz) >0,
¢ x=0,y1,y2>0
du(t) = roy2 >0
dt y1=0,7,y2>0 T
dya(?) = ry 2> 0.
LI a



This implies that any solution to the system (2.5) with u, € R? will stay within R? for all ¢ in
its existence interval.
It remains to show that the solution w(¢; ¢y, ug) is bounded. To that end, consider the linear

combination z(t) := bx(t) + ay,(t) + ays(t) which satisfies the ODE

dz(t)  dx dyy dys
a dt  Tar T

=bD(t)(I — x) + b*vy1 — aay; — ayyays — avys — ays
— ayy; — a(v + pD(1)y:

<bD(t)(I — x) + b*vyr — avys — aayays — a(v + pD(t)y

By Assumption (A1),

dz(t)
dt

b
< bDpyIy — puD,y, - bx — (1/ + uD,, — —5u) ay; — vays
a

Then by using Assumption (A2) and that z, y1,y, > 0.

dzsft) < bDarlns — K2(1) 2.7)
where
b
Kk = min {qu, v+ uD,, — =dv, l/} > 0. (2.8)
a

Integrating the differential inequality (2.7) from ¢, to ¢ with z(to) = bxo + a (y1,0 + y2,0) gives

bDy I
2(t) < bwo +a (Yo + y20) + A; Mt e [to, Thna)-

Now using x(t), y1(t), y2(t) > 0 we have

(1) 1 bDrilm
o) +l0) +1l0) € 20 <t (ot + o) + ) 29)

which implies that w(¢) is uniformly bounded for all ¢. Therefore the unique local solution

u(t;to, o) € C([to, Tyas), R3) can be extended to a unique global solution wu(t;ty, ug) €



C([to,00),R%). Moreover, the global solution still satisfies the inequality (2.9). The proof is

complete. [

Remark 2. When the growth rate b is less than the maximum consumption rate a, i.e., the
amount of nutrient consumed does not result in 100% of growth of the microorganisms, As-

sumption (A2) is automatically fulfilled because 6 < 1.

Remark 3. The parameter k defined in (2.8) plays an important role in long term dynamics of

the system (2.5).

Lemma 1 ensures that the chemostat-microbiome model (2.1)—(2.4) is biologically well-
posed. In the following sections we will study detailed dynamics of the system (2.1)-(2.4). To
facilitate analysis in the sequel, we first transform the system by defining two new variables
Y (t) and R(t) by

Y(t)=u(t) +32(t), Y(&)R(t) =u(t). (2.10)

Notice that Y (t) represents the total amount of microorganisms in the gut and on the wall,
and R(t) represents the percentage of the microorganisms that are inside the gut. R(¢) = 0
corresponds to the case when y;(t) = 0 and y,(¢) # 0, i.e., all microorganisms stay on the
wall. On the other side, R(t) = 1 corresponds to the case when y;(t) # 0 and y»(¢) = 0, i.e.,
all microorganisms stay in the reservoir.

With the transformation (2.10), the equations (2.1)—(2.3) become

de(t) arY

el D(t)(I(t) — px) — i + vRY, (2.11)
dY'(t) _ 2 2 baY

dR(t

) DO~ (uD(D) + 1 + )R 41, @13

where z, Y, R on the right hand sides of equations stand for z(¢), Y (¢), and R(¢) in short,

respectively. The equivalent initial condition to (2.4) is

x(to) = T Z 0, Y(to) = yl,o + yg,o = Yb > 0, R(to) = % = Ro (214)
0
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Notice that now the equation for R(t) is a Riccati equation which is decoupled from the equa-

tions for x(¢) and Y (). Moreover, under Assumption (A1)

— 2 =<0, 2 =m>0
R=0

Therefore the interval (0, 1) is positive invariant for R. Notice that Ry € (0, 1) because y; o <
Y}, and thus
R(t) € (0,1) forall t € R. (2.15)

Remark 4. R(t) represents the percentage of the microorganisms living in the reservoir of the
gut over the total population inside and on the wall of the gut. Therefore R(t) € (0, 1) makes

biological sense.

In the following sections we will analyze the equation of R(t) first, and then use it to study

dynamics of z(t) and Y'(¢).

2.2 The Autonomous Chemostat Microbiome Model

In this section we consider the special case where D(t) = D > 0 and I(t) = I > 0 and
study the stability of each steady state of the system (2.11)—(2.13). Since the coefficients in the

Riccati equation (2.13) are constants, then it can be solved explicitly to obtain

o . \/(uD+r1+R2)2—4r2th
R(t)ZRl(RO Bo) % Rol By = Ro)e . with (2.16)

(Ro — Ro) + (Ry — Ry)eV (D Hr+ )= drauDt

1
B = 5D 4ritrs+ (D +ri ) = druD) > 1,
1
Ry, = 5D (UD + 11 +1rs — /(D + 11 +19)2 —dropD) € (0,1).  (2.17)

It is straightforward to check from (2.16) that lim,_,,, R(t) = R for any R, € [0, 1], i.e., Ry is

a unique asymptotically stable equilibrium for R(¢).

11



Consequently the (z,Y") components of steady states of the system (2.11)—(2.13) satisfy

the algebraic equations

arY
= D(I — pa) — SUR,Y.
0 (I — px) m+x+ vR,Y,
by
0 = 4(Ro— 1)Y2—aRY? — 1Y + —— — uDR,Y,
m+x

which has an axial root (7 /i, 0) and non-trivial roots (z*, Y™*) satisfying

v— - 4+ DR
ve o= mier T AT (2.18)
’Y(Rz — 1) — OéRg

(- — 6URy) (v — 22 4+ uDR,)

D(I — ux*) = -~mtz” mte . 2.1
(I — pz™) (B —1) = ok, (2.19)

To examine the stability of steady states, first calculate the Jacobian of the vector field for

the sub-ODE system (2.11)—(2.12) at R(t) = R, to be

D~ oty = 5
J — 9
s 2(v(Ry — 1) — aRy)Y + 2 — v — uDR,

which has the trace and determinant

aYm bx
Tr(J) = —uD — CEE +2(y(Ra — 1) — aRy)Y + e uD R, (2.20)
aYm

_buDz bomrRY

T miar 2.21)

Notice that for the autonomous system, the Assumption (A2) now becomes

(A2%) a(v+ uD) > bov.

12



Theorem 2. Let Assumption (A2’) hold and let Ry be defined as in (2.17). Then the steady

state (I /1,0, Ry) is stable provided

v+ uDRy > mi—:_ 7 (2.22)
Proof. 1t follows immediately from (2.20)—(2.21) and (2.22) that
Det(N)| ;)00 = #D (V—l—,uDR2 — ) > 0,
mu+ 1
Te(Nl /oy = —#D—v+ oy uDRy < 0.
The proof is complete. O]

bI

Remark S. The assumption (2.22) can be fulfilled if a simpler but stricter assumption v > =~

is satisfied. This means that if the collective death rate is not smaller than the growth rate due
to consumption, then both microorganisms in and on the wall of gut will eventually die out.
The assumption (2.22) implies that even if the collective death rate is indeed smaller than
the growth rate due to consumption, the microorganisms can still die out, and the larger the

quantity 1D Ry is, the easier it becomes for the microorganisms to go extinct.

We next investigate stability of the strictly positive steady states (z*,Y™*, Ry), where z*
and Y satisfy the equations (2.18)—(2.19), and R; is defined as in (2.17). Notice that since
Ry < 1, the denominator of Y* is negative. Therefore for the steady state to be meaningful,

ie., Y* > 0, we focus our attention to steady states satisfying

bx*

m 4+ x*’

v+ uDRy < (2.23)

Theorem 3. Let Assumption (A2’) hold and let Ry be defined as in (2.17). Then a steady state
(x*, Y™, Ry) satisfying (2.18)—(2.19) and (2.23) is stable provided

av + aptD Ry — bOv Ry > 0. (2.24)
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Proof. First evaluating Tr(J) at (z*, Y*) and using (2.18) gives

Tr(J)

aY*m
oy = —hD — ( + (v(Ra — 1) — aRy) Y™ < 0,

m + x*)?

due to the fact that Ry < 1. We next estimate Det(.J) at (z*,Y™). Using (2.18) again and

simplifying the resultant equality we obtain

Det(J)

amY™ 2bx*
(z*,Y*) (MD+ (m+x*)2><m—|—x*
buDx*  bdmrRyY™*
T mAtat (mA4ar)?

o /JDRQ)

b*
= MD( * —V—/LDRz)
m + x*
mY* 2abz*
—av — auDRy — b6 )
+(m+x*)2(m+x* av — apD Ry vhs

It then follows from (2.23) and (2.24) that

mY™*

Det(J) (z*,Y*) > m

(cw + apD Ry — b(51/R2> > 0,

which implies the stability of the steady state (z*, Y*, Ry). [l

Remark 6. For the case when b < a, Assumption (2.24) is automatically fulfilled, because

av > bov Rsy. The key condition for a non-trivial steady state to be stable is in fact the Assump-

tion (2.23).

Remark 7. The system of algebraic equations (2.18)—(2.19) can have up to 3 different non-
trivial roots (z*,Y ™). While no theoretical proof is available, numerical experiments show that

there is at least one, and likely only one, positive root that satisfies the condition (2.23).

2.3 The Nonautonomous Chemostat Microbiome Model

In this section we study the long term dynamics of the nonautonomous system (2.11)—(2.13),
using theory of nonautonomous dynamical systems. For the reader’s convenience, a brief in-

troduction of the process formulation of nonautonomous dynamical systems is given in Section

14



2.3.1. Then in Section 2.3.2 we show that the nonautonomous system (2.11)—(2.13) has a
unique pullback attractor. Detailed long term dynamics of R(t), () and Y (¢) will be studied

in terms of structures of the pullback attractor in Section 2.3.3.

2.3.1 Preliminaries on Nonautonomous Dynamical Systems

In this subsection we provide some background information from the theory of nonautonomous
dynamical systems [17, 37, 38] that we require in the sequel. Our situation is, in fact, somewhat
simpler, but to facilitate the reader’s access to the literature we give more general definitions

here. Define

R2 = {(t,t0) € R? : t >t}

Definition 2. A process ) on space R? is a family of mappings
U(t,tg, ) : R = RY, (t,to) € R,

which satisfies
(i) initial value property: ¥(tg, ty, ) = x for all x € R? and any t, € R;

(ii) two-parameter semigroup property: t(to, to, x) = 1 (t2,t1, 1% (t1,t, z)) for all z € R?

and (tQ, tl), (tl,to) c ]R2_,
(iii) continuity property: the mapping (¢, t, ) + (L, to, «) is continuous on RZ x R?,

Definition 3. Let 1) be a process on RY. A family B = {B(t) : t € R} of nonempty subsets
of R is said to be i-invariant if ¢ (t,to, B(to)) = B(t) for all (t,1) € RZ and v- positively

invariant if ¢ (t, to, B(to)) € B(t) for all (t,ty) € R.

Definition 4. Let 1/ be a process on RY. A v-invariant family A= {A(t) : t € R} of nonempty
compact subsets of R? is called a forward attractor of v if it forward attracts all families D =

{D(t) : t € R} of nonempty bounded subsets of R, i.e.,

dist (¢ (t,t0, D(ty)), A(t)) = 0 ast — oo (o fixed),

15



and is called a pullback attractor of 1) if it pullback attracts all families D = {D(t) : t € R} of

nonempty bounded subsets of R?, i.e.,
dist (¢ (¢, %0, D(ty)), A(t)) = 0 asty — —oo (¢ fixed).

The existence of a pullback attractor follows from that of a pullback absorbing family,

which is usually more easily determined.

Definition 5. A family B = {B(t) : t € R} of nonempty compact subsets of R? is called a pull-
back absorbing family for a process v if for each ¢; € R and every family D = {D(¢) : t € R}

of nonempty bounded subsets of R? there exists some 7' = T'(t;, D) € RT such that
w(tl,to,D(t[)» g B(tl) for all to € R with to S tl - T.

The proof of the following theorem is well known, see e.g., [17, 37].

Theorem 4. Suppose that a process 1) on R has a 1)-positively invariant pullback absorbing
family B = {B(t) : t € R} of nonempty compact subsets of R%.
Then 1 has a unique global pullback attractor A = {A(t) : t € R} with its component

sets determined by

A(t) = () & (t.to, B(to)) foreacht € R.

to<t

If B is not 1-positively invariant, then

A=) U %(tto,Blty)) foreachteR.

s>0 to<t—s

A pullback attractor consists of entire solutions, i.e., functions £ : R — R such that £(¢) =

U(t, o, &(to)) for all (t,ty) € RZ. In special cases it consists of a single entire solution.

Definition 6. A nonautonomous dynamical system v is said to satisfy a uniform strictly con-

tracting property if for each r > 0, there exist positive constants & and « such that

||¢(t,t0,l‘0) - 77D<t7t07y0)||2 S Ke_a(t_t()) ’ ||:L‘0 - y0”2 (225)
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forall (¢,ty) € RZZ and zg, Yo € B,, where B, is the closed ball in R centered at the origin with

radius r > 0.

This property suffices in combination with a pullback absorbing set to ensure the existence
of an attractor in both the forward and pullback sense that consists of singleton sets, i.e., a single
entire solution. The proof of the following result involves the construction of an appropriate

Cauchy sequence which converges to a unique limit, see [35, 36].

Theorem 5. Suppose that a process 1 on R? is uniform strictly contracting on a 1-positively
invariant pullback absorbing family B = {B(t) : t € R} of nonempty compact subsets of R%.
Then the process 1 has a unique global forward and pullback attractor A = {A(t) : t € R}
with component sets consisting of singleton sets, i.e., A(t) = {{*(t)} for each t € R, where &*

is an entire solution of the process.

2.3.2 Existence of a Pullback Attractor

Denote by u(t) = (z(t),Y(t), R(t)). Recall that z(t),Y (t) > 0 and R(t) € (0,1) for all
(t,to) € R%; we focus on the subspace 2 := R? x (0, 1) of R®. Then due to Lemma 1, given any
to € Rand g € Q the system (2.11)~(2.13) has a global solution @(+; to, @) € C([to, 00), ).

For (t,t,) € R% define a mapping 1 (¢, to,-) : © — Q by
U(t, to, o) = u(t; to, wo), (t,t0) € RE (2.26)

where wu(t; ty, tp) is the solution to the system (2.11)—(2.13). It is straightforward to check
that {1(¢)}1,4)erz is a process. From now on, it is referred to as the process defined by the
system (2.11)~(2.13). The main goal of this subsection is to show that {¢)()} ez has a
unique pullback attractor. To that end we first construct an absorbing set for {¢(t)}(t7t0)eR2> in

the following Lemma.

Lemma 2. Let Assumptions (A1)~(A2) hold. Then the process {{(t)})ecrz defined by the
system (2.11)—(2.13) has an absorbing set defined as in (2.32).
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Proof. Consider first the decoupled Ricatti equation (2.13). Since R(t) € (0,1), then R*— R <
0 and along with Assumption (A1) we obtain

dR(t)

—(MDM+T1+T2)R(t>+R2 < 1

< —(Tl + TQ)R(T,) -+ 79.

Integrating the differential inequalities above from %, to ¢ gives

R(t) < "2 L e (ntn)(-to) (Ro __ ) , (2.27)
T+ 7 1+ 1
T2 —(r1+r D t—to) T2
R(t) > Te (r1+r24+pDar)(t—to (R _ ) ' 278
() r1+ 1y + puDy 0 T+ 1o+ pDy ( )

It then follows immediately that given any € > 0 there exists 7, > 0 such that

T2

e < R(t) < 2

— fe, t—ty>T. 2.29
r1+re+ puDy - T Tty 0 (2.29)

Next, consider z(t) := bz (t) +aY (t), and integrating the differential inequality (2.7) from

to to t results in

bDy I bDy 1
2(t) < =2 4 pmnltto) (bxo +aYy— —2 M) . (2.30)
K
Thus given any € > 0 there exists 7. > 0 such that
bDy I

br(t) +aY(t) < LM p e t—ty> T (2.31)

K

Now define the bounded set B in () by
bDy 1
B::{(x,Y,R)EQ: br +ay < —M e
K
2 —e<R< - +e}. (2.32)
ri+ry+ pDy T+ T

Then it follows directly from (2.29) and (2.31) that B is an absorbing set (in both pullback and

forward sense) for the process {zﬁ(li)}(t,to)eﬂgz2 . The proof is complete. O
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Theorem 6. Let Assumptions (A1)~(A2) hold. Then the process {1(t)} ez defined by
the system (2.11)—(2.13) possesses a unique pullback attractor A = {A(t) : t € R} with
component subsets given by A(t) = [, <, ¥(t,to, B) for each t € R where B is defined in
(2.32).

Proof. With Lemma 2, it remains to show that 53 is positive invariant for the process {t(¢) }(t,to)eRi .
In fact, given any wy = (zo, Yo, Ro) € B, it follows immediately from (2.27), (2.28), and (2.30)

that

T2

—€ < R(t:tg, @) < +e€, VY (tty) €RZ,

T+ 1o+ pDyy < Rltto 0)_7’1+7”2 (t,0) =

. - bD I 9
bx(t;tg, wo) + aY (t;to, wp) < + €, Y (t,to) € RS,
o >

i.e., the set B is positive invariant under the process {1 (¢) }(tﬂfo)eRi . Therefore by Theorem 4 the
process {¢(?) }(:t,)er2 has a unique global pullback attractor A = {A(t) : t € R} consisting
of nonempty compact subsets of 2 that are contained in B. More specifically, the component

subsets are given by A(t) = (), -, ¥(t, to, B) for each t € R. The proof is complete. O

2.3.3 Detailed Long Term Dynamics

In this subsection we investigate dynamics of x(t), Y (¢), and R(t) in greater detail. These
dynamics characterize the structure of the pullback attractor A for the process {¢()} ¢ ¢)er2
defined by the system (2.11)—(2.13). In particular, we first study the dynamics of R(t), followed
by the dynamics of z(¢) and Y (¢).

Recall that when D(t) = D, the Riccati equation (2.13) has a steady state Ry € (0, 1) that
attracts all solutions of (2.13) with Ry € (0,1) as ¢ — oo. Now for general time-dependent
D(t), the steady state no longer exists. Instead, the asymptotic dynamics can be characterized
by a time-dependent singleton trajectory, if exists, that attracts all other solutions as ¢ — co or

to — —oo. In Lemma 3 below, we prove the existence of such a trajectory.

Lemma 3. Let Assumptions (A1)—(A2) hold. Then there exists a singleton trajectory R*(t)

that both forward and pullback attracts all solutions of (2.13), provided
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(A3) ,LL(2DM — Dm) <11+ Tro.

Proof. Consider any two solutions of the equation (2.13) with different initial values R(t) =
Ry and R(ty) = Ro2, denoted by R(t;to, Ro1) and R(t;ty, Ro2), respectively. Set Ag(t) =
R(t;ty, Ro1) — R(t;to, Ro2). Then Ag(t) satisfies the differential equation

dAg(t)
dt

= uD(t)(R(t; o, Rox) + R(t;to, Ro2)) Ag(t) — (uD(t) + 11+ ra) Agp(t). (2.33)

Without loss of generality, assume that R,; > Rp>. Then by uniqueness of solutions,

Ag(t) > 0forall t > t,. Using (2.27) and Assumption (A1) in (2.33) gives

dAg(t)
dt

< (uDm(Rog + Ro2) — Dy — 11 — 1r2) Ag(2)
which can be integrated to obtain
Ag(t) < AR(tO)e(*(MDm+T1+7‘2)+MDM(RO,1+Ro,2))(t*to)j (t.to) € R;
It then follows immediately from Ry 1, Ro2 € (0, 1) and Assumption (A3) that
Ag(t) < AR(to)e(*”Dm”l*””*‘DM)“*to), (t,to) € RZ,

i.e., R(t) is uniformly strictly contracting. The desired assertion then follows from Theorem

5. []

We next study the dynamics of x(¢) and Y (¢) as a pair. First, it can be clearly observed
that Y = 0 is still a steady state for the nonautonomous equation (2.12). In Lemma 4 below, a

sufficient condition for Y = 0 to be stable is constructed.

Lemma 4. Let Assumptions (A1) — (A2) hold. Then Y (t;tq, ty) — 0 ast — oo and ty fixed,

ort fixed and ty — —oo if

ura2 Do,
(A4) v+ 7"1+7"22—HLDM > b.
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Proof. First using R < 1 in the equation (2.12) gives

dy (t)

—<- (y + uD(t)R — mbi 3:) Y(t).

Given arbitrarily small € > 0, by (2.29) there exists 7, > 0 such that

dY (t) 2 bx
—_— — D,, —€e| — Y(t
T < (I/+M (7“1+7“2+MDM e) m—l—x) (t)

()
< - + uD,, —b | Y(t).
(V a (7“1+7“2+MDM) ) ()

The desired assertion then follows immediately from Assumption (A4). ]

Collecting results in Lemmas 3 and 4, setting Y = 0 in the equation (2.11) and integrating

the resultant equation, we have following theorem.

Theorem 7. Under the Assumptions (A1)—(A4) the pullback attractor A for the process 1

defined by the system (2.11)—(2.13) consists of a singleton trajectory (x*(t), 0, R*(t)) where

¢
:z:*(t):/ D(T)I(T)e_“f:D(s)dsdT.

—0o0

The theorem above provides a sufficient condition under which all microorganisms die
out. The singleton solution R*(¢) of the equation (2.13) provides the important information
on the ratio of bacteria inside and on the wall, even though they both approach zero. On the
other side, when all microorganisms die out and no more nutrient is consumed, the asymptotic
amount of nutrient in the gut simply becomes the accumulated nutrient input over time given
by x*(t).

In the following theorem we construct sufficient conditions for the persistence of microor-

ganisms, i.e., Y (¢) does not approach zero.

Theorem 8. Let Assumptions (A1)—(A2) hold. The pullback attractor A for the process 1)
defined by the system (2.11)—~(2.13) contains points strictly inside the subspace (0,00)% x (0, 1)

of S if the following two additional assumptions are satisfied
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b D Im r1
(AS) mD s (kpu+bIpg)+b6Dy I, > v+ 'MDM ri+re’

Proof. First we derive a lower bound for x(t). Set {, = 52ulu—. Then by Lemma 2 for
any € > 0 there exists 7, > 0 such that aY (t) < % + efort —ty > 1. Thus
dz(t) ly bD Iy
> Dyl — puDyl, —
dt loce, — pe m+£x( R

bD Iy

> agm—oww+ >Q_Q t—ty > T,

which implies that z(t) > ¢, for all t — ¢ty > T..

Since —*— is an increasing function of z, it then follows from Assumption (A1) and equa-

m—+x

tion (2.12) that

dY (1) be,
—— 2 >Y —v—uD — 1-— Y t—t T.. 2.34
a1 e (m+€x 14 ol MR (’Y( R)+04R) ), 0> 1¢ ( 3 )

Notice that the Assumption (AS) implies that

bl
> D > Dy R(t t—ty>1T.. 2.35
p—, v+ p M<7°1—|—7"2+6>_V+'u mR(1), 0 ( )
bly - y T1
Now set (y = "2 DN;;DAI 72 Clearly ¢y > 0, and by (2.27)-(2.28) we have for some T

ritro+Dpp Tt
large enough

bl r
Y(r2 + D) ary ) merty — YV D

r+ro+ D ry+r y(r2+Dar) ary
! 2 M L 2 r1+ro+Dyy r1+re

(7(1—R)+06R)£y < (

bém 1
= —v—uD fort —tyg > T. 2.36
m—l-&g g a MT1+T2’ or 0= ( )
Inserting (2.35)—(2.36) into (2.34), we obtain
dY (¢
J >0, fort—ty large enough. (2.37)
dt |y <ty
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The magnitude of ¢y can be scaled by any positive parameter for which (2.37) still holds.

In addition, Assumption (A6) ensures that the set

B:={(z,)Y,R)eB:ax>{,Y >y}

is non-empty. Moreover, B is positive invariant and absorbing for the process ). Therefore
the attractor A has component sets within /3, which implies that both z(t) and Y (t) are strictly

positive as t — ty — 00. [

2.4 Numerical Simulations

The numerical examples in this section aim to verify some of the theoretical properties estab-
lished in the previous sections. Assume the system starts at time 0 and ends at time 7. In
comparisons between the autonomous and nonautonomous systems, we consider 2 different

scenarios with the same average nutrient input, i.e., with the same value of % fOT D(t)I(t)dt:

1. constant injection rate and constant injection concentration

2. periodic injection rate and injection concentration

Dm+DM+DM—Dm . 2]{37Tt

D(t) = 5 5 sin —~t,
I(t) = ; LR 5 sin th, keZ,

where D and [ are chosen to ensure

Pi— D,, + Dy L, + Iy +1 Dy — Dy, Iy — 1, ‘
2 2 2 2 2

Example 1. The first example illustrates the existence of absorbing sets for the nutrient x, total

bacteria population Y, and the fraction R of bacteria in the gut, as established in Lemma 2 and
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Theorem 6. The parameter values, given by D,, = 0.5, Dy, =1, [,, = 1, Iy = 3, p = 5,
a=10,b=5,m =2,0 =085, r =5,r =1, a =1, and 7 = 1, are chosen to satisfy
Assumptions (A1) and (A2). Figure 2.1 shows the fraction R(t) of bacteria in the gut over
the time interval [0, 2] for a variety of initial conditions in (0, 1), whereas Figure 2.2 plots the
trajectories (z(t), Y (t)) of the nutrient x and the total bacteria Y over the same time interval.
Note that, while the paths (z(t), Y (¢)) intersect, those of the triplet (z(t), Y (t), R(t)) do not,
in line with uniqueness results. Evidently, the path (z(¢), Y (¢), R(t)) enters and remains in the

absorbing set defined in (2.32) for all initial conditions considered.

— — — Absorbing Set

Fraction of Bacteria in Gut

0 0.5 1 1.5 2
Time (t)

Figure 2.1: Plot of the fraction R(t) of bacteria in the gut for different initial conditions.

Example 2. The second example explores the long term dynamics of the non-autonomous
system established in Lemma 3, Lemma 4, and Theorem 7. The parameters D,,, = 0.5, Dy, =
2,0, =11y =3 pnp=3a=5b=1m=2,0=08,v=01r =11 =1,
a = 1, and v = 1 satisfy Assumptions (A1), (A2), and (A3) resulting, by Lemma 3, in the
convergence of the function R(t) to a singleton trajectory R*(t), as shown in Figure 2.3a.
Since Assumption (A4) does not hold for these parameters, the total bacteria population need
not die out, which is evident from Figure 2.3b. An increase in the collective death rate of the
bacteria from v = 0.1 to v = 0.9, while leaving the remaining parameters unchanged, now
guarantees that Assumptions (A1) — (A4) hold. Consequently, the total bacteria population

Y (t) dies out, according to Lemma 4, as shown in Figure 2.4a. Moreover, Figure 2.3b shows
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Figure 2.2: Plot showing the joint dynamics of the nutrient x(¢) and the total bacteria Y (¢) over
the time interval [0, 2] under assumptions (A1) and (A2). The arrows indicate the trajectory
directions.
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Figure 2.3: The time evolution of the fraction R(t) of bacteria in the gut and the total bacteria
Y (t) under nonautonomous, periodic forcing with parameters satisfying Assumptions (A1),
(A2), and (A3), but not (A4).

how the nutrition level z(¢) converges to the steady state function z*(¢), defined in Theorem 7.
Since the fraction R(t) depends only on parameters D(t), i, r1, and ry, its dynamics remain
unchanged. Lastly, Figure 2.5 shows the joint dynamics of the nutrient x, the bacteria in the gut

y1, and the bacteria on the wall y5 in the time interval [0, 10]. Clearly, all trajectories converge

towards the region the x-axis indicated in red.

Example 3. Finally, we verify numerically conditions under which the total population Y ()

persists. In this simulation, the parameters were chosen as D,, = 1.6, Dy, = 1.7, Iy = 0.5,
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Figure 2.4: Plots showing the convergence of the total bacteria Y (¢) to 0 and that of the nutrition
level z(t) to 2*(t) under nonautonomous, periodic forcing and Assumptions (A1)—(A4).
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Figure 2.5: Joint trajectories of the nutrition x, the bacteria in the gut y;, and the bacteria on
the wall y, subject to nonautonomous, periodic forcing, with parameters safisfying (A1)-(A4).
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Iy=1,p=023a=2b=1,m=0.18,0 =085, v =0.2,r, =0.1,r, =5, a = 1, and
~v = 1, ensuring that Assumptions (A1)—(A3), (AS), and (A6) hold. Figure 2.6 shows the joint
trajectories of the nutrient « and the total bacterial population Y during the time interval [0, 50]
for a variety of initial conditions. Evidently, all trajectories enter and remain in the absorbing
set defined in (2.32) and are bounded below by ¢, and ¢, defined in Theorem 8, respectively.
Figure 2.7 plots these trajectories again on a logarithmic scale to show the total population’s

persistence behavior more clearly.
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Figure 2.6: Plot of the joint dynamics of the nutrition level « and the total bacteria population Y
under nonautonomous, periodic forcing, with parameters satisfying Assumptions (A1)—(A3),
(A5), and (A6).
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Figure 2.7: Plot of the trajectories in Figure 2.6 on a logarithmic scale.
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Figure 2.8: Trajectory plot (z(¢),Y (¢)) in the time interval [0, 50] of the nutrition x and the
total bacteria population Y under constant nutrient injection for various initial conditions.

We now demonstrate that the persistent long term behavior shown above for the nonau-
tonomous system cannot be achieved by the equivalent autonomous system. Keeping all other
parameters the same as above, we chose the constant injection rate I and injection concentration
D to yield the same average nutrient input and to ensure that Assumptions (A1)-(A3), (AS),
and (A6) hold. Figures 2.8 and 2.9 show how the solutions (x, Y, R) of system (2.11)—(2.13)
corresponding to various initial conditions converge to the steady state (I/4,0, R;) whose sta-

bility was established by Theorem 2.
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Figure 2.9: Plot of the fraction of bacteria in the gut over time under autonomous forcing and
Assumptions (A1)—(A3), (AS), and (A6).
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Chapter 3

An optimal control analysis of a model of a chemostat model for the growth of gut
microbiome with varying nutrient

Motivated by the interesting discovery that time-dependent input of nutrient may result in
asymptotic behavior different from constant input, we are interested in investigating how the
growth of a particular type of bacteria can be boosted or inhibited to maintain a healthy gut.
The second part of my dissertation project involves looking at a new aspect of analyzing the
microbial population dynamics: optimal control. In particular, we consider a modified model
for the dynamics of an intestinal microbiome with one beneficial bacterial microorganism that
we are trying to promote by the infusion of some probiotic along with one limiting resource
of nutrient population over a given finite time interval, [0, T']. In order to find an optimal con-
trolled rate of the input flow, we turn to results from mathematicians during the Cold War. In
the 1950s, a race began between the United States and the Soviet Union to answer a very im-
portant question: How can we move our aircrafts from their cruising position to a beneficial
attack position optimally? [48] Pontryagin and his colleagues developed the Maximum Princi-
ple to apply to certain types of control problems. We use this theory for our system to find the
optimal control.

The research to date for using optimal control chemostat models is primarily applied to
waste-water treatment processes. In [39], they model a single microorganism species and sub-
strate concentration and do time-optimal control analysis, seeking to steer the system to a target
state in minimal time. In [40], they show using optimal control theory that the averaged con-

version rate can be improved by a periodic dilution rate under certain conditions.
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In our model, we consider a setting in which a microorganism’s average concentration
is maximized over a given time interval. This model could be used to promote maximal pro-
duction of a given beneficial bacteria in the gut over a specific time interval. Similarly, the
results could be used to minimize a harmful bacteria over a given time interval, for example,

attempting to get rid of an infection.

3.1 Introduction of the Model and Basic Properties of Solutions

A probiotic is a substance which stimulates the growth of microorganisms, especially those
with beneficial properties. At any time ¢, we let z(¢), y(¢), and z(¢) denote the concentration
of the nutrient, the concentration of the microorganism, and the concentration of the probiotic

inside the gut, respectively. The model that we consider reads

dz(t) az(t)
= (I" — px(t))u(t) —y(t) ———2— to) = 3.1
B = O~y ) = G.)
dy(t) ax(t)
—:t<—— t—) HM(z(t), ylte) = 3.2
i y(t) Bm—l—a:(t) pu(t) —v) +yOM(2(1)), ylto) =y  (B2)
dz(t
EO )l — s M), () = 2 33
Table 3.1: Optimal control model parameters
Parameter Meaning
u(t) € [0, umax] | input flow rate
I* >0 input concentration of the nutrient
I >0 input concentration of the probiotic
pw>0 ratio between output and input flow rates (“fudge” factor)
a>0 maximum consumption rate of the nutrient by the microorganism
8>0 yielding factor
m > 0 half-saturation constant of the nutrient
v >0 gain factor of microorganism by probiotic consumption
M(z(t)) consumption function of probiotic by microorganism

where u(t) is the controlled rate of the input flow, which brings the nutrient and probiotic
into the gut. Note that the variable v has a different meaning in Chapter 2, where it denotes
the state vector. Here /* and [* are constant input concentration of the nutrient and probiotic,

respectively, « is the maximum consumption rate of the microorganism on the nutrient, m is the
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half-saturation constant of the nutrient, 3 is the yielding factor, v is the collective death rate of
the microorganism, and 1 is the fudge factor, same as in Chapter 2. The function M (-) describes
the consumption of probiotic by the microorganism that results in a gain in the microorganism

by a factor of 7 in turn. We make the following assumptions on M : R™ — R™ (see [19]):

* M(0)=0, M(z)>0 forall z>0;

lim, ., M(z) = L, where L < oo;
* M is continuously differentiable;
* M is monotonically increasing.

Remark 8 (Notation on Derivatives). Since we will make extensive use of various derivatives of
composite functions in the following sections, we would like to specify notation in this regard.
Let h : R x R" — R be a scalar multivariate function, mapping (t,x) — h(t,x), where
x = (x1,...,2,) € R" The scalar function % = hy(t,x) = limg o w denotes
the partial derivative of h with respect to the t-variable, while the row vector hy(t,x) =
[y (E, @), .. he, (E, )] € (R™)* denotes its Jacobian with respect to x. For a vector-valued
function h : R x R — R™, mapping (t,x) — h(t,z) = [h(t,x), ..., hy(t,z)]T € R™ we
use the column vector hy(t, ) = [2L(t, @), ..., L= (¢, w)]T to denote the Jacobian of h with

respect to the t-variable, while

g—fgi(t,w) g%(t,a:)
oh
%: w(t,%) =

%};’f(t,m) %Z:(t,w)

denotes the Jacobian of h(t, x) with respect to the variable x = (x4, ..., x,). Finally, suppose
t — x(t) and h(t,x) is the vector-valued function defined above, then the derivative of the
composite mapping t — h(t,x(t) with respect to t is determined by the multivariate chain
rule, i.e.,

i da
St a(t) = hi(t,@(1) + bt 2(t)
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3.1.1 Existence and Uniqueness of Solutions

We let x(t) = (x(t),y(t), 2(t)) denote the state vector and summarize the autonomous initial

value problem (3.1)—(3.3) as

da(t)
dt

— £(a(t), u(t)), 2(0) = @, (3.4)

where x( = (¢, Yo, 20) denotes the initial condition.
In this subsection, we establish the existence and uniqueness of solutions to the IVP (3.4)

for any continuous control function » within the set %/ of admissible controls given by

% = {u(®)lu(t) € C([0,T7),0 < u(t) < tmax}- (3.5)

To this end, we separate the vector field f(x, «) into a linear part A(u) and a nonlinear part
g(x, u). Specifically,
(1) = A(w) + g(w, v),

where

—u(t) 0 0 Ifu(t) = 555
A=1 0 —(uut)+v) 0 | andg(x)= |2 4 yyp7(z)
0 0 pu(t) IPu(t) — yM(2)

The initial value problem (3.4) can thus be rewritten as

dx

Define the non-negative octant

R = {(z,y) eR*:2 >0,y >0,z > 0}.
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Lemma 5. Given any xy € R and w € %, the system (3.6) admits a unique global solution.

Moreover, the solution is non-negative and bounded for all t € [0, T).

Proof. First, since the function u(t) is bounded, the operator A generates an evolution system
on R3. In addition, since u(t) is continuous in ¢, the function g is continuously differentiable

with respect to « for x # —m, with derivative

amy ax 0
(m+z)? m-+zx

dg
gr | mas M)

0 —M(z) —yM'(z)

So g is locally Lipschitz with respect to & € R?%. Therefore by classical theory for ordinary
differential equations (as stated in Theorem 1 in Section 2.1), the system (3.6) has a unique
local solution, z € C([0,T), R?).

We next show that the solution () is always non-negative on its existence interval [0, 7.
Notice that given o := (20, Yo, 20)” € R? by continuity of solutions, each of z(¢), y(t), and
z(t) has to take value O before it becomes negative. Now consider the scenarios when z, y, or

z first reaches zero, respectively, we have

de(t) = I"u(t) >0,
dt x=0,y>0,2>0

dy(t) — 030
de y=0,2>0,2>0 B

d=(t) — IFu(t) >0
de 2=0,2>0,y>0

This implies that any solution to the system (3.6) with ¢, € R? will stay within R? for all ¢ in
its existence interval.
It remains to show that the solution x(t) is bounded. To that end, consider the linear
combination ((t) := Sz(t) + y(t) + z(t) which satisfies the ODE
d¢(t)

S = BIu() — pu®y(e) — vyt) + (I = pa(0)ult) — y(O) M(=(1)
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Then by using the assumption 0 < u(t) < upay and that z,y, z > 0 and the assumptions

on M (z(t)) we obtain

dz(t)
dt

IN

BI tinax — pu(t)y(t) — vy(t) + I tmax — pz(t)u(t) —y()M(=(t)) G.7)

< (BI" + I*)ttmax > O, (3.8)

which implies that (¢) is uniformly bounded for all ¢ € [0,7]. Therefore the unique local
solution € C([0,7),R3) can be extended to a unique global solution & € C([0,00),RR?).

The proof is complete. ]

3.1.2 Model without the Probiotic

As an initial step, we consider the special case without the probiotic, i.e. z(t) is constant, so

dz(t)
dt

= (. Then our system takes the following form:

B 1= o) - 020 a0) = 39)

defined over a fixed time interval [0, 7], where I is the simplified notation for /*. Addition-
ally, we now will use x(t) = (x(t),y(t)) to denote the state vector and we summarize the
autonomous initial value problem (3.9)—(3.10) as

da(t)
dt

= f(x(t),u(t)), =(0)=x, (3.11)

where &y = (¢, yo) denotes the initial condition.
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Analysis of Equilibria under Constant Control

In this subsection, we determine steady-states and analyze their stability in the special case
where u(t) = u € R, i.e., when the control function is constant. Then our system is au-

tonomous and the steady-states can be found explicitly.

your
= (I - — A2
0= (I —pr)u— = (3.12)
ax
O:y(6m+x—uu—y) (3.13)

From Equation (3.13), we get our first steady-state, which is trivial, y = 0. Substituting y = 0

into Equation (3.12), we get z = ﬁ, so our axial steady-state is (ﬁ, 0).

For the nontrivial steady-state, set 3-22— — yu, — v = 0 and solve explicitly for z = x*.
x

m+
We get
. _m{pu+v)

= B — -1 (3.14)

i

Then substituting =* into Equation (3.12), we can explicitly solve for y* and obtain

y*zﬁu( ! il ) (3.15)

,uu—i—u_ozﬁ—,uu—u

This yields our nontrivial steady-state

(@ y") = (Ozng%zzfl’ﬁu(uul—l— v af —MZL — u)) (3-16)

In order for (x*, y*) to be positive, we need the following to be true:

aff > pu+v (3.17)

1 - wm
pu+v o af —pu—v

(3.18)
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Remark 9. Note that assumptions (3.17) and (3.18) are easily satisified when u is small. How-
ever, in order for y* to be maximized, we see in (3.15) that u needs to be large. Thus, the
optimization of y* depends on a trade-off of how large u is, while still needing u to be small in
order for (z*,y*) to be stable.

From our system (3.11), we have the following Jacobian matrix:

_ __amy —azx
Hu (m+x)? m+x

f, =
afmy afr .
(m+x)? m+x pu—=v

And we have the following determinant and trace:

amy aBx a?Bmay
Det(f,) = —( ) —p—v) 3.19
etlfz) “u+(m+x)2 mtz 7 +(m—|—x)3 (3-19)
amy afx
Tr(f,) = 2uu — ——— — 3.20
Lemma 6. The axial steady-state (1 /11,0) is stable provided that pu + v > %
Proof.
apl
Det(f2)|(1/u,0) = _uu<,umﬁ+ 7 T HU 1/) >0
afl
Tr(fe)l(/mo) = =2pu — v + T
[

Lemma 7. The non-trivial steady-state (x*,y*) is stable provided (3.17) and (3.18) are true.

—pu —v =0, so

Proof. Recall 3 az’_

mT+x

Oé2l’**
_oBTy

*

amy
T?”(fw)’(x*’y*) = —uu — (

— <0
m + x*)?
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3.2 The Optimal Control Problem

We are interested in finding a control u(t) within an admissible set %7 such that the average
concentration of the microorganism over time [0, 7] is maximized. We formulate this task as
a minimization problem, according to the conventions of control theory literature, and add a

regularization term to penalize large controls, i.e.,

(3.21)
subject to z = f(x(t),u(t)), x(0) = x,

where ¢ > 0 is the regularization parameter and the admissible set %/ is given in Equation
(3.5). In the following two sections, we will invoke the Pontryagin Maximum Principle (PMP)
to establish a set of first order necessary conditions that are satisfied by the minimizer u* of
Problem (3.21). To this end, we will first recall some preliminary definitions and give a general
statement of the PMP (Theorem 9) in Subsection 3.2.1. In Subsection 3.2.2, we will show that
our control problem (3.21) satisfies the conditions of Theorem 9 and use the resulting necessary
conditions to determine the optimal control u*. Specifically, we show that u* can be expressed
explicitly in terms of the solution vector p of the Hamiltonian boundary value problem given

by Equations (3.30)—(3.33).

3.2.1 Preliminaries on Optimal Control Theory

In this section, we will cover the preliminaries of optimal control theory. We first define various
notions related to control systems and then state a general form of the Pontryagin Maximum

Principle that is appropriate to Problem (3.21).

Definition 7 ([S0]). A control system is a 4-tuple > = (X, U, f, % ) consisting of a state space
X C R™ representing the range of the state vector x(t), a control set U C R™ specifying the
range of the control variable u, a vector field f specifying the dynamics of the state, and a class
% of admissible control functions.

We make some assumptions about the the data defining the control system:
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1. The state space X is an open and connected subset of R".
2. The control set U is a subset of R™.

3. The dynamics & = f(t,x,u) is defined by a family of time-varying vector fields f

parametrized by the control values v € U,

f:Rx X xU—R" (t,x,u) — f(t,z,u)

4. The class % of admissible controls is taken to be piecewise continuous functions u de-
fined on a compact interval / C R with values in the control set U. Without loss of

generality, we assume that controls are continuous from the left.

Definition 8. [50] Given a piecewise continuous control v € %/ defined over some open inter-

val J, consider the following initial value problem (IVP):

——= =f(t,x(t),u(t)), x(tos) = xo (3.22)

defined over some maximal interval (7_, 7, ) C J such that t, € (7_, 7).

Given an admissible v € % defined over an interval 7, let « be the unique solution to the IVP
(3.11) with a maximal interval of definition I = (7_, 7). We call this solution x the trajectory
corresponding to the control  and call the pair (x, ) an admissible controlled trajectory over

the interval 1.

An optimal control problem then consists of a control system > with an objective func-

tional to be minimized:

gélfzr/l F(u) = umgl{/r/l /to ZL(s,x(s),u(s))ds + (T, z(T)), (3.23)
s.t. dzZ—l(f) = f(t,x(t),u(t)), x(to) =xo (3.24)
(T, z(T)) = 0, (3.25)
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where the Lagrangian functional (¢, u(t)) — Z(t,x(t), u(t)) represents the running cost over
the time interval [ty, T'] associated with a given control function, ¢(T', x(T")) represents a ter-

minal cost, and the set N = {(¢,z) € R x R? : U(¢,x) = 0} represents a terminal constraint.

Definition 9. [50] The (control) Hamiltonian function H of the optimal control problem (3.23)
is defined as
H:Rx[0,00) x (R")" xR" x R™" - R
with
H(t, Ao, A\, @, u) = ML (t, x,u) + M(t, z,u).
Theorem 9. Pontryagin Maximum Principle [50] Consider a control system (X, U, f, % ). Let
(x*,u*) be a controlled trajectory defined over the interval [ty, T'| with the control u* piecewise

continuous. If (x*,u*) is optimal, then there exist a constant Ny > 0 and a covector X :

[to, T| — (R™)*, the so-called adjoint variable, such that the following conditions are satisfied:
1. Nontriviality of the multipliers: (Ao, (A(t)) # 0 for all t € [to, T).

2. Adjoint equation: the adjoint variable X is a solution to the time-varying linear differen-

tial equation

% = XLt @ (1), u" () — A(D) falts @ (1), u (1))

3. Minimum condition: everywhere in [ty, T| we have that

H(t, Ao, A(t), 2" (t),u"(t)) = min H (t, Ao, A(t), 2" (1), u)

uelU

4. Transversality condition: at the endpoint of the controlled trajectory, the covector (H +

Ao, —A + Aowe | is orthogonal to the terminal constraint represented by the level set

U(T,x*(T)) = 0, i.e., the covector is parallel to (V,(T, x*(T)), Vo (T, x*(T))).
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3.2.2 Optimal Control for the Gut Microbiome System

We now consider our optimal control problem (3.11) with objective functional (3.21). Un-
der assumptions (3.17) and (3.18), we have that our optimal trajectory (z*,y*) is stable for
xg > 0,y0 > 0. Therefore, our x(t),y(t) are strictly positive. So our state space is X =
{(xz,y) € R* : x > 0,y > 0}, which is an open and connected subset of R%. Our control
set is U = [0, Uymqaz] C R. Our dynamics are given by the system of differential equations
(3.11). From (3.21), we have Z(t, @(t), u(t)) = —y(t) + $u?(t) and no terminal cost, i.e.
o(t,x) = 0 for all (t,z) € [0,7] x X. Moreover, we take the terminal constraint function
to be U(t,x) := t — T'. Since neither the Lagrangian functional .’ nor the vector field f de-
pend explicitly on time ¢, the control Hamiltonian function for Problem (3.21) is a mapping

H:R; x (R?)* x R? x Ry — Ris of the form,
HXo, A,z u) = N Z(x,u) + M (x,u),

or more explicitly,
H(/\(b (/\17 /\2>7 (ZE, y>T7 U)
= Ao (—y + Eu2> + M\ ((I — pur)u — ﬂ) + Aoy (ﬁﬂ — i — y) . (3.26)
2 m—+x m+x

Let ((z*,y*)", u*) be a controlled trajectory defined over the interval [0, T'] and associated
with the optimal control u* € %/ . Then, according to Theorem 9, there exist a constant \y > 0

and a covector (A1, Ag) : [0, 7] — (R?)* such that the following conditions are satisfied:
1. Nontriviality of the multipliers: (Ao, (A1 (£), A2(t)) # 0 forall ¢ € [0, 7.

2. Adjoint equation: the adjoint variable (A1, A2) is a solution to the differential equation

A= —H,(\o, A\, x,u) = =X, u) — My(x, u),
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or more explicitly

gt — emy” _ ozt
d A1 (t) 0 pu (m+z*)? m4z*
4 Y VW (3.27)
Aot —1 afmy* afzx* *
2( ) (mﬁ_’_xg)Q mf—x* —pu —v

Note that all extremals are normal, since if \g = 0, then A(¢) is a solution to a homoge-
neous linear equation with zero boundary conditions (which result from the transversality
conditions discussed below), hence identically zero, which contradicts the nontriviality

statement. So without loss of generality, we normalize \y = 1.

. Minimum condition: at every ¢ € [0, 7] we have

HO®), 2" (), u*(t)) = min  HA®), 2" (), u),

u€[0,umax]

where Ao = 1 as established above. The mapping u +— H (X(t), x*(¢), ) is quadratic in

the variable u, specifically,

HA(®), z* (1), u) = gu2+(/\1(l—,ux)—/\2,uy)u+ <—y — Alngcfx + ,\Qy(ﬁmafx _ ]/)) :

Moreover for any ¢ € [0, T, its second partial derivative

0°H
ou?

(A(t), 2" (t),u) =c >0,

which implies that H (X(t), z*(t), ) is strictly convex in v and its unconstrained mini-

mizer is thus given by the stationary point & computed as
.1
= E()\l(,ux — 1)+ Aopy).
The minimizer u*(t) of H(A(t), z*(t), u) over the set [0, tumay| can thus be written as
u*(t) = min(max (0, @), Upax)- (3.28)
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This equation expresses the optimal control function explicitly in terms of the optimal
state variables * and adjoint variables A\, which in turn are determined dynamically by
the state equations (3.11) and adjoint equations (3.27) respectively. It also shows that the

optimal control w*(t) is in fact a continuous function.

4. Transversality condition: Finally, we use the transversality conditions to establish the
terminal conditions satisfied by the adjoint variables A at the endpoint 7". Applying
Theorem 9 to Problem (3.21) with U (¢,x) = t — T and ¢(t,x) = 0, we obtain that
the co-vector (H(X(T'),x*(T),u*(T)), —A(T)) associated with the optimal controlled
trajectory is parallel to (U (T, x*(7T")), V. (T, 2*(T"))) = (1,0), implying that A(7") = 0.

Note that since Hx(\, x,u) = f(x,u), the first order necessary optimality conditions at
the optimal controlled trajectory (x*, u*) arising from the Pontryagin Maximum Principle can

be written abstractly as the Hamiltonian boundary value problem

T = HA(Avmvu)u 11(0) = Ty,
' (3.29)
A=—H;(A\ z,u), A(T) =0,

where u is given by Equation (3.28). More explicitly,

dfigt) = (L= pa(t)u(t) - y(’f)%, 2(0) =z >0, (3.30)
dy (1) arlt) .

TR <5m — p(t) V)a y(0) =y >0, (331
d)\(;t(t) = )\ (,Uu*(t) + %) — )\2%, M (T) =0, (3.32)
d)\;t(t) — 14 Almofx W (n(jf—xx o (t) — y) . A(T) =0. (3.33)
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It now follows directly from Equation (3.29) that the Hamiltonian is constant in time along

the optimal trajectory. Specifically, using the chain rule, we obtain

d
G HA®), (1), u(t)

= HA(A(t), " (1), u" (1)) A(t) + Ho(A(t), ®"(1), u" (t))&(t) + Hu(A(t), 2" (1), u" (t))ur(t)

= 2(OAE) — 2(OAE) + Ho(A(L), 2 (1), u* (1) )i ().

It remains to show that the last term is zero for all ¢ € [0,7]. When the stationary point
(t) € [0, Umax), then H,(A(t), x*(t),u*(t)) = Hy(A(t),z*(t),u) = 0 and hence the term
vanishes. On the other hand, if @(t) ¢ [0, Umax), then u*(t) € {0, umayx} is constant, which

implies u*(t) = 0 and hence the term vanishes as well.

3.2.3 The Hamiltonian Boundary Value Problem and the Associated Linearized System

We re-write (3.30)—(3.33), letting p(t) = (z(t), y(t), \1(t), A2(t)) and

Bupi) = (1= (O =yl +(0) = 2,
balpin) = 9003~ () - v). (0) = 1,
bupr) = A (e 20 ) 0 2 )=

ax afx
Py(piu) = 1+/\1m+$_)\2(mix_uu_y) M(T) =0

using ®(p) = [®y, o, P53, P4]” to denote the vector-valued function describing the dynamics
of p. Moreover, let g : R* x R* — R* be defined by g(a, b) = (a1 —x¢, as — o, b3, bs) T, so that
the associated boundary conditions of (3.30)—(3.33) can be described by g(p(0), p(T")) = 0.
Note that since the optimal control v can be written explicitly as a function of the state and
adjoint variables via Equation (3.28), we sometimes write u(p) to emphasize this dependence.
The Hamiltonian boundary value problem can thus be represented by

dp _

i ®(p;u(p)), g(p(0),p(T))=0. (3.34)
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In the ensuing discussion we will often require the linearization of the dynamical system
®(p, u) along a given trajectory p, which we will derive the linearized system matrlx 1n the

following pages. First recall that by the chain rule,

@ oo o du
dp  Op Oudp

Moreover,
f(x,u f(x,u
B(p. u(p)) = (z, u(p)) _ (z, u(p))
—Hy (A, z, u(p)) ~Z(x,u(p)) — o, u(x))" A
Now!
08| fulwulp) 0
P | He\z,u(p) —Eo(a,u(p)”

Differentiating the right hand side of Equations (3.9) and (3.10) gives

—uu — Y __az
fm(w U) = pu (m+a)? (m+2)
afm afx
Tta)? (mta) — HETV
while the derivative .Z, (, u) of the Lagrangian functional .Z(x,u) = —y + $u® is given by

the row vector %, (x, u) = [0, 1], which is constant, i.e.

Hm()\, $,u) = —ng(.’ﬂ, u(p)) — fm(w, U(iB))T)\ = )\1% + )\2% 1+ )\1% + >\28an
Y

Note that in writing the system, we have converted the row vector A to a column vector.
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Using these formulas, we can compute — H,,, component-wise as

H 2 f . 0 f
_ =\

amy afmy 2amy(BA — A1)
A ) WL Y -
Ox? x? T ox? Ym + x)? ok (m+x)3 (m+x)3
0*’H 0 fi 02 fo 0 am afx
2T A = 214 A\ - ~0
oy? 18y2+ o2 Oy i 1(m—|—x)+ 2+ v (m+m)
_O’H  PPH o am afm  am(A — BAg)
dxdy — oydr  (m+x)? C(m+z)?  (m+x)?
so that
2amy(Bra—A1) am()quQ)\z)
Ho—|  mwr (m+2)
am(A1—BA2)
(m+x)? 0

Combining the expressions for H,, and f, above, finally obtain

—pu = (TZZLny)‘Z - (nﬁx) 0 0
0P _ (Sﬁ—”;% (Tfﬁz) — pu — v 0 0 (3.35)
P Y TR wah o
| 0 Gt e TV

To compute the partial derivative %—f, we use the above expressions (or Equations (3.30)—(3.33)

directly) to obtain

(I = pr)
f(x,u —
aa;{) = @i (@, u) H (3.36)
u U —Lo(x,u) — fu(x,u) A UL

Lastly, recall from Equation (3.28) that the optimal control u*(¢) is defined in terms of the state
p as

= (M(pr — 1) + Aopry), if @ € [0, Umax]
0,

u*(p)

otherwise
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Its derivative with respect to p is therefore

du . Z_Zv if u € [Ovumax]
dp 0, otherwise

) e, pr — 1y, i @€ [0, Unmax] (3.37)

0, otherwise

The following lemma establishes well-posedness of the boundary value problem (3.34).

Lemma 8 (Isolated root, see [49]). Problem (3.34) has a unique, isolated solution p* €

C([0,T],R%).

Proof. The linearized system is
op dd

P _ %5
at  dp P

where we define % in Subsection 3.3.1, with boundary conditions

1000 0000
0100 0000

p(0) + op(T) =0
0000 0010
0000 0010

An equivalent way of stating these boundary conditions is

(5]?1(0) = 1a5p2(0) = 1,5])3(T) = 1,5p4(T) =1

This system is well-posed since i—i is linear and therefore has a unique solution. Clearly, the
trivial solution satisfies this BVP, so p = 0 is the only solution. Therefore, p* is an isolated

solution of (3.34). [l

Since the Pontryagin Maximum Principle gives rise to a BVP, (3.30)—(3.33), we next look
at some numerical methods for solving this BVP. In particular, we use will use shooting meth-

ods to solve the BVP.
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3.3 Shooting Methods

The Pontryagin Maximum Principle applied to our system in the previous section provides a
set of necessary optimality conditions that must be satisfied under the optimal control function
u*. Specifically, the minimum condition, Condition 3, allows us to express the optimal control
explicitly in terms of the state = (z, y) and adjoint vectors A = (A1, \2), which jointly solve
the two-point boundary value problem (BVP) (3.30)-(3.33). It is challenging to analytically
find an explicit solution for thia BVP and must therefore be solved numerically. While there are
numerical methods available to solve the BVP directly, it is often more convenient to formulate
an equivalent initial value problem (IVP), i.e. one with the same solutions, which can then be
solved using standard numerical integrators. Given a BVP, we can use shooting methods to
transform the BVP into an IVP considering the boundary conditions as a function propogated
by the different possible initial conditions.

Shooting methods aim to find a associated initial value problem (IVP) of the form

dp_

prie ®(p;u(p)), p(0)=s, (3.38)

where s = (sq, S2, S3, 54)T are the initial conditions, two of which are known, i.e., s; = xg
and sy = 1o, and two of which are to be determined numerically, i.e., s3 and s;. Denote the
solutions to (3.38) with initial conditions s as p(t; s).

Clearly, the solution p*(t) of the boundary value problem (3.34) satisfies the initial value
problem (3.38) for s* = p*(0). We can evaluate the accuracy of any approximation s ~ s*
by computing the residual, which is just the function g evaluated at the boundary conditions

propagated by our guess s, i.e.

r(s) == g(s,p(T;s)).

Our goal is to find an s* := [zg, yo, 55, 55| such that ||r(s*)|| = 0. Then, by uniqueness
we have that p(t; s*) is a solution to (3.34). We will approximate s* iteratively by means of

a Newton-Rhapson rootfinding method with initial guess sy. At the k-th iteration, the current
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estimate s, will thus be updated to

Skt = 8, — J(sp) ' (sp),

where J(s) = fl—’s" is the 4 x 4 Jacobian matrix computed at the current iterate s;. Using the

definition of residual

S1 — Xy
S2 — Yo
r(s,p(T,s)) = ,
)‘1 (T7 S)
>\2 <T7 S)
we can compute the Jacobian explicitly as
1 0 0 0
dr 0 1 0 0

U)371(T) wgﬁg(T) w373(T) w374(T)
IU4’1(T> w472(T) "LU473(T) 'UJ4’4(T>

dpi

where w; ; = 5=
J

are the sensitivities of the solution p(¢, s) with respect to the initial conditions,
which are treated in detail in Subsection 3.3.1. Two questions that arise in this context are: ‘For
which values of s is the initial value problem (3.38) well-posed?’ and ‘Under what conditions
are the sensitivies well-defined?” Lemma 9 shows that well-posedness is guaranteed for all s

close enough to s*. To this end, let

Sy(s*) ={seR*:|s—s"| < p} (3.39)

denote a neighborhood of radius p > 0 around s*, and let

To{p*} = A{(t,p) : 0 <t < T,||]p*(t) — p|| <6} C [0,T] x R? (3.40)

be the J-region around the optimal trajectory p*(t).
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Lemma 9 (Well-posedness of nearby IVPs and their linearizations). Let p*(t) be a solution of
(3.34). Then there is a 6 > 0 so that the mapping p — ®(p, u(p)) is continuously differentiable

in pin Ts{p*}. Therefore

(i) For each s € S,(s*), where p = §e X7, there exists a unique solution p(t, s) of (3.38)

on (0 <t <T, where K > 0 is the Lipschitz constant so that
|®(p, u(p)) — ®(p,u(p))|| < K||p — B, forall (t,p), (t,p) € T5{p"}.

(ii) The sensitivity W (t) = % exists and is the solution of the linearized (sensitivity) equation

Proof. Tt suffices to show that p — ®(p,u(p)) is continuously differentiable, in which case

the result follows from Lemma 1.25 in [49]. Explicit expressions for d® 0® and dv given
dp’ Ou dp

in Equations (3.35), (3.36), and (3.37) respectively, show that this can be achieved as long
as 0 > 0 is chosen small enough to ensure that x remains bounded away from —m, e.g., by

guaranteeing that z > =, O]

3.3.1 Sensitivity Equations

In this subsection, we formally derive the sensitivities % of solutions p(¢, s) to the the initial
value problem (3.38) with respect to the initial conditions s. These will take the form of so-
lutions of the sensitivity equations (See Equation (3.41)). Let W = g—’; denote the matrix of
sensitivities of the vector-valued function p(¢, s) with respect to initial conditions s. Specifi-

cally, let

Os o Oz O
ds1 0s2 0ds3 0s4
9y 9y 9y Oy
W — asl 882 883 884
0s1 0s2 0s3 084

Oda A2 DA2 O
| 9s1 Os2 Os3  Os4 |
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As before, we will refer to the (i, j)-th entry of W as w;; = gfi.
J

Moreover, we will use
w; = % to refer to the ¢-th row of WW. For each fixed value of s, W represents a time-varying
matrix-valued function. We will now derive a linear system of differential equations satisfied
by W. To this end, we formally differentiate both sides of Equation (3.38) as well as its initial
conditions with respect to s. Interchanging the order of differentiation in the resulting system

gives rise to the sensitivity equations. Indeed, recall that Equation (3.38) takes the form

where [ represents the 4 x 4 identity matrix. Differentiating both sides of the differential

equation and using the chain rule yields

% [g—f] = a% [®(p, u(p))] = %%-

Interchanging the order of differentiation then leads to the matrix system

W = w. Wi)=1
W W)
9x 9y oA el 2% . L
W = [wy, wsy, w3, wy]” = Sr o, G, 52| and = w; ; = 37 so then differentiating (3.38)
J
with respect to s looks like:
Oz Oz
Note that z and y are not dependent on s3 or s4, SO Oss  Osa| _ . Therefore, we
Oy 9y
Os3  Osy 00

have:

oz ox

881 882 0 0
Oy Oz

W = 0s1 0so 0 0
881 884 853 854

Do O O O
| Os1  Osa2  0Os3  Os4
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To be able to evaluate the entries of %, we want to be able to evaluate the entries of W,

since
§1 — g 10 0 0 10 0 0
or 9 |s2—w 0 1 0 0 01 0 0
O 05 I\(Ts)| |00 ZM(T.s) ZMTos)| [0 0 wys(T) ws(T)
Mo(Ts)| [0 0 32X (Ths) smXa(Ths)| [0 0 wia(T) wia(T)]

Therefore, we take the derivative our IVP, equation (3.38) with respect to s.

DB D pu), L pol0) = o595
-1 0 O 0- -1 0 0 0-
SR D pp), W) = 2 ; ai ai - Z (1) (1) 2 ="
Os3  Osa
00 g_zi g—ji_ 0 0 0 1]
%:F(p,w,u), W(0) = W,

where F(p, W, u) = £ ®(p, u).

Thus we get our system of sensitivity equations

dw

o F(p, W,u), W(0) = W,. (3.41)
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To explicitly find our F', we switch the order of differentiation to get the following:

d0d\ 0 ax(t)
il7e) = 2 ((I = e (t))ut) — y(t) == x@))

d 0%y 0 amy afmy
&(E) B (Al (’uu+(m+x)2) _)\2(m+$)2>

s
d /00, B 0 ax afx
&(E) B 8s<1+)\1m+x_)\2(m+x_uu_y)>

T
Making the appropriate substitutions, W = [w, wy, w3, wy]’ = [g—ﬁ, %, %, %} , and

differentiating, we get the following system of sensitivity equations:

dw, ou  a((m+ z)wyz + mwyy)

dw, 7_ ou 3.42
T pwiu + ( F‘x)as (m + x)? G4
dwy afx apwm Ou
dw, _ o afwm _ Ou 3.43
d WQ<(m+a:) . ”)+y<<m+x>2 "0s o
dw am
S o+ (M — Gy — By (3.44)
2amyw; (BAy — Ap) du
N2
(m+x)3 TG
dwy _oarwy amAw; afr [ — v (3.45)
dt  (m+a)  (m+a) (m + )
A afmw;  OJu
2 (m + ;C)z M@s
where ©u = u* and % = _%(w?)l — pwsz + wiA + way + wedg)) if ©* = 4, but ‘3—2 -

0if u* € {0, Umaz }-
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This means % = F(p, W, u) is a matrix-valued system of ordinary differential equations:
-—uu + % P 0 0 -wl- -I — um-
LU I e I o Bl T 0 0 w; ~ 1y
R e el = R e N S T
i % 0 (o) ~ iyt v ] fwi] | e

with initial condition W (0) = W,

Let W (t) denote the solution to equations (3.42)—(3.45) with initial condition W}, at time ¢

propogated by the initial condition to (3.38) equal to s. These solutions evaluated at time ¢t = T’

give us the unknown entries of the Jacobian. We will denote the Jacobian associated with s as

J(s). Then

w3,1(T) w3,2(T) w373(T) w374(T)
_w471(T) w4,2(T) w4’3(T) w4’4(T)

(3.46)

Note that .J is dependent upon s since the solutions to (3.42)—(3.45) are dependent on

finding p(¢, s).

Therefore, given the kth guess for the initial conditions, s;, we can find the next guess

Spp1 = Sk — J(sp) '

3.3.2 Single Shooting Method

(sy) for k > 1.

Set desired tolerance tol = ¢ and maximum desired number of iterations %,,,4;.
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Now we can define the Jacobian at the kth iteration to be:

1 0 0 0

0 1 0 0
J(sy) = (3.47)

w371(T) w372(T) w373(T) QU374(T)

U}471(T> U)472(T) UJ473<T) w4,4(T)

Then we execute the following algorithm:

Algorithm 1 Single Shooting Method
1: Choose s; € R*, ¢ > 0, and ky,ax € N.
2: fork=1,..., kp. do
3: Solve (3.38).

4: Compute 7(sy).

5: if ||7(sy)|| < € then

6: Stop. Use s;, as adjoint initial conditions.
7: else

8: Compute Jj, as defined in (3.47).

9: Skr1 = S — J(sp) 7 'r(sp).

10: end if

11: end for

Remark 10. Note that since the initial values s, = xy and sy = Yo are known, the first two
components of the remainder function r(sy) will be zero at the beginning of the first iteration.

Writing the Jacobian in (3.47) in block matrix form

1 0
J(s) = ,
W3:4,1:2 W3:4,3:4

we can rewrite the linear system satisfied by J(s)ds = r(s) as

| 081 ] i 0 ]
I 0 0o B 0
Waare Waasa | | 055 | | ra(sa) |
| 054 I r4(81) |
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which implies

S 0 s r3(s
I R O R R R
So 0 5S4 T4(S>
so that ) ;
0
0
SS9 = 81 —
583
584

Thus the Newton method only updates the third and fourth components of sj.

The following theorem, taken from Theorem 1.29 in [49] guarantees that if we start close
enough to the optimal initial conditions s*, we get quadratic convergence, provided that the

Jacobian is Lipschitz continuous and boundedly invertible.

Theorem 10 (from [49]). Let s* be the isolated, optimal initial condition associated with the

Hamiltonian boundary value problem (3.34), and let p, > 0 be such that

(i) The inverse Jacobian J~'(s) is uniformly bounded on S, (s*), i.e.,

IJ7Y(s)|| < B,  s€S8, (s, and

(ii) The Jacobian J(s) is uniformly Lipshitz continuous on S,«(s*), i.e., the is some v > 0

|J(s) = J(s")|| < vlls — §'|| foralls,s' € S,.(s"), and

(iii) The radius p*, the bound 3, and the Lipschitz constant ~y satisfy the constraint p,[y < %

Then for every initial guess s; € S, (8*) the iterates in the single shooting algorithm

remain in S, (s*) and converge quadratically to s*; in fact, forall k = 1,2, ...

1
[spe1 — 8¥|| < allsp — s*|]%, where azzﬁ—v<—.
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In view of Remark 10, it suffices to consider the continuity and bounded invertibility of the
submatrix W4 3.4, consisting of sensitivies of the two adjoint variables with respect to both of
their initial conditions. These in turn can be related, through classical results (e.g. see [51]), to
the linear system defining the sensitivity equations. Indeed, as long as x + m remains bounded
away from O Theorem 7.4 and Theorem 7.5 in [51] imply that the sensitivities are continuously
differentiable functions of the initial conditions s. Moreover, using properties of the block

matrix .J, we have det(.J) = det(Ws.43.4). We thus require the sensitivies

UJ373 (T) w374 (T)

w4,3 (T) w4,4 (T)

to be linearly independent at the interval endpoint.

The major problem with the single shooting method is the radius of convergence. In par-
ticular, the radius p* > 0 in Lemma 10 depends on the radius p > 0 in Lemma 9, which in turn
is exponentially decaying in the variable 7. Larger time intervals therefore guarantee a fairly
small radius of convergence. The multple shooting method, discussed in the following section
addresses this shortcoming by first subdividing the time interval into many shorter subintervals,

thereby effectively increasing the radius of convergence.

3.3.3 Multiple Shooting Method

Part of the problem with the single shooting method is that when we transform our BVP into
an IVP, the IVP may be unstable even though the related BVP was well-posed and stable.
However, in some instance, the single shooting method works fine for a very small interval
of time. The multiple shooting method essentially breaks up the entire time interval into sub-
intervals and solves the system on each sub-interval. Now our residual does not only take
into account the boundary conditions, but we also impose patching conditions for continuity
amongst sub-intervals.

We start by partitioning our interval [0, 7] into N sub-intervals, calling the endpoints of
the sub-intervals nodes.

O=to<ti <..<ty=T
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Then our first guess s is actually a set of guesses for initial conditions on each sub-interval.
So for the ith iteration, let s' = [sy, $o, 83, 54, ..., San|” . While we know the initial conditions
on x and y at time ¢y = 0, we have to start with an initial guess for the initial conditions on each
sub-interval. Let s = [s}, 55, ,5",,, 57, 5] denote the initial conditions for the jth interval on
the sth iteration. Then we have si = x, s5 = yo.

Let 2;(t),y;(t), A1, (t), Ao, (t) denote the phase solutions on the jth sub-interval. Then for

1 < 7 < N the solutions for the jth sub-interval are found by solving the following IVP on

t e [tj_l,tj}Z
dx(t t
“Zi) - ([—uw(t))u(t)—y(t)%, 2(tji-1) = sajs,  (3.48)
dy(t t
S i ), w0 o
di}t(t) _ (uu + %) - AQ(;‘ﬁ—mj)Q, A(to1) = s, (3.50)
Aot
;zf( ) = 1+ Almafm — A (n?f—xx — pu — V) . Aa(tjo1) =S4y, (3.51)

Let p;(t,s;) = [2;(t),y;(t), A, (t), Ao, (t)]" be the phase solutions on the jth interval
and let pi(t, i) = [24(t), yi(t), M, (t), \J,(¢)]” be the solutions on the jth interval at the ith
iteration.

The following lemma establishes a radius around s* around which the initial value prob-
lems (3.48)—(3.51) and their sensitivity equations are well-posed, showing explicitly how mul-

tiple shooting improves the radius of convergence.

Lemma 10 (Well-posedness of multiple shooting IVPs (see [49]). Let the hypotheses of Lemma
9 hold, with 6 > 0 being the radius around s* within which p — ®(p,u(p)) is uniformly
Lipschitz continuous with Lipschitz constant K. Then the initial value problems (3.48)—(3.51),

as well as the associated sensitivity equations are well-posed for any

s € S;(s"), p = 0e KT/N,
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Specifically,

KT(1—

Z[=

>
Il
Q]

Now our residual function does not just measure whether the target boundary conditions

are being met, but we also impose continuity conditions between sub-intervals. So our residual

function looks like:

where g(s1, py (T, sn)) = [51 — 20, 52 — Yo, \Y (T, 55), A3 (T, s))]

g(s1,pn(T,sn))

pi(ti,s1) — s2

_prl(thla SN—1) — SN |

T

(3.52)

And now when we evaluate the Jacobian, we differentiate with respect to s, which yields

the following:

Bs

Ip1 _ Osy
J = Js Os

OpN_1 _ LN
Os os |

For the first row of the Jacobian, the entries denote the partial derivative of g with respect to s,

which is derived by taking the derivative of g with respect to s; for 1 < j < N. So the entries

of the first row are

For each of the rest of the IV rows, we have entries 8—;1 — 871', e = S

for 2 < 5 < N. Therefore our Jacobian takes the form:
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og
) Bapn
op; 0s; Opj_1
0so
o8 Og
LD ot osn
op1 __ Osz Op1 _ Osa Op1 _ 9sy
081 089 LD o LN Jsn
. sy OpPN_1 _ sy opN_1 _ Jsn
081 LD LD t Jsn sy

Opj—1 _ 98;

83]'

(3.53)



But since g = [s1 — 2o, 5o — Yo, A (T, sw), AY (T, s)]¥, we have 2& = 0 for all j ¢

{1, N}, while

J

0 0 0 0
0 0 0 0
iy Oy Oy Ohiy
88N73 381\772 881\[,1 88]\]
Moy Aoy Aoy oy
| Osy—3 Osny—2 Osny-1 sy

We also note that s; = [sy, 82, 83, 54]7 = [0, Yo, $3, 547 , so that

1 0 0 O
dg |0 100
dsi 1o 0 0 0
0O 000

oMy Oy Oy Oy

Psn—3 Osn_a Osw.1 O

Let’s denote J := | 7°N-3 9°N-2 ON-L O8N
Dray ey Doy ey

BSN_:’, 88]\]_2 881\7_1 asN

And then we can see now that our Jacobian so far looks like:

10 0000 0000
01 0000 0000
00 0000 J
00 0000 1
J= | 9pL _ 9s» Op1 _ 0Osa op1 _ Osp
881 681 832 882 asN 851\7
Opn—1 _ O9sy Opn-1 _ Osy Opn—1 _ Osn
L Os1 0s1 0so 0s2 dsn Osn

Note that since the solution in the jth sub-interval is independent of the initial conditions in
any other interval, and the initial conditions in the jth sub-interval are independent of the initial

99i — () and

ol ol = Oforall j # k1< jk<N.

conditions in any other interval, we have:

Similarly, the initial conditions for x, y, A1, A2 in a given interval are independent of each other,

9sj _

SO Do

0 forall j # k,5 < j,k < 4N. Also, % = 1forall4 < j5 < 4N. So along the

diagonal beginning from the second row, we will have blocks of —14,
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where 1, is the identity matrix, I, =

o o O
o
—
(@]

So now we can see that so far our Jacobian looks like:

10 0000 0000
01 0000 0000
00 0000 0000 0000 J
00 0000 0000 0000 1
0000 0000 0000
Op1 -1 0000 0000 0000
Bs, 4 0000 0000 0000
J = 0000 0000 0000
=100 0000 0000
00 op2 -1 0000 0000
00 Dso 4 0000 0000
00 0000 0000
00 0000
00 0000 oL,
) 0000 Jen- J

What’s left is to define our unknown blocks, 8”1 and 8” =L for2<j<N-—-1:

Oz Oy 9z; 9z; Oz; Oz;
Os3  Osy Osgj_7  Ossj_g Osgj_s  Osyj_1)
9 dy1  Oyi 9 Jy; Oy, Oy, Oy
D1 — Os3 0s4 and pj _ Os4j—7 0sgj_6 05455 654071)
881 01, Oy 831 8>\1j a)\lj 8)\1j 8)\1j
Os3 0s4 Osqj—7  Osgj—e Osaj—5  Os4(j_1)
8/\21 a)\gl a>\2j 8>‘2j 8>\2j 8)\2j
| Os3 0sa | | Os4j—7  Osaj—6  O0Saj—5 854(]-,1)_

Let’s define J := apl and J ng Lfor3<j<N.

Recall [%, %, o %} = [w!, w? w3, w!T = w, so for the jth sub-interval, we have

[gjj , gsy] : g;ﬂl, giﬂ = [wj,w}, w}, wi]" = w;. Therefore, the entries of J;,1 < j < N
are found by solving the sensitivity equations on the interval [¢;_;, ¢;] under initial conditions
[1,0,0,0]7,[0,1,0,0]7, [0,0,1,0]7, [0,0,0, 1]T when differentiating with respect to s4x_3, Sar_2,
Sak—1, and sy respectively, where 1 < k < N, evaluated at the endpoint of the corresponding
sub-interval.

Let’s call the solutions to the sensitivity equations with these initial conditions as follows:

w1 (t), w29 (t)7 ’lU3(t), ’(U4(t)
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Doing so, we see

J, = : (3.54)
wi(T) wy(T) wi(T) wi(T)

(wi(t) wih)

3, — wi(ty) wi(t) 7 (3.55)
wi(ty) wi(ty)
_wg(tl) wi‘(tl)_

and for3 < j < N,

wi(tj—1) wytj—1) wi(tj—y) wi(t;—1)

3 - wi(tj—1) wi(tj—1) wi(t—1) wi(tj—1) (3.56)
wi(tj—1) wi(tj—1) wi(tj—y) wi(t;—1)
wi(tj—1) wy(tj—1) wi(t—1) wi(tj—1)

Let 0,,,«,, be a matrix of dimension m rows by n columns with all entries = 0. Let I,, be

the identity matrix of size n x n. Then our Jacobian, J can be defined as follows:

(L Om oo e Og]
Oz Oaa oo oo oo Ogq Ty
Jo =L Opes oo oo Oy
J= el e e (3.57)
Opz .. J; —I, Opy ... Oy
02 oo o Opy In Ty

Using this residual and Jacobian imposes patching conditions after each iteration and
forces the solutions to converge to be continuous in addition to the previous need to satisfy
the terminal conditions. For example, here is an example of the progression with N = 4

sub-intervals.
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State and Adjoint
State and Adjoint

/<
—

0 01 02 03 04

05 06 07 08 09 1 0 01 02 03 04 05 06 07 08 09 1
Time ¢ Time ¢

(a) k = 1 First iteration (b) £ = 2 Second iteration

State and Adjoint

State and Adjoint
-

=
s Ny

o 01 0.2 03 0.4 Ti?‘fct 0.6 0.7 08 0.9 1 0 01 0.2 03 0.4 ThOnS“t 06 0.7 08 0.9 1
(¢) k = b Fifth iteration (d) k£ = 20 Twentieth iteration

Figure 3.1: An example of multiple shooting method’s convergence with parameter values
givenby I =2, 1 =08, a=2,0=2,m=0.1,v=0.5,c= 1, and U4 = 5.
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Let s be the initial conditions for the ith sub-interval on the kth iteration.We will denote
by J(s*) the Jacobian for the kth iteration. We then set desired tolerance tol = &, number of
sub-intervals subs = NN, maximum desired number of iterations i,,,,. Then we execute the

multiple shooting method by implementing the following algorithm.

Algorithm 2 Multiple Shooting Method

1: Set N €N, s! e R*™ ¢ >0, and i, € N.

2: fori=1,..., in. do

3 Simultaneously solve (3.48) — (3.51) with initial conditions s = [s!, s}, ..., s4/].
4: Compute r(s").

5. if||r(s")|| < ¢ then
6

7

8

9

Stop. Use st, s, as adjoint initial conditions.
else

Compute J; as defined in (3.57).
: st =gt — JI(s")r(sh).
10: end if
11: end for

3.4 Numerical Simulations
Here we illustrate some examples numerically justifying our results.

3.4.1 Example 1: Single Shooting Method

First, we show some simulations using the Single Shooting Method. Our initial conditions for
the state variables are vy = 0.1,y = 0.1. Our initial guess for the adjoint initial conditions is
s = [-0.1,—3]7, and the method converges with a 8.944282 x 10~'3 residual norm, ending

with A;(0) = —0.0245076454076917, A\5(0) = —0.229827769589335.
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State and Adjoint Variables
0.15r

0.1f

0.05

0.05 0.1 0.15 0.2

Figure 3.2: Plot of the joint dynamics of the nutrition level x and the bacterial population y,
along with adjoint trajectories A\; and A\, with parameters [ = 2, u = 0.8, a = 2, § = 2,
m=0.1,v=0.5,c=1, and w4 = D.

Optimal Control u*(t)

0.03r
10°
0.025F
107
0.02f o
E 10
g
0.015 T 10°
E
0.01f =
107
0.005
1072
0 - : " ‘ ‘ ‘ ‘ ‘ ‘ ‘
0 0.05 0.1 0.15 0.2 0 0 5 10 15 20 25 30 35 40
Time Iterations
(a) Optimal Control u*(t) (b) Residual

Figure 3.3: Plots from the Single Shooting Method of the optimal control « and the norm of the
residual r after 40 iterations with parameters [ =2, y =08, a=2,5=2,m =0.1,v = 0.5,

c=1,and u,,qz = .
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3.4.2 Example 2: Single Shooting Fails, Multiple Shooting Converges

Our next simulation illustrates an example where the Single Shooting Method fails to converge,
but the Multiple Shooting Method does converge. For the Single Shooting method, we use ini-
tial guesses for the adjoint initial conditions s = [—0.155752318086413, —0.728016286737916]%
and the method fails to yield correct initial conditions for A\; and A, to reach 0. Note that resid-
ual norm does not converge to 0, but actually begins to oscillate through the values
{0.12837210010308, 0.323123408311658, 0.608671342895119, 0.793190350561888,
0.1283721001030640.323123408311807, 0.608671342895419}. In contrast, using the Multiple
Shooting Method with N = 10 sub-intervals, the residual norm converges within only 7 iter-
ations. We used s; = [1,1,1,1]7 for 1 < j < 10 as the adjoint initial conditions on each

sub-interval. The adjoint initial conditions produced by the algorithm are

A1(0) = —0.155752318086413, \2(0) = —0.728016286737916.

Adjoint Control Adjoint Control

0.2 0

-0.2 0.15

0.4 04

06 0.04

08 0.02

0 . . . . 0
0.1 0.2 03 0.4 0.5 0 0.1 0.2 03 0.4 0 0.1 0.2 03 0.4 0 0.1 0.2 03 0.4

10°

Residual norm

Residual norm

L L L L L L L L L -15
10
0 10 20 30 40 50 60 70 80 90 100 1 2 3 4 5 6 7

Iterations Iterations

(a) Single Shooting Method (b) Multiple Shooting Method

Figure 3.4: A contrast between Single Shooting failure and Multiple Shooting convergence,
both with time interval ¢ € [0, .5] and parameters [ = 2, 4 = 0.8, « = 2, § = 2, m = 0.1,
v=0.5,c=1,and U4z = .
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3.4.3 Example 3: Multiple Shooting Method

Next we look at a simulation of the Multiple Shooting Method on a longer time interval, [0, 1].
Here we also plot the Hamiltonian to show it is conserved along the optimal u* trajectory. We
used s; = [1,1,1, 1]7 for 1 < j < 10 as the adjoint initial conditions on each sub-interval. The
method converges after § iterations. The adjoint initial conditions produced by the algorithm

are A;(0) = —0.544639271150085, \5(0) = —2.77751948107959.

State Adjoint
0.8
z(t)
y(t)
0.6
0.4
0.2
O -
0 0.5 1 0 0.5 1
Time Time
Control Hamiltonian
1
0
0.8
0.6 05
04 -1
0.2 s
0
0 05 1 0 05 1
Time Time

Residual norm

1 2 3 4 5 6 7 8
Iterations

Figure 3.5: An example of Multiple Shooting Method with convergence with parameters / = 2,
p=08a=26=2,m=0.1,v=0.5c=1, and Uy = 5.
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Next we contrast the cost yielded by the optimal »*(¢) given above with a constant control
u(t) = u € R where @ is equal to the average value of u*(¢) on [0,T7], i.e. & = 7 OT u*(t)dt.
We compute the cost functional, J(u) = [ ( — y(t) + Su?(t))dt, for u = @ and u = u*(t),
and get J(u) = —0.261672237985602, while J(u*(t)) = —0.752313227989741. So we can
see that the optimal control «*(¢) minimizes the cost functional over a constant control with the
same average value.

Constant Control @ Optimal Control u*(t)
; ; ; ; 0.9‘ : : : :

15

0.8

0.7+

06

05
05+

0.4 r
03r
-0.5 0.2+
0.1r

1 . . . . 0 . . . .
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

Time Time

Cost Functions Comparison
0 T T T T T

-0.1

-0.2

-0.3

-0.4

Cost with Constant @

05 Cost with Optimal Control w*(¢)
-0.6 —
-0.7
-0.8
0.9 | | | | | | | | |
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Time

Figure 3.6: The control functions are plotted over [0, 1] for u*(t) and @ = 7 fOT u*(t)dt with
parameters [ = 2, u =08, a =2, =2, m =0.1,v = 0.5, ¢ = 1, and uy, = 5. Below
that, the Lagrangian cost functions L(t, x(t), u*(t)) and L(t,x(t),u) are plotted, showing the
area under the curve of the optimal control is more negative than the area under the curve of
the constant control.
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Chapter 4

Conclusion and Future Work

In Chapter 2, a simple but novel model on the growth mechanisms of the gut microbiome was
developed and studied. While in a simplistic setting, the model considers growth of the bacteria
both on and inside the gut wall, intra-specific competition among bacterias in different groups,
in addition to their growth due to consumption of nutrient and natural collective death. The
highlight of this work is the consideration of variable nutrient inputs, that gives rise to a sys-
tem of nonautonomous differential equations. Using theory and techniques of nonautonomous
dynamical systems, sufficient conditions under which the bacteria dies out or persists are es-
tablished and compared to those of the autonomous counterpart. In particular, it was both
theoretically and numerically shown that time-dependent inputs may promote persistence of
the bacteria. More precisely, with the same average nutrient input over a specific period of
time, bacteria can persist when the inputs are time-dependent, but die out when the inputs are
constant.

A natural extension of this problem would be to consider a larger model where we in-
troduce the dynamics of another microorganism that can compete with our Y'(¢). Another
direction may be to model “leaky-gut syndrome,” where the bacteria can not only attach to the
wall but also break through the lining of the intestine.

Since Chapter 2 showed that time-dependent input of nutrient may result in asymptotic
behavior different from constant input of nutrient, in Chapter 3 we investigated how the growth
of a particular type of bacteria can be boosted or inhibited to maintain a healthy gut. In this

chapter, a different model on the growth mechanisms of the gut microbiome was developed,
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studied, and optimized. We used Pontryagin’s Maximum Principle to find an optimal piece-
wise continuous control function, u*(¢) for a given time interval [0, 7]. We applied shooting
methods to solve the boundary value problem that arises from PMP. Then we showed numeri-
cal simulations of the theoretical results that a time-varying input maximizes the growth of the
beneficial microorganism over a constant input rate.

Further work on this problem will feature including the probiotic population. Another
variation we are interested in is changing the optimality problem. In this dissertation, we con-
sidered one beneficial bacterial population and maximized the growth of this microorganism
over a given time interval. Other interesting variations of the problem would be trying to erad-

icate a harmful bacteria efficiently while promoting persistence of the beneficial bacteria.
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